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Abstract

This master thesis was aimed to provide methods for coding construction
which incurs the minimum energy when sending one single bit of informa-
tion in the presence of noiseless feedback.

At first, we tried to find a coding scheme for gemeral channels having a free
symbol. Motivated by the original coding scheme proposed by Verdd in his
paper which has to do with hypothesis testing and Stein lemma, we focused
on sequential hypothesis testing (Wald testing) in the presence of feedback.
It is proved that sequential hypothesis testing can not be exploited generally
to achieve the minimum energy.

Next, we narrowed down the problem and considered only Gaussian chan-
nel. This thesis gave an optimal coding scheme -which incurs the minimum
possible energy for sending one single bit- based on MMSE estimation. We
then showed that in infinite-bandwidth Gaussian channel a single bit can be
sent reliably with the same amount of energy that would be required per bit
if one were sending a large number of bits.

In next step, we considered the transmission of a single bit over the discrete-
time and also continuous-time Poisson channel with noiseless and delayless
feedback. Firstly, the least amount of energy for sending reliably a single
bit over Poisson channel was calculated and then a coding scheme which
achieves it, was proposed. We showed that in the absence of peak-power
constraints, sending reliably a single bit over Poisson channel requires, on
the average at least, half the energy of a photon. We also extend these re-
sults for sending reliably finite number of bits. Finally, we showed that, in
the absence of peak-power constraints, the amount of energy required to send
reliably one bit is more than the amount of energy per bit when sending large
number of bits. For the Poisson channel with peak power constraint, we also
proposed two different coding schemes which can be used with bounded energy

when error probability is bounded.



Zusammenfassung

Diese Diplomarbeit zielt darauf ab, Methoden zur Kodierungskonstruktion
unter Erreichung der Kapazitit pro Einheitskosten anzubieten. Zundchst
versuchten wir, ein Kodierungsschema fiir allgemeine Kandle zu finden, um
ein Gratis-Symbol zu haben. Motiviert sind wir durch die urspriingliche Ko-
dierung, welche in der Arbeit von Verdi vorgeschlagen wurde. Diese hat mit
dem Hypothesentest und Stein Lemma zu tun, dabei konzentrierten wir uns
unter Prdisenz von Feedback auf den sequentiellen Hypothesentest (Wald-
Test). Im Anhang B ist bewiesen, dass der sequentielle Test nicht zur Er-
reichung der Kapazitdt pro Finheitskosten eingesetzt werden kann. Weiter
wechselten wir die Methode auf Gauss-Kandle und gaben ein optimales Ko-
dierungsschema (im Sinne von Kapazitit pro Einheitskosten) an. Dies ba-
siert auf einer MMSFE-Schdtzung, welche als Sonderfall des Turin-Schemas
erscheint. Weiter wurden Poisson-Kandle in idealen und nicht-idealen Fillen
beriicksichtigt. Es wurde bewiesen, dass es kein Kodierungsschema gibt, wel-
ches die Kapazitit pro FEinheitskosten in Poisson-Kandlen erzielen kann,
wenn die Kapazitit pro Finheitskosten unendlich gross ist (dies passiert,
wenn entweder der Dunkelstrom null ist oder keine Beschrinkung der Spit-

zenleistung gibt).
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Chapter 1

Introduction

Missing a train is only painful if you run after it!.
-N. N. Taleb

This master thesis looks at one of the important features of communi-
cation, namely, energy. In this project the minimum energy for sending one
single bit over two well-known channel families; Gaussian and Poisson, is
firstly computed and then for both of these two channels, the optimal cod-

ing scheme (in the sense of energy) for sending one single bit is proposed.

The explosive growth and widespread application of high rate wireless
communication have prompted waves of research and standard development
activities. While semiconductor processing speed has been increasing ex-
ponentially, doubling almost every two years, processor power consumption
also continues to grow by 150% every two years. In contrast, advances
in battery technology have not kept pace, with capacity increasing at a
modest rate of 10% every two years. This leads to an increasingly large
gap between power need and battery capacity. Energy efficiency, therefore,
is becoming an increasingly important factor for wireless communication.
Hence a practical problem of broad interest is to transmit a message with
minimum energy by which the life time of batteries can be prolonged and
thus saving money. In the conventional communication -which has been
so far considered in information theory- a long codeword is transmitted for
each message. Suppose k bits are to be transmitted over the channel, then
we encode it into a n-bit codeword and send it. For channels with additive

white Gaussian noise, Shannon [1] has demonstrated that for transmitting
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k bits with probability of block error e using total energy E and n degrees
of freedom !, the minimum energy per bit, F, = E/k, in the limit k¥ — oo,
k/n — 0 and € — 0 tends to the fundamental limit of (Ep)min = Noln2
where Ny/2 is the noise power per degree of freedom. Instead of allowing
k/n — 0, frequently one fixes the rate R = k/n, in which case Ej becomes

a function of R and sensitive to modulation [2].

Obviously the assumption of infinite number of information bits (k) and
transmission symbols (n) is not realistic, because at the decoder part we
have to wait for infinite time to get all symbols and also we have to have
an infinite-size buffer to memorize all received symbols. To solve the latter
problem (long buffer) we consider sending a finite number of information
bits. Going beyond the asymptotic limit & — oo, the minimum Fj under
fixed rate R for finite k has been studied numerically [3] and [4] and tightly
approximated [5] and [6].

In this project we consider sending one single bit over two well-known
and most applicable channel families; Gaussian and Poisson when noiseless
feedback is present. Gaussian channel is so applicable that can model almost
all additive-noisy wireless communication. Poisson channel is too used to
model the optical communication using direct detection which is assumed

in many optical communication systems 2.

The main reasons why the problem of sending one single bit is considered

in this project are briefly as follows:

e In some communication we need to transmit only a bit with high
accuracy, for example ”fire” or ”not fire” in military or ”emergency

state” or "normal state” in e-health communication.

e When sending one single bit, the decoder part does not have to buffer
formerly received bits. In this case, after (large and sometimes ran-
dom) time, decoder learns that the transmitted bit was 1 or 0 without

any buffer.

IThroughout this thesis, by degree of freedom we mean the number of transmissions
or number of channel uses for each message being transmitted.
2Direct detection (or incoherent) is a way of decoding in optical communication which

basically relies on the collection of enough signal energy at the receiver.
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e The idea of sending one single bit will trigger the research on minimum
energy analysis to send finite number of bits in general channels as
it has already been addressed for Gaussian channel in [7]. As first
step we analyzed the energy analysis for k bits in Poisson channels in
section 5.5. There has been an open-problem since 2007 about "what
s the minimum energy for sending finite number of bits over general

channels and how to achieve it?”.

Verdd in [8] generalized the concept of energy with the notion of cost
function. Cost function, b[x], assigns a non-negative number to each input
x in input alphabet. The cost corresponds to energy if b[z] = 22 in Gaus-
sian channel and if b[z] = = in Poisson channel. The capacity-cost function,
C(p), is defined as the maximum number of bit per symbols that can be
transmitted reliably over channel with average cost per symbol not exceed-
ing B. It is quite well known that the capacity-cost function for Gaussian
channel having variance 0% and cost function as energy, i.e., b[z] = 22, is
C(B) = 3log(1 + B/c?). Clearly 1/C(B) and B/C(B) are the number of
required symbols and its associated cost (viz. energy) to transmit one bit of
information. Figure 1.1 depicts the cost per bit versus number of symbols
per bit for a discrete time additive white Gaussian channel. It is obvious
in this figure that the cost per bit blows up if more than one bit is to be
transmitted per symbol, while the cost per bit is close to its infimum for
more than 3 or 4 symbol-per-bit. This figure also shows that the minimum

energy per bit is Nypln2 as theoretically shown in [9] and [1].

The minimum cost incurred by the transmission of one bit of informa-
tion through the channel is a fundamental figure of merit showing the most
frugal and economical way to proceed the reliable communication. Its recip-
rocal is called ” capacity per unit cost”. Therefore as a benchmark for energy
consumption in different transmission schemes, it is crucial to investigate
the maximum number of bits per unit cost that can be transmitted over the
channel (i.e., capacity per unit cost) in lieu of conventional channel capacity,
especially when the main limitation is on the input cost rather than on the
number of degrees of freedom. Hence, the search for most energy-efficient
coding scheme (when £ is large) is turned into the search for coding scheme

which can achieve the capacity per unit cost.
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cost/bit

symbol/bit

Figure 1.1: Cost versus number of symbols required to transmit one bit of infor-
mation through AWGN channel

The capacity per unit cost of a general memoryless channel was com-
puted by Verdi in [8] using the capacity-cost function. The capacity has a
particularly simple form when one of the input symbols is of zero cost. Since
the capacity of a memoryless channel is not increased when causal feedback
from the receiver to the transmitter is available, this is also the capacity per
unit cost in the presence of feedback. However, feedback sometimes greatly

simplifies the coding schemes that are needed to achieve capacity.

This project was firstly intended to find a coding scheme that achieves
the capacity per unit cost in the presence of feedback for general channels.
Motivated by original coding scheme proposed by Verdi, we started by se-
quential hypothesis testing [10]. In this technique the blocklength (the size
of codeword) is treated as a random variable (i.e., Markov stopping time) so
that the resulting scheme would be variable block-length code. The sequen-
tial hypothesis testing is based on Wald identity which is stated in chapter
3. In this scheme receiver keeps monitoring the log-likelihood ratio, S, in
each step and compares it with two constants, A > 0 and B < 0, which are

considered as boundaries of ambiguity area. The receiver sends the trans-
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mitter the signal ”ready to decode” by which the transmission is stopped,
when either S,, > A or S,, < B. The main theorem regarding the perfor-
mance of coding scheme based on sequential hypothesis testing is shown in
chapter 3. We then analyzed the minimum energy per bit in two particular

channels; Gaussian and Poisson.

Feedback coding scheme in Gaussian channel has so far undergone ex-
tensive researches, in various guises. Elias [11] presented a feedback cod-
ing scheme to transmit a normally-distributed source symbol over Gaussian
channel whose mean-square estimation error goes down geometrically with
n. Schalkwijk and Kailath (SK) [12] proposed another feedback scheme
based on stochastic approximation procedure. SK scheme is defined in this
thesis in terms of Elias scheme together with PAM modulation. This helps
us to better understand the coding scheme which was recently proposed by
Gallager for high SNR regime whose needed energy is smaller than 5 and er-
ror probability at time ¢ decreases as an ith order exponent [13]. This coding
scheme is briefly described in chapter 4. A year before SK scheme was pub-
lished, Turin proposed a general class of coding scheme which could provably
achieve the capacity per unit cost, and consequently, the minimum energy
per bit. His scheme was based on continuous-time analysis of sequential
hypothesis testing and was proved to achieve the conventional capacity of
continuous-time Gaussian channel with unlimited degrees of freedom which
equals the capacity per unit cost of equivalent discrete-time channel. Turin
in [14] has also conjectured that binary feedback coding scheme (sending 0 or
1 when transmitted bit is 1 and 0 or —1 when transmitted bit is 0 depending
on the previously received symbols) can also achieve the capacity per unit
cost in Gaussian channel but he could not later prove this conjecture in [15].
His analysis showed that binary feedback coding scheme can achieve Cln2
where C' is the capacity per unit cost. This conjecture has been recently
proved to be optimal from capacity per unit cost viewpoint, by Polyanskiy
et al. [7].

This thesis has also proposed another feedback coding scheme based on
Minimum Mean Square Error (MMSE) estimation. This technique has been
proved to achieve the minimum energy for sending reliably one single bit.
Hence, in Gaussian channel for sending one bit of information, to save energy

and money at best case we should use MMSE estimation at the receiver part.
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Coding scheme for the Poisson channel has been studied by Wyner in
[16] without feedback. In this seminal contribution, he has also computed
the reliability function (i.e., the exponential behavior of the probability of
error for the best code, as the coding delay is increased with the rate held
fixed) of the Poisson channel without feedback. The effect of feedback on
capacity of Poisson channel has been further explored by Frey [17] who con-
sidered channels with time-varying dark current® and showed that as long
as the dark current is deterministic, capacity remains unchanged by the
introduction of feedback. Consequently, feedback can not change the capac-
ity per unit cost of Poisson channel. In this thesis we always assume that
dark current is deterministic and time-invariant. Lapidoth [18] proposed a
feedback coding scheme and proved that it can achieve the Sphere Packing
error exponent which is known to be unachievable without feedback for rates
below the critical rate.

To our best knowledge, the capacity per unit cost and/or minimum en-
ergy analysis for Poisson channel has not so far been considered. We consid-
ered this problem in chapters 5 and 6 depending if the capacity per unit cost
is finite or infinite. In chapter 5, we firstly compute the minimum energy
required for sending one single bit reliably and then propose the optimal
coding scheme which achieves the minimum energy. We then extend this
scheme to achieve the minimum energy for sending finite £ bits. In chapter
6, in finite capacity per unit cost, we give two different techniques which are
easily implementable. In this chapter, we showed that if error probability is
bounded, the energy can be saved by using a one-bit quantizer. The optimal

coding scheme in this case is still an open-problem.

It is worthwhile to point out, at final, that energy for sending reliably
one single bit may be totally different from the energy per bit for sending
reliably large number of bits. These are two parameters that have been
identified equal for a couple of years (because they are the same in Gaussian

channel).

In a nutshell, this thesis is organized as follows:

3In Poisson channel, environmental noise and radiation show themselves as dark cur-
rent. If dark current is zero, the Poisson channel can be modeled as Z-channel and is

called ideal. This term is explained in details in chapter 5.
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e Chapter 2 presents some relevant introductory concepts on feedback
coding and also on capacity per unit cost. There, the achievability of

capacity per unit cost is shown using Stein lemma.

e Chapter 3 gives a feedback coding scheme based on sequential hypoth-
esis testing and then proves its performance from the energy point of

view.

e Chapter 4 reviews some well known feedback coding schemes in Gaus-
sian channel including: Elias scheme and M-PAM version of Schalkwijk-
Kailath scheme; both of which can not achieve capacity per unit cost.
General Turin’s scheme in continuous-time has also been presented.
The more recent result on binary feedback coding scheme is given in
this chapter. Both these two schemes are shown to be achieving ca-
pacity per unit cost. Finally our new coding scheme is proposed and

then proved to be optimal.

e Chapter 5 computes the least amount of energy for sending reliably
one single bit over Poisson channel (when capacity per unit cost is
infinite) and then gives an optimal coding scheme to achieve it. This
chapter does an enlightening comparison between the energy for send-
ing reliably one single bit and the energy per bit when sending k£ — oo
bits.

e Chapter 6 extends the techniques of previous chapter for the case
when capacity per unit cost is not infinity. In this chapter two dif-
ferent and easily implementable techniques are given. Both are good
when the error probability is bounded (say, less than 107°) and both
are variable-length codes. Hence the decoding delay 4 is random and
its expected value is therefore less than fixed-length codes. Their per-
formances, energy consumption and error probabilities are given in

this chapter.

e Chapter 7 presents the conclusions and some further topics of research,
besides the proposition of some open questions that arose during this

project.

4The time that decoder should wait till it can decide.
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Chapter 2

Capacity Per Unit Cost and
Feedback

A nice adaptation of conditions will make almost any hypothesis agree with the

phenomena. This will please the imagination but does not advance our knowledge.
—J. Black

2.1 Capacity Per Unit Cost

A communication channel is characterized by an input alphabet X', output
alphabet ) and also output distribution given input is known or transition
laws, i.e., Pr(Y = y|X = z). The n inputs are instances of the input process
represented probabilistically by the random vector X" 2 (X1, Xoy..., Xp)
with joint probability function Pxn(z™) = Pr( Xy =z, Xo =29, ..., X;, =
xy) and also similar representation for output instances, Pyn(y") 2 Pr(Y; =
y1, Yo =2, ..., Y = yp). In the practical communication input is usually
subjected to a constraint which is modeled by a cost function. Cost function
can take any non-negative number, b : X — R{ = [0, 00) which associates
a non-negative number b[z] to each element z of the input alphabet. As
we intend to make use of the channel many times in succession, we inter-
pret the cost of sending 2™ as an additive cost, i.e., blz™] = > 1 bz;].
In general, the probability of sending each possible input vector, z", need
not be equal. Then the average cost of n-dimensional random vector is
EpX"]] = >, ED[X;]]. An n-dimensional random vector X" is said
to be [-admissible if it satisfies F[b[X"]] < . The maximum number of

bits per symbol that can be transmitted over the channel with average cost
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per symbol not exceeding (3 is the capacity-cost function, C'(3). The more
mathematically formal definition of capacity-cost function is as follows.
Let (n, M, v, €) define a code in which n is blocklength, M is the num-
ber of codewords, each codeword (x;1, ®i2,..., Tin), ¢ = 1,2, ..., M is
v-admissible and the average (over the ensemble of the equiprobable mes-

sages) probability of decoding the correct message is better than 1 — .

Definition 2.1.[19]: Given 0 < € < 1 and f > 0, a non-negative
number R is an e-achievable rate with cost per symbol not exceeding 3, i.e.,
nB-admissible, if for every v > 0 there exists ng such that if n > ng, then
an (n, M, np, €) code can be found whose rate satisfies logM > n(R — 7).
Furthermore, R is said to be achievable if it is e-achievable for all 0 < € < 1.
Then the maxzimum achievable rate, with cost per symbol not exceeding B is
the channel capacity denoted by C(B). Generally the function C' : Rg — Rg

1s referred to as the capacity-cost function.

Gallager in [20] has proved that the channel capacity-cost function can

be computed using the following formula:

C(B) = sup I(X™Y™)

all nf3—admissible X ™

where I(.;.) denotes the mutual information and the supremum is taken to
be zero if there is no nB-admissible X".

It is also proved in [19] that C(/3) is concave and nondecreasing, so we
can trade off the number of symbols (or channel use) and the cost it takes to
send every bit of information. The minimum cost incurred by the transmis-
sion of one bit of information through the channel is a fundamental criterion
to determine the best and easiest way (from economical point of view) to
communicate reliably. This quantity is so important that its reciprocal is
given a name, capacity per unit cost which is defined similarly to the con-
ventional capacity, except here we have to divide the logarithm of number
of codewords to their cost. It is of great interest for designers (and anyone
who wants to save energy and money) to investigate the maximum number
of bits per unit cost.

Then, channel capacity per unit cost is formally defined in [8] as follow-

ing:

10
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Definition 2.2. Given 0 < € < 1, a nonnegative number® R is an -
achievable rate per unit cost if for every v > 0, there exists vy € ]RS' such that
if v > wy, then an (n, M, v, €) code can be found with log M > v(R—v). R
is achievable per unit cost if it is e-achievable per unit cost for all 0 < e < 1

and the capacity per unit cost is the mazimum achievable rate per unit cost.

The following theorem, proved by Verdu, links the capacity per unit cost

to capacity-cost function introduced before [8].

Theorem 2.1 The capacity per unit cost of a memoryless channel is
equal to

C =sup % = LX; Y)

B X ERX]

where I(X;Y) denotes the mutual information and E[X] denotes the ex-
pectation with respect to random variable X.

It is obvious that if b[z] = 1 for all z € X, then the channel capacity per
unit cost reduces to the conventional Shannon capacity of unconstrained
channel. In other words, theorem 2.1 is a generalization of conventional
capacity, until no further restriction is imposed on cost function. It turns
out that having a free symbol (a symbol whose cost is zero) renders the
analysis much easier and leads to the formula which is no longer dependent
on capacity-cost function. Suppose there exists an input symbol, x, whose
cost is zero, b[z] = 0 and let label this symbol as 0 hereafter. Verdu in
his seminal paper [8] proved the following theorem which brings significant
ease over the theorem 2.1 as it requires the computation of C'(3) in order to
calculate capacity per unit cost. But before the theorem, we need to define
the Kullback-Leibler divergence for two probability mass function p and ¢
over the same alphabet X, as follows

_ NoeP®) _ g [10.2X)
D(pllg) = Y _ p(x)l El) ~ [l gq(X)] .

TeEX

where E,[.] means the expectation with respect to probability mass func-

tion p(z).

nformation per symbol and information per unit cost are different and therefore

written differently here, former by lightface and latter by boldface letters.

11
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Theorem 2.2. If there is a free input symbol, let’s say 0, then the

capacity per unit cost of a memoryless channel is equal to

D(Py|x—2||Py|x=0)
C = sup
zeX’ b[l‘]
where Py|x—,denotes the output distribution given the fact that the input
was x, D(P||Q) is the Kullback-Leibler divergence between two probability
distributions P and Q and also X' is the input alphabet excluded free symbol,
X' =x—{0}.

Since we will need the technique used in the Verdd’s proof of achievabil-
ity, we now proceed with this proof. But before we proceed with proof, an
important point should be mentioned. In the presence of free input symbol
we can write

C =sup % = lim %
>0 B slo fB
This can be clarified as follows:
Suppose two different average power constraints 81 and fs > (1 are

given, so we can write

B B
=g+ 1-2Ho
o B2 Pat( 52)
hence the concavity of C'(f) implies
o) = Do)+ a- o)
B2 B2
b
= —C
5, (B2)
the second line is due to the fact that C(0) = 0. The inequality C(ﬂﬁl 1 > C(ﬁi 2)

can thus be obtained which proves that % is monotonically non-increasing
function in 3, so its supremum happens in f3,,;, which is zero.

Now lets proceed with the proof for achievability of theorem 2.2.

Proof. Fix xyp € X' and integers M, N > 0. We build a matrix of size
M x N which correspond to codeword m € {1, 2, ..., M}. The columns
in this matrix are simply the same and each element in the column is con-

structed as follows:

12
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To, t=m
r; =

0, i #Em
Hence we have only one nonzero element in each column and only one non-
zero row. The blocklength will therefore be n = MN and consequently
v = Nb[zg]. In the receiver side, decoder observes a matrix {y;;, 1 < i <
M,1 < j < N} of size M x N which he knows it consists of all-zero rows
and one all-one row, the task of decoding is just to determine the position of
all-one row. This problem translates into binary hypothesis testing where,
given the codeword m was transmitted, the elements in mth row, y;;, 1 = m,
have distribution Py |x_,,and the other elements have distribution Py x_o.
Putting in different way, decoder gets NN i.i.d samples for each r;, hence M
binary hypothesis testing can be carried out where the null and alternative

hypotheses are defined as follows:

HZ'()ZTi =0
HﬂZT‘i = X0

As a hypothesis testing, we have to deal with two different kind of error

denoted by an and Sy and defined as below

;N = Pr[r}- = l'0|1"i = 0]

5@'N = PI’[T} = O|7"1 = x'()]

where 7; is what decoder guess about r;, bigger than a threshold zy and
smaller than threshold 0 is guessed. The threshold is chosen in a way that
Bin < €/2. The message is declared to be m if

To 1=m

0 i#m

r; =

and error will be declared if either no or more than one non-zero r; is de-
tected. The proof concludes with the largest values of messages, M, which
remains the error probability smaller than fixed e. Since the error proba-
bility for the case when message m is sent, P,,, is independent of the value

of m, we can assume that message 1 has been sent, as we always do in the
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proof of Shannon channel capacity. Hence we can upper bound the error

probability P; as follows

P <Bin+ (M —-1an (2.1)

Using Stein lemma [21] which is about error probability of Neyman-Pearson

hypothesis testing, we can get for sufficiently large N and for every v > 0

1N < exp[—=ND(Py|x—||Py|x=0) + N7] (2.2)

Hence having inequalities 2.1 and 2.2 at hand, if the following inequality
holds for the rate per unit cost (i.e., logarithm of number of messages over
their cost)

logM  D(Py|x—z||Py|x=0) 2y
Nb[l'o] b[.%'()] b[xo]

we can make sure that P, < € for sufficiently large N, and therefore

D(Py|x—z||Py|x=0)/blro] is an achievable rate per unit cost. This con-
cludes the proof of achievability.

Remarks

e Although the codebook here consists of codewords whose lengths are
of order O(MlogM ), Verdu has proved that allowing the codeword’s
block length to grow logarithmically with M will also lead to achieve

the same rate per unit cost.

e This scheme is an orthogonal signaling, i.e., no nonzero component
overlap, but Sahai proposed a semi-orthogonal signaling which also
achieves the capacity per unit cost [22]. Indeed his idea is the re-
peated Pulse Position Modulation (PPM) in which previous symbols
plus new one are transmitted in each channel use. Although he did
not incorporate feedback in his scheme, he claimed that feedback can
reduce greatly the complexity of encoder while all distance properties

and expected probability of error are held unchanged.
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Using this formula, the capacity per unit cost for Gaussian channel will be
1/No In 2 which coincides with result of Golay [9] in 1939 that the minimum
energy per bit for Gaussian channel is Ny In 2.

In the PPM scheme above, the entire M x N matrix has to be sent
as a block and then a suboptimal yet simple independent Neyman Pearson
hypothesis testing are performed on each of the M rows based on all N
elements of the rows and finally a decision is made. Feedback can dramat-
ically simplify the complexity of the encoding and decoding. We came up
with an improved PPM coding scheme with feedback which is explained in

Appendix A.

2.2 Communication with Feedback

In this section we give a brief overview on main definitions in communication
schemes with feedback which will later be used often.

Schalkwijk and Kailath (SK) [12] and [23] developed a block coding
scheme in AWGN channels with an average energy constraint on the input
when a noiseless feedback is present. Interestingly, they showed that the
probability of error can be made to decay double exponentially in the block
length. Kramer [24] showed with an intermittent feedback scheme that
the probability of error can be made to decay IN-fold exponentially. More
recently, Gallager and Nakiboglu [13] proposed a feedback coding scheme
for high SNR regime which yielded N-fold exponential probability of error
with finite energy which is proved to be smaller than 5. The extremely
good performances of SK and SK-like schemes are directly dependent on
having unlimited peak power available. This allows them to correct the
errors which happen from strong and rare channel behaviors compared to
channels having peak power constraint. Indeed, it has been shown in [25]
and [24] that if the channel input has peak power constraint, SK scheme
will collapse to single exponentially error decay. Schalkwijk and Barron
[26] proposed a sequential® coding scheme for AWGN channels with a peak
energy constraint. In their coding scheme, information is revealed to the
encoder through a random process incurring variable delay. It is worthy to

point out that Kim et al., [27] have recently shown that even if the feedback is

2In sequential coding, the information source reveals the information, which is supposed

to be transmitted, to the encoder progressively.
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ideal except for additive Gaussian noise, then the error probability decreases
only as a single exponential in blocklength, although the exponent increases
with increasing signal-to-noise ratio in the feedback channel.

Let us precisely define the main entities which are needed to understand

feedback coding strategies.

Definition 2.3.(Stopping Time). An integer values random variable T
is called stopping time with respect to a random sequence {X;}°, if , con-
ditioned on the sequence X", the event {T = T} is independent of future
{X:}isn, more mathematically, {T < n} € F,, where F, is the minimum

o-algebra generated by X™.

Definition 2.4. (Feedback Block encoder). Given a message W € W,

a block encoder with feedback is shown as a sequence of encoder functions

d={f, : WxY" 5 x}

where Y"1 represents the previous received symbols fed back to transmit-
ter through moiseless feedback link. Encoder sequence is linked to stopping

time T defined by the previous outputs and then the encoder sequence will

be {fi}?ﬂ .

Definition 2.5. (Feedback Block Decoder). a block decoder is shown

as a sequence of decoder functions as follows

U={g, : V"> W}

Which is linked to the stopping time T defined by output sequence {Y;}.
Then decoder message will be W = gp(YT).

Any feedback coding scheme is illustrated by triple C' = (&, ¥, T).
Scheme C' may specify a fixed length or variable length coding scheme de-
pending on the definition of stopping time. Error probability for code C
is the probability that the decoded message does not match the message
transmitted, averaged over all possible transmitted message. Hence error

probability can be written as
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1

Pe(c) = W

Z Pr(gr(YT) # w|w was sent)
wew

Variable length block code can be best understood by an example on
erasure channel. Feedback presence can come up a possibility of a block

code so called ” resend until non-erasure”.

Ezxzample 2.1 (Variable length block code in erasure channel). Consider
a message set of size 2F. Each message is represented as an k-dimensional
sequence, w = {w; }¥_; where w; € {0, 1}. The encoded sequence is obtained

by applying following encoder sequence

fn(w7 yn—l) = Wy

where wj = 1+ Z?;ll L{y,e}- The decoding time is the first time that the

decoder sees k non-erased symbols at the channel output, so

T = min {n : Z Liy#e} = k}

i=1
The decoder is sequence of functions {g,} which output further samples

until £ non-erased symbols have been observed;

further sample Doic1 Lyzey <k
gn =

W ={Ye1, Ye2,---, Yeo} Otherwise
where ye; means the ¢th non-erased symbol of the channel output. This
coding scheme has obviously variable blocklength and zero error probability.
Stopping time, T, is the sum of independent geometric random variables,
T;, representing the required expected time to transmit each bit reliably
through erasure channel. Therefore decoding delay is T' = Zle 7; and then

it can be concluded that E[T] = %
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Chapter 3

Sequential Hypothesis
Testing

If people do not believe that mathematics is simple, it is only because they do not
realize how complicated life is.

—John L. von Neumann

This chapter concerns the attempts that we made to achieve the capac-
ity per unit cost for general channels. The general coding scheme proposed
in the original paper of Verdu [8] motivated us to work on sequential hy-
pothesis testing in order to find the general feedback coding scheme which
can achieve capacity per unit cost. One drawback of hypothesis testing is
its dependence on assumption of N i.i.d samples which means the constant
input sequence in the coding context. We know that this is not optimal in
Gaussian channel and it is in Poisson channel. Hence this method fails to
give the optimal coding scheme for general channel, but however we tried it
to see what is the best energy that we can get from this technique. Before we
proceed with the main theorem, Wald identity which is the main ingredient

of sequential hypothesis testing, is described.

Theorem 3.1 (Wald Identity). Let yi,y2,---, be i.i.d samples with
mean value = Ely1]. Let M be any integer-valued random variable such

that M = n is measurable on y1,y2, - ,yn for allm =1,2,--- and assume
that E[M] < oo then E {Z,i\/il yk} = pE[M].

Proof. Let S, denote the sum y; + y2 + - -+ + yp, then the expected
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value of sum of random number of i.i.d samples can be written as follows:
E[Swm] = E[E[Su|M]] = E[ME[y]] = nE[M]

Note that when E[S)/] is conditioned on M, M can be treated as determin-

istic value.
O

Suppose that we keep sending free symbol for Hy and a constant non-free
symbol from input alphabet for H;. Let us put the encoding and decod-
ing algorithm in the purely mathematical way in what follows. Suppose
Y1,Y2,... are i.i.d observations from probability distribution f which may
be fo or fi. Assume that if fy i s true distribution, sampling costs nothing
but if f; is true, sampling costs something fixed. Our preferred action is to
observe yi1, Yo, ... ad infinitum when fy is true and to stop sampling as soon
as possible. Hence the test of Hy against H; is the stopping time T, i.e., if
T < oo, Hy is rejected and if T'= oo, Hy is accepted. We need to seek the
stopping time for which Py(T < o) £ Pr(T < oo|Hp) is minimum and also
F7[T) & E[T|Hy] is also minimum. Minimizing both is impossible, because
they are inversely related to each other so we need to keep Py(T < oo) small
and then get E[T] minimized. The best candidate for this goal is one-sided
Wald sequential test, because it is well- known that among all sequential
and non-sequential tests, Wald test minimizes sample size [10].

Getting back to log-likelihood ratio as
—~.  Niy)

Sn = log
j; fo(y;)

we can define the stopping time as follows: T'(b) £ inf{n : S, > b}. It is

clear that in this case, Py(T(b) < oo) < e~’. Hence the interesting case to
consider is when b — oco. The following theorem shows that letting b — oo
results in energy to be infinity. We have set S, = 21 + 29 + - - - + 2, where

_ f1(y;)
z; = log fo(yj')'

Theorem 3.2. E[T(b)] < oo for all b < co and
. E[T()] 1
lim = .
broo b D(All fo)
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Proof. Suppose initially that z; are limited, i.e., there is a constant ¢
for which Pr(z; > ¢) = 0. Wald identity [28] implies:

D(fill fo) E[min{T’, n}] = E[Suin{r,n}] <0+

letting n — oo, we can obviously get

D(fill fo)E[T) <b+c < o0

hence we can easily get

lim E[T(b)] 1

btoo b = D(f1 fo) (3-1)

The reverse inequality is soon acquired again by Wald identity as follows:

E[T]  E[St] 1 S 1
b b "D(Allfo) T DAl fo)

therefore the theorem is proved for the case that all log-likelihood ratio is

limited. In general case, let ¢ > 0 and define z;, = 2,11, <oy + cly, 5q),
where c is sufficiently large. Let u¢ = E[2{] and also define T¢(b) by analogy
with T'(b). Then we can get the following expression from what we got in
(3.1) knowing that 7¢ > T
E|T 1
i ETO)] 1
btoo b ,uc
and since u¢ — D(f1]| fo) as ¢ — oo; then this expression is generalized of

(3.1). Reverse inequality is again immediate by Wald identity.
O

We thought that sequential hypothesis testing can help to achieve a finite
energy, but the preceding theorem shows that getting the error probability
to decay exponentially to zero causes energy to blow up.

In next chapters we decided to examine the problem of achieving ca-
pacity per unit cost (or equivalently achieving the minimum energy per bit)
individually in some particular channels. The minimum energy per bit anal-
ysis and how to achieve it in Gaussian and Poisson channel will follow in

next chapters.
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Chapter 4

Gaussian Channels

A nice adaptation of conditions will make almost any hypothesis agree with the

phenomena. This will please the imagination but does not advance our knowledge.
—J. Black

This chapter concerns the minimum energy for communication over
Gaussian channel. Although the Gaussian channel is largely used in mod-
eling the channels in wireless communication, no easily understandable and
implementable feedback coding scheme has ever been proposed for it. We
took advantage of Minimum Mean Square Error (MMSE) estimation in our
newly proposed coding scheme for sending reliably one single bit which is
proved to achieve the minimum energy per bit, (Ep)min. We know the avail-
ability of the feedback link (even if noiseless) can not increase the channel
capacity of the forward link (and so capacity per unit cost), so (Ep)min is ex-
actly the same as what Shannon and Golay suggested, [1] and [9]. Hence, we
proposed a coding scheme whose incurred energy for transmitting reliably
one single bit in the presence of feedback is Nyln2.

Based on figure 1.1, it is clear that energy per bit escalates rapidly with
transmission rate, that is, sending one bit in each symbol (or channel use)
requires infinite energy. In other words, the cost per bit is close to its
infimum, Nyln2 [9], if we use more symbols per bit. This is why it is always
preferred to spread the transmission of one bit over infinite degree of freedom
(i.e., infinite number of channel uses). Using a large number of degree of
freedom per transmitted bit allows use to spend as little energy per bit as
possible.

In first section, Elias scheme [11] is introduced. Although Elias scheme is

not energy efficient, it gives a good understanding and intuition of feedback
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scheme also it is needed to explain the Gallager’s scheme in subsequent
section. Gallager et al., [13] modified SK scheme in high SNR and proved
that energy in this case can be bounded and always smaller than 5. Third
section concerns the Turin’s scheme [14], which achieves the capacity per
unit cost. Turin originally proved the optimality of his scheme in continuous
time which is pointed out briefly in section 4.3. Fourth section gives our new
coding scheme which can be thought as a special case of Turin’s scheme.
Fifth section talks about seemingly new feedback coding scheme given by
Polyanskiy et al., [7] which achieves the capacity per unit cost, as well. In
fact this the scheme is exactly the same as one proposed by Turin in [15],
but he unfortunately failed to prove the optimality.

In what follows and also next chapter, we never consider the bandwidth
constraints, that is, we can use the forward channel as many times as we

want.

4.1 Elias Scheme

Let X™ = X1, Xy, ..., X, be n > 1 successive inputs to a discrete-time
additive memoryless Gaussian channel with ideal feedback. Then the chan-
nel outputs are Y" =Y, Y5, ..., Y, which satisfy Y" = X" + Z™ where Z"
is an n-tuple of statistically independent Gaussian random variables, each
with zero mean and variance 0%, i.e., Z; ~ N(0, 0%). without loss of gener-
ality 0% is set to be one. The channel input constraint (cost constraint) is
modeled as the energy of each codeword, in other words, b[x] = x?. Hence,
L5 | E[X?] < S where S is a given total power constraint. Let Uy be the
random source symbol to be transmitted to receiver using codeword X™. An
ideal feedback is present, that is, previous outputs, Y?~! are made known
to the transmitter in time to generate X; and therefore each input is a func-
tion of source symbol, U; and also previous outputs, X; = f(Up, Y1),
Elias further assumed that U; ~ N(0, 0?). Elias constructed simple scheme
to map U; to n-dimensional channel input in which the variance of error
decreases so fast.

Elias strategy is started by sending the linear scaling of source symbol
U, as first channel input, i.e., X1 = \é_—S?Ul where S; = E[X?]. The source
symbol needs to be scaled to meet the second moment constraint. Receiver

performs the Minimum Mean Square Error (MMSE) estimate of X; and
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outputs E[X1|Y1] = ﬁ?l and consequently E[U;|Y1] = ‘”T‘/Eyl as the first
estimate of source symbol. Transmitter is informed about what has been
received through ideal feedback. In second step Uy = Uy — E[U;]Y1] replaces
the source symbol and then second channel input is Xo = ‘{r—S:?UQ in which 0’%
is the variance of error in first estimate, o3 = % and again S; = E[X?].
Elias proved that the best choice for .S; subject to power constraint is just
S; = S for 1 <4 < n. In the second step, receiver again calculates the
MMSE estimate E[Us|Y3] = ”T\/%QYQ and then transmitter computes the
error in the estimation as Us = Uy — E[Us|Y3]. Putting two estimates in one

expression, we get

Us = Uy — E[U1 V1] — E[U]Y)

Thus Us is the error of estimating source symbol based on E[U;|Y1] +
E[Us|Ys]. This procedure keeps going on and receiver gets always the better
estimate of Uy and also transmitter keeps sending the linearly scaled version

of estimation error, generally the formula for this procedure is as follows:

V'Si

X; = Ui,
o
oV SiY;
EUY;] = EENIR
U1 = U;— E[UY;
2
2 g

Running this iterative procedure for variance of estimation error yields:

2
_ 91

U%H =Tmo7 Loy
[L=:(1+5))

Elias proved that this total error estimation subject to the constraint
i1 Si = nS gets minimized by choosing all S; equal to each other and
hence S; = S. It is worthwhile to point out that although Elias scheme
is restricted to the source symbols being Gaussian distributed, it can be
efficiently used for the general coding scheme in AWGN channel where the
assumption of Gaussian distributed for source symbol is dropped. In this
case, the first channel input, X is again linear scaling version of source

symbol Up (which is not Gaussian distributed). Receiver observes Yy =
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X+ Zp and then feeds it back to the transmitter. Knowing X, transmitter
determines Zy. From now on the situation resembles the Elias scheme if we
consider Zy as Uj in above, then Uy ~ N (0, 0%) is the goal to be estimated
using the Elias scheme. Let (jl be the estimated version of U; using Elias
scheme. Then source symbol Uy is obtained by Xy = Yy — U,. This scheme
yields an almost trivial derivation of the SK scheme [9]. This scheme is

briefly explained in the following section.

4.2 Gallager Feedback scheme for high SNR regime

As said in previous section Schalkwijk-Kailath (SK) scheme can be derived
using Elias scheme. Suppose the source is a set of M equiprobable symbols
denoted by {1, 2, ..., M}. The source signal, Uy is a standard M-PAM
modulation of the source symbol. That is, for each symbol m, 1 <m < M,
m is mapped into a the signal a,, being defined as a,, = m — (M + 1)/2
which renders M signals in Uy symmetric around 0 with unit distance. Then
the initial channel input is Xg = \ﬁigoUo in which o2 = (M? —1)/12 and S
is the allocated energy. Thus Xg is M-PAM encoding with signal separation
do = ‘{T—ETOO The received signal, Yy = Xy + Zp is known to transmitter, as
well, through the noiseless feedback. Determining Zj, transmitter can from
now on use Elias scheme because Zj is assumed to be distributed as N'(0, 1).
Then the next unconstrained signal, U; is Zy and the next transmitted signal
is X1 = /S1U; because, 07 = E[U;] = 1. S is again the allocated energy
to the second transmission step. Elias scheme is performed for next n — 1
steps and then the estimate of Zj is combined with Yj to get the value of
Xy. To optimize the Elias scheme all S; = S for all 1 <47 < n —1 and then
the power constraint will reduce to Sp + (n — 1)S1 = nS. At time (n — 1)

the estimated version of Zj is

E[Zo|Y™ 1] Z E[U;]Yi]
and U,, which is regarded as the error in the estimating Zp up to time (n—1)
is equal to Zy — E[Zg|Y" 1] is distributed as N(0, o2) in which, due to (4.1)

2 o 1
(14 8yt

Hence all the receiver should do is just to have to detect Xg from Yy —

g
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E[Zy|lY" '] = X¢ 4 U,. Detecting an M-PAM signal from a the signal plus
the independently normally distributed noise goes wrong if and only if the
value of noise is bigger than half of the distance of M-PAM signal points,
ie. |Uy| > dop = 0.5 ]\14225}1 Taking the variance of U, into account, the
error probability can be found as':

P, < QQ(’Yn)

1280(1+87)n—1
MI-1 -

To minimize the error probability, v, has to be maximized. To this end,

where v, = 0.5

Sp and S shall be found by solving the following maximization problem
arg max Sp(1+ ;)" !

subject to Sp+ (n—1)S1 =nS

Taking derivative leads to solutions S; = §'— % and Sop = S+1— %, hence we
have to assume that 7.5 > 12. The minimum error probability can therefore
be

P <2Q(¢n)
3(1+5—1)n
MZ-1 -
If we want to transmit one bit of information, i.e., M = 2, the minimum

where 9, =

amount of energy that this scheme incurs, is always bigger than one and
error probability is always smaller than P, < 0.3172. That is, this scheme is
not optimum from energy point of view, or it can not achieve the capacity
per unit cost.

As said before, this scheme is a trivial modification of SK scheme but
Gallager et al [13], explored new strategy which is again based on the use
of M-PAM at time zero but is quite different from the SK scheme at time
1 to n — 1. This new strategy is restricted to the situation in which SNR is
high so that the distance between adjacent PAM signal points in X is large

In the original paper [13], the authors found the exact value for error probability.
To do so, they consider the fact that the smallest and the largest signals have only one

neighbor, while the others have two. This causes the error probability to be slightly smaller

than 2Q(vx).
2Otherwise S; is assumed to be zero which means all energy is used in first step and

we do not benefit from feedback.
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compared to the noise standard deviation. Then the new strategy leads to
the better performance than Elias scheme.

Given that a,, is the sample value of the PAM source signal Up, the
VSo

sample value of X is a,,dg in which dy as usual equals dy = gl Obviously,

the probability distribution of received signal, Yy, is N (a,do, D1), or in other
words, it is the density of Zj shifted to center a,,dy. Maximum Likelihood
detection here acts as a quantizer which takes Yj to the nearest signal point.
Let Mg be the the estimate of m at time zero. Error happens if and only if
the noise exceeds half of distance of a,, to its neighbors which is dy. Thus
error probability is 2Q(dy/2). Feedback informs the transmitter about 1
by which it can build next signal U; without second moment constraint.
Indeed, U; is the shifted version of original M-PAM signal, U; = my — m
where m is the original source message to be transmitted. In fact, noise at
time zero can make the receiver choose a,,+1 or a,,—1 depending on the value
of noise and due to the assumption of high SNR, the probability of other
choices for 7 (other than mo = m + 1) is so small that it can be ignored.
Hence U is the integer-valued error in the first estimate, ay,,, of Uy, so U is
either +1 with probability 2Q(dy/2) or 0 with probability 1—2Q(dy/2). Next
transmitted signal, X7 is linear scaling of Uy as X1 = V51 U7 in which

NG

Sy is the allocated energy for second transmission and E[U?] = 2Q(do/2),

again linear scaling of U; is chosen so that the second moment constraint or
power constraint is fulfilled. It can be easily seen that X; is not only the
shifted version of Xy but is the scaled up version as well. It means that if
Sp is sufficiently large, X; is exponentially increasing with Sp.

After sending X, the situation is exactly the same as when sending Xg
with this difference that here the distances between adjacent signal points
increase exponentially in Sy. Hence the error probability for another ML
estimation will be decreasing as double exponential in Sy. Running the same
procedure for third signal, we get error probability being decreased as third
order exponential in Sy. Gallager proved that ML estimation in each step
is simply just a d;-quantization where d; is distance between adjacent signal

points at time ¢ and then he showed that

E[U7] <

1. d?
dfexp(—z)-

2
difl

Based on this inequality, Gallager suggested to take d; = v/8 exp( )
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In fact, this choice of d; causes the expected energy in step ¢ to be as small
as possible, because d? /8 = exp(d?_;/8), hence the expected energy in step
i is smaller or equal than 12.8/d;_1, i.e., E[X?] < %. The interesting
results that are proved in [11] are as follows; for dy > 4

o0

Y EX} <5

=1

N 1
Prim#m) < @)

where g;(z) = exp(exp(...(exp(z))...) with i exponentials. It means that
with finite energy, this scheme yields a very small error probability which
decays with n order exponentials at time n.

In fact, Gallager made use of the idea of Zigangirov (i.e., using PAM
centered on the receiver’s current tentative decision) to show the rapidly
expansion of signal points with small energy. The main difference between
this scheme and one proposed by Zigangirov in [29] is the fact that energy
in Zigangirov’s scheme increases linearly with time.

Gallager again proposed a two-phase feedback coding scheme whose first
phase is done using Elias scheme and then at time n; — 1 the equivalent
received signal Yy — E[Zo|Y{" '] is used in an ML decoder to detect the
original PAM signal X in the presence of additive Gaussian noise of variance
072“. He assured that if n; is chosen large enough to fulfill d,,,_; > 4, then
the situation at time n; — 1 can be assumed at time 0 of the high SNR

scheme.

4.3 Turin’s Scheme

After discussing some well-known feedback coding strategies for Gaussian
channels (in infinite degree of freedom regime); we come to the main chal-
lenge of this thesis which is about coding strategy for sending one bit of in-
formation achieving the channel capacity per unit cost. Turin [14] proposed
an idea and analyzed the continuous time feedback to show the optimality
of his idea. He worked with two signals by and b_ to convey one bit of
information (so two waveforms have to be assumed uniformly distributed)
through a Gaussian channel whose variance is Ny/2. The output of chan-
nel in the beginning is therefore either Y = Sb_ + n (hypothesis H_) or
Y = Sby + n (hypothesis Hy) in which S is a parameter identified later.
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Receiver looks at the signal Y on the interval [tg, ] where ¢ € [tg, 00), which
is called Y;, hereafter. Let S(¢) denote the log posteriori ratio of received

signal up to time t > o, i.e.,

Pr(H,|Y;
S(t) = mPrEH_:Ytg

Like other sequential analyses, two parameters S_ and S, are considered
to bound the ambiguity area for S(t), in other words, decision is made in
favor of Hy (resp. H_) as soon as S(t) crosses Sy (resp. S_). The ambiguity
area spans [tg, 7] where T is a stopping time. Due to the continuity of
posteriori probability ratio, the procedure stops when S(t) = S4 (instead of
having to write S(t) < S_ and S(t) > S;). Having the previously received
signals at hand, transmitter makes next signal as b_(S(¢), t) or b (S(t), t).
If p(e|H_) and p(e|H) represent the probability of error when H_ and H
are true, respectively, then p(e|H_) = e™%+(1 — p(e|H,)). This becomes
clear as follows: whenever it is decided that Hy is true, that is, the test
stops with S(t) = S4 then from definition of log-likelihood ratio we have
p(H_|Yr) = e %+p(H|Yr) and then averaging it over all observations Yz
which leads to decision H, yields p(e|H_) = e=5+(1 — p(e|Hy)).

Hence given the required error probability (which is the average of p(e|H_)
and p(e|H,)), constants S; and S_ can be calculated using the following

expression:

1 —p(e|Hz)
p(e|Hz)

So far every things are pretty straightforward and quite general for all

St =1In

encoding sequences, that is, for any b4 (S(t), t). Turin proposed to work
with by (S(t), t) = £UL(S(t))o(t), and he called his scheme as ” uncertainty
adjustment” because the amplitude of waveform o (t) is adjusted by receiver’s
uncertainty. He further proved the optimal value for these quantities, he
showed that if there is no peak power constraint so that peak power can be

so big (and average power is so small) then the best choices are

1
Ui (S(t) = 14 oS50
1
N )
o(t) = K, t>1
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then choosing a reasonable value for K leads this scheme to achieve capacity
PLZU
NQIHZ
over the infinite sequence. Turin gave a more explicit scheme, for illustra-
tive purposes, as by (S(t), t) = £0.50(¢)[1 Fsgn(S(t))]. Hence if H, is true,

whenever S(t) > 0 the transmitter is turned off and it is turned on when

per unit cost?, C = in which P, is just the average power transmitted

S(t) < 0 and conversely for sending H_. This is how to save the energy
in this coding scheme. It is interesting to know that this scheme was dealt
with in [15] and claimed to achieve C1n2 at best, that is, it can not achieve
the capacity per unit cost. But recently Polyanskiy et al. [7] showed that
this scheme (on-off scheme) can indeed achieve the capacity per unit cost.
So this is the simplest optimal scheme for AWGN channel. This scheme will
be explained more in section 4.5. It is worthy to point out that Turin made
error probability so small by choosing very large S = S_ = —S,, in this
case error probability for both hypothesis are equal and totally p. < e~5.

In next section we propose the new coding scheme which at final turns
out to be special-case of Turin scheme with much easier and more interesting

analysis.

4.4 MMSE-based Coding Scheme

In this section we propose a new scheme which is easy to implement and
also to understand.

Here two signals are b_ = —% and by = 4% and o(t) is assumed to
have fixed value of S (which can be regarded as the allocated energy in each
step). In the new perspective, U(S(¢)) is the error of MMSE estimation of
transmitted signal based on the received signals (like Elias scheme). Lets
analyze this scheme in discrete time and then work with the required energy.

Suppose Uy is the source message to be transmitted which is equally
likely either b_ = —% (hypothesis Hp) and by = +% (hypothesis Hy). In
the first step, X1 = UyS is sent. After the receiver observes the corrupted

version of transmitted signal, Y7, it calculates the MMSE estimate of Uy

3Note that C in this formula is conventional capacity of continuous-time Gaussian
channel. We know that the capacity of continuous-time Gaussian channel in infinite degree
of freedom regime is equivalent to the capacity per unit cost of an equivalent discrete time
channel [§].
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and then feeds it back to transmitter through noiseless feedback link. Let
Ui denote the the error of MMSE estimate of Uy based on Y7,

Uy = Uy — E[U|Y1]

then the second transmitted signal is X9 = SU;.
The reason behind choosing MMSE can be explained as follows. Suppose
second transmission signal denoted as Uy — u] and u] is chosen in a way so

that the total energy is minimized, so putting in another way

ul = argmin E[(U — u1)?]
up

which leads to the MMSE estimation, uj = E[Up|Y1]. Hence if the receiver
is in the right direction in estimating Uy, next step has smaller amplitude
and consequently smaller energy and of course if the estimation direction is
wrong, transmitter will send more energy to get the receiver into the right

direction. This procedure is done for third step to get

Us = Upy— E[Uy|Y1Y2],
X3 = SU;

This is because uy = E[Up|Y1Y3].

Running this procedure for n steps, we can get following

u, = E[UoY"]
Un = U(] — u:;
Xn+1 = SUn
Note that all MMSE estimations uJ, u3, ..., u, are known for both re-

ceiver and transmitter, hence receiver can add u;_; to Y; to get Uy corrupted
by noise. The receiver has therefore observed n repetitions of source mes-
sage. This makes the situation for receiver similar to the case as if the
simple repetition code was used, in other words the error probability is sim-

ply pe = Q [\/%]

Now let’s find the expression for MMSE estimation, as follows:
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w = E[U|Y"]
1 1 1 1
- 7P — *Yn —*P :—7Yn
3 Pr(Uo = +5[¥™) = 3 Pr(Up = —3[¥")

_ _% + Pr(bs V") (4.1)

Hence when H; is the true hypothesis, Pr(b;|Y™) tends to one and u), —
1/2 = by and when Hj is true, Pr(b;|Y™) tends to zero and u), — —1/2 =
b_.

Since the hypotheses Hy and H; are assumed to be equally likely, the
situation is symmetric with respect to b_ and b, so to compute the expected
transmitted energy after nth transmission step, E,, one can assume that H

is true hypothesis. Hence F,, can be written as

s . .
En="p+5 ;E [(Uo —uiy)?]

Substituting Uy = 3 and also u};, from (4.1) into expression for E,, one can

get

n—1
B, =5+ $°3 EB[[1-Pr(oiv)’]
=1
n—1
E, =5+ SQZE[[Pr(b_M)ﬂ (4.2)
=1

In order to compute the expectation in (4.2), log-likelihood ratio can be
used. Let

Pr(be]Y?)  Pr(Yi|by)
A =1 R |
7= P [vd) ~ Pr(Yilb.)

be the likelihood ratio at time j, then

. 1
Pr(b[¥7) = (4.3)

Having assumed that H;p is true, one can write the received signal at

step j as Y; = S(by — u;f_l) +nj, j =2, ..., n, and log-likelihood ratio as
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N exp(—N% z‘zlm—s<b+—u:>12)
’ exp( Y- S(b,—u)]Q)
J
A = 150 (5+2n1) (4.4)

which shows that A; is distributed as N(N Js 2%¢ 52 J)-
Using (4.4) and (4.3), the required expectatlon for computing energy is

written as

E[Pr(b_|Y7)?] =

1 2
<1 + w) ]

675]' 2
<e—£j 4 ebi )

In which & = 1) and therefore is Gaussian distributed N (5 5N " j, 2‘?50 Jj) =

= F

N(ja, ja) Where a=s3 N . Then the expression for energy is easily expanded

as

S n—1 .
En = +52;E [(Pr(b_[Y"))?]

_ (&itia)?
2 n— +o0 exp o
4 — V2mia —&i efl)

Denoting the integral involved in above expression by I, we can write:

I = déi
2 — 00 (e_gi =+ 652) ’
e—ia/Q 400 exp [—%}

2 oo e*fi + egi
(&)?
o [0 5],
0 e_gi —+ eEi t

and the expression for energy can be simplified when substituting I as
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ia
E, = + S2 E - P} df@
4 =V 2mia J—oo (efﬁi + e&)

_ . (&)?
S2 n—l —ia/2  p+oo exp [_T}
= 182y = — & (4.5)
4 =1 V2mia Jo e st 4 e~

Deriving error probability, p. = Q [/nal, to zero would require na to
tend to infinity, but a should be obviously kept as small as possible. Hence
n or number of transmission should go to infinity. Keeping a so small, one
can ignore the first term in E,. If n tends to infinity the sum in above

expression is approximated by integral, the total energy can then be written

as
62
0 ,—t/2  ptoo €Xp [_E}
E, = 2N d&dt
> 0/0 V27t Jo e¢ +ef ¢
£
_ 2No 1 exp( )e_t/gdtdg
v 2T 56_6"’@5 t \/i
Second integral represents the Laplace transform of function f(t) =
<o(=E2
% when the Laplace parameter is s = % The Laplace transform

of this function can be computed?* as follows

LU0 = 22V

S

=&
and consequently ft %ﬂ”)e—t/ 2dt = v/2me~¢. Hence we can compute the

total energy as

o] e—g
FEs = 2N ——d& = Npln2
0/0 6*5—%655 ottt

which equals 1/C where C' represents capacity per unit cost in AWGN chan-
nel, i.e., C' = m

Although this analysis is totally different from that of Turin which
was based on posteriori probabilities ratio, the scheme is pretty similar to
Turin’s, in other words, this scheme is a special case of Turin’s scheme when
the encoding function is just the error of receiver’s MMSE estimation of the

source message up to previous step.

4For example, look at: http://eqworld.ipmnet.ru/en/auxiliary/inttrans/laplace3.pdf
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4.5 On-Off Feedback Scheme

In previous section, a feedback coding scheme was proposed which could
achieve the capacity per unit cost for AWGN channel. That scheme could
be explained with the aid of the MMSE estimation and its error. As said
before, feedback is used not to increase the capacity (and capacity per unit
cost) but to decrease the complexity of encoder and decoder. One of the
other advantages of feedback is the possibility of zero error communication
when N — oo. In Turin’s scheme in each step a number in R is sent over
forward link, now this question arises that whether there exists an optimal
feedback coding scheme which requires only a binary input to be sent in each
step. Although this idea is by no means new and has previously treated (e.g.
look [15]), it has recently been analyzed and proved to achieve the capacity
per unit cost [7].

Lets get back to the Turin scheme and the explicit model he proposed.
Turin proposed the on-off model for feedback communication which is built
by having the encoders act as comparator with zero level, in other words,
log-posteriori probability ratio is compared with zero, if positive, H; is more
probable given all received signals and if negative, Hy is more probable,
hence in next step zero or b4 is sent depending on whether or not the
receiver in in the right direction for decoding. This leads to the following

encoder model:

fn(Uo, Y™ 1) 2 2U0d [1 F sgn(Sp_1)]

where like before Uy = +1/2, d determines the energy allocated for each

step and
Pr(Up = by V™)
Sn = 1
B Pr(Uy = b_|Y7)
~ log Pr(Y™Uy = by) _ log Pr(YJ\Y' ,Uop=by)
PI“(Y”‘UO = b_) Pr(}/j|YJ*1’ Uy = b_)

j=

1
& Pr(Ylf(be, YY)
= D log Pr(Y;]f; (b, YIT))

Jj=1

is the log-posteriori probability ratio at time n. Letting W £ 2Uj, one can

write:
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Wd Sp_1)=-W
fn(UOa Yn—l) _ Sgn( 1)

0 otherwise
This situation has symmetry, too, with respect to W, so we can from
now on assume that W = 41. Hence assuming W = 41 and ignoring the

alternative in encoding at time n, one can get

Pr(Yy|fu(W = +1,Y"1))
Pr(Yn|fu(W = -1,Y""1))
1

1 2

Sn = Sn—1+10g

where v, in noise component at time n.

It is obvious that Y,, is submartingale drifting to infinity. This means
that® E[S,|F,_1] is bigger (or equal) than Y"1 We know that thanks
to model, transmitter sends +d if and only if S,, < 0, and zero otherwise.
Combining these two facts, it can be concluded that the number of non-zero
transmitting signals are finite, because otherwise the drift of submartingale
would not be positive.

If we have assumed W = —1, then we would have had a supermartin-
gale drifting to —oo and again knowing the fact that the transmitter sends
non-zero signal providing that S, > 0 will yield that the number of non-
zero transmitted signals is finite. A supermartingale drifting to —oo when
Hj is true and a submartingale drifting to co when Hj is true imply that
Pyoojy—y1 and Pyoojyr—_1 are mutually singular, in other words, W' can be
retrieved from Y with zero error probability.

To compute the energy required in this scheme, we have to compute

Ew =E[IX|’]= Y ElX7I =) dEll(s,<o)]
j=1 j=1

= > d’Pr(S; <0)

j=1

where X is the codeword used to convey the message.

5F, is the minimum o-algebra generated by S™~! . Hence conditioning on F,, S~ *

is no longer random variable.
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To be able to find the E[1(s,<0}], we replace dvy, in (4.6) with %(Wndz -
W(n—1)a2) where W is the standard Brownian motion. This is true because
we know vy, ~ N (0, No/2) and Wy — W, ~ N (0, s — t). After substituting,

S, can be written as
1 S Ny
=— 1=z —W,
Sn 2N, (2 TV )

Hence the total number of j for which S; < 0, is equivalent to the

s=nd?

number of negative samples we made out of Brownian motion § + %Ws
when the grid size is nd?. The interesting case is when d — 0, in this case
the continuity of W (for every realization) implies that ||X||? is the total
time T that Brownian motion 3+ \/@ W, spends below zero, in other words

when d — 0

00 oo
T Plre —m — 1 dt
50 j=1 (500 /0 {5+y/ 3 W0}

or equivalently,

> >t [N
. 2 0
C1l1_I)I(1) d E[l{SjSO}] = /0 PI“[Q + ?Wt S O] dt

j=1

So the energy that is spent by this scheme to transmit one bit of information
is Ny which is the optimum, in other words this scheme can achieve the
capacity per unit cost, although Turin in [15] tried to used another method
to show this scheme in not optimal.

Comparing this scheme with our proposed scheme in previous section
shows that this is the simplest feedback encoding one can think of, because
here we only send a 0, +1 or —1 but in latter scheme we have to send the real
number in each step. However both of these two coding schemes have suf-
fered from the necessity of rate-unlimited feedback link. It is because receiver
has to feed back a random variable taking value on an infinite set (in former
scheme MMSE estimation u}; € [—3%, +3] has to be fed back and in latter
one Y,, € R is fed back). To overcome this problem in Gaussian channels no
scheme has so far been proposed which achieves capacity per unit cost and

also error probability tending to zero. The most straightforward candidate
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for solution is decision feedback scheme in which receiver only needs to send
back one bit, either zero or one which represents ”further sample required”
and “ready-to-decode” signals. Transmitter keep sending until it receives
ready-to-decode signal. The only result (as far as we know) about energy
in Gaussian channel when decision feedback is present, is due to the recent
paper, [7] in which it is proved that in order to transmit one bit of infor-
mation in Gaussian channel in decision feedback scheme error probability
ise< eiNAO, so to get error probability tending to zero we need an infinite
energy. However this result is given for a scheme in which codewords are
either d or —d, so zero is not sent no matter what transmitter observes out
of feedback link.

This technique, which has a lot to do with Stopping Times, works effi-

ciently in Poisson channels which is explained in details in next chapter.
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Chapter 5

Poisson Channel, Infinite
Capacity Per Unit Cost

The supreme task of the physicist is to arrive at those universal elementary laws
from which the cosmos can be built up by pure deduction. There is no logical path
to these laws; only intuition, resting on sympathetic understanding of experience,
can reach them.

—A. Einstein

Previous chapter was totally about capacity per unit cost in Gaussian
channels and dealt with some coding schemes which could achieve it. We
stated that variable length block codes are efficient in Poisson channel, par-
ticularly in ideal Poisson channels. Here we have assumed that capacity per
unit cost is infinity, hence the minimum energy per bit is zero. In section
5.2 we see when capacity per unit cost is infinity. It is therefore clear that
minimum energy per bit is zero. In this chapter we prove that this cannot
be achieved. We then calculate the minimum enegy for sending one single
bit and propose an optimal coding scheme. To our best knowledge this is
the first result on energy analysis in Poisson channel when number of bit is
finite, and also first proof that minimum energy for sending reliably one bit
is totally different from minimum energy per bit when sending large number
of bits. We also give an optimal coding scheme for reliably transmitting &
bits (finite number of bits).

Poisson channel is a mathematical model that attempts to describe com-
munication via a direct detection optical channel. Direct detection is largely
used in many optical communication systems. The channel input represents

the squared magnitude of the electric field incident on the photo-detector
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and its output is just a counting process describing the arrival time of pho-
tons, as registered by detector. In other words, the output has the statistics
of Poisson process with instantaneous rate given by the sum of instantaneous
input X; and a non-negative constant term called dark current denoted by
Ao which accounts for background radiation. In ideal Poisson, \g is assumed
to be zero.

The capacity of the Poisson channel has been found by Davis [30] who
also showed that the availability of causal and ideal feedback can not in-
crease the capacity, like as we know about memoryless channels !. Hence
we again expect the advantages that feedback brings for AWGN channels,
also in Poisson channels.

We saw in previous chapter that when ideal feedback is introduced in AWGN
channel, the error probability can be made to decay as N-fold exponentials,
but of course this drastic improvement can not be obtained in Poisson chan-
nels. This is mainly because AWGN channel does not have peak power
constraint but Poisson channel does. Since the probability of error is lim-
ited by the probability that no counts are registered by the detectors, the

error probability is decreasing at best exponentially with coding delay.

In this chapter, we firstly compute the capacity per unit cost for Poisson
channels find out when it becomes infinity. Then we calculate and prove the
minimum energy for sending one bit and then propose a coding scheme to
chieve it. At finall we extend the result and obtain an optimal coding scheme
for transmitting reliably & bits which unlike conventional information theory

does not tend to infinity and is a finite number.

5.1 Introduction

Many of the general Poisson channel’s properties are based on the notion of
Poisson distribution which can be explained as following;:

Let X and Y be a pair of random variables taking values in Rar = [0, o)
and the set of non-negative integers Zg , respectively and also let Py x (y|x)
denote the distribution of output conditioned on X = z, then the Poisson

distribution implies that:

LThis is not so surprising if we take into account the fact that increments in Poisson

process are independent, so the channel can be regarded as memoryless channel.
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1 —x
Pyx(ylz) = gx’“e L k=01, ...

in other words, given X = x, random variable Y has above distribution with
mean (or rate) equal to x.

In the continuous-time Poisson process the intensity is the process { X (¢), 0 <
t < T} or equivalently, X!, where X (t) takes value in [0, co). The output
is a realization of a Poisson point process {Y (¢)} whose time-varying expec-
tation at any time t is equal to the integral of X (¢). Precisely, the output

process Y (t) satsifies the following properties:
1. Y(0)=0

2. Forall tg =0 < t; < ... <ty, the increments, Y (t1) — Y (¢o), Y (t2) —
Y(t1), ..., Y(tn) — Y(tn,—1) are independent random variables

3. For 0 <t <T,0 < s+t < T and non-negative integers k, the
increments have the Poisson distribution

Nee—A
PriY(t+s)—Y(s) =k] = x

where
t+s

A= X(1)dr

In Poisson channel, input is waveform X (¢) and output is just a Poisson
counting process Y (t) according to the number of photon registered.
For the sake of brevity, let Y! denote the number of photon registered

in the duration [s, ¢]. Hence one can then write

Aee—A

t 11

where
t+s
A= X(r)dr

in ideal Poisson channel and

t+s

A= X (1)dr + &ot

s

in non-ideal Poisson channel in which &y is dark current.
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There are usually two constraints imposed on Poisson channel which

are, peak power constraint
X(t) <A

and average power constraint
t
A(t) é/ X(r)dr <oAt, 0<o<1
0

Physically, any jump in Y(.) can be viewed as corresponding to photon
arrivals to the receiver, so increment Y (¢ +s) — Y (s) is exactly number

of photons arriving in the duration [s, t + s].

Discrete-time Poisson process can be regarded as the samples of the
increments of output in continuous-time Poisson process. The precise
procedure of discretizing is treated in next sections. However generally
the discrete-time Poisson process is defined by the input and output
sequences whose values take on Ra“ and Zar , respectively. If dark
current in discrete time fashion is denoted by ¢ 2 then the output

counting process has a Poisson distribution of mean x + Ag. Thus
y
PI'[Y = y’X = LL’] = 67(m+)\0)7(x * )\0) IS Zb‘r, x> 0
y!

This channel is often used to model pulse-amplitude modulation op-
tical communication with a direct-detection receiver. Here the input
x is proportional to the product of the transmitted light intensity by
the pulse duration; \g similarly models the time-by-intensity product
of the background radiation and also output ¥ models the number of

photons arriving at the receiver during the pulse duration.

Here a peak power constraint on the transmitter is accounted for by

0<X<A

and the average input constraint by

E[X]<0cA, 0<o<1.

2The relation between dark current in discrete-time and continuous-time becomes clear

in next section.
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The case 0 = 1 corresponds to the absence of an average power con-
straint, whereas o < 1 corresponds to a very small peak power con-

straint.

After some engineering definitions for Poisson point process, now it is

turn for mathematics to come to the stage and define more precisely.

Definition 5.1(Point Process) Let S be a second countable space
equipped with its Borel o-algebra. Let % denote the set of locally finite
counting measure on S and ¥ denote the smallest o-algebra on R that
renders all the point counts. Then a point process on S is a measurable
map & : Q — R from a probability space (2, F, P) to the measurable
space (R, ¥).

A point process is somehow depicted as a random element whose val-
ues are ”point patterns”. It is sufficient for more applied purposes to

think of a point pattern as a countable pattern.

Definition 5.2. Let (2, F) be a measurable space. A history (F;) t >
0 on (2, F) is a family of sub-o-fields of F such that for all 0 < s < t,
Fs C Fy.

In words, a history is an increasing family of sub-o-fields of F indexed
by the non-negative real numbers. It is also called a filtration. There is
another interesting definition for history which is borrowed from [31].

For any random variable X, internal history is defined as

Ff =o0(X,, s€[0,4]), t>0.

any set J; such that
FiDFS t>0

is called a history of X;. Then one can also say: X; is adapted to F;.

Now everything is ready to define formally Poisson process.

Definition 5.3. Let Y(t) be a point process adapted to a history

Fi and let My be a non-negative measurable process (all given on the
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same probability space (2, F,P)). Suppose that N\ is Fo-measurable
andfg)\sds<oo. If for all 0 < s <t and all k>0

oA

Pr(Y(t) =Y (s) = k|Fs) = 7" o

t
A:/ Audu

then Y (t) is a Fy stochastic Poisson process with intensity A¢ , or Y (t)

where

can admit the Fy intensity Ay through the above law.

If in above definition A\; = f(¢,1;) for some appropriately measurable
non-negative function f and for some measurable process 1, and if Fy
contains fébo, then Y'(t) is Poisson process which is driven by ;. This
is the case for intensity of Poisson channel when feedback is present. In
the presence of feedback, intensity of process is a function of channel
output history, in other words, 1y = Y (s), s <t and \; is built using

o(Ys, s <t). In this case one can say \; is F;-progressive process.

5.2 Capacity per Unit Cost for Poisson Chan-

nel

The capacity per unit cost for Poisson channel can be directly obtained
from the formula proposed by Verdu in [8] for channel having one zero
input symbol. If we set the cost function to be b[z] = z, then the free
input symbol is X = 0. For a Poisson channel under an average power
constraint 5 and no peak power constraint, i.e., E[b[X]] = E[X] < 3,

the capacity per unit cost is given by

c(B) c(p)

C =sup —— = lim ——=
B>0 B Blo f
where C() which is the channel capacity-cost function is defined in
chapter 2. The second equality in above equation was clarified in

chapter 2.

Now the capacity per unit cost for Poisson channel can be calculated

using the formula given in theorem 2.2 as follows:
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Consider a discrete-time Poisson channel with input X € Rar, output
Y € Zg and channel law W(ylz) = Pr(Y = y|X = z) £ Py
The input alphabet includes a free symbol which is X = 0, hence the

capacity per unit cost is

DW(.|2)[[W(.|0))

sup

>0 b[d?]
sup D(P(m+)\o)||P()\o))
x>0 b[.’L’]
1 &S P(m+)\0)>
sup — Pl log | ———=
sup yz:;) (a-+20) (¥) g< Pou)
wp L3P g [ - (@ + o)
sup — yz:; e 0)108 | — 555
LN Py ()] <—w<1+“">y>
sup — " og | e —
o 5 2 Pesolos (7 (1455
I & z
sup — Pie —x+ylog |1+ —
250 ; (w+20)0) ( / g( A0)>

1 S T\ %
sup = - Z P(:c+)\0)(y) + log <1 + )\0) Z y,P(x'H‘O)(y)
y=0 y=0

>0

=1 =(z+Xo)

sup (—1 + (1 + A;) log <1 + ;0>> (5.1)

o0 V/\()ZO

We can see that the capacity per unit cost of Poisson channel under

no peak power constraint is infinity.

Computing capacity per unit cost for continuous-time is a bit more

involving. If the channel input in continuous-time fashion is denoted
by {A(t), t € [0,T]}, we can consider the input alphabet to be the
set of waveforms {z(t), ¢ € [0,Tp]} for fix Ty and then cost function is

bl (t)]

OTO x(t)dt. Hence there is a free symbol; {z(t) = 0, ¢ € [0, Tp]}.

Without any restriction on the variations of these waveforms, it is clear
that if we let T' = nTj and also let codeword ({z1(¢)}, ..., {zn(t)}) cor-
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respond with the continuous-time input A(t) = """ | z;(t — iTp), then
the model is equivalent to the original one [8].

The relative entropy between P, 4)4.5y) and Py, for t € [0, 7] can be
computed using the sample function density of a Poisson point process
with rate {\(¢),t € [0,Tp]} with respect to the probability measured
generated by a unit rate Poisson process evaluated at the unordered

realization (t1,te,...,tx) [32] as follows:

Py = exp ( /0 To[l - A(t)}dt) H A(t)
then
exp (= o o(t) + Moldt) T, a(t:) + Ao
exp <_ foTO )‘Odt) JEERY

ilog (1 + xito))]

=1

D(Prty4r0llPro) = FE |log

To
= —/ z(t)logedt + E
0

To

x(t) log e dt

To
+

S— —

[z(t) + Ao] log <1 + a:)ft)) dt

0 0

where that the expectation in above expression is taken with respect to
the measure generated by the Poisson process with rate z(t) + Ao, t € [0, Tp).

Due to the theorem 2.2, the capacity per unit cost is

ST 2(t) + o] log (1 + %’?) dt
C = sup —loge+

t€[0,To] OTO x(t)dt

A
= sup—loge+ <1+ 0> log (1 + a)
a>0 o Ao

Hence again if no peak power constraint is imposed on Poisson channel,

the capacity per unit cost is infinity.

Two other important results can be inferred from expression (5.1) as

follows:

e Even if Poisson channel is subjected to peak power constraint,

X < A (or equivalently X(¢) < A in continuous-time fashion),
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the capacity per unit cost for ¢deal Poisson channel will be oo.
This is because setting Ao = 0 causes the argument in (5.1) to
become infinity. The capacity per unit cost being co implies that
the minimum energy per bit is zero. This arises the challenging
problem of finding the coding scheme for ideal Poisson channel
whose energy for transmission one bit of information is zero.

This will be treated in the following sections.

e In order for non-ideal Poisson channel under peak power con-
straint to achieve the capacity per unit cost, input should take
the maximum allowable value, i.e., the peak power constraint.
This is because the function (1 + %) log (1 + /\io) is monotoni-

cally increasing in x.

5.3 Coding scheme in Discrete-Time Poisson

Channels

In chapter 2 capacity per unit cost was introduced as the reciprocal of
the minimum energy (or generally cost) per bit. In previous section
we showed that the capacity per unit cost of ideal Poisson is infinity,
so we expect that the minimum energy incurred by the transmission
of one bit of information on ideal Poisson channel would be zero. To
ease the analysis of the different schemes from energy point of view
and also the error probability we need to know how to discretize the
continuous-time Poisson channel and turn it into discrete-time. In this
section we firstly explain how to convert the continuous-time Poisson
channel into the discrete-time and then we talk about some pretty
straightforward schemes in discrete time fashion and show that their
performance are asymptotically the same. The main result generally

in continuous-time fashion will be given finally in next chapter.

Let input process X(t), 0 <t < T be given. Furthermore let v(t)
be a counting process which is used to count the number of pho-
ton registered in the receiver (or photon detector). For any function
g(t), 0 <t < oo, suppose g2 denotes {g(t) : a <t < b}. Therefore
VOT is the number of photons registered during the whole duration of

input signal. The following gives a formal definition for coding scheme
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in Poisson channel.

Definition 5.4. A code scheme for Poisson channel for transmission

of one bit of information with parameters (T, o, P.) is defined as

o A set of two waveforms Xo(t) and X1(t), 0 <t < T which satisfy
the peak power constraint Pr(X;(t) > A)=0,0<t<T,i=0,1

and average power constraint as

1 T
/ Xi(t)dt<ocA, 0<o<1
T Jo

e A decoder mapping D : vl — {0, 1}

Then the overall error probability is

1

> Pr(D(vg) # m|Xm(t))

m=0

A code as defined above can be used in a communication system in the
usual way to transmit H; or Hp, thus when Xj(t) is sent the waveform
v(t), 0 <t < T is received and is decoded as D(vl). Definition 5.4
does not incorporate feedback. In the presence of feedback, the coding

scheme is a bit more technical (refer to [18]).

Definition 5.5. A feedback coding scheme for sending one single bit
of information consists of two waveforms (as before). Conditional on
H; the channel output is a Poisson process, Y (t), which admits the
Fi intensity X1(t) + Xo. That is conditional on Hy, Y (t) is a point
process adapted to some history history F; and X1(t) is a non-negative

Fi-progressive process.

Wyner in [16] and [33] proved the equivalence of above coding scheme
to the following discrete-time coding scheme:

Let {X;(t)}}_, be the code with parameters (T, o, P.) as defined
above. Let ¢ > 0 be arbitrary, then another code {X;(t)}._, with
parameters (7', o, ]58) exists for which P, < P. + € and such that the
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new code has the following properties. For some sufficiently large N
and A =T/N,

(a) The new decoder mapping D : {v(nA)}Y_, — {0, 1}

n=1

(b) For both of waveforms, X;(t) is constant on the interval [(n —
1A, nA], 1 <n < N; further X;(t) takes only the values 0 or A.

In other words, channel output jump process, v(t) can be approxi-
mated by its uniformly spaced samples v(nA) or equivalently by its
increments v(nA) —v((n — 1)A).

Here we take a similar discretization procedure; picking a sufficiently
small A and approximating the continuous-time input by its energy
in the interval [(n — 1)A,nA]. Precisely, given the input waveforms
{Xi(t)}_,, the sequence {X;;},i=0,1,j=1,2,...N are built as
1 8
Xij &

- X, (t)dt (5.2)
A Ji-na

in other words, X;; is just the average energy of signal X;(t) in the
interval [(j — 1)A, jA]. Using the mean value theorem we can make
sure that letting A — 0 implies {Xij}év:l — X;(t). Hence the proce-
dure degrades the original performance in negligible way when A is
sufficiently small.

The number of photon in each interval is therefore ngA_l) A =V(iA) —
v((j — 1)A). For sufficiently small value of A, l/ng_l)A is either 0 or 1
and the probability of getting more photon in each interval is so small

that one can ignore.
The definition of sequence in (5.2) enables us to modify the probability

distribution as follows. Let W (v|k) = Pl“(l/ng_l)A =v|X; = k) then

W(Olk) = e (koA
W(Ak) = 1—e (kHro)a

The decoding algorithm can be a simple hypothesis testing which tests
null hypothesis Hy against H;. The log-likelihood ratio can be written
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as

Pr(vg | H))

Sp = In——~—+
nPT(V”A|H0)
A
— In J 1)A’H17V0 )
ST R 53)
j=1 r( = 1)A| 0, Yo )

When feedback is present, transmitter can know the previous outputs,
that is, transmitter at time j knows u(gj —HA
be Xij = f(Hi, V(()Jflm) or equivalently X;; = f(H;, Sj_1). Getting

back to log-likelihood ratio in (5.3)

. Input sequence will then

A (G—-D)HA

s _ zn:ln Pr ngfl)A’Hl’ vy )
L A -1)A
= Pr V]]_I)A|H(), 1/(()] ) )

The log-likelihood ratio can be further simplified by taking this fact

into account that Vgﬁl) A Is either 0 or 1; if ung a = 0 then the
iA _ ) . A jA
Pr(”{jfl)A =0|Xy) =e Adot+X15)and if ng—l)A = 1 then the Pr(ygjil)A =
1|X1j) =1 — e A0+X1j)  The same holds for Xo;, hence one can get
this ratio
A —AM+X1) iA
PrviialXy) ;Aw%z) Yi—na =0
A - 1— 7A()\0+X1]) JA -
PT(V( A|X0g) Coaterxy Ve =

Putting this two cases in one compact form and following (5.4), the

log-likelihood ratio for ideal Poisson channel can be written as

6—AX1J‘

] 1 B
S, = Zl — v, (5.5)

(] nA

Note that in this case the discrete-time Poisson channel turns into Z-
channel. Hence motivated by feedback coding scheme in Z-channel,
one can think of the same scheme for discrete-time Poisson channel,

as follows:
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3 no matter what has been

e To transmit Hy, we keep sending zero
registered in receiver, i.e., Xo; = 0, Vj. Note that zero is always

received without any error in ideal Poisson channel.

e To transmit Hy, we send Xy; = f(Hq, yéjfl)A) until we get one

count, then transmission stops.

Above coding scheme is a variable-length code which causes no error
as long as the number of transmission is unlimited. However in order
to analyze the performance of this system, the decoder is forced to
stop after N steps no matter whether or not any count is registered.
The main task of transmitter is just to enable the receiver to distin-
guish Hy against H; based on getting or non getting photon detected.
Hence transmitter has to play with transmitted symbols to get a count
registered. As soon as a count appears, receiver makes sure that H;

is true and then informs the transmitter to stop sending.

The Markov chain corresponding to this coding scheme is shown in
figure 5.1.

Figure 5.1: The Markov chain regarding the coding scheme in Poisson channel;
each state represents the input sequence X;, j = 1,2,..., N and also the state S

represents the state of stopping before transmitter reaches N, i.e., j = N.

The Markov chain shown in figure 5.1 outlines the transmission through
a Poisson channel. Each transmission step is represented in this chain
as a state which is numbered 1, 2, ..., N. The stopping state S rep-

resents that a count has been registered and then the transmission is

3We will show later that sending always zero for Hp is optimal which coincides with

intuition.
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stopped. The probability of going from state k£ to state k& + 1 is de-
noted by P(k) and is equal to P(k) = e~2X1k which is the probability
of getting no count in step k& when Xy, was sent and consequently the
probability of moving from state k to state S is 1 — e~ %Xt  The
time to stop is defined as the number of transitions the system takes
to reach the stopping state. Let T'(j) be the expected time to stop of

the system when starting from state j, then

(1-PG)+PUA+TG+1) j<N
1 j=N

TG) =

_ S POTG+Y) <N 56)
1 j=N

N—-1 u N-1
= 1+ Y [[Pw) +T() H' P(u) (5.7)

u=j v=j

where P(j) is the probability of passing from state j to state (j + 1)
in corresponding Markov chain, T'(IN) = 1 by the definition of state N
and (5.7) is obtained by recursively evaluating (5.6). As the system
always starts in state 1, we are more interested in 7'(1). Taking the
limit as N grows to infinity and considering the fact that P(j) < 1,

we have

]1VigloT(1) = 1+; J:[lp(v)

= 1+ i f[ e AXw (5.8)

u=1 v=1

If P(j) is constant for each step, that is, the transmitted symbol in
each step is the same and equal to X1; = x, then T'(1) will be

1
lim T(1) = ———
Ntoo () 1 — e Az
which coincides with the intuition; because in this case time to stop is
simply geometric random variable so its expected random variable is
p% in which p. means the probability of getting a count which equals

1—e%.
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Let E denote the energy spent by this scheme in general case when all

transmitted symbols are different, then

E=AX11+AY Xy [Je ™ (5.9)

u=1 v=1

and also the error probability will be

N
Po=]]e ¥ (5.10)
j=1

Note that the error occurs if and only if after NV step of transmission,
receiver does not get any count. Obviously letting IV tend to infinity
causes the error probability goes to zero and renders the system zero-

error communication.

The first choice for input sequence function which intuitively comes to
mind is the increasing function, for example linear or logarithmically.
In former case Xi; = jX1; and in the latter X1; = Xi;log(j), j > 1

then energy spent by linearly increasing input sequence is

E=AXn+AXn Z(u + 1)e*AX“u(u2+l) (5.11)

u=1

and by logarithmically increasing input sequence is

[e.e]
E=AXy1+AXy1 ) log(u+ 1)e~ X losZul (5.12)
u=1
In both schemes error probability tends to zero when N is sufficiently
large. The simplest scheme is to keep sending constant input, X, in
each step for which 7'(1) is

1
T<1) - 1 — e AX
and then the energy spent is
AX

Apparently the spent energy in this case tends to one if the input in
each step is so small (AX — 0) which does not coincide with what

we theoretically expected. The simulations reveal that the energy
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spent by two other previously explained schemes; linearly and loga-
rithmically increasing input signal, are also convergent to one. As said
before, the theoretically optimal energy for sending one bit of informa-
tion in ideal Poisson channel is zero, so we expected to get the energy
tending to zero. Later we show that although theoretically optimal
energy is zero, we can not get the energy smaller than one, thus the
simplest scheme is just to send constant signal until we get one count

registered.

Figures 5.2 and 5.3 show the spent energy for three abovementioned
schemes versus number of transmission as termination step, IV, varies.
As seen in these simulations as N gets larger, the energy tends to
one. Note that in all simulations we have chosen X7; being small, i.e.,
AXqi1 — 0.

We also thought of decreasing signal as input. That is, transmitter
sends decreasing signal as input, while keeping the error probability
still tending to zero with IV, until a count appears in receiver. In this

scheme Xi; = % and energy spent is
> ]_ Zu 1
E=AX; +AX; Y ——e 28X 5.14
11+ 11 uz_:l ur 16 I ( )

The energy for this scheme has also compared to that of other schemes
in figure 5.4. The simulations in this figure show that the energy in
this case also tending to one. This prompted us to think of the reason
behind this observation and the question ”can we somehow come up
with a coding scheme whose incurred energy is smaller than one?”
This question is dealt with and proved to have negative answer in

next section.

5.4 Energy Anlysis in Poisson Channels

In previous section we saw that the energy spent by four different
schemes is always tending to one when error probability decays ex-
ponentially to zero with N (apart from the last scheme whose error
probability is @(%)) In all coding scheme mentioned before, keeping

N so large results in energy close to one. This observation cast doubt
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on the original attempt made to find a coding scheme for ideal Pois-
son channel whose incurred energy is zero and also error probability
is arbitrarily small. We take the continuous-time picture of Poisson

channel to deal with the availability of this optimal coding scheme.

Suppose the input signals X;(t) and Xo(¢) are made in transmitter
to convey H; and Hy, respectively, when feedback is present. By
this, we mean all X;; = f(H;, 1/(]).71), i =0,1,7 = 1,2,..., N have
been determined which together with sufficiently small A can build
the continuous-time signals Xo(¢) and X;(t).

But before the main theorem, the following theorem has to be stated.
We know that sending zero incurs no cost and also zero can be re-
ceived correctly without any error. Hence intuitively in the optimum
coding scheme, Hj is conveyed to receiver by always sending zero. The

following theorem is to prove that observation.

Theorem 5.1. Sending always zero to convey Hy is optimum in ideal

Poisson channel.

Proof: We want to show that there is no loss in optimality in assuming
that to send Hy, a zero waveform is transmitted. Indeed, given any
general scheme consider the guess the decoder makes when faced with
no counts, lets call that as FALSE and let TRUE be its complement.
Consider now a scheme with the same encoding rule for TRUE, with
the same decoding rule, but where we send the all-zero input to convey
FALSE. The new scheme uses less or equal energy and has the same
Pr(error|TRUE) and has Pr(error|[FALSE) = 0. So this coding scheme
is better than any other scheme that may be thought of. Since the
name we give to hypotheses is immaterial, we can assume that FALSE

correponds to Hy.
O

This theorem says the total energy for sending one bit of information

is minimized if we keep sending zero for Hy and sending X (¢) for H;.
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In light of this intuitive fact, the optimal scheme should consist of two
signals X () and X»(¢) = 0. In this case the log-likelihood ratio stated
in (5.5) turns into the following (supposing X (t) = X (¢)):

hence as soon as a count is registered in receiver, decoder stops and
ask the transmitter to stop transmission. So to transmit Hy we need
infinite transmission steps and to convey H;p only finite many. This
idea is also used in chapter 3 for general channel as an attempt to find
the optimal scheme. The following theorem computes the energy spent
in the optimal scheme. But before we get to the theorem, lets remind
that when sending Hy and H;, the total energy will be %(50 + &)
where &y and &, are the required energy for transmitting Hy and H;

respectively.

Theorem 5.2. The energy required for transmission of one bit of in-
formation in ideal Poisson channel is always bigger than 1/2; and the

minimum energy is achieved by X (t) =k and Xo(t) = 0.

Proof. To prove the theorem we need to find the energy spent in the
optimal coding scheme, and since it was proved that setting Xo(t) = 0
is optimal, in the following we compute the energy required to convey
Hy and H; using signals X (¢) and constant zero signal X¢(¢). Since in
this case X (t) does not play any role in energy, the following stopping

time has to be introduced in a bid to stop the transmission
T = inf{n : I/&A_l)A =1}

then the spent energy becomes
T
ANT) = / X (t)dt.
0

Upon registration of a count, the transmitter stops sending (or trans-

mit zero afterwards).

Note that the error can happen if the horizon is finite, that is, if we

force the decoder not to run to infinity and instead make decision at
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most at T},4z, irrespective of photon arrival. Then the error probabil-
ity is equivalent to the probability that no count is registered up to
Tinar and is equal to e*A(Tm‘“”), so letting T',q0 — 00 leads error prob-
ability tending to zero exponentially. If f7(¢) denotes the probability

density function of stopping time, then

Frt) = _% Pr(T > t).

Then the expected energy can obviously be written as

Tmam o0
pAT) = [T A0 o= [Caw poe 615
— A Pr(T > )% + / TN PH(T > )t (5.16)
0

— A(0o) Pr(T = o0) + /OOO N (6) Pe(T > t)dt (5.17)

- / TN (e gy (5.18)
0
~ 1 (5.19)

where (5.15) is because the transmitter sends zero after one count is
registered, (5.16) is just an integration by parts, (5.17) is the evalua-
tion of (5.16) taking into account A(0) = 0, (5.18) uses the observa-
tion that Pr(T = oo) = e ) which decays exponentially to zero so
A(00) Pr(T = o0) decays to zero as well and also Pr(T > t) = e
and finally (5.19) becomes clear if we do the following change of vari-
able; A(t) = s and then the integral will be [ e™*ds which is one.
Thus the energy spent by optimal scheme is one. Note that this
amount of energy can be achieved by simply sending constant sig-
nal as X(t) or equivalently X; = k, Vj so the simplest coding scheme

is the best one.
O

This theorem shows that the optimal coding scheme incurs one unit
of energy which contradicts our theoretical expectation. Getting an
infinity capacity per unit cost, we expected to get the energy close to
zero but it turns out that energy in ideal Poisson channel can never

reach zero and always bigger than one. Another conclusion of this
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theorem is that sending constant signal for both H; and Hj is the

best scheme and achieves the minimum energy.

The following theorem states the general conclusion for any function

of stopping time T in ideal Poisson channel whose input is constant.

Theorem 5.3. Let T be the stopping time in Poisson channel whose

input is constantly k and f(.) be an integrable function, then

Bl =+ T e ()

0

Proof.*Unlike before, we use the continuous-time and discrete-time
definition of stopping time, intermittently. Firstly pote that V](.JAH)A is
independent from V(])A and consequently from U(V(J)A) and also let us
approximate the probability of getting count in interval [jA, (5 + 1)A]
as

Pr(viA ™ =100 (1d®) =1 - e ~ kA

for any infinitesimal A and also let H,;a be the filtration generated
by the process 17 ;a} or equivalently in continuous-time H; be the
filtration generated by the process 17+;. In fact we have assumed

that sA =r and jA =t. Then it is easy to realize

Elgregja,g+nanHial = kAL jay (5.20)

and also
EllirepagranHeals<; = E[E [Lirepa,gnapMial [Haal,
= kAE[l{T>jA}|HsA]s<j (5.21)

or equivalently in continuous-time:

ElirepasapyMelrat = E B [LipepasanHe] M), _,
- kAE[l{T>t}’Hr]r<t

In what follows, E[l{7s4|Hr]r<t is computed. Suppose the interval
[r, t] is divided into M sub-intervals each of size §, that is, § = tﬁ If

4The more straightforward proof is given in Appendix B. @ courtesy of A. Nikeghbali
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it is assumed that 7" > r then

[M—1
EllyrspyHelrct = E H1{T¢[r+u5,r+(u+1)5}}!7'lr] (5.22)
L u=0
B M—-1
= E|E H 1{T¢[r+u5,r+(u+1)5]}l7'lt5] |H’r] (5.23)
L u=0
TM—2
= E| ] Yrgprruwsrerna B [Liren—smHis) |Hr]
L u=0
M—2
= (1-k§)E H1{T¢[r+u6,r+(u+1)6]}|Hr] (5.24)
u=0

where (5.23) is just a simple chain rule® as we did before in (5.21),
next line is because we know that conditioning on H;_s, the events
Lirgirtus,r+ur1)s)y for w = 0,1,2,..., M — 2 are no longer random
and become deterministic, so they can be taken out of expectation
and finally (5.24) is written with the help of (5.20). Hence

M-—2

EllgrsgHelret = Lpsry 1 = k) E | T] Lirgirrusrr ey He

u=0

The expectation in above expression is the same as that of in (5.22)
with this difference that in latter case product runs from v = 0 to

u = M — 2. This procedure of conditioning can be continued to get

EllgrsgHelret = Lzspy (1— k)M

t—r M

hence we can deduce the following limit when M — oo

Elyron|Hrlr<t = 1{T>r}e_k(t_r) (5.25)
So plugging (5.25) into (5.21) yields

Ellreya,ginapyHealses = Lirssaje " 98EA (5.26)

®Chain rule can generally be expressed as E[X] = Ez[Ex[X|Z]] in which Ex means

the expectation taken with respect to random variable X.
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The goal is to compute the expectation of f(7') which can be written

as follows

E[f(T)) = E|> lyacr<g+nayf(T)
=0

~ Y E[lgacr<g+nay) fGA) (5.27)
=0

where the second line is true because we have assumed that A — 0.
The expectation in (5.27) is the same as what we obtained before in

(5.26) when s = 0, so we get

%

E[f(T)] D e HARAL(A)

J=0

~ /oo ke kY f(v)dv

0

which concludes the proof.
O

After looking into the minimal energy required in ideal Poisson chan-
nel, it is worthy to have a look at minimal energy in non-ideal Poisson
channel. The result of Theorem 5.2 can be adopted for non-ideal Pois-
son channel by compressing the time. In this case the same procedure
explained for theorem 5.2 will be done in interval [0, A] instead of
[0, Thnaz]. Hence we need to sub-divide the interval [0, A] into smaller
intervals and keep sending the input signal signals during these inter-

vals.

Theorem 5.4. The minimal possible energy for transmitting one bit

of information in non-ideal Poisson channel is 1/2.

Proof. This theorem is just a generalized version of theorem 5.2 which
was only about the ideal Poisson channel. Here we want to show that
the energy can not be smaller than one also for non-ideal Poisson

channel.
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In this case, we do the sequential procedure stated in proof of theorem
5.2 but just for interval [0, A]; in fact we sub-divide this interval to
smaller sub-intervals each of size §, so using the same notion as sec-
tion 5.3 the input sequence is X;6, j =1,2,..., N where N = [%].
Although in this case the probability of getting count when sending
zero is not zero, it is so small that we can ignore. This becomes more

clear when we compare W (1|1) with W (1]0) as follows:
W(1]0) =1 — e 2 = X\

and the probability of getting count for H; in step j is
W(11) =1 — e Ks+ro)d

In other words, compared to W (1|1) (for large input) we can ignore
W (0]1), hence we can still assume the channel is modeled as Z channel,
so the definition of stopping time given in the proof of theorem 5.2 is
still valid with this difference that here T;,,, = A. Also here again we
can keep sending zero for Hy and sending X ;6 for Hy as the optimum

scheme (based on theorem 5.1).

Let A1(T) and Ao(T') denote the energy required for sending H; and

Hj respectively, so

[

e

]

T
AM(T) = 6 (Xj+)\)z/0 X (t)dt + A(T + 6)

™

7j=1
1%
Ao(T) = 8) A= NT+96)

=1

>Nl

recalling T' < Ty4 = A and also A — 0, we can deduce the following

T
/ X (t)dt
0
0

Therefore Ag(7T") does not play any role in total energy. Again the

A(T)

Q

A(T) =

expected energy is defined as
T
BIA(T)) = [ A() fr(t)de
0
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where as before fr(t) = —% Pr(T > t).

Here again we encounter error when H; is sent and no count is regis-
tered until ¢t = A, so

Plr(yoA =0|H,) = e~ M(2)

hence in order to have the zero error probability Aj(A) should be
infinity, in other words, bigger input signal has to be sent for H;

compared to theorem 5.2.

Taking integration by parts and also recalling (5.15), we get

A
EIAT)] = —A(A)Py(T =A)+ /O N(#) Pr(T > t)dt

A
= —A(A)e M) 4 / N (t)e Mt

0
A
= / N ()e 2Dt
0
1

which completes the proof.
a

Based on theorem 5.4 the minimal energy also for non-ideal Poisson
channel is one. Hence provably no coding scheme can achieve the ca-
pacity per unit cost in both ideal and non-ideal Poisson channel. In
other words, in both ideal and non-ideal Poisson channel, one is the
minimum energy that we can get which is not the theoretically mini-
mum energy derived by capacity per unit cost (in the absence of peak

power constraint).

This section concerned the availability of a coding scheme which can
achieve the capacity per unit cost. Based on theorems 5.2 and 5.4
no capacity-per-unit-cost-achieving scheme can be found for ideal and
non-ideal Poisson channel. On the hand, we proved that the minimum
energy for sending one single bit is not what is given by capacity per
unit cost. That is, minimum energy for sending reliably one single bit
differs from minimum energy per bit if one were sending large number
of bits.
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5.5 Further Discussion on Main Result

In previous section two theorems (5.2. and 5.4) were proved which
concern energy efficiency of ideal Poisson channel and also non-ideal
Poisson channel without any peak power constraint. In this section,
we want to deal with the problem of sending k bits in the same channel
as previous section. It is known that if the number of information bits
goes to infinity, the availability of noiseless feedback does not lower the
minimum energy per bit. This section addresses the behavior of the
minimum energy per bit for Poisson channel as a function of number of
information bits. Obviously in this non-asymptotic regime, noiseless
feedback leads to significantly better energy efficiency. This problem
for Gaussian channel has been treated theoretically in [7] and tightly
approximated in [5] and [6]. But to our best knowledge nobody has
ever worked on minimum energy per bit (when k is finite) in Poisson

channel in both ideal and non-ideal regimes.

In the last section the minimal energy was proved in infinite-horizon
regime. It can also be proved in finite horizon. The optimal cod-
ing scheme is to send all-zero input for Hy and to send waveform
X1(t), 0 <t <T (which is constant for ideal Poisson channel) for H;
till one count is registered. Conditioned on Hj the channel output
Y (t) admits the F; intensity Xi(t) + Ao [refer to Definition 5.5]. That
is, conditional on Hy, Y (t) is a point process ¢ adapted to some history
Fi and X;(t) is a non-negative JF-progressive process. In this case,
since the input waveform is random, the energy should be formulated

using expectation; namely

& =F [/OTXl(t)dt],

the expected energy spent to convey Hi and similarly for Hy

E0=F {/OT Xolt)dt] =0,

It is known that for all non-negative F;-predictable process C(t) [31]

5A point process is a measurable mapping from some probability space to the space
of point measure; a measure that is locally finite and takes only integer values on some

space. For more detailed definition refer to Definition 5.1
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E [ /0 b C(t)dY(t)} _E [ /0 T OW)(Xa (1) + Mo)dt

We need to argue that there is no loss in optimality in restricting
ourselves to a detector that bases its decision on the presence of counts
in the interval [0, T]. Since this enlarges the set of outcomes yielding
the guess H; at decoder, this can not increase Pr(error|H;). To send
Hy we still send all-zero input waveform which results in no counts
(Ao = 0), hence this does not change Pr(error|Hp). Let T; denote
the random time at which the first count is registered, therefore the

following is true

Pr(correct|Hy) = Pr(Ty < T|Hy) = E[Y(T1 AN'T)|Hi]

where Ty AT £ min{T, T}. If we define the stochastic process C(t) =

Ly<1 AT}, then we can simplify the above calculation as follows

Pr(correct|H;) = [/ C(tdY(t |H1]: [/ C(H) X1 (t dt]

_ g [/OTMT Xl(t)dt] —&

Hence to have error probability tending to zero, the expected energy
required to transmit H; should tend to one. This is the result that was
proved in theorem 5.2. Clearly if T is set to be A which is sufficiently
small value and we transmit high power for Hj, the result holds for

non-ideal Poisson channel without peak power constraint.

Now we want to analyze the energy spent to send k = log, M. The

following theorem addresses this problem.

Theorem 5.5. The minimum energy to convey k = log, M bits is
M-1

M

Proof.

We start from the converse part-that no coding scheme exists yielding

less energy. To prove the converse we take advantage of ” genie-aided”
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argument. Although this proof assumes zero dark current, it can eas-
ily modified for non-ideal Poisson channel when high input power is
allowed. Again thanks to theorem 5.1, there is no loss in optimality
to consider decoder guessing the transmitted message was zero if and
only if no counts were registered. Suppose there is a genie that if a
count is registered, tells the decoder which message was sent. With
the aid of the genie, decoder may err as long as the message is not
zero and we get no count. Previous analysis showed that if the energy
for each non-zero message approaches one, the reliable communication
can be made. Averaging over the equally likely messages yields the

total energy %

The direct part is divided into two parts, in first parts we propose a
coding scheme for ideal Poisson channel and in second part we modify

it to make it suitable for non-ideal Poisson channel.

The simple coding scheme in the presence of dark current is based on
time division technique. The transmission interval [0, T] is divided into
(M —1) sub-intervals. To send the non-zero message m € {1,--- , M—

1}, we transmit the waveform X,,, with high power in the sub-interval
[(m —1)T/(M —1),mT/(M -1)].

We keep sending waveform till we get a count or the time is over, i.e.
we reach the end of sub-interval. If no counts were registered, the
decoder declares that zero has been transmitted and if a count is reg-
istered the decoder declares that the transmitted message was the one
corresponding to the sub-interval in which the count was registered.
Error probability analysis for this coding scheme is exactly the same
the one considered in theorem 5.2. Hence if the energy for each of

these waveforms is one, error probability goes to zero.

In the presence of dark current we use the same coding scheme except
that in each sub-interval we choose a very short period [0, A] as our
transmission time. We choose sufficiently high power and small trans-

mission time to assure the probability of spurious count is negligible
O

This section addresses a challenging non-asymptotic analysis of en-

ergy analysis as a function of number of bits when noiseless feedback
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is available. We generalized the theorem 5.4 for sending reliably finite
number of bits, obtained the minimum energy and gave the optimum

coding scheme which achieves it.

The analyses in [7], [5] and [14] can show that in infinite-degree-of-
freedom-Gaussian channel the minimum energy for sending one single
bit is exactly the same as minimum energy per bit if large number
of bits are to be transmitted. This is what we expected for Poisson
channel, but this chapter proved that when sending one single bit
in ideal Poisson channel we need 1/2 energy of photon whereas its
minimum energy per bit when sending large number of bits is proved to
be zero. Therefore the situation changes drastically in Poisson channel.
The logical extension of this chapter is the energy analysis for sending
one single bit in non-ideal Poisson channel (\g > 0) when peak power
constraint is also imposed. What is interesting to know is “what s
the least amount of information for sending a single bit over Poisson

channel in finite capacity per unit cost reqgime?”.
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Chapter 6

Poisson Channel, Finite
Capacity Per Unit Cost

As if there could be true stories: things happen in one way, and we retell
them in the opposite way.
—J. P. Sartre

In previous chapter where we analyzed the energy in ideal and non-
ideal Poisson channel, only average power was assumed to be con-
strained. That is, in a particular time slot we can transmit a very
big power. It was proved that for ideal Poisson channel, we can keep
sending a constant waveform X;(t) = k for arbitrarily small k till a
count is registred in output as the optimal coding scheme. The smaller
k, the bigger stopping time T'. If A\g > 0 and there is no peak power
constraint, we choose k = A > 1 in which A is peak power and A < 1
and use the above scheme with T'= A. We make sure that A is small
enough for the probability of spurious count in the interval [0, A] to
be very small . We also have to choose A large enough so that the
probability that a mean—% exponential exceeds A is also very small. It
was proved that this coding scheme is optimal in the sense of incurred
energy for reliably transmitting one single bit. The straightforward
question which may arise is nt?. It was shown in section 5.2 that if
Ao # 0 and bounded input is always to be transmitted, the capacity

per unit cost is finite.

IThe probability of spurious count in this interval is 1 — e~270,
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Although we tried many different techniques and we got some inter-
esting results, this problem has not yet been solved. In section 6.1,
we will talk about a technique in which a one-bit quantizer is set after
channel to output binary data, zero or one, using two different ap-
proaches. Although we could not theoretically prove the (in)stability
of the energy consumption in this technique, computer simulation was
used to show that energy performance in this technique is instable
and monotonically increasing when error probability decreases. Sec-
tion 6.2 concerns another method which imposes a stopping criterion
on quantizer’s output based on the number of ones and zeros. We
could mathematically prove that this method yields an infinite energy
for small error probability. At finall, it should be pointed out that both
of these two techniques can be perfectly used when error probability

is bounded and is not necessarily tending to zero.

6.1 One-bit Quantizer

In previous chapter we emphasized that most energy-efficient coding
scheme in both ideal Poisson channel (even with peak power con-
straint) and non-ideal one without peak power constraint looks like
the same with this difference that in former T' — oo whereas in latter
T = A, a sufficiently small number. This technique fails when there

is a peak power constraint imposed on non-ideal Poisson channel.

As the first attempt, we tried to process the output of non-ideal chan-
nel in such a way to make it behave like ideal channel. To do so,
we consider a one-bit quantizer? after channel. Let y; and z; are the

output of Poisson channel and quantizer, respectively; then we define

1 In Pr(y;| H1)

Pr(y:[Ho) ~ @

A
Zi =

Pr(y;| H1)
0 1 m < —«

or equivalently:

2The effect of one-bit quantizer on capacity per unit cost for Gaussian channel is studied

in [34].
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I yi> Lia
A
2 =

where v = In(1 + /\%)

By doing this, we can have a channel whose output is binary and
with high probability (depending on how large « is) we receive zero in
Hy and receive one in Hy. Suppose that the similar scheme as ideal
Poisson channel is applied for this modified channel; that is, looking
at quantizer’s output we keep sending input zero or A for Hy and H;

till a one appears. Formally stopping time here is defined as

T=inf{n: 2z, =1}

Although T is still geometrically distributed (as before) and we can
easily calculate E[T], the result is a complicated expression. Letting
the probability of event {z; = 1} conditioned on Hy be denoted by pe,

which is error probability, we can write

A+«

pe = Pr(y; > | Hy)

o0

%
= Ny
7!

i—p
where 8 £ [%] Then, we know that expected value of T' condi-

tioned on H; plays key role in energy consumption. If p; denotes the

probability of getting one when Hj is true, we can write

A+a

p1 = Pr(y > | Hy)

then E[T| Hi] = ...
Obviously to get error probability tend to zero, a should be tending to
infinity which yields E[T| H1] (and consequently energy) to blow up.
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To get a good understanding of this scheme we resorted to simulation.
During the simulation it turned out that if &« > A then energy will
increase rapidly but error probability decrease so smoothly hence we

decided to keep « equal or smaller than A.

Let peak power constraint and « grow in integer order from 1 to 10,
but bear in mind that in our simulation « is set always smaller than
or equal peak power constraint, that is, if A = 1 then « is either
0 or 1. Figure 6.1 shows the energy and error probability for this
scheme. Based on this figure we make sure that this scheme does
not yield bounded energy with arbitrarily small error probability. Al-
though error probability is mostly small (except when oo = 0), energy
is increasing as peak power constraint increases, this is against what
was proved in previous chapter. We know that if A — oo then energy
should tend to 1, but this behavior is not viewed in this simulation,
hence we can make sure this scheme is not optimal. Note that in
all following simulations, g is assumed to be 2. Obviously its value
does not play important role (as long as it is not zero) on the energy

consumption.

Briefly, there are two interesting remarks about this figure which are

following:

e When peak power constraint is fixed, increasing and decreasing «
cause error probability to decrease and increase, respectively and
cause energy to increase and decrease respectively. For example,
if A = 10 error probability is 2.37 x 10~* and energy is 11.83
when a =5 and 1.36 x 107% and 18.57 when « = 10.

e When « is fixed, energy is rather big when oo = A then when A
increases energy firstly decreases and when it achieves its mini-
mum it starts again to increase. More interestingly, error prob-
ability monotonically decreases as A increases. For example if
« = 4, energy is minimum when A = 8 and after A = 8 energy

increases while error probability keeps decreasing.

Another scheme which is provably more efficient from energy and also

error probability point of view is as follows: instead of working with the
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Figure 6.1: The energy consumption and error probability using the proposed
coding scheme. Note that o should be always smaller than A.
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likelihood ratio of only ¥; at time 4, the quantizer at time step ¢ com-
i Prlyi| Hy)

pares log likelihood ratio of all past history, S(i) = ijl Prly, o)’

with a pre-defined threshold like a;; more precisely

1 ZZ In 71%(‘1“:};1)) >«

7j=1 Pr(y; )
A
Zi =
i Pr(y;| H1)
0 ijl In Pr(yjIHo) < —a
or equivalently:
L 3 gy > iA;ra
A
Zi =

i iA—
0 Djmiy <=5

Figure 6.2 shows the energy consumption and error probability in-
curred by the new coding scheme. Based on this figure it is interesting
to point out that when « is sufficiently large and kept fixed (e.g.,
a > 6), in most of cases minimum energy happens when A = o + 1.
For instance, if we set a = 8, minimum energy belongs to A = 9, in

this case (for a = 8) error probability is always smaller than 107°.

6.2 Density-based Stopping Time

In previous section a one-bit quantizer was used as an attempt to
roughly approximate a non-ideal Poisson channel as an ideal channel
by looking at z(7) as the channel output. Simulation showed that hav-
ing arbitrarily small error probability causes infinite energy even when
peak power constraint is big. This section concerns another technique
to deal with energy in non-ideal Poisson channel. In the following,
we use a similar notion as one explained in Chapter 3, theorem 3.2.
The main idea behind this technique is the fact that the number of
ones or zeros in the sequence of output’s quantizer, z, is an impor-
tant measure for checking whether Hj is true or Hy. Hence we define
a stopping time based on number of zero and one in z. Let s, and
r, denote the number of one and zero in quantizer’s output, in other

words, s, = 21 + 29+ -+ 2, and r, = n — s,. We know that if
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Figure 6.2: The energy consumption and error probability using the second pro-

posed coding scheme.
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more one in quantizer’s output is received we can guess that Hy is
true and if the number of zeros is more we can declare Hy. To stop

the procedure, the following stopping time is defined:

T(c) £ inf{n: s,rp, > cn}

for any ¢ > 0. Stopping time is written as T'(c¢) to emphasize that T is
a function of c¢. After the procedure is stopped, decoder declares Hy
if the number of zeros is more than ones and vice versa. Let p and
q = 1 — p denote the probability of getting one and zero, respectively,

in quantizer’s output, i.e.,
p 2 Pr(=(i) = 1) = Pr(y(i) > )

Note that in order for this technique to make sense « has to be around
A + X\g. Obviously to get error probability tend to zero, ¢ should be
sufficiently large. The following theorem clearly proves that this tech-

nique fails too to achieve finite energy in this problem.

Theorem 6.1: For T defined above

L BT 1
c—00 c pq

To prove this theorem, the following lemma is required which is simi-
lar to Wald’s identity (proved in Appendix B). Wald’s identity showed
that for a given i.i.d samples, X; , with mean u, S, = X1+ -+ X, and
event {7 = n} which is measurable on sequence X" = X1, Xo,--- , X,,,
E[S;] = pE[r]. Hence in case u = 0, Wald’s identity gives E[S;] =0
and is not informative about the value of E[r]. The following lemma

is a related fact dealing with that case.

Lemma 6.2. (Wald’s identity for second moment) Let X, Xo,---
be i.i.d with E[X1] = 0 and E[X? < oco]. Suppose T is a stopping time
with E[r] < oo, then E[S?] = E[X?E|7].

Proof of Lemma: Write E[S?] = T1+Ty where Ty = 2E[3" o<, Xi X]]
and Ty = E i<j<r Xf] For terms of 17, for each 4, j with 1 <17 < j,
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we have
BlXiXjlj<r] = E[Xi(1 = 1r<j-1)X;] = E[Xi(1 - 1;<;-1)|E[X;] =0

The second quality is true because X; and 1—-1,<;_; are both functions
of Xq,---,Xj_1, hence so is their product, thus it is independent of
X;. It follows that 77 = 0. Similarly for T, for each j, E[lTZij] =
E[(1 = 1,<j-1)X7] = Pr(r > j)E[X}]. Since provably > Pr(r >

j) = E[r] we can conclude
E[S2] =T\ + Ty = T, = E[7]E[X7]
O

Now we can start the proof the theorem 6.1 which indicates that ex-

pected value of stopping time increases as ¢ increases.

Proof of Theorem: To prove the theorem, we start from the follow-
ing algebraic identity

n'surn = (¢ = p)(sn — np) +npg — (sn — np)’n~"
which is immediately verified. Then due to the definition of stopping

time, T' , and the above algebraic identity together with obvious lower
bound T > 4c,

o
IA

(q—p)(s7 —pT) + qpT < c+ 1+ (sp — pT)*T~*
< c+ 14 (sp —pT)?/4c

If w; denotes z; — p, then §, = wy + wa + - - - + wy, = s, — np. Hence
since F{w;] = 0 and consequently E[57] = 0, we can use lemma 6.2 to
get

E[37] = E[(st — pT)’] = E[T|E[w}] = pgE[T]

Therefore
c<pgE[T| < (c+1)+pgE[T]/4c
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and consequently

c de(c+1)
— <pgE[T] < —/—
Pq 7] pq(dec —1)

which can clearly give the theorem 6.1.
d

theorem 6.1, similarly to theorem 3.2, has shown that the energy
(which is linearly proportional to E[T]) will blow up if we force er-
ror probability to tend to zero. At the end of this chapter we have
to, once again, underscore that capacity per unit cost analysis of non-
ideal Poisson channel when peak power constraint is imposed has not
been solved in this project. We will absolutely continue looking at this
problem in future, although we could not get any promising results so

far during this project.
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Chapter 7

Concluding Remarks and
Outlook

Gravitation is responsible for an apple falling on the ground but it is not
responsible for people falling in love.
—Albert Einstein

The work presented here centers around the minimum energy for send-
ing one single bit when noiseless feedback is present. Verdu proposed
a general coding scheme for sending k& — oo bits whose energy per bit
was proved to be minimum [8]. We started in this project to simplify
his coding scheme by introducing the noiseless feedback. We dropped
the unrealistic assumption of k& — oo and look for optimal coding
scheme for sending finite number of bits. We therefore started work-

ing on optimal coding scheme for sending one single bit.

We started by sequential hypothesis testing to come up with the opti-
mal coding scheme, but as proved in chapter 3, this technique fails to
do so. That is, in the coding scheme based on sequential hypothesis
testing driving error probability to zero would yield total energy to be

infinity.

Then two classes of channels were considered: Gaussian and Poisson.
A coding scheme for sending one single bit based on MMSE estima-

tion was proposed for Gaussian channel and shown to be achieving
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the capacity per unit cost and consequently minimum energy per bit.
This coding scheme is very easy to implement and also to understand
and although turned out to be special case of Turin’s scheme, its opti-
mality analysis is really enlightening and interesting for information-
theoretists. It was also proved that minimum enery for sending re-
liably one single bit is exactly the same as minimum energy per bit

when sending large number of bits (which was proposed in [8]).

In Poisson channel, two different cases were considered: finite and in-
finite capacity per unit cost. In ideal Poisson channel the capacity
per unit cost is infinity whether peak-power constraint is imposed or
not. Also, the capacity per unit cost for non-ideal Poisson channel
is, too, infinity if the peak-power constraint is not imposed. Hence in
both cases, the minimum energy to transmit one bit of information is
expected to be zero. However, it is proved that in both cases, capacity
per unit cost can not be achieved; in other words, the minimum energy
for reliably sending one single bit is different from minimum energy
per bit if one were sending large number of bits. We then computed
the minimum energy for sending one bit and proposed an optimal cod-
ing scheme. We proved that in this case, sending reliably one single
bit requires at least, on the average, half the energy of a photon. We
then computed the minimum energy for sending finite number of bits,

k and proposed an optimal coding scheme for it.

Comparison of the results for these two channels is as follows. In
infinite-degree-of-freedom (infinite bandwidth) Gaussian channel, a
single bit can be sent reliably with the same amount of energy that
would be required per bit if one were sending a large number of bits
whereas in Poisson channel the energy required for sending one sin-
gle bit is totally different from the energy per bit when sending large

number of bits.

The poisson channel whose capacity per unit cost is finite is dealt
with in chapter 6. We proposed two different feedback coding schemes
which perform good when error probability is bounded and not neces-

sarily tending to zero. The first scheme is based on one-bit quantizer
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after the channel to make the channel behave as ideal Poisson chan-
nel (Z-channel) and the second one is based on density-based stopping
time. In this chapter, the least amount of energy for sending one sin-

gle bit and the optimal feedback coding scheme are still open-problem.

Briefly the conclusions are listed as follows:

e The energy efficiency analysis of general feedback coding scheme

based on sequential hypothesis testing

e An optimal coding scheme in Gaussian channel based on MMSE

estimation

e Showing that in Gaussian channel, minimum energy for sending
one single bit equals minimum energy per bit when sending k& —

0o bits

e Calculation of minimum energy for sending one bit over Poisson

channel whose capacity per unit cost is infinity
e An optimal coding scheme for above Poisson channel

e Showing that in above Poisson channel, minimum energy for
sending one single bit totally differs minimum energy per bit

when sending k — oo bits
e An optimal coding scheme for sending finite number of bits

e Two feedback coding schemes which perfoms good when error
probability is bounded, one based on one-bit quantizer andone

based on time-varying stopping time.

Future work

As an future work, the feasibility of problem of distinguishing of two
hypotheses Hy and H; given Poisson channel output (with Ay > 0 and
peak power constraint) should be analyzed. That is, can two hypothe-

ses H1 and Hy be distinguishable over non-ideal Poisson channel with
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peak power constraint?. We at this moment are really doubtful and
pessimistic about that. The main question which is highly related to
our problem is, how can one distinguish between two sequences of ran-
dom variable X and X + a with limited sequence a (a = {a1, as, ... }).
This is because, if Ny = P(,,) and Yy = P(x), then output of non-ideal

Poisson channel is a version of Y\ = Ny + Y. We believe that to make

two sequences of random variable distinguishable, » a2 = oo, this is
based on our intuition, without any mathematical proof. This needs
to be proved or disproved in future work as an start for solving the

problem for non-ideal Poisson channel with peak power constraint.
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Appendix A

Improved PPM coding
scheme with Feedback

In the PPM scheme proposed by Verdu in [8], a big matrix (which
plays the same role as codeword) shall be sent to have the receiver
perform M suboptimal hypothesis testing. In this appendix we want
to make use of feedback to reduce the complexity of this scheme.

In the new PPM scheme in the presence of feedback, one column is
sent each time and then transmitter decides what to do in the next
step based on what feedback fed back. An M x 1 is sent in first
time and all these M received values, 7;, ¢ = 1,2..., M go through
M Wald sequential hypothesis tests of which one of following three

possible output appear

0 i < a
T, = § X0 i > b

further sample a <7; <b

If either 0 or zgis detected for the ith component in block, trans-
mitter does not have to retransmit it again in next step but if 7;
lays in the ambiguity area , between a and b, then transmitter is in-
formed by feedback about the position of undecided component in
block and required to transmit only these component instead of send-
ing whole M x 1 block. Hence the next block to be transmitted is of

size (M — &) x 1 where & represents number of decided components in
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previous step. This scheme should go on until receiver observes either
0 or zp. Since it is known that the Wald sequential hypothesis test
gives the minimum expected blocklength compared to any other (se-
quential or non-sequential) hypothesis test having the same first and
second error probability, we can make sure that this scheme is opti-
mum from blocklength when comparing to Verdu’s scheme and other
hypothesis tests. It is well-known that in many cases Wald sequen-
tial test yields 50% improvement , on average, in blocklength over the
regular Neyman Pearson hypothesis testing (c.f. for example [10], ta-
ble 1). In this scheme a and b have to be chosen in a way that error
probabilities satisfy the application need. There are some well-known
approximations for first and second error probability and also for ex-
pected blocklength in [28] in terms of @ and b. A big restriction of this
technique which hinders its use for our problem is i.i.d assumption,
all samples (for sending 0 or x() shall be independent and identically
distributed, but most of feedback coding strategies deal with sending
something new in next step which is made by feedback output. How-
ever, i.i.d assumption does not seem to be a good match for many
standard data sets. Recently Gastpar and et. al proposed a technique
for information estimate by which the i.i.d assumption can be dropped
[35].
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Appendix B

Another Proof for
Theorem 5.3

The more straightforward proof for theorem 5.3 is given in this ap-

pendix which was proposed by Prof. A. Nikeghbali.
As explained in (5.27) one can write
E[f(T)] ~ ZE [Lyja<r<(i+nay] fFGA) (B.1)
§=0
now we have to compute the expectation F [1{jA§T§(j+1)A}]~ It is
easy to check out 1ija<r<(jy1a) = 1ja<ry — 1{T>(j+1)A}, hence:
E[lyacr<grnay] = Elgasry — Lrsg+nay

= Ellga<ry] — Ellir>(j+1)a}]
e kid _ —k(+1)A

efij(l o eka)

kAe kA (B.2)
Plugging (B.2) into (B.1) yields:

D kEAeTMAF(A)

j=0

~ /OO ke kY f(v)dv
0

which is the same as what proved in the original proof of Theorem
5.3.

%

E[f(T)]
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Appendix C

Publication
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