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 A B S T R A C T

Frequency-domain performance analysis of intersample behavior in sampled-data and multirate 
systems is challenging due to the lack of a frequency-separation principle, and systematic 
identification techniques are lacking. The aim of this paper is to develop an efficient technique 
for identifying the full intersample performance in the frequency-domain for closed-loop 
multirate systems, in particular the Performance Frequency Gain (PFG). Through local modeling 
techniques, aliased frequency components are effectively disentangled when identifying the 
PFG, which is directly facilitated by frequency-lifting the multirate system to a multivariable 
time-invariant representation. The developed method accurately and directly identifies the 
PFG in a single identification experiment. Finally, the developed method is experimentally 
validated on a prototype motion system, showing accurate identification of frequency-domain 
representations for the multirate system, including the PFG.

. Introduction

The performance of sampled-data systems is naturally defined in the continuous-time, i.e., the intersample performance. Unlike 
n-sample performance, which only considers performance at specific sampling instances, intersample performance additionally 
valuates the system’s behavior in between the sampling instances. Sampled-data systems include essentially all physical systems 
hich are controlled by digital controllers [1], for example networked control systems [2] and precision mechatronics [3]. The 
n-sample performance may vary significantly from the intersample performance, depending on the sampling time of the digital 
ontroller, the dynamics of the system, and the disturbances present. With this in mind, high-performance digital control designs 
hould consider the intersample behavior of the system.
The intersample behavior of digital control systems can be considered through the use of sampled-data control techniques. 

irst, the controller can be designed in continuous-time and subsequently discretized [4, Chapter 8], where the digital control 
mplementation is not considered during the design. Second, the system itself can be discretized in combination with a discrete-time 
ontrol design, which ignores the intersample response of the system. Third, direct sampled-data control design [1,5] overcomes 
hese disadvantages by simultaneously considering the intersample response and the digital control implementation. Finally, 
ultirate control design samples the system at an increased sampling rate relative to the controller’s, which in combination with 
 discrete-time control design addresses the intersample response to a certain degree [1,6,7]. However, both the first and second 
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option do not consider the full intersample behavior, and the direct control approaches require an accurate continuous-time or 
fast-rate model, which is generally unknown or non-trivial to determine.

Effective frequency-domain modeling of sampled-data and multirate systems to capture the full intersample behavior is 
challenging, as their linear periodically time-varying nature [1] prevents direct application of Linear Time-Invariant (LTI) methods 
due to signal aliasing. Therefore, alternative frequency-domain representations for sampled-data systems are developed in [8,9], and 
include the Performance Frequency Gain (PFG) [10]. In addition, the PFG allows for an equivalent multirate definition [3]. The PFG 
captures the full intersample behavior of sampled-data and multirate systems, and can be effectively used for control design [3]. 
However, there is currently no efficient method to determine the PFG, as it either requires a continuous-time or fast-rate model 
of the system, which is generally unknown or difficult to identify, or an identification experiment for each input frequency, since 
aliasing is not accounted for.

Alternatively, the PFG can be identified indirectly through first identifying the underlying fast-rate system, followed by evaluating 
the PFG as described in [3]. The identification of the underlying fast-rate system can be done using either fast-rate outputs [11] or 
downsampled outputs [12]. On the other hand, indirectly identifying the PFG using this two-step approach can lead to inaccurate 
results, and requires internal feedback signals that might be unavailable.

Although model-based sampled-data and multirate control design methods are broadly present, no effective and systematic 
frequency-domain identification techniques for these models are currently present. The aim of this paper is to develop a fast, accu-
rate, and inexpensive frequency-domain identification technique for closed-loop multirate systems that model the full intersample 
performance. The key idea in this paper is to disentangle aliased frequency components for closed-loop multirate systems through 
local modeling techniques [13,14]. Frequency lifting the multirate system to a multivariable time-invariant representation [15,16] 
directly facilitates the application of local modeling techniques, which are originally developed for LTI systems. Furthermore, the 
multivariable time-invariant representations are used to directly compute the PFG, which can readily be used for intersample 
performance evaluation in multirate control design, such as those in [6,7]. The contributions include the following.

(C1) The representation of the closed-loop PFG through the use of frequency-lifted time-invariant representations of multirate 
systems.

(C2) Effective single-experiment frequency-domain identification of these time-invariant representations through local modeling 
techniques, enabling direct evaluation of the PFG through C1.

(C3) Validation of the developed framework on an experimental setup.

This work extends [11] by being directly capable of computing the PFG for the multirate system, and in addition is suitable for 
systems with lightly-damped resonant dynamics.
Notation:. Signals sampled at a fast sampling rate are denoted by subscript ℎ and signals sampled at a slow sampling rate by subscript 
𝑙. The 𝑁-points and 𝑀-points Discrete Fourier Transform (DFT) for finite-time fast-rate and slow-rate signals are respectively given 
by 

𝑋ℎ(𝑒𝑗𝜔𝑘𝑇ℎ ) =
𝑁−1
∑

𝑛=0
𝑥ℎ(𝑛)𝑒

−𝑗 2𝜋𝑛𝑘
𝑁 , 𝑋𝑙(𝑒𝑗𝜔𝑘𝑇𝑙 ) =

𝑀−1
∑

𝑚=0
𝑥𝑙(𝑚)𝑒

−𝑗 2𝜋𝑚𝑘
𝑀 (1)

with sampling times 𝑇ℎ and 𝑇𝑙, discrete-time indices for fast-rate signals 𝑛 ∈ Z[0,𝑁−1] and slow-rate signals 𝑚 ∈ Z[0,𝑀−1] with integers 
Z and 𝑁,𝑀 the amount of data points of the fast-rate and slow-rate signals and frequency bin 𝑘 ∈ Z[0,𝑁−1], which relates to the 
frequency grid 

𝜔𝑘 = 2𝜋𝑘
𝑁𝑇ℎ

= 2𝜋𝑘
𝑀𝑇𝑙

∈ [0, 𝜔𝑠,ℎ), (2)

with fast-rate sampling frequency 𝜔𝑠,ℎ=
2𝜋
𝑇ℎ

 in rad/s. The sampling times of the slow-rate and fast-rate signals relate as 𝑇𝑙 = 𝐹𝑇ℎ, 
with downsampling factor 𝐹 ∈ Z>0 resulting in the slow-rate sampling frequency 𝜔𝑠,𝑙 = 2𝜋

𝑇𝑙
= 𝜔𝑠,ℎ∕𝐹 . Hence, the signal lengths 

relate as 𝑁 = 𝐹𝑀 .

2. Problem definition

In this section, the problem is defined. The control setting is introduced, with its corresponding frequency-domain input–output 
analysis. Finally, the problem considered in this paper is defined.

2.1. Control setting

The control setting in Fig.  1 is considered, where a fast-rate LTI system 𝐺 is under control with a slow-rate controller 𝐾𝑑 . The 
system 𝐺 is sampled at the fast sampling rate 𝜔𝑠,ℎ, whereas the controller 𝐾𝑑 is sampled at a reduced sampling rate 𝜔𝑠,𝑙 = 𝜔𝑠,ℎ∕𝐹 . 
The exogenous signals 𝑤ℎ contain any external signals, e.g., references or noise sources. The performance variable 𝑧ℎ is for example 
the tracking error of the system. Note that while the excitation signal 𝑤ℎ and the performance variable 𝑧ℎ are assumed to be known, 
they may contain noise. The LTI system 𝐺 is described by 

𝐺 =

[

𝐺11 𝐺12

]

. (3)

𝐺21 𝐺22

2 
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Fig. 1. Multirate system, with fast-rate system 𝐺 and slow-rate controller 𝐾𝑑 , which utilizes upsampler 𝑢 and downsampler 𝑑 .

For ease of notation, the elements 𝐺11, 𝐺12, 𝐺21, and 𝐺22 are assumed single-input single-output throughout the paper. The notation 
can be straightforwardly extended to multivariable systems. The interpolator 𝑢 consists of a zero-order hold filter and an upsampler 
𝑢 = 𝑍𝑂𝐻 (𝑞)𝑢, with upsampler [17] 

𝜈ℎ(𝑛) = 𝑢𝜈𝑙(𝑚) =

⎧

⎪

⎨

⎪

⎩

𝜈𝑙
(

𝑛
𝐹

)

for 𝑛
𝐹 ∈ Z,

0 for 𝑛
𝐹 ∉ Z.

(4)

The zero-order hold filter is defined by 

𝑍𝑂𝐻 (𝑞) =
𝐹−1
∑

𝑓=0
𝑞−𝑓 , (5)

with fast-rate shift operator 𝑞𝜈ℎ (𝑛) = 𝜈ℎ (𝑛 + 1). The downsampler 𝑑 is described by [17] 
𝜈𝑙(𝑚) = 𝑑𝜈ℎ(𝑛) = 𝜈ℎ(𝐹𝑚). (6)

2.2. Frequency-domain analysis of multirate system

In this section, the frequency-domain behavior of multirate systems is described, and it is shown that the frequency-separation 
principle does not hold. First, after absorbing the feedback controller 𝑢𝐾𝑑𝑑 into the system 𝐺, the fast-rate input–output behavior 
of the closed-loop multirate system is described as 

𝑧ℎ =
(

𝐺11 + 𝐺12𝑢
(

𝐼 −𝐾𝑑𝑑𝐺22𝑢
)−1 𝐾𝑑𝑑𝐺21

)

𝑤ℎ. (7)

Taking the DFT (1) on both sides of (7), the output is described in the frequency-domain by Oomen et al. [3]
𝑍ℎ(𝑒𝑗𝜔𝑘𝑇ℎ ) = 𝐺11

(

𝑒𝑗𝜔𝑘𝑇ℎ
)

𝑊ℎ
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

+ 𝐺12
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

𝑍𝑂𝐻

(

𝑒𝑗𝜔𝑘𝑇ℎ
)

𝑄𝑑
(

𝑒𝑗𝜔𝑘𝑇𝑙
) 1
𝐹

𝐹−1
∑

𝑓=0
𝐺21

(

𝑒𝑗
(

𝜔𝑘+(𝑓∕𝐹 )𝜔𝑠,ℎ
)

𝑇ℎ
)

𝑊ℎ

(

𝑒𝑗
(

𝜔𝑘+(𝑓∕𝐹 )𝜔𝑠,ℎ
)

𝑇ℎ
)

,
(8)

where 
𝑄𝑑

(

𝑒𝑗𝜔𝑘𝑇𝑙
)

=
(

1−𝐾𝑑
(

𝑒𝑗𝜔𝑘𝑇𝑙
)

𝐺22,𝑙
(

𝑒𝑗𝜔𝑘𝑇𝑙
))−1𝐾𝑑

(

𝑒𝑗𝜔𝑘𝑇𝑙
)

. (9)

The slow-rate system 𝐺22,𝑙 = 𝑑𝐺22𝑢 in (9) is described in the frequency domain as Vaidyanathan [17]

𝐺22,𝑙
(

𝑒𝑗𝜔𝑘𝑇𝑙
)

= 1
𝐹

𝐹−1
∑

𝑓=0

(

𝐺22

(

𝑒𝑗
(

𝜔𝑘+(𝑓∕𝐹 )𝜔𝑠,ℎ
)

𝑇ℎ
)

⋅ 𝑍𝑂𝐻

(

𝑒𝑗
(

𝜔𝑘+(𝑓∕𝐹 )𝜔𝑠,ℎ
)

𝑇ℎ
))

. (10)

A key observation is that the intersample behavior 𝑍ℎ
(

𝑒𝑗𝜔𝑘𝑇ℎ
) is influenced by 𝐹  frequencies of the input 𝑊ℎ

(

𝑒𝑗
(

𝜔𝑘+(𝑓∕𝐹 )𝜔𝑠,ℎ
)

𝑇ℎ
)

due to aliasing. Conversely, each frequency of the input 𝑊ℎ
(

𝑒𝑗𝜔𝑘𝑇ℎ
) influences 𝐹  frequencies of the output [18, Theorem 3]. This 

dependency makes it unclear how to analyze the frequency-domain intersample behavior for multirate systems. As a result, there 
is a need for a systematic approach for analyzing this behavior, particularly in a way that is useful for control design.

2.3. Problem definition

The problem considered in this paper is as follows. Given a fast-rate excitation signal 𝑤ℎ and performance variable 𝑧ℎ of the 
multirate system shown in Fig.  1, directly identify the relevant frequency-domain representations that include the full intersample 
performance, i.e., the PFG.

3. Method

In this section, a frequency-domain representation of the multirate system is introduced through time-invariant representations, 
constituting contribution C1. Furthermore, the time-invariant representation is identified in a single identification experiment 
through local modeling, leading to contribution C2. The developed approach is then summarized in a procedure.
3 
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3.1. Intersample performance analysis through the PFG

An effective frequency-domain approach for analyzing the intersample performance for the multirate system in Fig.  1 is the PFG, 
which analyzes the total power output for a single-frequency input. The PFG is given by 


(

𝑒𝑗𝜔𝑑𝑇ℎ
)

=
𝑤ℎ∈

‖

‖

𝑧ℎ‖‖
‖

‖

𝑤ℎ
‖

‖
, (11)

where the signal space  consists of single complex sinusoidal disturbances having frequency 𝜔𝑑 and amplitude 𝑐, i.e., 
 =

{

𝑤ℎ(𝑛)|𝑤ℎ(𝑛) = 𝑐𝑒𝑗𝜔𝑑𝑛𝑇ℎ , 0 < ‖𝑐‖2 < ∞
}

, (12)

The power ‖𝑥ℎ‖  in (11) is given by 

‖𝑥ℎ‖ =

√

√

√

√ lim
𝑁→∞

1
𝑁

𝑁−1
∑

𝑛=0

‖

‖

𝑥ℎ(𝑛)‖‖
2
2. (13)

Alternatively, the PFG is calculated in the frequency-domain as presented in Lemma  1. 

Lemma 1.  The PFG (11) is equivalent to 


(

𝑒𝑗𝜔𝑑𝑇ℎ
)

=
𝑤ℎ∈

‖

‖

𝑍ℎ
‖

‖
‖

‖

𝑊ℎ
‖

‖
, (14)

with 

‖𝑋ℎ‖ =

√

√

√

√ lim
𝑁→∞

1
𝑁

𝑁−1
∑

𝑘=0

‖

‖

‖

𝑋ℎ
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

‖

‖

‖

2

2
. (15)

Proof.  From Parseval’s theorem it is known that 
𝑁−1
∑

𝑛=0
‖𝑥 (𝑛)‖22 =

1
𝑁

𝑁−1
∑

𝑘=0

‖

‖

‖

𝑋
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

‖

‖

‖

2

2
, (16)

which, when substituted into (13), and subsequently in (11) for 𝑤ℎ and 𝑧ℎ directly leads to (14). □

Note that an input signal 𝑤ℎ ∈  (12) consists of a single sinusoid, and hence results in a DFT (1) magnitude of 

‖

‖

‖

𝑊ℎ
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

‖

‖

‖2
=

𝑤ℎ∈

{

𝑐𝑁  for 𝜔𝑘 = 𝜔𝑑 ,
0  otherwise. (17)

Therefore, the power of the input signal is determined by substituting (17) in (15), resulting in 
‖

‖

𝑊ℎ
‖

‖ =
𝑤ℎ∈

𝑐
√

𝑁. (18)

The PFG (11) represents the full intersample behavior of the multirate system in Fig.  1, since it takes into account all output 
frequencies, including aliased ones, for a single input frequency. Due to the aliasing of signals in (8), identifying the PFG is 
time-consuming since the excitation signal 𝑤ℎ is limited to a single frequency.

3.2. Direct PFG identification through frequency-lifting

The multirate PFG is directly identified through frequency-lifting the multirate system to a multivariable time-invariant 
representation. The frequency-lifted signal 𝑋 (

𝑒𝑗𝜔𝑘𝑇ℎ
)

= 𝑓𝑋
(

𝑒𝑗𝜔𝑘𝑇ℎ
) is defined as 

𝑋
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

=

⎡

⎢

⎢

⎢

⎢

⎣

𝑋
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

𝑋
(

𝑒𝑗𝜔𝑘𝑇ℎ𝜙
)

⋮
𝑋

(

𝑒𝑗𝜔𝑘𝑇ℎ𝜙𝐹−1)

⎤

⎥

⎥

⎥

⎥

⎦

∈ C𝐹 , (19)

where 𝜙 = 𝑒𝑗2𝜋∕𝐹  corresponds to a frequency shift of 𝜔𝑠,ℎ∕𝐹  rad/s. Note that therefore the 𝑖th entry of 𝑋 is essentially the original 
signal shifted in frequency by 𝑖𝜔𝑠,ℎ∕𝐹 . By frequency-lifting the exogenous inputs �̃� = 𝑓𝑤ℎ and performance outputs ̃𝑧 = 𝑓 𝑧ℎ, the 
system becomes 

𝐺 =

[

𝑓𝐺11−1
𝑓 𝑓𝐺12

𝐺21−1
𝑓 𝐺22

]

. (20)

The frequency-lifted system is shown in Fig.  2. By absorbing the feedback controller 𝑢𝐾𝑑𝑑 into the interconnection, the closed-loop 
transfer describing the frequency-lifted input–output behavior is 

̃ −1 ( )−1 −1 (21)
𝑀 =𝑓𝐺11𝑓 + 𝑓𝐺12𝑢𝐾𝑑𝑑 𝐼 − 𝐺22𝑢𝐾𝑑𝑑 𝐺21𝑓 ,

4 
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Fig. 2. Frequency-lifted multirate system, where frequency-lifting operators 𝑓  and −1
𝑓  transform the multirate system to a time-invariant multivariable system.

which is LTI and multivariable 𝑀 (

𝑒𝑗𝜔𝑘𝑇ℎ
)

∈ C𝐹×𝐹  [16]. Therefore, the DFT of the input–output behavior is described by 

𝑍
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

= 𝑀
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

𝑊
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

, (22)

where 𝑀 (

𝑒𝑗𝜔𝑘𝑇ℎ
)

∈ C𝐹×𝐹 .
The frequency-lifted closed-loop 𝑀 is directly related to the PFG of the multirate system, which leads to the main result in this 

section in Theorem  1. 

Theorem 1.  The PFG (11) of closed-loop multirate system in Fig.  1 for frequencies 𝜔𝑑 ∈
[

0, 𝜔𝑠,ℎ
) is equivalent to 


(

𝑒𝑗𝜔𝑑𝑇ℎ
)

=

√

√

√

√

√

𝐹−1
∑

𝑓=0

‖

‖

‖

𝑀[𝑓+1,1]
(

𝑒𝑗𝜔𝑑𝑇ℎ
)

‖

‖

‖

2

2
, (23)

where 𝑋[𝑖,𝑗]
(

𝑒𝑗𝜔𝑘𝑇ℎ
) denotes the (𝑖, 𝑗)th element of matrix 𝑋.

Proof.  First, ‖
‖

𝑍ℎ
‖

‖  in the PFG (14) is computed by splitting the sum in (15) into 𝐹  frequency bands, and represented through the 
use of the frequency-lifted outputs as 

𝑁−1
∑

𝑘=0

‖

‖

‖

𝑍ℎ
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

‖

‖

‖

2

2
=

𝑀−1
∑

𝑘=0

𝐹−1
∑

𝑓=0

‖

‖

‖

𝑍ℎ
(

𝑒𝑗𝜔𝑘𝑇ℎ𝜙𝑓 )‖
‖

‖

2

2
=

𝑀−1
∑

𝑘=0

𝐹−1
∑

𝑓=0

‖

‖

‖

𝑍[𝑓+1]
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

‖

‖

‖

2

2
. (24)

Second, under excitation signal 𝑤ℎ ∈  with magnitude (17) and utilizing (22) the magnitude of these frequency-lifted outputs are 

‖

‖

‖

𝑍[𝑓+1]
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

‖

‖

‖2
=

𝑤ℎ∈

{

𝑐𝑁 ‖

‖

‖

𝑀[𝑓+1,1]
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

‖

‖

‖2
, for 𝜔𝑘 = 𝜔𝑑 .

0, otherwise.
(25)

By substitution of (24) and (25) in (15), ‖
‖

𝑍ℎ
‖

‖  is formulated as 

‖

‖

𝑍ℎ
‖

‖ =
𝑤∈

𝑐
√

𝑁

√

√

√

√

√

𝐹−1
∑

𝑓=0

‖

‖

‖

𝑀[𝑓+1,1]
(

𝑒𝑗𝜔𝑑𝑇ℎ
)

‖

‖

‖

2

2
. (26)

Finally, substitution of (18) and (26) in (14) leads to the main result (23). □

Remark 1.  Note that while Theorem  1 utilizes the first column of 𝑀 (

𝑒𝑗𝜔𝑘𝑇ℎ
)

, any 𝑓 th column can be used as well by frequency 
shifting its result with 𝜙−𝑓 .

By direct identification of the PFG as shown in Theorem  1, the frequency-lifted representation directly allows for intersample 
performance evaluation.

3.3. Multivariable identification through local modeling

In this section, the frequency-lifted system 𝑀 is effectively identified in a single identification experiment by disentangling 
aliased frequency components through multivariable local modeling techniques.

In a local frequency window 𝑟 ∈ Z[−𝑛𝑤 ,𝑛𝑤], the frequency-lifted output 𝑍 in (22) is approximated as 
̂̃𝑍
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

= ̂̃𝑀
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

𝑊
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

+ ̂̃𝑇
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
) (27)

where ̂̃𝑀 (

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

∈ C𝐹×𝐹  approximates the closed-loop 𝑀 in (21), and transient term ̂̃𝑇 (

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

∈ C𝐹 , which is introduced 
due to finite-length signals, and includes leakage effects. The multivariable system ̂̃𝑀 and transient ̂̃𝑇  are modeled using the local 
models 

̂̃ ( 𝑗𝜔𝑘+𝑟𝑇ℎ
) −1 ( 𝑗𝜔𝑘+𝑟𝑇ℎ

) ( 𝑗𝜔𝑘+𝑟𝑇ℎ
) ̂̃ ( 𝑗𝜔𝑘+𝑟𝑇ℎ

) −1 ( 𝑗𝜔𝑘+𝑟𝑇ℎ
) ( 𝑗𝜔𝑘+𝑟𝑇ℎ

) (28)
𝑀 𝑒 = 𝐷 𝑒 𝑁 𝑒 , 𝑇 𝑒 = 𝐷 𝑒 𝐿 𝑒 ,

5 
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where local lifted system numerator 𝑁 (

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

∈ C𝐹×𝐹 , denominator 𝐷 (

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

∈ C𝐹×𝐹 , and transient numerator 𝐿 (

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

∈
C𝐹  are given by 

𝑁
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

= ̂̃𝑀
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

+
𝑅𝑛
∑

𝑠=1
𝑁𝑠(𝑘)𝑟𝑠,

𝐿
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

= ̂̃𝑇
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

+
𝑅𝑙
∑

𝑠=1
𝐿𝑠(𝑘)𝑟𝑠,

𝐷
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

= 𝐼 +
𝑅𝑑
∑

𝑠=1
𝐷𝑠(𝑘)𝑟𝑠,

(29)

with complex coefficients 𝑁𝑠(𝑘) ∈ C𝐹×𝐹 , 𝐿𝑠(𝑘) ∈ C𝐹 , and 𝐷𝑠(𝑘) ∈ C𝐹×𝐹 . The decision parameters 

𝛩 (𝑘) ∶

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

̂̃𝑀
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

∈ C𝐹×𝐹 ,
̂̃𝑇
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

∈ C𝐹 ,
𝑁𝑠(𝑘) ∈ C𝑛𝑢𝐹+𝑛𝑦×𝑛𝑢𝐹 ,
𝐿𝑠(𝑘) ∈ C𝑛𝑢𝐹+𝑛𝑦 ,
𝐷𝑠(𝑘) ∈ C𝑛𝑢𝐹+𝑛𝑦×𝑛𝑢𝐹+𝑛𝑦 ,

(30)

are determined by minimizing the weighted difference between approximated outputs (27) and measured outputs 𝑍 (

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

, 
resulting in the linear least squares problem 

𝛩 (𝑘) = argmin
𝛩(𝑘)

𝑛𝑤
∑

𝑟=−𝑛𝑤

‖

‖

‖

‖

‖

‖

𝐷
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

(

𝑍
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

− ̂̃𝑍
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

)‖

‖

‖

‖

‖

‖

2

2

= argmin
𝛩(𝑘)

𝑛𝑤
∑

𝑟=−𝑛𝑤

‖

‖

‖

‖

‖

‖

𝐷
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

𝑍
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

−𝑁
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

𝑊
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

− 𝐿
(

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
)

‖

‖

‖

‖

‖

‖

2

2

,

(31)

which has a unique closed-form solution [19]. 

Remark 2.  An unweighted version of (31) can also be minimized, either through direct non-linear optimization or by utilizing 
iterative reweighted methods like the Sanathanan–Koerner algorithm [20]. Such optimization techniques generally do not ensure 
convergence to a global minimizer. In addition, the weighted least-squares criterion (31) is particularly effective for practical 
applications [19,21].

Remark 3.  Typically, the cost function (31) has a unique closed-form solution only if the excitation signal ̃𝑊 (

𝑒𝑗𝜔𝑘+𝑟𝑇ℎ
) is sufficiently 

‘rough’ within the window 𝑟 ∈ Z[−𝑛𝑤 ,𝑛𝑤] [22]. For instance, orthogonal random-phase multisines [23] for �̃� or random-phase 
multisines for 𝑤ℎ meet this criterion.

The frequency-lifted transfer function ̂̃𝑀 (

𝑒𝑗𝜔𝑘𝑇ℎ
) is now identified by evaluating the unique closed-form solution (31) for all 

frequency bins 𝑘 ∈ Z[0,𝑁−1]. The developed method, where the PFG is directly evaluated through frequency-lifted time-invariant 
representations of multirate systems (C1), which are identified with local modeling techniques (C2), is summarized in Procedure  1.

Procedure 1 (Frequency-Domain Identification of PFG through Lifting and Local Modeling). 

1. Construct excitation signal 𝑤ℎ, see Remark  3.
2. Excite multirate system in Fig.  1 with 𝑤ℎ and record fast-rate performance variable 𝑧ℎ.
3. Take DFT (1) of the exogenous signal 𝑤ℎ and performance variable 𝑧ℎ, resulting in 𝑊ℎ and 𝑍ℎ.
4. Lift fast-rate signals 𝑊ℎ and 𝑍ℎ into 𝑊 = 𝑓𝑊ℎ and 𝑍 = 𝑓𝑍ℎ using (19).
5. For frequency bins 𝑘 ∈ Z[0,𝑁−1] identify the PFG 

(

𝑒𝑗𝜔𝑘𝑇ℎ
) as follows. 

(a) Identify frequency-lifted closed-loop ̂̃𝑀 (

𝑒𝑗𝜔𝑘𝑇ℎ
) by minimizing the local modeling cost function (31), which has a unique 

global minimizer.
(b) Compute the PFG through Theorem  1, specifically by using (23). 

4. Experimental validation

In this section, the developed approach for direct frequency-domain identification of the intersample performance for multirate 
systems is experimentally validated. It is shown that the developed approach can directly identify the intersample performance in 
the frequency-domain through PFGs, while traditional representations or approaches cannot.
6 
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Fig. 3. Experimental setup.

4.1. Experimental setup

The developed approach is validated on the prototype motion system shown in Fig.  3, which consists of two rotating masses 
connected with a flexible shaft. The first mass is actuated by a DC motor, and its position is measured using a incremental encoder.

The multirate system is operating in closed-loop control as shown in Fig.  4, which shows the system is performing a constant 
velocity reference tracking task 𝑟ℎ(𝑛) = 20 ⋅ 2𝜋 ⋅ 𝑛. In addition, the output of the system 𝑃  is disturbed by the exogenous noise signal 
𝑤ℎ, resulting in the system 

𝐺 =
[

−1 −𝑃
−1 −𝑃

]

∶
[

𝑤ℎ
𝑢ℎ

]

↦

[

𝑧ℎ
𝑦ℎ

]

(32)

For validation purposes, an FRF of the system is made using single-rate feedback control with a sampling rate of 𝜔𝑠,ℎ
2𝜋 = 𝑓ℎ =

240 Hz, where 54000 samples of the excitation signal 𝑤ℎ, input 𝑢ℎ, and output 𝑦ℎ are used. The FRF is made in closed-loop with the 
indirect approach, in combination with the local rational modeling approach from [14], with rational degrees 𝑅𝑑 = 𝑅𝑛 = 𝑅𝑚 = 3
and window size 𝑛𝑤 = 150. The FRF is seen in Fig.  5(a). The feedback controller 𝐾𝑑 sampled at 

𝜔𝑠,𝑙
2𝜋 = 𝑓𝑙 = 80 Hz stabilizes the 

downsampled system 𝑑𝑃𝑢 with a bandwidth of 2 Hz. Additionally, it tries to suppress any disturbance effects due to the rotational 
movement introduced by the reference 𝑟ℎ(𝑛) = 20 ⋅ 2𝜋 ⋅ 𝑛, for example a mass imbalance. For this purpose, the loop gain is increased 
at 20 Hz through an inverse Notch filter. An FRF of the controller is shown in Fig.  5(b).

For the experimental validation, the intersample performance of the tracking error is studied through identifying the PFG 


(

𝑒𝑗𝜔𝑘𝑇ℎ
)

=
𝑤ℎ∈

‖

‖

𝑧ℎ‖‖
‖

‖

𝑤ℎ
‖

‖
=

‖

‖

𝑒ℎ‖‖
‖

‖

𝑤ℎ
‖

‖
. (33)

In addition, the PFG is compared to the slow-rate sensitivity  (

𝑒𝑗𝜔𝑘𝑇𝑙
)

∶ 𝑊𝑙
(

𝑒𝑗𝜔𝑘𝑇𝑙
)

↦ 𝑍𝑙
(

𝑒𝑗𝜔𝑘𝑇𝑙
)

, which is given by 


(

𝑒𝑗𝜔𝑘𝑇𝑙
)

=
(

1 +𝐾𝑑
(

𝑒𝑗𝜔𝑘𝑇𝑙
)

𝑃𝑙
(

𝑒𝑗𝜔𝑘𝑇𝑙
))−1 , (34)

where 𝑃𝑙 is calculated similarly to (10) using the true FRF shown in Fig.  5(a). Further experimental settings are seen in Table  1.

4.2. Intersample analysis of the experimental setup

In this section, it is shown that traditional slow-rate FRFs or the on-sample behavior cannot accurately represent the intersample 
behavior of an experimental multirate system, in contrast to the PFG (33).

First, it is shown that the slow-rate sensitivity does not represent the frequency-domain intersample performance by comparing 
it to the PFG. The PFG is computed analytically using Oomen et al. [3, Lemma 4] and a fast-rate validation FRF 𝑃 (

𝑒𝑗𝜔𝑘𝑇ℎ
) measured 

at 𝑓ℎ = 240 Hz. Specifically, the PFG is computed as 


(

𝑒𝑗𝜔𝑘𝑇ℎ
)

=

√

√

√

√

√

𝐹−1
∑

𝑓=0

|

|

|

𝑐𝑓
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

|

|

|

2
, (35)

where 𝑐𝑓
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

∈ C is given by 

𝑐𝑓
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

=

{

𝐺11
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

+ 1
𝐹 𝐺12

(

𝑒𝑗𝜔𝑘𝑇ℎ
)

𝑍𝑂𝐻

(

𝑒𝑗𝜔𝑘𝑇ℎ
)

⋅𝑄𝑑
(

𝑒𝑗𝜔𝑘𝑇𝑙
)

𝐺21
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

, 𝑓 = 0,
1
𝐹 𝐺12

(

𝑒𝑗𝜔𝑘𝑇ℎ𝜙𝑓 )𝑍𝑂𝐻

(

𝑒𝑗𝜔𝑘𝑇ℎ𝜙𝑓 )𝑄𝑑
(

𝑒𝑗𝜔𝑘𝑇𝑙
)

𝐺21
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

, 𝑓 ≠ 0,
(36)

with frequency shift 𝜙 = 𝑒𝑗2𝜋∕𝐹 = 𝑒𝑗𝜔𝑠,ℎ𝑇ℎ∕𝐹 , and 𝐺𝑖𝑗 is defined in (32) for the experimental setup. Both the slow-rate sensitivity (34) 
and the PFG, which is calculated using (35) and the validation FRF in Fig.  5(a), are shown in Fig.  6.

Second, the difference in the slow-rate sensitivity and the PFG is illustrated through performing three time-domain validation 
experiments by applying single-sinusoidal disturbances having frequencies 20, 60, and 100 Hz to 𝑤ℎ, which show a different between 
on-sample and intersample performance. Note that for slow-rate sampling 𝑤𝑙 = 𝑑𝑤ℎ these signals have the same frequency of 20 Hz. 
The Cumulative Power Spectrum (CPS) of the fast-rate and slow-rate performance variables are respectively defined as 

CPSℎ
(

𝑒𝑗𝜔𝑘𝑇ℎ
)

=
𝑘
∑

𝑍′
ℎ
(

𝑒𝑗𝜔𝑖𝑇ℎ
)

𝑓𝑟,ℎ, CPS𝑙
(

𝑒𝑗𝜔𝑘𝑇𝑙
)

=
𝑘
∑

𝑍′
𝑙
(

𝑒𝑗𝜔𝑖𝑇𝑙
)

𝑓𝑟,𝑙 , (37)

𝑖=0 𝑖=0
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Fig. 4. Closed-loop control setup during experimental validation.

Fig. 5. Frequency Response Functions (FRFs) of the system 𝑃 and controller 𝐾𝑑 .

Fig. 6. The slow-rate sensitivity  (

𝑒𝑗𝜔𝑘𝑇𝑙
)

(34) ( ) cannot assess intersample performance, unlike the PFG  (

𝑒𝑗𝜔𝑘𝑇ℎ
) derived with the validation FRF and (35) 

( ). For instance, it deviates over a factor 2 (6 dB) at 60 and 100 Hz from the PFG. The PFG is validated for several single-sinusoidal measurements ( ).
8 
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Table 1
Experimental settings.
 Variable Abbreviation Value Unit 
 Fast sampling frequency 𝑓ℎ = 𝜔𝑠,ℎ∕ (2𝜋) 240 Hz  
 Slow sampling frequency 𝑓𝑙 = 𝜔𝑠,𝑙∕ (2𝜋) 80 Hz  
 Downsampling factor 𝐹 3 –  
 Number of input samples 𝑁 10800 –  
 Number of output samples 𝑀 3600 –  

Fig. 7. For excitation of 20 Hz, the on-sample performance 𝑧𝑙 ( ) is relatively similar to the intersample performance 𝑧ℎ ( ) (top). The on-sample CPS𝑙 (37) 
( ) and intersample CPSℎ (37) ( ) show that they both have a similar dominant component at 20 Hz (bottom).

Fig. 8. When exciting the system beyond the Nyquist frequency, the intersample performance 𝑧ℎ ( ) is significantly worse than the on-sample performance 
𝑧𝑙 ( ) (top). The intersample CPSℎ (37) ( ) is significantly higher than the on-sample CPS𝑙 (37) ( ), since the dominant components beyond the Nyquist 
frequency are not observed by the on-sample CPS𝑙 (bottom).

where the power spectral densities 𝑍′
ℎ
(

𝑒𝑗𝜔𝑖𝑇ℎ
) and 𝑍′

𝑙
(

𝑒𝑗𝜔𝑖𝑇𝑙
) can for example be determined using Welch’s method [24] with 

frequency resolutions 𝑓𝑟,ℎ and 𝑓𝑟,𝑙. The performance variables and their CPS determined with Welch’s method for applying the three 
single-sinusoidal disturbances are shown in Figs.  7 and 8.

From the slow-rate sensitivity and the PFG in Fig.  6, in addition to the performance variables for single-sinusoidal disturbances in 
Figs.  7, and 8, it becomes clear that the slow-rate sensitivity and the on-sample behavior cannot accurately represent the intersample 
behavior of the multirate system, which is concluded from the following observations.
9 
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Fig. 9. The true PFG determined with the validation FRF and (35) ( ) is accurately identified by the developed approach ( ) using Theorem  1, in contrast 
to a direct approach that neglects the multirate behavior ( ).

• While the PFG and the slow-rate sensitivity in Fig.  6 are relatively similar below 20 Hz, for the intersample performance 
beyond 20 Hz they are significantly different.

• While the on-sample performance in Figs.  7 and 8 is good, supported by the suppression of −3.17 dB of the slow-rate sensitivity 
in Fig.  6, the intersample performance in Fig.  8 deteriorates significantly for 60 and 100 Hz. Specifically, the root mean squared 
intersample performance deteriorates respectively by factors 1.63 and 1.79 compared to the on-sample performance.

4.3. Experimental identification of PFG

In this section, the PFG is directly and accurately identified in a single identification experiment for the experimental setup 
using the developed method. In addition, the developed method is compared to an approach that neglects the multirate behavior 
by assuming single-rate sampling. Therefore, the compared methods are the following.

• An approach that neglects the multirate behavior by identifying the closed-loop 𝑤ℎ ↦ 𝑧ℎ directly through local rational 
modeling.

• The developed approach that identifies the frequency-lifted system 𝑀 and calculates the PFG using (23).

Both methods utilize rational degrees 𝑅𝑑 = 𝑅𝑛 = 𝑅𝑚 = 3 and window size 𝑛𝑤 = 60. Additional settings during experimentation are 
shown in Table  1. The methods are compared to the validation PFG computed in Section 4.2. The identified PFG by both methods 
is shown in Fig.  9. The PFG is accurately identified in a single identification experiment using the developed approach, while the 
approach that neglects the multirate behavior is not able to accurately identify the PFG as shown in Fig.  9.

In conclusion, the observations show that the PFG is essential for quantifying the intersample performance of a multirate or 
sampled-data system, which is accurately and directly identified by the developed approach. The approach that neglects the multirate 
behavior does not represent the full intersample behavior of the experimental system, because it does not accurately identify its 
PFG.

5. Conclusions

The results in this paper enable direct single-experiment identification of frequency-domain intersample performance in closed-
loop multirate systems. The PFG, which is a frequency-domain representation for sampled-data or multirate systems, is directly 
evaluated using the frequency-lifted system, which is a time-invariant representation of the multirate system. The multiple aliased 
frequencies in the multivariable time-invariant representation are effectively disentangled through multivariable local modeling 
techniques. The time-invariant representation is directly identified in a single identification experiment. For an experimental 
prototype motion system it is shown that slow-rate or on-sample FRFs cannot be used to analyze the intersample performance of a 
10 
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multirate system. In sharp contrast, the PFG represents the intersample performance of the experimental system in the frequency 
domain, which is accurately and directly identified in a single identification experiment by the developed approach. Therefore, the 
developed method is a key enabler for sampled-data and multirate control by directly identifying the performance of digital control 
systems in the frequency-domain, including the intersample performance.
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