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ARTICLE INFO ABSTRACT
Keywords: This article presents a data-driven method to evaluate thermodynamic properties of pure fluids and mixtures
CFD of fixed composition in the ideal- and nonideal thermodynamic states. Thermodynamic consistency is ensured

Physics-informed machine learning
Nonideal compressible flows
su2

by computing the fluid properties on the basis of the entropy potential and its first- and second- order deriva-
tives, calculated with a physics-informed neural network. The computational performance of the method was

investigated by implementing the resulting data-driven model in the open-source SU2 CFD software and by per-
forming RANS simulations of the nonideal compressible flows through an organic Rankine cycle turbine cascade.
Compared to using a multiparameter equation of state through a thermodynamic library coupled with SU2, the
method was found to be 60 % more computationally efficient while maintaining high accuracy.

1. Introduction

Nonideal compressible fluid dynamics (NICFD) is a branch of fluid
mechanics that studies fluid flows in the nonideal thermodynamic state.
Such flows are relevant in many engineering applications [1]. Examples
include the supersonic flow of dense gases in organic Rankine cycle tur-
bines [2], supercritical flows in centrifugal compressors, fuel injectors of
gas turbines, and regenerative cooling nozzles of rocket engines [3,4],
as well as compressible high pressure liquid flows in turbo-pumps [5].

Properties of fluids whose thermodynamic state is in the nonideal
thermodynamic region are usually calculated using multiparameter
equation of state models (MEoS) in the Helmholtz free-energy form,
namely fundamental equations from which primary (e.g., p, T') and sec-
ondary (e.g., c,, c,) fluid properties are derived as function of p and 7.
Such models are highly accurate, but they are computationally expen-
sive when used in computer programs, for example in CFD solvers [1].

A more computationally efficient alternative to MEoS are EoS models
constructed using data-driven methods (DDEoS). In DDEoS, the set of
primary and secondary fluid properties, Y, calculated as function of two
independent thermodynamic variables x (e.g., p, T) can be expressed as

Y = w(x), (@)

where y denotes a generic inexpensive functional constructed from a set
of linear or nonlinear basis functions, with coefficients determined based
on thermodynamic datasets. Examples of functionals are polynomials
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used to interpolate fluid properties based on tabular methods [6,7] or
artificial neural networks used for regression [8-10].

Although high accuracy and computational efficiency can be
achieved in the calculation of properties with the use of DDEoS, thermo-
dynamic consistency can only be ensured if the functional y is derived
from a thermodynamic potential ¥. Thermodynamic consistency of an
EoS model is such that all primary P (e.g., T') and secondary fluid prop-
erties S (e.g., c,) are calculated by partial differentiation of the poten-
tial (e.g., Gibbs or Helmholtz free energy), namely, using its first- and
second-order derivatives with respect to its canonical or natural vari-
ables, x. Denoting with J ¥ HY the Jacobian and Hessian of the poten-
tial

P=P(¥x).J) @
S=s(J%, HY)) 3)

where P and S denote the relations for calculating the primary and
secondary fluid properties. For example, given the potential in terms

of Helmholtz free energy, a = a(T,v), with v the specific volume, the
pressure, p, and the isochoric specific heat, ¢, can be expressed as

d
p=- @
T
and
2
¢, = —T%. (%)
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\begin {equation}\label {eqn:cv} c_v = -\left (\frac {\partial ^2s}{\partial e^2}\right )^{-1}\left (\left .\frac {\partial s}{\partial e}\right |_\rho \right )^2\end {equation}


\begin {equation}\label {eqn:cp} c_p = \left .\frac {\partial h}{\partial e}\right |_p \left (\left .\frac {\partial T}{\partial e}\right |_p\right )^{-1}\end {equation}


\begin {equation}\left .\frac {\partial h}{\partial e}\right |_p = \left (1 + \rho ^{-1}\left .\frac {\partial p}{\partial e}\right |_\rho \right ) + \left (\left .\frac {\partial p}{\partial \rho }\right |_e\right )^{-1}\left .\frac {\partial p}{\partial e}\right |_\rho \left (\rho ^{-2}p-\rho ^{-1}\left .\frac {\partial p}{\partial \rho }\right |_e\right ) \label {Xeqn13-15}\end {equation}


\begin {equation}\left .\frac {\partial T}{\partial e}\right |_p = -\left (\left .\frac {\partial s}{\partial e}\right |_\rho \right )^{-2}\frac {\partial ^2s}{\partial e^2} + \left (\left .\frac {\partial p}{\partial \rho }\right |_e\right )^{-1}\left .\frac {\partial p}{\partial e}\right |_\rho \left (\left .\frac {\partial s}{\partial e}\right |_\rho \right )^{-2}\frac {\partial ^2s}{\partial e\partial \rho } \label {Xeqn14-16}\end {equation}


$\Gamma $
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\begin {equation}r_{l,i} = r_{l,0} d_r^{i/N_d}, \label {Xeqn18-20}\end {equation}
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\begin {equation}\mathcal {L}_\mathrm {PINN} = \frac {1}{4}\left (\mathcal {L}_s + \mathcal {L}_T + \mathcal {L}_p + \mathcal {L}_{c^2}\right ). \label {Xeqn20-22}\end {equation}
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\begin {equation}x^* = \frac {x}{c_x},\quad y^*=\frac {y}{\Delta y} \label {Xeqn28-30}\end {equation}
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Consistency and accuracy of a DDEoS model can be ensured if the
primary and secondary fluid properties are computed according to Egs.
(2),(3) and if the values of W(x) and its derivatives are accurate with
respect to those provided by the reference MEoS. Attempts to develop
consistent DDEoS for fluids in nonideal thermodynamic states were per-
formed in several works. In [6], a method for generating thermody-
namically consistent look-up tables (LuT) was presented. Thermody-
namic consistency was prescribed by using interpolation functions of
the fifth-order to reconstruct the Helmholtz free energy potential, where
the coefficients of the interpolation function were calculated to satisfy
the Maxwell relations. An alternative method was used in [10], where
a physics-informed machine learning (PIML) approach was developed
to compute the Helmholtz free energy as a function of temperature and
density, while satisfying Maxwell relations by introducing learning bias.
While the intended application of physics-informed neural networks
(PINN) was to solve partial differential equations [11], the approach has
also proven highly effective for developing thermodynamically DDEoS
models. The use of PIML for the development of DDEoS was also demon-
strated in [12] for modeling the properties of fluids based on the Mie
potential and [13] presented a method to accurately model phase tran-
sition. Recent research on DDEoS has demonstrated the suitability of
deep, dense multi-layer perceptrons (MLP) to evaluate the thermody-
namic potential [10,12-14] over methods such as Gaussian Process Re-
gression (GPR)[15,16]. Although GPR models can be trained using rela-
tively few data points and provide additional uncertainty quantification,
MLP models can be scaled more easily to larger data sets and are less
computationally expensive to evaluate, which is a desirable feature for
CFD applications.

The aforementioned works on consistent DDEoS [10,12-16] present
EoS models in the Helmholtz free-energy form, with temperature and
density as natural variables. However, consistent DDEoS based on den-
sity and internal energy can provide a significant reduction in computa-
tional cost in density-based CFD solvers, since the flow governing equa-
tions are solved in the so-called conservative form, from which p and
e can be directly calculated. Two recent studies were concerned with
the development of DDEoS using thermodynamic relations with density
and internal energy as independent variables. A consistent equation of
state model in entropy form, namely defining the model in terms of the
less common entropy potential, was presented in [17]. The model was
developed on the basis of a bilinear polynomial that was fitted to accu-
rately provide the compressibility factor of siloxane MM. However, in
this study, the secondary properties such as the speed of sound were cal-
culated in a non-consistent manner using finite differences. The method
was demonstrated to be suitable for direct numerical simulations (DNS).
Similarly, a data-driven EoS was developed in the work documented
in [9] on the basis of the entropy potential (EEoS). The Jacobian and
Hessian of the potential, which were used to compute the thermody-
namic state, were evaluated using a set of multitask neural networks
(MTNNs). Although the method was successfully adopted for the numer-
ical simulation of nonideal flows in nozzles with the SU2 open source
CFD software [18], it was found to be not sufficiently robust when ap-
plied to the simulation of more complex flows, e.g., nonideal supersonic
flows through turbine cascades.

This work extends the approach documented in [9] by proposing a
method based on PINNS, similar to the methods presented in [10,12,13]
to develop thermodynamically consistent EEoS models. The database of
fluid properties needed for training the data-driven model was obtained
by resorting to a thermodynamic software library [19]. The method was
implemented into the open source CFD software SU2 [18] and its perfor-
mance was verified through RANS simulations of nonideal supersonic
flow of siloxane MM flow through a linear turbine cascade designed
by the Propulsion & Power group of Delft University of Technology.
The computational efficiency and accuracy of the method presented in
this work were compared to those obtained by the method documented
in [9], and by directly evaluating the properties by means of the refer-
ence MEoS through an external thermodynamic software library [19].

Computers and Fluids 306 (2026) 106932
2. Methodology
2.1. Fundamental thermodynamic model in entropic form

Equation of state models in entropic form s = s(p, ¢) are rarely con-
sidered, but they are highly suited for the calculation of thermodynamic
properties of fluids in density-based NICFD solvers. As the natural vari-
ables associated with the entropy potential, namely density p and spe-
cific internal energy e directly derive from the conserved variables of
the solver, most of the thermodynamic calls during the solution process
do not involve expensive iterations to compute the fluid properties.

Assuming that the entropy potential is continuous and differentiable,
the temperature, 7, pressure, p, and speed of sound, ¢, are expressed
in terms of Jacobian and Hessian with respect to density and internal
energy through Egs. (6)-(8)
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The expressions for the fluid specific heat at constant volume, c,,, and
at constant pressure, c,, follow from Egs. (9)-(12)
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Table 1

EEoS verification results: Root-Mean-Square error of the relative deviation
between the thermodynamic terms as per the EEoS and HEoS evaluated by
CoolProp.

o
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ar
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o
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T P c » v P
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The presented theoretical model is intrinsically consistent and is
valid for monocomponent fluids in single and two-phase, and for mix-
tures of fixed composition. In this study, however, only single-phase
flows of siloxane MM are considered.

2.1.1. Model verification

To verify the correctness of the analytical expressions previously re-
ported, the deviations between the LHS and the RHS of Egs. (9)-(13)
were evaluated by substituting all terms in the equations with those
obtained by the multiparameter equation of state in Helmholtz form
(HEoS) for a range of density and specific internal energy values cor-
responding to thermodynamic states of siloxane MM in the ideal and
nonideal gas region.

The HEoS was evaluated using CoolProp [19] for approximately
1.6 x 10° fluid data points that ranged in density and internal en-
ergy between 1 x 10~'kgm™> and 3 x 10?%kgm~> and 2.5 x 10°Jkg~' and
5.5x 10°Jkg~!. The relative root mean square error values ¢ between
the LHS and the RHS of Egs. (9)—(13) were computed and listed in Ta-
ble Table 1. The values were found all close to machine accuracy, thus
validating the theoretical framework of the EEoS.

2.2. Data-driven regression with physics-informed neural networks

In the work by the authors documented in [9], the Jacobian and
Hessian terms of the entropy potential appearing in Eqs. (6)—(13) were
provided by different MTNNs that were trained using data fitting. How-
ever, as observed in [10], the use of this approach can lead to incon-
sistencies in the calculation of the thermodynamic state. Although the
thermodynamic state according to the MTNN model presented in [10]
was evaluated with high accuracy, the Maxwell relations were not sat-
isfied, indicating thermodynamic inconsistency.

Therefore, the thermodynamic consistency of the model was en-
forced by leveraging PINN, in which the analytical relations of the
EEoS are embedded into the training process of a multilayer percep-
tron (MLP). This was achieved by indirectly applying physics-based con-
straints to the network output through adaptation of the loss function.

Fig. 1 illustrates the method by which the network hyperparameters
(6) were updated during the physics-informed machine learning (PIML)
process. The network was defined as a deep, feed-forward MLP with
two inputs corresponding to p and e and a single output for s. In step
1 of Fig. 1, s is calculated by the MLP on the basis of the density and
specific internal energy of the batch of training data, p,,e,. The Jaco-
bian, J /f’e, and Hessian, H ,f,w of the network output were retrieved using
algorithmic differentiation (AD), where

s s s

s —| dele s | 9p? dpde

Ge=la| Hoe=| 5 B (18)
de | dedp 0e2

In step 2 of Fig. 1, the vector of thermodynamic properties Y, is
calculated according to Eqs. (9)-(14) using the Jacobian and Hessian
terms that were calculated in step 1.

The loss function of the training process was evaluated in step 3 of
Fig. 1 and was defined as

Ny
L (5 (e =\
L= (Vo(5m,)-Y,) YesTpe 19)
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Table 2
Fluid data grid parameters used to generate the reference data for
training the PINN.

min max N, distribution
Density (p)  1.0x107'kgm™  3.0x 10’kgm™> 500  cosine
Energy (e) 2.5% 10°Jkg™! 5.5%x 10°Tkg™! 500  linear

where the loss value £, equates the mean square error of the scaled
properties Y, computed according to the network prediction, Y, and
the labeled data Y, over a batch of N, training data. The network was
trained for 1000 epochs.

The loss function sensitivity with respect to the network hyperparam-
eters V,Ly was evaluated with AD and used together with the learning
rate value of the current update step r,; by the Adam stochastic gradient
descent (SGD) algorithm [20] to update the network hyperparameters.
Here, the value of the learning rate was calculated following an expo-
nential decay function

ri = r/,odi/Nd’ (20)

where r) is the initial value of the learning rate, d, the learning rate
decay parameter, and N, the number of decay steps

Ny =107 Ngpoen Ny % (1)
b
where Ny is the number of thermodynamic variables included in the
loss function, which according to Eq. (19) was set to four. N, is the
number of data points in the training data set and N, the number of
epochs. The thermodynamic properties Y for which £, was evaluated
were, alternatively, s, T, p and ¢? in each update step. Changing £,
between L,Lr,L, and L during the training process was found to
result in higher prediction accuracy compared to using a more typical
approach where Ly is defined as the average value of L,L7,L, and £ 2.

2.3. Training data and network architectures

The accuracy and internal consistency of PINN were compared to
those of MTNN by comparing the values of the first- and second-order
derivatives of the entropy potential. Both types of networks were trained
to provide the thermodynamic properties of siloxane MM in vapor
phase.

Data used for training both types of networks were generated with
HEoS using the Python wrapper of CoolProp [19] on an ensemble of
thermodynamic states defined with density and specific internal energy
according to the parameters listed in Table 2. In total, 1.6 x 10° unique
thermodynamic states were generated, of which 80 % was used for train-
ing , 10 % for testing, and the remaining 10 % for validation.

The two MTNNs were trained using the method described in [9], in
which the loss function was defined as the mean square error between
the network output and the reference data for the Jacobian and Hessian
of s with respect to p and e. The training method for the EEoS-MTNN
method is elaborated further in [9]. One of the networks was trained on
density values between 1.0 x 10~'kgm=> and 10.0kgm—3, while the other
was trained for density values between 10.0kgm~ and 300.0kgm—>. The
subdivision of the data into two batches was necessary to increase the
network accuracy for predicting the Hessian in the ideal-gas thermody-
namic region.

The number of nodes per hidden layer, Ny, and the learning rate
parameters of the PINN and MTNNs are listed in Table 3.

The initial learning rate r;, the learning rate decay parameter d,,
the mini-batch size N,, the hidden layer activation function ¢(x), and
the number of neurons per hidden layer of the MTNNs were determined
by optimization of hyperparameters, while those of the PINN were se-
lected by trial and error. The hidden layer activation function for the
PINN was chosen to be the exponential function to reduce the compu-
tational cost of evaluating the first- and second-order derivatives of the
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Fig. 1. Diagram illustrating the process of training the PINN to compute the thermodynamic state Q, using the EEoS.

Table 3
Network architectures and learning rate parameters for the PINN and
MTNNs used to evaluate the components of the entropy Jacobian and

Hessian.
PINN MTNN p < 10kgm™ MTNN p > 10kgm™3
Ny [12,12] [11,14] [13,15,12]
logio(rp)  —3.000 -3.115 -3.072
d, 9.8787e-01 9.8732e-01 9.250e-01
log, (N,) 6 5 5
P(x) exponential swish gelu
Training history for PINN and MTNN
TlO’2
’—E 103
2
—4
E 10 PINN
Z 105 —m— MTNNPS100
kS —— MTNNF>100
g10°
% d
% 1077
A
1078 -
10° 10 102 10%

Epoch [—]

Fig. 2. Mean validation loss value trends of MTNNs and PINN during training.

network output during numerical simulations. This is elaborated upon
in Section 2.4.

The convergence of the training process for both MTNNs and PINN
is displayed in Fig. 2, which shows the mean loss function value £ com-
puted with the set of validation data. The trend of the loss function of
the PINN shown in Fig. 2 represents the mean loss value between the
entropy, temperature, pressure, and speed of sound

1
Lpny = Z<E5+£T+£p+£cz). (22)

The difference between the loss values of the validation set and the
test set after concluding the training process was 2.79 % for the PINN,
and 0.94 % and 7.85 % for the MTNNSs trained on the lower and higher
density ranges, indicating that the level of over-fitting was negligible for
both sets of networks.

2.4. Implementation of the neural networks in SU2
The data-driven EEoS described in this work was implemented in

the open-source software suite SU2 [18] version 8.1.0 for the numerical
simulation of nonideal compressible flows.

EEoS-PINN

T
pl S EEoS —
e(z
Compute Jacobian —) Jpe
_ Compute Hessian > H 4
EEoS-MTNN
8
0s/0p ——
p(x) ds/de

5%8/0p" > EEoS —> 1'.p,c,...

8%s/0pde —
0%s/0e* —

Fig. 3. Process diagram for the computation of the thermodynamic state on the
basis of the flow solutions of density and internal energy with the PINN and
MTNN approach during the flow solution process.

The process by which the thermodynamic state of the fluid is com-
puted during the CFD solution process is visualized in Fig. 3. At each
iteration of the flow solver, the local values of density p(X) and specific
internal energy e(X) are passed to the MLP, coded in a separate solver
class. The Jacobian and Hessian of the entropy potential are directly re-
trieved from the network output when using the MTNN approach, while
they are analytically evaluated when using the PINN approach. These
terms are then used to compute the thermodynamic properties accord-
ing to the EEoS, which are then passed back to the flow solver.

For certain types of boundary conditions, as well as for the initializa-
tion of the flow solution, the state of the fluid must be calculated based
on a pair of thermodynamic variables different from p and e. For such
instances, the corresponding values for p and e are calculated through
inverse regression using a Newton root-finding algorithm.

The analytical expressions of the Jacobian and Hessian terms of the
PINN were derived as follows. In a deep, dense MLP with L layers, the
output value y for the neuron j with hidden layer index i equals

x¥ i=0

=9 .
¢(Zk=‘(_)l wi,j,k)"_l’k) i=1,2...L

23
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where x* is the (scaled) network input, ¢ the hidden layer activation
function, N,_; the number of neurons in the previous layer, and w; the
matrix of weights connecting hidden layers i and i — 1. The Jacobian
of this neuron output with respect to input variable » is analytically
expressed as
Ni-i
TR = Y w, J =120 L (24
k=0
where ¢’/ is the analytical derivative of the hidden layer activation
function. The Jacobian of the input layer, J,(,) "/ is a square, unity, diagonal
matrix.

S0 1, ifj=n, 25)
" 0, ifj#n

Adopting the same approach used for computing the analytical Jaco-
bian, the Hessian of the neuron output with respect to the network in-
puts n and m is expressed as

Zi-1 Zi1

iJj _— gMij i—1,k i—1,k

HY = ¢ w SN w T

k=0 k=0

Zi-1

+¢™ Y w  HEK =12 L (26)
k=0

where ¢"*/ is the analytical, second order derivative of the hidden layer
activation function. The Hessian of the input layer is simply zero.

0 _ :
Hn,,/n—O Vj,n,m 27)

The added computational cost of analytically evaluating the Jaco-
bian and Hessian network output scales with the network size, as well
as with the cost of evaluating the derivatives of the hidden layer acti-
vation function ¢’ and ¢". In order to reduce the computational cost of
determining these quantities, the exponential function was used for the
hidden layers, since

dx)=e" =¢'(x) = ¢"(x) (28)

As a result, the hidden layer activation function had to be evaluated
only once for each neuron while computing the Jacobian and Hessian
terms of the network. It was found to be very difficult to accurately
train the network using the PIML method described in Section 2.2 when
the weights were initialized randomly. This difficulty was caused from
the unbounded nature of the exponential function and the fact that the
network was trained using derivative information. This challenge was
also reported in [12], where the stability of the training process was
improved using a very small value for the learning rate and training for
a large number of epochs. In this work, the stability of the PIML train-
ing process was improved by first training the network for 1000 epochs
through data-fitting by including only s in the loss function shown in
Eq. (19). After preconditioning the weights of the network by data fit-
ting, the PIML training process illustrated in Fig. 1 was started while
including T, p, and ¢? in the loss function.

3. Case study

The accuracy, consistency, and computational cost of the data-driven
EEoS method presented in this work were evaluated by simulating the
flow of siloxane MM through a linear turbine cascade and comparing
the simulation results with those obtained by reference models. The
blade geometry of the turbine cascade was designed at Delft University
of Technology for the expansion of organic fluids in the ORCHID exper-
imental facility [21] and will hereafter be referred to as the ORCHID
linear cascade.

The geometry and boundary conditions of the ORCHID linear cas-
cade, together with the computational domain, are illustrated in Fig. 4.
The computational domain was discretized with the UMG2 mesh
tool [22] by means of a hybrid grid composed of triangular elements
for the main flow passage and quadrilateral cells for the refinement of
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Table 4
ORCHID stator simulation boundary conditions.

Boundary Type Values

Inlet p.. T,, non-reflective 1.8 x 10°Pa, 523K
Outlet ps, non-reflective 2% 10°Pa
Blade no-slip wall

the boundary layer in the near-wall region with a calculated maximum
value y+ of 0.4 near the blade surface.

The boundary conditions applied in the numerical simulation are
listed in Table 4. Non-reflecting boundary conditions have been used
for the inlet and outlet boundaries to avoid spurious wave reflections
that may result from the supersonic flow encountered at the outlet of the
cascade. Additionally, an adiabatic non-slip condition has been imposed
on the blade wall. Throughout the flow domain, the fluid expands from
the highly dense vapor state (Z = 0.5) at the inlet to the nearly-ideal gas
state (Z =~ 0.95) at the outlet, with Z being the compressibility factor
defined according to Eq. (29):

)4
= RoT (29)
where R is the gas constant for siloxane MM with a value of
51.2Jkg~'K~!. The dynamic viscosity of the fluid and the Prandtl
number for both laminar and turbulent flow were kept constant
at 1.162 x 1079kgm~'s™2 and 1.230 respectively, corresponding to a
Reynolds number of 5.5e7.

Fig. 5 shows the corresponding isentropic expansion process from
the inlet to the outlet conditions, superposed to the contour of the com-
pressibility factor in the reduced pressure and temperature diagram
(p/pe-T/T.), in which “cp” denotes the critical point of the fluid.

The numerical simulation was performed using the SU2 RANS solver
with the SA turbulence model. Spatial gradients were computed using
the weighted least-squares method and at each pseudo-time marching
step the resulting linear system of equations was solved using the FGM-
RES with a minimum threshold of 1e-5. Initially, the simulation was run
for 1000 iterations using the first-order Roe convective scheme without
spatial gradient reconstruction. To increase the stability of the solution,
a gradual decrease in the outlet static pressure from the inlet stagna-
tion pressure to the target outlet static pressure was imposed during the
first 200 iterations. After completing 1000 iterations using the first-order
scheme, the simulation was restarted with the JST convective scheme
in order to converge to a second-order accurate solution.

The thermodynamic state of the fluid was calculated by the EEoS in
SU2 using the PINN and MTNN models, referred to as EEoS-PINN and
EE0S-MTNN in the following. The convergence rate, computational cost,
and numerical solution obtained with both approaches were compared
with those obtained by using the reference HEoS through an external
thermodynamic library and the built-in Peng-Robinson cubic equation
of state (CEo0S).

4. Results

The accuracy and computational cost of the flow simulation within
the ORCHID linear cascade obtained with the EEoS-PINN, the EEoS-
MTNN and the HEoS were compared.

From left to right, the contours of the temperature and Mach num-
ber calculated with the HEoS, EEoS-PINN, and EEoS-MTNN models are
shown in Fig. 6. As can be observed, the flow fields computed with
HEoS and EEoS-PINN are qualitatively in agreement. In contrast, the
flow fields of temperature and Mach number obtained with the EEoS-
MTNN model show non-physical characteristics in the so-called base
region near the trailing edge of the blade. The cause of such issue was
initially attributed to a discontinuity in the thermodynamic state vari-
ables, as the continuity of output of the MTNNs was not enforced at
p = 10.0kgm=3. However, it did not turn out to be the root cause of
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Fig. 4. ORCHID linear cascade domain boundaries and trailing edge mesh topology.
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Fig. 5. Fluid thermodynamic diagram of syloxane MM with boundary condi-
tions.

the divergence, as the fluid density in this region is significantly lower
(p ~ 2.5kgm=3), and no discontinuities in the thermodynamic state were
observed in the solution where p = 10.0kgm~3. By closer inspection of
the results, it was found that the fluid thermodynamic state in the base
region is such that the flow behaves as an ideal gas (Z > 0.95), where the
magnitudes of the Jacobian and Hessian of the entropy potential vary
significantly, making it very difficult for MTNN to accurately evaluate
these properties, as was also found in [9].

The convergence trends of the simulations are shown on the left side
of Fig. 7 in terms of density residuals for the four thermodynamic mod-
els. The flow solutions obtained with the HEoS, CEoS, and EE0S-PINN
converged at approximately the same rate, while the calculations di-
verged when the EEoS-MTNN was used.

The evolution of the adaptive CFL number shown on the right side
of Fig. 7 indicates the robustness of the numerical simulation. The sim-

Table 5
Measured, average iteration time and speed-up for each fluid
model.
HEoS EEoS-MTNN EE0S-PINN CEoS
Taygl5] 5.16e-02 3.64e-02 2.01e-02 7.24e-03
O(o)[s] 10-° 1073 10-¢ 1073
fue/fogtpes 1 7.05e-01 3.89¢-01 1.40e-01

ulations performed with the HEoS and EEoS-PINN yielded an average
CFL number of around 30, and the trends of the adaptive CFL almost
completely overlap.

Although the flow solutions of the HEoS, CEoS, and EE0oS-PINN fluid
models converged at a similar rate, there was a significant difference
among the fluid models in terms of computational cost. Table 5 lists the
CPU time (t,,,), averaged over the last 500 iterations for each flow sim-
ulation and the speed-up with respect to the simulation performed with
the HEoS fluid model. As expected, the flow simulations performed with
the EEoS-MTNN and EEoS-PINN models were found to be less expen-
sive than those carried out with the reference HEoS model. Specifically,
the cost of the EEoS-PINN simulation was about 2.6 times lower, while
that of the EEoS-MTNN was only 1.3 times lower. The computational
cost was found to be about 7.1 and 2.8 times lower than that achieved
with the HEoS and EEoS-PINN models. This discrepancy in the compu-
tational cost between the CEoS and EEoS-PINN model was due to the
higher number of arithmetic operations required to evaluate the prop-
erties by the data-driven model. As the computational cost of the PINN
scales quadratically with the number of nodes in the hidden layers of
the network, the computational cost of the EEoS-PINN model may be
reduced by optimizing the hidden layer architecture of the network.

The accuracy of the flow solution obtained using EEoS-PINN was
subsequently assessed. The normalized static pressure, p/p, 1, and the
normalized static temperature, T /T, 1, along the blade surface and
outlet boundaries are illustrated in Fig. 8 and Fig. 9. The Mach num-
ber distribution at the outlet boundary for the three converged
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Fig. 6. Solutions for Mach number (top) and temperature (bottom) of the numerical simulation of the ORCHID linear cascade obtained with the HEoS fluid model

(left), the EE0S-PINN fluid model (middle), and the EEoS-MTNN fluid model (right).
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Fig. 7. Density residual and average CFL number for HEoS and EEoS simula-
tions of the ORCHID linear cascade.

simulations is reported in Fig. 10, where
the normalized axial and pitch-wise
coordinates are defined as

=X = (30)

.’ y =

where ¢, and Ay are defined as the blade axial chord length (3.0 x 10~2m)
and tangential blade pitch (4.5 x 10~2m).
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Fig. 8. Normalized static pressure along the blade surface according to the sim-
ulation results obtained with the HEoS, CEoS, and EEoS-PINN models.

As shown in Fig. 10, the pitchwise location and strength of the shock
waves forming at the blade trailing edge and the wake are accurately
captured by the flow solution calculated with the EEoS-PINN model.
The most notable difference between the HEoS and EEoS-PINN simula-
tion results was a nearly constant, albeit small, offset in the static tem-
perature distributions on the blade surface and at the outlet boundary.
The mean, absolute relative percentage error values of the pressure and
temperature along the blade surface and outlet for the EEoS-PINN and



E. Bunschoten et al.

1.004 Outlet
1.00
0.994 )
1075
5 0.985
= 0.50 "=
—~
&~ 0.975
0.25
0.965
L]
0.00
0.956 -
0.00 025 0.50 0.75 1.00 0.909 0.914 0920 0.925

i T/T et
—— HEoS - CEoS EEoS—PH\'NI

Fig. 9. Normalized static temperature distribution along the blade surface and
the outlet boundary according to the simulation results obtained with the HEoS,
CEoS, and EEoS-PINN models.
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Fig. 10. Pitchwise distribution of the Mach number along the outlet boundary
computed with three EoS models.

Table 6
Root-mean-square relative percentage error between CoolProp and
EE0S-PINN and CEoS along boundaries.

State variable Blade (EE0S-PINN/CEo0S) Outlet (EE0S-PINN/CEoS)

P 1.745e-1 / 5.142e-1 8.803e-2 / 3.867e-1
T 2.495e-1 / 1.119%e-1 2.828e-1 / 2.474e-1
M -/- 4.573e-2 / 2.914e-1

CEoS models are reported in Table 6. While from Fig. 9 it appears that
the deviation in terms of the temperature is much higher than that of
the pressure, the relative differences are very similar.

Given that the ultimate goal of NICFD simulations based on EEoS-
PINN is to reduce the cost of automated design optimization methods
for turbomachinery applications, it is crucial that the values of the loss
coefficient ¢, the mass flow averaged outlet flow angle ag, . and the
mass flux per unit span s are calculated accurately. ¢ was defined as

7O 111(30 111_3111)
Z:: utle utlel niel , (31)

L2
7 lul

where T oy1et> Soutlets Stiet are the mass flow averaged outlet static tem-
perature, outlet entropy, and inlet entropy. According to the values
listed in Table 7, the performance metrics obtained with the EEoS-PINN
model deviate by less than 1 % relative to those calculated with the HEoS
model.
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Table 7

Loss coefficient (¢), outlet flow angle (g, ), and mass flux (1) according
to the solutions obtained by HEoS, EE0S-PINN, and CEoS. The error values
(e) are taken with respect to the HEoS value.

HEoS EE0S-PINN(¢[%]) CE0S(e[%])
<=1 3.2386e-02  3.2308e-02 (2.4e-1)  3.2160e-02 (7.0e-1)
tounel] 75.38 75.36 (2.10e-2) 75.284 (1.24e-1)
mkgm~'s~!]  2.916e+01  2.926e+01 (3.38¢-1)  2.925e+01 (2.87¢-1)

4.1. Further analysis on the accuracy of the EEoS-MTNN and EEoS-PINN
models

In Section 4, it was reported that the flow simulation did not con-
verge when adopting the EEoS-MTNN model.

It was hypothesized that the nonphysical behavior of the solution
shown in the third column of Fig. 6 was due to the model not guaran-
teeing thermodynamic consistency. Therefore, a more in-depth investi-
gation was conducted by comparing the accuracy and thermodynamic
consistency of the EEoS-MTNN and EEoS-PINN models.

The accuracy in the calculation of the thermodynamic properties
with the two EEoS models was assessed in terms of mean absolute per-
centage error ¢p against the property values obtained with the refer-
ence HEoS model. The density and internal energy were extracted from
the flow solution calculated with the HEoS and used as independent
variables to compute the fluid properties with the EEoS-MTNN and
EE0S-PINN models. The resulting deviations for various primary and
secondary properties are shown in Fig. 11.

It can be observed from Fig. 11 that nearly all thermodynamic state
quantities are more accurately evaluated by the EEoS-MTNN model
compared to the EEoS-PINN model. This observation is consistent with
the lower validation losses of the MTNNs during training, as shown in
Fig. 2.

Although the EEoS-MTNN model was more precise, the EEoS-PINN
model was found to be significantly more consistent. The thermody-
namic consistency of the fluid property models was quantified by cal-
culating the mean absolute percentage error between the values of the
derivatives of pressure and temperature according to Egs. (9)—(12) and
those obtained by finite differences (FD) along the streamline data. This
deviation, referred to as the consistency error ¢, for a generic thermo-
dynamic property O, was defined as

1 N JQ

_ 1 EoS FD

where

0 | (0.0)

Jeos = (33)
e)

and

O(p+Ap.e)—0(p—Ap.e)

0 24,

Jep = ’ 34

FD | 0(p.et+re)-0(p.e—Ae) 34
2Ae

where the increments in density Ap and internal energy Ae were set to
1 x 1073 of their respective values. The values of e according to the
EE0S-PINN and EEoS-MTNN models are shown side-by-side on the bot-
tom figure of Fig. 11 for several secondary thermodynamic terms.
Given that the consistency error values are significantly lower for
the EEoS-PINN model, it can be concluded from Fig. 11 that physics-
informed neural networks allow us to derive fundamental relations from
the same initial data set that significantly improve thermodynamic con-
sistency. The benefits are largely evident from the CFD study that was
conducted. An analogous conclusion was drawn by Rosenberger [10],



E. Bunschoten et al.

Computers and Fluids 306 (2026) 106932

Prediction and consistency error according to EEoS-MTNN and EEoS-PINN
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Fig. 11. Mean absolute percentage error of the thermodynamic state quantities according to EEoS-MTNN and EEoS-PINN (top) and consistency error (bottom) with

respect to HEoS streamline data.

who compared the Jacobian terms obtained from a data-driven model
in Helmholtz free energy form, using both MTNN and PINN.

5. Conclusions

A data-driven method for calculating the properties of pure fluids
and mixtures of fixed composition in the nonideal thermodynamic re-
gion has been documented. The method enables the implementation of
fundamental thermodynamic equations based on the entropy potential
using physics-informed neural networks. The resulting model was im-
plemented in the open-source CFD software SU2 for NICFD simulations.
The method is inherently consistent, and higher accuracy is achieved
through the solution of an optimization problem in which the differ-
ence between the property values calculated with a thermodynamic li-
brary and those calculated by the thermodynamic model is minimized.
Method verification was carried out by simulating the turbulent flow of
siloxane MM in the highly nonideal thermodynamic state through a two-
dimensional turbine cascade and comparing the simulation results to
those obtained with the reference Helmholtz equation of state and with
the Peng-Robinson cubic equation of state models. It was found that the
data-driven equation of state model provides highly accurate solutions,
that the flow solver robustness was not affected, and that the use of the
data-driven model requires about 60 % less computational time than the
time needed to run the simulation with the Helmholtz equation of state
from the external thermodynamic library CoolProp. However, the cost
of the simulation with the data-driven model is nearly three times higher
than that required when using the Peng-Robinson model.

An additional flow calculation was performed in which the thermo-
dynamic properties were calculated using the data-fitting approach. De-

spite the high accuracy of this method, the simulation diverged because
of the inconsistency of the thermodynamic model. This highlights the
importance of thermodynamic consistency of data-driven fluid models
used in CFD.

Future work will be devoted to the application of the data-driven
model in the context of adjoint-based shape optimization of turboma-
chinery components operating with nonideal compressible flows and
improving the computational efficiency and accuracy of the method
through optimization of the network hyper-parameters.
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Supplemental material

The EE0S-PINN fluid model was implemented in the open source CFD
suite SU2 version 8.1.0. The fluid data were generated and the artificial
neural networks were trained using SU2 DataMiner.! Step-by-step in-
structions on how to reproduce the results presented in this manuscript

1 https://github.com/Propulsion-Power-TU-Delft/SU2_DataMiner
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