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Design Guidelines for Axial
Turbines Operating With
Non-Ideal Compressible Flows
The impact of non-ideal compressible flows on the fluid-dynamic design of axial turbine
stages is examined. First, the classical similarity equation (CSE) is revised and extended
to account for the effect of flow non-ideality. Then, the influence of the most relevant
design parameters is investigated through the application of a dimensionless turbine
stage model embedding a first-principles loss model. The results show that compressibil-
ity effects induced by the fluid molecular complexity and the stage volumetric flow ratio
produce an offset in the efficiency trends and in the optimal stage layout. Furthermore,
flow non-ideality can lead to either an increase or a decrease of stage efficiency up to
3–4% relative to turbines designed to operate in dilute gas state. This effect can be pre-
dicted at preliminary design phase through the evaluation of the isentropic
pressure–volume exponent. Three-dimensional (3D) RANS simulations of selected test
cases corroborate the trends predicted with the reduced-order turbine stage model.
URANS computations provide equivalent trends, except for case study niMM1, featuring
a non-monotonic variation of the generalized isentropic exponent. For such turbine
stage, the efficiency is predicted to be higher than the one computed with any steady-state
model based on the control volume approach. [DOI: 10.1115/1.4049137]

1 Introduction
Design guidelines based on scaling analysis and synthesized in

the form of efficiency maps as function of work and flow coeffi-
cient are essential to obtain a preliminary estimate of the size, the
shape of the velocity triangles, and the fluid-dynamic performance
of turbomachinery stages [1]. While maps for the preliminary
design of steam and gas turbines are readily available and their
accuracy has been improved over time [2], design criteria for
unconventional turbomachinery, i.e., turbomachines operating
with flows departing from ideal gas state, are yet to be established.
Examples of unconventional turbomachines are turbines for
organic Rankine cycle (ORC) power systems [3], turbines for the
oil and gas industry operating with heavy fluid molecules, super-
critical CO2 (sCO2) compressors [4], and high-speed compressors
for refrigeration and air-conditioning systems.

In these machines, the occurrence of strong thermo-physical
fluid property gradients [5], compressibility, and non-ideal flow
effects [6] along the expansion or the compression process argu-
ably alters the share of dissipation induced by the various loss
mechanisms, i.e., viscous friction, shocks, and mixing, as com-
pared to standard gas turbines. This may eventually result in opti-
mal designs significantly differing from those that would be
attained through the application of existing best practices [1].

Attempts to devise design charts for unconventional turbines
can be found in Refs. [7–9]. However, the existing body of work
solely relies on semi-empirical loss correlations to predict the
stage performance and lack of a thorough validation of results by
means of high-fidelity models or experimental data. The adoption
of such loss models is debatable in the context of non-ideal com-
pressible fluid dynamics (NICFD), where the flow characteristics
in the blade passages can considerably depart from those consid-
ered when deriving and calibrating the existing semi-empirical
loss correlations. Recent studies [10] pointed out that an adequate
physical interpretation of loss mechanisms in ORC turbines and
an accurate loss accounting is arguably possible only by resorting
to computational fluid-dynamic (CFD) calculations. These,

however, are machine-specific and their use would be excessively
demanding for comprehensive investigations targeting the con-
ception of design guidelines.

This work aims at addressing this knowledge gap by means of a
theoretical and numerical framework suited to unconventional tur-
bomachinery. The framework encompasses a reduced-order tur-
bine stage model based on classical similarity parameters, e.g., the
duty coefficients, and on dimensionless quantities suited to uncon-
ventional turbomachinery, namely, the volumetric flow ratio [7]
and the isentropic pressure–volume exponent [11], and a valida-
tion procedure based on high-fidelity CFD. The fluid-dynamic
losses are calculated through a loss model [12,13] derived from
first-principles and extended to arbitrary thermo-physical fluid
models [14]. The model is used to compute efficiency maps for
axial turbines operating with siloxane MM and CO2 at different
volumetric flow ratios in the ideal and non-ideal thermodynamic
regime. The selection of these working fluids is dictated by their
increasing molecular complexity as compared to air, see Table 1,
and by their relevance for industrial applications, i.e., organic
Rankine cycle engines [3] and sCO2 power systems [15]. Herein,
the molecular complexity of a fluid is evaluated as the number of
active degrees-of-freedom at its critical temperature, as suggested
in Ref. [6]

Table 1 Ideal and generalized isentropic exponents for fluids
with increasing molecular weight and complexity

Fluid M=MAir N c1 cPv;min

H2 0.07 3.0 1.67 1.63
Air 1.00 5.0 1.40 1.44
CO2 1.52 7.0 1.29 0.86
R134a 3.52 21.6 1.09 0.81
MM 5.61 77.4 1.03 0.39
D6 15.36 211.7 1.01 0.23

The heat capacity ratio is computed in dilute gas state; the minimum value
assumed by cPv is evaluated in the thermodynamic region defined by s >
1:01sc and by the thermal stability limits of each molecule.
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2Mcv;id Tcð Þ

R
(1)

The results are eventually validated by means of three-
dimensional (3D) RANS and URANS computations on stage geo-
metries reconstructed to ensure full similarity with the corre-
spondent dimensionless parameters used in the reduced-order
model. The specific objectives of the work are (i) to draw design
guidelines and fluid-dynamic design maps valid for unconven-
tional axial turbines, (ii) to investigate potential design limits, (iii)
to gain insight of the relative share of the various loss mechanisms
in such turbine stages, and (iv) to provide physical understanding
on the impact of fluid molecule and associated non-ideal flow
effects on the efficiency of axial turbine stages. The structure of
the paper is as follows. The technical approach is presented first.
Next, the results are analyzed and discussed. Finally, concluding
remarks summarize the lessons learnt and give a perspective on
future work.

2 Methodology

2.1 Scaling Analysis for Unconventional Axial Turbines.
In classical similarity analysis, the efficiency of an axial turboma-
chinery stage is expressed as

g … f ðk; /; v; Re; Ma; rÞ (2)

where the vector r represents the stage dimensionless geometrical
characteristics (e.g., blade solidity, aspect ratio, etc.) and the fluid
properties are usually assumed to be modeled with the perfect gas
law. Equation (2) hereinafter will be referred to as classical simi-
larity equation (CSE). In the typical design process of gas turbine
stages, the cascade Mach numbers are evaluated once the velocity
triangles and stage velocities are computed [16]. The design is
then iteratively adjusted to attain stage layouts, which can comply
with admissible mechanical and operational constraints. The same
procedure can be adopted to design unconventional turbine stages,
but at the expense of overlooking the characteristic Mach num-
bers. As an illustrative example, consider a turbine stage operating
with a complex fluid molecule. These stages are characterized by
low values of specific work, but may exhibit volumetric flow
ratios largely exceeding those of gas turbine stages. This is essen-
tially due to the low heat capacity ratio and high molecular weight
of complex working fluids. The normalized isentropic specific
work of a turbine stage, which can be written as

ww …
Dhis

R�
ref � Ttref

…
R�

R�
ref

c
c � 1

1 � a1�cð Þ (3)

where R�
ref … 287:06 is depicted in Fig. 1. The trends show that

the normalized work reduces while increasing the fluid molecular
complexity and is mildly affected by a change in a … qt;0=q3 for
highly complex fluid molecules. In other words, stage compressi-
bility effects, ascribed here to variations of the stage volumetric
flow ratio, can be drastically enhanced—or mitigated—by slightly
varying its prescribed specific work. Such effect is not only
related to the type of fluid molecule, but also to the thermody-
namic regime of the fluid. This influence can be conveniently pre-
dicted through the evaluation of the isentropic pressure–volume
exponent, i.e., the thermodynamic property allowing one to cast
the isentropic pressure–volume relation in the general form
PvcPv … K, as documented in Ref. [11].
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This state variable can be related to the fundamental derivative of
gas dynamics [17] as follows:

C …
1
2
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v
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 !

(5)

and its value asymptotically approaches the specific heat capacity
ratio of the fluid in the dilute gas state

Pv … RT
@P
@v

����
T

… �
RT
v2

cPv …
cp

cv
… c

(6)

In turn, an explicit form of Eq. (3) valid for either ideal and
non-ideal flow conditions can be obtained by substituting the heat
capacity ratio with the isentropic pressure–volume exponent,
under the assumption of constant cPv. The impact of NICFD on
the normalized work is displayed in Fig. 1 for siloxane MM in
two non-ideal conditions, characterized by cPv > c and cPv < c. It
can be seen that non-ideal effects lead in both cases to a variation
of the normalized isentropic work, ultimately affecting the stage
Mach numbers and performance. Since cPv is function of the local
thermodynamic state, its average value over the expansion process
can be therefore deemed a convenient parameter to quantify the
impact of NICFD effects in turbomachinery. This concept is fur-
ther illustrated in Fig. 2 by means of the application of a quasi-1D
framework to compute isentropic expansions of siloxane MM at
a … 4 in three different thermodynamic conditions, identified by
the values of the reduced inlet temperature Tr … Tt;in=Tc and pres-
sure Pr … Pt;in=Pc, as reported in Table 2.

In the dilute gas state, whereby cPv � c, the evolution of flow
quantities can be accurately predicted with the perfect gas law.
Conversely, in the proximity of the critical point, cPv can be either
higher or lower than c, leading to non-ideal fluid-dynamic effects,
which entail significant variations of the resulting Mach number.
In particular, for the same a, if cPv > c, the average Mach number
along the expansion largely exceeds the value obtained in ideal
gas conditions, and vice versa.

Based on these considerations, it can be argued that the best
choice of the key conceptual stage design parameters may depend
on the considered fluid molecule and the associated thermody-
namic flow conditions. In order to investigate whether this is the
case, it is more convenient to turn the CSE into a form, which
explicitly includes the volumetric flow ratio a, and the isentropic
pressure–volume exponent cPv. The volumetric flow ratio a … b

1
cPv

is a more informative scaling parameter than the expansion ratio
b … Pt;0=P3, as it allows one to account for compressibility effects
while mitigating the influence of the considered working fluid

Fig. 1 Influence of molecular complexity and thermodynamic
state on the normalized isentropic specific work at variable vol-
umetric flow ratio
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when operating in dilute gas state. In the light of the above, the
generalized form of the CSE can be rewritten as

g … f ðKis; /; v�; a; cPv; Re; rÞ (7)

In the following, Eq. (7) will be referred to as non-ideal similarity
equation (NISE). Note that the loading coefficient and the degree
of reaction are now normalized with the total-to-static enthalpy
drop of the stage to be consistent with the definition of a. The cal-
culation of axial turbine stage efficiency by means of the NISE is
carried out according to the method described in the following.

2.2 Stage Layout. The representative turbine stage analyzed
in this work is depicted in Fig. 3. The three-dimensional blade
geometry is assumed to be constituted by a series of two-
dimensional airfoils, characterized by negligible thickness and
parabolic camber line, radially stacked according to free-vortex
design. The blade spacing and stagger are given in terms of solid-
ity r … c=s and axial solidity rax … cax=s, while the annular
geometry is characterized by the blade aspect ratio AR …
ðHin þ HoutÞ=2cax and hub-to-tip radius ratio. The gap between
rotor tip and turbine casing is expressed in terms of percentage of
blade height 2g=ðHin þ HoutÞ, whereas the stator has no clearance.
All turbine stages are designed at constant mean radius and con-
stant meridional speed. The velocity triangles are univocally
determined by the choice of the duty coefficients Kis; /; v�, the
midspan radius variation in the rotor and the stator inlet flow
angle, see Eq. (8). The latter is set according to repeated stage
assumption, i.e., a0 … a3

k … 2 /2 tan a2 �
Rm;3

Rm;2
/3 tan b3 �

Rm;3

Rm;2

� �2
 !

Kis … k þ /2
3 þ /3 tan b3 þ

Rm;3

Rm;2

� �2

v� …
1

Kis
1 �

Rm;3

Rm;2

� �2
þ /2

3 1 þ tan2b3
� �

þ

 

� /2
2 1 þ tan2a2
� �

þ 2/2 tan a2 � 1Þ

b2 … arctan tan a2 �
1

/2

� �

b3 … arctan tan b3 þ
Rm;3

Rm;2

1
/3

� �
(8)

2.3 Numerical Framework for Axial Turbine Stage
Design. The numerical framework consists of a reduced-order tur-
bine stage model schematically described in Fig. 4.

Fig. 3 Exemplary turbine stage geometry: blade-to-blade and
meridional views

Fig. 2 Influence of the reduced inlet conditions on the Mach number profile measured along the expansion of
siloxane MM at a 5 4 in a fictitious nozzle. � iMM; • niMM1; � niMM2. (a) cPv contours in the Tr–sr thermodynamic
plane and (b) Mach versus a.

Table 2 Working fluids and reduced inlet conditions analyzed
in this study

Case name Fluid Pr Tr

iCO2 CO2 1.0 3.0
sCO2 CO2 3.0 1.5
iMM MM 0.5 1.03
niMM1 MM 2.071 1.052
niMM2 MM 1.3 1.045
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The streamwise flow distribution within the blade passages is
modeled assuming the simplified blade surface velocity profile
depicted in Fig. 5 [13] and the spanwise evolution of flow quanti-
ties is obtained imposing free-vortex design. The two parameters
DV and k featuring the velocity profile on the pressure and suction
side of each blade section are computed by resorting to the circu-
lation theorem and the tangential momentum balance, respec-
tively. The latter is solved iteratively to account for
compressibility effects and non-linearity introduced by the use of
arbitrary thermodynamic models [14]

þ
V ds … ðVss � VpsÞcs … DVts (9)

_mDVt … ðPps � PssÞcax �H (10)

With the purpose of providing quantitative assessment of the
influence of each parameter of Eq. (7), a set of 900 stage designs
is generated at varying flow and loading coefficients and the
results shown in the form of efficiency maps. More specifically,
upon specification of the volumetric flow ratio, reduced inlet con-
ditions and an initial guess of the dimension of the blade channel
relative to the mean radius, the model is applied to perform a stage
design for each couple of /2 and Kis, while optimizing v�. The
effect of Reynolds number is disregarded in this study, since the
turbine stages are assumed to operate in fully turbulent regime.
The geometrical characteristics of the stage are either computed

Fig. 4 Flowchart of the reduced-order turbine stage model. Initial calculations are highlighted
in black, inner mass flow balance loop is highlighted in red, outer efficiency optimization loop
is highlighted in blue.
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according to best practices, i.e., optimal solidity estimated by
Zweifel criterion [16] or fixed at reference values, see Table 3.
The blade aspect ratio is automatically adjusted in order to attain
a flare angle lower than 30 deg, even in presence of large blade
height variation from inlet to outlet.

Due to its simplicity, the model is well suited to capture per-
formance trends over a wide design space, but it must rely on loss
models to account for the entropy generation in each blade pas-
sage. Traditional loss models are based on semi-empirical correla-
tions of experimental data obtained either from cascade tests or
from performance measurements of actual gas turbines. When
tuned for specific applications, such correlations can provide the
designer with accurate efficiency predictions. However, their accu-
racy becomes uncertain for performance prediction of turbine
stages operating with flows highly departing from the ideal gas
state. In order to capture the effect of the fluid molecule and of the
thermodynamic regime on turbine efficiency, the present numerical
framework is complemented with an extended version of the first-
principles loss model originally reported in Refs. [12] and [13]. The
models used to compute the individual loss contributions in terms
of entropy generation are described in the section Loss Modeling.

3 Loss Modeling

3.1 Boundary Layer Loss. The entropy production rate due
to viscous dissipation in a two-dimensional boundary layer can be
estimated as [12]

_S …
ð

Cd
qeV3

e
Te

dx (11)

where Cd is the dimensionless dissipation coefficient

Cd …
Te

qeV3
e

d
dx

ðd

0
qVx s � seð Þdy (12)

Once the velocity distribution on the blade pressure and suction
side is known, the local thermodynamic state at the edge of the
boundary layer can be computed by resorting to the conservation
of energy and by assuming that the core flow is isentropic within
the blade passage. The use of the dissipation coefficient is advan-
tageous in presence of turbulent boundary layers, because,

differently from the friction factor, its value is weakly dependent
on the state of the boundary layer. Denton [12] suggests that for
conventional turbomachinery applications, where the average Reh
is of the order of 1000 and the shape factor is in the range
1:2 < H < 2, a reasonable approximation is to take Cd … 0:002.
The same value is adopted in this work. Note, however, that the
research documented in Ref. [18] revealed that the value of the
dissipation coefficient is function of the flow regime for fluids
made by simple molecules, ultimately affecting the calculated
boundary layer loss.

3.2 Mixing Loss. The overall entropy production due to mix-
ing downstream of a cascade can be estimated with a control vol-
ume analysis, applied between the throat section and a far
downstream boundary, where the flow is assumed to be uniform.
The conservation laws in the control volume read

_m … qaVa a � d�ð Þ … qmixVmix cos amixs

_mVa � qaV
2
a h þ Paa þ Pbt cos aa … _mVmix cos d þ Pmixs cos aa

ha þ
V2

a
2

… hmix þ
V2

mix
2

(13)

If the flow at the outlet section of the cascade is supersonic, the
average flow conditions at the chocked throat section can be com-
puted resorting only to the conservation of energy; otherwise, the
tangential momentum balance should be included in Eq. (13) to
provide closure. As this work focuses on transonic turbine stages,
the tangential momentum balance is disregarded from the system
of equations. The base pressure Pb can be roughly correlated with
the total-to-static expansion ratio of the cascade, see Ref. [19].
Due to their minor influence on the final loss estimation, in this
study the boundary layer parameters are set to reference values
measured in transonic cascades, i.e., h=t … 0:075; d�=h … 2, as
suggested in Ref. [20]. With this information, Eq. (13) can be
solved to obtain the entropy rise due to mixing Ds … smix � sa,
and the deviation angle d.

3.3 Shock Loss. The entropy generation across an oblique
shock can be estimated with the Rankine–Hugoniot relations for
two-dimensional flow [21], yielding

hB � hA …
1
2

PB � PAð Þ vA þ vBð Þ

�
PB � PA

vB � vA
… qAVA sin �ð Þ2

qA tan � … qB tan � � dð Þ
VA cos � … VB cos � � dð Þ

(14)

where � stands for the shock angle, d is the deviation angle and A
and B correspond to the pre-shock and the post-shock states,
respectively. If the pre-shock state and the shock angle are known,
Eq. (14) can be solved for the post-shock state, the deviation
angle, and the resulting entropy rise Ds … sðPB; qBÞ � sðPA; qAÞ.
In this study, the shock angle and the pre-shock state are corre-
lated to the cascade outlet state according to the results of a set of
two-dimensional RANS simulations of representative stages oper-
ating in ideal and non-ideal conditions, designed according to the
method described in Sec. 5.1.

3.4 Endwall Loss. Endwall loss here includes viscous dissi-
pation on the hub and casing boundary layers and viscous mixing
of secondary flows. Due to the inherent complexity of secondary
flows, a simple endwall loss model based on first principles is not
available. Therefore, the improved semi-empirical correlation pro-
posed in Ref. [22] is employed, see Appendix.

3.5 Tip-Leakage Loss. Tip-leakage loss is considered for the
rotor only by assuming unshrouded blades. The entropy

Fig. 5 Simplified velocity distribution in the blade-to-blade
plane [13]

Table 3 Non-dimensional stage geometrical characteristics
fixed in the reduced-order turbine stage model

Parameter Description Value

AR Blade aspect ratio 3
t/s Trailing edge to pitch ratio 0.02
g=Hrot Rotor tip gap over blade height 0.01
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production is calculated by means of the first-principles model
proposed in Ref. [12], formulated as

TDs …
1
_m

ð
V2

ss 1 �
Vps

Vss

� �
d _mj (15)

where the infinitesimal leakage mass flow rate can be calculated
as

d _mj … Ccug
������������������������������
2qpsðPps � PssÞ

q
dz (16)

and the discharge coefficient Ccu is equal to 0.3–0.4 for rotating
cascades [12].

4 Case Studies
Best practices for design are investigated for axial turbine

stages operating with siloxane MM and CO2. The test cases are
summarized in Table 2. For siloxane MM, three operating condi-
tions are examined. For the test case labeled as iMM, the inlet
conditions are selected such that the stage operates in the ideal gas
thermodynamic region. In contrast, the conditions for the test
cases denoted as niMM are chosen to assess the impact of strong
non-ideal flow effects on loss mechanisms and optimal stage layout.
In particular, for case niMM1, the averaged value of cPv is higher
than c, and vice versa for case niMM2. For what regards CO2, two
operating conditions are analyzed. In the same fashion as before,
case iCO2 entails an expansion in the ideal gas regime, whereas
sCO2 refers to a supercritical expansion, where cPv is slightly higher
than c. For all case studies, the stages feature a total-to-static volu-
metric flow ratio equal to 4 and a design space delimited by Kis in
the range 3–10. The flow coefficient varies in the range 0.4–1.4 and
0.3–1.5 for the ideal and non-ideal test cases, respectively.

4.1 Influence of Fluid Molecule. The impact of the fluid mol-
ecule on turbine efficiency is evaluated by computing the design
map of representative stages operating with MM and CO2 in ideal
gas conditions at a … 4, in the form gtt … f ðKis; /; v�

optÞ. The result-
ing efficiency contours are shown in Fig. 6. The difference in pre-
dicted gtt among the two test cases is within 1%. This efficiency
difference substantially increases when computing the same design
maps by fixing the total-to-static expansion ratio, thus confirming the
superiority of a as scaling parameter for transonic turbine stages.

The loss breakdown of two stage designs featuring largely dif-
ferent values of loading coefficient, i.e., Kis … 3 and Kis … 10, and

the correspondent optimal values of flow coefficient, is depicted
in Fig. 7 for both CO2 and MM. At Kis … 3, the largest discrepan-
cies are observed for mixing and secondary losses, which are
lower for the simpler fluid molecule. Boundary layer and tip leak-
age losses practically coincide, whereas shock loss is higher for
CO2 due to the comparatively higher Mach numbers and the
higher heat capacity ratio. Overall, the effect of mixing and sec-
ondary losses is predominant and leads to the small efficiency def-
icit of the stage operating with MM. At Kis … 10, the difference in
Mach numbers between the two stages is close the previous case,
but the average stage Mach numbers are significantly higher. In
turn, compressibility effects assume primary importance, promot-
ing an inversion of trend in mixing loss and a larger difference in
shock and tip leakage losses, while boundary layer and secondary
losses are virtually coincident. Altogether, at high loading coeffi-
cient, the stage operating with MM is expected to be slightly more
efficient than the one operating with CO2.

As opposed to stage efficiency, the fluid molecule has large
implications in terms of peripheral speed, therefore on centrifugal
loads. As discussed above, fluid made by heavy molecules like
MM are characterized by comparatively lower enthalpy drops,
therefore by lower tip speed for the same volumetric flow ratio
over the entire design space, as displayed in Fig. 6. The values of
tip peripheral speed reported for the two opposite values of Kis
reveal that the volumetric flow ratio of axial stages operating with

Fig. 6 Design maps at a 5 4 in dilute gas region. The dots correspond to the designs at optimal / for each level
of Kis, while the solid line represents their spline interpolation of order three. The labels show the peripheral
speed at rotor tip corresponding to the lower and upper bounds of loading coefficient. (a) iCO2 test case and (b)
iMM test case.

Fig. 7 Lost efficiency breakdown for test cases iMM and iCO2
at Kis 5 3210 and optimum flow coefficient
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