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ABSTRACT

The dynamics of a droplet on an inclined plane containing a chemical step, implying a heterogeneity in the wettability, have been widely
studied because of their relevance to many applications. However, the modeling of such dynamics remains inaccurate due to the lack of
implementation of contact angle hysteresis. In this work, we implement a chemical potential wetting boundary condition that includes
hysteresis in a well-balanced lattice Boltzmann simulation to address that specific shortcoming. We investigate the behavior of droplet
dynamics including this hysteresis force, and subsequently, also probe the effects of chemical step strength, inclination angle, and droplet vol-
ume on the droplet dynamics. We observe that the dynamics at the leading and the trailing edges of the droplet are significantly impacted by
hysteresis effects and the chemical step strength. In addition, we conclude that for varying inclination angles, the hysteresis contribution is
comparable to other contributing forces in the precise manipulation of the droplet.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://

creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0308251

In daily life and industrial applications,' ” liquid droplets com-
monly move on a solid substrate, while the whole system is submerged
in a third liquid/fluid phase. This phenomenon can occur on multiple
length scales: ranging from sub-micrometer channels and micrometer
bubbles in electrolyzers to millimeter rain droplets on lotus leaves and
meter-scale hydrogen storage. While droplets moving on a homoge-
neous substrate have been studied extensively,w 1 the last few decades
have seen a focus on patterned surfaces, in an attempt to mimic nature,
for example, a self-cleaning lotus leaf.'” The complex interplay of the
three-phase contact line with the physical structures and the impact of
such interplay on the overall system statics and dynamics have also
been studied in detail.” > '

More recently, in addition to physical heterogeneities, chemical
patterns have gained widespread attention. Chemical patterns arise
naturally or are engineered to control droplet motion in applications
such as dew harvesting' ®'® and microfluidic devices.”’ In tandem
with experimental studies, numerical investigations have explored
droplet dynamics on chemically patterned substrates. Initial studies
have focused more on the trapping of the droplet at the wetting
defect."” Subsequently, researchers investigated the shape of such a

trapped droplet, either by force balance'® or by energy minimization."”
Recently, researchers numerically investigated the dynamics of a drop-
let moving from a hydrophilic to a hydrophobic region on a substrate,
ie, a chemical step impeding droplet motion.”” These studies found
that both the motion and (possible) trapping of the droplet are influ-
enced by the angle of inclination and the strength of the chemical step
(i.e., the difference in contact angle between the hydrophilic and the
hydrophobic parts). However, one significant omission in the investi-
gation of droplet dynamics on an inclined chemical step is accelerated
motion due to a hydrophobic to hydrophilic transition, even though
this chemical step occurs frequently in several processes. For example,
in an electrolyzer, gas bubbles form at a hydrophobic site and subse-
quently move up the inclined electrode by displacing water from
hydrophilic regions. Another missing link is the inclusion of contact
angle hysteresis (CAH), despite the knowledge that removing CAH
from the model leads to predictions that conflict with experiments.”
In this work, we numerically investigate the dynamics of a droplet
on an inclined substrate where the droplet descends from an upper
hydrophobic region over a chemical step to a lower hydrophilic region.
Figure 1 shows the example under consideration. The example reflects
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FIG. 1. Schematic of a chemical step. The substrate is divided into a hydrophobic
region (red) and a hydrophilic region (green), indicating a step change in the contact
angle. Here, F; (arrow) is the applied gravitational force, and « is the inclination
angle of the substrate.

a low-density ratio case, e.g., a water droplet moving on a substrate
submerged in oil. We combine a well-balanced free-energy lattice
Boltzmann method (WB-LBM)”' with a chemical potential wetting
boundary condition”>’ that implements CAH.”*** This sheds light
on the nature of the dynamics at the leading and trailing edges of the
droplet. Subsequently, we also consider the effect of the inclination
angle, step strength, and droplet volume on the motion of the droplet
over the chemical step.

The motion of the fluid is described by the Navier-Stokes equa-
tions. The continuity equation governs mass conservation,

dip +V - (p¥) = 0, 6))

where p and v are the fluid density and velocity, while momentum
conservation is described by

A(p¥) + V- (p¥7) =V - +f, @)

where ¢/ = 1(Vii + V" —2(V - i)I) is the stress tensor, 4 is the
dynamic viscosity, and f :fext +fim represents the external and

internal force densities that act on the fluid, where in this work, fexl is
the gravity. The free energy of the system is used to describe the multi-
phase behavior, which enters Eq. (2) through the interaction force

()? o). In this work, a double-well free energy has been implemented.”'

The addition of interaction forces to conventional LBM results in
a discrete force imbalance, leading to the introduction of the well-
balanced LBM (WB-LBM).”' The WB-LBM with the Bhatnagar-
Gross-Krook (BGK) collision operator26 and the two-dimensional
nine-velocity (D2Q9) discretization are employed. The evolution of
population distributions h;(X, t) is expressed as

hi(® + CAL E+ Af) — hi(%, 1)

1
L) - WG ) + At(l - 7) s,
T
where h;*(X, ) is the equilibrium distribution function, at position ¥
and time t, 7 is the dimensionless relaxation time, and ¢; represents the
discrete velocities of the D2Q9 model,” as specified in the supplemen-
tary material. The equilibrium distribution function is given by”*

ol _ {p+w0pso(a) ifi =0,

) wipsi(id) ifi #0, @)

o . 5=Coup) = L .
where s;(ii) = %= + W, ii is the velocity, p is the density,
2 :

w; is the weight coefficient for each velocity direction, and ¢, represents
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the lattice speed of sound. Finally, the source term in Eq. (3)
Droplet dynamics across a hydrophobic to hydrophilic chemical step
is given by

- 20,p)(cocy — 26,) 1
Si=w; %+uﬂ(fa+ s xP)CECWCz/} 5 “ﬁ)-l-— C—;—D urokp |,
c 5, 2\ ¢

®)

where summation over repeated indices is implied, J,z is the
Kronecker delta, D is the spatial dimension (2 in our simulation),

and F, represents the components of f from Eq. (2). It is possible to
implement the forces from Eq. (2) in the WB-LBM by substituting

f =fim +fg into Eq. (5) Droplet dynamics across a hydrophobic to
hydrophilic chemical step, wherefint = —p§ u and]?g = pg, where p
is the density, p is the chemical potential, and g is the gravitational
acceleration. More details on the derivation of the chemical potential
() can be found in the supplementary material. Through the
Chapman-Enskog expansion of the WB-LBM, Egs. (1) and (2) are
recovered.”'

A chemical potential-based wetting boundary condition is
employed, based on the approach presented by Yu et al.”* The chemi-
cal potential at the boundary between the fluid and the solid is deter-
mined based on the desired wetting properties. This approach ensures
that the chemical potential at the boundary is compatible with the fluid
domain and maintains thermodynamic consistency, unlike traditional
wetting boundary implementations.”””’ To calculate the contact angle,
the location of the interface is determined through linear interpolation
between the lattice nodes adjacent to the interface.”” The contact angle
is determined by considering the angle made with the surface by the
line connecting interface positions at the second and the third layer of
lattice nodes. This eliminates boundary layer distortions, which previ-
ously resulted in errors in the hydrophilic regimes.”’ Finally, CAH is a
crucial part of the wetting dynamics. Our implementation of CAH is
inspired by the variable solid-fluid interaction strength approach
implementing a static CAH window ([04, 0z]),”"* adapted to the free
energy WB-LBM and the chemical potential boundary condition.

A schematic of the simulation domain (401 x 101 lattice units) is
shown in Fig. 2. The system consists of an aqueous droplet sliding
down an inclined substrate submerged in a non-aqueous surrounding
liquid. The surrounding phase has a density equal to one-third of the
dispersed phase. In principle, the WB-LBM employed here can be
extended to high-density-ratio (water—air) systems, but such cases are
not investigated in this work. Gravity serves as the driving force,
depicted in Fig. 1, with its component along the incline given by

Fox = fvfg sin(or) = mg sin(a), where E is the gravitational force
density, o is the inclination angle, 1 is the mass of the droplet, and g is
the gravitational acceleration. The droplet deforms as it moves at mod-
erate Bond numbers (Bo = APT‘?LZ =0.1-1, where Ap is the density dif-
ference, g is the gravitational acceleration, L is the characteristic length
scale (droplet base radius Ry), and 7 is the interfacial tension between
the two liquid phases), resulting in advancing (64) and receding (6r)
contact angles due to contact angle hysteresis (CAH). These wetting
characteristics are implemented through the adapted boundary condi-
tions. At the chemical step, the leading edge contact angle decreases
due to the difference in wetting conditions until it falls within the
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FIG. 3. Droplet dynamics over a chemical step. (a) Simulation snapshots labeled
A-E, corresponding to the vertical orange dashed lines in (b): (A) pre-step steady
state, (B) leading edge at the chemical step, (C) trailing edge at the step, (D) equal
leading and trailing angles, (E) post-step steady state. (b) Evolution of the capillary
number (Ca, left axis) and contact angle (0, right axis) for the droplet's leading and
trailing edge as functions of the normalized average X-location (X, /Ro). Here, the
droplet velocity (v4) in the capillary number is replaced by the velocities of the lead-
ing and frailing edge, which are determined by comparing the contact line locations
(xz) between the current and previous time step, v(t) = (=40 Regts are
from a simulation with Bo = 0.23, o =60°, the hydrophobic window is
0a, 0r = [110°, 100°], and the hydrophilic window is 0,4, 0r = [60°, 50°].

FIG. 2. Schematic of the simulation setup
periodic boundar with a chemical step. The substrate is
condition Y divided into a hydrophobic region (W,
red) and a hydrophilic region (W, green),
indicating a step change in the contact
angle. The boundary conditions: periodic
(left/right), no-slip and wetting (bottom),
and free-slip (top).

No-slip and wetting (6,)
boundary condition

hydrophilic CAH window. The simulation boundaries are periodic in
the lateral direction, with no-slip and wetting conditions at the solid
substrate and a free-slip condition at the top boundary. Since we focus
on step dynamics, all simulations are terminated when the leading
edge reaches 350 lattice units. Further details of the numerical method,
including validation details, can be found in the supplementary
material.

Figure 3(a) shows a series of snapshots taken from the simulation
displaying the movement of the droplet down the inclined substrate,
starting in the hydrophobic part, across the chemical step, and then
down the hydrophilic part. Various moments in the series are anno-
tated by the letters A to E. Figure 3(b) represents the corresponding
plot of the droplet dynamics, denoted by the evolution of the capillary
number (Ca = "N—V,", where p is the dynamic viscosity, and v, is the
average velocity of the droplet) and the contact angle (0) on the vertical
axes and the dimensionless position (X, /Ro) on the horizontal axis.
The moments A-E are also shown on this plot, and they correspond
directly to the snapshots in Fig. 3(a). We notice that the droplet first
accelerates (due to gravity) and then achieves a steady state velocity
(denoted by Ca) on the hydrophobic side (moment A). At the moment
(B), the leading edge of the droplet reaches the chemical step, we
observe a deformation of the droplet, which results in a sharp increase
in the velocity of the leading edge. In order to probe this sudden accel-
eration of the leading edge, let us consider the force balance on the
droplet,

Fy droplet = mg sina — w - p(cos Og — cos 04) — AAveg,  (6)

where Fy groplet i the total force acting on the droplet of mass m parallel
to the incline, w is the width of the droplet perpendicular to the direc-
tion of motion, / is a friction factor, A is the contact area of the droplet
with the surface, and v, 4 is the x-component velocity of the drop-
let.”"*? The first term represents the gravitational force, the second
term is the force due to the asymmetric contact angles (hysteresis
force), and the last term accounts for the resistive viscous forces. The
friction factor accounts for both the bulk and contact line contribu-
tions, both linear functions of velocity.”' Force balance analysis reveals
that for representative droplets, the viscous force dominates over the
hysteresis force at steady state. This is consistent with recent spreading
models, which have indicated that the contact-line contribution to vis-
cous dissipation strongly influences droplet dynamics.”” The friction
factor is not specified in the numerical model but invoked to interpret
the results. Finally, the two-dimensional droplet represents the
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midplane of a symmetric three-dimensional droplet. Additional infor-
mation on the force balance, including a scaling and worked out force
balance analysis, are provided in the supplementary material.

As the leading edge reaches the chemical step, the contact angle
of the leading edge reduces significantly. This is apparent from the
contact angle evolution plot in Fig. 3(b). As a result, at moment B, the
leading edge of the droplet has a (much) lower contact angle than that
of the trailing edge. This gives rise to a negative numerical value for the
expression (cos O — cos 04) in the hysteresis term. Hence, the hyster-
esis force, instead of inhibiting the influence of gravitational accelera-
tion, aids it, giving rise to the sharp increase in the leading edge
velocity.

This rapid increase is momentary; the leading edge subsequently
decelerates, while the trailing edge velocity increases (Moment C). This
can be explained by the fact that as the velocity of the leading edge
increases, the friction force (ZAv) increases as well, bringing down the
total force acting on the droplet, leading to its deceleration.
Furthermore, the friction factor 4 depends on multiple mechanisms,
such as viscous dissipation near the three-phase contact line,”” and the
internal pressure resisting deformation due to the change in contact
angle at the step. While the leading edge goes through this decelera-
tion, the trailing edge shows an acceleration due to the internal pres-
sure resisting deformation as mentioned above.

Subsequently, between Moment C and Moment D, both the lead-
ing edge and the trailing edge decelerate, following the mechanism
described above. We notice that between Moment D and Moment E,
the leading edge keeps on decelerating until it reaches a new steady
state velocity. The trailing edge velocity, however, reaches a minimum
at moment D, when the droplet deforms to match the hydrophilic hys-
teresis window and starts increasing again, finally stabilizing at the
same steady state velocity as that of the leading edge (beyond E). This
can be attributed to the sharp decrease in the contact angle for the
trailing edge around Moment D, before stabilizing for the hydrophilic
side.

0.16 . Hr=20.0°, ,=30.0°
0r=35.0", 0,=45.0°

0.14 " i 0r=50.0°, ,=60.0°
‘ o 0r=65.0°, 0,=75.0°
0.12 - -
<
S 0.0

11V S ———

0.06

0.04

-7-6-5-4-3-2-101 2 3 4 5 6 7 8

FIG. 4. Capillary number (Ca) as a function of normalized average X-location
(Xavg/Ro) for simulations with different hydrophilic hysteresis windows (i.e., different
04 and O on the hydrophilic side of the step). The droplet velocity in the capillary
number is taken as the average simulated velocity in the region p > 2472,
Furthermore, the inclination angle is o = 60°, the hydrophobic window is
0, 0r = [110°, 100°] and Bo = 0.23, for all cases.

ARTICLE pubs.aip.org/aip/apl

Having established that the leading and trailing edges of a
droplet behave differently while crossing the chemical step on an
inclined substrate, we now proceed to investigate the impact of
the step strength on the overall dynamics. Figure 4 shows the
capillary numbers (Ca) as a function of the normalized average
X-location (X, /Ry) for various hydrophilic hysteresis windows.
The hydrophobic hysteresis window remains the same in these
simulations. We notice that as the hydrophilic hysteresis window
contact angles decrease, i.e., as the difference between the charac-
teristic contact angles on the hydrophobic and hydrophilic sides
increases, the velocity of the droplet crossing the chemical step
also increases. This is expected since the hysteresis force is stron-
ger for a stronger chemical step (equivalent to the difference in
the contact angles on the two sides of the step). In addition, a
stronger chemical step leads to a larger deformation of the drop-
let, requiring more time to return to the stable shape. This is also
evident from the time taken by these droplets to resume a steady
state velocity.

In addition to the effect of hysteresis, the gravitational con-
tribution to the force balance is significant. In order to investigate
that contribution, we subsequently probed two parameters: (i)
the angle of inclination () of the substrate and (ii) the volume of
the droplet. During this investigation, the strength of the chemi-
cal step remains constant. Figure 5, which plots the modified
capillary number (Ca/ sin ) as a function of the normalized aver-
age X-location, shows that relatively the jump in the velocity at
the chemical step is the highest for the lowest o. The chemical
step’s effect on motion is set by the contact-angle change. We
find that gravity dominates the droplet speed on either side of the
step, while at all inclinations, the droplet’s passage over the step
is governed by contact angle hysteresis.

Finally, the volume of the droplet has been varied, reflected by
the change in the characteristic Bo of the simulation. We notice in
Fig. 6 that the droplets undergo different accelerations in the hydro-
phobic part of the substrate based on their volumes. They all experi-
ence a second jolt of acceleration as they enter the chemical step. The

o a=40

0.18 a=50°

a=60°

0.16 a=T0°

a=80°
_0.14 3
=S ¢,
S =
1012 %

0.10 .

FIG. 5. Modified capillary number (Ca/ sin o) as a function of normalized average
X-location (Xavg/Ro) for simulations where only the inclination angle o is varied.
Furthermore, Bo = 0.23, the hydrophobic window is 04,0 = [110°,100°], and
the hydrophilic window is 0, 0r = [60°, 50°], for all cases.
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FIG. 6. Capillary number (Ca) as a function of normalized average X-location
(Xavg/Ro) for simulations where only the radius of the initial droplet Ry is varied,
which alters Bo. Furthermore, the inclination angle is « = 60°, the hydrophobic win-
dow is 04, Or = [110°, 100°], and the hydrophilic window is 04, 0g = [60°, 50°],
for all cases.

relative jump in their velocities is inversely proportional to the volume
of the droplet, as expected from the force balance. Moreover, the drop-
lets with Bo > 0.5 undergo a mild deceleration since their larger abso-
lute velocity increases the influence of the resistive viscous forces. This
implies that for lower Bond numbers, hence for smaller droplets, the
passing of the droplet over the chemical step is smoother than for
larger droplets. For the larger droplets, they experience deformation
due to the wettability change and, subsequently, the center of mass of
the deformed droplet experiences a small deceleration while on the
step. At the end of the step, the entire droplet experiences a sharp
deceleration before approaching a steady state velocity. Note that for
large Bo, the capillary number is already close to this post-step steady
value, although the plateau is not fully developed within the simulated
domain.

In conclusion, we have investigated the dynamics of a liquid
droplet moving down an inclined substrate over a hydrophobic to
hydrophilic chemical step, while the whole system is submerged in a
liquid of lower (one-third) density than that of water. We implement
contact angle hysteresis by adapting existing wetting boundary condi-
tion methods. We notice that the leading edge and the trailing edge of
a droplet go through different dynamics at the step, which plays an
important role in the subsequent deformation and steady state velocity
of the drop. Furthermore, if the step strength is increased, then the
maximum velocity attained during the transition over the chemical
step increases as well. Finally, when we vary the inclination angle, we
notice that the pre- and post-step motions are dominated by gravity,
whereas the contact angle hysteresis force plays a crucial role in the
motion over the step. This makes it possible to manipulate the droplet,
eg, to bring it to a desired steady state velocity using these
wetting effects. The qualitative acceleration behavior reported is
expected to persist also for higher density ratios (water—air) with possi-
ble quantitative changes in the velocity. Our work opens the door for

ARTICLE pubs.aip.org/aip/apl

more controlled experiments with such systems and poses the option
of direct comparison between experiments and numerical
investigations.

See the supplementary material for details of the lattice
Boltzmann simulations as well as additional simulation data.
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