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Advanced Design of a Transition
Duct for Supersonic Inlet Turbines
in Rotating Detonation Engines
A supersonic inlet turbine can extract substantial energy from the highly fluctuating and
transonic flow delivered by a rotating detonation combustor (RDC). However, a transition
duct is necessary to achieve the supersonic inlet conditions required by the turbine. In this
work, the supersonic transition duct is designed with the method of characteristics (MOC).
A generalized implementation of the MOC is proposed for the generation of annular ducts
with asymmetric and rotated hub and shroud walls. The model is extended to deal with ideal
and non-ideal flows, namely flows characterized by non-ideal thermodynamic effects, and
its accuracy has been verified through comparison with results obtained with computational
fluid dynamics (CFD) simulations. In addition, boundary layer flow equations are combined
with the MOC to predict viscous losses on the endwalls and to adjust duct geometry by
accounting for the boundary layer thickness. Furthermore, it is essential to predict the
effects of the large unsteadiness generated by the detonation combustor for an efficient
operation of the turbine. The maximum incidence angle at the turbine inlet is predicted
with a one-dimensional annular duct model. Supersonic duct flow behavior to unsteady
inlet conditions is characterized through two-dimensional inviscid axisymmetric unsteady
CFD simulations. The accuracy of the reduced order models is finally verified with a
three-dimensional unsteady viscous simulation assuming inlet flow conditions representa-
tive of RDC operation. [DOI: 10.1115/1.4067242]

Keywords: rotating detonation engine, supersonic transition duct, method of
characteristics, reduced-order models

1 Introduction
A detonation wave rotates and burns the fresh mixture injected

in a rotating detonation combustor (RDC) [1]. The rotating
detonation engine (RDE), a gas turbine integrated with the RDC,
offers several advantages, including reduced fuel consumption
[2,3], a rise in total pressure [4], and increased thermal plant effi-
ciency [5]. Moreover, the operational flexibility of RDEs and
their compatibility with various fuels, including hydrogen [6],
emphasize their potential in the evolving energy landscape of the
coming decades, which anticipates a substantial integration of
renewable but non-schedulable technologies into the overall
energy mix [7]. Anand and Gutmark [6], Ma et al. [8], and
Raman et al. [9] have provided a comprehensive overview of the
challenges surrounding the physics of RDCs, shedding light on
the complexity of this innovative technology.
The flow delivered by an RDC is transonic and highly fluctuating

[10]. These flow conditions are critical when integrating the combus-
tion chamber with a subsonic or a supersonic turbine. In a subsonic
turbine, the flow turning is notably limited due to choking at high
subsonic inlet Mach numbers [11]. Meanwhile, the design of a

supersonic turbine is constrained by Kantrowitz unstarting [12], col-
lective shock unstarting [13], and unique incidence [14], where the
severity of each of these constraints is more pronounced at low
supersonic inlet Mach numbers. Hence, the architecture of an RDE
necessitates a diffusing or accelerating transition duct to couple the
RDCwith the high-pressure turbine. This work focuses on the super-
sonic configuration of a rotating detonation engine.
The mean-line design of supersonic axial inlet turbines for RDEs

has been detailed by Paniagua et al. [15] and by Mushtaq et al. [16].
Inhestern et al. [17] have presented the alternative option of a super-
sonic radial outflow turbine to exploit the natural increase of cross
section along the flow path. Various optimization procedures have
been developed to improve the different elements of a supersonic
turbine: Sousa and Paniagua [18] optimized the profile of the super-
sonic blade, while Mushtaq et al. proposed methodologies for
cascade solidity [16] and endwall shape optimization [19]. Sousa
et al. [20] examined the performance of supersonic passages
when operating with pulsating inlet conditions, while Mushtaq
and Gaetani [21] investigated the effect of upstream unsteadiness
on the unstarting phenomena of these machines. Supersonic
turbine interaction with the RDC has been investigated numerically
by Sousa et al. [20], Braun et al. [22], Shen et al. [23], and Su et al.
[24], and experimentally by Bach et al. [25].
Over the past decade, various accelerating or diffusing transition

duct designs have been evaluated for RDE-based applications.
Braun et al. explored five different nozzle shapes and compared
their performance in terms of pressure gain loss [26]. Their findings
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indicate that for supersonic flows smooth diverging nozzles are the
most effective in attenuating the fluctuations with a reasonable
increase in flow momentum [27], and the total pressure losses of
an accelerating passage are almost half compared to a diffusing
passage [28]. Experiments by Nakata et al. [29,30] demonstrate
that a supersonic flow condition can be achieved without a geomet-
rically converging section because thermal choking is almost
instantaneously achieved thanks to the huge amount of heat released
by the detonation combustion. Furthermore, Sun et al. [31]
observed that outlet nozzles could influence wave collisions
within the combustor, but the fundamental propagation process
remained similar to the case without the nozzle.
Most research on the transition duct has approached the problem

from an analysis point of view: the focus of the researchers was the
aerodynamic study of the flow in the channel, while simple and non-
optimal strategies were adopted for the design of the nozzle. The
proper design of the duct can therefore lead to improved perfor-
mance of the engine. Designing supersonic transition ducts requires
however ad hoc methods for treating unsteady supersonic flows. To
this end, the availability of reduced-order models for predicting
and mitigating the impact of unsteadiness and viscous dissipation
on performance at low cost is crucial. This work aims to fill the
existing knowledge gap in the literature by proposing a novel
design methodology for supersonic transition ducts. The developed
methodology encompasses computationally efficient reduced-order
models, whose accuracy is verified against the results of unsteady
Reynolds-averaged Navier–Stokes.
The structure of this paper is as follows. Section 2 describes the

computational flow model employed for the various computational
fluid dynamics (CFD) simulations carried out throughout this work.
A generalized formulation of the method of characteristics for
rotated annular asymmetric ducts is presented in Sec. 3. The meth-
odology is developed to accommodate fluids with properties
defined by an arbitrary equation of state model. The method to
compute viscous dissipation is documented in Sec. 4. A one-
dimensional annular duct model to estimate the amplitude of the
outlet flow angle fluctuations is presented in Sec. 5. Moreover,
Sec. 5 reports on the results of the study of the response of the super-
sonic channel to unsteady inlet conditions, performed with two-
dimensional inviscid axisymmetric unsteady CFD simulations.
Results obtained with three-dimensional unsteady viscous simula-
tion of the flow within the transition duct assuming inlet conditions
representative of RDC engines are finally illustrated.

2 Computational Flow Model
The flow in the transition duct was studied with axisymmetric

two-dimensional and three-dimensional computational fluid
dynamic simulations. All the computations were carried out with
the implicit pressure-based coupled solver of ANSYS FLUENT [32].
The advection terms were discretized with the QUICK scheme
[33], and a second-order bounded implicit integration was
employed for temporal discretization. Gradients were determined
with the least squares cell-based method, and the pressure was inter-
polated on the faces with a second-order scheme. For the viscous
simulations, turbulence closure was achieved with the k − ω shear
stress transport model [34], ensuring that y+ was maintained
below 1 for accurate boundary layer resolution on the walls.
Total pressure, total temperature, and static pressure (this last

input is considered by the solver only for supersonic inlet condi-
tions) were assigned at the inlet. At the outlet, only the static pres-
sure was specified. Adiabatic free-slip and no-slip boundary
conditions were set on the hub and shroud walls for inviscid and
viscous simulations. The computational costs of the 3D simulation
(Sec. 5) were mitigated by considering a 90 deg tangential extension
of the domain complemented with periodic boundary conditions on
the lateral faces.
Convergence was achieved when the residuals were below 10−6

at each time-step (or the final step for a steady-state simulation).

Unsteady simulations with periodic inlet conditions were discre-
tized with 240 time-steps per period: the number of steps was
selected to accurately reproduce the profile in time of the inlet con-
ditions and to capture all relevant frequencies according to the
Whittaker–Shannon sampling theorem [35]. Periodic convergence
was evaluated with Clark’s methodology [36]. The selected fuzzy
sets compare consecutive periods in terms of the time-mean
values, the amplitude, and the phase of the fundamental harmonic
of the discrete Fourier transform, the cross-correlation coefficients
at zero lag, and the fraction of overall signal power at frequencies
of interest. Periodic convergence is achieved when the overall
fuzzy convergence level, calculated as the minimum between all
the fuzzy sets, exceeds 0.95 for two consecutive cycles.
Structured grids with hexahedral cells were generated by ANSYS

ICEM. The mesh independence analysis was carried out with the
grid convergence index method [37]. For 2D axisymmetric simula-
tions (one cell in the tangential direction), mesh grids comprising 11
k, 45 k, and 181 k cells were assessed. The medium mesh satisfied
the independence criteria, as indicated by a grid convergence index
from fine to medium mesh of 0.0014%, calculated based on the
outlet Mach number. The 3D mesh was generated by revolving
the 2D axisymmetric mesh of 90 deg while maintaining the same
cell size of the meridional plane; the final 3D mesh is composed
of 18.5 million cells.
Both ideal and non-ideal flows were simulated in the transition

duct. For ideal flows, NASA polynomials were employed to con-
sider the variation of the thermodynamic properties (specific heat,
enthalpy, and entropy) with temperature [38]. Furthermore, the
variation of the viscosity and thermal conductivity with tempera-
ture was modeled with the Sutherland law [39]. For non-ideal
flows, thermodynamic look-up tables were built through the
NIST REFPROP database [40], which offers dedicated correla-
tions for transport properties. The accuracy of ANSYS FLUENT’s
flow solver in reproducing the characteristics of both supersonic
and non-ideal flows is displayed by several examples in literature
[24,41].

3 Method of Characteristics for Rotated Annular
Asymmetric Ducts With Ideal and Non-Ideal Flows
The quasi-one-dimensional flow theory relates the Mach number

and the thermodynamic quantities in the function of the local area
ratio A/A∗ [42]. However, this theory does not provide the
optimal contour of the duct nor it considers the two-dimensionality
of the flow. The method of characteristics overcomes these limita-
tions by offering an efficient methodology to profile supersonic
nozzles.
The method of characteristics (MOC) is a numerical technique

for solving hyperbolic partial differential equations [43]. For
steady, inviscid, two-dimensional (planar or axisymmetric), irrota-
tional supersonic flows, which inherently exhibit hyperbolic gov-
erning equations, MOC proves to be a suitable solution method.
Within the MOC framework, the governing partial differential
equations are reformulated as ordinary differential equations
along specific curves: these curves and the associated equations
are respectively known as characteristic lines and compatibility
equations. Further insights into MOC for supersonic flows can be
found in the comprehensive work of Zucrow and Hoffman [43],
while here only the final expressions of the characteristic lines’
slope (Eq. (1)) and the compatibility equations (Eq. (2)) are
reported.

dy
dx

( )
±
= λ± = tan(ϕ ± θ) (1)

(V2
x − a2) dVx,± + [2VxVy − (V2

x − a2)λ±] dVy,± −
a2Vy

y
dx± = 0

(2)
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Recent advancements in the implementation of the MOC have
been demonstrated by Zocca et al. [44] for planar asymmetric
nozzles with non-ideal flows, and by Flock and Gulhan [45] for axi-
symmetric nozzles featuring a constant-radius center body and with
the perfect gas model. Within this work, a more general implemen-
tation of the MOC for annular asymmetric ducts rotated at an angle
β with respect to the axis of symmetry and operating with flows of
fluids whose properties are described by an arbitrary equation of
state model is developed. The advantages of incorporating rotated
channels are explained in Sec. 5; additionally, it is worth noting
that implementing non-ideal flows is not mandatory for RDEs,
but it is highly recommended to consider at least an ideal gas
model to account for fluid property variations with temperature .
Thermodynamic properties in both ideal and non-ideal flow cases
are computed through the REFPROP library [40].
To initialize the solution process, three inputs are required: the

flow conditions specified on an initial-value line (Sec. 3.1), the
shape of the hub wall, and the shape of the shroud wall in
the throat (Fig. 1). Then, the characteristic net is laid out and the
correct unit process (interior point, wall point, or axis point) is
applied at each intersection; the characteristic lines and the compat-
ibility equations are solved simultaneously with the modified Euler
predictor-corrector algorithm [46].
The characteristic net can be divided into three distinct regions:

initial region, kernel region, and turning region. In the initial
region, the characteristic lines are expanded to reach the hub wall.
In the kernel region, the expansion process continues between the
two walls until the desired outlet Mach number is attained on
the hub. Finally, the expansion process is completed in the turning
region to reach completely uniform conditions at the outlet. Further-
more, the shape of the shroud wall in the turning region is generated
by the MOC by applying the continuity equation. It is worth
noting that the performance of MOC-generated geometries is typi-
cally already satisfactory without the necessity of further optimiza-
tions because the profile originates directly from the governing
equations.

3.1 Initial Line and Method of Characteristics
Verification. The common initialization approach through
Sauer’s formulation [47] is not suitable since it assumes that the
main flow direction is parallel to the axis of symmetry (not true
for the rotated channels). Dutton and Addy [48] developed a
numerically efficient and accurate method to describe the flow in

the throat of rotated annular supersonic nozzles. First, the governing
equations are simplified under the assumptions of a steady, inviscid,
irrotational flow of a perfect gas. Then, the equations are solved
with the series expansion technique, introducing transonic perturba-
tion velocity components (ṽx and ṽy). The resulting equations for the
transonic flow in the throat are presented in Eq. (3).

vx = Vx
a∗ cos( β) +

Vy

a∗ sin( β)

vy = − Vx
a∗ sin( β) +

Vy

a∗ cos( β)
vx = 1 + ṽx = 1 + vx,1ϵ + vx,2ε2 + vx,3ε3

vy = ṽy =
γ+1
2

( )1/2
(vy,1ϵ + vy,2ε2 + vy,3ε3)

ε = h
′′∗−g′′∗

2+η(h′′∗−g′′∗)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(3)

(vx,1, vy,1), (vx,2, vy,2), and (vx,3, vy,3) are respectively the first,
second, and third-order solutions of the governing equations.
Since 136 intermediate polynomial expressions are necessary for
the computation of the velocity components, the complete solution
is omitted here for the sake of brevity; interested readers can retrieve
it in the appendix of the original report [49]. The geometrical data
required for the application of this methodology are all related
to the throat: the size of the throat, the inclination angle of the
throat β, the first-order (h′∗, g′∗) and the second-order derivatives
(h′′∗, g′′∗) of the hub and shroud wall in their respective throat
points. In the method developed in this work, the derivatives have
been calculated using a fourth-order central difference scheme.
The primary limitation of the previously described methodology

lies in its assumption of a perfect gas. In an ideal gas, the isentropic
coefficient γ varies with the temperature. Nevertheless, in a narrow
transonic region around the throat, the variation of the isentropic
coefficient is limited. Consequently, Dutton’s methodology can be
applied to an ideal gas by computing the isentropic coefficient at
sonic conditions.
Conversely, three different isentropic exponents (γ pv, γTv, γ pT )

exist for non-ideal flows [10]. Wintenberger and Shepherd [3]
addressed this issue by introducing the fundamental derivative of
gas dynamics Γ in the derivation of Sauer’s equation. However,
this approach becomes impractical due to the extensive algebraic
manipulations involved in Dutton’s derivation. It is relevant to
observe that in the derivation process, the perfect gas hypothesis
is employed through the well-known closed-form isentropic flow
relations. Nederstigt and Pecnik [50] demonstrated that these rela-
tions also hold for non-ideal flows with γ pv, if γ pv is constant.
This observation holds significance as most transonic flow theories

Fig. 1 Characteristic lines in a rotated annular asymmetric duct. From light to dark colors
(varying grey scale in print), the characteristic lines are divided respectively into the initial
region, kernel region, and turning region. The dotted line is the MOC-generated profile of
the shroud wall.
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are developed by employing the small perturbation technique
around the throat and by assuming a perfect gas model. Hence,
Dutton’s and all similar methodologies can be extended to non-ideal
flows by simply substituting the isentropic exponent γ with γ pv
(Eq. (4)).

γ pv = −
v

p

cp
cv

∂p
∂v

( )
T

(4)

The implemented initialization method has been verified with
nitrogen (ideal flow) and Siloxane MDM with a total compressibil-
ity factor Z equal to 0.65, i.e., a flow in non-ideal thermodynamic
conditions. In Figs. 2(a) and 2(b), Mach number isolines predicted
by the expansion technique are compared with the flow field
obtained from 2D inviscid axisymmetric CFD simulations. The
agreement between the analytic prediction and the CFD is excellent
in both cases in the vicinity of the throat. In the ideal case, the pre-
diction remains acceptable even up to Mach 1.3, owing to the
limited variation of the isentropic coefficient. In the non-ideal
case, the accuracy reduces as we move further from the throat
because γ pv changes significantly along the expansion process.
Once the flow in the transonic region has been generated, the

initial line is built by connecting with a parabolic curve the points
on the hub and shroud corresponding to the user-selected super-
sonic Mach numbers. It is recommended to avoid highly curved
shapes for the initial line since it may lead to a characteristic line
intersection upstream of the initial line itself. The maximum error
between the Mach number predicted by Dutton and the one
extracted from CFD along the initial lines displayed in Fig. 2 is
0.10% for nitrogen and 0.93% for MDM.
After completing the construction of the initial line, the annular

rotated nozzle shape is generated with the downstream marching
procedure of the MOC described in Sec. 3. The complete imple-
mentation of the method of characteristics has undergone verifica-
tion for both ideal and non-ideal flows. For brevity, a single case
encapsulating all MOC options within our implementation is pre-
sented here. The working fluid is Siloxane MDM, with a total pres-
sure of 9.02 bar, a total temperature of 269 °C, and a total
compressibility factor of 0.65 (reference conditions taken from
Spinelli et al. [51]). The throat section has an inclination angle β
of 25 deg with respect to the axis of symmetry, and the radius of
the circular arc at the hub is twice the radius of the circular arc at
the shroud (asymmetric duct). The outlet Mach number selected
as input for the MOC is 2, and the converging section (Fig. 3) is
generated with a parabolic increase of the Mach number from 0.3
at the inlet to sonic conditions ). Figure 3 displays a comparison
between the Mach number isolines predicted by the MOC and the
results of a 2D inviscid axisymmetric CFD simulation. The excel-
lent agreement between the two proves the correct implementation
of the methodology and showcases the ability of the MOC to

generate rotated asymmetric annular ducts that discharge the flow
with the desired outlet Mach number.

3.2 Method of Characteristics Application for the Design of
Supersonic Transition Duct for Rotating Detonation Engines.
Supersonic outlet conditions were achieved experimentally by
Nakata et al. [30] with a purely diverging nozzle because choking
was induced by the very large heat released by the detonation com-
bustion in a limited space. Therefore, it is not necessary to include a
geometrically converging section in the design of supersonic transi-
tion ducts for RDEs. However, the method of characteristics
requires accurate flow conditions on an initial line. To cope with
these two requirements, a straight duct is adopted as the initial
part of the transition duct (or the terminal part of the combustor).
This expedient ensures that, even though the precise location of
the thermal choking is unknown, sonic conditions are guaranteed
at the inlet of the diverging section.
The combustion products are computed using the NASA-CEA soft-

ware in detonation mode [52] and they are treated as an ideal gas. A
total pressure of 15 bar, a total temperature of 2340K, and a mass
flowrate of 100 kg/s are selected considering typical quantities for
RDEs and high-pressure turbines [5,8,15,26,28,31]. In the baseline
geometry, the inclination angle β of the throat is set to 0 deg, and a
constant radius of 0.345m is assigned to the hub. The shroud radius
is determined through mass flowrate conservation, while the shroud
profile at the throat is a circle with a radius identical to that of the
hub (Fig. 4). The Mach number selected as the outlet condition of
the transition duct is 2 (this choice will be justified in Sec. 5).
Dutton’s methodology, akin to other similar techniques, is based

on the underlying assumption that the flow is continuously accel-
erating from the converging section to the diverging one.

Fig. 2 Comparison between the Mach number isolines predicted with Dutton’s expansion technique and the flow field obtained
from inviscid 2D axisymmetric CFD simulations with (a) nitrogen and (b) siloxane MDM

Fig. 3 Comparison between the Mach number isolines pre-
dicted by the method of characteristics and the flow field
obtained from an inviscid 2D axisymmetric CFD simulation
with Siloxane MDM.
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However, in the straight region of the duct, the sonic Mach number
remains constant after thermally choking. In addition, the throat is
not geometrically well-defined, as all the sections in the straight
duct can be considered a throat in an inviscid case. These
factors have an impact on the accuracy of Dutton’s methodology,
especially in the section that separates the straight region from the
diverging one. As observed in Sec. 3.1, for an ideal gas, the flow
field predicted by Dutton’s expansion technique maintains accept-
able accuracy up to Mach 1.3. Hence, the Mach number selected
for the initial line is 1.2 to move away from the critical section.
Furthermore, the derivatives at the throat hub and shroud points
are calculated with a third-order right-sided difference scheme to
avoid considering the straight portion of the duct. With these
adjustments, the maximum error between the Mach number pre-
dicted by Dutton and the 2D inviscid axisymmetric simulation
along the initial line is reduced to 0.16%. Finally, Figs. 4(a) and
4(b) provide a comparison between the Mach number isolines pre-
dicted by the analytic methods and the flow field extracted from
the CFD simulation.

4 Viscous Effects in Supersonic Transition Ducts
The profile of the supersonic transition duct was generated with

the inviscid MOC, and the flow evolution within the channel was
verified with inviscid CFD simulations (Sec. 3). To consider the
influence of boundary layers, a viscous 2D axisymmetric simulation
has been performed on the same geometry (Fig. 6). The Mach
number isolines exhibit downstream shifting because of the bound-
ary layer growth; however, the overall impact of boundary layers on
the flow field is relatively modest.
In a design-oriented approach, it is valuable to provide an accu-

rate estimate of the losses. The main source of loss generation in the
transition duct arises from viscous dissipation within the hub and
shroud boundary layers. An additional source of entropy production
is the mixing of the highly non-uniform flow introduced by the
combustor. In this work, the entropy produced by the mixing of
the non-uniformities generated by the combustor is not attributed
to the transition duct, following the mixed-out flow approach
[53]. On the other hand, the supersonic channel is responsible for
amplifying the non-uniformities at the inlet or for generating new
ones. However, this contribution is deemed negligible compared
to the viscous dissipation resulting from extremely high velocities.
The entropy production is calculated with Eq. (5), proposed by

Denton [54] and specifically derived for axisymmetric geometries.
ρ fs, Vfs, T fs are the freestream quantities obtained from the MOC
results, while Cd stands for the entropy dissipation coefficient.

Δs =
2π
ṁ

∫xoutlet
xinlet

Cd(x)ρ fs(x)
V3

fs(x)

T fs(x)
y(x)

����������
y′2(x) + 1

√
dx (5)

Typically, the dissipation coefficient is determined using Eq. (6)
developed by Moore and Moore [55], after calculating the momen-
tum thickness with the correlations presented by Stratford and
Beavers for compressible turbulent boundary layers [56]. The
total entropy production predicted through Eqs. (5) and (6) is
18.82 J/(kg K), which is 31.2% higher than the entropy rise
extracted from the CFD simulation (14.34 J/(kg K)). This difference
can be explained by the observation that correlations for the
dissipation coefficient tend to overpredict the losses when applied
to accelerating flows [54].

Cd = 0.0056Re−1/6θ (6)

To overcome the limit of applicability of traditional correlations,
the boundary layer quantities are determined by coupling the
in-house boundary-layer code BLnI with the MOC. The algebraic
zero-equation eddy viscosity model by Cebeci and Smith [57] is
employed for turbulence closure, and the thermo-physical fluid
properties are computed through the REFPROP library [40].
Since the boundary layer code has been developed in previous
works, a comprehensive description is omitted here, but the
reader can find a detailed presentation in Ref. [58].
As displayed in Fig. 5, the dissipation coefficient computed by

the boundary layer code is notably smaller than the value obtained
with Truckenbodt’s correlations. The entropy production estimated
with the updated value of Cd is 14.81 J/(kgK), which is 3.2% higher
than CFD. This variation can be partially explained by the different
turbulent models employed in CFD and BLnI.
Since the pressure gain is one of the main advantages of rotating

detonation combustors, it is relevant to also quantify the percentage
of pressure gain lost within the supersonic transition duct. Total
pressure losses are evaluated with Eq. (7), which is a standard def-
inition applied for ducts [59]. The outlet total pressure is determined

Fig. 4 Comparison between the Mach number isolines predicted by the analytic methods ((a) Dutton’s expansion technique
and (b) method of characteristics) and the flow field obtained from the 2D inviscid axisymmetric CFD simulation of the super-
sonic transition duct.

Fig. 5 Comparison between the dissipation coefficient Cd esti-
mated with Truckenbodt’s correlations and the values computed
by the boundary layer code.
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by characterizing a mixed-out thermodynamic state, assuming total
enthalpy conservation (adiabatic walls) and the entropy increase
predicted with the boundary layer code. The total pressure loss ξ
calculated with the boundary layer code is 4.20%, which is slightly
higher than the 3.73% value obtained from the viscous steady-state
CFD simulation.

ξ =
pt,in − pt,out

pt,in
(7)

Among other relevant quantities, the boundary layer code pro-
vides also the values of the boundary layer thickness, that can be
used to correct the transition duct profile generated with the inviscid
MOC. Typically, the displacement thickness is selected for correct-
ing the profile of a converging–diverging nozzle; the reason behind
this choice is to maintain the desired mass flowrate by compensating
the boundary layer growth. However, in a transition duct for
RDEs, the mass flowrate does not vary if the effective area is
increased in the diverging portion of the channel because of
thermal choking. Consequently, the hub and shroud profile are dis-
placed by the momentum thickness to obtain the desired Mach
number at the outlet section. Figure 6 illustrates how the agreement
between the Mach number isolines of the viscous CFD simulations
and the MOC is notably improved for the corrected geometry com-
pared to the baseline.
In conclusion, the coupling of the method of characteristics

with a boundary layer code has proven to be effective for accurately
estimating losses and refining the profile without the need for
CFD simulations. These tools are particularly valuable during the
preliminary design phase when multiple designs are under
consideration.

5 Unsteady Effects in Supersonic Transition Ducts
The flow delivered by the rotating detonation combustor is char-

acterized by significant fluctuations across all thermodynamic quan-
tities. Mushtaq et al. [19] observed that the Mach number and inlet
flow angle fluctuations have a large impact on the performance of a
supersonic inlet turbine; supersonic blade entropy production
increases by 60% for a 0.5 Mach number rise over the design
value, and by 40% for 10 deg of incidence angle. Therefore, it is
necessary to implement methodologies capable of predicting the
maximum incidence and the unsteadiness in the Mach number
at the turbine inlet. Furthermore, these methodologies, systemati-
cally applied, are the basis for the development of design guidelines
for transition ducts capable of attenuating these adverse flow
effects.

The maximum incidence angle at the inlet of the turbine is pre-
dicted with a reduced order model (ROM) proposed by Agromayor
et al. [60], based on the assumptions of a one-dimensional
steady-state axisymmetric flow in the meridional direction. The
evolution of the flow angle α, defined with respect to the meridional
direction, is predicted by solving mass, momentum, and energy
equations (Eq. (8)). The input data required to solve the ordinary
differential equations are the geometry of the duct and the boundary
conditions at the inlet section.

Vm
dρ
dm + ρ dVm

dm = ρVm

yb
d(by)
dm

ρVm
dVm
dm + dp

dm = ρV2
z

y sin(ϕ) − 1
2 ρV

2 Cf ,hyh+Cf ,shysh
y

( )
cos(α)
b

ρVm
dVz

dm = − ρVzVm

y sin(ϕ) − 1
2 ρV

2 Cf ,hyh+Cf ,shysh
y

( )
sin(α)
b

ρVm
dp
dm − ρVma2

dρ
dm =

1
2ρV

2(Cf ,hyh+Cf ,shysh)V

b ∂e
∂p

( )
ρ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(8)

The ROM has been applied to both subsonic and supersonic
channels. For the supersonic cases, the duct is generated with the
MOC and the skin friction coefficient Cf is computed by the bound-
ary layer code. For the subsonic cases, a conical annular diffuser
with a 5 deg divergence semi-angle is produced, and the skin fric-
tion coefficient is 0.005 [61]. At the inlet, an axial Mach number
of 1.01 and 0.99 is assigned for supersonic and subsonic cases,
respectively (the system of equations is not invertible for a sonic
axial Mach number [60]). Braun et al. [28] and Nassini et al. [10]
reported fluctuations for the inlet flow angle α on the order of
±25 deg. Since the ROM assumes stationary flow, a conservative
approach is adopted by selecting a steady value of the inlet flow
angle equal to 25 deg for both subsonic and supersonic cases;
hence, the flow angle computed by the ROM at the outlet is repre-
sentative of the maximum flow angle as seen by the turbine.
The relation between the maximum outlet flow angle α and the

outlet Mach number is illustrated in Fig. 7. Starting from the base-
line case with no throat inclination angle β, the stream tubes are
axially stretched or compacted due to flow acceleration or decelera-
tion in the duct. Since the variation of the tangential component of
the velocity is limited to viscous dissipation (the mean radius is
constant for β = 0 deg), the increase of the axial velocity in the
supersonic duct allows a relevant reduction in the maximum
outlet flow angle, thus improving turbine inlet conditions. Con-
versely, flow deceleration in the subsonic channel leads to a signif-
icant increase in the flow angle; these results suggest the importance
of robust optimization of subsonic turbines in RDEs.
The effect of the throat inclination angle β is clarified in Fig. 8,

where two MOC-generated supersonic ducts, each with an outlet

Fig. 6 The Mach fields obtained from the 2D viscous axisymmetric CFD simulations of the
baseline transition duct geometry and the one corrected for the momentum thickness are
compared to the Mach number isolines of the MOC.
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Mach number of 2 but constructed with different inclination angles,
are compared. According to radial equilibrium, in the rotated
channel the increase in the mean radius lowers the tangential com-
ponent of the velocity, which in turn reduces the maximum outlet
flow angle. Specifically, for an outlet Mach number of 2 and an
inclination angle of 30 deg, the maximum outlet flow angle is
diminished by 25% compared to the non-rotated geometry.
However, the effect of β on α is non-linear: relevant reductions
compared to the β = 0 deg case are observed only for Mach
numbers lower than 0.6 or higher than 1.4 (Fig. 7), which aligns
with the range of interest for turbines in RDEs (Sec. 1).

Furthermore, rotated channels provide additional flexibility for the
engine architecture, by reducing the axial size of the machine at
the expense of the radial one (Fig. 8) and by increasing the periph-
eral velocity of the turbine. These benefits justify the importance of
appropriate design methodologies based on MOC for rotated super-
sonic annular ducts.
Two-dimensional axisymmetric inviscid unsteady simulations

have been performed to study and estimate the damping of the fluc-
tuations in the supersonic duct when subjected to time-varying inlet
conditions. The reference geometry has been described in Sec. 3
and corrected for the boundary layer thickness. Inviscid simulations
are considered adequate since Braun et al. [27] observed that Euler
simulations overpredicted the damping in the fluctuations by only
3% compared to URANS.
The inlet Mach number was varied in time with a sinusoidal func-

tion (Eq. (9)). The average Mach number �M was set to 1.35, the
amplitude of the fluctuations A was 0.15 (unsteadiness level
reported by Nassini et al. [10]), and several frequencies f were
tested. The static pressure and static temperature were maintained
constant, while the total quantities changed according to the
Mach number.

M(t) = �M + Asin(2πft) (9)

The Mach number increase and decrease produce compression
and rarefaction waves, propagating as left (Vx − a) and right
running (Vx + a) characteristics (note that these characteristics
refer to the unsteady one-dimensional solution of the governing
equations). The response of the supersonic duct to unsteady inlet
conditions is influenced by two physical effects: the strength of
the pressure waves and their interaction between consecutive
periods. It is well known that rarefaction waves progressively
broaden whereas compression waves progressively coalesce and
tend to form a compression shock [62]. The coalescence of pressure
waves is more pronounced for the high-frequency cases because
smaller periods lead to larger spatial gradients and ultimately stron-
ger pressure waves (Fig. 9).
The intensity of Mach number fluctuations along the channel was

quantified by computing the standard deviation σM in time on ver-
tical monitor lines evenly spaced from inlet to outlet. The motion
and the interaction of the strong pressure waves generated in the
high-frequency cases are responsible for the complex trends of
σM displayed in Fig. 9(a). It is interesting to observe that the
damping of the sinusoidal inlet conditions shows a non-monotonic
relationship with both frequency and axial position. The results can
be summarized based on the definition of the reduced frequency �f

Fig. 7 The trend of themaximum flow angle αwith respect to the
outlet Mach number. The curves are parameterized in function of
the inclination angle β.

Fig. 8 Comparison in terms of flow angle α and tangential veloc-
ity component between a non-rotated and a rotated supersonic
MOC-generated transition duct with an outlet Mach number of 2.

Fig. 9 (a) Trend of the standard deviation of the Mach number σM in time along the channel with a sinusoidal fluctuation of the
inlet Mach number. The cases are classified in three categories: dots for �f <<1, triangles for �f ∼ 1, and diamonds for �f >>1.
(b)–(d) display the spatial density gradient contours for three cases, each of them representative of a category. The motion
and the interaction of the strong pressure waves generated in the high-frequency cases are responsible for the complex
trends of σM.

Journal of Turbomachinery MARCH 2025, Vol. 147 / 031014-7

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/turbom

achinery/article-pdf/147/3/031014/7417824/turbo_147_3_031014.pdf by Bibliotheek Tu D
elft user on 24 D

ecem
ber 2024



(Eq. (10)).

�f =
f

Vx−in

Lx

(10)

For �f < <1 (Fig. 9(b)), a quasi-steady behavior is observed
within the channel: the pressure waves are weak, and the intensity
of the Mach number fluctuations monotonically decrease from
inlet to outlet. For �f ∼ 1 (Fig. 9(c)), stronger pressure waves
form compression shocks. The interaction between consecutive
periods is limited since they are sufficiently far apart. For �f > >1
(Fig. 9(d )), the fluctuations associated to consecutive periods are
considerably closer in space. This proximity allows the interaction
between the strong rarefaction and compression waves generated in
different temporal periods, mitigating the level of unsteadiness of
the Mach number at the outlet of the domain.
If the reduced frequency is significantly lower than 1 or higher

than 1, the damping of the Mach number fluctuations can be conser-
vatively approximated to the quasi-steady value, easily calculated
through two steady-state simulations (Eq. (11)). On the contrary,
if �f ∼ 1, an unsteady simulation is necessary due to the potential
amplification of fluctuations resulting from the interaction
between pressure waves. Ultimately, the development of a
reduced-order model capable of estimating the damping factor

given the frequency of the inlet fluctuation would eliminate the
necessity of performing simulations, even for reduced frequencies
closer to the unitary value.

μ =
ΔMoutlet

ΔMinlet
= 0.46 (11)

Furthermore, these simulations provide valuable information on
the losses generated due to the mixing of the unsteady inlet condi-
tions, while excluding the viscous contribution at the walls. Higher
frequencies generally result in an increased entropy production,
but the most significant finding is that the mixing losses are
nearly two orders of magnitude smaller than viscous losses at
the walls. This justifies the choice of considering only viscous dis-
sipation on the walls in calculating duct losses during the prelim-
inary design phase. It should be noted that two contributions are
not addressed by these simulations: mixing associated with spa-
tially non-uniform inlet conditions and the impact of turbulent
mixing. However, as discussed in Sec. 4, the first contribution
should be attributed to the combustor rather than the downstream
components.
Finally, an unsteady 3D viscous simulation was carried out to

verify the accuracy of the proposed reduced-order models.
RDC-representative inlet conditions were extracted from the large
eddy simulation (LES) carried out by Nassini et al. [10] on the

Fig. 10 (a) Mach field assigned at the inlet of the transition duct in the 3D viscous simulation,
(b) Mach field at the inlet, outlet, and periodic boundaries, along with the density gradient con-
tours on the mean radius surface.

Fig. 11 (a) Line-averaged inlet and outlet Mach numbers along a reference line oriented at a 45deg angle with respect to the
periodic boundary conditions. The dashed line represents the temporal average, and (b) normalized power spectral density
of the inlet and outlet Mach numbers.
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combustor installed at TUBerlin. From the LES simulation, the same
Mach field (Fig. 10(a)) and the same flow angles have been
prescribed, while the non-uniformities in pressure and
temperature have been mapped onto our mean values. Then, the
inlet conditions were placed on a rotating frame of reference with
a rotational speed equal to the detonation wave speed measured by
Nassini (1942m/s).
Despite the coalescence of compression waves in the initial part

of the channel due to the high-frequency content in the inlet condi-
tions, the contour of the Mach number displays that the flow field
appears almost uniform at the outlet section (Fig. 10(b)). For the
characterization of turbine inlet conditions and evaluation of
ROM accuracy, the trend of the Mach number and the flow
angles are extracted along two lines (for the inlet and the outlet)
placed at 45 deg with respect to the periodic boundary conditions.
Figure 11(a) shows that the transonic flow at the inlet is accelerated
and exits the duct at an average outlet Mach number of 2.03. This
demonstrates the ability of MOC-generated ducts to obtain the
desired outlet Mach number even under non-uniform inlet condi-
tions in time and space. Furthermore, the power spectral density
has been calculated for both inlet and outlet Mach numbers
(Fig. 11(b)). The results confirm the findings from inviscid axisym-
metric simulations: low and high reduced frequencies are damped,
while the damping or amplification of the reduced frequencies close
to the unitary value depends on how pressure waves interact. The
flow angles α reduce from inlet to outlet due to flow acceleration;
the difference between the maximum and minimum outlet flow
angle predicted by the 1D model, determined by assigning as
input the maximum and minimum inlet flow angle, and the corre-
sponding values obtained from the CFD simulation is 1.6 deg and
0.14 deg (Fig. 12).
Finally, the total pressure reduction ξ in the channel is 4.49%,

including the losses associated with the mixing of the non-uniform
inlet conditions. The agreement with the reduced-order model
prediction is satisfactory with a deviation of only 0.29%. This
loss value provides a quantification of the share of pressure gain
dissipated within the transition duct. Such information is of
utmost importance for assessing the feasibility of gas turbine archi-
tectures integrating rotating detonation combustors and supersonic
turbines.
In summary, careful consideration should be given to the choice

of the transition duct outlet Mach number to prevent the occurrence
of incidence angles that may compromise turbine performance.
While the frequency content of the RDC outlet flow conditions
depends strongly on the number of detonation waves in the combus-
tor, the reduced frequencies can be effectively modified by increas-
ing or decreasing the length of the channel exploiting the
degrees-of-freedom in the method of characteristics.

6 Conclusions
The supersonic transition duct is a critical component of a rotat-

ing detonation engine featuring a supersonic inlet turbine. While
prior investigations on the topic have considered only simplified
designs of the supersonic nozzle of the turbine, this paper presents
an efficient methodology for the design of the supersonic transition
duct, embedding a reduced-order model for loss quantification. A
simplified method for predicting and mitigating the unsteadiness
in the flow delivered to the turbine is also documented.
The method of characteristics for planar nozzles has been

extended for generating the profile of a rotated annular asymmetric
duct accommodating fluids with properties defined by an arbitrary
equation of state model. The initialization method, based on
Dutton’s expansion technique, has been extended to non-ideal
flows through the isentropic exponent γ pv. The agreement
between the Mach number isolines predicted by the MOC and the
results of 2D inviscid axisymmetric CFD simulations is satisfactory.
Since conventional correlations for the dissipation coefficient are
inadequate for accelerating flows, an accurate estimate of the
viscous entropy production is obtained by coupling a boundary
layer solver with the method of characteristics.
The transition duct outlet flow angle is predicted with a one-

dimensional reduced-order model. Flow angle fluctuations are con-
siderably amplified in decelerating channels, reaching values up to
60 deg when 25 deg is assigned at the inlet; on the contrary, super-
sonic channels reduce the flow angles, thus improving turbine inlet
conditions. The propagation of the inlet fluctuations along the duct
is studied through 2D axisymmetric unsteady CFD simulations. The
response of the supersonic transition duct to unsteady inlet condi-
tions can be summarized as follows: if the reduced frequency is sig-
nificantly lower than 1 or higher than 1, the damping of the Mach
number fluctuations can be conservatively approximated to the
quasi-steady value. Inlet fluctuations with a reduced frequency
near unity are subject to amplification or damping based on the
interaction among the different pressure waves traveling in the
channel. The accuracy of the reduced-order models is verified
through an unsteady 3D viscous simulation of the flow within the
transition duct under RDC-representative inlet conditions.
In summary, the work demonstrated that supersonic transition

ducts whose profile is designed through a generalized MOC supple-
mented by a physics-based reduced-order model for the estimation
of the losses provide nearly uniform flow at the inlet of supersonic
turbines in RDEs. It is therefore envisaged that the developed
design methodology can be used in system-level analyses and opti-
mization studies integrating models of the RDC and the supersonic
inlet turbine.
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Nomenclature
a = speed of sound (m/s)
e = specific energy (J/kg)

Fig. 12 Line-averaged inlet and outlet flow angles α along a ref-
erence line oriented at a 45deg angle with respect to the periodic
boundary conditions. The dashed-dotted line represents the
maximum and minimum outlet flow angle predicted by the 1D
ROM model.
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g = shroud wall contour (m)
h = hub wall contour (m)
p = pressure (Pa)
s = specific entropy (J/(kg K))
v = dimensionless velocity or volume (m3)
A = amplitude of the fluctuation or area (m2)
M = Mach number
T = temperature (K)
V = velocity (m/s)
ṁ = mass flowrate (kg/s)
Cd = entropy dissipation coefficient
Cf = skin friction coefficient

f , �f = frequency and reduced frequency (Hz and –)
Cp, Cv = specific heat at constant pressure and volume (J/(kg K))
x, y, z = axial, radial, and tangential coordinates (m)

α = angle between velocity and meridional velocity (deg)
β = throat inclination angle (deg)
γ = isentropic coefficient
ϵ = expansion parameter
η = parameter in expansion variable
θ = Mach angle or momentum thickness (deg or m)
λ = characteristic line slope
μ = static damping ratio
ξ = total pressure reduction
ρ = density (kg/m3)
ϕ = angle between axial and meridional velocity (deg)

() fs = freestream conditions
()m = meridional component
()∗ = sonic throat conditions

CFD = computational fluid dynamics
MOC = method of characteristics
RDC = rotating detonation combustor
RDE = rotating detonation engine
ROM = reduced order model
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