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The Josephson diode effect—an asymmetry of critical currents at opposite polarities—has attracted
much attention recently. One of its simplest realizations is an asymmetric SQUID with multiple Josephson
harmonics tuned away from half-integer flux (in units of the superconducting flux quantum). Here we
predict a dual version of this effect in a gate-tunable Cooper pair transistor placed in series with a highly
resistive environment. The dual “Bloch diode effect”manifests itself as an asymmetry of critical voltages at
opposite polarities when the Cooper pair transistor is tuned away from half-integer gate charge (in units of
the Cooper pair charge). It arises from an asymmetry in the dispersion of the transistor’s Bloch bands. A
highly resistive environment can be realized with a Josephson junction array, suggesting that such a Bloch
diode could be implemented using conventional superconducting quantum circuits.

DOI: 10.1103/q98p-j4vh

The Josephson diode effect is characterized by asym-
metric critical currents for opposite directions of the current
flow across a Josephson junction between two super-
conducting leads [1]. The breaking of both inversion and
time-reversal symmetries is necessary to generate an
equilibrium current-phase relation that displays such criti-
cal current asymmetry. Out of equilibrium, this asymmetry
then results in a nonreciprocal current-voltage character-
istic as the junction is embedded in a dissipative environ-
ment. In particular, the Josephson diode may be used as a
ratchet, a device able to rectify a signal with a zero time
average [2]. The interplay of magnetism and spin-orbit
coupling provides a nontrivial contribution to the
Josephson diode effect [3] and motivates the recent
resurgence of interest in its study in Josephson junctions
made with exotic materials [1]. Still, it has been known for
a long time that Josephson diodes may also exist in the
absence of spin-orbit coupling, provided that inversion
symmetry is broken at a macroscopic rather than micro-
scopic level [4]. In particular, they have been recently
studied theoretically [5,6] and experimentally [7,8] in
asymmetric superconducting quantum-interference devices
(SQUIDs) with more than one harmonic in the current-
phase relation of the Josephson junctions that consti-
tute them.
Contrasting views about the role of Coulomb interaction

on the nonreciprocal response of a Josephson junction have
been presented. On the one hand, quantum fluctuations due
to charging effects are detrimental to the Josephson diode
effect described above [9,10]. Indeed, the latter is asso-
ciated with an equilibrium current-phase relation that
breaks parity symmetry, IJð−φÞ ≠ −IJðφÞ. Now let us
add to the Josephson potential UðφÞ, such that
IJ ¼ ð2e=ℏÞ∂φU, the standard Coulomb potential quadratic

in the charge variable canonically conjugate to φ. Then, as
is well known from quantum mechanics [11], the Bloch
wave functions uq of quasimomentum q for the resulting
Hamiltonian remain symmetric under inversion of quasi-
momentum, uq ¼ u−q, despite the asymmetry of the
Josephson potential, Uð−φÞ ≠ UðφÞ. Introducing a dissi-
pative environment to address the current-voltage charac-
teristic, one eventually finds that this absence of chirality in
turn results in the suppression of any nonreciprocal
response at low temperature as soon as the resistance of
the environment exceeds the resistance quantum and the
phase remains quantum-mechanically delocalized [12]. On
the other hand, nonreciprocity is ubiquitous in conventional
semiconducting diodes, such as a pn junction, where
Onsager relations are bypassed by charge redistribution
at finite bias. This observation questions the necessity of
breaking time-reversal symmetry already in equilibrium,
like in a Josephson diode, in order to get a nonreciprocal
current-voltage characteristic. In fact, nonreciprocity was
predicted in various phenomenological models of
Josephson junctions preserving time-reversal symmetry,
such that IJð−φÞ ¼ −IJðφÞ, together with a nonquadratic
electrostatic potential due to imperfect screening in semi-
conducting areas of the device [13–15].
In this Letter we discuss a concrete Josephson circuit

with broken inversion symmetry only (see Fig. 1) which
allows for realizing a nonreciprocal current-voltage char-
acteristic. We rely on the phase-charge duality predicted by
Schmid [12] to propose that a Cooper pair (or Bloch)
transistor [16–19] in series with a highly resistive envi-
ronment realizes a dual version of the resistively shunted
SQUID with multiple Josephson harmonics; see Fig. 2. In
the dual regime, the critical current asymmetry in the
conventional Josephson diode is replaced by an asymmetry
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of critical voltages below which Coulomb blockade of
Cooper pair tunneling takes place [20–24]. In our proposal,
the breaking of inversion symmetry originates from an
asymmetry either in charging or Josephson energy between
the two Josephson junctions that form the Cooper pair
transistor. At the same time, our proposal only requires an
array of conventional metallic tunnel junctions. The non-
reciprocal dc current that flows through the device is
accompanied by an ac current that manifests Bloch oscil-
lations, dual to the ac Josephson effect [25,26]. Therefore
we suggest that the dual Josephson diode studied in this
Letter should be dubbed the “Bloch diode.” The recent
observation of dual Shapiro steps induced by the mixing of
microwaves with Bloch oscillations in voltage-biased
single- and double-junction devices [27–29], which was
enabled by their connection in series with a highly resistive
environment, is encouraging for the observation of the
Bloch diode effect.
At large environment resistance R ≫ RQ, where RQ ¼

h=4e2 is the resistance quantum, the Cooper pair transistor
in Fig. 1 behaves as a nonlinear capacitor [30,31]. The
current-voltage characteristic of the circuit is then derived
from the equation of motion,

V ¼ RI þ VBðN Þ; VBðN Þ ¼ −
1

2e
∂E0

∂N
; ð1Þ

which expresses the bias voltage V as the sum of the
voltage drops at the resistor and at the effective nonlinear
capacitor, respectively [16,25,26]. Here, the current I ¼
−2eṄ is related to the charge N (in units of the Cooper
pair charge) displaced across the resistor, and E0ðN Þ is the
ground-state energy of the Cooper pair transistor when it is
electrostatically tunable. The (Bloch) voltage-charge rela-
tion VBðN Þ plays a dual role to the (Josephson) current-
phase relation IJðφÞ, while the relation between I and Ṅ
mirrors the second Josephson relation between V and φ̇.
Current is blocked in a voltage range Vc− < V < Vcþ

with critical voltages

Vc− ¼ min
N

VBðN Þ; Vcþ ¼ max
N

VBðN Þ: ð2Þ

Generically Vc− ≠ −Vcþ for an asymmetric device. This
asymmetry then develops into a nonreciprocal current-
voltage characteristic beyond the blocked region. Below we
determine the amplitude of this asymmetry by evaluating
the so-called “dual diode efficiency,”

η ¼ Vcþ − jVc−j
Vcþ þ jVc−j

; ð3Þ

with ηmax defined as the maximum of jηj. To find E0 that
appears in Eq. (1), we introduce the Hamiltonian that
describes an electrostatically controlled Cooper pair tran-
sistor,

H ¼ −EJ1 cosφ1 − EJ2 cosφ2 þ EC1ðN1 −N Þ2
þ EC2ðN2 −N −N gÞ2 þ EC0ðN2 − N1 −N gÞ2: ð4Þ

Here φk and −2eNk are the canonically conjugate super-
conducting phase difference and Cooper pair charge that
tunneled across the Josephson junction labeled by k ¼ 1, 2,
such that ½φk; Nk0 � ¼ iδk;k0 , respectively. The two first terms
in H describe Cooper-pair tunneling characterized by
Josephson energies EJ1 and EJ2. The last three terms
involve external charges N and N g ¼ −CgVg=2e with
gate capacitance Cg and gate voltage Vg, as well as
charging energies EC1 ¼ 2e2C̃2=C2

eff , EC2 ¼ 2e2C1=C2
eff ,

and EC0 ¼ 2e2C12=C2
eff with junction capacitances C1 and

C2, cross-capacitance C12, and C2
eff ¼C1C̃2þC12ðC1þ C̃2Þ

with C̃2 ¼ C2 þ Cg. (From now on we replace C̃2 with C2

in all formulas assuming, e.g., Cg ≪ C2.)
Within this model, the asymmetry needed for a finite diode

efficiency requires C1 ≠ C2 or EJ1 ≠ EJ2. Furthermore,
eigenfunctions Ψðφ1;φ2Þ of Eq. (4) are 2π-periodic in
variables φ1;φ2. As a consequence, E0 is 1-periodic in
variables N ;N g and E0ð−N ;−N gÞ ¼ E0ðN ;N gÞ. We
deduce that the diode efficiency is an odd and 1-periodic
function of variable N g, which vanishes if N g ¼ 0 mod 1

2
.

Thus we restrict our study to the range 0 < N g < 1
2
.

We first consider the regime C12 ≪ C1; C2 and ignore
the last term in Eq. (4), such that the Hamiltonian becomes
separable in variables ðφ1; N1Þ and ðφ2; N2Þ. Then,

E0ðN ;N gÞ ¼ E1ðN Þ þ E2ðN þN gÞ; ð5Þ

where EkðN Þ is the ground state energy of the Hamiltonian,

Hk ¼ −EJk cosφk þ ECkðNk −N Þ2: ð6Þ

In particular,

EkðN Þ ≈
(
min
N

ECkðN − NÞ2; EJk ≪ ECk;

E0
k − λk cos 2πN ; EJk ≫ ECk;

ð7Þ

FIG. 1. The Bloch diode effect is predicted in a voltage-biased
asymmetric Cooper pair transistor connected in series with a
highly resistive environment, R ≫ RQ.
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with E0
k ≈ −EJk þ 1

2
ℏωk; quantum phase slip amplitude,

λk ¼
8ffiffiffi
π

p ð2E3
JkECkÞ1=4e−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32EJk=ECk

p
; ð8Þ

and Josephson plasma frequency ωk¼ð1=ℏÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EJkECk

p
[32].

A single junction is not sufficient to obtain a diode. Thus,
if the contribution of one of the two junctions dominates
over the other one, say E0 ≈ E1ðN Þ for concreteness, then
the diode efficiency vanishes. In that case, as the ratio
EJ1=EC1 increases, Vcþ ¼ −Vc− decreases from e=C1 to
πλ1=e. By contrast, when both junctions provide compa-
rable contributions to E0, the diode efficiency is finite. In
particular, in the Coulomb dominated regime, assuming
C1 < C2 for concreteness, we find

η ¼
8<
:

C2−C1

C1þC2

N g

1−N g
; 0 < N g <

C1

C1þC2
;

C1

C2
ð1 − 2N gÞ; C1

C1þC2
< N g < 1

2
:

ð9Þ

The maximal diode efficiency, ηmax ¼ ð ffiffiffi
2

p
− 1Þ2 ≃ 0.17, is

reached at C1=C2 ¼
ffiffiffi
2

p
− 1 and N g ¼ 1 − 1=

ffiffiffi
2

p
.

In the Josephson dominated regime, by inserting the
second line of Eq. (7) into Eq. (5), we find a modulation of
the critical voltages,

VJ0
c� ¼ � π

e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ1 − λ2Þ2 þ 4λ1λ2 cos2 πN g

q
; ð10Þ

(without diode effect) due to Aharonov-Casher (AC)
interference [33,34], which is dual to the flux modulation
of a SQUID. When λ1 ≈ λ2 and N g ≈ 1

2
, the blocked region

is suppressed. In that case, it is important to keep the next-
to-leading order term [35,36] in the second line of Eq. (7)
(see Appendix A for the derivation of its amplitude),

EkðN Þ≈ E0
k − λk cos2πN þ λ2k

2ℏωk
ln

�
24eγℏωk

ECk

�
cos4πN ;

ð11Þ

where γ is the Euler constant, to compute the critical
voltage. (Note that the amplitude of that term, also called
“double quantum phase slip” amplitude, was recently
measured in a fluxonium qubit [37].) The dual diode effect
then results from different AC-induced phase shifts in the
first and second harmonics of the voltage-gate charge
relation, similar to the case of a SQUID with higher
harmonic content [5,6]. Following the analysis of
Ref. [38] for the conventional Josephson diode effect,
we find that the maximal dual diode efficiency,
ηmax ¼ 1=3, is reached when

jλ1 − λ2j
λ1

¼
ffiffiffi
2

p
λ1

ℏω1

ln

�
EJ1

EC1

�
¼ 2πjN g −

1

2
j ≪ 1; ð12Þ

corresponding to

E0ðN Þ ¼
ffiffiffi
2

p
jλ1 − λ2j

�
cos 2π

�
N þ 1

8

�
þ 1

4
cos 4πN

�
:

ð13Þ

(Here we also assumed ω1 ≈ ω2 for simplicity.)
The charge dispersion of E0 is illustrated in Fig. 3; it
forms a ratchet potential. The asymmetry of critical
voltages, VJ

cþ ¼ −2VJ
c− ¼ ð3π= ffiffiffi

2
p Þjλ1 − λ2j=e, is also

seen in the voltage-charge relation.
The diode efficiency in a hybrid situation where one

junction is in the Josephson dominated regime and the other

FIG. 3. Ratchet potential (blue) and voltage-charge relation
(red) associated with a Bloch diode with efficiency η ¼ 1=3 in the
Josephson-dominated regime, cf. Eq. (13).

FIG. 2. Duality between the Josephson diode effect in a SQUID
at R ≪ RQ (left) and the Bloch diode effect in a Cooper pair
transistor at R ≫ RQ (right). The double cross represents a
Josephson junction with multiple harmonics in its current-phase
relation; the hatched diamond represents a quantum phase-slip
junction with multiple harmonics in its voltage-charge relation.
Time-reversal symmetry enforces Uð−φ;−ΦÞ ¼ Uðφ;ΦÞ for the
Josephson potential of the SQUID, where Φ is the flux piercing
the loop. Thus nonreciprocity is realized if Φ is tuned away from
a half-integer flux (in units of the superconducting flux quantum)
and the SQUID is asymmetric, such that Uð−φ;ΦÞ ≠ Uðφ;ΦÞ.
In the Cooper pair transistor, inversion symmetry enforces
E0ð−N ;−N gÞ ¼ E0ðN ;N gÞ with N g ¼ −CgVg=2e. Thus non-
reciprocity is realized for two unequal phase-slip junctions if the
gate charge is tuned away from a multiple of e, such that
E0ð−N ;N gÞ ≠ E0ðN ;N gÞ.
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one is in the Coulomb dominated regime is addressed in
Appendix B.
Let us now consider the case when the Hamiltonian (4) is

not separable. We first consider the case when EC0

dominates over all other energy scales, EC0 ≈ 2e2=ðC1 þ
C2Þ ≫ EC1; EC2 at C12 ≫ C1; C2. Then charge in the
central island is strongly pinned, and transport can only
occur in the vicinity of a degeneracy point between two
charge states. For concreteness, we consider jN g − 1

2
j ≪ 1

and project the Hamiltonian (4) onto the charge basis with
N2 − N1 ¼ 0, 1. Then,

H ¼ EC

�
N −N þ δEC

4EC
σz

�
2

− EC0

�
1

2
−N g

�
σz

− EJ cos
φ

2
σx þ δEJ sin

φ

2
σy ð14Þ

(up to irrelevant constants). Here we introduced Pauli
matrices in the basis of the two charge states of the island,
and canonically conjugate variables φ ¼ φ1 þ φ2 and
N ¼ ðN1 þ N2Þ=2. Furthermore, EC ¼ EC1 þ EC2,
δEC ¼ EC1 − EC2, EJ ¼ ðEJ1 þ EJ2Þ=2, and δEJ ¼
ðEJ1 − EJ2Þ=2. Charge conservation imposes the twisted
boundary condition Ψðφþ 2πÞ ¼ σzΨðφÞ on eigenstates
of Eq. (14) [39]. As discussed recently [40], Hamiltonian
(14) has the same form as the Hamiltonian for a discrete
resonant level coupled to superconducting leads at weak
Coulomb interaction [39,41,42].
In the Coulomb dominated regime, σz ¼ �1 and

E0 ¼ minðEþ; E−Þ with

E�
EC

¼ min
n∈Z

�
n −N ∓ δ

4
þ 1 ∓ 1

4

�
2

� ε; ð15Þ

δ ¼ δEC=EC, and ε ¼ EC0ð12 −N gÞ=EC. As before we
consider C1 < C2 corresponding to δ > 0, where we find
the diode efficiency,

η ¼
8<
:

8ε
ð1þδÞ2 ; 0 < ε < δ

8
ð1 − δ2Þ;

δ 1−δ2−8ε
1−δ2þ8ε

; δ
8
ð1 − δ2Þ < ε < 1

8
ð1 − δ2Þ:

ð16Þ

At ε > 1
8
ð1 − δ2Þ, the energies E� do not cross

and the diode efficiency vanishes. Equation (16) yields
the same diode efficiency as in the separable case,
ηmax ¼ ð ffiffiffi

2
p

− 1Þ2, which is realized at δ ¼ ffiffiffi
2

p
− 1 and

ε ¼ ð ffiffiffi
2

p
− 1Þ2=4. In fact, the result for ηmax ¼ ð ffiffiffi

2
p

− 1Þ2
holds in the Coulomb dominated regime even
without assuming C12 ≫ C1; C2. In that case,
ε ¼ C2

eff=ðC1 þ C2Þ2ð12 −N gÞ. The N -dependence of E0

and charge-voltage relation at maximal diode efficiency,
with VC

cþ ¼ −
ffiffiffi
2

p
VC
c− ¼ ð ffiffiffi

2
p

− 1ÞEC=e, are shown in
Fig. 4.

In the Josephson dominated regime, the Wentzel-
Kramers-Brillouin (WKB) approximation was used to
calculate the two first harmonics in the N -dispersion of
E0 at C12 ≫ C1 ¼ C2 [see Eqs. (19) and (25) in Ref. [39] ],
where the difference between AC shifts in the first and
second harmonics in 2πN is independently tunable with
N g. As in the separable case, we then expect ηmax ¼ 1=3.
In fact, the result for ηmax ¼ 1=3 carries on at any ratio
between capacitances C12, C1, and C2 in the Josephson
dominated regime, where a multidimensional WKB analy-
sis also shows that the N -dispersion of E0 is dominated by
the two first harmonics with an independently tunable
difference between AC shifts [28,43].
The nonreciprocity in the current-voltage characteristics

of a Bloch diode is illustrated in Fig. 5 by solving Eq. (1)
for the Bloch diode with maximal efficiency η ¼ 1

3
in the

Josephson-dominated regime and η ¼ ð ffiffiffi
2

p
− 1Þ2 in the

Coulomb-dominated regime. Near voltage thresholds Vc�,
the current displays inverse square-root and logarithmic
singularities, respectively. Note that this theory neglects
interband transitions. In the Josephson-dominated regime,

FIG. 4. Ratchet potential (blue) and voltage-charge relation
(red) associated with a Bloch diode with efficiency η¼ð ffiffiffi

2
p

−1Þ2
in the Coulomb-dominated regime. Dashed and dotted lines are
metastable energies at fixed charge and σz ¼∓ 1, respectively,
cf. Eq. (15). The gaps of the order EJ ≪ EC when charging
energies cross each other, and associated smearing of the charge-
voltage relation, are not shown.

FIG. 5. Nonreciprocal current-voltage characteristics of the
Bloch diode described by the ratchet potential of Fig. 3 (purple)
and Fig. 4 (green).

PHYSICAL REVIEW LETTERS 136, 146001 (2026)

146001-4



this is guaranteed over a large voltage range by the gap
between Bloch bands (on the order of the Josephson
plasma frequency); in the Coulomb dominated regime,
the condition for neglecting Landau-Zener tunneling to the
upper bands is ejVj ≪ ðE2

J=ECÞðR=RQÞ [26]. Thermal and
quantum fluctuations are expected to smooth out the
nonreciprocal response at kBT ∼ eVc� [44] and R ∼ RQ,
respectively.
The Bloch diode that we studied is related to the so-

called “bifluxon” qubit [45], where a Cooper pair transistor
is closed by an inductance to form a flux-tunable loop. The
bifluxon provides an example of a “few-body” qubit with
more than one degree of freedom in the Hamiltonian that
describes it, which allows for suppressing relaxation due to
charge or flux noise and dephasing due to flux noise. That
protection is expected atN g ¼ 1

2
provided that the device is

fully symmetric (EJ1 ¼ EJ2 and C1 ¼ C2) [46]. By con-
trast, the Bloch diode that we predict is precisely due to the
device asymmetry. Conversely, measuring the (disappear-
ance of the) Bloch diode effect may help to tune a device to
the most symmetric point, such that at N g ¼ 1=2 only the
double quantum phase slip process (∝ cos 4πN ) remains.
In practice, however, if the timescale of quasiparticle
poisoning is not much larger than the measurement time-
scale, poisoning events can shift either N or N g by 1=2.
Because of the presence of more than one harmonic, this
will generally affect the critical voltages, eventually reduc-
ing the Bloch diode efficiency. (In general Bloch diode
efficiencies with and without quasiparticle poisoning are
not opposite. Therefore, quasiparticle poisoning tends to
reduce but not suppress the averaged Bloch diode
efficiency.)
Finally, we note that transmission lines formed of a

Josephson junction array can be used to realize a highly
resistive ohmic environment [23,24,47]. We thus envision
that the Bloch diode effect predicted in our Letter could be
observed in a purely nondissipative superconducting quan-
tum circuit.
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End Matter

Appendix A: “Double quantum phase slip” amplitude
—Here we derive the exponentially small dispersion of
the ground state energy of a Cooper pair box, which is
described by the Hamiltonian (6), in the Josephson-
dominated regime up to the second harmonic in gate
charge N ; see Eq. (11).

For this we note that, up to a gauge transformation, the
eigenenergies of a Cooper pair box are defined by the
following eigenproblem:

�
−EC

d2

dφ2
− EJ cosφ

�
ψðφÞ ¼ EψðφÞ; ðA1Þ
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where the wave function ψðφÞ must satisfy the twisted
periodic boundary condition

ψðφþ 2πÞ ¼ e−i2πNψðφÞ: ðA2Þ

Here for simplicity we omit the index k ¼ 1, 2 used in the
main text. Our strategy to obtain Eq. (11) is to solve
perturbatively a transcendental equation solved by EðN Þ.
To find that equation, we determine the most general forms
of the solutions of Eq. (A1) for phases in the vicinity of
multiples of 2π, where ψðφÞ has most of its support at
EJ ≫ EC, as well as in the classically forbidden regions,
and then match them in a common range in φ, where both
of these solutions are defined.
Let us first consider the vicinity of φ ¼ 0. We may use an

harmonic approximation of the Josephson potential,
cosφ ≈ 1 − φ2=2, and rescaled variables φ ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EC=2EJ

4
p

and E ¼ −EJ þ ℏωðpþ 1=2Þ with plasma frequency
ℏω ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EJEC
p

, to find that Eq. (A1) reduces to

�
d2

dx2
þ pþ 1

2
−
x2

4

�
ψðxÞ ¼ 0: ðA3Þ

Its most general solution is expressed in terms of parabolic
cylinder functions DpðxÞ,

ψðxÞ ¼ A1DpðxÞ þ A2Dpð−xÞ; ðA4Þ

where A1 and A2 are two constants to be determined. The
asymptotes of Eq. (A4) at x ≫ 1 and −x ≫ 1 are

ψðxÞ ≈ ðA1 þ A2e−iπpÞxpe−x2=4 − A2

ffiffiffiffiffiffi
2π

p

Γð−pÞ
ex

2=4

xpþ1
ðA5Þ

and

ψðxÞ ≈ ðA1eiπp þ A2Þð−xÞpe−x2=4 − A1

ffiffiffiffiffiffi
2π

p

Γð−pÞ
ex

2=4

ð−xÞpþ1
;

ðA6Þ

respectively. Note that the condition jxj ≫ 1 is still com-
patible with jφj ≪ 1 used in the harmonic approximation
for the Josephson potential at EJ ≫ EC. For ψðxÞ to remain
localized near φ ¼ 0, the last term in Eqs. (A5) and (A6)
should be suppressed. Given the properties of the Euler
function Γð−pÞ, this requires that p should be close to a
positive integer m, in agreement with the expectation for
the eigenenergies of a quantum harmonic oscillator,

Em ¼ −EJ þ ℏω

�
mþ 1

2

�
−
EC

8

�
m2 þmþ 1

2

�
: ðA7Þ

Here we dispense with the derivation of a small,
N -independent anharmonic correction to the eigenenergies

captured by the last term of Eq. (A7) [32], which can be
obtained by expanding cosφ up to quartic order in φ.
Equivalent solutions with the same eigenspectrum

can be found by expanding the Josephson potential near
φ ¼ 2πn with any integer n. It is their hybridization that
results in the formation of Bloch bands. To proceed
further, we then express the most general form of the wave
function in an interval between two minima of the
Josephson potential, say for φ such that φ ≫

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EC=EJ

4
p

and 2π − φ ≫
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EC=2EJ

4
p

, using the WKB approximation
in the classically forbidden regions,

ψðφÞ ≈ B1ffiffiffiffiffiffiffiffiffi
κðφÞp e−

R
φ

π
dφ0κðφ0Þ þ B2ffiffiffiffiffiffiffiffiffi

κðφÞp e
R

φ

π
dφ0κðφ0Þ: ðA8Þ

Here κðφÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið−EJ cosφ − EÞ=EC

p
, and B1 and B2 are

two other constants to be determined. [The choice of π as a
bound in the integrals that appear in Eq. (A8) was made for
convenience; another choice could be absorbed in B1 and
B2.] As φ remains away from the classical turning points
[where the argument in κðφÞ would vanish], we may
approximate

κðφÞ ≈
ffiffiffiffiffiffiffiffi
2EJ

EC

s
sinðφ=2Þ − pþ 1

2

2 sinðφ=2Þ ; ðA9Þ

Z
φ

π
dφ0κðφ0Þ ≈ −

ffiffiffiffiffiffiffiffi
8EJ

EC

s
cos

φ

2
−
�
pþ 1

2

�
ln tan

φ

4
: ðA10Þ

As a result, Eq. (A8) further simplifies to

ψðφÞ ≈ B1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðφ=2Þp �

tan
φ

4

�
pþ1

2

e

ffiffiffiffiffi
8EJ
EC

q
cosðφ=2Þ

þ B2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðφ=2Þp �

tan
φ

4

�
−p−1

2

e
−

ffiffiffiffiffi
8EJ
EC

q
cosðφ=2Þ

; ðA11Þ

up to a common constant absorbed in B1 and B2.
In particular, the asymptote of Eq. (A11) at

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EC=EJ

4
p

≪
φ ≪ 1 has identical parametric dependence on φ ∝ x as in
Eq. (A5). This allows for identifying two relations between
coefficients A1, A2, B1, and B2:

A1 þ A2e−iπp ¼ B1ffiffiffi
2

p
�

EC

29EJ

�
p=4

e
ffiffiffiffiffiffiffiffiffiffiffiffi
8EJ=EC

p
; ðA12Þ

A2

ffiffiffiffiffiffi
2π

p

Γð−pÞ ¼ −
B2ffiffiffi
2

p
�

EC

29EJ

�
−ðpþ1Þ=4

e−
ffiffiffiffiffiffiffiffiffiffiffiffi
8EJ=EC

p
: ðA13Þ

Similarly, Eq. (A11) yields an asymptote atffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EC=2EJ

4
p

≪ 2π − φ ≪ 1, which can be put in correspon-
dence with Eq. (A6) using the periodic boundary condition
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given by Eq. (A2). This yields two additional relations:

A1eiπp þ A2 ¼
B2ffiffiffi
2

p
�

EC

29EJ

�
p=4

e−
ffiffiffiffiffiffiffiffiffiffiffiffi
8EJ=EC

p
e−2iπN ; ðA14Þ

A1

ffiffiffiffiffiffi
2π

p

Γð−pÞ¼−
B1ffiffiffi
2

p
�

EC

29EJ

�
−ðpþ1Þ=4

e
ffiffiffiffiffiffiffiffiffiffiffiffi
8EJ=EC

p
e−2iπN : ðA15Þ

The linear system of Eqs. (A12)–(A15) yields the sought-
after transcendental equation solved by δEm ≡ E − Em ¼
ℏωðp −mÞ with p close to integer m:

2 cos 2πN ¼
ffiffiffiffiffiffi
2π

p

Γð−pÞ
�

EC

29EJ

�
p=2þ1=4

e
ffiffiffiffiffiffiffiffiffiffiffiffiffi
32EJ=EC

p
: ðA16Þ

Using 1=Γð−pÞ≈ð−1Þmþ1m!½ðp−mÞþψ0ðmþ1Þðp−
mÞ2� at jp −mj ≪ 1, where ψ0ðmÞ is the digamma func-
tion, we expand Eq. (A16) to find

δEm ¼ −λm cos 2πN þ λ2m
2ℏω

ln
�

24ℏω

eψ0ðmþ1ÞEC

�
cos22πN :

ðA17Þ

with

λm
ℏω

¼ ð−1Þm
m!

ffiffiffi
2

π

r �
29EJ

EC

�
m=2þ1=4

e−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
32EJ=EC

p
: ðA18Þ

At m ¼ 0 with ψð1Þ ¼ −γ where γ is Euler’s constant,
Eq. (A17) reproduces Eq. (11).

Appendix B: Diode efficiency in a hybrid regime—
Here we provide the diode efficiency in a hybrid regime
where one of the junctions is in the Coulomb dominated
regime (say EJ1 ≪ EC1) and the other one is in the
Josephson dominated regime (say EJ2 ≫ EC2). If
y≡ e2=ðπ2C1λ2Þ > 1,

eV>
c�

πλ2
¼ �πyþ sin 2πN g; ðB1Þ

yielding maximal diode efficiency ηmax ¼ 1=π ≈ 0.32 at
N g ¼ 1

4
and y → 1. If y < 1, Vcþ ¼ V<

cþ and Vc− ¼
minðV>

c−; V<
c−Þ with

eV<
c�

πλ2
¼ �½

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

q
þ yðπ − arccos yÞ� þ 2πyN g; ðB2Þ

yielding maximal diode efficiency ηmax ≈ 0.60 at y ≈
0.43 and N g ≈ 0.39.

PHYSICAL REVIEW LETTERS 136, 146001 (2026)

146001-8


