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ABSTRACT Multipath propagation represents a dominant error source limiting the accuracy of radio-based
ranging and positioning in urban environments. Conventional ranging estimators typically estimate only
the range of the first arriving path while neglecting the multipath components. This introduces a bias and
causes the estimator’s variance to diverge from the Cramér-Rao Bound (CRB). While extensive research
has established performance bounds for estimators that jointly estimate all paths, the specific impact on the
variance of ignoring these components remains largely unexplored. This paper derives bounds on the bias,
variance, and mean square error (MSE) for ranging in multipath channels for the purpose of positioning.
We consider Orthogonal Frequency Division Multiplexing (OFDM) signals in multipath channels with
deterministic path delays and gains. The paper focuses on time-delay estimation (TDE) in the mid-to-
high signal-to-noise ratio (SNR) regime under two scenarios: (i) when the receiver jointly estimates all
propagation paths, and (ii) when the receiver underestimates the number of paths. Specifically, for the latter
case, we derive a semi closed-form expression for the variance of the time-delay estimator that considers
a single-path when in reality there are L paths. This derivation is based on the misspecified Cramér-Rao
bound (MCRB). Although unmodelled multipath has been traditionally viewed as detrimental to time-delay
estimation, we reveal that in some cases the estimation variance improves. For a two-path channel we show
that the variance depends on the relative gain, carrier phase, and separation of the paths. Additionally, the
estimation bias is upper-bounded by constructive and destructive path interference. Finally, we empirically
process a six-path simulated channel frequency response with fixed path delays and gains, to demonstrate
that the derived MSE bound is tight for mid-to-high SNRs. This work characterizes the impact of multipath
propagation on the variance of time-delay estimation, which is essential for designing accurate ranging
signals and estimators in urban scenarios.

INDEX TERMS Time-delay estimation (TDE), positioning, OFDM, multipath, bias, performance bounds,
misspecified Cramér-Rao bound (MCRB).

I. INTRODUCTION

Current Position, Navigation, and Timing (PNT) services
heavily rely on Global Navigation Satellite Systems (GNSS).
However, GNSS are vulnerable to malicious interference
like jamming and spoofing, and its accuracy degrades in
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dense urban scenarios due to signal blockage and multipath
propagation. Terrestrial wireless networks, such as the
fifth generation (5G) communication system, present a
promising solution by supporting ranging capabilities, but
their accuracy is limited by the narrow bandwidth allocated
for ranging purposes. While next-generation systems provide
larger bandwidths for ranging, they remain susceptible to
multipath propagation. Therefore, characterizing its impact
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is essential to design robust signals and resilient estimation
algorithms.

Wireless communication systems often employ Orthog-
onal Frequency Division Multiplexing (OFDM). In these
systems, most of the time and frequency resources are
allocated to communication, while only a limited portion is
reserved for synchronization. The synchronization signals,
or pilots, are known to the receiver a priori, which enables
opportunistic ranging and positioning [1]. Thus, a receiver
estimates the distance, or range, to a transmitter by per-
forming time-delay estimation (TDE) on the received signal.
The most common method, known as single-path maximum-
likelihood estimation (MLE), involves cross-correlating the
received pilot signal with a known replica of the transmitted
pilot signal. Then, the time-delay is selected as the value that
maximizes this correlation. Although the single-path MLE
is computationally efficient, its performance can deteriorate
significantly in multipath environments.

Multipath environments are filled with objects that reflect
the transmitted signal, causing multiple copies of this signal
to arrive at the receiver antenna via different paths. In a line-
of-sight (LOS) scenario, the first and strongest component
that arrives at the receiver is the direct path and the subse-
quent ones are multipath components caused by reflections.
Multipath often causes an estimation bias. To reduce this
bias, a receiver can jointly estimate all the paths L in the
channel [2]. In practice, though, this is computationally
intensive, and receivers can restrict the estimation model to
account only for the dominant paths L [3]. Since the actual
number of paths is typically unknown, the receiver must also
determine how many paths to include—a process known as
model order selection [4]. Underestimating the number of
paths leads to model misspecification and can significantly
degrade estimation performance.

Estimation with a misspecified model order not only leads
to a bias but also results (with nonlinear models) in a
variance that differs from the theoretically expected Cramér-
Rao Bound (CRB) [5], [6]. In such cases, the misspecified
Cramér-Rao Bound (MCRB) provides the proper lower
bound on the variance, as it accounts for the discrepancy
between the assumed and the true number of paths.
Consequently, the overall performance, quantified by the
mean square error (MSE), can be lower-bounded using
the bias-variance decomposition with the variance given
by the MCRB. This bias-variance decomposition provides
a complete and realistic bound on the performance for
misspecified estimation problems.

Although the MCRB has been used for time-delay
estimation with GNSS applications under multipath sce-
narios [7], including meta-signals [8], it has not yet been
adapted to OFDM. A key distinction lies in frequency
synchronization. Unlike in GNSS, OFDM receivers generally
compensate for carrier frequency offset and Doppler shift
prior to performing range estimation. As a result, these
impairments do not need to be estimated during the ranging
process. Also, the performance measures introduced in this
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paper are generally applicable to an I:—path receiver in an
L-path channel, where I < L. While [7] and [8] were
limited to analysing the performance for a few discrete
combinations of delay and gain, this work provides a more
comprehensive analysis by evaluating bias, variance and
MSE as a function of the relative delay across different
carrier phase differences. This allows us to determine whether
the estimation variance is bounded by constructive and
destructive multipath components, analogous to the well-
characterized bound on the bias by the multipath error
envelope (MPEE).

This paper derives bounds on time-delay estimation for
OFDM systems using a frequency domain formulation of
the measurement model, focusing on the scenario where the
receiver underestimates the number of propagation paths.
While this frequency domain framework can be generalized
to other modulations, a time domain derivation is often more
practical in these cases.

We analyse the bias, variance, and MSE under model
misspecification. Our aim is two-fold: first, to quantify
how a multipath component affects the estimator’s variance,
and second, to establish a lower bound on the MSE using
the bias-variance decomposition for a generic L-path channel
when the estimator considers fewer paths L. To illustrate
the impact on the estimator’s variance due to a multipath
component not considered by the receiver, we analyse
the MCRB for a two-path channel as a function of the
delay separation between the paths, considering constructive,
destructive, and other values of carrier phase differences.
Employing a deterministic instead of a Bayesian channel
model, enables us to explicitly isolate and analyse the
effect on estimation bias and variance for different relative
carrier phases between multipath components. Additionally,
modelling the paths with deterministic delays allows us to
analyse the estimator performance as a function of the relative
delays. This is important because it reveals interactions
that can significantly degrade or even improve estimator
performance—these effects are inherently averaged out in a
Bayesian framework. Finally, we compare the MSE bound
with the empirical performance obtained with a simulated
six-path channel frequency response with fixed path delays
and gains, for a range of signal-to-noise ratios (SNRs). Our
analysis provides a fundamental understanding of the impact
of multipath on time-delay estimation, which is critical for
the design and development of robust ranging systems.

The contributions of this work are:

o A semi-closed form expression for the MCRB of
the TDE estimator when the user assumes a single-
path estimator I = 1, but the channel contains L
deterministic propagation paths.

e A general expression for the MCRB of the TDE
estimator which accounts for I < L paths, where L is
the total number of paths in the channel.

o An assessment of the MSE bound’s tightness using
a simulated six-path channel, evaluating the empirical
MSE for an i—path estimator with L. = 1,.---,6.
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Il. BACKGROUND

For ranging in multipath channels, only the first arriving path
is of interest, while the reflected components, when included
in the data model, act as nuisance parameters. Although the
receiver is not interested in the nuisance parameters, they
are present in the received signal and therefore influence the
estimator’s performance. In the literature, lower bounds on
estimation performance are typically derived by considering
the joint estimation of both the desired and nuisance
parameters, as in the modified CRB [9], [10]. In contrast,
here, only a subset of the parameters is jointly estimated,
while the remaining parameters are neglected.

Depending on the receiver’s prior statistical knowledge
about the unknown parameters, statistical bounds can be
classified as deterministic, Bayesian, or hybrid. Deterministic
bounds such as the deterministic CRB [11], and Barankin
bound [12] assume no prior knowledge of the unknown
parameters. The deterministic CRB is simple to apply and
often yields an intuitive, closed-form analytic expression.
This simplicity comes at a cost: the bound is not global.
The CRB is too optimistic at low SNRs, as it ignores
the thresholding effect. This phenomenon arises from the
nonlinear nature of time-delay estimation, where an estimator
may lock onto a sidelobe of the autocorrelation function,
leading to large estimation errors not captured by the CRB.
Del Peral-Rosado et al. derived the CRB for the joint
estimation of delays and gains of all paths [2]. Similarly, in the
case of two-path channels with real-valued gains, Dun et al.
presented an analytical approximation for the CRB of the
joint estimation of delay and gain [13]. Wang et al. in [14]
derived the CRB for both deterministic multipath channels
and Bayesian channels, the latter obtained by modelling the
channel gains as random variables.

Bayesian bounds, such as the Bayesian CRB [15] and
Ziv-Zakai bound (ZZB) [16], [17], are applicable when the
receiver has prior knowledge of the statistical distribution
of all unknown parameters. Contrary to the Bayesian CRB,
the ZZB is a global bound which considers the thresholding
effect. However, the ZZB is difficult to interpret, requiring
the numerical computation of several integrals. Where the
Bayesian CRB is computationally intractable, other bounds
such as the modified CRB offer a more feasible alternative,
though it yields a looser bound [9], [10]. For instance, Graff
et al. obtained the ZZB for a Rayleigh fading channel,
considering both a receiver with perfect knowledge of the
channel gains, and a receiver with knowledge limited to the
fading distribution [18].

When some of the parameters are deterministic, and others
are Bayesian, hybrid bounds can be used [19]. Alternatively,
other bounds on the MSE performance for maximum
likelihood estimators can be obtained by approximating the
estimator’s statistics using the Method of Interval Estimation
(MIE) [20].

All the aforementioned bounds apply to an unbiased
receiver that jointly estimates the unknown parameters,
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namely the delay and gain of all paths. This corresponds to
the case in which the estimator uses a parameterized model of
the true distribution of the channel frequency response. Here,
however, we deal with a different problem. We want to assess
the performance of a simplified receiver that considers less
paths than present. This scenario is useful for analysing the
impact of multipath on time-delay estimation when multipath
is not accounted for.

In this paper, the unknown parameters in the estimation
model, i.e., delay and complex propagation gain of each path
are modelled as deterministic, to reflect a receiver model that
does not assume any prior statistical knowledge of the chan-
nel as it is unaware of multipath propagation. Considering
fewer signal paths implies that the channel model assumed by
the receiver is different from the true model, i.e., the receiver
is using a misspecified model. Misspecification introduces a
bias, and the estimation variance deviates from that predicted
by the CRB.

The misspecified CRB provides a lower limit on the
estimation variance for misspecified estimators that model
the unknown parameters as deterministic. This is different
from the Bayesian ZZB, which offers a bound on the total
MSE. While the ZZB can, in principle, be applied to scenarios
with model mismatches [21], the MCRB offers a significant
advantage as it provides tractable and easier expressions than
the ZZB. In the case of multipath propagation, we define an
estimator as misspecified if it considers an incorrect (lower)
number of paths. The performance of the misspecified
estimator was first analysed by Huber [22], Akaike [23], and
White [24]. Later, Richmond and Horowitz [5], and Stefano
Fortunati et al. [6] derived a bound on the variance of the
misspecified estimator, namely the MCRB.

The MCRB framework has been applied for direction
of arrival (DOA) estimation in MIMO radar systems when
the estimator ignores the multipath components in a two-
path channel [25], in 5G/6G positioning under hardware
impairments [26], and localization with intelligent surfaces
(RIS) under geometry mismatch [27]. Additionally, this
bound has been applied to the joint misspecified delay-
Doppler estimation problem for the GPS L1 C/A signal in
the presence of multipath [7], which was recently extended
for GNSS meta-signals [8]. However, the MCRB has not yet
been applied in OFDM-based ranging to quantify the effect
of multipath on the variance.

In this work, we do not address the uncertainty associated
with the model order estimation procedure itself [28]. Instead,
we assume a fixed, underestimated or equal number of paths
at the receiver. This choice is motivated by practical ranging
and positioning systems, where time-delay estimation is typ-
ically performed in real-time, and computational constraints
often lead to the adoption of simplified estimation models
in which not all the paths are estimated. Our focus is on
characterizing the bias and variance induced by unmodelled
deterministic multipath components when a reduced model
order is intentionally used.
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Notation: E {-} denotes the expectation operation. h{-} and
3{-} denote the real and imaginary part of a complex variable,
respectively. RV*L and CV*L denote real and complex
matrices with N rows and L columns, respectively. Uppercase
boldface letters (e.g., A) are used for matrices, and lowercase
boldface letters (e.g., h) are used for column vectors, and
lowercase regular letters (e.g., T) are used for scalars. 0,{,
and 1{, denote row vectors of length N, with all the entries
equal to 0 and 1, respectively, while Oy« and 1y« denote
N x N matrices of all zeros and all ones, respectively.
An identity matrix of dimension N is denoted by Iy. ()
denotes a random variable, O denotes an estimate, Q denotes
an estimator, and ()T, 0%, ()H , denote the transpose, conjugate
and Hermitian transpose, respectively. diag(-) denotes the
diagonal matrix with its vector argument on the main
diagonal. Operators ®, x and | - | denote the element-wise
product, the Cartesian product and the absolute value of a
complex number, respectively. The term ||v||2 ~ denotes the

squared weighted norm of v, and is computed as v Qh

lIl. SIGNAL MODEL

We consider an OFDM transmission scheme and a receiver
which measures the channel frequency response (CFR)
h based on known transmitted symbols. The CFR is
obtained per-sub-carrier following a least-squares decision-
directed channel estimation approach as described in [3],
[13], and [29]. Accordingly, the vector collecting the CFR
estimates in baseband over Ny sub-carriers can be written as

1
h=s, 00—

Stx

=h+ﬂ®i:h+g, €))
Stx
where s, = s, © h + w denotes the vector containing
the received baseband symbols in the frequency domain,
and s¢x denotes the known transmitted symbols. The noise
component in s, is modelled as w ~ CNy,(Oy,, 0.°1y,),
which implies that

1
2 ..
n ~ CNy, (0, o, diag (Stx 5 s}'})) : 2)

The notation CNy, (g, Qn) denotes an Ny-dimensional com-
plex Gaussian distribution with mean g and variance matrix
Qu. For simplicity and ease of notation we consider that s,
is BPSK modulated, so that s, © s}, = 1y,, where 1y,
is an Nj-column vector with all ones, and thus n ~ CAy,
(ONS, (TnzINS) .

In an L-path channel, the CFR in baseband can be modelled
as

L
h=>"xexp(—j2nfr) +n.  n~CNy, Oy, 071y,
=1

3

where t; and x; are the [-th path residual propagation time-
delay after symbol synchronization and complex propagation
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gain, respectively. The vector f contains Ny sub-carrier
frequencies used for ranging, and n is a vector containing
additive white Gaussian noise (AWGN).

Based on least-squares channel estimation (1), the mea-
surement model in the frequency domain for time-delay
estimation in an L-path deterministic propagation channel
becomes [3], [13]:

h"'CNN(]E{ } Qh)
E{h} = A(x. Qu=0;ly,. “)
where
A(r) = [a(ﬁ) a(ry) - a(fL)] € CNs*L,
a(t)) = exp(—j2nfr) € CN>!

T = [rl T .- tL]T e REXT,
_ [xl Xy - XL]T c (CLXl,
f=[fifr - fv] e R, )

and h € CY*! is a vector containing the measured channel
frequency response at the Ny sub-carrier frequencies in f;
7 and X are vectors containing the unknown, deterministic
delays and complex propagation gains of the L signal paths.
Note that L < Ny, and typically L <« Nj.

Qp is the variance matrix of the CFR and we assume
it is scaled identity, i.e., the noise variance is identical
across all sub-carriers and there is no covariance between
different sub-carriers. This is justified because the least-
squares channel estimator (1) does not color the noise, unlike
pilot-aided approaches [30]. Additionally, modelling each
path as deterministic does not introduce any noise coloring.

To simplify the notation, we express the expectation of the
channel frequency response as a function of the unknown
parameter vector  as:

7] Rixr} +73{x)
E{h} =pn@) =A( : D : , (6
L Rixr} +j3{x}
where
0 = [z wix") 3x7)]" e REX1, 7)

By stacking the real and imaginary parts of the complex
gains, all elements of the unknown parameter vector become
real-valued, which simplifies the calculus involved in our
derivations. It is also possible to consider x as complex-
valued, in which case the computation of the CRB and MCRB
requires the use of Wirtinger calculus [5].

Based on the measurement model (4) and the maximum
likelihood estimation (MLE) principle, we can estimate
the delays 7 and complex gains X by minimizing the
following weighted nonlinear least squares (NLS) problem
with weighting matrix Qp 1,

T| . _ 2
[ﬁ]—afggl}gllh A(T)XIIQ;p ®

VOLUME 14, 2026
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We can express the minimization problem (8) as a function of
the delays alone, by decoupling the estimation of the delays
and the gains [31]

7 = argmin ||h — A(r)f;||f)_1, 9)
T h

where the estimated gains are expressed as

&= (AH (r)leA(r))_1 A"@Q'h.  (10)

The decoupling step can be done if rank(A(t)) = L,
which implies that matrix A" (1)Qy, lA(‘t) is invertible. This
condition requires that the path delays are non-degenerate,
implying that very closely spaced multipath cannot be
resolved.

Additionally, a set of delays 7 is a minimizer of the NLS
problem in (9) if and only if the first- and second-order
derivatives of the associated cost function satisfy [32]:

d(h—A(D)R) 0 9%(h — A(D)X)
ot o arotT

The optimization problem in (9) can be expressed by

>0. (11)

’

A . 1 2

# = argmin [P hilg, . (12)
where the projection and orthogonal projection matrices are
defined by

-1
Pam =A@ (AT ©Q;'A®)  AT(Q;",
Piiey =1y, = Pace). (13)

where Iy, is a Ny x Ny identity matrix.

In the following sections we derive bounds for the bias,
variance and MSE on the time-delay estimator of the first
path 7. These bounds are independent of the estimation
method used. However, the MLE principle, shown in (8) for
TDE, is of special interest as it is asymptotically unbiased
and efficient. Thus, for high SNRs, estimators based on MLE
are unbiased and attain the CRB [11]. This also holds for the
multi-parameter case [33].

IV. CRB

The variance of an unbiased estimator is lower bounded by
the Cramér-Rao bound (CRB). Consider an L-path channel
and a receiver that jointly estimates the delays and gains of
all the paths. Then, the variance of the estimated delay of the
first path is obtained by [11]

of = [(FIM(6))'11 1, (14)

where each element of the 3L x 3L Fisher information matrix
FIM(#) is obtained as

3Qn(#)
90,

au®)
o & ©

[FIM(@)]; i = [Ql;l(g) 8Qh<o>]

Ql:l(o)w

ou(d)
o } . (15)

=]
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Note that in our case, since the a-priori set variance matrix
Qn = a,%INS does not depend on @, the first term of (15)
vanishes. Therefore, the FIM can be expressed as

2 @\ oo
FIM(G)ZEER[( aﬂg(T)) ;;(T)]’ (16)

where @ is the vector of unknown parameters (7), and M
is the Jacobian matrix of the expectation of the channel
frequency response (@), defined in (6). The Jacobian matrix
can be computed as in (63).

In the following, we derive the CRB on the time-delay
estimator of the first path in a single-path channel and in an
L-path channel under additive white Gaussian noise
(AWGN). The Fisher information matrix of subsections [V-A
and IV-B is obtained based on Appendix B.

A. CRB FOR 1-PATH MLE
In the simple case of a single-path AWGN channel (L = 1),
the variance of the TDE estimator is lower bounded by [2]

o2

2 n
_ % | 17
9CRB T g 21 PATE 17

where |x;|?/0? is the SNR, and o is the noise power per
sub-carrier, for all sub-carriers contained in (4).

The same bound is achieved whether the gain is jointly
estimated with the delay or treated as an unknown parameter
without explicit estimation. Additionally, note that (17) does
not depend on the carrier phase of the received signal.

The variance of the time-delay estimator is inversely
proportional to the curvature of the mainlobe of the ban-
dlimited signal’s autocorrelation function (ACF) [34, p. 104].
Specifically,

2 o} 1
7CRB = ol PR(0) © —RI©) 1o
where the ACF is defined using the frequency domain
formulation as

Ry(r) = a (tpa(t) + 1) = 1{ a(1), (19)

The first and second derivatives of Ry (r) are given in
Appendix C.

Note that the mainlobe of the autocorrelation is concave,
so its second derivative is negative. With expression (18),
we see that a large negative value of the second derivative
of the mainlobe of the ACF is desirable, as it corresponds to
a sharper peak and thus improves the precision of the time-
delay estimator.

B. CRB FOR L-PATH MLE

The Fisher information matrix for the joint estimation of L
paths in AWGN with unknown parameter vector € defined
in (7), is expressed as [2]

FIM(0) — > [ (20)

o2
Un

FIM, FIM.4
FIM,, FIM; |’
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where
FIM, = 47 2% {diagx")[(A © F) (A © F)] diag(x)},
_ [RAHA) —3{AH A}
FIMy = [S{AHA} R{AT A} ] ’
_ T _ S{(A# (A © F)) diag(x)}
FiMbe = FIMy = 27 [—MAH(A o) diag(x)}] ’
(2D

where A = A(t) is the matrix defined in (5), with the
argument T omitted for compactness, and vector X contains
the complex gains of the L paths. F is a matrix with L
columns, each column containing the sub-carrier frequencies
f previously defined in (5), that is

F=f1! e RV*E, (22)

The dimensions of the matrices in (20) and (21) are given
by FIM(9) € R33L FIM, e REXE FIMy e R2Lx2L
and FIMy, € RZ*L Matrix FIM, represents the Fisher
information matrix corresponding to the joint estimation of
all path delays, assuming the complex gains are known.

As indicated in (14), the CRB of the first path time-delay
estimator follows from inverting the FIM in (20) and (21) and
taking the element (1, 1) of the resulting matrix.

In the following, we prove that for a two-path channel,
when jointly estimating the delays and gains of both paths, the
CRB for the time-delay estimator of the first path is identical
for relative phases A¢ and A¢-+m between the complex gains
x1 and x».

Proposition: Consider the joint estimation of the time-
delay and gain of all paths in a two-path channel. Let us
express the complex propagation gain for each path in polar
form as

x1 = |x1|exp(jo1),  x2 = |x2] exp(j¢2) (23)

where ¢ and ¢, are the carrier phases of the first and second
path, respectively. Without loss of generality, we set ¢; = 0.
The carrier phase of the second path is then defined relative
to the first path as ¢p = A¢ = ¢ — ¢1.

Then, the CRB for the time-delay of the first path remains
the same for A¢ and A¢ + 7.

Proof: Consider the following parameterization of FIM,
and FIMy; in (20) in a two-path channel (L = 2):

b1 b1z
FIM,; =B =
' [b21 bzz}

2T

— 4n29% |x1]

‘{[xg’xmfz)Ta(m)

FIMXT =R= [1’1 l‘2]
St [€7 1, )

S{Jx1 £ a(t12)}

()T a(ty)) )
EoT < S

I x24T a(121)}
S|l 2O 1y, }

R T 1) 9 (lale 20 a(r))
—R{Ixi 1 a(r2))  —R{|xa |22 1y, )

(24)

where ) = 1 — 11, and 712 = 1] — 7. Note that

the following terms do not depend on the relative carrier
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phase A¢: scalars by and byo, vector ry, and matrix FIMy
defined in (21).
The inverse of FIM(0) is expressed as

2
FIM-(0) = 2 [JJXT JJTXX} , (25)

where J; is a 2 x 2 matrix obtained as
J:=B-R'SR), (26)

where B and R are defined in (24) and S = FIM !

Then, the CRB of the first path time-delay estimator cor-
responds to element (1, 1) of the matrix J;. Expanding (26),
the CRB for the first path estimator can be expressed as

UéRB =
r}Sr,
xTSr)(xISry) — (b2 — rISr)(b12 — 1T Sry)

27

Note that the following relations hold when applying a
phase shift of 7 to the carrier phase difference A¢:

r2(A¢) = —r2(A¢ + ),
b21(Ap) = —b21 (AP + ),
b12(AP) = —b12(Ap + ). (28)

Therefore, the CRB of the time-delay estimator (27) evalu-
ated at orzl (A¢)is equal to 0,21 (A¢p + 7).

Note that the relation |x>| exp(jA@) = —|x2| exp(j(A¢ +
) implies that a phase shift of 7 rad is equivalent to a
sign inversion of the complex amplitude. Since this gives no
new information about the amplitude, the matrix J; in (26)
remains the same for A¢ and A¢ + m, leading to the same
CRB. O

This proof shows that the estimation variance of the
first path remains the same for constructive and destructive
multipath.

Figure 1 shows the CRB of the time-delay estimator in a
two-path channel (L = L = 2) as a function of the relative
distance ct2] between the paths, where c is the speed of light.
The CRB is obtained with (20) for an OFDM signal with
a 160 MHz bandwidth, which consists of 1024 sub-carriers
separated by 156.25 kHz (Table 1). The SNR of the first path
is set to 10 dB, the gains are x| = 1, and x, = 0.7 exp(jA¢),
where A¢ is the carrier phase difference between the paths.
Observing this example, for all relative distances, the CRB
is maximum when the second path arrives with the same
phase as the first path, i.e., A¢ = 0 (blue curve), and
the minimum CRB is obtained when A¢p = m/2 (yellow
curve). Intuitively, when A¢ = m/2, the gains x; and x; are
orthogonal. This makes the two paths easier to distinguish
and thereby reduces the variance of the first path’s time-
delay estimator. Conversely, when A¢ = 0, the gains become
coherent, making it more difficult to separate the two paths,
leading to an increased variance for the first path’s time-delay
estimator.
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TABLE 1. OFDM simulation parameters used in figs. 1, 2, 3, 4, 5, 6, and 8.

Bandwidth [B] 160 MHz
Sub-carrier spacing 156.25 kHz
Number of sub-carriers 1024

Gain of first path (absolute value) [a | 1

Gain of second path (absolute value) a2 | 0.7

SNR of first path 10 dB

V. MODEL MISSPECIFICATION

In practical estimation problems, it is common to rely on
simplified or approximated models that may not capture the
entire complexity of the underlying process. For instance,
in TDE, one might assume a single propagation path while
neglecting the multipath components. When the estimation
algorithm assumes a model different from the true one, model
misspecification occurs [5]. An estimator that is based on a
misspecified model is known as a misspecified estimator [6].

CRB 2-path channel

o
T
‘vlll| I‘ —Ad):0,0TA(f):Tr
350 A¢p =n/2,0or Ap=m/2+7
Vo
ST
'
H 25
L
a
& 2t
S
1.5
1+
0.5 L
0 1 2 3 4 5 6 7 8

Distance (m)

FIGURE 1. Square root of the CRB of the time-delay estimator of the first
path in a two-path channel, plotted as a function of the path separation
c1y; (distance). Joint estimation of delays and gains of both paths is
assumed. OFDM parameters are shown in table 1. Dashed black curves
represent the CRB for different values of carrier phase difference

A¢ € [0, 2x].

Under model misspecification, the user believes that the
channel frequency response (4) follows the distribution

h ~ h(h|fyser) = CNNJ(/L(auser)a Qn), (29)

whereas the true distribution is
h ~ gn(h) = CNy,(d, Qn). (30

Here we assume that the mismatch between the true and
assumed model arises only in the expectation of the channel
frequency response, while the variance matrix Qp remains
the same. This assumption is justified by modelling the
path delays and gains as deterministic; consequently any
unmodelled multipath components in the assumed model
affect only the mean of the CFR and do not alter its variance
matrix. The vector of deterministic unknown parameters that
the user estimates is 0yser € R3L (7), where L is the number

VOLUME 14, 2026

of paths considered by the user in the estimation model. Lis
not an estimate of the number of paths; the hat here indicates
that it corresponds to the number of paths assumed in the
estimation model. The total number of unknown parameters
is 3L, as for each path the user jointly estimates the time-delay
and real and imaginary parts of the complex propagation gain.

The user estimates the vector of unknown parameters
0 user based on the misspecified distribution fi (h|@yser). Under
model misspecification, the estimator does not converge to
the true parameter vector 6., but instead to the pseudotrue
parameter vector 0. Estimators with this property are called
misspecified-unbiased (MS-unbiased).

The pseudotrue parameter is defined as the value of
0 user that minimizes the Kullback-Leibler divergence (KLD)
between the true and assumed models:

0o = arg 101’111’1 {D (gh(h)llfh(mouser))}

= arg I;lin {Eg{ln gn(h)} — Eg {hlfh(l_lwuser)}}

= arg 10}3::3 {_Eg {lnfh(l_l|0user)}} . (3D

In this paper, we only consider TDE in the mid-to-

high SNR regime. For large values of SNR and under the

regularity conditions in [24], the misspecified maximum

likelihood estimator (MML) @y is MS-unbiased and its
error covariance matrix converges to the MCRB [6]:

Eg {0y — 00} — O,
Eo{@nar, — 00)@nnir. — 00)7}) — MCRB(8y).  (32)

In the case of model misspecification, we consider a
scenario in which a receiver underestimates the number of
paths, i.e., a user considers L paths, while in reality there
are L > L in the channel. The distribution of the channel
frequency response h can then be parameterized by the user-
assumed model (29) as

Fi = {CNNS(M(OUSCI‘)s Qn) @ Ouser €O = RaL} . (33)
and by the true model (30) which accounts for all the paths as

G = {CNNM(otme, ). Qn) : VOie, ¥) € © x F=R3L} ,
(34)

where p(@uue, ) = din (30), and y € ' = R3E-D) g
the vector of additional parameters associated with the L — L
paths omitted in the user-assumed model.

In this paper, the expectation of the CFR is treated
as deterministic. Accordingly, we define @y as the true
deterministic parameter vector the user aims to estimate, and
express the expectation of h under the true distribution as
d = p(@ye, y), where d denotes the mean of the complex
Gaussian model in (30). 6 is organized in a vector whose
size and structure correspond to the parameter vector that the
user estimates 6 yger.
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The parameters of the true distribution can be expressed
with (7) as

0[1‘1]6 = [tla "y Tia 5R{xl}a "ty 9{{)‘2,}’ ’(‘\S{xl }7 ey 3\{-xil}]T’
Owes ) = [T1, s 7, Rt} o RO}, 3001}, o S02}]
(35)

where t; is the true delay of the i-th path, and N{x;} and
J{x;} are the real and imaginary parts of the complex gain
xi, respectively, as defined in (7), representing the actual
parameter values of the CFR.

Since I, < L, the user-assumed model is nested in the true
model. This holds because the parameter space of the user-
assumed model F;, given by Oyser € R3L, can be extended
with a zero vector 03(L_£) to form (6 yser, 03(L_£)) e R3L.
This extended vector is a subspace of the parameter space of
the true model Gy, given by (Oyye, ¥)-

In the following sections, we derive estimation bounds on
the bias, variance and MSE of the time-delay estimator for the
first arriving path, for the scenario where the user considers
fewer signal paths than actually present.

VI. ESTIMATION BIAS

When the estimation model does not account for all the
multipath components present in the channel frequency
response, the resulting estimator may be biased.

To quantify the time-delay estimation bias we consider
two approaches: (i) analytical approximation [13], where a
closed-form expression is derived by approximating the MLE
cost function (9); and (ii) numerical computation [35], where
the bias is obtained by numerically estimating the pseudotrue
parameter 6 (31).

The approximate closed-form expressions are provided to
offer qualitative insight; however, in the numerical simula-
tions in Section IX, the bias is evaluated without approxima-
tion using numerical computation (Subsection VI-B).

A. ESTIMATION BIAS VIA ANALYTICAL APPROXIMATION

In the first approach, time-delay estimation bias due to an
unconsidered reflection in a two-path channel is obtained
by linearizing (9) at the true delay t; for L = 1,L = 2,
neglecting the second and higher order terms [13]. This yields

. H._ T
| jrxyxefta(n — 1)
~ N , 36
t [ 272 |x, PATE (36)

with a from (5), and where 71 and 15 are the delays of the first
and second arriving paths, respectively, and x| and x;, are the
corresponding complex propagation gains.

The approximate bias can also be expressed as a function
of the first derivative of the autocorrelation function (19)
evaluated at 12| = 12 — T1:

H /
| xR (12,1)
~-—pla e 37
t {4n2|x1|2fo] 37

Therefore, the bias is zero when R;(tz,l) = 0, i.e., when the
relative delay 72,1 coincides with either a peak or a valley of
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the autocorrelation function. Note that the relative distance
c12,1 corresponding to occurrences of zero bias depends only
on the frequency vector f and is independent of the gains
X1, X2.

The bias in (36) can be expressed as a function of the phase
difference A¢ between x; and x;. To do this, the gains are
expressed in polar form as x; = |x;| exp(jg;) for i = 1,2.

Then, term x{i X2 in (36) is developed as

xilxy = |x1llx2| exp(i(g — 1)) = |x1]1x2] exp(iA®), (38)
where A¢ is the relative phase between x; and x;. This yields
Jrlxi||x2| exp(i AP a (1 — 11)

272 |x1 |27 £ ’
In an L-path channel, each unconsidered reflection
contributes to the total estimation bias. Therefore, the

approximate bias is expressed as the sum of the biases of
L — 1 two-path channels [13], that is,

L imxHxfla (y —
5 S0 I’”l uf'a(m — ) } . (40)
=2

22 |x |27 f

b~ l (39)

Note that for each element of the summation in (40), the first
path is the LOS path and the second is the /-th reflected path.

B. ESTIMATION BIAS VIA NUMERICAL COMPUTATION

In the second approach, the bias vector b is defined as the
difference between the pseudotrue parameter 6 and true
parameter 6 e:

b= 00 - 0true- (41)

Then, the bias of the delay of the first path corresponds to
the first entry of the bias vector b, i.e., 7, = [b];.

The pseudotrue parameter can be obtained by minimizing
the KLD (31). For our problem, this translates to the
minimization of [35]

6o = argmin | O ¥) = ROl 11+ (42)

where w(@yye, ¥), and w(f) are the expectations of the
channel frequency response under the true distribution (30)
and user-assumed distribution (29), respectively. Note that the
user-assumed distribution considers less paths than in reality.

The optimization problem (42) is equivalent to the
nonlinear least squares (NLS) problem with weighting matrix
Q. ' 1t can be solved using gradient decent methods [32]
(e.g., Steepest Descent), the Expectation-Maximization
(EM) algorithm [36], the Alternating Projection (AP) alg-
orithm [37], the Space Alternating Generalized Expectation-
Maximization (SAGE) algorithm [3], [38], as well as other
iterative approaches.

The pseudotrue parameter can be expressed with (7) as

00 = [7 nixl) Sil)]” e R, 43)

Contrary to the first approach (36), the number of paths in the
estimation model is not limited to one, i.e., L > 1 paths.
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The minimizers of (42), can be obtained similarly to those
in (10) and (12), as follows:

2
Q;h

-1
xo = (A7(0)Q; 'AG0) AT (T0)Q; ROBume. ¥). (44)

T( = arg mTin IIPj(,)IL(otrue, »ll

We denote the pseudotrue delays with subscript T, following
the same notation in [6]; note that this is unrelated to the first
arriving path of the channel.

Similarly to (9) and (10), the minimizers can only be
obtained when A(7y) is full column rank, requiring the path
delays 7 to be non-degenerative. In practice, evaluating bias
and variance for very closely spaced paths is not meaningful,
since, as we have shown in Fig. 1, the estimator’s variance
tends to infinity.

Then, the TDE bias of the first arriving path using an
MS-unbiased estimator is defined as

T = [T0 — Tuuelts 45)

where Ty is the true parameter vector containing the path
delays.

Note that, contrary to the analytical expression in (40), the
bias defined in (45) is obtained via numerical optimization
of (44). Additionally, expressions for the bias using the first
approach (36), (39) and (40) are only applicable when the
user considers a single-path model L = 1, while the second
approach allows for a generic estimation model with
L>1 paths.

C. MULTIPATH ERROR ENVELOPE

The maximum bias occurs when the multipath arrives either
in-phase (A¢ = Orad) or out-of-phase (A¢ = m rad) with
respect to the LOS path. This maximum bias, referred to as
multipath error envelope (MPEE), is a metric to evaluate the
TDE bias due to an unconsidered multipath component [39],
[40]. In this paper, we use the MPEE to qualitatively show the
estimation bias as a function of delay separation for different
relative carrier phases between the first and second path.

Figure 2 shows the bias of the time-delay estimator of the
first path in a two-path channel. In this setup, the receiver
estimates delay 7; and gain X of the first path but does not
account for the reflection (solid and black dashed curves).
In addition, the yellow dashed curve shows the bias obtained
for A¢ = m/2, when the receiver estimates only the delay,
assuming the gain x; of the first path is known. The bias
is computed for an OFDM signal and a channel using the
parameters listed in Table 1. The gains are set to x; = 1,
and x» = 0.7exp(jA¢), where A¢ is the carrier phase
difference between the paths. The dashed curves represent
the bias obtained for different values of carrier phase
difference A¢.

We clearly see that the bias is bounded by the constructive
and destructive multipath components (blue and red curves,
respectively). For A¢ = n/2 (in yellow), the bias is
approximately zero when the relative distance between the
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paths is greater than ¢/B = 1.87 m, where B is the signal
bandwidth and c is the speed of light. When the gain is
assumed known, the bias for A¢ = /2 is zero for all relative
distances. Moreover, for A¢ = 0 and A¢p = m, the bias
is identical whether the gain is estimated or assumed known
(plots not shown for ease of interpretation).

VIl. MISSPECIFIED CRB

In Section V, we introduced two models: the misspecified
model F; (33) that considers less paths than actually present
in the measured channel frequency response, and the true
model Gy, (34), which considers all the paths. After that,
in Section VI we derived the bias in the time-delay estimator
of the first arriving path when the misspecified model was
used.

In this section, we derive a bound on the variance Gf2| of
the time-delay estimator T, of the first path when the
misspecified model is used (I: < L), based on the MCRB.
From now on, we focus on the MML estimatorA Ovv (32).

The aim is to bound the variance of @y, which
is equivalent to bounding the zero-mean estimation error
defined as

£ = QMML - Eg{éMML} = QMML — 0o, (46)

where Eg{éMML} = ¢ for high SNR values (32).

Bias 2-path channel

——A¢p =0 (& estimated)

——A¢ =7 (& estimated)
A¢ =7/2 (& estimated)

A¢p =m/2 (z; known)

Bias (cm)

0 1 2 3 4 5 6 7 8
Distance (m)

FIGURE 2. Bias of the time-delay estimator 7, of the first path (L=1)in
a two-path channel (L = 2) as a function of the path separation c7,; as a
distance. Solid curves and dashed black curves corresponds to a receiver
that estimates only the delay 7; and gain X; of the first path and neglects
the multipath component. Dashed black curves represent the bias
obtained for different values of carrier phase difference A¢ € [0, 27]. The
dashed yellow curve corresponds to a receiver that has knowledge of the
first-path gain x; and estimates only its delay while neglecting the
multipath component. OFDM parameters are shown in table 1.

The covariance of the error vector ¢ can be lower bounded
using the Cauchy-Schwarz inequality [5]. In its multivariate
form, this covariance inequality is given by

2] 2 e [on”] (5 [m"]) " Bangs @
where 5 denotes the score function.
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In general, the bound (47) is applicable to any choice of
score function 1, however, a tighter bound is obtained if the
score function is defined by

9 Infn(h|6) B {Blnfh(l_llo)]
—E, | ——=——=1.

06 26 (49)

E:

By expanding the terms of the covariance inequality (47),
a general expression for the MCRB can be derived following
Appendix I of [5], and then particularizing for the case of a
variance matrix Qp = o,2Ly,. Accordingly, the MCRB on the
variance of an MS-unbiased estimator which considers less
paths than in reality (L <L)is given by:

Eg{(éMML - 00)(QMML - OO)T}
> C(00) FIM(89) C~'(8¢)
— MCRB(0)) (49)

where

C(60) = D(6o) — FIM(6o),

2 2u®00)\"
[D(oonl-,k:—ﬂt[( a O)) Au(om]

02 36,06
2 | (2100)\" dm(80)
FIM(00)=gEh|:( 0T ) i }
L
Ap(8o) = (Z xz'a(ri)) — A(z0)%, (50)
i=1

and 6 is the pseudotrue parameter (31), 79 and xo are the
pseudotrue vectors of delays and complex gains, and 7; and x;
(fori =1, ---, L) are the true delay and complex gain of the
i-th path in the channel frequency response. The term A (6¢)
is the difference between the expectation of the true and
assumed models. If one is only interested in lower bounding
the variance of the TDE of the first path, then entry (1, 1)
of the right-hand side of (49) is used. The MCRB in (49)
and (50) is applicable whether the path gains are jointly
estimated with the delay or assumed known.

The dimensions of the matrices in (49) and (50) are given
by C(0g) € R3*3L and D(@y) € R3**3L. The indices in
[D(#0)]; «. take the values i = 1,--- ,3Landk = 1,--- , 3L.

Matrix FIM(fp) in (49) and (50) is equivalent to the
general expression of the Fisher information matrix in (15)
evaluated at 6.

Note that computing the MCRB involves the evaluation
of D(6) and FIM(#y) at the pseudotrue parameter 6. This
parameter can be obtained by optimizing (42) and (44). In this
section, we assume that the user’s time-delay estimation
model includes L paths, which is fewer than the actual
number of paths L present in the channel. Therefore, the
pseudotrue parameter is composed of 3L terms (43).

Matrix D(fp) in (50) requires the computation of the
Hessian of u(0¢), which is obtained from the second-order
derivatives provided in (69) in Appendix B. Accordingly,
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D(0¢) can be expressed as

2 [D; Dy
D(6) = = [Dx, DX] (51)
where
D, = —47’%{diag(x}) diag(Af ( © £ © Ap(60))))}.
Dy = 02i,x2i,’
~Id; H
Do, — DI — oy | ~DldiazAf O Aﬂ(”o)))}} 5
o = 2T [ Ridiag AL (F 0 An@o)) | O

where Ag is the matrix in (5) evaluated at the pseudotrue
delays, i.e., Ag = A(70).

The MCRB is guaranteed to exist if the user-assumed
model F; (33) is regular with respect to the true model
Gr (34). This requires the pseudotrue parameter 6y to
exist, be unique, and lie in an interior point of ©. In the
OFDM ranging problem, this condition translates into the
solvability of (44), which in turn requires A(tg) to be full
column rank and the path delays 7o to be non-degenerate.
Furthermore, matrix C(6p) must be nonsingular. As shown
in [24], additional regularity conditions related to the twice
differentiability of the mean of the user-assumed PDF are also
required. In Appendix B we show that, for the OFDM ranging
model, the mean of the PDF is twice differentiable.

A. MCRB FOR 1-PATH ESTIMATOR IN L-PATH CHANNEL
This section derives a semi-closed form expression for a
lower bound on the variance of the first path’s time-delay
estimator. Specifically, the derivation addresses a model
mismatch where the user assumes a single path L =1,but
the channel contains a LOS component and L — 1 reflected
multipath components. For this case, we consider a receiver
that only estimates the time-delay of the first path, not
the gain, i.e., the user assumed expectation of the channel
frequency response is u(6) = xja(ry), with gain x; known.
The derivation is based on the general MCRB expression
given in (49). By expanding the terms in (49), the MCRB is
expressed as

2
(oF
(Wm {x{i Zizl xiaT(‘L',' — 1'0)} %)

2 _
OMCRB =

where JCZRB is the CRB for the single-path AWGN chan-
nel (17). The terms xi,---,x; and t(,---, 77 are the
complex gains and delays, respectively, of the L paths present
in the channel frequency response, and 7y is the pseudotrue
delay obtained with (42), where p(@ye, ¥) = ZiLzl x;a(T).
Note that, for a single-path channel (L = 1) the denominator
in (53) equals one, so that the MCRB reduces to the single-
path CRB.

The variance of the time-delay estimator of the first path
in a two-path channel can be expressed as a function of
the second derivative of the signal ACF (19) evaluated at
t = 0, i.e.,, R/(0) in (70), and the real part of the second
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derivative of the cross-correlation function evaluated at the
pseudotrue delay 19, i.e., {R;i d(To)} in (70):

) o2 |x1R}(0)

Ry (0)
0, =
MERE T 00Ry, 4(w0))?

—HR;, 4(x0)>°

where the cross-correlation function between the parame-
terized expectation of the user-assumed CFR (29), i.e., the
single-path template 4 = xja(r) with known gain x1, and
the expectation of the true CFR under a two-path channel,
i.e., d = xja(ty) + x2a(2), is defined as

Ry.a(t) = (ma@)) (xa(rr) + xa(r). (55)

Its first- and second-order derivatives are derived in
Appendix C.

The MCRB is proportional to the ratio of the curvature of
the ACF at the mainlobe and the square of the real part of the
cross-correlation curvature evaluated at the pseudotrue delay.
The numerator in (54) depends only on the signal bandwidth,
whereas the denominator captures the interaction between the
first path and the multipath component through the cross-
correlation term. Since this curvature appears squared, any
curvature reduction caused by multipath results in an increase
of the MCRB (worse precision). Conversely, a larger cross-
correlation curvature reduces the MCRB and improves the
achievable estimation precision.

The MCRB in (53), can also be expressed as a function
of the relative carrier between the first arriving path and the
other L — 1 paths as

(54)

2 _
OMCRB =
2
g,

(ﬁ% {ZiL=1 x| exp(jAg; 1)l (z; — 1:0)} ff%ff)

where A¢; 1 = ¢;— ¢ is the carrier phase difference between
the i-th path and the first arriving path. Expression (56) is
obtained by using the polar form of the complex propagation
gains x;, as in (23).

As to analyse a limiting case, let us now derive the MCRB
for the first path estimator (L =1)ina two-path channel
(L = 2) when both paths arrive at the same time, i.e., 7] = 7.
We assume that gain x; is known as in (53). In this scenario,
the pseudotrue parameter 1y is equal to 71, since the TDE bias
is zero (similar to Fig. 2 when distance ct2; = 0). Under these
conditions the MCRB (53) becomes

2
(of
OMCRB = = - 7

. 2
L=2;11=1p=19 1 o H H
Wﬂi {xl X1+ X xz}

Expressing the MCRB in terms of the amplitude ratio
|x2|/|x1| and the relative carrier phase A¢ = ¢ — ¢ between
the paths yields a more intuitive form:

2 _ a(szB
OMCRB = . (58)
(1 + % cos(A¢))

L=2;11=1=19
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For a constructive multipath component (A¢ = 0), the
MCRB in (58) is minimized; for destructive multipath (A¢ =
1), the MCRB is maximized; and for a carrier phase shift of
A¢ = m/2, the multipath component has no effect, and the
MCRB reduces to the CRB for the single-path channel aéRB.
This behavior is illustrated in Fig 3.

Figure 3 shows the MCRB of the time-delay estimator
of the first path obtained with (53) for a two-path channel
(L = 2) with gains x; = 1, and xo = 0.7exp(jA¢p),
where A¢ is the relative carrier phase between both paths.
The MCRB is shown as a function of the relative distance
between the paths. The results are obtained for an OFDM
signal with parameters as indicated in Table 1, which is the
same configuration as in Fig. 1 and Fig. 2. We observe that for
arelative carrier phase of A¢ = 7 /2 (yellow curve in Fig. 3),
the MCRB remains constant across all relative distances. This
constant value of 0.72 cm matches the CRB of the single-path
MLE (17). Hence, for A¢ = /2 the variance of the TDE for
the first path is unaffected by the second path.

The blue and red curves in Fig. 3 represent the MCRB
for a constructive and destructive reflection, respectively.
In general, constructive and destructive multipath define
the lower and upper bounds of the estimation variance.
Which one forms the lower or upper bound depends on the
relative path distance, and this role alternates as the path
separation varies. An exception of this trend occurs around
1.2, 3.5, 5.5 and 7.4 m, which coincide with the zero-
crossings of the second derivative of the bandlimited signal’s
autocorrelation function. Note that in Fig. 3, multipath does
not always degrade the precision of the time-delay estimator.
For certain path separations and relative carrier phases Ag,
the variance indicated by the MCRB (53) can be equal or even
lower than the CRB (17). This occurs because the multipath
component can constructively interfere with the LOS path,
producing an overall channel impulse response with a higher
main peak amplitude than the LOS alone.

Figure 4 shows the MCRB for a receiver that jointly
estimates the delay and gain of the first arriving path while
ignoring the multipath component. This corresponds to the
same scenario as in Fig. 3, except that the gain is also
included in the estimation. We observe that the MCRB for a
constructive (A¢ = 0) and a destructive (A¢ = ) multipath
component, remains the same as in Fig. 3. However, for
intermediate values of relative carrier phase A¢ the MCRB
is different. In particular, the MCRB increases considerably
for A¢p = m/2, and distance cty; between 1 and 2 m. This
behaviour occurs for closely spaced multipath components,
where the receiver finds it difficult to resolve the first path.

B. MCRB AND CROSS-CORRELATION FUNCTION

In the following we provide a qualitative description of the
behaviour of the MCRB in Fig. 3, which shows the variance
of an estimator that assumes a single-path channel (I: =1)
with only delay estimation of the first path assuming the gain
x1 is known, whereas the actual channel contains L = 2 paths.
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FIGURE 3. Square root of the MCRB of the time-delay estimator of the
first path (L = 1) in a two-path channel (L = 2) as a function of the path
separation ct,. The receiver estimates only the delay of the first path
with known gain and neglects the multipath component. OFDM
parameters are shown in table 1. Dashed black curves represent the
MCRB obtained for different values of carrier phase difference

A¢ € [0, 2x]. The standard deviation indicated by the CRB is

acrg = 0.72 cm, and coincides with the yellow line. Each vertical line
corresponds to a specific case depicted in fig. 5.

MCRB (joint delay and gain estimation)

—Ap=0
—_—Ap =T
Ap=1/2

Distance (m)

FIGURE 4. Square root of the MCRB of the time-delay estimator of the
first path (L = 1) in a two-path channel (L = 2), as a function of the path
separation ct,. The receiver jointly estimates the delay and the gain of
the first path and neglects the multipath component. OFDM parameters
are shown in table 1. Dashed black curves represent the MCRB obtained
for different values of carrier phase difference A¢ € [0, 2x].

Here, n = xja(t) represents the parameterized mean of the
user-assumed distribution of the CFR, under the assumption
that the first-path gain x; is known and that the estimator
adopts a single-path model. The true mean of the CFR is given
by d = xja(ty) + xpa(r2), which consists of two propagation
paths. We further define the individual path contributions as
dl = xla(tl) and d2 = XQa(‘Ez).

Then, we decompose the cross-correlation function (55)
between u and d by

Ry,a(t) = Ry a,(7) + Ry a,(7), (39
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where Ry q,(T) = (x1a(0)) (x;a(t;)) for i = 1, 2 represent
the cross-correlations between the user-assumed mean and
the first and second path components of the true mean,
respectively.

Figure 5 illustrates the individual cross-correlation func-
tions R, 4,(t) and Ry, 4, (7) of each path in a two-path channel
(L = 2) and the total cross-correlation function Ry 4(7)
(light blue dashed curve), demonstrating how the carrier
phase difference A¢ between both paths impacts estimation
performance. We show the real part of the cross-correlations
for illustration purposes since the gain xj is real-valued.
Moreover, because the spectrum is slightly asymmetric
around subcarrier 0 (by one subcarrier), the imaginary part
is significantly smaller than the real component; therefore,
we focus on the real part. This asymmetry is commonly
encountered in OFDM systems, where the subcarrier indices
typically range from —N;/2 to Ng/2 — 1.

The total cross-correlation function Ry ¢(7) in Fig. 5 (a)
for a path separation of ¢ty = 0.7 m reveals that a
constructive reflection (A¢ = 0) increases the main peak’s
amplitude, thereby increasing the effective SNR and thus
improving estimation precision, as shown in expression (17).
Conversely, a destructive reflection (A¢ = m) reduces the
main peak amplitude of R, 4(7), degrading precision. For a
reflection with carrier phase difference A¢ = 7/2, the main
peak amplitude of the cross-correlation function Ry a(7) is
the same to the one of the LOS case Ry q,(7), indicating the
same precision. This aligns with the precision indicated by
the MCRB in Fig. 3, confirming that for a path separation of
ctp1 = 0.7 m, precision is improved, worsened, or remains
unchanged for A¢p = 0, A¢p = m, and Ap = /2,
respectively.

Furthermore, the estimation bias is different in each
scenario. As shown in Fig. 5 (a), the main peak of the
total cross-correlation is displaced by 28.4 cm (positive bias)
for A¢ = 0, and -60.5 cm (negative bias) for A¢p =
. In contrast, for A¢ = /2 it is not displaced. The
displacements observed for these values of A¢ in Fig. 5 are
consistent with the bias shown in Fig. 2 at a relative distance
of ctp; = 0.7 m.

Figures 5 (b) and (c) show the individual cross-correlation
functions and their combined result when the second path
arrives at a relative distance from the LOS path of cto1 =
2.7m and of ct2,1 = 4.5 m, respectively. In (b), the precision
of the time-delay estimator degrades in the presence of a
constructive reflection (A¢ = 0). This occurs because the
main peak of the LOS contribution overlaps with a negative
sidelobe of the multipath component, reducing the amplitude
of the resulting peak. The opposite behaviour is observed for
a multipath component with A¢ = m, where the sidelobe
has positive magnitude, leading to an increase in amplitude
of the main cross-correlation peak. In (c), for both A¢ =
0 and A¢ = =, the main LOS peak aligns with the second
secondary peak of the multipath component; however, the
resulting amplitude of the cross-correlation differs in each
case due to the different phase relationships.
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(a) Relative distance between the first and second paths is 0.7 m.
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(b) Relative distance between the first and second paths is 2.7 m.
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(c) Relative distance between the first and second paths is 4.5 m.

FIGURE 5. Real part of the cross-correlation functions versus delay (in distance units) for parameters in table 1. The cross-correlations are
normalized with respect to the cross-correlation of the first arriving path R, 4 . (z) in (59). Individual cross-correlations are shown as solid curves:
the LOS path (black), constructive and destructive multipath (blue and red, respectively), and a multipath component with a relative carrier phase
of A¢ = /2 (yellow). From left to right, the light blue dashed curve shows the resulting cross-correlation from the superposition of the LOS path
with the constructive, destructive, and a multipath component with A¢ = /2, respectively. From top to bottom, each row corresponds to a scenario
where the multipath component arrives at a relative distance of 0.7 m, 2.7 m, and 4.5 m, respectively.

VIIl. BOUND ON MSE
When all the paths present in the channel frequency response
are jointly estimated, the estimator is unbiased and the CRBs
of Section IV bound the estimation precision and the MSE.
In the case of model order mismatch, in which the receiver
employs an under-parameterized estimation model, i.e., it
assumes fewer paths than present in the actual channel
(L < L), the MSE bound is obtained by decomposing it
into the variance plus the square of the bias. This is possible,
thanks to the nested structure of the user-assumed model (33)
into the true model (34), [6]. For an under-parameterized
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estimation model, the MSE matrix can be bounded as

MSE(60) = E (@, — Otrue) @iy, — Otrue)” )

> MCRB(0) + bb”, (60)

where MCRB(#¢) is the misspecified Cramér-Rao bound
(49), and b is the bias vector (41).

From the bound on the MSE matrix (60) one can obtain
a bound on the TDE of the first arriving path by taking
element (1, 1) of matrix MSE(f) evaluated at the pseudotrue
parameter 8¢ (31).
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FIGURE 6. RMSE of the time-delay estimator of the first path in a
two-path channel as a function of the path separation cz,; (distance).
Blue, red, and yellow curves correspond to a receiver that jointly
estimates the delay and gain of the first path and neglects the multipath
component (L = 1, L = 2). The green curve corresponds to the 2-path MLE
that jointly estimates delay and gain of both paths (L = 2, L = 2). OFDM
parameters are shown in table 1, and SNR = 10dB. Dashed black curves
represent the RMSE obtained for different values of carrier phase
difference A¢ € [0, 2x].

TABLE 2. How to compute bias and variance bound based on the number
of paths in the channel L and MLE model order L. In the second and
fourth row (L = 1), the variance of the first-path time-delay estimator
follows from (53) when the path gains are known, and from the general
expressions (49) and (50) when the delays and gains are jointly estimated.

# Paths | #Paths MLE | Bias Variance
1 1 0 CRB (17)
2 1 Minimize KLD MCRB
(41), (42) (53), (49), (50)
2 0 CRB (27)
3 1 Minimize KLD MCRB
(41), (42) (53), (49), (50)
2 Minimize KLD MCRB
(41), (42) (49), (50)
3 0 CRB
(14), (20), (21)
L L<L Minimize KLD MCRB
41), (42) (49), (50)
L 0 CRB
(14), (20), (21)

Table 2 summarizes how to compute the bias and variance
when the estimation model order matches the number of paths
in the channel (white cells, L= L), and when using an under-
parameterized estimation model (blue cells, L < L). The
first column indicates the actual number of paths L in the
channel frequency response, and the second column refers
to the number of paths accounted for in the TDE model
L (4). The numbers in brackets in the table refer to applicable
equations.

Figure 6 shows the square root of the MSE bound on
the time-delay estimator of the first path as a function of
the relative distance between the first and second arriving
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paths. Blue, red and yellow curves correspond to the scenario
that assumes joint delay and gain estimation of the first path
(single-path MLE, L = 1), while the green curve considers
joint delay and gain estimation of both paths (2-paths MLE,
L = 2). For the latter case (green curve), we plot the square
root of the CRB for constructive and destructive multipath
because it yields the worse estimation precision across all
values of A¢ (see Fig. 1). The results are obtained for an
OFDM signal propagating through a two-path channel using
the parameters in Table 1. For relative distances larger than
the delay resolution ¢/B = 1.87 m, we observe that a
reflection with a carrier phase difference of A¢p = 7/2 has
little impact on the accuracy of the time-delay estimator of
the first arriving path.

Normalized amplitude

. ) A
-5 0 5 10 15 20
Distance [m]

FIGURE 7. Simulated channel impulse response with six paths (L = 6).
The path separations with respect to the first arriving path are

ctp = [0, 2, 8, 12, 16, 20] m, and the path gains are
x=[1,0.7,0.3,0.4,0.3,0.2].

Bias Std.

1.2

Bias (cm)
o (cm)

0 0.8
1 2 3 4 5 6 1 2 3 4 5 6

# paths in estimation model # paths in estimation model

FIGURE 8. Bias of the first arriving path estimator (left) and the
corresponding MCRB (in blue) and CRB (in red) (right) as functions of the
number of paths considered in the estimation model Z for the CIR shown
in fig. 7 (L = 6). OFDM parameters are listed in table 1.

From a practical perspective, these results indicate that for
very small path separations, the 1-path MLE is preferable,
as the variance of the 2-path MLE becomes significantly
larger than the RMSE obtained with the 1-path MLE. This
has direct implications for receiver design, since applying a
higher-order model is not always beneficial in very closely
spaced multipath conditions. For the example shown in
Fig. 6, corresponding to an SNR of 10 dB, the 2-path MLE
only outperforms the 1-path MLE when the path separation
exceeds ¢tz > 52.6 cm for a multipath component of
A¢ =0, and ctp,; > 33.7 cm for A¢ = 7. For smaller path
separations, the increase in variance of the 2-path estimator
is more significant than the reduction in bias, which leads
to worse overall performance. At lower SNR values, the
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FIGURE 9. Mean error of the estimated delay of the first arriving path for the L = 6 paths channel impulse response shown in fig. 7 as a
function of SNR. The empirical results are obtained using the steepest descent method over 2000 realizations (blue) and the bias is computed
by minimizing the Kullback-Leibler divergence (41), (42) (red). Each subplot corresponds to a different number of jointly estimated paths L.
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FIGURE 10. Standard deviation of the estimated delay of the first arriving path for the L = 6 paths channel impulse response shown in fig. 7
as a function of SNR. The empirical results are obtained using the steepest descent method over 2000 realizations (blue), the MCRBis
computed with (49), (50), and the CRB with (14), (20) and (21). Each subplot corresponds to a different number of jointly estimated paths L.

crossing point moves to larger path separations because the
variance of the 2-path MLE (green curve) increases. As a
result, the paths must be even further apart before the more
complex model provides a performance improvement.

IX. NUMERICAL RESULTS AND VALIDATION

In this section we compare the bound on the MSE of the
time-delay estimator for the first path with the empirical MSE
obtained via Montecarlo simulation. The channel impulse
response is modeled with six paths with fixed time-delays
and gains (see Fig. 7). To create a challenging scenario for
estimating the first arriving path, a strong close-in multipath
is placed at a distance cto; = 2 m, which is comparable
to the width of the signal ACF main peak of ¢/B =
1.87 m. Additionally, four weaker paths are placed starting
from a distance of 8 m, with 4-meter equispacing. For
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each simulation run, a new noise realization is generated,
while the delay, gain and relative phase of the paths remain
constant. The SNR is defined with respect to the first path as
x1[?/02.

The MSE bound is evaluated using (60). The bias and
the pseudotrue parameter @y are obtained by solving the
minimization problem in (44) with the Steepest Descent
algorithm. The empirical results are obtained by estimating
the time-delay of the first path over 2000 realizations. Time-
delay estimation is done by solving (9) using the Steepest
Descent algorithm.

Figure 8 shows that the bias of the first arriving path
decreases as more paths are considered in the estimation
model. In contrast, the CRB exhibits the opposite trend, since
jointly estimating additional paths increases the estimation
variance, also for the first arriving path. Unlike the CRB, the
MCRB can decrease when an extra path is added to the model
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FIGURE 11. RMSE of the estimated delay of the first arriving path for the L = 6 paths channel impulse response shown in fig. 7 as a function of
SNR. The empirical results are obtained using the steepest descent method over 2000 realizations (blue) and the bound is computed with the
bias-variance decomposition in (60) (red), based on the MCRB. Each subplot corresponds to a different number of jointly estimated paths L.

depending on the relative delay, gain and carrier phase of the
unconsidered multipath components.

Figures 9, 10, and 11 compare the theoretical bounds
with the empirical results for the bias, standard deviation,
and RMSE. As shown in Fig. 9, the empirical mean error
(blue curve) aligns closely with the theoretical bias (red
line) at mid-to-high SNR (above O dB). This agreement
confirms that the time-delay estimator converges to the
pseudotrue parameter for large SNR (32). At low SNR, the
discrepancy between the empirical mean and the theoretical
bias increases, primarily due to sidelobe acquisitions (thresh-
olding effect).

Figure 10 compares the empirical standard deviation of
the estimation errors against the square roots of the MCRB
and CRB. The MCRB is smaller than the empirical standard
deviation for all SNR. Moreover, the empirical standard
deviation converges to the MCRB for mid-to-high SNR.
This agrees with the fact that the variance of the estimator
converges to the MCRB for large SNR (32). At low SNR, the
discrepancy between the MCRB and the empirical standard
deviation arises because the MCRB is computed at the
pseudotrue parameter, and for low SNR the mean empirical
error does not match the pseudotrue parameter due to the
thresholding effect, as shown in fig. 9. Contrary to the MCRB,
the CRB is not a reliable lower-bound. For instance, when two
paths are estimated, the square root of the CRB exceeds the
empirical standard deviation for SNR above 0 dB, yet falls
bellow the empirical standard deviation in the -15 dB to 0 dB
range (see fig. 10).

Finally, Fig. 11 confirms that the empirical RMSE is
always lower-bounded by the theoretical RMSE based on the
MCRB, and converges to this bound at mid-to-high SNR.
This validates the theoretical MSE bound derived in this
work.

Figure 12 shows the ranging RMSE bound (left) and the
empirical RMSE (right) by MLE estimators that assume
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I = 1,..., 6 paths, in an L = 6 paths channel (fig. 7), as a
function of SNR. The RMSE bound and the empirical RMSE
correspond to the red and blue curves in fig. 11, respectively.
At high SNR, the bound and the empirical results match.
At low SNR, the empirical RMSE exceeds the bound, which
does not account for the thresholding effect. Additionally, at -
20 dB of SNR, the bound suggests that the MLE achieves
the best performance for I = 2, 3, 4, whereas the empirical
results indicate that the MLE with L = 3 and 4 yield the best
performance. This discrepancy arises because the bound does
not capture the impact of the thresholding effect, limiting its
applicability for low SNR.

RMSE bound Empirical RMSE
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3-path
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g | g 6-path
5 5 Nl
7] N S e D S N
Z \M z \\’***—»._H
FTY Ny r K401

20 -15 10 -5 0 5 10 20 -15 10 -5 0 5 10
SNR (dB) SNR (dB)

FIGURE 12. RMSE of estimated delay of the first arriving path for
L=1,...,6 paths for the L = 6 paths channel impulse response shown
in Fig. 7 as a function of SNR. The bound is computed using the
bias-variance decomposition in (60) (left) and empirical results are
obtained using the steepest descent method over 2000 realizations
(right). RMSE bound and empirical RMSE correspond to the red and blue
curves in Fig. 11, respectively.

At high SNR, adding more paths to the estimation model
substantially reduces the bias associated with each path
without a corresponding increase in variance. Therefore, the
largest performance gain obtained by adding more paths in
the estimation model occurs at high SNR.
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The six-path MLE is unbiased, as its model-order matches
the number of paths in the channel, and in this case,
achieves the best empirical performance over almost the
entire SNR regime. However, the six-path MLE is the most
computationally expensive. As a trade-off between RMSE
and computational efficiency, one may choose an estimator
with fewer paths, while still meeting a target RMSE. For
example, if the ranging RMSE requirement is 20 cm at 0 dB of
SNR, the MLE that accounts forl, = 3, 4, 5 paths is sufficient
in this scenario. The provided RMSE bound can be used to
guide the selection of the number of paths in the estimation
model for different deterministic channels, particularly in the
high SNR regime.

X. CONCLUSION

The fundamental challenge of time-delay estimation for
ranging in multipath channels is that only the first path
is of interest, yet ignoring subsequent paths may severely
degrade estimator performance. In this misspecified scenario,
estimation bias may occur, and the variance of the estimator
may no longer be the one expected by the CRB.

In this paper, we derived bounds on the variance using
the MCRB of a misspecified estimator that accounts for
fewer propagation paths than actually present. For two-path
channels, we have demonstrated a clear distinction between
the behaviour of bias and variance: while the bias is bounded
by the classical multipath error envelope, the variance can
be upper- and lower-bounded by constructive and destructive
multipath components but not strictly for all path separations.
We have shown that the MSE can be bounded through the
bias-variance decomposition, with the variance given by the
MCRB. This bound tightly matches the MSE of maximum-
likelihood estimators at mid-to-high SNR values, where
sidelobe acquisitions rarely occur.

Although we derived the bounds using an OFDM signal
model, the underlying framework relies solely on bandlimited
channel frequency response measurements. Therefore, the
framework is generally applicable to any system that
estimates the channel frequency response over a finite
bandwidth.

We adopted a deterministic channel model, with fixed
path delays and gains. Using a deterministic parametrization
of the gains, rather than a Bayesian one, enables a clear
assessment of the impact of multipath components with
different relative carrier phases. Moreover, modelling the
paths with deterministic delays allows us to analyse how
estimation variance behaves as a function of the path
separation.

This work focuses solely on the impact of multipath
in time-delay estimation, while assuming that the carrier
frequency offset and the Doppler frequency shift are com-
pensated prior to performing TDE. The impact of multipath
channels for the not perfectly synchronized OFDM receiver
is left for future work. The examples provided in this paper
considered LOS scenarios in which the first arriving path is
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always the strongest, though for NLOS conditions the same
expressions for the bias and the MCRB can be applied.

The presented performance bounds on the time-delay
estimator of the first path help to understand the impact
of unmodelled multipath on the bias and the variance, and
are crucial for designing ranging signals for challenging
scenarios. Moreover, these performance bounds can be used
as a criterion to determine the optimum number of paths to
consider in the time-delay estimation model. As a general
rule, adding more paths in the estimation model decreases the
bias at the expense of increasing the estimation variance.

APPENDIX A
GRADIENT AND JACOBIAN MATRIX
The gradient vector of a scalar function g(#) with parameters

0 =1[61,6s, - -.,0y]7, is a column vector with M entries
990) 5 [990) 39®)  0g@)])"
a0 901~ 06y T 06y ’

Let ¢(0) be a multivariate function

q0) £ [q1(0), 02(8), -, gm(®)]1", (62)

then, the Jacobian matrix of g(@) is expressed in terms of its
column vectors as

99(0) A [aq60) 3q0) 99(9)
T~ [ 90, 96, T 00m ] (63)
00
and in expanded form, it is
1@ 9q10) . 3q1(0)
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where _agg)) e R™*1 and —‘Wﬁ) e RMxM
Each element of the Hessian matrix of a scalar function

q(0) is defined as

[azq(o)} _9%q(0)
90007 |, 90,06

(65)
where the indices i and k range from 1 to M.

APPENDIX B

ENTRIES OF FIM AND DOUBLE DERIVATIVES

The partial derivatives of p(@) in (6) with respect to 7; and x;
are given by:

on(d)

= —jZJTXif@ a(t;),
3‘[,'
o) oo
= ), = ). 66
N} a(t;) 93(x) Ja(t) (66)
The elements of the FIM follow as:
out(0) opd
’L—()M — 471'2|xi|2fo,
31’1 31’,’
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where 1y, is the all-ones column vector with N entries.
The elements of the second derivatives are given by
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where Og,y is a row vector of zeros with N; entries.

APPENDIX C

DERIVATIVES OF ACF AND CROSS-CORRELATION
FUNCTION

The first- and second-order derivatives of the ACF in (19) are
obtained as:

SRy(7) .
R(1) = ——= = —j2xfla(r),
82R
R)(z) = S—ET) =—4r*foh’ oak), (70)
T
which, when evaluated at T = 0 reduces to
82Ry(1)
RI(0)= —=| =47t 71
O 872 le=0 i 7D

70598

Likewise, the first- and second-order derivatives of the
cross-correlation function in (19) are given by:

R, o(v) = —jlaP2nt a(t) — 1) — jx{ xp27 8 a(zy — 1),

Z
RIL

a0 =—IxM47*(E o ha(ry — 1)
— xlx2472(f O Ba(ra — 1)
= —4n2(x{1xla(r1 - 1)

+ M xa( — ) EOf). (72)
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