<]
TUDelft

Delft University of Technology

Reaction-diffusion equations with transport noise and critical superlinear diffusion
Local well-posedness and positivity

Agresti, Antonio; Veraar, Mark

DOI
10.1016/j.jde.2023.05.038

Publication date
2023

Document Version
Final published version

Published in
Journal of Differential Equations

Citation (APA)

Agresti, A., & Veraar, M. (2023). Reaction-diffusion equations with transport noise and critical superlinear
diffusion: Local well-posedness and positivity. Journal of Differential Equations, 368, 247-300.
https://doi.org/10.1016/j.jde.2023.05.038

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1016/j.jde.2023.05.038
https://doi.org/10.1016/j.jde.2023.05.038

Green Open Access added to TU Delft Institutional Repository

'You share, we take care!’ - Taverne project

https://www.openaccess.nl/en/you-share-we-take-care

Otherwise as indicated in the copyright section: the publisher
is the copyright holder of this work and the author uses the
Dutch legislation to make this work public.



T Available online at www.sciencedirect.com _—
‘ Journal of

et ScienceDirect Differential
s 4 Equations
ELSEVIER Journal of Differential Equations 368 (2023) 247-300 _—

www.elsevier.com/locate/jde

Reaction-diffusion equations with transport
noise and critical superlinear diffusion:
Local well-posedness and positivity ~

Antonio Agresti *, Mark Veraar "

a Institute of Science and Technology Austria (ISTA), Am Campus 1, 3400 Klosterneuburg, Austria
b Delft Institute of Applied Mathematics, Delft University of Technology, P.O. Box 5031, 2600 GA Delft, the Netherlands

Received 30 September 2022; revised 12 April 2023; accepted 21 May 2023

Abstract

In this paper we consider a class of stochastic reaction-diffusion equations. We provide local well-
posedness, regularity, blow-up criteria and positivity of solutions. The key novelties of this work are related
to the use transport noise, critical spaces and the proof of higher order regularity of solutions — even in case
of non-smooth initial data. Crucial tools are LP (L%)-theory, maximal regularity estimates and sharp blow-
up criteria. We view the results of this paper as a general toolbox for establishing global well-posedness for
a large class of reaction-diffusion systems of practical interest, of which many are completely open. In our
follow-up work [8], the results of this paper are applied in the specific cases of the Lotka-Volterra equations
and the Brusselator model.
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1. Introduction

In this paper we investigate local/global existence, uniqueness, (sharp) blow-up criteria, pos-
itivity and regularity of solutions to the following stochastic reaction-diffusion equations with
transport noise

duj = vy Ay dt = [dVE o) + iG] de+ D [ B Vs + gai o) du,
n>1 (1.1)

u; (0) =u; 0,

where i € {1, ..., £} for some integer £ > 1. For simplicity we restrict ourselves to the d-
dimensional torus T¢, but we expect that many results can be extended to R4, and even to
bounded smooth domains with suitable boundary conditions. The unknown process is denoted
by u = (u,-)f:1 10, 00) x 2 x T4 — RE, (w™")n>1 1s a sequence of standard independent Brow-
nian motions on a filtered probability space, F;, f;, g,.; are given nonlinearities and

d
(b,”' . V)ui = Zbljw.ajui.
j=1

The nonlinearities Fj, fi, g».; are assumed to have polynomial growth. Moreover, the leading
operator v; A can be replaced by div(a; - V). This is included in the main results of this work,
as this is useful for reformulating (1.1) with Stratonovich noise instead, see (1.8) below. Lower
order terms in the differential operators can be allowed as well, and they can be included in the
nonlinearities f, F and g.

1.1. Deterministic setting
Systems of PDEs of the form (1.1) with b =0 and g = 0, are usually called reaction-diffusion
equations. Such equations can be used to model a wide class of physical phenomena ranging

from chemical reactions to predatory-prey systems, as well as phase separation processes. Further
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examples can be found in the standard reference [64] and in the recent survey [61]. In the de-
terministic case there are many global well-posedness results available (see [13,25,42,61,62,64]
and references therein). In particular, many important systems with rather weak forms of co-
ercivity are included, but some structure is essential. As a matter of fact, existence of global
smooth solutions to (1.1) (or more generically global well-posedness) under polynomial growth
and smoothness assumptions, positivity, and mass preservation, is known to be false [01, Section
4]. This shows that even in the deterministic setting, the problem of global well-posedness is
rather delicate. Under additional entropy structures, existence of global renormalized solutions
has been established in [26]. Such solutions have a rather poor regularity in time and space.
Moreover, the uniqueness of such solutions is still open, see also [27] for the weaker notion of
weak-strong uniqueness.

Next we discuss a well-known example of reaction-diffusion equations arising in the study
of chemical reactions. For an integer £ > 1 and two collections of nonnegative integers
(q,-)le, ( pi)le (note that either g; = 0 or p; = 0 for some i is allowed), consider the (reversible)
chemical reaction:

Ry
6]1U1+--~+6MU£Rx=\P1U1+-~~+PeUz, (1.2)

where R are the reaction rates and (Ui)f=1 are chemical substances. Let u; be the concentration
of the substance Uj;, and let v; > 0 be its diffusivity. The law of mass action postulates that the
concentration u; satisfies the deterministic version of (1.1) with

¢ ¢

FiCou) = (pi —q,-)<R+ [Tu? - r- ]‘[uf’) ie(l,....e. (1.3)
j=1 j=1

The results of the current paper applies to (1.1) with f; as in (1.3). From a modeling point of
view, especially in the context of chemical reactions, it is natural to ask for mass conservation
along the flow, i.e. de u(t,x)dx is constant in time. For the special case of (1.3), the mass
conservation turns out to be equivalent to the existence of strictly positive constants (oz,')f:1 such
that

4
> ailgi — pi) =0.

i=1

Weaker notions of mass conservation are also employed, see property (M) in [61]. Although it
will be not needed in most of our results below, mass conservation will be used in Theorem 5.1
to provide a simple proof of global existence of (sufficiently) smooth solutions to (1.1) for small
initial data.

1.2. Stochastic setting

A lot of work has already been done on stochastic reaction-diffusion equations already
(see [14-16,22,28,47,48,53,65-67] and references therein). Unfortunately, little is known for
weakly dissipative systems in which the equations are coupled through nonlinear terms such as

:l:uf "uz" . These type of nonlinearities are very common since they model reaction terms (e.g.
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Lotka-Volterra equations or chemical reactions). In the follow-up paper [8] we prove global
well-posedness for some of the important concrete systems, including the above mentioned
Lotka-Volterra equations and the Brusselator model. For these applications we refer to [8, Sec-
tion 5]. Although with our methods we can include a general class of equations, the full setting
of [25] and [61, Section 3] seems still completely out of reach.

The results of the current paper can be seen as a first natural step in the study of global
well-posedness of weakly dissipative systems. Some general global well-posedness results will
already be included in case of small initial data. Moreover, we obtain several new regularization
effects, sharp blow-up criteria, and positivity results. Each of the above turns out to be crucial
for proving the global well-posedness results in our follow-up work [8]. Indeed, higher order
regularity is needed to apply stochastic calculus pointwise in space. This is essential in checking
energy estimates and mass conservation type conditions, which in turn can often be combined
with blow-up criteria to show global existence of smooth solutions. Positivity often plays a cen-
tral role in these calculations as it provides a uniform lower bound and important information on
the sign of the nonlinear terms.

Let us briefly explain the main difference of our setting to the given literature on stochastic
reaction-diffusion equations. To the best of our knowledge, only few papers consider superlinear
diffusion (e.g. :I:uf7 i uj’ ). Also very few papers allow transport noise (i.e. (b, ; - V)u; dw™), which
seems motivated by small scale turbulence (see Subsection 1.3 below). Furthermore, there is
very little LP-theory for stochastic reaction-diffusion equations available. L”-theory with p > 2
is often essential when dealing with either (rough) Kraichnan noise, or nonlinearities of higher
order growth and dimensions d > 2. In particular, to establish global well-posedness, L?-energy
estimates are typically needed for large p when working with d > 2. For applications to concrete
systems we refer to [8, Section 3-5]. Moreover, in our work, weighted L? (L%)-theory turns out
to be key in proving results on higher order regularity of solutions.

1.3. A derivation via separation of scales

In this subsection we explain where the transport term in (1.1) comes from and where it has
been considered before. In fluid dynamics, transport noise is typically used to model turbulent
phenomena (see e.g. [12,29,30,34,58,59]), and it is usually referred to as Kraichnan’s noise due
to his seminal works on turbulent flows [44,45].

In engineering applications, highly turbulent flows are often employed to improve the devel-
opment and efficiency of chemical reactions (compared to reactions occurring in more “regular”
flows), see e.g. [24,57,72,73]. We refer to [39,43,49,56,70] for further applications and discus-
sions concerning turbulent flows and chemical reactions. Here, to motivate the transport noise
we follow the heuristic argument in [34, Subsection 1.2]. We refer to [23,35] for (different) sit-
uations where the argument below can be made rigorous. Before going further, let us note that
our setting only requires some Holder smoothness of bﬁ’i, and thus we are able to include the
Kraichnan noise with arbitrary small correlation parameter (see [3,59] and [38, Section 5]). In
particular this includes the case where bf;, ; reproduces the Kolmogorov spectrum of turbulence
according to [52, pp. 427 and 436].

Suppose that (1.1) models a chemical reaction taking place in a fluid where u;’s are the con-
centration of the reactants. As commented below (1.2), from a deterministic view-point, one can
consider the model:

Oui = viAu; + (v; - Vyu; +div(F; (-, u)) + fi (-, u), (1.4)
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where v; models the transport effects of the fluid, f; is asin (1.3) and F; is a given nonlinearity (of
polynomial growth) modeling conservative source terms. In this situation, as in [34, Subsection
1.2], we can assume that v; splits into a “Small” and “Large” part:

v = 4. (1.5)

($)

In a turbulent regime, the small component v,

one vi(L). Therefore, in some sense, vl.(S) models turbulent phenomena (for instance to thermal

fluctuations if the reaction is related to combustion processes). In practice, there is no efficient
way to model the small scale component. Hence, the latter is often modeled as an approximation
of white noise:

varies in time very rapidly compared to the larger

o =3 by, (1.6)

n>1

where, (w"),>1 is a sequence of independent standard Brownian motions. In case of incompress-
ible flows, one also has the divergence free-condition:

d
div b, ; :=Zajb,gi=0, foralln > 1. 1.7)
j=l

Using the ansatz (1.6) for the small scale behavior of v; = vi(L) + vi(S) in (1.4) one obtains (1.1).

The same heuristic argument can be used also in other contexts. For instance, in the case of
the famous Lotka-Volterra equations (see e.g. [8, Subsection 5.2]), which model the dynamics
of predatory-prey systems, the flow v; may model migratory phenomena of the i-th species. In
particular, in (1.5) the term vi(l‘) takes into account the large scale movements of the i-th species

while vl.(S) models small fluctuations of the movements due to local effects (e.g. unusual dryness
of the fields, adverse weather events and local changes of the territory).

It is worth to mention two other properties of transport noise. Assume that u; satisfies (1.1)
with g, ; = 0. Firstly, if (1.7) holds, then at least formally the total mass Zle f?l‘d u;(t,x)dx
is controlled pathwisely along the flow provided Zle fitbw) <1+ Zle ui, which is typi-
cal in deterministic theory, see (1.2) and [61, (M)]. To see this it is enough to take de -dx in
the first equation of (1.1). Secondly, if the positivity preserving condition of the deterministic
theory holds (see e.g. [61, (P)]), then also the flow induced by (1.1) is positive preserving (see
Theorem 2.13). Here we do not need (1.7).

From a mathematical point of view, there is no reason to prefer the Itd’s formulation rather
than a Stratonovich one in (1.1). In our paper, we are able to deal with both situations as we will
consider (1.1) with v; Au; replaced by div(a; - Vu;) + (r; - V)u;. To see this it is enough to recall
that (at least formally in case g, ; =0)

(bn,i -Vu; o dw;l = [div(ab,i -Vu;) + (rb,i -V)u;ldr + (bn,i -V)u; dw;’ (1.8)
where ap ; == (% D ons1 b;i,ib;];,i)?,kzl and rp; 1= (—% anl(diVbn,i)b,]”-)?zl-
In the context of SPDEs, transport noise has attracted much attention in the last decades.

Indeed, under structural assumptions on the b, ;’s one can show that the solution u to a certain
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SPDE has better properties than its deterministic counterparts. This phenomena is usually called
regularization by noise, see e.g. [30,33] and the references therein for further details. Let us
mention two situations where it occurs:

e Delayed blow-up [31,34].
e Dissipation enhancement and/or stabilization [32,38,51].

To the best of our knowledge, none of the above phenomena have been shown in the general
context of reaction-diffusion equations. In the follow-up paper [1] first steps are being made by
the first author.

1.4. Scaling and criticality

Before we discuss our main results in more detail, it is instructive to analyze the scaling
property of (1.1) in the following “toy” situation:

h—1 b bl
=1, f=ul""u, Fu=elulzu, gyu)=0ul7?u,

where h > 1, e € R? and 6 = Gn)n>1 € £2. Note that the growth of f and F, g are related.
Reasoning as [5, Subsection 5.2.2], one can see that solutions to (1.1) are (locally) invariant
under the mapping

us AVE=Dyon A2, A>0,

d 2

4_ < d . .
and that the Besov spaces B/ , "1 (T9) and Lebesgue spaces L2 =D (T are (locally) invariant
under the induced mapping on the initial data o — A1/#=Dya1/2.) = uo,). More precisely,
the homogeneous version of such spaces are invariant under the map ug — ug_1:

,h% ~ ||Lt()|| d_ 2 s ”u(),)»”L%(hfl)

luo,ll « d
B, TR B, TR

~ ||u
luoll,

®R?) 300 Ray’

d 2

The Sobolev index of the spaces By |, T and L23D js — h%] and therefore it is independent of
d, g (and p in case of Besov spaces). This number will appear several times in the paper and it
will gives distinction between the “critical” and “non-critical” situation.

Although the above choice seems very restrictive, the above can be thought of as a “toy ex-
ample” for the case of F, f, g with polynomial growth of order & > 1, i.e. as u — oo

h+1

[F )|+ 11(gn@)n=1llez S lul 2 and Lf @)l < Jul™.
1.5. Overview

Below we give an overview of the results of the current paper. In the manuscript we consider
a (slightly) generalized version of (1.1), namely (2.1) below.

e Local well-posedness in critical spaces of (2.1) - see Theorem 2.7 and Proposition 2.9.
e Instantaneous regularization of solutions to (2.1) - see Theorems 2.7 and 4.2.
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e (Sharp) blow-up criteria for (2.1) - see Theorem 2.10.
e Positivity of solutions to (2.1) - see Theorem 2.13.
e Global well-posedness for small initial data - see Theorems 5.1.

Although we formulate the main results only for d > 2, a detailed explanation on the simpler
case d = 1 case can be found in Section 6. The special case p = g = 2 is presented separately
in Section 7 as it requires a different argument. Finally, there is an appendix on the maximum
principle for scalar SPDEs in Appendix A. The latter plays a crucial role in the positivity of the
solution to (2.1).

The proofs of the above results are based on our recent theory on stochastic evolution equa-
tions [5,6]. It was already applied to stochastic Navier-Stokes equations [3] and a large class of
SPDEs which fit into a variational setting [4]. The current paper is the first in a series of papers
in which we apply our new framework to reaction-diffusion equations. In the companion papers
[7,8], based on the analysis worked out in this paper, we prove global well-posedness results in
several cases, and extend some of the results to the quasilinear case. Finally, we mention that the
local well-posedness and positivity results proven in the current paper have been already used
by the first author in [1] to prove delay of the blow—up of strong solutions and to establish an
enhanced diffusion effect in presence of sufficiently intense transport noise.

1.6. Notation

Here we collect some notation which will be used throughout the paper. Further notation will
be introduced where needed. We write A <p B (resp. A 2 p B) whenever there is a constant
C > 0 depending only on P such that A < CB (resp. A > CB). We write C(P) if the constant
C depends only on P.

Let p € (1,00) and k € (—1, p — 1), we denote by w, the weight w, (t) = |t|“ for t € R. For
a Banach space X and an interval I = (a,b) C R, L?(a, b, w,; X) denotes the set of all strongly
measurable maps f : I — X such that

b
L/p
1/ Derabax) = ( / I OIFwewdr) " < oo.
a

Furthermore, Wl’p(a,b, we; X) € LP(a,b, we; X) denotes the set of all f such that f' €
LP(a, b, w,; X) (here the derivative is taken in the distributional sense) and we set

1Al wir @b x) = 1 lLe@bwex) + 1 1Lr@bawe:x)-

Let (-, -)g,p and [-, -]y be the real and complex interpolation functor, respectively. We refer to
[11,40,71] for details on interpolation and functions spaces. For each 6 € (0, 1), we set

H%P(a, b, we; X) :=[L"(a,b, we; X), WP (@, b, we; X)lp.
In the unweighted case, i.e. x =0, we set H"*”(a, b; X) := Hg’f"(a, b, wg; X) and similar. For
Ae{LP, H%P WP}, we denote by Aipc(a, b, we; X) (resp. Ajoc([a, b), wy; X)) the set of all
strongly measurable maps f : (c,d) — X such that f € A(c, d, w,; X) forall ¢, d € (a, b) (resp.
f € Aa, c,wg; X) forall ¢ € (a, b)).
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The d-dimensional (flat) torus is denoted by T4 where d >1.For K >1and 6,6, € (0, 1),
Cleolc’ez((a, b) x T?; R*) denotes the space of all maps v : (a,b) x T¢ — R¢ such that for all
a <c<d < b wehave

o, x) —v(t', x') Sea |t =1 + |x — x|, forallt,t’ €[c,d), x,x' €T

This definition is extended to 61, > > 1 by requiring that the partial derivatives %Py (with « €
N and B € N9) exist and are in Cleolcfla"erwl((a, b) x T4 RY) for all @ < |6; ] and Z;i:l Bi <
[62].

We will also need the Besov spaces B;’p(Td; R%) and Bessel potential spaces H*¢ (T4; RY
to formulate our main results. These spaces can be defined by real and complex interpola-
tion or more directly using Littlewood-Paley decompositions (see [68, Section 6.6] and [69]).
Throughout the paper section, to abbreviate the notation, we often write LY, H%4, B;’ » instead
of L4(T4; RY), H*4(T4%; RY), B;’p(Td; R¢) if no confusion seems likely.

Finally we collect the main probabilistic notation. In the paper we fix a filtered probability
space (2, o, (%)1>0, P) and we denote by E[-] = fQ -dP the expected value. A map o : Q2 —
[0, co] is called a stopping time if {o <t} € % for all + > 0. For two stopping times ¢ and T,
we let

[7,0] x Q:={(t,w)€[0,0) x Q: T(w) <t <0o(w)}.

Similar definition holds for [7,0) X @, (r,0) x Q etc. Finally, &7 denotes the progressive o -
algebra on the above mentioned probability space.

Acknowledgments. The authors thank the referee and Udo Bohm for helpful comments.
2. Statement of the main results

In this section we state our main results on local well-posedness, regularity, blow-up criteria,
and positivity for systems of reaction-diffusion equations on the d-dimensional torus T¢. The
results will be presented in a very flexible setting. This has the advantage that using the results
of this paper, one can address global well-posedness issues in an efficient way by checking sharp
blow-up criteria. Regularity and positivity often play a crucial role in dealing with these issues.
As mentioned in the introduction, in the stochastic case there are many important cases in which
global well-posedness is completely open. Using our new framework we are able to settle some
of these problems in [8].

The proofs of the main results are postponed to Section 3 and are based on our abstract frame-
work developed in [5,6], and our recent maximal regularity estimates [9].

Consider the following system of stochastic reaction-diffusion equations:

du; — div(a; - Vi) de = [div(F,-(-, W) + fi(, u)] dt

+Z[(bn,i - V)u; +gn,i(',u)] dw!, onTY, @2.1)

n>1

ui(0) =uo, on T4,
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where i € {I,...,£} and £ > 1 is an integer. Here u = (u,')f=1 :[0,00) x Q x T4 - RY is
the unknown process, (w"),>1 is a sequence of standard independent Brownian motions on the
above mentioned filtered probability space and

d d
. '!k .
div(a; - Vu;) := § j(a" ou;), (bn.i - V)u; :=§ by ;0ju;.
Jk=1 j=1

,jl" ;, model small scale turbulent effects; while

the coefficients al.j * model inhomogeneous conductivity and may also take into account the Itd
correction in case of Stratonovich noise (see (1.8)). Note that the SPDEs (2.1) are coupled only
through the nonlinearities F', f and g, but there is no cross interactions in the diffusion terms
div(a; - Vu;) and (b, ; - V)u;, which is a standard assumption in reaction-diffusion systems. The
absence of cross-diffusion in the deterministic part div(a; - Vu;) dt can be weakened in all the
results below expect for Theorem 2.13, where in its proof we argue component-wise.

Lower order terms in the leading differential operators in (2.1) can be included as well. Since
they can be modeled through the nonlinearities F', f, and g as well, we do not have to write them
explicitly.

As explained in the Subsection 1.3, the coefficients b

2.1. Assumptions and definitions

In this subsection we collect the main assumptions and definitions. Additional assumptions
will be employed where needed. Below % and &2 denotes the Borel and the progressive o -
algebra, respectively. The space H*9(T%;Y) denotes the Bessel potential space with smooth-
ness « and integrability ¢, defined on T¢ with values in the Banach space Y.

Assumption 2.1. Let d > 2 and £ > 1 be integers. We say that Assumption 2.1 (p, ¢, h, §) holds
if pe(2,00),q€[2,00),h>1,5€[l,2)andforalli €{l,..., ¢} the following hold:

(1) Foreach jk e {l,....d},a* : Ry x @ x T? — R, b} := (b} Jy=1 1Ry x @ x T4 — ¢2
are 2 ® ZB(T%)-measurable.
(2) There exist N > 0 and o > max{%, 6 — 1} where p € [2, 00) such that a.s. for all t € R and
J.ke{l,...,d},
Tk )
lad ™ (1, I gao (pay + 1B 2, Dzl gop a2y < N.
(3) There exists v; > 0 such that, a.s. forallr e R, x € T4 and £ e R,

(a0 = 5 Y00 e 0B 0,0 )80 = e

d
Jj.k=1 n>1

(4) Forall j €{l1,...,d}, the maps

Fl.j, ﬁ:R+xQdexR—>R,
gi = (gn,i)n21:R+xQdex]R—>£2,
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are 2 @ B(T9) @ A(R)-measurable. Set F; := (Fi] )?zl. Assume that

F/(,0), fi(,0) e L°(Ry x @ x TY), g(-,00€ L°Ry x Q x T% ¢2),
anda.s.forallt e Ry, x € T and yeR,

Lfilt,x,9) = fit, x, IS A+ 1y /1Dy =y,
h=1 h=1

|Fi(t,x,9) — Fi(t,x, ) S A4yl 2 + 117 2)ly =y,
h=1 h=1

lgi(t,x,y) =gt x, Y 2 SA+1IyI'2 + 1y 2)ly—I

The parameters p and g will be used for temporal and spatial integrability, respectively.
Finally, § will be related to the order of smoothness of the underlined Sobolev space with in-
tegrability g. Although we allow é € [1, 2), in applications to (2.1) it turns out to be enough to
consider § € [1, hhl]), see Assumption 2.4 below.

Note that Assumption 2.1(2) and Sobolev embeddings give

J-k j
la ™ oo A 1B Inz1 I

< N.
CY™ P (T4) ~a.d.p

d
AT
For future convenience, we collect some observations in the following remark.

Remark 2.2.

(a) If Assumption 2.1 (p, g, h, §) holds for some & € [1, 2), then there exists an & > 0 such that
it holds for all § € [1, 8 + &].

(b) If Assumption 2.1 (p, g, h, §) holds for some £, then it holds for all he [h, 00).

(c) The growth of f, F and g is chosen in accordance with the scaling argument of Subsection
1.4.

(d) The case d =1 is excluded in Assumption 2.1 to avoid many subcases in our main results.
However, it can be deduced by more direct methods (see Section 6), or from the d = 2 case
by adding a dummy variable (under some restrictions). Often one cannot identify any critical
spaces in the case d = 1.

(e) The globally Lipschitz case & = 1 is excluded in the above. Global well-posedness always
holds in this case and can be derived from [6, Theorem 4.15]. Similar to (d), if &7 = 1, then
no critical spaces can be identified as no rescaling of solutions can (locally) preserve the
structure of (2.1).

Next we introduce the notion of solution to (2.1). To stress the dependence on (p, k, d, q)
we will keep these parameters in the definition of solutions. The parameter « > 0 is used for
the power weight w, (¢) = ¢* in time. Finally, let us recall that the sequence (w"),>1 uniquely
induces an ¢%-cylindrical Brownian motion (see e.g. [5, Definition 2.11]) given by Wp(v) :=
Yost fﬂh v, dw! where v = (v,)y>1 € L2(R4; €2).

Definition 2.3. Suppose that Assumption 2.1 (p, g, h, §) is satisfied for some & > 1 and let x €
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e Let o be a stopping time and let u = (u,')f:1 10, 0) x Q@ — H*34(T; RY) be a stochastic
process. We say that (u, o) is a local (p, k, §, q)-solution to (2.1) if there exists a sequence
of stopping times (o) j>1 such that the following hold for all i € {1, ..., £}:
—oj<cas.forall j>1andlim;j 0 =0 as.;

— forall j > 1 the process 1jo,5;]xQu; is progressively measurable;
- as. forall j > 1 wehave u; € LP(0, 0, w; H*~%4(T?)) and

div(F; (-, u)) + fi(-,u) € LP(0, 07, we; H29(T?)),

1-6 d. p2 22)
(gn,i('»u))nzl ELP(OvojawK;H ,Q(T az ))7
— a.s. for all j > 1 the following identity holds for all z € [0, o ]:
1
1) = o = [ (divia - Vi) + dvCE ) + i) d
0 2.3)

t
[ (Mo [ns- Do guiC0]) _ aWia(o).
, >
e Finally, (u,0) is called a (p, «, 8, g)-solution to (2.1) if for any other local (p,«,§, q)-
solution (#’, ¢’) to (2.1) we have 0’ <o a.s. and u =u’ on [0, 0') x Q.

Note that a (p, «, §, g)-solution is unique by definition. Later on in Proposition 3.5 we will
prove a further uniqueness result: a different choice of the coefficients (p, «, §, g, h) leads to the
same solution.

All the integrals in (2.3) are well-defined. To see this, fixi € {1, ..., £}. By Assumption 2.1(2),
[9, Proposition 4.1] and u; € L?(0, 0, wy; Hz_‘s"’(Td)) a.s. forall j > 1, we get

div(a; - Vu;) € LP(0,0;, we; H54(T?)),

(2.4)
((bni - Vui)n=1 € LP (0,0}, we; H' 759 (T9; £%)),

a.s. for all j > 1. The deterministic integrals are well-defined as H~%9(T?)-valued Bochner
integrals. For the stochastic integrals, recall that

y (€2, HS"(T4) = HS"(T?; ¢%), forall ¢ € R and r € (1, 00), (2.5)
where y (£2; X) denotes the set of all y-radonifying operators with values in the Banach space
X (see [41, Chapter 9] and in particular Theorem 9.4.8 there for details). Therefore, due to (2.2)
and (2.4), the stochastic integrals are well-defined as H 1-8.9(T4)_valued stochastic integrals by
(2.5), [60, Theorem 4.7] and LP (0, T; w,) — L2(0, T) since Kk < % —1.

2.2. Local well-posedness and regularity in critical spaces

Before we state our main local well-posedness result for (2.1) in critical spaces, we first intro-
duce the set of admissible exponents (p, g, h, ).
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Assumption 2.4. Let d > 2. We say that Assumption 2.4 (p, ¢, h, §) holdsif h > 1,8 € [1, &),
p € (2,00), and g € [2, 00) satisfy
11 d h d d(h—1)
—+ (s —)<——< d — - 2.6
p+2<+q Shor M a s T T i —s—) 2.6)

In the above assumption we avoided the case p = 2 since this is an exceptional case, which can
be included provided ¢ = 2. The latter situation is discussed in Section 7. The following lemma
characterizes for which exponents 2 we can find (p, g, §) such that Assumption 2.4 (p, g, h, 5)
holds. Recall that we may always enlarge / if needed (see Remark 2.2(b)).

Lemma 2.5. Let d > 2 and set

31 l'fd=2,

ha'=91 1 T 1\2 2 2.7
4= 1) +Z2 ifd=3.
2 ta T Q+d>+d’ fd=

Then there exist (p, q, 8) such that Assumption 2.4 (p, q, h, §) holds if and only if h > hg.

Proof. Since we can take p as large as we want, the first part of (2.6) is equivalent to #@1—)1) <

q. Therefore, we can find admissible (p, g, &, §) if and only if there exist § € [1, hhil) andg >2
such that

d d(h —1) ]< __d-1 08

max { , _

d—68§ 2h—58h—1) h4+1-=8(h—-1)
By elementary considerations one can see that the range of ¢’s in (2.8) is nontrivial if and only
if h > %. Since additionally ¢ > 2, admissibility is equivalent to

d+1 dh—1 h+1
+ ( ) +> 2.9)

h>—— and ————— > 2 forsome 86[1,— .
d—1 h+1-8h—1) h

Taking § 1 %, the second part of (2.9) becomes h? — (1 + %)h - % > 0, which is equivalent

to h > % + % + ,/(% + %)z—i—% —: hy. In case d > 3, one can check that % < hy. In case

d =2, one has 3 = % > Ed. Hence, admissibility is equivalent to & > hg = Ed if d > 3, and

h>hg=3ifd=2. O

The numbers &y in (2.7) are connected to the Fujita exponent 1 + % introduced in the seminal
paper [37] in the study of the blowing-up of positive (smooth) solutions to the PDE: 0,u — Au =
u't" In the next remark we compare this to our setting.

Remark 2.6 (Stochastic Fujita exponent). Note that hy in Lemma 2.5 satisfies 1 + % <hg <
1+ %. In particular it is always larger than the classical Fujita exponent 1+ % (note that 4 > 1+ %

d
corresponds to the fact that the scaling invariant space L2~ has integrability > 1). Moreover,
hg is decreasing ind, hg | 1 as d — oo, and
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hy =3, h3 =2, hay = 1.781, hs~1.643, he ~ 1.549.
In case h < hg, then one can still apply Theorem 2.7 by using one of the following strategies:

e cnlarge /2 in Assumption 2.1, see Remark 2.2(b);
e add dummy variables to increase the dimension d, > d in order to have h > hg, (here we are
using that limg_, o hg = 1).

Via Theorem 2.10 one can show non-explosion (in probability) on large time intervals for so-
lutions to (2.1) in case of small initial data and admissible exponents without further conditions,
see Section 5. Therefore, by Lemma 2.5, one can allow nonlinearities as in [37] for 4 > h,4. Such
a threshold %, seems optimal for these results to hold in presence of a non-trivial transport noise
term, i.e. (b - V)u dw. Therefore, it seems natural to call h; the stochastic Fujita exponent.

Recently, there has been an increasing attention in extending [37] to the stochastic framework,
see e.g. [18-20,36] and the references therein. In the latter works, equations on R4 are consid-
ered, but transport noise does not appear. In view of the scaling argument in Subsection 1.4, we
expect that the same stochastic Fujita exponent /4 appears in the R¢-case of (2.1).

The main result of this section is the following local existence and regularity for (2.1) in
critical spaces, and it will be proved in Subsection 3.1. Recall that Bgy p(Td : RY) denotes the
Besov space with smoothness s € R, integrability g, and microscopic parameter p. To abbreviate
notation we write B;,p and H*1 for the spaces B;,p(Td; RY) and H*4(T4; RY).

Theorem 2.7 (Local existence and uniqueness in critical spaces, and regularity). Let Assump-
tions 2.1 (p,q,h,8) and 2.4 (p, q, h,§) be satisfied. Set k := k¢ := p(hhT1 — %(8 + g)) —1.
Then for any

2
A1

d_
o€ L% (2 Bf," ), (2.10)

the problem (2.1) has a (unique) (p, k¢, 8, q)-solution (u, o) such that ¢ > 0 a.s. and

2

d_ 2
ueC(0,0); By ," ") as. (2.11)
ue HEP([0,0), we: H2729) as. forall 6 €[0,1/2). (2.12)

loc

Finally, u instantaneously regularizes in space and time:

ue HY' (0,0, H'724) as. forall 0 €[0,1/2), r,¢ € (2,00), (2.13)
ueCh”((0,0) x T4 RY) as. forall 6; €10,1/2), 62 € (0, 1). (2.14)

The standard set of initial data in the theory of reaction-diffusion equations is L>(T%; R¢)
(see e.g. [61]), and it is always included as a special case in the above result (see Remark 2.8(c)).

The regularity (2.13)-(2.14) can be improved by imposing further smoothness conditions on
(a,b, F, f, g), but keeping the same space of initial data for u#( (see Theorem 4.2 below). We
will prove later on that if Theorem 2.7 is applicable for two sets of exponents (p, g, i, §), then
the corresponding solutions coincide, see Proposition 3.5.
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For future reference, we collect several observations in the following remark.

Remark 2.8.

d_ 2
(a) As we have seen in Subsection 1.4, the space By , "~ in (2.10) has the right local scaling
for (2.1). For this reason it is often called critical for (2.1). It coincides with the abstract

notion of criticality which will be considered in Section 3. Note that the Sobolev index of the

initial value space is (g — %) — ;—i = —%, which is independent of ¢ and §. Moreover,
by Sobolev embeddings

d_ 2 d_ 2
Bl ," (T4 RY « B, "™(T%;RY) forall r > g and s > p.
(b) The freedom in the choice of & allows us to reduce the smoothness of the above critical

spaces. Indeed, choosing § 1 hhil and letting g 1 ; d(,flgl) = dh}fﬂ’r?l) it follows that
+1-(B (1)

we can treat initial data with smoothness < — % N —%.
(c) By increasing & (see Remark 2.2(b)) we can suppose that

4 4
either h>1+E or [h=1+3, andsz’].

Setting g = %(h — 1), Theorem 2.7 gives local well-posedness for (2.1) for the important
class of initial data in

uo € L% (2 LY(TY; R"Y)).

Indeed, even if Assumptions 2.1 (p, g, h,$) and 2.4 (p, q, h, §) hold with § = 1, they self-

improve to some § > 1 (see Remark 2.2(a)) and p > max{q, ﬁ}. Thus since L4 <> B((,),p =
d 2

B;, ,,'H, local well-posedness with initial data from the space LS%(Q; L) follows from

Theorem 2.7. In the above setting, one can also prove that u € C([0, o'); L9) a.s. by using the

local continuity w.r.t. u#g (see Proposition 2.9 below) and a stopped version of the arguments

used in [8, Proposition 6.3] (see also the comments below its statement).

The next rather technical local continuity result will be used in the proof of positivity of
solutions (1, o) (see Theorem 2.13 below).

Proposition 2.9 (Local continuity). Let Assumptions 2.1 (p,q, h,8) and 2.4 (p, q, h, 8) be sat-
isfied. Set k 1= k¢ := p(hhT1 — %(8 + %)) — 1. Assume that ug satisfies (2.10) and let (u, o) be
the (p, k¢, 8, q)-solution to (2.1) provided by Theorem 2.7. There exist constants Cy, Ty, &9 > 0
and stopping times oy, 01 € ((21, o]za.s. for which the following assertion holds:

For each vy € Lf;%(sz; BS " with Elug — uo||’7%_hz_1 < g9, the (p, ke, 8, q)-solution
Byp ™
(v, T) to (2.1) with initial data vy, has the property that there exists a stopping time 1g € (0, 7]
a.s. such that for all t € [0, To] and y > 0, one has
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Co
P( sup flu(r) —v()| >y, 0 AT > t) < FEHUO —wl”, 5, (2.15)
q

g hzl
rel0,7] qu.p B B,

h—1
q.p

, (2.16)

Co
P (It = 0ll o1, 200 = ¥> G0 AT0 > 1) = Ellug —woll”
yP =
q.p
P(og Ao <1) < Co[Eluo —voll”, , +P(o1<1)].
B,

2.17)

The stopping time tp depends on (ug, vg). To some extend, the estimates (2.15)-(2.16) show
that (u#, o) depends continuously on the initial data ug, while (2.17) gives a measure of the size
of the time interval on which the continuity estimates (2.15)-(2.16) hold. The key point is that the
right-hand side of (2.17) depends on vg, but not on v. In particular, {tg < ¢} has small probability
if £ ~ 0 and vy is close to ug. We actually prove a slightly stronger result than Proposition 2.9,
see Remark 3.4.

2.3. Blow-up criteria

Below we state some blow-up criteria for the solution to (2.1) provided by Theorem 2.7.
Roughly speaking, blow-up criteria ensure that, if there exists a fixed time 7 > 0 such that the
stopping time o satisfies P(o0 < T') > 0, then the norm of « in an appropriate space explodes.
Blow-up criteria are often used to prove that a certain solution (u, o) is global in time, i.e. 0 = 00
a.s. In practice, to prove global existence, it is enough to prove that the norm of u in the above
mentioned function space cannot explode. In our follow-up paper [8], we will use this strategy to
prove that solutions provided by Theorem 2.7 are global in time in several situations. A version
of such results for small initial data can be found in Section 5.

Blow-up criteria are most powerful when they are formulated in function spaces which are
as rough (large) as possible. On the other hand, the regularity cannot be arbitrarily low, since at
least the nonlinearities need to be well-defined. Hence, from a scaling point of view it is natural
to ask for blow-up criteria involving function spaces with Sobolev index —%, because such
critical threshold (see Subsection 1.4) is generically optimal for local and global well-posedness
of (S)PDEs (see [63, Section 2.2] for deterministic evidence on this). Our general theory from
[6] leads to the following criteria which at the moment is the best we can expect with abstract
methods.

Theorem 2.10 (Blow-up criteria). Let the assumptions of Theorem 2.7 be satisfied and let (u, o)
be the (p, k¢, 8, q)-solution to (2.1). Suppose that pg € (2, 00), qo € [2,00), hg = h, § € [1,2)
are such that Assumptions 2.1 (po, qo, ho, 60) and 2.4 (po, qo, ho, So) hold. Set

5 d 2 J d+2 2
) .= — — an Yo i = — _— = .
q0 ho—1 g po ho—1

Then forall0 <s < T < 00,

(1 IP’(s <o <T, sup |lu@)]

tels,o)

) IP’(s <o <T, sup |lu@)]

tels,o)

po < oo) =0 for all q1 > qo.
Byy.0

gfo T llulliLros,o;mroa0) < 00) =0.
490-P0
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Note that the norms in the blow-up criteria are well-defined thanks to (2.13)-(2.14) and s > 0.
In particular, the parameter s makes it possible to consider rough initial data. It is possible to
take (p, q, 6, h) = (po, 90, 80, ho), but the extra flexibility turns out to be very helpful in proving
global well-posedness.

The proof of Theorem 2.10 will be given in Subsection 3.2. As a consequence we also obtain:

Corollary 2.11. Let the assumptions of Theorem 2.7 be satisfied and let (u,o) be the
(p, k¢, 8, q)-solution to (2.1). Suppose that py € (2,00), qo € [2,00), ho > max{h, 1 + %},
80 € (1,2) are such that Assumptions 2.1 (po, qo, ho, 80) and 2.4 (po, qo, ho, 80) hold. Let
o= %(ho — 1). The following hold for each 0 <s < T < oo:

(1) 1f go = %o, then for all {1 > qo

P(S <o <T, sup |lu(®)ll <00)=0~

tels,o)

2 d 2 2
2) If g0 > ¢0. po € (557 00), P0 = qo, and {; + o= = 5=, then

P(s<o <7, sup u®)ll o+ lull g, < 00) =0.

tels,o)

Although Theorem 2.10 is more general, in the follow-up work [8] on global well-posedness
we mainly use Corollary 2.11. Considering T + ¢ instead of T in Corollary 2.10(1) and letting
e} 0, we find

]P’(s<o§T, sup [lu(®)]l .z <oo)=0. (2.18)

tels,o)

Note that (2.18) contains also information on the set {o = T'}. The same also holds for Corol-
lary 2.10(2) and the assertions in Theorem 2.10. Such variants of the blow-up criteria can be
sometimes useful (see e.g. Theorem 5.1).

Remark 2.12.

(a) Keeping in mind the parabolic scaling, the spaces L*°(s, o; B(’fé’,oo) and LP0(s, o; HY090)
have (space-time) Sobolev index — hle Thus, from a scaling point of view, Theorem 2.10(2)
is optimal, while (1) is only sub-optimal. A similar remark holds for Corollary 2.11.

(b) In Theorem 2.10(1) and Corollary 2.11(1), po does not appear, and thus it can be taken
arbitrarily large.

(c) Choosing qo, po large enough and &g > 1, one has By, yo < 0. Thus Theorem 2.10 yields
blow-up criteria in Sobolev spaces of negative smoothness. To see how far below zero one
can get, as in Remark 2.8(b), we take 8p 1 % q0 4 %. This gives Bo, yo | —%.

(d) Under the assumptions of Theorem 2.10 for p¢ large enough (depending on %) one also has

]P(s <o <T, |lullpro,o; Hro90) < oo) =0 forall0<s<T.

To prove this one can argue as in the proof of Theorem 2.10 below by using [6, Theorem
4.11] instead. We leave the details to the reader.
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2.4. Positivity

In this subsection we investigate the positive preserving property of the stochastic reaction-
diffusion equations (2.1). Existence of positive solutions to stochastic reaction-diffusion equa-
tions has been studied by many authors see e.g. [10,17,21,54,55] and the references therein.
To the best of our knowledge, positivity of solutions to (2.1) is not known in our setting (e.g.
rough data, transport noise and (¢, w)-dependent coefficients). Considering (¢, w)-dependence
of the coefficients is also very useful in applications to quasilinear SPDEs, in which case
ai]’k(t, w,Xx) = A{’k(u(t, w, x)) and Ai]’k(-) is a nonlinear map. These applications will be con-
sidered in [7].

The strategy of proof which we use seems to be new in the stochastic setting, but folklore
for deterministic reaction-diffusion equations. It is based on a linearization argument, and on
the maximum principle. The stochastic version of the maximum principle we use is for linear
scalar SPDEs and due to [46] (see Lemma A.1 for a slight variation of the latter). To apply this
to obtain positivity in the case of nonlinear systems, an essential ingredient is the instantaneous
regularization (2.13)-(2.14) of solutions to (2.1) proven in Section 3.1.

Below we write v > 0 for v € 2/(T¥) provided

(p,v) >0forall p € 2(T%) such that ¢ >0on .

If v € L'(T?), then the above coincides with its natural meaning. Recall that positive distribu-
tions can be identified with finite positive measures. For an R¢-valued distribution v = (v,-)f:1 €
2'(T%; RY), we say that v > 0 provided v; > 0 foralli € {1,...,£}.

Our main result on positivity is the following.

Theorem 2.13 (Positivity). Let the assumptions of Theorem 2.7 be satisfied. Let (u,o) be the
(p, k¢, 8, q)-solution to (2.1) provided by Theorem 2.7. Suppose that

ug >0 a.s.,

and that there exist progressive measurable processes c1, ..., ce : Ry x Q — R such that for all
ief{l,....thn>1y=)", €l0,00) andae. on Ry x Q@ x TY,

ﬁ('aylv"'ayl'—1907yl'+17"'7ye)203 (219)
Fi(,p1, 0910, 41, ..., y0) = ¢i (), (2.20)
8niC ¥y ¥i—1,0, Y41, ..., y0) =0. (2.21)

Then a.s. for all x € T4 andt [0, 0), one has u(t,x) > 0.

By (2.14), the pointwise expression u(¢, x) is well-defined in the above. The condition (2.19)
is standard in the theory of (deterministic) reaction-diffusion equations (see e.g. [61, eq. (1.7)]),
while (2.21) is (almost) optimal since it excludes the additive noise case (in which case positivity
cannot be preserved). Condition (2.20) might be new. For ¢ = 1 it holds trivially if F is not
depending on x € T¢. In case £ = 2 it is for instance fulfilled for

Fi(t,w,x,y1,y2) =vi(t, 0, x)¢; 1(x, y1)di 2(x, ¥2)
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if ¢ j(x,0)=0and ¢; is ¥ ® Z(T?)-measurable.

The proof of Theorem 2.13 will be given in Section 3.3. From the proof it will be clear that
it is possible to replace T¢ by a domain © C R if one assumes Dirichlet boundary conditions
(for instance), and by, ;[yo = 0.

3. Proofs of the main results
3.1. Local well-posedness and regularity

The aim of this subsection is to prove local well-posedness and smoothness of (p, x, 8, g)-
solutions to (2.1). In particular, the next result contains Theorem 2.7 as a special case.

Proposition 3.1 (Local existence, uniqueness, and regularity). Let Assumption 2.1 (p,q,h, )
be satisfied. Suppose that q > max{ﬁ, #(_hl_)])} and that k € [0, £ — 1) satisfies one of the

following conditions:

d(h—1) l+k 1 _ d h
g<——" and +-0+-)<— 3.1)
2 g T h—1
d(h—1) l+k 8
>-r 7 < (1-2). 3.2
gz =5 ad — === (3.2)

25—l
Then for any ug € LEO%(Q; By, 7). (2.1) has a (unique) (p,k, 8, q)-solution satisfying a.s.

o > 0and for all 6 € [0, %)

1+«

2
ue Hgl (0.0), we; ) N C(10.0): By ). G-

loc

Moreover, u instantaneously regularizes

ue HY (0,0, H724) as. forall 0 €10,1/2), r,¢ € (2,00), (3.4)
ueCl”((0,0) x T4 RY) as. forall 6y €[0,1/2), 6, € (0, 1). (3.5)

The weight « is called critical if equality holds in the above condition on « in (3.1) or (3.2),
i.e.

in (3.1): K=Kc=p(i - l((?-i-g)) -1,

h—1 2 q
. ph 8
32 k=ke=——1—=)—1.
n (3.2): €= ke h—l( 2)

14k
Moreover, the space of initial data B, ,  ” is called critical as well. For details on criticality
we refer to [5, Section 4]. This explains the subscript ‘c’ in Theorem 2.7. This abstract notion of
criticality turns out to be the one that leads to scaling invariant space in many examples.

Before we prove the above result, let us first show how Theorem 2.7 can be deduced from

Proposition 3.1.
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Proof of Theorem 2.7. The upper bound g < #,(;)_1) and § < hhi] imply g < @. In

particular, this is the first case of Proposition 3.1. Thus, it remains to check the inequality

1+K+1<5+d)< h
)4 2 g/ " h-1

h 1

Since k. = p(hT1 — 50+ g)) — 1, the assumptions % + %(8 + [El) < hhj and g < d(h—1)

h+1-56(h—1)
imply k. > 0 and «. < g — 1, respectively. In other words k. belongs to the admissible range
[0, £ — 1). Hence, the assumptions of Theorem 2.7 imply that Proposition 3.1 is applicable with

k = k.. It remains to show that the space of initial data ug is the one claimed in Theorem 2.7. To
) 14kc 2

2— d_
3 P _ q
this end, note that B, , =B,

h—1 .
as desired. O

Next we prove Proposition 3.1. The idea is to reformulate the system of SPDEs (2.1) as a
stochastic evolution equations (SEE in the following) and then use the results in [5,6]. To this
end, we need two ingredients:

e Stochastic maximal L? (L7)-regularity for the linearized problem (see e.g. [5, Section 3] for
the definition);
e Estimates for the nonlinearities.

Recently, we obtained stochastic maximal L? (L?)-regularity for second order systems on the d-
dimensional torus [9]. Required estimates for the nonlinearities will be formulated in Lemma 3.2
below.

Before we state the lemma we reformulate (2.1) as an SEE. To this end, throughout this
subsection we set

Xo=H %1, X, =H>%, and X, :=[Xo, X1\ =H T4, (3.6)

where A € (0, 1), and a.s. forallr e Ry, v € X7,

A(t)v =div(a(r) - Vv), B(tHv= ((bn(t) . V)v)”>l,
. - 3.7)
(1, v) =div(F(t,v)) + f (1, v), L(t,v) = (ga(t, ), -
With the above notation, (2.1) can be rewritten as a semilinear SEE on X¢:
du — A)yudt = @(t,u)dt + (B(OHu +T(t,u))dW,2(t), teRy, 39

u(0) = uo,

where W is the Ez-cylindrical Brownian motion induced by (w™),>1, see the text before Defi-
nition 2.3. Recall that y (€2, X1 2) = y (€2, H'7%4) = H1=5:4(£2), cf. (2.5).

Lemma 3.2. Let Assumption 2.1 (p,q, h, 8) be satisfied. Let ®,T" be as in (3.7). Suppose that

d(h—1 _
q >max{dd78, #(h_)])}. Set p1 =h — 1, ,02:% and
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1, d 1 o dh—1)
b 20+ (1-3): Fa=—"%—
s Fas 20D
2’ =75

1 1, d\h—1 _  dh—1)
N 5(5 _)h+1 Fa<35-1)
Pri= 3 d(h—1)
2’ faz35-7

Then By, B2 € (0, 1) and for each v,v' € X

19C.0) = @0 xo £ Xjeqr oy 1+ 0, + I0I¥, v —v/llx,,
[P 0lIxy S jepy+ ol )||UIIX,3 ,
ITC,v) =TC 00, S (L IIvIIf(2 + 111 p) IV —v "lixg,
ITC )y, S A+ VIE ) 1VIxs, -
Since B; < 1, the above result shows that ® and I" are lower-order nonlinearities.
Proof. Since f(-,0), F/(-,0) € L™ and (gn.,i(-,0))p>1 € L= by Assumption 2.1(4), it is enough
to estimate the differences ®(-, v) — ®(-,v') and I'(-, v) — I'(:, v’). We break the proof into two

steps.
Step 1: Estimate for ®. Let us write ® = &y + &1 where

Do(-,v) = f(-,v) and D (-, v) =div(F (-, v)).

Substep la: Estimate for ®y. By Assumption 2.1(4), a.e. on R} x € and for all v, v’ € X,

(@)
”(DO('a U) - q>0('1 U/)“H*‘;-‘I 5 ”f(t? ) U) - f(tv Yy v/)”LE

S H<1+|v|h—1+|v/| -

3.9)
Yat ol + 11 e = 'l e
(iii) ,
< (1+||v||H6q+||v||H()q)”U UHHQJI,
where in (i) we used Sobolev embedding with —g =—§— ;—1 and g > ﬁ to ensure £ € (1, 00).

Estimate (i7) follows from Holder’s inequality. In (ii7) we used Sobolev embedding with 6 — g >

—%, and where we need 6 < 2 — § to ensure that @ is of lower-order (see (3.6)). To choose 0
we consider two cases:
e Caseq < d(hs—_l). In this situation we set § = < — % d(hq b _ é > (. Note that0 <2 —§

d(h—1)
h—3(h=1)°

S

follows from the assumption g >
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e Caseq > @. Here we set 6 = 0. Since § < 2 by Assumption 2.1, we also have 8 =0 <
2—3.

In both of the above cases, Xg, = H%4 (see (3.6)). Thus (3.9) gives
[ ®o(t, -, v) — Dot -, ) |x, S (1 + IIUII’;(1 + IviIg g v —v "lixg, - (3.10)

Substep 1b: Estimate for ®1. As in substep 1a, by Assumption 2.1(4) we have, a.e. on Ry x Q
and for all v, v’ € X,

(iv)
”q)](',v)_CI)](',U/)”H—S,q 5 ”F(t"’v)_F(ta ‘,U’)”L’?

h—1 h—1
S Ja+l + )

w (3.11)

—1 h—1
, b=l
S (L] 2@ 10 G Mo =V s,
2 L 2" L2
(vi) h=1 , b=l ,
S (vl g + 1) =Vl o,

where in (iv) we used div: H!7%9 — H~%4 boundedly, and Sobolev embedding with —% =
1-6— 4 , where n € (1, g) since g > ﬁ In (v) we used Holder’s inequality, and in (vi) the

Sobolev embeddlng with¢ €[0,2 —5) and ¢p — =

q > (h+1) As in substep 1a, to choose ¢ we
distinguish two cases.

d(h—1)

e Case q < 36-1) - In this situation we have ¢ =4 2d

g n(+T) T

= 4121 + 2455 > 0. Note that
<2 —§since g > 57—s-— by assumption;
¢ <2—4si Zhd(g(hl)l) b
e Caseq > d(h ]) . Here we set ¢ =0 and thus ¢ <2 — 6.

Again one can check Xg, = H %4 in both cases. Thus (3.11) gives
[®1(,v) — D1, V)Ix, S+ IIUIIXﬁ + 11 )Ilv—v llxg, - (3.12)

The required estimate for ®(-, v) — ®(-, v") follows from (3.10) and (3.12), which completes
Step 1.

Step 2: Estimate for T'. Here we prove that I'(-,v) — I'(-, v’) satisfies the same bound of
@ (-, v) — ®(-,v') in (3.11). Thus the required estimate for I" follows as in Substep 1b. Indeed,
a.e.on Ry x Qand for all v, v’ € Xy,

(vii)

||1—‘(’7 U) - 1—‘(’7 U/)”)/(Zz,xl/z) S ||g(t7 y U) - g(tv ‘y U/)”)/(ZZ’LTI)

(vm)
”g(tv 7v) g(tv'vv/)”[]l([z) (313)

zx)

S Ja+w

L’
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where in (vii) we used Sobolev embeddings with —d—_1_5— 4, in (viii) (2.5) and in (ix)
Assumption 2.1(4). Comparing (3.13) with the second line in (3.11), one can check that the
claimed estimate for I" follows as in Substep 1b. O

Next we prove Proposition 3.1. For the reader’s convenience, the proof will be divided into
two parts. In Part (A) we prove the existence of a (p, k, 8, g)-solution to (2.1) with pathwise
regularity as in (3.3) and in Part (B) we prove (3.4)-(3.5).

Proof of Proposition 3.1 Part (A) — Local existence and uniqueness. We break the proof of
Part (A) into two steps. Recall that (A, B, ®, I') are defined in (3.7). In the following, we use the
definition of criticality of [5] for the trace space of initial data (see e.g. [2] for details on trace
theory)

25214
Xty = (Xo. X0 _pee ), = (H™%4, H”*q)l,l%,p =B,, ', (3.14)

where we used [11, Theorem 6.4.5].
Step 1: The assumptions (HF) and (HG) of [5, Section 4.1] hold with (F, G) replaced by

2§14«
(®, ). Moreover, the trace space X, r =B, , " iscritical for (2.1) if and only if one of the

following conditions holds:

o g <= ang L 4 2(8+ )=t

e g > d(h(;l) and 1}‘1;/( — h_l (1 _ j)
To prove the claim of this step, by Lemma 3.2 it is suffices to show that

1+« pj

(l—ﬂj) for j € {1, 2}, (3.15)
4 Pj

where p;, B; are as in Lemma 3.2. Note that d(hs_l) < ‘%’:ll)) forall 2 > 1and § €[1,2). There-

fore, to check (3.15), we can split into the following three cases:

(a) Case g < w. In this situation one can check that the inequalities in (3.15) for j € {1, 2}
are equivalent to the following restriction:

s+ —).
q

IJ;KShZ ;( d)

(b) Case “=1 < g < $U=H. Then (3.15) for j € (1,2} holds if and only if

I+« h 1 d I+« h 8
SIS YA SO I )
p h—1 2 q p h—1 2

d(h—1) h
3

Note that g > implies hhj(l. - %) <59 - %(5 + %). Therefore, it is enough to
assume the second of the above conditions.
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dh—1)

(c) Case q > 26-1) -

Then (a), (3.15) for j € {1, 2} leads to the same condition

Sete)

One can check that the conditions in the cases (a)-(c) coincide with the one assumed in Proposi-
tion 3.1. Moreover, criticality holds if and only if the estimates in cases (a)-(c) hold with equality.
Step 2: There exists a (unique) (p, k, 8, q)-solution (u, o) to (2.1) such that

we HoP([10,0); H¥59) as. forall 6 € [0, 1/2).
To prove existence and uniqueness for (2.1) we will apply [5, Theorem 4.8]. Indeed, our notion of
(p. K, 8, q)-solution to (2.1) (see Definition 2.3) is equivalent to the notion of L% -maximal local
solution given in [5, Definition 4.4] (see also [6, Remark 5.6]). By [9, Theorem 5.2 and Remark
5.6], the linearized problem with leading operator (A, B) (see (3.7)) has stochastic maximal L”-
regularity. More precisely, we have (A, B) € SMR;,V,((T) for all T € (0, 00) with Xo = H %4
and X| = H* %4 (see [5, Definition 3.5] for the definition). Now existence and uniqueness
follows from Step 1 and [5, Theorem 4.8]. O

In order to complete the proof of Proposition 3.1 it remains to show the regularity results
(3.4)-(3.5). For this we will use our new bootstrap technique of [6, Section 6]. The structure of
the proof of the regularity will be follows:

e Bootstrap regularity in time via [6, Proposition 6.8] (see Step 1a) and [6, Corollary 6.5] (see
Substep 1b).

e Bootstrap integrability in space via [6, Theorem 6.3] applied recursively considering (2.1)
in the (H —8.q; g2 84 a)-setting where (gi)i>1 is a sequence of increasing numbers
gk 1 oo with g1 = g (see Step 2).

e Bootstrap differentiability in space via [6, Theorem 6.3] by shifting the scale from Y; =
H?/=%4 to Y; = H* =14 (see Step 3).

In each of the steps in the proof below and without further mentioning it, we use the stochastic
maximal L;, -regularity result of [9, Theorem 5.2 and Remark 5.6] for (A, B). By Assump-
tion 2.1 the latter holds on Xg = H~*¢ and all r € (2, 00), { € [2, 00), k € [0, 5 — 1), and s such
that 1 <s <& + y, for some (small) y > 0.

Proof of Proposition 3.1 Part (B) — Instantaneous regularization (3.4)-(3.5). Let (u,0) de-
note the (p, k, §, g)-solution to (2.1) provided by Part (A).
Step 1: Forallr € (2, 00),

ue [ Hyl0.0;H>™724) as. (3.16)
0€l0,1/2)

The proof of (3.16) consists of two sub-steps, where Step 1a is not needed if ¥ > 0.

Step 1a: If k =0, then (3.16) holds for some r > p. Here we apply [0, Proposition 6.8]. Let
(Bj)jef1,2) be as in Lemma 3.2. Note that 81, 2 € (0, 1) and p € (2, 00) under the assumption
of Proposition 3.1. Fix r € (p, o0) and « € (0, 5 — 1) such that
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11 1 |
S and s maxf— 14— (.17)
p o r r p

With the above choice, Step 1 of the proof of Proposition 3.1 Part (A) ensures that [6, Proposition
6.8] is applicable with ¥; = X; = H?7%4 and (r, «) as above. This yields (3.16) for all r €
(p, 00) and & > 0 satisfying (3.17).

Step 1b: (3.16) holds for all r € (2, 00). Let

either [(r,a)=(p,x)ifk >0] or [(r,«)asinStep laifx =0].

In all cases o > 0. Let 7 € (2, 00) be arbitrary and let @ € [0, % — 1) be such that %@ < 1# Set
Yi:=H 2j=8.4 for j € {0, 1}. Combining Step 1 of the proof of Proposition Part (A) and Step la
if kK = 0, one can check that the assumptions of [6, Corollary 6.5] hold and this yields the claim
of Step 1b.

Step 2: Forallr, ¢ € (2,00),

0, T . 7y2—8—20,
ﬂ HIOC o, H {) a.s.
6€[0,1/2)

It suffices to consider r € (p, 00) such that l %(6 + d) < % The latter condition is

nonempty since in each of the case of (3.1) and (3. 2) one can check that 4 @+ 7 ) < h 7- To prove
the above claim for u it is enough to show the existence of ¢ > 0 dependlng only (r 8,q,h,d)
such that for all ¢ € [g, 00),

e N HPT (0,0, H* 20y a5, = u e N HP (0,0, H¥ 9720048y a5 (3.18)

loc loc
0€[0,1/2) 0€l0,1/2)

Indeed, by Step 1 we know that the RHS (3.18) holds with { = ¢ and r as above. Thus the claim
of this step follows by iterating (3.18).

To prove (3.18) suppose thatu € mee[o,l/z) loe "0, 0; H*%720:8) a.s. We will apply [6, The-
orem 6.3]. Since 1 m 2(8 + d) < T by assumptlon there exists o > 0 (depending only on
(r,8,q, h,d)) such that ]to‘ 2(8 + d) < 7=7- By Step 1 of the proof of Proposition 3.1 Part
(A) we know that (HF) and (HG) of [5, Sectlon 4.1] hold in the (H~%¢, H>=%:¢ «, r)-setting
with ¢ € [g, 00), and the corresponding trace space is not critical for (2.1) in this setting. Next
we check the assumptions of [6, Theorem 6.3] with the choice

o~

Yi=HY  YVi=HYTME =7 a=a

where ¢ will be chosen below. It is easy to see that conditions (lz\and (2) of [6, Theorem 6.3] are
satisfied. To check condition (3) of [6, Theorem 6.3] note that ¥; < Y; and the assumption [6,
(6.1)] is satisfied due to [6, Lemma 6.1(1)]. It remains to check

Yy > Yar="VY,,. (3.19)

2—§—2 1t

-2 -
The latter will require ¢ to be small enough. Recall that ¥, = Bira "and Yy, = B, ' by

(3.14). By Sobolev embedding (3.19) holds provided
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2 d 1 d 1 1 2
I T L S S L & —- <= (3.20)
ro ¢ r C+e . ¢H4e " dr
For (3.20) we can for instance take ¢ = Z—”r‘ > 0.
Step 3: Forallr, ¢ € (2, 00),
we [ Hul©.0;H'™%) as. (3.21)

0e€[0,1/2)

Note that, if § = 1, then (3.21) follows from Step 2. Thus below we may assume § € (1,2). It
suffices to prove (3.21) for r and ¢ large. Therefore, we may suppose that

1 §-1 h

dh—1) 2
7,q}, r>max{p,—2_8}, and ;—i——z <72(h—1)'

> ma
¢ = max | =
For the latter note that % < ﬁ always holds.

As in the previous step, we use [6, Theorem 6.3] to improve the differentiability in space. To
prove (3.21), for j € {0, 1}, we let

‘ _ . R _r6—1
Y, =HY4 ¥, =HYM F=r a=0, oc:r(z ). (3.22)

Moreover, @ € [0, % —1) since 7 > ﬁ.
We claim that and (3.2) is satisfies ip\ the (Yo, Y1, 7, )-setting and (%, ?1,?, «)-setting, and
both are not critical. Indeed, for Y and Y this follows from

1 5§ h ( a)and1+a Lol h
= —<—’
7T 2 T2h-1

Sl <——(1-2
r 2 h—1\ 2

respectively. To apply [6, Theorem 6.3] it remains to check condition (3) there, which states
(a) Y,Tr — f’\af, and (b) [6,(6.1)] holds. (3.23)

52
The choice of @ in (3.22) immediately yields (3.23),) and both spaces equal B;r(S . To check

(3.23)(v) we apply [6, Lemma 6.2(4)]. To this end note that, for ¢ = %,

~ ~ ~ ~ 1+a 1
Yie=[Yo,Y1i—e=Y1, Yo=I[Yp,Y1le =Y, and T=€+;-

Sincea =0and € < % — } by construction, [6, Lemma 6.2(4)] applies and thus (3.23), follows.
Hence [6, Theorem 6.3] yields (3.21).

Step 4: Conclusion. Note that (3.4) is equivalent to (3.21). In addition, (3.5) follows from (3.4)
and Sobolev embedding. Hence the proof of Proposition 3.1 is completed. O

Next we turn to the local continuity result.
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Proposition 3.3 (Local continuity). Let the assumptions of Proposition 3.1 be satisfied. Let (u, o)
be the (p, k, 8, q)-solution to (2.1). Then there exist positive constants (Cy, To, €0) and stopping

times oy, o1 such that oy, 01 € (0, o] a.s. for which the following assertion holds:
14k

—§—2-1K
For each vy € L (Q Bq » 7y with E|lug — vol|” &0, the (p, k, 8, q)-solution

1+K—
252P

(v, T) to (2.1) with initial data vo has the property that there exists a stopping time 1o € (0, 7]
a.s. such that for all t € [0, To] and y > 0, one has

Co
P( sup u() = v s e 2y, 00ATo> 1) =~ Eluo = v0ll”, , s 3:24)

ref0,] B,, yP P

Co »

IP>(||M = VllLro.r wy: H2-5a0) = Vs O0 AT > f) < —E|uo—voll g splik (3.25)

yp Bq.p p
P(oo Ato =) < ColElluo—wll”, , 1o +Plor <0)]. (3.26)

BqJ’ r

Let us first show that Proposition 2.9 is included.

Proof of Proposition 2.9. The claim follows from Proposition 3.3 with the choice of «. =
p(hth - %(8 + g)) — 1, as in the proof of Theorem 2.7. O

Proof of Proposition 3.3. For the proof of Proposition 3.3 we need some of the arguments in
the abstract local well-posedness result of [5, Theorem 4.5] (see also [5, Theorem 4.8]). Let
£ e WL(R) be such that &£j0,1] =1, &l[2,00) = 0 and & is linear on [1, 2].

For A > 0 consider the following truncated version of (3.8):

du — A@udt =&, u)®, u)dt + (B@Ou + 6., w)I(t,u))dW,2 (t), teRy,

(3.27)
u(0) = uo,

where

1
st =6 (Sl 2 (3.28)

where 2 is as in [5, eq. (4.14)] with (p;, B;) as in Lemma 3.2 and ¢; = ;. For the choice of
the cut—off in (3.28) we also uses [5, Remark 4.14] and that the implicit constants in estimates of
Lemma 3.2 are independent of v, v’. As noticed in Step 2 of the proof of Proposition 3.1 Part (A),
the (p, k, &, ¢)-solution of (2.1) is the L?-maximal solution in the terminology of [5, Definition
4.4] with the choice (3.6)-(3.7). Recall that X Tr has been defined in (3.14). Now Steps 1-2 in the
proof of [5, Theorem 4.5] show the existence of constants (Ag, 7o, €9) for which the following

assertion holds: For all vg € L@\ (25 X ) such that E|jug — vo||XTr < go there exists a local

(p, K, 8, g)-solution (v, Tp) to (3. 27) W1th initial data vg and A = Ag satlsfylng

Ela -3l

C([0,Tp] XTr ) +E”M

”iv(o Towe: H2-5.0) = CoE|lug — UO|IXT, , (3.29)

where (u, Tp) is the local (p, «, §, g)-solution to (3.27) with A = X and initial data u.
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As in Step 4 of [5, Theorem 4.5], we set

oo :=inf{r € [0, To] : il 2y = Ao}, and 7o :=inf{r € [0, To] : [Tl 2 = Ao}- (3.30)
Note that a.s. o9 > 0 and 79 > 0. Arguing as in [5, Step 4], one can check that (4[[0,00)xQ, 00)
(resp. (V][0,79)x 2> T0)) is a local (p, «, §, g)-solution to (2.1) with initial data ug (resp. vp). By

maximality of the (p, «, 8, g)-solutions (u, o) and (v, 7), we have og € (0, 0], 19 € (0, 7] a-s.,
and

u=uae.onl[0,00) x 2, and v=vwa.e. onl0,1) x Q. (3.31)

We are ready to prove (3.24). By (3.31), for all ¢ € [0, Tp].

JP’( sup [lu(r) = v()llxr > v, ao/\to>t) g]P( sup [[(r) = ()l xn, > y)
rel0,t] rel0,¢]

=< W]E”ﬁ v”C([O t1; XTr >)

5
< IE3||Mo —voll?

XTr ’

where in the last inequality we used (3.29) and ¢ < Tp. The same argument also yields (3.25).
Next we prove (3.26). For all ¢ € [0, Tp],

P(oo Ato <t) <P(@ll 2 () + 1Vl 27() = 20)

<PQ2lall 2 @)+ 19—l 2 ¢) = o)

Ao
(Ilv—ullx(z) )+ P (1l = L)
p

]Elluo UOHXTr +P(o1=0),
0

where in the last step we used (3.29) and o1 := inf{t € [0, Tol : llullz ¢y = );1—0} O

Remark 3.4. The proof of Proposition 3.3 also yields the following facts.

(a) By (3.29) and (3.31), the estimates (3.24)—(3.26) can be also formulated as L? (£2)—estimates.
For instance, (3.24) holds in the stronger form:

E[Uonrg=n) sup 1u(s) = v@I”, 1 | < CoBlluo = woll”, | s 1 €10, Tol.
o B 2 P

s€[0,¢] 9.0 By p

(b) Let (u,v) be as in (3.29), i.e. the (p, «, &, g)—solutions to (3.27) with data (ug, vo), respec-
tively. By Steps 1-2 of [5, Theorem 4.5] and maximal L?-regularity estimates (cf. [9]), we
have the following stronger version of (3.29):

273



A. Agresti and M. Veraar Journal of Differential Equations 368 (2023) 247-300

- _ =P P 1
E”M - v”H"vP(O,TO,w,(;Hz—“—z"JI) 59 IE”“O - U()” 2—8—21% ) forall 0 [Oa j)

q.P

Whence (3.25) also holds with LP (0, 1, w,; H>~%4) replaced by H?7(0, t, w,; H>~%720-9),

(c) The proof of Proposition 3.3 shows that (3.24)—(3.26) holds also for quasilinear SPDEs as
considered in [5] but taking F; = G = 0. The above proofs need the following modifica-
tions: (3.28) needs to be replaced with &, (¢, u) = S(%[Ilu Il 27 (1) + SUpPseqo,r llu(s) ||X3'rp]) for
t € [0, Tp], and (3.30) needs to be replaced by ’

oo =inf{r € [0.70) : o+ sup [7(s) = uollz, = Ao,

s€[0,r]

ro=inf {1 € [0, 0] : T2y + sup [5(s) = uollxz, = o).

s€[0,7]

The same assertion as in Proposition 3.3 holds in the quasilinear setting, but the set {79 = 0}
might have positive measure as we are only imposing smallness on E |lug — vg ||§Tr .
“p

3.2. Blow-up criteria

Here we prove Theorem 2.10. The argument follows the one in [6, Lemma 6.10]. However,
Theorem 2.10 cannot be deduced from such result since in the present situation we are also
considering a parameter A that is (possibly) different from /4. Thus we provide a proof below.
For the reader’s convenience, we give a (rough) idea of the argument which is based on the
fact that solutions to (2.1) instantaneously regularizes, cf. (2.13)-(2.14). Indeed, for any s > 0,
u(s) is smooth and we may ‘restart’ the system of SPDEs (2.1) considering the solution to such
problem on [s, co) with data u(s), which will be denoted by v. Note that, a-priori, we don’t know
how u(t)|(;>s) and v relate. Since u(s) is smooth, the restarted problem (2.1) can be considered
in a different ‘setting’, i.e. replacing the parameters (p, k, g, §, h) by (possibly) different ones
(po, k0, q0, 80, ho). With the latter choice, the results in [6, Section 4] show that v satisfy a blow-
up criterium in the (po, ko, qo, 80, hp)-setting which is the analogue of the one claimed for u.
The conclusion follows by showing that # = v on [s, c0) and thus the blow-up criteria for v
‘transfers’ to u.

Proof of Theorem 2.10. (1): We begin by collecting some useful facts. Fix 0 <s < T < oo and
let (u, o) be the (p, k¢, §, g)-solution to (2.1) provided by Theorem 2.7. By [6, Theorem 4.10(3)],
(3.6) and (3.14) we have

P(o <o, sup [ullyy +lulroonrn <o0) =0, (3.32)
te[0,0) ap

where

et e el )

Moreover, let us recall that, by (2.12) for 6, := %

(see e.g. [5, Proposition 2.7]), we have

< % — % and the weighted Sobolev embeddings
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ue HEP([0,0), we; H %4y s LP ([0,0); H"Y) as. (3.33)

loc loc

Let (g0, po, o, ho, Po) be as in Theorem 2.10 and g1 > qo. Set ko = k¢ 0 = po(hé’—ﬂl - %(80 +
j—o)) — 1. Fix « € (k0. kc.1) Where k¢ 1 := po(h(’f—gl — 16+ ;’—1)) —1forie{0,1}. Set B :=

2—6— 2% and note that § < By. By (2.14) with 61 =0, 6 = 6, € (B8, 1) and the progressive
measurability of u, we have

1o gu(s) € LY (2 C).
Combining this with C? = Bgo,oo — Bfl,po since 6 > 3, we get

1io>syu(s) € L_Q%(Q; B(’Z’po), where V:={o > s}.

Up to a shift argument, Proposition 3.1 ensures the existence of a (pg, ko, o, g1)-solution (v, T)
on [s, 00) to
dv; — div(a; - Vv;)dt = [div(E(~, ) + fil, v)] dr
+ 30 [Gni - Vi g |awy, on T4 (3.34)
n>1
Vi (s) = Lo syui(s), on T¢,

where v = (vi)le. Moreover, the solution (v, t) to (3.34) instantaneously regularizes in time
and space:

veHI (s, H'7208)  as. forall 0 €[0,1/2), r, ¢ € (2,00). (3.35)

loc

The notion of (po, ko, 80, g1)-solutions to (3.34) follows as in Definition 2.3.

By Step 1 of Proposition 3.1 and the fact that ¥ < «. 1 we know that Bf, ,po 18 not critical for
(3.34). Thus, applying [6, Theorem 4.10(2)] to (3.34),

P(r <T. sup vl < oo) —0.

tels,t)

Since g < By, we have B(’flo,oo — B,f], po- Hence the previous implies

P(r <T, sup ||v(t)||B,zs0 < oo) =0. (3.36)
tels,t) q1-°

Recall that V = {o > s}. Since 7 > s a.s., (3.36) shows that (1) follows as soon as we have shown

t=cas.onyY and wu=vae.on[s,o)x ). (3.37)
The remaining part of this step is devoted to the proof of (3.37). Let us begin by noticing that, by
ho > h and (2.13), (ul(5,0yx v, lyo + 1g\ps) is a (po, ko, 8o, g1)-solution to (3.34). The maxi-

mality of (v, 7) yields (see the last item in Definition 2.3)
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oc<tas.on) and wu=vae.on[s,o)x V. (3.38)

To conclude it is enough to show that P(V N {o < t}) = 0. To this end we employ the blow-
up criteria in (3.32). Indeed, by (3.35) and (3.38), we have u = v € Lloc((s, ol; HY?) a.s. on
Y N {o < t}. Combining this with (3.33), we find u € LP(0,0; H"?) as. on V N {0 < 1}.
Similarly, one can check that sup, g o) [lu(7) ”Bf,p < oo a.s.on VN{o < t}, and therefore

PNl <t =P(Vnio <ain{ sup u@lgs +lulroo:mmr <oo})

te[0,0)

(3.32)
=P(o <00, sup [ullys +lullLrooinrr) <o0) =0,
te[0,0)

(2): The proof is similar to the one of (1). Indeed, let us consider the (po, «¢,0, 80, go)-solution
to (3.34) where k¢ o = p(ho T — —(80 + 4 )) — 1. Here the subscript ‘c’ stresses that the corre-

sponding space for the initial data ng, po 18 critical for (3.34) (cf. Step 1 of Proposition 3.1 and

note that the spatial integrability is gg). Compared to Step 1, the only difference is that instead of
(3.36) we use [6, Theorem 4.10(3)] (which holds also in critical situations) and it yields

B(r<T. sup ol A+ I0lmgsimmo <o) =0.

tels,t)

where By, Yo are as in the statement of Theorem 2.10. O

Proof of Corollary 2.11. To prove (1) we use Theorem 2.10(1) with an appropriate choice of
(g0, q1)- Recall that hg > 1 + %, o= %(ho — 1) and let &1 > ¢p. Choose &g > 1 small enough so
that Assumption 2.1(2) holds. Fix g1 < ¢; such that

d(ho—1)
ho+1—68y(ho—1)

fo<q1 <

The above choice is possible since §g > 1. Since g < 2, we may fix pg € (g1, 0o) such that

L—i—z(&)-i-

d ) ho
o/ " ho—1'
One can check the condition in Theorem 2.7 with (p, g, 8, h) replaced by (po, qo0, 0, ho). By

1 > q1 and elementary embeddings for Besov spaces, LS <> L4l < Bq |00 Hence

{s <o <T, sup [[u@®la < oo} - {s <o <T, sup ||u(t)||Bo < oo}
tels,o) tels,o)

Thus that (1) follows from Theorem 2.10(1) with gg = ¢o noticing that By = ;1—0 — 110%1 =0.
To prove (2) we use Theorem 2.10(2). Let o > 1 be as above. By assumption gg <

d(hg—1)
TESE= T e and therefore

d
qo ho—1

— (o= 1).
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Hence to ensure the existence of pg such that % + (;io =7 2 — we need po > 5 2 57 as required in

(2). Since qo > &o,

@) B (”) B
L — B (?qo Bl](? Po

where in (i) we used the Sobolev embeddings for Besov spaces (recall g = 4

2
q0  ho—1
(ii) the fact that pg > gg by assumption. Hence

) and in

[s <o <7, sup 1ull 0 + Nl o) < o0]
tels,o)

Cls<o<T sup Olyp +lelnosse <oo).
tels,o)

Thus (2) follows from Theorem 2.10(2) by noticing that yy = % + qi — ho%l =0. O

Finally we prove a compatibility result for the solutions obtained in different settings.

Proposition 3.5 (Compatibility of different settings). If Proposition 3.1 is applicable for two
sets of exponents (p1,k1,01,q1,h1) and (p2, k2,82, q2, h2), then the corresponding solutions
(uy, 01) and (uy, 07) coincide, i.e. o = 03 a.s. and uy = uy a.e. on [0, 01) x Q.

As Theorem 2.7 is a special case of Proposition 3.1, the above compatibility also holds for
solutions provided by Theorem 2.7. To explain the difficulty in proving the above result, let us
consider two settings where Theorem 2.7 applies with p; # po and (81, q1, 1) = (82, g2, h2).
Note that the corresponding critical weights k. ; 1= p; (hth - %(8 + g)) — 1 satisfy 1;% = %.
In particular, the LP"(w,,;)—spaces on RHS (2.2) of Definition 2.3 cannot be embedded one
in the other (cf. [6, Proposition 2.1(3) and Remark 2.2]). Hence, a priori it is unclear how to
compare the solutions, and use the uniqueness in one of the two settings. To solve this, we use

an approximation argument, local continuity, and regularization results.

Itk
2-8—2—11
Proof of Proposition 3.5. Step 1: Approximation. Note that ug € Nje(1,2Bg,.p; ' a.s.asthe

assumptions of Proposition 3.1 are verified in both settings. By localization in €2, see [5, Theorem
4.7(d)] with

I=Nicaa{lluoll ,, 1 <n}eFo.
iTSTp;

qi-Pj

it is enough to consider the case

I+k;
—§;—2 ki

up € mie{l,Z}Lp' (€2 By, pi ).

51' ]+f(,'
In the following we let (”0 )n>1 SLZ (2 C") be such that u(”) —uoin LP (2 By, ")
for i € {1,2}. Fix some r > max{pl,pz q1,q92,2d + 2, d(hl — 1),d(hy — 1)} and set h =
max{hy, hp}. Then one can check that Assumption 2.1 (r,r, h, 1) holds, and (3.2) holds with
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(p,k,q,d) replaced by (r, 0, r, 1). Therefore, by Proposition 3.1, for each n > 1 there exists a
(unique) (r, 0, 1, r)—solution (™, 5 ™) to (2.1) such that a.s. ™ > 0 and

_2
u™ € B (10,6 ™) H'Z27) 1 C (10,0 ™): By 7). 6.€[0,1/2). (339)

By Sobolev embedding (since 1 — 2 > —£) we find that u™ e C([0,0™); C(T4;RY)

a.s. Now let us fix i € {1,2} and n > 1. Consider the (p;, ki, §;, g;)—solution (u?"),ai("))
provided by Proposition 3.1 with the parameters (p;,«;,d;,q;) and initial data ué"). By
Definition 2.3, (3.39), and the special choice of r, one obtains that @™, ™) is a local
(pi. ki, 8i, gi)—solution to (2.1). Hence o™ < oi(") and u™ = u?") ae. on [0,0™) x Q by
maximality of (u?"), oi(")). Now reasoning as in the proof of Theorem 2.10, by instantaneous

regularization of (p;, ki, §;, gi)—solutions (i.e. (3.4)—(3.5)), we also obtain

o™ =5™ as.  and uE") =u™ ae.on[0,06™) x Q. (3.40)

L
™ G0y

Step 2: For all i € {1,2}, up to extracting a (not relabeled) subsequence of (u™, a(")))nzl,
there exists a stopping time t; € (0, g;) such that a.s. t; < liminf,_, » o™ and

Thus in the following we write (u™, ™) instead of (u

u; = lim u™ ae.on|0, 1) x Q. (3.41)

n—o00

Note that the RHS (3.41) makes sense since 7; < liminf,,_ o o™,

In this step we fix i € {1, 2}. Moreover, we use the notation introduced in the proof of Propo-
sition 3.3 with the subscript i to keep track of the setting we are considering. For instance %;
denotes the space introduced in [5, eq. (4.14)] in the (p;, ki, 8;, gi)—setting. Here we prove the
claim with 7; given by (cf. the definition of o at the end of the proof of Proposition 3.3)

. - A0,i
re=inf {1 € (0.0, ¢ Il 500 = =3 .
where u; is the (p;, ki, §;, g;)—solution on [0, Ty ;] solution to (3.27) in the (p;, ki, 8;, g;)—setting,
and where Ty ; and Ao ; are as in the proof of Proposition 3.3.
To prove the claim of Step 2, let aéni) be as in (3.30) with (u, 2", A0) replaced by
(EE"), Zi, ro.i). By [5, Lemma 4.9], Remark 3.4(b) and [2, Corollary 5.2], up to extract a subse-
quence, it follows that

‘721+Kl'

2781 B
" =@ as.in 2i(To;) NCA0, To i1 By py " ) (3.42)

Therefore, we have 7; < liminf,,_, o, aéni). Recall that (see (3.31))

m _

0o.i =0; a.s. and ﬁg") = ul(") a.e.on [0, aéf?) X €2,

00, <0o; as. and u; =u; a.e.onl0,0p;) x Q.
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Hence 7; < liminf,_, al.(n) = liminf,_ oo 0™ by (3.40). Finally, Step 1 and (3.42) give (3.41).
Step 3: Conclusion. By Steps 1 and 2, we deduce that

ui(t) =up(t) as.forallr [0, 11 A12).

Set t :=11 A1 € (0,01 A 02] and let s > 0. Using the instantaneous regularization (i.e.
(3.4)-(3.5)) we have 1z~ qui(s) = Lir=qu2(s) € C? forall 6 € (0, 1). Hence, as in Step 1, the
conclusion follows by repeating the argument used in Theorem 2.10. O

Remark 3.6.

(a) (A proof involving 2 —space). Proposition 3.5 can be also proved by using embedding results
for the 2 —spaces (cf. the proof of [6, Proposition 6.8] where x; = 0 for some i € {1, 2}).
Besides being technically more difficult, this approach also requires additional assumptions
on the parameters (p;, k;, 8;, gi). These restrictions can be removed by tedious iteration ar-
guments. Hence we prefer the above more direct argument based on local continuity.

(b) The proof of Proposition 3.5 extends verbatim to other situations such as the Navier—Stokes
equations with transport noise as analyzed in [3].

3.3. Positivity

Next we will prove the positivity of the solution stated in Theorem 2.13. For the proof we need
the well-posedness and regularity results of Theorem 2.7, Proposition 2.9, the blow-up criteria of
Theorem 2.10, and a maximum principle for linear scalar equations, which is a variation of [46]
(see Lemma A.1 in the appendix).

In case of smooth initial data the proof below can be shortened considerably. In particular, the
approximation argument in Step 1 in the proof below can be omitted. Note that Step 1 relies on
the rather technical local continuity result of Proposition 2.9.

d 2
Proof of Theorem 2.13. Below we write Y := X" » =Bl "1 (T4: RY) for convenience.
Step 0: Reduction to the case ug € LP(2; Y). To prove the claim of this step, assume that the
claim of Theorem 2.13 holds for L?”(2)—integrable data. For any n > 1, set V, := {|juglly < n}
and let (u™, ™) be the (p, k¢, 8, g)-solution to (2.1) with initial data 1y, uo. Thus, by assump-

tion, Theorem 2.13 holds for (u(”), a(”)) and therefore

u™(t,x)>0 as.forallz € [0,0™) and x € T¢. (3.43)

By localization (i.e. [5, Theorem 4.7(d)]), we have

oc=cMas.onV,, and wu=u" ae. on[0,0)x V,.

The previous identity, the arbitrariness of n > 1 and (3.43) yield the claim of this step.

Step 1: Reduction to the case ug € L°(S2; C¥(T4; RY)) where o € (0,1). Fix a € (0, 1). By
Step 0 we can assume that ug € LP(2; Y). In the current step we assume that Theorem 2.13
holds for initial data from LP(2; C*(R?; RY)). Note that from (2.14), we know that « is smooth
on (0, o) x T<. This will be used several times below.
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Set
Ap ={pe 2(TY;RY) : ¢ >0 and |g|ly~ < 1}.

It is important to note that A, is separable due to the separability of 2(T%;R¢), in order to
have measurable sets below. Recall that ug > 0 by assumption. Let (Co, T, €9, 00, 01) be as in

the statement of Proposition 2.9. Choose a sequence (u(()"))nz L in LP(2; C*(T49; RY)) such that
u(()") >0 a.s.on T¢ and u(()") — ug in LP(2; Y). Without loss of generality we may assume that
Eluo—ul” |} <o foralln > 1. Let (u®™, 6™) be the (p, k¢, 8, ¢)-solution to (2.1) with initial
data u(") The reductive assumption ensures that

u™(t,x)>0 as.forallz € (0,0") and x € T¢. (3.44)

Note that, for all € (0, To], n > 1 and y > 0,

]P’( inf /u(r)~g0dx§—y for some ¢ € A, ao>t>

rel0,z]
T4

§]P’( lFf /u(r)-wdxf—yforsome¢6A+,Jo/\ro()>t)+IP’(ao/\r( <1t),
rel0
Td

where r( ") is as in Theorem 2.7 with vo replaced by u(") Note that, by combining (2.11), (3.44)

and ||¢)||y* <lforpe Ay,

{ inf /u(r)~(pdx§—y, sont™ > 1 ]m[ sup ||u(r)—u(")(r)||y<y]=®
relo, ]Td rel0,t]

Hence
]P’( 1nf /u(r) -¢@dx < —y for some ¢ € A4, 0g > t)
rel0
’]I‘d

< IP’( sup |lu(r) — u(")(r)||y >y, 00 A r(g o t) + P(og A r( <1t
rel0,¢]

< Co(1 4y P)E|lug — u{" 12 + CoP (o1 < 1),

where in the last estimate we used (2.15) and (2.17). Letting n — oo and y = k~! | 0, the above
estimate yields

PU) < CoP (o1 = 1), (3.45)

where

L{,::{ inf /u(r)-gndx<0f0rsome<pEA+,oo>t}.
rel0,z]

Td
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Note that {og > t} =U; UV, where

v,::{ inf /u(r)~<pdx20forallgoeA+, ao>t}
rel0,¢]
Td
={u(r,x)>0forallx e TY r € (0,11} N {oo > 1},

where we used the smoothness of u. By definition Vs 2V, as s <t and V, € %, forall ¢ € [0, Tp].
The estimate (3.45) gives

P(V;) =P(oo>t) —PU) >P(op>1t) — ColP(o1 <t) =1 ast |0, (3.46)

where we used o¢g > 0 and o7 > 0 a.s.

Fix ¢ € [0, To] and consider (v, t) the (p, k¢, 8, ¢)-solution to (2.1) on [z, o) with initial data
v(t) = v, := 1y, u(t). By definition of V;, we have a.s. v, > 0 on T4, and by the smoothness of
(u,0) (see (2.14)), we have v, € LY (2 C*(T“; RY)).

In particular, by the reductive assumption (applied at initial time ¢ instead of 0), we have a.s.

v(r,x)>0 forall r € [¢,7) and x € T.

As before, by localization (i.e. [5, Theorem 4.5(4)]), 7 =0 a.s.onV;and v =u a.e.on [t, T) X V;.
It follows that

P(u(r,x) > 0Vr €[t,0) and x € T?) =11$P({u(r,x) >0 Vrelt,o)andx € T} NV)
N

=liir8P({v(r,x) >0Vrelt,t)and x er} HVS)
N

=1limP(;) =1,
slfl(} Vs)

by (3.46). Therefore, letting ¢ | 0 we obtain that a.s. u(r,x) >0 forall r € (0,0) and x € <.
Step 2: Reduction to the case ug € L (Q2; C*(T%; RY)) where a € (0, 1). Due to Step 1, the
claim of Step 2 follows by localization as in Step 0.
Step 3: Reduction to positivity of a new function u™. By the previous steps we may suppose
that ug € L®(Q; C%(T?; RY)) for some > 0. For all (f,w,x) e Ry x @ x T4, y e R¢ and
ie{l,..., £}, let

[t w,x,y) = filt, 0, x, (y v 0)), F(t,w,x,y) = F(t,0,x,(y v0)),

gh(tw.x,y) =gni(t.w,x,(yVO0).
We denote by (2.1) the system of SPDEs (2.1) with (F, f, g) replaced by (F+, £, g™). Since
the assignment y — y Vv 0 is globally Lipschitz, (F T, f+, g™) satisfies Assumption 2.1(4) with

the same parameters. Thus, by Theorem 2.7 there exists a (p, k¢, &, g)-solution wt,0™) to
(2.1)*. Moreover, Theorem 2.10(1) implies (with T 1 co)

IP’(s <ot <00, sup |ut(@)|r~ < oo) =0, foralls>O0. (3.47)

tels,ot)
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We claim that
ut >0 ae.on[0,0") x Q x T?. (3.48)

Next we show that (3.48) yields the claim of Theorem 2.13. More precisely we prove that, if
(3.48) holds, then

o =0 as. and ut=u ae on[0,0)x Qx T (3.49)

Suppose that (3.48) holds. Thus, by Definition 2.3, (u™, o) is a local (p, k., 8, q)-solution to
the original problem (2.1). Since (4, o) is a (p, k¢, 8, g)-solution to (2.1), we have

ot <o as. and ut=u ae on[0,07)x Qx TY.

Since 6 > 0 a.s., to prove (3.49) it remains to show that P(s <6+ <o) =0 for all s > 0. To
this end, fix s € (0, 00). Note that ut =u a.s.on[s,0T Ac),andu € C([s,0T] x T?; RY) as.
on {s <ot <o} by (2.14). Thus

P(s <ot <o) :]P’({s <ot <o}n sup Jut @)= < OO)
t€[0,0)
< P(s <ot <oo, sup |ut(@)|re < OO)
tefls,ot)

3.47
G4 )0'

This proves (3.49) in case (3.48) holds.
Step 4: Proof of (3.48). Fix i € {1, ..., £}. As usual, for all j > 1, we set

of :=inf[te [0,0) : llut () —uolloe + lutll 200 1) zj} Aj where inf@:=o.

By (2.13)-(2.14) (applied with (F, f, g) replaced by (F*, f, ¢™)) we have lim;_, o o;’ =o".
Therefore, to show (3.48) it is suffices to prove

uT >0 ae. on [O,UJT"] x Qx T4,

In the following we fix j > 1 such that |[ugl| Q1) < j, and we drop it from the notation.
Moreover, we set T := oj*. Note that

sup flut(t)|lz~ <2j as. and ||u+||L2(0,,+;H1) <jas. (3.50)
te[0,7)

Next we turn the nonlinearities into globally Lipschitz function by a cut-off argument. Let
¢ : RY — R* be a smooth map such that ¢|{jy<2j; = I and ¢|{jyj>2j+1; = 0. Set

fi('7y) = f‘i+('7 C(y))a Fi('5 y) = E+('a (()’))’ gn,i(" y) = g;::i('7 §(Y))
Then f;, F;, g,,; are globally Lipschitz w.r.t. y € R¢ uniformly in (¢, w, x) € [0, 00) X 2 X <.
For a vector y € R we set Yi=O1,.-.,%-1,0,¥i+1,..., ye). Note that, a.e. on [0, ) x
Q x T4,
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3.50)

Frew=[FCw = FFEm ]+ 7m0 2 [ w) =46 ] 66w,
Below we will exploit that f; (-, ;) > 0 by (2.19). Similarly, by (2.20)~(2.21),
div(F;F () = divIFy () = FF ¢, @),
8 (1) = G i (1) = G i (1),

Recall that Lipschitz functions are weakly differentiable. Hence, for a Lipschitz function R writ-
ing R@w) — R(w) = [} S[R@ + s — w)lds = (fy R'u + s — u))ds)(v — u), one can
check that there exists bounded & ® %(T‘j )-measurable maps ry,, rr;, rg; » (depending on u
on [0, t1) x © x T9) such that

Freow) —FFCoan) =rrui,  §iCou) =6 Coa) =rui,  GniCou) — Gni (L 5) =rg alti

3.51)
ae.on[0,tH) x Q x T?.
Now consider the following linearization of (2.1):
dv; — div(a; - Vo) dt = 1jg 1+ [div(r.:i V1) + 71 v; + fi(~,ﬁ,-)] dr
+Y [(bn,i Vv + 1[0,r+)rg,-,nvi] dw!, onT? (352
n>1
v; (0) = u; 0, on T,

Letv; € L?(2; C([0, j1; L?)NL>((0, j) x Q; H') be the global (2, 0, 1, 2)-solution to the linear
problem (3.52) (well-posedness follows from [50, Chapter 4]). By (3.51), u?‘ is a solution to the
problem (3.52) on [0, TT). Therefore, by uniqueness ul+ =v; on [0, t1). Thus it remains to
show v; > 0 on [0, j]. By (2.19), the inhomogeneity satisfies 1[0,T+)fi(~,ii,~) > 0 a.e., and the
coefficients of the linear parts are bounded. Therefore, the conditions of the maximum principle
of Lemma A.1 are fulfilled, and thus a.e. on [0, j] x €2, v; > 0 on T4. Hence, a.e. on [0, 1] x £,

we have uf >0on TY as desired. O
4. Higher order regularity

In this section we briefly explain higher order regularity of the solution to (2.1) provided by
Theorem 2.7.

The next assumption roughly says that F, f and (g,) are C**!1 in the y-variable, where
a > 0 is some fixed number.

Assumption 4.1. Let o« > 0, F, f and g, be as in Assumption 2.1(4). We assume that F, f and
gn are x-independent, C fe+11 jn y and, for all N > 1 there is a Cy > 0 such that a.s.

[a+1]

Y A E 0 18] £ )+ 1] gui (. Ynz1lle <Cn. VI SN, i €{l,... 0}, 1>0.
j=1
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Theorem 4.2 (Higher order regularity). Let the assumptions of Theorem 2.7 be satisfied, where
(n, p) are such that Assumption 2.1(2) holds, i.e. « > max{d/p,8 — 1}, p € [2,00), and there
exists an N such that

ik j .
||a,-] (t, ‘)”Ha»p(jrd) + ||(b,i,i(f7 '))nzl||1-1a-p(jrd;e2) <N, t>20,i€{l,.... £}, as.

Furthermore, suppose that Assumption 4.1 holds. Let (u, o) be the (p, kc, 8, q)-solution to (2.1)
provided by Theorem 2.7. Then a.s.

ue HY 0,03 HFe=20-0(T4 RY) forall § €[0,1/2), r € (2,00), (4.1)
91,02+a—% d ¢
ueC,, ((0,0) x T% RY) forall 61 €[0,1/2), 6> € (0, 1). 4.2)

From the above theorem one can see how the regularity of order « of the coefficients appears
in (4.1) and (4.2). In particular, (4.1) with 8 = 0 shows that the regularity of u is one order higher
than the regularity of (a, b, h). In the above, we can also allow x-dependency of the nonlinearities
F;, fi and g, ; under suitable smoothness assumptions on the spatial variable.

_2
Remark 4.3. If ug € Lf)%(Q; Bll,ja " (T4; RY)) for some fixed r € (2, 00), then one can check

from the proofs that the regularity result (4.1) (for the fixed r) holds locally on [0, o) instead of
(0, o). However, this will not be used in the sequel.

To prove the result one can argue in the same way as in [3, Theorem 2.7]. Similar as in the
proof of (3.4), the ingredients in the proof are stochastic maximal L”-regularity (see [9]) and
mapping properties for the nonlinearities as we have encountered in the proof of Proposition 3.1.
Since the proofs go through almost verbatim, details are left to the reader.

5. Existence and uniqueness for large times in presence of small data

In this section we prove that the solution of reaction-diffusion equations provided by Theo-
rem 2.7 exists on large time intervals whenever the initial data is sufficiently small.

Theorem 5.1 (Existence and uniqueness for large times in presence of small data). Suppose that

Assumptions 2.1 (p, q,h,8) and 2.4 (p, q, h, 8) hold and set k := k¢ 1= p(% — %(8 + g)) -1

Assume that there are My, My > 0 such that a.s. for all t > 0 and y € R¢,

|f(t,x, )| < My + Ma(ly| + [y"),
(5.1

Il
[F(t,x, V)| + [1(8n (&, x, Y)nz1ll2 < My + Ma(ly| + [y] 7).

d_ 2
Fix ug € L (2 By, s D). Let (u,0) be the (p, ke, 8, q)-solution to (2.1) provided by Theo-
rem2.7. Forall e € (0,1) and T € (0, 00), there exists C¢, 7 > 0, independent of uo such that

) +M{’§C8,T = Po>T)>1-c¢. 5.2)
T

Elluoll”
B p

S
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Roughly speaking, Theorem 5.1 shows that if uy and M are close to 0, then u exists up to T’
with probability > 1 — ¢. Reasoning as in Remark 2.8(c), the above result also implies existence

for large time of unique solutions with small data in L%(h_l)(Td; RY). Under the assumptions
of Theorem 5.1, the proof below also yields the following assertion:

If (uo, M) satisfies the condition on LHS (5.2), then there exists a stopping time t € (0, o]
a.s.suchthat P(t > T) > 1 — ¢ and

IE[I{T>T}||14||H9 . zeq)] <o ]E||uo||BtFLl +MP, forallg e[0,1).  (5.3)
q.P
To prove Theorem 5.1 and (5.3) one can modify the arguments used in the proofs of [3, Theo-
rem 2.11(1)] and [3, Theorem 2.11(2)], respectively. Instead of repeating the technical iteration
argument used in [3, Theorem 2.11], we present an alternative approach under the additional
assumption that u > 0, and the mass conservation property: there exist o1, ..., a¢, Co > 0 such
that, forall 7 > 0, x € T¢ and y € [0, 00)¢,

L 12
>aifitex ) = Co(1+ Y x)- (5:4)

i=1 i=1

Both conditions are natural for reaction-diffusion equations, see Subsection 1.1 and [61].
Due to assumption (5.4) we can control the lower order term M;|y| on the RHS (5.1) by

exploiting the mass balance, i.e. forall T <ooandi € {1, ..., ¢},
E / ui(t,x)dx <r E / uo,;(x)dx, for any stopping time v € (0,0 A T1]. (5.5
T4 T4

We refer to Step 1 in the proof of Theorem 5.1 for the precise statement.
Before going into the proof of the simplified version of Theorem 5.1, we introduce some more

notation. Recall that (X;, A, B, ®,I") and «. = p(— — —(8 + d)) — 1 have been introduced
2

in (3.6)—(3.7) and Theorem 2.7, respectively. Moreover, X Kf’ = Bq‘{ p» »and for By, B, as in

d(h 1) d(h—1)

Lemma 3.2 (with g < and thus g < m), we let

X (6) = L0, 1, we: Xp,) N L"T PO, 1, we.; Xp,). (5.6)

One can readily check that the above space coincides with the one introduced in [5, Subsection
4.3, eq. (4.14)]. By [5, Lemma 4.19], there exists 6 € [0, %) such that

HYP(0,1; wie; X1-9) N LP 0,1, we; X1) € Z°(1), 1>0.

In particular, the solution (u#, o) provided by Theorem 2.7 satisfies a.s. for all € (0,0), u €
2 ().

As in [3], we need the following special case of [6, Lemma 5.3] and the maximal
LP—regularity estimates of [9].
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Lemma 5.2. Let Assumption 2.1 (p,q, h,8) be satisfied. Fix T € (0,00). Let (A, B) be as in
(3.7). Then there exists K > 0 such that for every stopping time t € [0, T], every

vo € L%, (2 XY ). f€L%((0.7) x Qwe: Xo), g € L ((0.7) x Q we: ¥ (€2, X172)),

and every (p, k¢, q, 6)-solution v € L ((0 T) X Q, wy.; X1) to
dv+ Avdr = fdr + (Bv+g)dWp,
v(0) = vo,

on (0, t) x K, the following estimate holds

P P P
1170 27y < K7 (I0ll7 5 g X )+||f||LP(<o,r>xsz,ch;Xo>+”g”Lp«o,wxQ,ch;ywz,xuz)))'

Proof of Theorem 5.1 — Case u >0 a.e. on [0,0) x 2 X T4 and the mass conservation 6.4
holds. Through the proof we fix e € (0, 1) and T € (0, c0). Let

on :=inf{r €[0,0) : lullr©,rwe:x) + Nl 27y =n} AT, n>1,

where inf & := 0. We split the proof into several steps.
Step 1: (Mass conservation). There exists L > 0, depending only on (Cy, o, T) in (5.4) such
that, forallt € [0, T] and n > 1,

/Zu (t/\an,x)dx<LE/Zuol(x)dx (5.7)

Tdtl szl

On the RHS (5.7) we understood / uo(x)dx := (1ya, up). Note that f uop(x)dx < ||MO||XIr ,
T4 Td
To see (5.7) it is enough to stop (2.1) at time ¢ A o,,, multiply each equation in (2.1) by «; and
then sum them up. After integrating over T¢ and canceling the divergence terms and martingale
terms, and using the mass conservation (5.4), we find that

)
E/Zaiui(t/\an,x)dx

Ta i=1
tAG,
—]E/Za,uol(x)dx—HE/ / o; fi(s, x,u)ds dx
Td =1
P Ay
E/Zaiuo,i(x)dercoE / 1+/Zu (s, x)dx)
Td i=1 Td = 1
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t

4 4
SE/Zaiuo,i(x)dx—i—CoE/(1+/Zui(sAan,x)dx>ds

Td =1 0 Ta =1

where we used the positivity of u; in the last step, which holds by assumption Now (5.7) follows
from Gronwall’s inequality applied to the function U (s) :=E de i—1 ui(s Aoy, x)dx and the
fact that o; > 0.

Step 2: (Estimates for the nonlinearities). Let K be as in Lemma 5.2. There exists cg, c1 > 0
independent of M1 such that, for all stopping times 0 <u <o AT a.s., one has

E[®C, )l

LP (0,0, e, H254) +E|T(, u) ”P

LP (0,1, wee; H' =84 (€2))

1
< coM{ + 2= Elully, +eiMf Eluoll gz, +Ellully,).

where (O, 1) is as in (3.7). Finally, cg is also independent of M».
Recall that ® = f 4 div(F). We only provide the details for the estimate of f. The estimates
for divF and I' are similar. Following the proof of the ®—estimates in (3.9), we obtain that

I G0l g2-sa < co(My + Ma|vll e + Mallv|%,0), ve H?24, (5.8)

where cq is a constant independent of (M1, M», v) and £ is as in (3.9).
By Fatou’s lemma it is enough to show the claim of Step 2 where u is replaced by u, :=
on A w for n > 1 and with constants independent of n > 1. Hence, by using (5.8) we have

]E”f( M)”LP(OM Wy H278.q) = COTMI +C1M2(]E”””LP(OM wy, LS) +E”u”LPh(OM W, Lhé))'

Next we conveniently estimate the lower order term E|lu ||Z P(Ougun:LE) appearing on the RHS of

the above estimate. Let A > 0 be arbitrary for the moment. Note that, by standard interpolation,

l
~Elullf

+ CIE”u”Lp(O wns LY

LP (0, pp, Wi JLhE)
1

= E”“”LI’(O TR th) + CZ(JEHM”Ll((),un,wKC;Ll)
+E”““L!’h(0un Wy L]))

where C1, C, are constants which depend only on (p, c1, A, M2, h, &, d) and we used (5.6). Now,
let C7 be the constant of the embedding

L' (0,1, we; Xp,) = LP(0, 1, we; HOT2P19y s LP(0, 1, wy; L")

for any t € (0, T']. Then, the previous shows

C h
P
B3 0 i) = 7, —Elully ) + Co(BIlL10,0y 00 T Ellall ).
To conclude, recall that, u,, <o, <T a.s. and therefore
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T

IE||u||L1(O,Mn,wKC;L1)SEf/|u(t/\Un,x)|w,(c(t)dxdt,SIEHMOHX;;W
0 Td

where in the last inequality we used Step 1. Note that, by Step 1, the implicit constant in the
above estimate is independent of n > 1 as desired. Putting together the previous estimates, one
obtains the claim for f (-, u) by choosing X large enough. The remaining ones are similar.

Step 3: Let K be as in Lemma 5.2. Then there exists R > 0, independent of (M1, ug), such
that for any N > 1 and any stopping time . satisfying 0 < u <o AT and |lull 7y < N a.s.,

. X
E[VrQuly )] < Elluollxze , +Eluols +M{. with yr(r) =7 —".

As in the previous step we may prove the claim with u replaced by w, := o, A u since
lull 27 (u) < N a.s. for some N > 1. The estimates of Lemma 5.2 and Step 3 readily implies

Elully,,, < K" Eluols +EIOC 0101, o) +EITC 0101, m03,,2)

1 h
< KPcoM] + Kp(Elluollxgcr‘p + 1 MoE |luollhr, ) + EJEIIMII’;{(W + KpCleEllullgg(M)~

Tr
Xee.p

Since ||ull 2-(.,) <n a.s. by definition of o0, the term %E||u||%w ) can be absorbed on the LHS
and hence

Elull’y, ) < 2KPcoM{ +2KP Elluollxre | +c1MaE o]

P ph
) 2K e ME ulG,, ).

p
X,
Letting n — 00, the desired estimate follows after division by R = 2K” max{cog, 1 + c¢; M3}.

Step 4: (A reduction). To prove Theorem 5.1 (i.e. the implication (5.2)) it is sufficient to prove
the existence of Ce, 1, rr > 0 independent of uq such that

Eluollxg , +Efuolkp +M{ =Cor = PO)>1-s¢, (5.9)
where

O ={llull 2oy <77}

Arguing as in Step 2 (cf. (5.8) and the text before it), one can check that there exists C, depending
only on (M1, M3, K, co, c1, rr) such that

”(I)(, U)”LP(O’M’wKC;HZfB,q) + ||F(, u)||Lp(0,;L,wKC;H178’q (22)) < C* on O,
where u € [0, o] is a stopping time. Define the stopping time t by
T= inf{t €[0,0) : |PC, M)”Lp(o#,ch;H%M) +[ITC, “)”LP(O,M,ch;HFS»‘I(l?)) >Cy+ 1}/\T,
where we setinf@ =0 AT.Thent =0 AT on O.
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By [9, Theorem 1.2], (A, B) has stochastic maximal L”-regularity. Since (u,o0) is a
(p, k¢, q, 8)-solution to (2.1), as in [5, Proposition 3.12(2)] it follows that a.s. on [0, T)

du + Audt =1y,  F (-, u)dr + (Bu +1j0,0)G(, u)) dW,,

and u(0) = up. Now [9, Theorem 1.2] (see also Theorem 5.2 there) also gives
weLP(@: H7 (0,7, we: Xy_s) N LP(2: C(0, 7 X[ ). (5.10)

Using t =0 A T on O, by Sobolev embedding [5, Proposition 2.7] we obtain

we HrP0,0 AT, we; Xy ) <> LP(0,0 AT; X;_xe)
z ’ (5.11)
=LP0,0 AT; H"?) as.onO,

where y =148 —2% =

+ ‘é — ;;271 Let 8 = %— %, and note that X,Tcr,p = Bg,p, see (3.14).
Thus (5.10) also impfies

2
P

ueC(0.0 AT]; BY ) as.onO. (5.12)
Hence, it follows that
P({c =T}NO)

0] lsif(}IP<{s <o =T, sup U@y +lullLreosma < oo} N 0)

tels,o)

< limsupIP’(s <o =T, sup |lu()llgs +llullLris,o;mra) < OO) @o.
530 tels,o) 4.p

Here in (i) we used o > 0 a.s. (see Theorem 2.7) and (5.11)-(5.12). In (ii) we used Theo-
rem 2.10(2) with po = p, qo = ¢, Yo =y and By = B (see also the comments below (2.18) on
the set {o = T'}). Therefore, 0 > T on O and therefore we showed that (5.9) implies the claim
of Theorem 5.1.

Step 5: Conclusion, i.e. (5.9) holds. Let yg be as in Step 3. It is easy to check that ¥z has

a unique maximum on R attained in x, := (Rh)~"/~D and it is given by v, := %*hh;] Set

rer — x, /7 and hence O = {lull 2 () < x. /Py, Define

we=inf{t €[0,0) : lul oy = xs VPYAT, (5.13)

where inf @ := o A T. We prove (5.9) with C, 7 = 6‘2”* . To derive a contradiction suppose that

E||uo||XTrp+E||uo||p +M1”58;’*, and P(O)<1—e. (5.14)
K¢, P

Tr
XKC,

From the definition of O and (5.13), we find that © <o A T a.s. on 2\ O. Moreover,
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vr(ull” (u))_w* as.on Q\ O, and Yr(|ul? (u))>0 a.s.on O. (5.15)

Therefore,

E[vr(ull’y )| =E[vrllul’y )10 ] +E[vrul’y a0]

(5.15) (5.14) (5.14)
> PQ\OW, = ey = 2(Eluolly +MY).
Kc,p

The latter contradicts Step 2 since M > 0 by assumption. Thus P(O) > 1 — ¢ as desired. O
6. Extension to the one-dimensional case

Many of the results of the previous sections extend to the one-dimensional setting. How-
ever, different restrictions on the parameters will appear. The reason for this is that certain sharp
Sobolev embeddings become invalid. An example is the condition on & in (3.9): —g =—5-4
The latter can no longer hold for § € [1,2) and d = 1, and therefore one takes the best possi-
ble choice & = 1, which in turn leads to other conditions on 4 and § in the Sobolev embedding
H?%9 < L' used in (3.9). Similar changes are needed for Subset 2. As these restrictions lead to
sub-optimal exponents, it is not really interesting to consider critical spaces anymore. Therefore,
there is no need to state Theorem 2.7 for d = 1. However, we will include the conditions on the
exponents under which the one-dimension variant of Proposition 3.1 holds:

Proposition 6.1 (Local existence, uniqueness, and regularzz‘y for d = 1). Let Assumption 2.1

(p,q, h,8) be satisfied for d = 1. Suppose thatq>2and———<2—8andthat0ne of the
following holds:

(1) 6+ 1 >2and B < hmin1 - § -5+ - o).

@ 8+ 1 <2and 3% < hhjmin{l—%,1—%+ﬁ—ﬁ,l—%(8+%)}

2_§—nlix

Then for any ug € Ly (2; Bq » P, (2.1) has a (unique) (p, k, 8, q)-solution satisfying a.s.
o > 0and

I+k

uell ([0,0),we; H59)NC(0,0); By, ' ).

loc

Moreover, u instantaneously regularizes

"0, 0; H' 7208 a.s. forall €[0,1/2), r, ¢ € (2, 00),
%2(0,0) x T?; RY) a.s. forall 6, €10, 1/2), 6, € (0, 1).

ueH

loc
ue Cloc
Moreover, the assertions of Proposition 3.3 hold under these conditions as well.

We left out the case § + % = 2 since it leads to slightly different conditions because one needs

n =1+ ¢ in this case, because the Sobolev embedding L! < H'7%49 does not hold for the
L'-endpoint (here 7 is as in Substep 1b of Lemma 3.2).
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Proof. First we discuss the required changes in the proof of Lemma 3.2. Taking £ =1 in (3.9)

we can set 6 = max{é — % 0}. We need the condition é — % < 2 — § to ensure Dy is of lower.
This leads to the choice
B L1 0} 42 6.1)
=max{|{— — —, =. .
: 2 2h 2

For & and I" we consider two cases:
Case 5+ é > 2. In this case we choose n = 1 and ¢ = max{0, é 2

— 7571} We need the condition

5 — h%—l < 2 — § to ensure that @ is of lower order, but the latter is automatically satisfied since
ﬁ > % This leads to
5 [ 1 1 O} n )
=max{— — ——, —.
2 2¢ h+1 2

It turns out that the sub-criticality condition (see (3.15))

I+«  pj+1

=
p Pj

(1—-p8;) forje{l, 2}, 6.2)

is most restrictive for j = 1, and this leads to the condition as stated in (1).
Case & + % < 2. In this case we can take 1, ¢ and B, as in the proof of Lemma 3.2. Since

S+L <2< %, elementary computations show that the condition ¢ < 2 — § is automatically
satis%ed. This time the condition (6.2) gets an additional restriction as stated in (2). It only plays
aroleif g < %.

Now the rest of the assertions follow in the same way as in Propositions 3.1 and 3.3. O
The following analogues of the previous results hold in the case d = 1 as well:
Remark 6.2. Let the conditions of Proposition 6.1 be satisfied with exponents (p, g, i, §, k).

(1) (Blow-up criteria). Suppose that Assumption 2.1 (po, qo, ho, §o) holds with hg > h, and
that Proposition 6.1(1) or (2) hold for (po, qo, ho, 80, ko). Let Bop =2 — §p — 21;% and
Yvw=2—080— 2%’. Then forall 0 < s < T < oo, Theorem 2.10(1)-(2) for d = 1 hold.

(2) (Positivity). The assertion of Theorem 2.13 holds for d = 1 if the conditions of Theorem 2.7
are replaced by the conditions of Proposition 6.1.

(3) In a similar way Theorems 4.2 and 5.1 hold for d = 1 in the setting of Proposition 6.1. Here
Assumption 2.4 should be omitted and « should be as in Proposition 6.1 instead of «.. Some
changes are required in the arguments.

In Remark 2.2(d) we mentioned an alternative way to include the case d = 1 by adding a
dummy variable. However, this leads to additional restrictions on the parameters.

7. Extensions to the case p =g =2

In this section we explain how to extend the results of the previous sections to p = ¢q =
2 and x = 0. This end-point case follows in the same way as in [4], where we cover the so-
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called variational setting which can be seen as an abstract version of the case p = ¢ =2 and
x = 0. Its importance lies in the fact that it often allows to prove energy bounds which lead to
global existence. All results in Sections 2 and 6 extend to p =g =2 and « = 0 under suitable
restrictions which we explain below.

The variational framework is very effective in the weak setting (i.e. § = 1), where coercivity
conditions are easy to check. The case § € (1,2) allowed in Theorem 2.7, is typically not in-
cluded as the fractional scale leads to difficulties with coercivity conditions. The results of this
section (e.g. Proposition 7.3) might be combined to some of the results in [4] for instance to
allow rougher initial data and/or to obtain higher order regularity (see Theorem 2.7 and 4.2, re-
spectively). However, one should be aware that using the case p = g = 2 and x = 0 requires low
dimension, or nonlinearities which do not grow too rapidly (see Subsection 1.4 and [8, Subsec-
tion 5.2]).

As in [4, Subsection 5.3] one can check that Definition 2.3 can be extended to p =¢q = 2,
k =0and 6 =1 if Assumption 2.1(1),(3), and (4) hold and there exists a constant K such that

| + 167 1l,2 < K, foralli, j,k and ae.on Ry x @ x T?. (7.1)

Note that the regularity conditions on the coefficients in Assumption 2.1(2) are left out. In this
section we often use the abbreviation H® = H*2(T%; RY) for s € R.

Proposition 7.1 (Local existence and uniqueness, and blow-up criteria for p = q = 2). Suppose

that
(1, 4], if d=1,
h e (17 3)7 lf‘ d =2’ (72)
44+d
(.59 o

Suppose that for alli € {1, ..., £} parts (1),(3), and (4) of Assumption 2.1 hold, and (7.1) holds.
Let ug € Lg% (2; L?). Then there exists a unique (2,0, 1,2)-solution (u, o) to (2.1) satisfying
o >0a.s. and

we Ll (0,0); HHYNC(0,0); L) as.

Moreover, for all T < oo,

IP’(G <T, sup Nu@llp2+ lull20.0:m1) < oo) =0. (7.3)

1€[0,0)
Note that in d = 2, one cannot reach the scaling invariant case & = 3, cf. Subsection 1.4.
Proof. This follows by the same reasoning as in [4, Theorems 3.3, 3.4 and Section 5.3]. O
Of course a natural question whether under further conditions on the coefficients, the solution
of Proposition 7.1 is a (p, «, 8, g)-solution and has higher regularity than stated in Proposi-

tion 7.1. This indeed turns out to be the case.
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Proposition 7.2 (Regularity for p = q = 2). Suppose that (7.2) holds with the additional restric-
tion that h < 4 for d = 1. Suppose Assumption 2.1 (p,q,h,$8) holds for some § € (1,2). Let
ug € L (Q L. Let (u,0) be the (2,0, 1,2)-solution to (2.1) provided by Proposition 7.1.
Then the regularlty assertions (2.13)-(2.14) hold, i.e.

ue H'(0,0; H'™2¢) as. forall 6 €0,1/2), r, ¢ € (2, 00),

loc
ueCl%0,0) x T RY) as. forall 6, €10,1/2), 6, € (0, 1).

loc

Proof. First consider d > 3. Then without loss of generality we can assume h =1 + 7 4 Fix
e €(0,1/2)isso small that 69 :=¢ + 1 < 4.
To prove the claim we will apply [6, Proposition 6.8] with

. . 1
Y= H 2 x, Y 0 pe(2io0), = iYL g (7.4)

Note that since ¢ € (0, %), (7.4) yields « € (0, % — 1). First note that the conditions of Propo-
sition 3.1 with variant (3.1) hold with (p, g, , §) replaced by (r, 2, @, 80). Therefore, Part (A)
of the proof of Proposition 3.1 shows that the conditions of [6, Proposition 6.8] are satisfied if
we choose r such that % =max;e(1,2) Bj — %, where §; is as in Lemma 3.2. From the proof of
[6, Proposition 6.8] one sees that (u, o) coincides with the (r, &, 8g, 2)-solution. Therefore, the
required regularity follows from Proposition 3.1 (or equivalently the extrapolation result of [6,
Lemma 6.10]).

Next let d = 2. Without loss of generality we can assume 4 € (2, 3). In this case we need a
slight modification of Lemma 3.2. To this end, let 1 < §o < min{§, 5/3} be fixed but arbitrary.
The nonlinearity ® satisfies the required estimates With h <3, = 5—0 + % - % Indeed, to see

this in (3.9) one can take £ = 1 (using 8p > 1), and 6 = 5 — % =1- % % Note that we are in
the case g < W and 6 < 2 — §¢ follows from §y < 5/3. The estimates for ®; and I" can be

done by taking the optimal choices for n and ¢ in the Sobolev embeddings where we replace §
by do.
Note that in Step 1 of the proof of Proposition 3.1 we have g < d(h—_l) and H—’( +1 5 (80 + ‘—’) <

h 1 withd = p =g =2 and k =0 if we take §p < h'H . Now we are in the 51tuat10n that we can

repeat the argument of the case d > 3, where we take 80 =1+ ¢ with ¢ € (0, 1/2) small enough.

In the case d = 1, we argue in a similar way as for d = 2. We may suppose that & € (3,4).
We first check Proposition 6. 1(2) One can check that the minimum is attained at the middle
expression. Let r > 2, o € (0, r* ==)and §p € (1,8 A £ ] be arbitrary but fixed. Using 4 < 4 and
that the right-hand side is strlctly decreasing in i, we ﬁnd that for §p small enough

2+2h 4/

< - <

1+a 1 h ( 8o 1 1)
r 2 h-—-1

Thus Proposition 6.1 is applicable with (p, g, «, §) replaced by (r, 2, «, §9). Recall from (6.1)

that 8; = max { 2]q ﬁ, 0} + ‘370 € (%, 1). Also recall that from the proof of Proposition 6.1 one
can see that > can be taken as in Lemma 3.2. Therefore, we can repeat the argument of the case

d >3 once more. O
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The following complements the blow-up criteria of Theorem 2.10 and of Corollary 2.11. In
particular, it shows that the solutions provided by Proposition 3.1 (or Theorem 2.7) are global in
time if one can obtain energy estimates in an L>-setting. Here the initial data can be from space
with lower smoothness than Lz(Td; RY). Thus the result extends the class of initial data covered
by Proposition 7.1 under some smoothness conditions on the coefficients.

Proposition 7.3 (Global existence for rough initial data). Suppose that the conditions of Propo-
I+x

sition 3.1 are satisfied, in particular ug € Lg} (2 By, " ). Let (u,0) be the (p,k,8,q)-
solution obtained there. Suppose that (7.2) holds with h <4 ifd = 1. Then, forall0 <s < T <
oo,

IP’(s <o <T, sup [u®llz2+ el 2001 < oo) —0. (1.5)

tels,o)

Proof. We extend the argument in Theorem 2.10 to p = g = 2. First note that u satisfies the
regularity stated in (3.4) and (3.5). In particular, the L>-norm and H'-norm appearing in (7.5)
are well-defined.

Proposition 7.1 (up to translation) yields the existence of a (2,0, 1, 2)-solution (v, T) on
[s, 00) to (3.34) with initial data 1{,-su(s) which satisfies T > s a.s., and by Proposition 7.2
(here weuse that h <4 ifd = 1),

ve H (s, t: H'729¢) as. forall6 €[0,1/2), r.¢ € (2, 00). (7.6)

loc

Moreover, by Proposition 7.1 (up to translation),

IP’(r <T, sup v®llz2 + vl p200mm) < oo) —0. 1.7)

tels,t)

We claim that

t=cas.on{oc>s} and wu=vae.on[s,o)x{o>s} (7.8)

Hence (7.5) follows from (7.7) and (7.8).
It remains to prove the claim (7.8). Since (u|[s,6)xV, lyo + Ig\ys) is a local (2,0, 1,2)-
solution to (3.34) with initial data with initial data 1{,su(s), the maximality of (v, 7) yields

oc<tas.on{o>s} and wu=va.e.onls, o). (7.9)

To conclude it is enough to show that P(s < o < t) = 0. To this end we will apply the blow-up
criteria (3.32). Indeed, by (7.6) and (7.9) we haveu = v € L{;C((s, ol; H"'?) as.on{s <o < 1}.
Combining this with (3.33) we find u € L?(0,0; H”'?) a.s. on {s < o < t}. Similarly, one can

check that sup, (g ) ||u(t)||B§;p < 00 as.on {s <o < t}, and therefore

Ps<o<1)= IP’({S <o<t}N { sup Nlu()ll s+ NullLr©,o;H7r) < oo})
t€l0,0) P

(332)

<P(o <7, sup [u®)lgp +NulLroonrn <o0) =0,
t€[0,0) ar
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Remark 7.4. From the proof of Proposition 7.2 it follows that the compatibility result of Proposi-
tion 3.5 extends to p = g = 2 and § = 1 under the restrictions on / and d stated in Proposition 7.2.

Remark 7.5. By splitting the locally Lipschitz and growth conditions on f, F and g stated in
Assumption 2.1(4) into three different growth conditions with parameters 4 ¢, hp and h, instead
of &, one can further weaken the conditions in Propositions 7.1-7.3. Indeed, from [4, Section 5.3]
one sees that in Proposition 7.1 it is enough to assume Ar, hg < % for d > 1. The assumption
on hy remains as it was for . This leads to a slightly weaker assumptions on F and g for

d € {1, 2}. The same actually applies to the more general of Lemma 3.2.

Remark 7.6. One can also replace (Lz, HY by (H?, H*t1) in the above results. This gives a
wider range of nonlinearities which can be treated if s is large, but at the same time this choice
requires more restrictions on the regularity of the coefficients, the spatial smoothness of the
nonlinearities f, F, g and on the initial data (see e.g. [4, Section 5.4]).

Data availability
No data was used for the research described in the article.
Appendix A. A maximum principle for SPDEs

In [46], Krylov presented a maximum principle for linear scalar second order SPDEs, which
are allowed to be degenerate. In the proof of the positivity result of Theorem 2.13 we need such
a result in the non-degenerate setting, but with coefficients which have less smoothness. Below
we extend the maximum principle to the case of non-smooth coefficients as one can use an
approximation argument in the non-degenerate case. As before Theorem 2.13, here we say that
ve 7' (T is positive (or v > 0) if (¢, v) > 0 for all test functions ¢ satisfying ¢ > 0 on T<.

Lemma A.1 (Maximum principle for second order SPDEs of scalar type). Suppose that

av al bi,c:[0,T] x @ x T4 > R, (a”‘)kzl, (vk)kzl 1[0, T1 x @ x T4 — €2 are bounded
and P @ B(T9)-measurable, and there is a y > 0 such that a.s.

d
> (30 )aits = yIEP on 10,71 < T, (A1)
i,j=1

where ol = (0%, 07) 2. Let ug € L>(2; L*(T9)) and f € L>(Q2 x (0, T); H-'(T%)) be such
that a.e. ug >0 and f > 0. Let u € L*(Q; L*(0, T; H'(T%))) N L2(Q; C([0, T1; L*(T%))) be
the solution to

du — Audt = fdt + ) B*udwyf,
k=1 (A2)
u(0) = uo,

where
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d d d d
Au = Z 0; (aijaju) + Zai (aiu) + Zbiaiu + cu, and B*u = Zaikaiu +v¥u.
ij=1 i=1 i=1 i=1

Then a.s. for all t € [0, T], one has u > 0.

In the above solutions to (A.2) are understood in the sense of Defintion 2.3 withg = p =2 and
x = 0. A similar result holds for general domains @ € R? with (for instance) Dirichlet boundary
conditions.

Proof. For convenience of the reader we give the details of the approximation argument. Note
that a unique solution exists by the classical variational setting (see e.g. [50, Theorem 4.2.4])
applied to the linear problem (A.2). In case of smooth coefficients and smooth f, it follows from
that u > 0 (see [46]). In order to prove # > 0 in the above setting, it suffices to construct (u,),>1
such that u, > 0 and u,, — u in L2(2; C([0, T']; L3(T%))).

To approximate u we use a standard mollifier argument. Let p € C (T4) be such that p > 0
and de odx = 1. Set p,(x) = ndp(nx), hy, =pp*xhforhe {aij,ai, b, e, otk vk ol f} and

d
Ayv = Z 8(~”8 v)—l—za(a v)—l—Zb’a’v—i-cnv and Bﬁv:ZG,’;kE)iv—i—vﬁv,

i,j=1 i=1 i=l1 i=1

where @/ = a/ + %(o,’;, o) — 2ozn Note that in general (0,0, )2 # o, , but the equality

holds pointwise a.e. in the limit as n — o0, (possibly) up to a subsequence. Due to this seemingly
unnatural definition we can again check the parabolicity condition (A.1):

d d d

Z @ — 3 hohe)es = 3 (@l — gal)et = 3 (@ — Ja)eits] «on 2 vIEP

j=1 i,j=1 i,j=1

Let u, € Z := L?>((0, T) x Q; H'(T%) N L3(2; C([0, T1; L*(T%))) be the unique solution
to

du, — Ayu, dt = f,dt + Z B,]fun dwf,
k>1

u, (0) = up.

Since the coefficients in the above linear SPDE are smooth, we apply the periodic case of [46,
Theorem 4.3] to obtain u,, > 0. It remains to show u,, — u in L>(2; C([0, T1; L2(Td))).
Note that v,, = u — u,, satisfies

dv, — A,v,dt = F,,dt + Z (B,]fvn + Gﬁ)dwf,
k>1

v (0) =0,

where

296



A. Agresti and M. Veraar Journal of Differential Equations 368 (2023) 247-300

Fp:=(A=A)u+ f = fy and Gy :=(B" - B)u.

Therefore, by standard regularity estimates (see [50, Theorem 4.2.4] and its proof),

lvallz < CllFull 20,7y -1y + CIG =1 120,17y x 212402y
<CI(A—=Apu+ f — fallL20,1)x2: H-1(T4y)

+ CI((B* = BY)wi=11l 20,7y x 9:12(T4:42))-

Since for each & € {a'/,a’, b, c,c* vk o'/ f}, we have h,, — h ae. for a suitable subse-
quence, and since u € Lz((O, T) x Q@ H 1 (Td )), it follows from the dominated convergence
theorem that

|| (A — Al’l)u”Lz(((),T)XQ;H_l(Td)) — 0, and ”((Bk — B,If)u)k21 ”LZ((O,T)XQ;LZ(Td;ZZ)) — 0.

Note that in the above weilsed that u € L2((0, T) x ; Hl(Td)) as y > 0 in (A.1). For the
inhomogeneity f, writing f = (1 — A)~'/2f, we have

If = fallz2qo.ryx:m-1(rdy) = If = o * fllr20,1yx9: 22 (1)) = O-
Combining the above we have ||v,||z — 0, as required. O
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