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Abstract

The introduction of strut-and-tie models in fib Model Code 1990 as a design

basis for discontinuity regions constituted a significant step toward promoting

consistent design methods for reinforced concrete structures. In fib Model Code

2010, the scope was broadened through the stress field method that was intro-

duced as a complementary tool. The present article summarizes subsequent

evolutions in both methods, which will be incorporated in the upcoming fib

Model Code 2020. Besides emphasizing their suitability for the structural

design and assessment, their adaptability to the “Levels-of-approximation”
approach is also depicted. This article presents the theoretical ground of both

methods and looks on their potential for computer-modeling implementation.

With this respect, several strategies are presented by discussing their advan-

tages and optimum field of application.

1 | INTRODUCTION

Since the early developments of structural concrete,
designers have searched for general and comprehensive
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tools to understand its behavior and provide a consistent
basis for design. Within this process, it was soon identi-
fied1 the potential to work with fictitious truss models for
concrete structures, where the compression in the con-
crete was represented by struts, and the tension in the
reinforcement was modeled with ties. The method rap-
idly gained popularity and was later extended in a more
general manner.2 The advantages of designing based on
truss models allowed to design structural members based
on this rational approach rather than using a collection
of empirical rules.

During the decades that followed, the initial studies2

were extended to other cases,3,4 the main thrust provided
by the German school, which approached the definition
of the load-carrying struts and ties to be based on elastic-
uncracked stress fields (initially obtained via analytical or
photo-elastic methods and later, by linear finite ele-
ments). Such improvement opened the door to design
complex structural regions for which classical linear-
strain-variation assumption was not applicable, and was
named the “strut-and-tie method” (as an evolution of
truss models). In 1984, the Canadian code5 included for
the first time the strut-and-tie approach as a general
design method for regions which do not obey the classical
plane-sections-remain-plane hypothesis. The approach

was also soon adopted by fib Model Code 906 and gradu-
ally by most structural codes for concrete design.

In parallel to such developments, the application of
the theory of plasticity to reinforced concrete7 led to an
approach with several analogies based upon its lower-
bound theorem. This approach, leading to the so-called
“stress fields”, also defined compression fields (struts) in
the concrete and tension fields (ties) in the reinforce-
ment. However, since they were based on the lower-
bound theorem of limit analysis, multiple solutions were
possible and the designer had freedom to select one, over-
coming most of the limitations of the strut-and-tie models
based on linear elastic solutions. It was observed that
some extreme solutions failed to represent the actual
response of concrete, particularly when no reinforcement
for crack control was provided.8 However, systematic
comparisons to test results in Denmark9 and
Switzerland10,11 allowed the development of a safe-sided
and comprehensive approach for structural concrete
design.

The strut-and-tie and the stress field methods have
strong analogies. As pointed out,12 the strut-and-tie
method can also be grounded on the lower-bound theo-
rem of limit analysis. In addition, a strut-and-tie model
can be generated from a given stress field by replacing
the compression and tension fields with their resultants.
It is an advantage to work simultaneously with both
methods13 and to develop one or the other depending on
the required answer (forces or stresses), see Figures 1a,b.

Since these developments, both methods have contin-
ued to evolve, particularly taking advantage of the poten-
tial offered by computers. In this way, classical
approaches based on a rigid-plastic material response
have allowed the development of other approaches
accounting for compatibility of deformations14,15

(Figure 1c) or based on convex optimization.16 These
tools provide a more general framework to determine
appropriate stress fields and can overcome many difficul-
ties associated with classical approaches, such as the cal-
culation of efficiency factors. It shall be noted that these
approaches require for simple cases more time than sim-
ple rigid-plastic stress fields or strut-and-tie models. How-
ever, they are more efficient for large structures or when
multiple load cases are to be analyzed. It has then to be
decided by the engineer whether their application is per-
tinent or not. In this respect, the Levels-of-
Approximation approach proposed in fib Model Code
201017,18 is perfectly in-line, and consistent refinements
of analysis can be developed only when required, see
Figure 1d. This article aims to summarize the fundamen-
tals of the approaches illustrated in Figure 1, place these
approaches within the framework of the Levels-of-
Approximation approach, and discuss how they can be

FIGURE 1 Strut-and-tie and stress fields: (a) strut-and-tie

model; (b) rigid-plastic stress field; (c) elasto-plastic stress field;

(d) accuracy versus time for modeling and calculations following a

levels-of-approximation approach.

2 LOURENÇO ET AL.
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implemented in various tools for reliable computer
modeling.

2 | BASIC IDEALIZATION OF
MATERIAL STRENGTH

2.1 | General considerations

In properly modeling the response of a concrete structure
with strut-and-tie-models and stress fields, the funda-
mental material aspects are independent of the degree of
refinement of the analysis. These concepts can be trans-
lated into constitutive relationships with different levels
of refinement (from rigid-perfectly plastic, to linear
elastic-perfectly plastic or nonlinear), aligned with the
degree of sophistication of the analysis. This
section focuses on the general idealization of the material
response. Details on the specific stress–strain material
relationships for a particular level of approximation will
be discussed in Sections 3 and 4.

2.2 | Concrete

The concrete is assumed to carry only compressive stres-
ses in strut-and-tie and stress field models (the tensile
capacity is neglected due to its brittle response). The con-
crete uniaxial response is not perfectly plastic. Therefore,
an equivalent concrete plastic strength should be defined
to conduct a design grounded on limit analysis (theory of
plasticity). The plastic strength is affected by material
and structural effects. The most relevant material effect is
the reduced toughness of concrete (i.e. lower capacity to
dissipate energy in the post-peak phase) as its strength
increases. This effect is typically accounted for by reduc-
ing the uniaxial peak compressive strength fc with a brit-
tleness factor ηf c (Figure 2a). The most widespread
formula of ηf c was proposed by Muttoni (1990)19:

ηf c ¼
30

f c MPa½ �
� �1

3

≤ 1 ð1Þ

Structural effects account for the structural response
under biaxial or triaxial loading. The presence of triax-
ial confinement, generated, for example, in a com-
pressed structural element subjected to plane strain
conditions, allows for increasing the compressive
strength above the uniaxial concrete compressive
strength. The increased compressive strength can be
modeled by applying the Mohr-Coulomb failure crite-
rion. On the other hand, cracks in a compression field
disturb the stress flow, which softens the response and
reduces the capacity of concrete in compression. This
effect is known as compression softening.20 It is essen-
tial to provide at least a minimum amount of smeared
reinforcement in the structure to control the cracks and
to allow to model the compression softening in a reli-
able manner. Compression softening is usually consid-
ered by reducing the plastic concrete compressive
strength by a factor ηε, what results in the following
yield criteria for cracked concrete under plane stress con-
ditions (see Figure 2):

�ηε ηf c f c ¼�ηε f cp ≤ σc ð2Þ

In hand-made strut-and-tie models and stress
fields (i.e. analysis using rigid-plastic material ideali-
zation), designers typically define this softening fac-
tor for each member region, based on the expected
potential state of cracking and angle of the compres-
sion field17 and even considering the amount of
transverse reinforcement.21 For cases in which stress
fields and strut-and-tie models are formulated ensur-
ing compatibility of deformations (i.e. with the aid of
computer tools), an appropriate stress field for con-
crete can be derived assuming stress-free fictitious

FIGURE 2 Concrete yield

conditions: (a) uniaxial concrete

stress–strain relationship and

assumed plastic concrete

resistances; (b) 2D yield

condition for plain cracked

concrete (adopted from fib

bulletin 10018).

LOURENÇO ET AL. 3
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rotating cracks in which the principal directions of
strains and stresses coincide. In these cases, the com-
pression softening can be automatically computed
based on the transverse tensile strain ε1. Figure 3
shows a selection of five empirical relationships ηε ε1ð Þ
proposed in the literature. Most of these relationships fol-
low the general expression:

ηε ¼
1

aþb ε1
≤ 1 ð3Þ

Extensive validation against experimental results
using the first formulation of this kind20 (a = 0.8,
b = 170 with εc = �0.002), yields satisfactory results
regarding ultimate load capacity prediction.14

2.3 | Reinforcement

In strut-and-tie and stress field models, reinforcing bars
are essentially used to carry the tensile forces. However,
they can also be used as compression reinforcement, if
the reinforcing bars are properly braced to avoid buck-
ling. The yield criteria for a limit analysis should be
defined as jσs j ≤ fy.

2.4 | Other relevant phenomena

Other material or structural effects that can influence the
load-carrying capacity by modifying the strength and/or
maximum deformation (e.g. sustained loading, low-cycle
fatigue, cyclic loading, anchorage) should also be
included in the idealization of the materials when
necessary.22

3 | LEVELS OF APPROXIMATION
FOR DESIGN / ASSESSMENT WITH
STRUT-AND-TIE MODELS AND
STRESS FIELDS

Strut-and-tie and stress field models are recognized as
powerful tools for designing and assessing structural con-
crete members. They allow a rational understanding of
the structural behavior by relying on the idea of following
the internal flow of forces. This approach provides a
unique and pedagogic insight into the behavior of the
structure, which is essential for any engineer.

The Level-of-Approximation (LoA) approach states
that the level of accuracy in predicting the structural
behavior can be refined progressively by increasing the
model refinement. Applying the LoA to strut-and-tie
models and stress fields is extremely useful for practical
purposes. The selection of the appropriate LoA should be
adequately defined and may depend on several aspects:
design phase of the project (preliminary design, detailed
design, etc.), local or global structural complexity, the
influence of local behavior on global structural response,
whether assessment or design of a structure is at play,
etc. The suitable design strategy and the adequate LoA
for a specific case should be defined by employing the
required accuracy and the time devoted to the analysis.

Applying the LoA concept in stress fields and strut-
and-tie models is advised to start with simple load-
carrying models, but being general enough to incorporate
any relevant aspect at later stages. Thereafter, the model
is refined as needed, for example, considering secondary
load-carrying mechanisms or a more detailed material
behavior. The objective of opting for higher-order LoA is
to have a more precise representation of the actual struc-
tural behavior of the element. The designer should be
aware of the simplifications when using a lower-order
LoA and must ensure that those assumptions lead to a
safe-sided estimate of the actual failure load.

Stress fields and strut-and-tie models may be applied
to design new structures and assess existing ones. None-
theless, the approach followed for the two applications
should, in general, be different, as the scope of the tasks
to be performed is also quite different:

• For the design of new structures, the task of the engi-
neer is to produce a safe design that respects economic
criteria, is simple to build and has an adequate service
behavior.

• For the assessment of existing structures, the task of
the designer is rather to check if the structural strength
is sufficient to carry the current actions, considering
present member geometry and existing reinforcement
layout. Serviceability issues are not usually checked

FIGURE 3 Comparison of strain-based compression softening

formulations (adopted from fib bulletin 10018).

4 LOURENÇO ET AL.
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through analysis, as this can be done in situ (unless a
significant change of the actions is expected).

Due to the differences in scope, the approach fol-
lowed is also different: for new structures, simple and
safe load-carrying models are to be used. To that end, the
use of strut-and-tie models with some local refinements

via rigid-plastic stress fields is normally adequate. This
provides a lower-bound of the actual strength and yields
design freedom to decide on the location of the main
reinforcement, allowing ease of construction. A refined
analysis is justified only when complex or critical ele-
ments are designed (for instance, accounting for compati-
bility of deformations). On the other hand, for the

TABLE 1 Levels-of-approximation for strut-and-tie and stress fileds

LoA I LoA II LoA III LoA IV

Main use Design (ULS) Design (ULS) Assessment (ULS) Assessment (ULS)
Design (SLS)

Conditions Equilibrium Equilibrium Equilibrium +

Compatibility
Equilibrium +

Compatibility

Constitutive
relationships

Rigid-plastic Rigid-plastic Elasto-plastic Nonlinear with tension
stiffening

Model Simple resultant model.
Refinements and
definition of strut widths
whenever necessary
(e.g. at nodes)

Stress field model including
alternative load-carrying
mechanisms (if relevant)a

Compatibility-based stress field model including all
relevant load-carrying mechanisms and predicting
internal

stress redistribution

FEM with reinforcement modeled with 1D elements.

Output Strut and tie forces (ULS) Concrete stresses in stress
fields; tie forces (ULS)

Concrete stresses in
stress fields; tie
stresses (ULS)b

Concrete and
reinforcement stresses
and strains (ULS + SLS)

Additional
verifications

Relevant nodes and struts
Ties
Anchorage length
Service behavior

Anchorage length
Service behavior
Ultimate strain for
concrete and for
reinforcement

If not direct output:
Anchorage length
Ultimate strain for concrete
and for reinforcement

Requirements Minimum reinforcement
Detailing rules (e.g. maximum rebar spacing and confining reinforcement)

Rules to limit stress redistributions to ensure adequate
service behavior and ductility

Rules to account for
alternative load-carrying
mechanisms

aThe load distribution between statically indeterminate or redundant models may be estimated in the LoA II based on specific prescribed rules for the

structural element or linear-elastic analysis.
bSLS and ductility aspects may be analyzed in a simplified manner whenever tension stiffening effects are not relevant for calculation of reinforcement forces.

LOURENÇO ET AL. 5

 17517648, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/suco.202200647 by T

u D
elft, W

iley O
nline L

ibrary on [17/01/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



assessment of existing structures, simple models (lower-
bound solutions) can be used at first to identify non-
critical regions (i.e. regions where the strength is satisfied
even for the simple load-carrying models). In those
regions identified as critical, model refinements are justi-
fied to avoid or minimize strengthening. Note that the
savings in strengthening largely compensate for the cost
of additional engineering studies. Refined assessment
models can be developed by accounting, for instance, for
kinematic considerations. It should be noted that the
deformation capacity of the structure is to be explicitly
verified in case there is any doubt that the plastic stress
redistribution assumed in the developed model can effec-
tively occur.

Table 1 summarizes the primary uses of the different
LoA for strut-and-tie and stress field models, the condi-
tions to be fulfilled by the models, the output obtained
and the additional verifications that may be required in
each case.

4 | GENERAL CONSIDERATIONS
FOR COMPUTER MODELING

4.1 | Introduction

Classical strut-and-tie models and stress fields assume
rigid-plastic material response. However, taking advan-
tage of available computational power, new develop-
ments can cover a wide range of approaches with
different assumptions and levels of refinement. This
section provides an overview of the different material
constitutive relations and types of modeling used for
computer analysis with strut-and-tie models and stress
fields, followed by a discussion on their limits of
applicability.

4.2 | Material constitutive relations

The idealization of the ultimate material response pre-
sented in Section 2 is implemented into stress–strain laws
that can be tailored to the Level of Approximation of the

analysis (Table 1), ranging from simple hand-made calcu-
lations based only on equilibrium, to refined analyses
accounting for compatibility conditions. In general, it is
possible to define three levels of refinement:

• Rigid-perfectly plastic (LoA I and II).
• Linear elastic-perfectly plastic (LoA III).
• Nonlinear elastic-perfectly plastic (LoA IV).

A clearly defined plastic plateau should always be
provided, even when nonlinear constitutive relationships
are employed (Section 2). In this way, the modeling
approach remains grounded on the lower-bound theorem
of limit analysis. For concrete, these levels of refinement
lead to the stress–strain relationships shown in Figure 4.
Strain limits might be considered whenever an estimate
of the deformation capacity is required (LoA IV).

The transfer of forces between concrete and reinforce-
ment is ensured by bond. This interaction is relevant for
anchorage verifications and tension stiffening. In simple
cases, e.g. when anchorage of a tie occurs outside of the
nodal region, the anchorage may not be included in the
numerical model (i.e. perfect bond is assumed) but con-
sidered in the detailing of the reinforcement
(by extending the reinforcement length or evaluating the
maximum force that reinforcement can support, in case
of assessment). In elastic–plastic stress fields, a simple
procedure to satisfy the yield conditions of bond is to
reduce the area of the reinforcement to limit the axial
force below the maximum force that is possible to trans-
fer due to bond. An explicit model for bond stress can
alternatively be used to correctly evaluate the stiffness
and load-carrying capacity of a structure. In case an FE
model is employed, the beneficial effect of the transverse
pressure can be explicitly incorporated via a finite ele-
ment (0D) with three nodes, two for surrounding con-
crete and one for reinforcement.23

Bond is also responsible for activating concrete tensile
stresses between two stress-free cracks. Since part of the
force carried by the reinforcement is transferred to con-
crete, the response of bonded reinforcement is stiffer than
the material behavior of bare steel. This effect, named
“tension stiffening” influences the load-deformation

FIGURE 4 Concrete

stress–strain relationships:

(a) rigid-perfectly plastic (LoA

I & II); (b) linear elastic-

perfectly plastic (LoA III);

(c) nonlinear elastic-perfectly

plastic (LoA IV).

6 LOURENÇO ET AL.
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behavior of the analyzed structure. Therefore, it should
be considered in LoA IV when assessing the serviceability
behavior (namely deformations and cracking) and/or the
deformation capacity. A suitable approach to account for
tension stiffening in Compatibility-based Stress Fields is
discussed in Section 5.2.

4.3 | Types of modeling

There exist the following modeling types in the context of
strut-and-tie models and stress fields:

• Separate modeling of concrete and reinforcement.
• Composite modeling of reinforced concrete elements.

The first approach is used in classical strut-and-tie
models and stress fields. This approach requires modeling
each reinforcing bar. Its results provide a high level of
detail, which is particularly interesting when analyzing
details of a structure with static or geometric discontinu-
ities. The meshing for concrete and reinforcement might
share nodes. Multi-point constraint (MPC) elements
should be introduced to connect independent meshes.

In the second modeling approach, the structure is
divided into reinforced concrete elements, with concrete
and reinforcement modeled as a composite. Typical ele-
ments used in this modeling are (i) membrane elements
(also known as panels), resisting shear and normal forces,
and (ii) stringers (also known as chords), resisting normal
forces. Instead of modeling each reinforcing bar
(or layers of bars), this approach only requires the
amount of reinforcement for each part of the structure.
While this modeling approach might yield less detailed
information than when separately modeling concrete and
reinforcement, it is computationally very efficient and
well-suited for analyzing large structures. The Finite Ele-
ment Limit Analysis (Section 5.3) and the Stringer-Panel
Method (Section 5.4) are examples of this modeling
strategy.

4.4 | Limits of applicability

Strut-and-tie models and stress fields with a Level-of-
Approximation I, II, and III assume the materials to
behave in a perfectly plastic manner (i.e. the materials
require sufficient deformation capacity to develop the plas-
tic stress redistributions needed in the element). However,
the deformation capacity of concrete and even that of rein-
forcement is limited. To ensure the safe applicability of
strut-and-tie models and stress fields, it is essential to
(i) model the material response according to Section 2 and

(ii) ensure sufficient deformation capacity by providing a
minimum amount of distributed reinforcement.

There is still no consensus about the minimum
amount of reinforcement required to ensure the neces-
sary deformation capacity. Current recommendations are
mostly based on experience and empirical observations
with normal strength concrete and reinforcement
(a value of around 0.10% is typically provided in beam
regions and 0.20%–0.35% in disturbed regions). A refine-
ment of this value shall attract research efforts in the
future by clarifying the role of bond, material
ductility,24,25 size effect, and energy balance at the
moment of cracking.

Employing the highest level of approximation (LoA
IV) allows for verifying the deformation capacity of the
structure and capturing failures due to insufficient ductil-
ity of the materials (e.g. in elements with small amounts
of low ductility reinforcement), as discussed in
Section 4.1. The broader applicability of this refined
model goes hand-in-hand with increased complexity and
probability of modeling errors. Therefore, it is essential to
use a level of refinement appropriate for each problem
and to verify the results of numerical approaches with
simple hand calculations.

5 | OVERVIEW OF COMPUTER
MODELING APPROACHES

5.1 | Existing approaches

There exist a variety of computer modeling approaches for
reinforced concrete structures with a wide range of funda-
mental assumptions and levels of complexity. On the spec-
trum of complexity, the simplest approaches can be
considered those which implement strut-and-tie models
for design or analysis of concrete structures. While strut-
and-tie models are in principle simple as they only use
one-dimensional elements, they are also unique for each
load case on the structure, and therefore require signifi-
cant effort to formulate and calculate. In this regard, auto-
mated approaches, such as Computer Aided Strut-and-Tie
(CAST),26 can significantly help for the day-to-day applica-
tion of strut-and-tie models. In the other extreme on the
spectrum of complexity one may find nonlinear finite ele-
ment and discrete element analysis tools (FEM and DEM
respectively). In DEM, the cracks are modeled in a discrete
manner as they propagate between the discrete elements
linked by nonlinear springs. The discrete crack approach
has also been implemented in FEM, even though finite
element formulations are typically based on the smeared
crack approach, with fixed or rotating cracks, where con-
crete is treated as a continuum with equivalent

LOURENÇO ET AL. 7
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stress–strain relationships under bi-axial or tri-axial load-
ing. In terms of stress–strain relationships (or constitutive
models), a number of approaches exist based on damage-
plasticity,27 fracture mechanics,28 modified compression
field theory,20 and disturbed stress field model29 among
others. In general, these approaches can account for a
wide range of effects such as concrete cracking, tension
stiffening, compression softening, aggregate interlock, con-
finement, bond, reinforcement buckling, etc.

This section aims to present computer modeling
approaches that, in terms of complexity, are situated
between automated strut-and-tie models and complex
nonlinear FEM and DEM approaches. The main feature
of these approaches is that they neglect the tension in the
concrete when considering the equilibrium of the struc-
ture and model the compression behavior in a simplified
manner. Concrete is considered to reach a plastic resis-
tance in compression (see Section 2.1). Therefore, the
presented approaches are consistent, in terms of ultimate
resistance, with the lower-bound approach of the theory
of plasticity. Even though these approaches target mainly
at the ultimate limit state, some simple adjustments can
be made to perform also serviceability calculations. In
general, the presented approaches aim to strike a prac-
tical balance between simplicity and accuracy, allow-
ing engineers to use them safely and to develop a good
understanding of the behavior of the structure at hand.

5.2 | Elasto-plastic stress fields

The concept of Elasto-Plastic Stress Fields (EPSF) was
formulated13 as a simple computational approach to
obtaining suitable stress fields. The original idea was to
ensure the fulfillment of equilibrium and yield conditions
and thereby satisfy lower-bound solutions' requirements
according to limit analysis. To that end, the method
assumes coaxiality of principal directions of stress and
strain tensors. This assumption makes it possible to
establish the stress field from a given strain field by
applying material laws and yield conditions for concrete
and reinforcing steel (Figure 5). The associated displace-
ment field may thus be determined using a Newton–
Raphson algorithm, ensuring the equilibrium conditions
between the stress field and the external actions
(or boundary conditions). The EPSF was identified to
have a number of strengths, namely:

• A limited number of material parameters are required
(only moduli of elasticity and yield strength/plastic
compression strength).

• It can be implemented in an efficient manner follow-
ing a finite-element approach.13

• The calculated state of strain at any load step enables
the implementation of a strain-dependent formulation
of the efficiency factor for the concrete,29 thus allowing

FIGURE 5 Elasto-plastic stress fields: (a) reinforced concrete element; (b) strain fields at the elements; (c) constitutive laws;

(d) corresponding stress fields at the elements.

8 LOURENÇO ET AL.
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for a detailed assessment of how the magnitude of the
plastic strength of the concrete varies from point to
point and from load step to load step.

• Since the compatibility conditions are ensured, the
resulting displacement field at maximum load auto-
matically leads to a kinematically-admissible failure
mechanism. Considering that the stress field (i) is in
equilibrium with the actions, (ii) respects the yield
conditions of the materials (lower-bound of the
strength), and (iii) is associated with a licit mechanism
at failure (where the yield conditions develop at the
plastic regions, upper-bound of the strength), it can be
interpreted as an exact solution in the sense of the the-
ory of plasticity (provided that efficiency factors were
constant18). This feature is particularly useful for asses-
sing existing structures14 (exact solution, maximum
capacity of a structure).

The idealization of the material response follows the
principles presented in Section 2, Section 3, Section 4.
EPSF assumes a linear elastic-perfectly plastic material
response. The contribution of concrete in tension is
neglected, both when modeling the stress and the defor-
mation states (tension stiffening effects are ignored).
These assumptions require smeared cracking conditions
for a consistent application of EPSF. Hence, EPSF is
only valid for members provided with an amount of
(distributed) reinforcement above the minimum
required for crack control and where brittle failure of
the reinforcement is not expected. Special applications
for brittle reinforcement30 or members with poor con-
trol of cracking31 have been developed. Nevertheless,
these may be considered special cases requiring dedi-
cated use of the EPSF or considering tension stiffening
effects (Section 5.2). Furthermore, simplified estimates
of the crack widths are possible (also in discontinuity
regions15), even though the primary aim of the EPSF is
to assess the load-carrying capacity at the ultimate limit
state.

It is important to highlight that the assumption of
coaxiality between the principal direction of strain- and
stress tensors is a deviation from the classical theory of
plasticity, which assumes coaxiality between the stress
tensor and the increments of plastic strains (and not of
total strain).32,33 An extensive review of this topic can be
found elsewhere.18,34 However, the direction of the incre-
ment of plastic deformations in a perfectly plastic mate-
rial, converges to that of the total strains for large
deformation demands and proportional loading, thus
ensuring theoretical consistency between EPSF and the
plastic solution.35

The results of EPSF have been extensively validated,
showing consistent and robust agreement with

available experimental data14,36 (comparison to more
than 200 beams and discontinuity regions). In addition,
the simplicity of the method has encouraged its use in
practice and guidelines for its application in such cases
(particularly bridges) have been developed.14 In this
respect, the consistency of the partial safety factor for-
mat has been verified14,37 and ensures a safe-sided
application at ultimate limit state (which may be more
problematic or complex for approaches relying on more
material parameters, such as the tensile strength of
concrete).

The EPSF has inspired further developments15,23,30

which consider more sophisticated material constitutive
relationships, to allow for a refined analysis of the load-
carrying structural capacity (Level-of-Approximation
IV18). The following section gives an overview of these
approaches covering serviceability and deformation
capacity aspects.

5.3 | Compatibility-based stress fields

According to fib Bulletin 100,18 a Level-of-Approximation
IV stress field analysis is a refinement of the Level-of-
Approximation III stress field analysis, presented in
Section 5.2. Hence, the same principles of the LoA III are
applicable in this case. The main improvement of a LoA
IV analysis is to provide direct information about the ser-
viceability behavior and deformation capacity of the
structure. To this end, proper constitutive relationships
for concrete and reinforcement should be considered,
including suitable strain limits. The bond between the
reinforcement and the surrounding concrete may be
included in the analysis if needed. The advantages of a
LoA IV are:

• The analysis provides information about steel and con-
crete strains at all load stages.

• It is possible to check the redistribution of internal
forces and evaluate if the materials rupture before
reaching the plastic solution predicted by a LoA III
(i.e. assuming perfectly-plastic material response). This
is particularly useful for assessing the capacity of struc-
tures with low ductility reinforcement or with low
amounts of conventional steel reinforcement
(e.g. existing structures).

• The analysis yields serviceability verifications (deflec-
tions and crack widths), even for discontinuity con-
crete regions.

Taking advantage of these benefits requires consider-
ing more complex constitutive relationships than in an
LoA III analysis (i.e. nonlinear stress–strain laws for

LOURENÇO ET AL. 9
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concrete, Figure 4c, reinforcing steel and bond, including
strain limits). Due to creep and shrinkage effects and par-
tial safety factors, different material properties are to be
considered for ULS and SLS, as shown in Figure 6a. A
long-term serviceability analysis can be performed as (i) a
calculation in two steps (variable plus permanent loads)
with different stiffnesses or (ii) in a calculation with a sin-
gle step using an equivalent stiffness per Figure 6b. The
increased model complexity with respect to a LoA III
analysis increases model uncertainty and the probability
of modeling mistakes. Therefore, it is essential to verify
the quality of the results against those from analysis with
a lower LoA.

Although when formulating equilibrium in strut-and-
tie model and stress fields the concrete tensile strength
should be neglected (for consistency with the provisions
of the theory of plasticity, i.e. the concrete constitutive
behavior should always have a tension cut-off), tension
stiffening (activation of concrete tensile stresses between
two stress-free crack surfaces) has a significant impact on
the stiffness of the reinforcement, with its magnitude
depending on the (effective) reinforcement ratio. A
straightforward and effective technique to account for
this phenomenon, while respecting the assumption of
stress-free cracks, consists of modeling the reinforcement
in terms of average- rather than maximum strains at the

FIGURE 6 Constitutive

behavior of concrete (a) in

compression; (b) long-term

behavior in compression for

service loads.

FIGURE 7 Modeling of tension stiffening in

compatibility-based stress fields: (a) tension chord

model39 for stabilized cracking with distribution of bond

shear (τb), steel (σs) and concrete stresses (Δσc), and steel

strains between cracks (εs); (b) resulting tension

stiffening behavior in terms of reinforcement stresses at

the cracks (σsr) and average strains (εm) for European

B500B steel with bilinear idealization and average cracks

spacing; (c) effective area of concrete in tension for

stabilized cracking15,25

10 LOURENÇO ET AL.
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cracks,25 thus leading to increased reinforcing bar stiff-
ness and accounting for the presence of surrounding con-
crete. While this is a complex phenomenon, the
consideration of simplified bond shear stress-slip rela-
tionships (as e.g. proposed in the Tension Chord Model,38

Figure 7a) allows stiffening of reinforcement and crack
spacing to be linked to two factors only: concrete strength
class and effective amount of reinforcement of each rein-
forcing bar segment. Application of this approach,
together with a reinforcement response that includes
hardening behavior,39 is essential to obtain the deforma-
tion capacity of the structure since reinforcement embed-
ded into concrete ruptures at an average strain much
smaller than the failure strain of a bare reinforcement
(Figure 7b).

The main challenge to determining tension stiffening
in a general manner is to assign to each reinforcing bar
an appropriate concrete area acting in tension between
the cracks (i.e. define the effective reinforcement
amount). Provisions for setting this effective concrete
area based on concrete cover and bar spacing are given in
design codes, albeit only for specific cases. To solve the
lack of generality of these provisions, a numerical proce-
dure has been proposed15 to calculate this effective rein-
forcement ratio for any reinforcement configuration
(Figure 7c).

Crack widths can be easily estimated after performing
a Compatibility-based Stress Field analysis that accounts
for tension stiffening and long-term effects, following the
approach in Figure 8. The crack width (w) depends on
the crack spacing (sr) provided by the tension stiffening
model, the average reinforcement strain (εm) and the rel-
ative angle between the crack (θr, as defined by the prin-
cipal directions of stresses and strains) and the
reinforcement direction (θb):

w¼ wb

cos θrþθb� π=2ð Þ¼
εm � sr

cos θr þθb� π=2ð Þ ð4Þ

5.4 | Adaptive stress field method

The energy-based approach of Adaptive Stress Field
Models (ASFM)49 takes advantage of the stress field
method to perform simple nonlinear analysis of struc-
tural concrete regions. In addition, the interpretation of
the flow of forces derived from this method allows for an
intuitive understanding of the structural behavior during
the complete loading process. The adaptive stress field
method considers that the principle of minimum comple-
mentary energy governs internal stress redistribution
caused by the nonlinear response of the materials. On
that basis, the load-carrying elements (compression fields
and ties) are adapted iteratively. This method does not
have a stiffness matrix governing the system, like the
EPSF and CSFM methods presented before. The solution
is obtained by an optimization process in which the vari-
ables are the stress field geometry or the nodes location
connecting the struts and ties. This stress based optimiza-
tion concept is in a sense similar to the FELA approach
(presented in the next chapter), but it is simpler as it uses
discrete elements and not a continuous domain. The
mechanical properties of the elements under compres-
sion and tension are obtained directly from the geometry
of the stress fields, accounting for the nonlinear constitu-
tive relationships of the materials.49

With respect to the consideration of the concrete
response, the fan-shaped compression stress fields are
defined according to the equilibrium conditions of an
infinitesimal strut within the fan (Figure 9). The radial
stresses at each boundary are defined according to

FIGURE 8 Crack width calculation from reinforcement

average strains provided by compatibility-based stress fields.

FIGURE 9 Stresses of a non-centred fan.

LOURENÇO ET AL. 11
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Equations 5, where σI ,σII ,σ0I ,σ
0
II are the principal stresses

in the end nodes of the fan.

σr ¼ σII
1þ tan 2α
σII
σI
þ tan 2α

σ0r ¼ σ0II
1þ tan2α
σ0 II
σ0 I

þ tan2α
ð5Þ

Prismatic stress fields can be derived as a particular
case of fan-shaped stress field. The distribution of con-
crete strains is obtained considering a suitable stress–
strain curve49 and the compression softening, which
depends on the presence of transversal tensile strains.20

The compression softening is calculated by computing
the strains in the tension elements and if a compression
stress field crosses the ties, the transversal strain is calcu-
lated following the Mohr's circle for strains.

It is noted that the total internal energy of the system
(adaptive structure) is mainly influenced by its ties, par-
ticularly once the concrete cracks. To suitably simulate
the response of a structural concrete region (both under
service loads and after yielding of the reinforcement),
detailed models for the tension stress fields are required.
To that end, constitutive relationships for reinforced con-
crete ties can be used.49 When smeared cracking condi-
tions can be ensured, assuming a stabilized cracking
pattern is suitable. However, such condition does not
apply in many discontinuity regions (e.g. load near sup-
port, dapped-end beam, etc). In such cases, the cracking
pattern is usually characterized by a main crack that has
a relevant effect on the global structural behavior. To
properly simulate a reinforced concrete tie element, the
approach presented in the Tension Chord Model38 is con-
sidered within the frame of the adaptive stress field
method (Figure 7a).

The predictions of the Adaptive Stress Field Method
are presented in a simple deep beam in Figure 10. The
numerical model included the horizontal web reinforce-
ment. The adaptive variables were the relative horizontal
coordinates of compression stress fields, leading to either
compression or tension in the horizontal elements. The

model adequately simulated a large stress redistribution,
also observed in deep beam tests,3 with a significant
increase in the global inner lever arm after concrete
cracking. The available ductility allowed taking advan-
tage of the beam's effective depth fully. The failure was
reached by concrete crushing at the supports and yielding
of the bottom reinforcement.

5.5 | Finite element limit analysis

As stated in the Introduction, multiple solutions to the
same problem are possible when stress fields are estab-
lished on the basis of lower-bound theorem of limit anal-
ysis. Each stress field is related to a specific lower bound
to the load-carrying capacity. This essentially means that
the task of determining the load carrying capacity based
on limit analysis can be formulated as an optimization
problem. For complex structures, however, it can be very
time consuming, or even impossible, for an engineer to
determine, via manual calculations, a suitable stress field.
Furthermore, an engineer would in most cases not be
able to assess his/her choice of design against the optimal
solution.

To overcome these challenges, engineers may adopt the
method of Finite Element Limit Analysis (FELA), which
provides a general framework for numerical determination
of the optimal stress fields in structures with rigid-plastic
material behavior. Basically, the FELA concept combines a
stress-based formulation of the finite element method with
optimization algorithms to determine the load-carrying
capacity. The method ensures that, for a given model, the
optimal solution is always found. The first framework for
FELA appeared in the 1970s,41,42 where simple problems
were solved by use of linear programming. In contemporary
works,16,43–48 more advanced nonlinear optimization tech-
nics are employed, significantly enhancing the efficiency
and ability of the method to solve large-scale problems.

Similar to the above-mentioned EPSF-approach,
FELA uses a mesh discretization known from the finite

FIGURE 10 Deep beam adaptive stress field model at several steps of loading.

12 LOURENÇO ET AL.
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element method to translate the continuum mechanical
problem into a numerical format. However, except from
this similarity, the analysis strategy required in FELA is
distinctly different from the (incremental and displace-
ment based) solution strategy of the classical finite ele-
ment method. Because of the assumption of rigid-plastic
material, it is not possible in a lower bound formulation
of FELA to base the response of each finite element on
an approximation of the displacement field. Instead,
equilibrium elements are used. In simple terms, this
means that instead of having a stiffness matrix, equilib-
rium elements are formulated by directly establishing the
equilibrium equations that relate the forces acting on the
element to the stress field assumed within the element.
Several types of lower bound elements have been
developed.44

The fact that the lower bound theorem only involves
equilibrium and yield conditions has the consequence
that in a FELA formulation, the number of stress vari-
ables to be determined will, in general, exceed the num-
ber of available equations, leading to problems with
multiple solutions. Therefore, the challenge here is to for-
mulate the problem in a manner that, even for large-scale
problems, is computationally efficient. For the type of
yield criteria (optimization constraints) encountered in
reinforced concrete, convex optimization techniques,
such as second-order cone programming and semidefi-
nite programming, have shown to be extremely effective
and recent research and development works have shown
that FELA has now matured to a point where applica-
tions to large-scale problems are possible.46,47

As a simple example, Figure 11a shows the optimal
stress field obtained by FELA for a deep beam with an
opening. The result agrees well with the solution found
by use of EPSF - detailed discussions and comparisons
may be found elsewhere.18 For a model of the deep beam
containing approx. 8000 equilibrium elements, the opti-
mization takes less than 1 min on a standard desktop
computer. It is noted that in FELA, computational time
is approximately proportional to the problem size

(i.e. number of elements), which is an important feature
when dealing with large scale problems.

Figure 11b shows the corresponding collapse mode,
which can be found by solving the so-called dual optimi-
zation problem in FELA.49 Note that the collapse mecha-
nism determined by FELA does not contain information
about absolute displacements, but only the displacement
rates. This means that when using FELA, it is not possi-
ble to assess the deformation capacity of the structure,
but only assess qualitatively the nature of the collapse
mode (i.e. ductile or brittle).

Recently, the FELA approach has been extended to
include elasto-plastic material behavior in order to
model, not only the load carrying capacity, but also the
complete load–displacement response of the structure.
The extension of the original (rigid-plastic) optimization
problem is performed by adopting a stress-based finite
element formulation and considering energy principles
(principle of minimum complementary elastic energy).
This allows taking into consideration the nonlinear mate-
rial response54 and is useful to estimate the strain field of
the member (and thus the associated efficiency factors of
concrete). As it can be noted, such approach is in fact
similar to the optimization criterion in the above-
mentioned ASFM approach.

5.6 | Stringer-panel-models

The stringer-panel-model (SPM)50 is a particular applica-
tion of stress fields for modeling plane wall-type struc-
tures or structural details. This method uses two types of
elements: two-dimensional shear panels and one-
dimensional stringers (see Figure 12). The stringers are
located at the interfaces between the panels and the outer
boundary of the structure. The crossing points of
stringers are nodes, where external loading and supports
can be applied. Loads can also consist of homogenously
distributed forces along the path of the stringers. Panels
transfer uniform shear membrane forces, and the

FIGURE 11 Finite element

limit analysis of deep RC beam

with opening: (a) optimal stress

field (principal stresses);

(b) corresponding collapse

mechanism18

LOURENÇO ET AL. 13

 17517648, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/suco.202200647 by T

u D
elft, W

iley O
nline L

ibrary on [17/01/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



stringers transfer normal forces. Because of the uniform
shear forces in the panels, the normal force varies line-
arly over the path of a stringer. Stringer forces can be ten-
sile and compressive, and lumped forces in the nodes.
Although rectangular panels are considered most
often,18,50 the approach is also suitable for quadrilateral
panels and can be extended to compositions of planes in
three dimensions (e.g. box beams). The method is partic-
ularly handy for D-regions, but can also be applied to a
whole structure.

Simple, coarse models are often statically determi-
nate, so that panel shear forces can be solved by equilib-
rium considerations alone (and from the shear forces the
stringer forces are derived). The applied loads on the
model must constitute a set of external equilibrating
forces. Such models are a typical LoA I application, espe-
cially useful for preliminary design. The evaluation can
be performed by hand and is adequate for many struc-
tural regions of discontinuity.

The calculated tensile stringer forces require bundled
reinforcement and compressive stringer forces are sub-
jected to a verification in order not to exceed the available
compressive strength. In the panels, distributed reinforce-
ment in two orthogonal directions is required, and con-
crete compressive stresses in diagonal directions must be
verified. Typical design examples in this category are: cor-
ners of portal frames, corbels, abrupt changes of beam
depth, dapped beam ends, and openings in girder webs.

More complicated models will become statically inde-
terminate. An example is a cantilever deep beam with an
opening (fib Bulletin 6152). Statically indeterminate
models can be handled in two different ways. In the first
way, a LoA I approach is adopted, starting from plasticity
considerations. The structural engineer transfers the

model into a structural determinate one, by simply
assigning shear values to a sufficient number of elements
(thus allowing an equilibrium-based solution through
hand-calculation). The second way for statically indeter-
minate models is to execute a stiffness analysis, account-
ing not only for equilibrium alone, but also for
compatibility and relevant constitutive laws. In this case,
the structural engineer operates in the domain of LoA
III, and typically requires adequate software. If used in
combination with material nonlinearity, the approach
tends to an LoA IV.

The capabilities of the SPM are shown in the follow-
ing for a wall example (Figure 13) presented in fib's Bulle-
tin 100.18 The selected mesh is almost the coarsest
possible. Because of symmetry, the analysis can be
restricted to the left half of the wall. The choice of the
shear force in four panels transforms the problem into a
statically determinate one. Three different analyses are
shown here. In the first one, a homogeneous distribution
of the support reaction at the base is assumed
(Figure 13a). The shear force of four panels is chosen zero
(light shading). The analysis can be performed by hand.
In the second analysis (Figure 13b) another group of four
zero-shear panels is chosen, with a very concentrated dis-
tribution of the base reactions (significantly different
from the homogeneous distribution of that shown in
Figure 13a). Again, a hand analysis can be performed. In
the third analysis (Figure 13c) a stiffness analysis has to
be performed. For this analysis a rigid base is assumed.
Now, appropriate geometric and stiffness data of the
stringers and shear panels must be provided.

Here, only the resulting reinforcement sketches of the
three analyses are shown. In cases (a) and (c), dominant
stringer reinforcement is located above the opening,
whereas in case (b) the position of the dominant stringer
reinforcement is, on the contrary, below. The required
two-way mesh reinforcement can be shaped by two dif-
ferent meshes, a light one (actually minimum reinforce-
ment) and a heavier one. Again, case (b) deviates from
cases (a) and (c). The plasticity choice of case
(b) evidently strongly violates the linear-elastic stress
solution (c), where the plasticity choice of case (a) keeps
close to it. With the choice of case (b) heavy stress redis-
tribution must be expected.

5.7 | 3D stress field models - FESCA 3D

The application and scope of strut-and-tie and the stress
field models has evolved since the early days of these
methods. Originally, its application focused on relatively
simple reinforced concrete elements. With time, while
researchers contributed to refine the methods, designers

(a)

(b)

xyn xyn

F

2F/2F/

F

2F/2F/

stringer

panel

FIGURE 12 Concept of the stringer panel method:

(a) stringers and panels; (b) forces in the elements (figure adapted

from18)
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gained confidence on its use, applying them to increas-
ingly complex elements. Today, the strut-and-tie and the
stress field methods are well-recognized tools for analyz-
ing and designing concrete elements with a 2D behavior.
Although this covers a wide number of practical situa-
tions, 3D behavior is required for others. This is for
instance the case of a pile cap foundation, as well as
others (as anchorage blocks, wind tower turbines, etc).
One main step for a complete generalization of the
methods is its extension to 3D.

The limited progress experienced so far in applying
the strut-and-tie and stress field methods to 3D is not by
chance. Firstly, treating many concrete elements as 2D
entities is a sound assumption. Secondly, adding a third
dimension significantly complicates the analysis, problem
solution, and visualization of flow of forces. And thirdly,
experimental campaigns focusing on the characterization
of the 3D behavior of concrete are scarce, especially in
cracked states. This fact ultimately leads to lack of guid-
ance and uncertainties in the determination of the
strength of 3D struts and nodal zones.

The strut-and-tie and the stress field models were
originally used as hand calculation tools. The develop-
ment of 3D strut-and-tie models by hand (as truss-
models) is feasible, at least for understanding the flow of
forces, although the verification of nodal zones still repre-
sents difficulties. However, the development and calcula-
tion of stress fields in 3D by hand calculations is

impractical. It has been shown that computer modeling
might overcome the drawbacks of these methods. The
power of simplified, 2D nonlinear finite element analysis
neglecting the tensile strength of concrete was shown by
the Elastic–Plastic Stress Field method.13 This approach
was extended to 3D with the development of FESCA 3D
tool (Finite Elements for Simplified Concrete in 3D56).

Different FE software packages allow for the develop-
ment of 3D FE models, considering linear and nonlinear
behavior. On the one hand, linear elastic analysis does not
represent the real behavior of reinforced concrete struc-
tures, but stress fields derived from these analyses were
originally seen as a sound baseline to orientate the truss
elements in strut-and-tie models. However, 3D linear stress
fields are not easy to use as a basis for strut-and-tie models,
as stresses generally become disperse in the concrete vol-
ume. On the other hand, and similarly to 2D, full non-
linear analyses are not suitable for design purposes
(require a high level of expertise as results can be very
sensitive to the adopted material parameters). FESCA is
an intermediate approach, where the level of nonlinear-
ity is sufficient to greatly simplify the material response
(no tensile strength, plastic response, consideration of
compression softening due to transverse cracking in 3D
models56 or adapting planar models, for example,20

accounting for the sum of principal tensile strains54)
and provides results that are robust and can be easily
exploited.

(a) (b) (c)

FIGURE 13 Application of the stringer panel method to the design of a wall with opening under column load: (a)-(b) hand calculation

introducing plasticity; (c) computational linear-elastic stiffness analysis.
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Figure 14 shows an instance of an application to a
socket base column-to-foundation connection. In the fig-
ure, the derivation of a 3D strut-and-tie model compati-
ble with the arranged reinforcement based on the
obtained stress field is also presented. Regarding the
capacity check of struts and nodal zones, finite elements
allow assessment of the concrete stress at any integration
point, which can then be compared against the maxi-
mum allowable value. The latter is determined by the
adopted concrete failure criteria, generally considering
the multi-axial stress state. Compared to 2D, a 3D analy-
sis allows for a more complete consideration of the influ-
ence of the confinement/cracked states on the effective
compressive strength as the stress state in all spatial
directions is known. However, further experimental

research is needed for a comprehensive definition of a
concrete failure surface including all potential 3D stress/
strain state combinations, as the current experimental
database is mainly derived from 2D stress/strain states.

6 | CONCLUSIONS

Strut-and-tie models and stress fields are recognized as a
reliable, rational framework for designing and assessing
reinforced concrete structures. In order to exploit their
full potential in view of modern computational capabili-
ties, this article discusses how these approaches can be
used efficiently under different numerical implementa-
tions and levels of refinement. The main advantages and

FIGURE 14 Application of FESCA 3D for the development of 3D stress fields of a socket base column-to-foundation connection

supported on four corner piles52,53
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limitations of these methods can be summarized as
follows:

• They offer conceptual clarity and simplicity, allowing
the engineer to develop a sound understanding of the
ultimate behavior of the structure.

• Strut-and-tie models and stress fields are well-suited
for the Levels-of-Approximation (LoA) approach,
where the complexity and accuracy of the model can
be selected according to the task at hand (e.g. design
phase of the project, local or global structural complex-
ity, the influence of local behavior to global structural
response, design, or assessment), while relying on the
same fundamental principles.

• They produce solutions consistent with the lower-
bound approach of limit analysis and, therefore, can
be used within the safety formats of current design
codes (e.g. partial safety factors).

• While strut-and-tie models and stress fields are mainly
applicable to ultimate limit state design/assessment,
they can also be extended to evaluate serviceability
and deformation capacity, taking advantage of com-
puter modeling.

• As strut-and-tie models and stress fields are grounded
on the theory of plasticity, their application is limited
to members/structures which possess sufficient defor-
mation capacity. Such capacity can be ensured with
minimum distributed reinforcement as required by
current design codes, even though further research is
needed to determine the amounts of this reinforcement
on a rational basis.

Finally, in terms of levels of approximation, it is
always recommended to perform a simple analysis, even
when the task requires higher level of refinement and
computer modeling. In this manner, the engineer can
develop an in-depth and sound understanding of the
structure, decide where to allocate the main reinforce-
ment (ties), and avoid/identify errors when using more
complex approaches.
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