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Samenvatting 

Dit proefschrift is voortgekomen uit een aantal rapporten, 

geschreven in de jaren 1966-1970 • Knkele ervan zyn geschreven 

in de Verenigde Staten, samen met Br. T.T.Soong van de staats­

universiteit van New York te Buffalo. 

Behandeld worden lineaire stochastische systemen: Lineaire 

toestandsvergelijkingen en lineaire schattingen van hun oplossingen. 

Het homogene deel van de toestandsvergelykingen is deterministisch, 

het niet-homogene deel is een N-dimensionaal Wiener-Lévy proces. 

Ook de beginvoorwaarden zyn stochastisch. Zoals gebruikelyk z\jn de 

verdere vooronderstellingen dusdeinig dat het systeem beschreven kan 

worden door middel van een lineaire integraalvergelijking in een 

Hilbert ruimte. 

De schatting van de oplossing wordt behandeld in hoofdstuk 6, waar 

vooral aandacht wordt geschonken aan het Kalman-Bucy filter. 

Uitgangspunt is dat de toestandsvergelijkingen een wiskundig model 

zyn van een technologisch proces. Daarom dienen de resultaten geldig 

te zyn met betrekking tot de trajectoriën in het model, zie hoofdstuk 1. 

Dit in tegenstelling tot de resultaten in hoofdstuk 6, omdat de 

schattingsmethoden niet de weerspiegeling zyn van enig fysisch gebeuren. 

De meest voor de hand liggende en tevens eenvoudigste calculus om 

mee te werken is voor ons doel de calculus in tweede gemiddelde. Deze 

wordt uitvoerig behandeld in hoofdstuk 2, en wel voor niet-stationaire 

stochastische processen. Harmonische analyse wordt in het geheel niet 

toegepast. De meeste resultaten in dit hoofdstuk zijn bekend. Men vindt 

ze in technische publicaties, veelal zonder bewijs, of het zijn byzondere 

gevallen van algemenere stellingen uit de ftmctionaal analyse. De 

behoefte aan hoofdstuk 2 is ontstaan, omdat er geen samenhangende en 

voor ons doel volledige behandeling van deze calculus bestaat. Bovendien 

ontstond de gelegenheid om van elk resultaat zijn geldigheid aan te 

tonen met betrekking tot de trajectoriën. 

In hoofdstuk 6, paragraaf 6.2, wordt deze calculus nog enigszins 

uitgebreid, zonder echter te letten op de trajectoriën, omdat zoals 

we gezien hebben,by schattingsproblemen de noodzaak daartoe ontbreekt. 



Omdat Wiener-Lévy processen niet "fysisch realiseerbaar" zyn, 

worden deze processen vervangen door perturbaties die wel gerealiseerd 

kunnen worden. Deze verstoringen worden onderzocht in hoofdstuk 4. 

Aangetoond wordt dat differentieerbare perturbaties willekeurig dicht 

in de buurt kunnen komen van de gegeven Wiener-Lévy processen. 

In hoofdstïik 5 wordt het effect onderzocht van deze verstoringen 

op de oplossing van het niet gestoorde systeem. Het blykt dat de 

oplossingen van de gestoorde systemen willekeurig dicht in de buurt 

kunnen komen van de oplossing van het niet gestoorde systeem. Dit 

betekent dat het ongestoorde systeem een betrouwbaar mathematisch 

model kan z$i roor een of ander technologlBch proces, ondanks de 

aanwezigheid van de Wiener-Lévy processen. Dit resultaat ia een 

speciaal geval van een algemenere stelling van Wong en Zakai. Deze 

stelling, waarin gebruik wordt gemaakt van Ito calculus,is voor ons 

doel echter onnodig ingewikkeld. 

In hoofdstuk 6 wordt onderzocht wat de invloed is van deze 

verstoringen op het Kalman-Bucy filter. Het blykt dat de relaties 

en vergelijkingen in het filter geheel komen te vervallen. Het effect 

is dus niet zodeinig dat zekere grootheden in de filtervergelykingen 

worden geperturbeerd. Om dit in te zien is een kritische analyse 

van de rekenwyze van Kalman en Buoy een vereiste. Het blijkt dat hun 

integraalvoorstelling van de schatting het centrale punt is, zie 

paragraaf 6.2. De geldigheid hiervan steunt op het Wiener-Lévy proces 

in de observaties, waaraan bovendien nog een extra voorwaarde moet 

worden opgelegd. Omdat de observatie-apparatuur zeker geen zuivere 

Wiener-Lévy processen zal voortbrengen is het verstoren van deze 

processen in het model alleszins zinvol. In de gestoorde modellen 

blykt de geldigheid van de integraalvoorstelling te vervallen, en 

daarmee het gehele rekenschema van Kalman en Bucy. Zou men desondanks 

toch een integraalvoorstelling voor de schatting invoeren, dan nog 

zou er van de filtervergelykingen vrywel niets overblijven. Niettemin 

blyken de schattingen V6in Kalman en Bucy in zekeren zin bestand tegen 

de perturbaties, evenals vele andere schattingen, zoals die van 

Wiener bijvoorbeeld. Het is dus toch zinvol om te werken met het niet 

gestoorde systeem en met de efficiënte rekenwyze van Kalman en Bucy. 
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1 Introduction 

1.1. Motivation of the subject. 

Mathematical models of technological processes may contain constants 

and functions, measured empirically. Values obtained in this way are 

data with some statistical meaning and are not exact in deterministic 

sense. Apart from randomness of this type, physical constants and 

functions are often stochastic in an intrinsic sense as a consequence 

of uncontrollable influences, present all over in nature. Hence in 

order to be meaningful, the results derived from deterministic mathematical 

models should possess a certain stability with respect to small 

perturbations of the experimentally measured data. The study of 

stability of this kind is part of the study of deterministic models. 

In order to obtain more adequate descriptions of technological or 

physical processes, also stochastic models are ttiken into consideration. 

Strictly speaking, nearly all deterministic models ought to be replaced 

by stochastic models. However, with regard to the mathematical 

difficulties that might arise, the application of stochastic models 

is usually confined to those systems where the random fluctuations 

have an appriciable impact on the system behaviour. A well known 

stochastic model is that, used in statistical mechanics. Here 

randomness is introduced via the stochastic initial conditions of 

the equations of motion. Prom probabilistic point of view this model 

is quite simple, as it is based on a finite number of random variables 

only. Models in which the degree of randomness is infinite are of 

more interest to probability theoretical investigations. 

Important models of this kind are those, containing white noise, 

or processes related to it. White noise is a purely mathematical 

concept. It is the generalized derivative of the Wiener-Lévy process, 

a mathematical idealization of the phenomenon of Brownian motion. 

Brownian motion is the origin of a large class of stochastic processes 

in physics. The most significant property of the Wiener-Lévy process 

is the stochastic independence of its increments. To a certain extend 

this property reflects reasonably what one would intuitively expect 
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of a model of the posi t ion af a p a r t i c l e in Brownian movement. 

However, not a l l p roper t i e s of the Wiener-Lévy process turn out 

to be r e a l i s t i c a l l y r e l a t ed to i t s physical counterpar t . The 

assumption of the independence of the increments of the Wiener-Lévy 

process e n t a i l s tha t i t s t r a j e c t o r i e s , although continuous in time, 

are not d i f f e r en t i ab l e and not of bounded va r i a t ion on any i n t e rva l 

with p robab i l i ty 1 . Since a s tochas t ic model of a technological 

system should be seen as a p robabi l i ty space of which each elementary 

event represents a possible r e a l i z a t i o n of the technological system 

in i nves t i ga t i on , the mathematical models containing Wiener-Lévy 

processes suffer from lack of correspondence with r e a l t y . This i s 

one of the reasons why other mathematical i dea l i za t i ons of Brownian 

movement have been proposed. One of them i s the Omstein-Uhlenbeok 

process . I t i s the solut ion of a l i nea r system, driven by white no i se . 

However, many of the object ions made aga ins t the Wiener-Lévy process 

also apply with respect to t h i s process . 

Notwithstanding, in mathematical models of systems, influenced by 

Brownian movement, the Wiener-Lévy processes are widely used. There 

i s not much freedom in adapting random functions to Brownian motion. 

And Wiener-Lévy processes often give r i s e to t r ac t ab l e computations, 

owing to t h e i r pecul ia r s tochas t ic s t r u c t u r e . Moreover, the s t a t i s t i c a l 

r e s u l t s es tabl ished in models containing white no i se , correspond 

qui te often s a t i s f a c t o r i l y to engineering p r a c t i c e . So i t i s worthwhile 

to i nves t i ga t e when and why i t s t i l l might make sense to apply Wiener-

Lévy processes in mathematical models. 

Let be assumed tha t some information about ce r ta in random processes 

i s obtained by means of measurements, in order to design a s tochas t ic 

model. Then, as in de te rmin is t ic models, the r e s u l t s derived should 

be s t ab le with respect to per turbat ions of the measured da ta , in 

order to have some p rac t i ca l meaning. However, in p a r t i c u l a r when 

perturbing the t r a j e c t o r i e s of Wiener-Lévy processes , the whole 

s t ruc tu re of s tochas t ic interdependences i s mutilated and th i s may 

have fundamental consequences. On the other hand, because of the poor 

behaviour of the t r a j e c t o r i e s of Wiener-Lévy processes , e s s e n t i a l l y 

t h e i r per turba t ions might have a r e a l i s t i c meaning, as they may be 

smooth funct ions . When perturbing Wiener-Lévy processes , especia l ly 
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the smooth per turba t ions are s i gn i f i can t ly r e l a t e d to the physical 

phenomenon of Brownian motion. The increments of the smoothed Wiener-

Lévy processes a re "nearly" s t ochas t i c a l l y independent. They seem to 

be s a t i s f ac to ry as a model of Brownian motion in a l l r e s p e c t s . 

In order to t race whether a r e s u l t i s s t ab le with respect to 

per turbat ions of the involved Wiener-Lévy processes , the following 

procedure i s followed. Apart from inves t i ga t i ng the o r ig ina l model, 

a sequence of models i s considered, each model containing a per turbat ion 

of the Wiener-Lévy processes . The r e s u l t i n g sequences of per turba t ions 

are assumed to tend to the o r ig ina l Wiener-Lévy processes . If i t can 

be shown tha t the l i m i t of a sequence of r e s u l t s , obtained in the 

sequence of perturbed models, e x i s t s and coincides with the corresponding 

r e s u l t in the o r i g i n a l , non-perturbed model, the s t a b i l i t y of t h i s 

r e s u l t i s e s t ab l i shed . As there are smoothly perturbed systems 

a r b i t r a r i l y close to the o r ig ina l system, a s t ab le r e s u l t has a 

r e a l i s t i c meaning. If the non-perturbed model i s eas ie r to t r e a t 

than i t s smoothed vers ions , i t makes sense to use i t , provided tha t 

only the s tab le r e s u l t s a re taken in to cons idera t ion . 

Important s tochas t i c models a re systems of s tochas t ic d i f f e r e n t i a l or 

i n t e g r a l equat ions . Frequently used are I t o equat ions , ordinary 

non- l inear i n t e g r a l equat ions, containing Wiener-Lévy processes . In 

order to obtain unique so lu t ions , I t o introduced a specia l type of 

ca l cu lus . Here the s tochas t ic i n t e g r a l s e x i s t as l im i t s of Riemann-

S t i e l t j e s sums, where the function values a re chosen a t the lower 

v e r t i c e s of the sub- in te rva l s of the p a r t i t i o n s of the domain of 

i n t e g r a t i o n . In t h i s context , sequences of a r b i t r a r y Hiemann-Stielt jes 

sums do not converge in genera l . The I to solut ions have n ice s t a t i s t i c a l 

p roper t i e s since they are Markov processes . Or ig ina l ly , I t o studied 

a c l a s s of Markov processes which could be described by the above 

equat ions . Later , the equations were used in engineering sciences 

as models of technological processes . However, in 1965 Wong and 

Zalcai j 31 1 showed tha t the solu t ions a re not s t ab le in general in 

the above defined sense. Thus, without more, I t o equations are in 

general not appropriate as models of technological processes . But 

i t follows a lso from the theorem of Wong and Zakai tha t in the spec ia l 
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case of linear differential equations whose coefficients are 

deterministic functions eind whose inhomogeneous parts are white 

noise processes, the solutions obey the above stability principle 

properly. However, to systems of this kind there is no need for the 

involved calculus of Ito. They may easier be solved by means of more 

elementary methods. Then also the stability of the solutions is 

easily established without using the theorem of Wong and Zakai. 

The above sketched way of perturbing has formerly been applied 

in certain approaches to white noise processes, looked upon as 

generalized functions, see for instance Urbanik F 29 "I . 

In accordance with a previous remark, stochastic differential 

equations as models of technological processes should be considered 

as probability spaces of which the elementary events are ordinary 

differential equations, each of them containing one of the realizations 

of the random elements involved. They should essentially be solved 

in sample calculus. Results obtained by means of other techniques, 

as calculus in q.m. for instance, are to be shown to be identical 

to the corresponding results derived by means of sample calculus. 

Of great importance to practical purposes is the estimation 

of the random variables of stochastic processes. Boughly speaking, 

vintil about 1959 the theory of estimation of stochastic processes 

was confined to stationary processes. Interesting theories, due 

- among others - to Kolmogorov £ind Wiener, gave rise to ingenious 

solutions in closed form, see I 32 j and 1 6 J f or instance. 

Some 11 years ago, presumably incited by the demands of space 

navigation. Kalman and Bucy designed a recursive scheme for 

determining estimates, also applicable to non-stationary processes. 

They exploited the new possibilities opened by the development of 

digital comijuters emd the accompanying adaptation of numerical 

methods. Their first publications on this subject, see [ 11 "] , 
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gave r i s e to an endless stream of engineering l i t e r a t u r e , "reoeiwing 

i t s impetus from the aerospace do l l a r " according to Jazwinskl, TlO J . 

In the so-ca l led Kalman-Bucy f i l t e r , the s t a t e system i s l i n e a r . I t s 

homogeneous pa r t i s de t e rmin i s t i c , i t s inhomogeneous pa r t i s a white 

noise process and a l so the i n i t i a l condit ions a re random. At any 

i n s t a n t , the observation i s a l i n e a r function of the s t a t e and a 

new white noise process i s added to i t . The succes of the Kalman-Bucy 

f i l t e r depends e n t i r e l y on an ex t ra condi t ion , imposed on t h i s l a t t e r 

white noise process . However, according to previous remarks, the 

observation no i s e , generated in the observation device , should be 

modeled as a smooth per turbat ion of a white noise process . And now 

i t i s of i n t e r e s t to inves t iga te the effect of smoothing the white 

noise processes , f igur ing in the Kalman-Bucy f i l t e r . As thus in 

p a r t i c u l a r a lso the observation noise i s smoothed, the whole system 

of equations and r e l a t i o n s in the Kalman-Bucy f i l t e r breaks down. 

And hence the ef fec t of smoothing the noise i s not a t a l l the per turbing 

of some mat r ices , f igur ing in the f i l t e r . S t i l l i t w i l l be poss ible 

to e s t a b l i s h - to a ce r t a in extend - the s t a b i l i t y of the Kalman-Bucy 

es t imate , and more general the s t a b i l i t y of the es t imates of a c l a s s , 

comprising in te rpo la ted and extrapolated va lues , both of Kalman-Bucy 

type and of the type of Wiener and Kolmogorov. 

As est imation i s a purely mathematical concept, and not the 

counterpar t of some physical phenomenon, there i s no need for using 

sample ca lculus in t h i s context . All r e s u l t s here are es tabl i shed 

by means of ca lculus in q.m, 

Mon-linear s tochas t ic d i f f e r e n t i a l equations and f i l t e r s need an 

e n t i r e l y d i f f e r en t approach. They are not discussed he re . In th i s 

t he s i s a l l methods are r e l a t ed to Hi lber t spaces . 

1.2. Motivation of the p resen ta t ion . 

This thes i s i s a compilation of a number of r e p o r t s , wr i t ten by 

the author during the years 1966-1970 , as a s ta f f member of the 

department of mathematics of the un ive r s i ty of technology a t Delft , 

The Nether lands . Some of them are wr i t ten in the U.S. in col labora t ion 
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with Dr. T. T. Soong of the state university of New York at Buffalo, 

see J 2 2 - 2-J "] . 

The tutorial flavour, present in the reports, is not faded out in 

this thesis. As much as possible, the level of abstraction is adapted 

to the nature of the subject. Hence the calculus used is simply 

calculus in q.m., accompanied by sample calculus if necessary in view 

of the nature of the mathematical model. Many of the topics included 

- especially in the first chapters - are well known, and the author 

has gratefully consulted the references cited in this text. However, 

for lack of a coherent, well-organized source of references, nearly 

all necessary mathematical tools - whether or not well-known - are 

included in full detail, hopefully for the benefit of an easier 

introduction also for those readers who are not an expert in the field. 

Not included are those definitions and theorems which may be found 

in the usual introductions to probability theory and treatises on 

ordinary differential equations. 

The extensive literature on the subject is mainly written for 

engineers. It contains lots of interesting and important examples 

and applications. In this presentation, no applications are included. 

There has only been strived for a hopefully correct and complete 

mathematical exposition. 
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2 Calculus in q.m. 

2 . 1 . Hi lber t spaces of second order random v a r i a b l e s . 

The r e s u l t s of t h i s sect ion may be found in [15^ or f i a j 

for i n s t ance . Let be given the p robab i l i ty space -f-^ «"^ i PJ 

with the se t of r e a l valued second order random var i ab les or 

•"-measurable functions 5(<^^), t j € Xl , such tha t 

Ef^ - ƒ f ^(,cu)dP < CO . 

This set is splitted up into equivalence classes by means of 

the equivalence relation 

As usual, the elements of an equivalence class are Identified 

with some representative of that class. Identity is understood 

to be "equality a.s." . The addition "a.s." will often be 

omitted. 

The class of representatives is denoted by 

&{^) or simply H 

if no confusion may arise. The elements of H are denoted by 

öt (cc), y3 (oo),.., f (oo), *2 ("-")»• • ^i-^^ or without sub- or 

superscripts, or simply by Greek characters «» ,/3 ,.., f»"*? »•• 

as conventionally the dependence on oJ is suppressed in the 

notation. Since all degenerate random variables have finite 

second moments, the real numbers may be seen as elements of H. 

The real numbers are denoted by a,b,..,x,y,.. with or without 

sub- or superscripts, or by their numerical value. 

It follows from maaaura propartlas and the inequality of Schwarz 

(E §-̂ 3 )^ 4 E S^BTJ^ 

that H is a linear vector space over the real numbers. For, 

if ^ é H then c P £ H since c% is .-^-measurable and 

E(c5)^ - c^E15^<co , 

and i f § 6 H, 1j 6 H, then If + IJ e H since % + ''} i s 

•/^-measurable and 
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E( 5 + IQ )^ - El^^ + 28^12 + E ^ ^ = E§^ + 2 V E ? ^ V E > J ^ + EIJ^ . 

The real number system may be seen as a l-dimensional linear 

subspace of H . 

H i s a real inner product space with inner product 

since 

El^^è 0, E ^^ - 0 i f f 1 5 - 0 a . s . , 

Ec I '>2 - cE I )3 »nd 

\ and 1J are cal led orthogonal i f f E 5 * 2 = 0 , ^ x t g . 
Necessarily H i s a normed l inear space with the norm 

endowed with the properties 

11 i l l i 0 , ll^ll . 0 i f f ^ - 0 a . s . , 

l lc^l l . | c | . | | ? l l and 

n - > i i u n \ \ - i i n i i . 
In H a metric i s induced by the distance \l ^ - ^ l( . The 

result ing strong topology w i l l be the 

only topology of H used. Therefore the addition "strong(ly)" 

w i l l often be omitted, a l so in the notat ion. Or i t w i l l be 

replaced by "in q.m.", i . e . "in quadratic mean". 

Wa recal l that H Is a complete space: If { ^ > n - 1 , 2 , . . \ 

i s a Caucby sequence in H , i t has a (unique) l imit in H. I . e . 

i^ I f - 5 H —̂  0 as m,n-^ <^ , then there i s a unique 

element | 6 H such that | | 5 - If ||—> 0 as»—»«>= . S o 

H i s a Hilbert apace. In general, H i s not separable. 

We shall need the following properties! 

C2-1.1J | E | > 3 | è JUH'llVJll (Inequality of Schwarz). 
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(2 .1 .2) H i s a complete space. And i f ^ ~* ^ as n -» oo 

*»̂«- n j l - > ll'ill . Bi-ce jll̂ ^K - lU| | | i | (S„- | | | . 

(.2.1.3) Continuity of the inner products If \ —» % and 

>) ^ * ^ a s n , m - » c - o , then 

^^n'^m-" ^ ^ ^ 

-i'^^' l ^ ^ n ^ m - ^ ? " * ? ! • l ^ ( ^ n - ^ ^ ^ m ^ ^ ^ C * ? » - ^ ) ! = 
^ 1 ^ - I n l l - I R m l l ^ l | l l l - | l > ? „ - n i l - * 0 ^ ' ' ° ' » - ^ ' = - • 

(2.1.4) Convergence in q.m. criterioni 1^ , n-1,2,.. V is 

convergent if and only if E P ff converges to a finite number 
J n •' m 

as n,m->09 . For, 
i ) i f E f lp converges as n,m-* co , ** n ' m 

II ^n - ? m i l ' - ^^l - 2 ^ ^ ? » - n ^ ^ 0 as n . m - . c . . 

Thus j ^ , n « l , 2 , . . > i s a Cauchy sequence with l imit In H 

since H i s complete. 

i i ) f ^-» ? enta i l s E I ^ ^ ^ ^ - * II ̂  |1 ̂  by virtue of ^2.1.3) . 

2 .2 . Conditional and mathematical expectation. 

Given \SX,Ji, p l and H(^ ) , l e t ^ c <^9 be a (T-f ie ld 

and l e t | € H(c/v). Then the conditional expectation 

E-®§ 

of 5 with respect to .iO i s a ^J-measurable function of O<J 6 -Q 

such that 

J j &^% dP - / j ? dP for a l l B e i S . 

According to the theorem of Radon-Nikodym, £ ^ ex i s t s and 
i s a . s . unique. The following properties may be found in [ i s l 
or I lSJ for instance. 

E E ^ ^ = E ? . 
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If T2 is ^-measurable, K t) - '^ and E -ij? = '^ ^ i &••• 

If g(x) is a convex continuous real function of the real 

variable x, -a^<x<c/o , g^ü | ) i E"^g(§)a.s. , see 

also [20 I . Therefore, as Jx| and x are continuous and convex, 

| E ^ ^ | 1 E'®!^) and (£^111)2 4 E-^i?(^ - E ^ 5 ^ a.e. 

I t follows tha t E-^% e YL{J), as X> <^ Ji and || E ^ | |( è |l |H 

since 

^ E ^ | ) ^ é ( E - ^ l S D ^ i E - ^ l ^ a . s . and hence E(E '^? )2é EE^^^-E | ^< co . 

So E"® i s a mapping of H(</^) in to H ( ^ ) . 

The xf-measurable random var i ab les of H(</*) cons t i t u t e a 

closed l i n e a r subspace H(,S ) C H(t-* )̂ and so H(J8) i s a 

Hi lber t space. For, 

ay) + h ^ i s .!3-measurable i f 11 and t, a re .^ -measurable , 

and i f \x\ , n - 1 , 2 , . . I i s a Cauchy sequence of M -measurable 

random var iab les in H(«4'), i t has an a . s . unique l im i t y\ C H(<.w). 

As ^ i s a l so the l im i t in p robab i l i ty of 5 72 I > i* i» 

Jb -mea surab 1 e . 

£ i s a l inea r operator with domain H(<-̂  ) and range H(.3 ) . 

For, i f §,T^ é H ( ^ ) , E ^ ( a 5 + b i j ) - a E ^ ^ + bE ^>2 £ K(:Q). 

And as E-^TI - 1J a . s . i f tj fe H(j3) , H(JS) i s the range of E 

r 
-8 

£ i s an idempotent opera tor , since £ (E ^ ) • £ ^ a . s . 

£ i s a continuous (bounded) l i n e a r operator with 

as II E ^'^^ l i e II ̂ 11 and || £-^(£-^5 )(l - iJE^^gJ . 

£ • ^ 1 8 se l f - ad jo in t . For, i f % and "rj a re elements of 

H( . ^ ) . 

E(^ E^1J ) - EE-^( | E ^ r j ) = E(£-^g E-^IJ ) . i : £ ^ ( l J E ^ | ) . BCI^Ji^f). 

C2.2.1) fi-^ i s the orthogonal projec tor of H(o^) onto H(J3 ) . 

For, i f I 6 H(c.tf) and i f t | 6 H( .^ ) , then E'̂ TJ - >3 a . s . and 

£( I - E ^ ^ ) ! ] - £^>] - EIJE'^I = E5>J - E^E^JJ - E f I] - E^1^ - 0 , 

i . e . 1̂  - E^jC J. rj for a l l r j 6 H ( ^ ) . 

(2 .2 .2) If 1̂  -» ^ as n->co , then E ^ ^ -» E ' ^ | since 

i l £«? \ -E-® | | l é l U , - III . " 
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Let us consider the degenerate CT-field /C • \'^ t ^^ \ • 

Clearly 
E* ^ - £ f a . s . , 

and so the ordinary mathematical expectation i s obtained as a 
special case of the conditional expectation. I t follows that £ 
i s the orthogonal projector of H(^) onto H(.£'), the l-dimensional 
subspace of degenerate random variables or constants. And each | € H 
may be a . s . uniquely decomposed as 

? - X +it' , X . E | , I' = § - X. 

Then f' _L x, and ï' is centered, i.e. E?' - 0. 

Let I |^,n.l,2,.. J O H, £ ?^ - x^ and i ^ - i ^ + l o ' 

Then the following proposition is a special case of (2.2.2). It may 

also be proved directly, since 

|E? i éEu i4v^ i ' - mil . 
(2 .2 .3) \ -» 1§ as n-» CO implies £ f - » E 1| . And so 
^ •—> %, as n - » o^ i f and only i f x^—» i and ^'^—» 5*. 

2 .3 . Curves in. H. Gaussian processes. Trajectories. 

We shall need a calculus in relation to second order random 

functions or processes ^ ( t ) , t 6 r o , T j . These functions are 

mappings of the Interval ^OJT"} of the real l ine into H. Thus 

they are characterized by 

E ? ^ ( t ) < c o , or equivalently | | | ( t ) \ l < < X ) , t fe [ O , T ] . 

As only the strong topology of H wi l l be used, the greater part 

of the theory wi l l consist of calculus in q.m. Frequently used 

are the mathematical expectation or mean 

E ^ ( t ) , t fe C O , T ] , 

of 5^t) and the autocorrelation or covariance functions and 

crosscorrelation functions 
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B?(s)1 | ( t ) and Bf(8)lQ(t), ( 8 , t ) e Lo,!]^. 

According to (2 .1 .1) these ordinary real valued functions ara 
defined and f i n i t e on the indicated domains. The resul ts of this 
section may be found in [ 15 ] , [ ^^3 » «»* [ 2 J . 

A real valued process ^ ( t ) , t ê [ ^ 0 , T ] , I s Gaussian, i f 

a l l f i n i t e systems {^(\)> ^^1°'''^] > i - l , 2 , . . , H ] . have 

a Gaussian distr ibution. (Real valued) Gaussian processes are 

second order processesi If the above ^ ( t ) i s o^-measurabla 

at each t e [ 0 , T ] , then ( ? ( t ) , t e [ ; o , T ] ] a H(j^). 

If B ? ( t ) , t é [ 0 , T ] , and E ^(s) ? ( t ) , ( s . t ) €• [ O . T ] ^ are 

given, a l l f i n i t e dimensional distributions may be determined. 

We reca l l ! 

(2 .3 .1) Given a Gaussian family in H, the closure G in H 

of the l inear subspace, generated by that family, i s Gaussian. 

In other words, l inear combinations of elements of a Gaussian 

family are Gaussian, and l imits in q.m. of sequences of elements. . 

of a Gaussian family are Gaussianri The conditional expectation 

of an element ^ of 0 with respect to the tT'-fleld generated 

by the elements of a subset G' of G , belongs also to 6. 

I t Is a . s . Identical to the orthogonal projectira of ^ on the 

closed linear subspace of G, generated by C'. Orthogonality 

in G i s equivalent to stochastic independence. 

Sofar, we have not considered the trajectories of stochastic 

processes. Given a stochastic process ^ ( t ) , t 6 [ 0 , T l , by means 

of i t s (consistent and symmetric) f i n i t e dimensional distributions 

we shall need a representation 

l^(co,t) , ( co , t ) 6 . n X [ O , T ] 

of this process. Here XI is the pointsat of a suitable probability 

space .(-^ , w/v ,p\ . The (T'-fleld <^ Is always understood to be 

complete with respect to P. The sections at t of ^ (c^>t) 

are the random variables of ^(t). 

There is an Infinity of representations of the process ^(t). 

For, there Is an infinity of probability spaces, suitable for 

representation purposes. And, given the above (SI , c# ,P I and 
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f ( a j , t ) , any function ^ ' ( c o , t ) , (oj , t ) € _ 0 . x | ^ 0 , T ] , such 

that at fixed t e [ 0 » T ] 

'^•(oj , t ) - ^(cij , t ) a . s . , 

i s also a representation of ? ( t ) , t é [ 0 , T 1 . With the above 

property, the represent^ations '({oJ,t) and t ' ( ü j , t ) are 

cal led equivalent. 

In order to obtain the trajectories - sect ions a t c ^ j - , as well 

as to obtain measurable and unique resul ts i f the usual operations 

of analys is , based on the operations "inf" and "sup", are performed 

on non-denumerable se ts of random variables of ^ ( t ) , the 

representations should be separable in the sense of Doob. 

According to Doob, to each representation there i s a separable 

representation equivalent to i t . 

A representation i s called sample continuous i f i t s sections 

at CO are continuous functions of t with probability 1. Sample 

continuous representations are separable. If one of the separable 

representations of a process i s sample continuous, a l l the 

separable representations are sample continuous, according to a 

cri terion of Neveu. 

From now on "stochastic process or function" wi l l stand for 

any separable representation of that process. "Sample continuous 

process" wi l l stand for any sample continuous representation of 

a process of which the separable representations are sample 

continuous. 

The trajectories of a sample continuous process are defined as 

the sections at OO in one of I t s sample continuous representations. 

These trajectories may be seen as the elementary events of the 

probability space, of which the pointsat i s the Banach space 

C ro ,Tj , i . e . the normed linear space of real valued continuous 

functions on [ 0 , T 3 with the uniform norm, and where the «T'-field 

S i s generated by the open sets of C [ O , T J . The unique probability 

on S i s Induced by the sample continuous process. We have showns 

(2 .3 .2) If a process i s sample continuous, i t s trajectories are 

a . s . uniquely determined as the sections at c,<J in tmy of i t s 

separable representations. 
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2 .4 . Continuity in q.m. 

We r e c a l l the conventions of sect ion 2 . 1 . In p a r t i c u l a r , the 

addi t ion "in q.m." wi l l often be omitted in appropr ia te s i t u a t i o n s . 

The g rea te r par t of the r e s u l t s of t h i s sect ion may be found in f l S l • 

Let 5 ( t ) be a mapping of [ O I T I in to H. The values s and 

t below are always assumed to belong to [ 0 , 1 1 . 

(2 .4 .1) Def in i t ion! § ( t ) i s continuous in q.m. a t t i f f 

l ^ s ) - > ^ ( t ) , i . e . || ^ ( s ) - ^ ( t ) 11 - ^ 0 as s -> t . 

1r( t) i s continuous on [ 0 , T 1 i f f i t i s continuous a t each t f r o , T | . 

(2 .4 .2) If S ( t ) i s continuous in q.m. on [ O . T I , 

1) f |C(*^l | •'•'' * continuous r ea l function on [ 0 , T ] by 

v i r t u e of ( 2 . 1 . 2 ) . 

i i ) E-^ t ( t ) i s continuous in q.m. on ro ,T j by v i r t ue 

of t 2 . 2 . 2 ) , and in p a r t i c u l a r 

i l l ) E ^ ( t ) i s a continuous r ea l function on ['-'»'''] • 

I T ) Continuity in q.m. i s not equivalent to sample con t inu i ty . 

(2 .4 .3) I f P ( t ) and TUt) are continuous mappings of [ 0 » T ] 

in to H, 

a ^ ( t ) + b>2(t) 

i s continuous in q.m. on TOfTl. 

(2 .4 .4 ) I f P ( t ) i s a continuous mapping of [ O , T 1 into H 

and i f f ( t ) i s a continuous r ea l valued function, then 

nt)^(t) 

i s continuous in q.m. on \ 0 , T | , since 

||f^8) ^(S) - f(t) ^ ( t ) | | < | f ( s ) | . Ij^Cs) - ^(t)|J + | f (s ) - f ( t ) | . | | ^ ( t ) 

(2.4.5) If \% (t), n-1,2,..1 is a sequence of continuous 

functions, converging in q.m. to (̂.t) as n —» c-o ,uniformly 

in t é ro,T'| , then fcl,t) is continuous in q.m. on [o,!]. For, 

11?^-) - I(t)|)4||5(s) - ^^(s)j|. )||̂ (s) -?,(t)||+||f^(t)-^(t)|( . 
Then the functions below are also continuous and 
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E-^f ( t j -* E-^^( t ) uniformly on [ 0 , T ] hy virtue of (.2.2.2), 

and in particular 

E | ( t )—• E ^ ( t ; uniformly on [ Ü , T } . 

(2 .4 .6) Continuity in q.m. cr i ter ion! '^(t) i s continuous at t ' 

i f and only i f £ ^ ( s ) l 5 ( t ) i s continuous at ( t ' , t ' ) j aai. 

^ ( t ) i s continuous on [ 0 , T l i f and only i f E f ( s ) | ( t ) i s 

continuous on ÏO,T^ , on account of (2.1.3J and ^2 .1 .4 ) . 

(2 .4 .7) If ^ ( t ) i s continuous in q.m. on ro,T'], i t i s 

uniformly continuous in q.m. on ro,T'] . 

Proof! Along the same l ines as in real analys is . Or with the 

aid of the covariance function! As the real valued fvmction 

E t ( s ) '§(t) i s continuous on [ 0 , T ] , i t i s uniformly continuous 

on I O , T ] . Therefore, given £ > 0, there i s a S- y 0 such that 

| E ^ ( 3 ) ^ ( t ) - E ? ( s ' ) ^ ( f ) ) < e as d ^ ( s , t ) , ( s > , f ) ] < ^ . 

I t follows that 

l l l ( s ) - ^ ( t ) f é ( E ^ ( s ) 2 - E | ( 8 ) ^ ( t ) | + l E | ( t ) 2 - E | ( s ) | ( t ) l 4 2£ 

i f )s - t | < tJ' . 

2 .5 . Di f ferent iabi l i ty in q.m. 

The greater part of the resul ts of this section may be found 

In [15] . 

(2 .5 .1) Definition! ^ ( t ) i s differentiable in q.m. at t 

i f f there i s a (necessarily a . s . unique) element 'n £ H such that 

l l t ± h I ^ _ £ Ü i ^ ^ , i .e . p i t ^ b ) - g(t) _,^H^p ^3 j^^O^ 

'l(t) is differentiable on fo,*] iff-It is differentiable at 

each t e F O . T I . 
i Sit) The derivative in q.m. i s denoted by — , \ ' . 

(2 .5 .2) I f | ( t ) i s differentiable in q.m. at t , then 

i ) | l i J l l i | | - lim^ I g(t+h) - g( t ) [[ on account of ( 2 . 1 . 2 ) , 
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i i ) f ( t ) i s continuous in q.m. a t t , since s-:^ t e n t a i l s 

II Ks ) - l ( t ) l l . | s - t l . | | Ü . I e - i i Ü | | ^ o . l |4 i i l | | .o . 

(2.5.3) If ^(t) is differentiable in q.m., then E"® | (t) 

is differentiable in q.m. with derivative 

on account of (2.2.2). In particular, E|(t) ie differentiable and 

^El§(t).E4üi. 

As we put E%{t) - x ( t ) and f ( t ) - x ( t ) + f ' ( t ) i 

J ( t ) i s d i f f e r en t i ab l e in q.m. i f and only i f x ( t ) and ^ ' ( t ) 

are d i f f e r e n t i a b l e . Then 

d ? ( t ) _ dx(t) d<;'(t) 
d t d t d t 

(2.5.4) If 5(t) and 'V2(t) are differentiable in q.m., 

then a |(t) + bTj(t) is differentiable with derivative 

^ dt + " dt 

(2.5.5) If § (t) is differentiable in q.m. on[0,Tj, and if 

f(t) is a differentiable real valued function of t^ fO.T], then 

f('t) ̂ (t) is differentiable in q.m. with derivative 

^{f(t)?(t)^ - M i t i ^ , , ) , , ( , ) 4 L t i 

3i„ce | | f ( t . h ) i g ( t . h ) ^ - f ( t ) ^ ( t ) _ M L t l ^ ( ^ ) _ , ( ^^ d ^ | | 4 

IIf(t-fh) g (t.^h)-f(t) g (tfh) _ df(t),. (g II ^ 

j[f(t) g(t^h)-f(t)f(t) _ ^̂ ^̂  d?(t) II _ 

ll^ü±iïi=^?(t.h) - ^ ? ( t ) | | . |f(t)i.H^(^-'-);gt^) - 4 i ü | | 

0 as h-> 0 . 

(2.5.-6) Differentiability in q.m. criterion! Owing to (2.1.4), 

^ (t) is differentiable in q.m. at t if and only if 

A h A k E g ( t ) | ( t ) E g ( u h ) j ( t - i - k ) - E g ( t - h h ) g ( t ) - E g ( t ) g ( t - h k ) - t - E f ( t ) f ( t ) 

hk h k 

„ 1 g(t-i-h) - f ( t ) ) ( l ( t + k ) - l ( t i ) 
"• l^ ^ ^ j 'I ^ '—^j converges as h , k - » 0 independently, 



17 2.5 

The existence of the above l i m i t i s not equivalent to the 
the exis tence of 

ö2 
d s d s 

, E f ( s ) ? ( s ' ) a t ( s , s ' ) - ( t , t ) . 

(2 .5 .7) If ? ( t ) i s d i f f e ren t i ab le in q.m. on ' L O , ! ] , 

I^E 5(s) 1f(t), ^ E ? ( s ) ? ( t ) and ^ - ^ E f ( s ) ^ ( t ) 

exist and are finite on [o.TJ^. Then by virtue of (2.1.5) and 

(2.5.6) the following relations hold! 

^ ̂  ?(*) • rs ^ ?(̂ ^ ?(* '̂ ^ M i ^ M i ^ • s ! ^ ^ ?(̂ ) ^(*)-
And i f a lso Y)[t) i s d i f f e r en t i ab l e in q.m. on [ O , T ] , 

^ H i ^ >?(t) - è « %i^)r}i^)' ^ ̂ ^ ^^ - i T ^ «?('')^(*)' 

(2.5.B) I f | ( t ) i s d i f f e r en t i ab l e in q.m. on [''«'''1» ^* ̂ a 
a constant element of H i f and only i f 

i l i i i - 0 on [0,T]. 

Proof! If the above relation holds, then on account of (2.5.7) 

^ E tin) ?(t) - E ̂ i ^ ? (t) - 0 on [O,T]2. 

Therefore E ̂ ( s ) | ( t ) i s Independent of s . Because of symmetry 

i t i s a lso independent of t and so i t i s a constant on [ 0 , 1 1 , 

say E ? ( s ) | ( t ) - c . Then 

II ? ( t ) - f (0) f - E { ? ( t ) - ?(0)] | ? ( t ) - ? ( 0 ) ] - c-c-c+c - 0 

and hence | ( t ) - )^(0) a t a l l t £ I ] O I T ] . 

The "only if" par t needs no comment. 

(2 .5 .9) I f | ( t ) i s d i f f e r en t i ab l e in q.m. and Gaussian on 

l*^ ' ^ ] ' —dt ^° ^•'•°° Gaussian on [ o , ! ] by v i r t u e of ( 2 . 3 . 1 ; . 

For, the divided differences are Gaussian and so i s the l i m i t 

in q.m. of a sequence of divided d i f fe rences . 

(2.5.10) Let the s tochas t i c process ^ ( t ) , t É T O , ! ] , be sample 

continuous and l e t | («o , t ) , ( " J , t ) e SI X [ O , T ] , where -O. i s 

the po in t se t of a su i t ab le p robab i l i ty space (-O. , <-̂  , P t , be a 

sample continuous representa t ion of ^ ( t ) . Let moreover be assumed 

that almost a l l t r a j e c t o r i e s are d i f f e r en t i ab l e on T ü , ! ] . Then 
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^(t) i s called sample di f ferent iable . At each t 6 [o,'f] 

d J l t i _ ^^^ l ( c o .U^t) - ^(ou . t ) 
dt ^i^-»o t 

ex i s t s as an a . s . l imit and i s called sample derivat ive. I t i s 

•^-measurable as an a . s . l imit of a sequence of ,>^-measurable 

divided differences. 

Differentiability in q.m. is not equivalent to sample 

differentiability of a second order process. If the derivative 

in q.m. as well as the sample derivative of a second order process 

exist , they are a.s.identical at fixed t as both may be seen as 

limits in probability of one and the same sequence of divided 

differences. 

2 . 6 . Hlemann-Stleltjes Integrals in q.m. I . 

In this section, the greater part of the theorems belongs to 

Hiemann-Stieltjes integration theory in Banach spaces with the 

strong topology, see \ 9~\. Then the methods are analogous to 

those, used in real analys is , see f21~|. 

From now on a "partition p" of fOfT | wi l l be understood 

to consist of 

i ) a set of subdivision points ( t . , k - 0 , . , K | such that 

0 - t^ < t^ < . < t^ - T , 

11) a set ^t^, k - l , . , K | , such that t^ 6 [*k- l '*k] • 

£^(p) - max (*v"*k-l^ ^^ ^^^ mesh of p . Let Ip | 
k — i , . , K " . ^ 

denote the set of a l l partit ions of [ü,TJ of the above type. 

A partit ion q i s a refinement of a partit ion p i f each 

subdivision point of p i s also a subdivision point of q. 

Let f ( t ) be a mapping of [ o , r l into (-co, co ; and ^ ( t ) 

a mapping of [ O . T ] into H. Set 
K K 

cr(p) - z : ^^ti^{f(\J-f^Vi^i ""̂  <r'(p)-z f(t^)[^(t^)-^(t^_i)] 
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c l e a r l y (7'(p) and c7' '(p) a re elements of H. 

(2 .6 .1) Def ini t ion! I f f to a l l sequences j p , n - l , 2 , . | c 2 J p ] 

such tha t A(p ) - ^ 0 as n—> (>o , the sequences 

{ c r ( p ^ ) , n - 1 , 2 , . } and ^ cr ' {f J , n-1,2,.] 

are Cauchy sequences in H, necessa r i ly with a unique l i m i t , say 

c/" and cr" < r e spec t ive ly , 

then C i s the Eiemann-Stiel t jes i n t e g r a l in q.m. f ^ ( t ) d f ( t ) 
/ T Is 

and C' i s the Riemann-Stiel t jes i n t e g r a l in q.m. \ f ( t ) d ^ ( t ) . 

I f f ( t ) - t on [ O , T 1 , cf i s the Hiemann i n t e g r a l in q.m. j ^ ( t ) d t . 

By v i r t u e of t h i s de f in i t i on , the i n t e g r a l s a re independent of 

the posi t ion of the points t" 6 j t, i » t , l in the p a r t i t i o n s p . 

As elements of H, i n t e g r a l s in q.m. have a f i n i t e norm. 

(2 .6 .2 ) Let f ( t ) be a mapping of [ O » T 1 in to ( - c o , & o ) 

and § ( t ) a mapping of rO,Tl in to H such tha t 

e i t h e r f ^ ^ ( t ) d f ( t ) or j j f ( t ) d ^ ( t ) 

e x i s t s as a Biemann-Stiel t jes i n t e g r a l in q.m. 

i ) Then both i n t e g r a l s e x i s t and the following r e l a t i o n holds! 

Jj|(t)df(t) - [f(t)^(t)]J- j^f(t)d5(t) . 

i i ) I f s e fOfTl t the i n t e g r a l s in q.m. in the r ight-hand s ides 
below e x i s t i f aad -cttly^^aif those in the lef t -hand side e x i s t . Jari 

j ^ | ( t ) d f ( t ) - J ^ r ( t ) d f ( t )+ j^ | f ( t )d f ( t ) , 

j ^ f ( t )d?( t ) - jl f ( t )d^(t) + \l f ( t ) d f ( t ) . 

i l l ) I f 11 ( t ) i s a mapping of [p,l'\ in to H such tha t a lso 

( 1'1(t)df(t) e x i s t s as a Hiemann-Stielt jes i n t eg ra l in q.m., 

then the In t eg ra l s below ex i s t and s a t i s fy 

j ^ [ a ^ ( t ) -f b 1 5 ( t ) j d f ( t ) . a ^ ^ 5 ( t ) d f ( t ) + b j j ' r ) ( t ) d f ( t ) , 

j J f ( t )d j ' a ^ ( t ) + b 1|( t)J - a J T f ( t ) d ^ ( t ) . b J T ^ ^ t ) d 7 j ( t ) . 
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iv) If g( t ) i s a mapping of [ O , T ] into (-<:-o,C/o) such that 

also j ^ ( t )dg( t ) ex i s t s as a Riemann-Stieltjes integral in q.m., 

then the integrals below ex i s t and sat i s fy 

JJ ?(t)d[af(t) + bg(t)] - aj^5(t)df(t) + bj^^(t)dg(t), 

J^^af(t) + bg(t)}d ^(t) . a\l f(t)d^(t) + b | ^ g(t)d^(t). 

v) J^ E^^(t)df(t) and j^ f(t)dE®f (t) exist and satisfy 

J^ S^|(t)df(t)-E^J^^(t)df(t) and [J f(t)dE»^(t).E2J^ f(t)d^(t). 

If we put x(t) - E |(t) and | (t) - x( t) + ?'(t), then 

f^^(t)df(t) and f' f(t)d5(t) exist if and only if 

J^x(t)df(t) and jjg'(t)df(t), or JJf(t)dx(t) and fjf(t)d5'(t) 

exist. They satisfy 

j^^(t)df(t)- jjx(t)df(t)+ j^§'(t)df(t), 

j^f(t)d5(t)- ] ^ f(t)dx(t) + j^ f(t)df'(t). 

v i ) If | ( t ) i s Gaussian on [ O . T ] , 

j ^ ^ ( t ) d f ( t ) and | ' f ( t ) d ^ ( t ) , s e [ 0 , T ] , 

are Gaussian processes on [o,Tj by virtue of ( 2 . 3 . 1 ) , since the 
above integrals are l imits in q.m. of sequences of Gaussian 
Riemann-Stieltjes sums. 

Ti l ) Let be assumed that ^(t ) Is sample continuous on FOfTj 

and that ^(cAJ.t), (cu , t ) e XI X [O,TJ , where XI. i s the pointset 
of a suitable probability space (Xl , .A" , P\ t Is a sample continuous 
representation of ^ ( t ) . Then the trajectories are well defined, 
see ( 2 . 3 . 2 ) . If at almost a l l CJJ €. S\ the ordinary integral 

j ^ 5(cu,t)df(t) 

e x i s t s , then also the ordinary Integral 

j j f ( t )d | (cü, t ) 

exists at almost all CAJ Ê Ji- , and reversed, by virtue of the 

theorem on partial Integration. The above integrals are called 
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sample integrals. As they may be evaluated as a.s. limits of the 

sequences 

^<7-(Pj^), n-1,2,. •̂  and [cT ' (p̂ )̂ , n-1,2,. J , 

they are -^ -measurable. 

As the above sequences are also Cauchy sequences in H, it 

follows that the sample integrals are a.s. identical to the 

corresponding integrals in q.m. 

Proof of (2.6.2): The proofs of i - iv are analogous to the 

proofs of the corresponding theorems of real analysis. It remains 

to show V : 

Let f p , n=l,2,."L C { pl be such that A(p )-> 0 as n-> o/3 . 

E3<r(pJ - i E ^ ? ( t . ) [ f ( t , ) - f ( t , . , ) ] . 
k-1 '-

As n - * oo , the lef t-hand side tends to E"̂  J^ ^ ( t )d f ( t ) 

by v i r t u e of ( 2 . 2 . 2 ) . Then necessa r i ly also the r ight-hand side 

i s convergent as n-> co . According to de f in i t ion (2 .6 .1 ) i t s 

l i m i t in q.m. i s J'^ £ ' ^ | ( t )df ( t ) . 

In the other statements of v , a lso statement i l l i s 

used. 

2 . 7 . Riemann-Stiel t jes i n t e g r a l s in q.m. I I . 

The g rea te r pa r t of t h i s sect ion cons i s t s of Immediate 

genera l i za t ions of r e s u l t s of r e a l a n a l y s i s . Coirarlance function 

techniques may be found in l o t s of books, for ins tance in [191 • 

(2 .7 .1) If the mapping § ( t ) of [ O , T ] in to H i s continuous 

in q.m. and i f the mapping f ( t ) of [ 0 , T ] in to ( -C/O,co) 

i s of bounded va r i a t i on on [ O , ! ! with t o t a l va r i a t i on V, 

then 

ex i s t s as a Riemann-Stiel t jes i n t e g r a l in q.m. and the a s se r t i ons 

of (2 .6 .2) a re v a l i d . 
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Proof! Let Xp \ be any sequence of partit ions of [0,TJ 
such that A ( P ) —> 0 as n->eo . Being continuous in q.m. on 
the compact set [o , ! ! , ? ( t ) i s uniformly continuous in q.m. 
on yo,T], according to (2.4.7) . So, given fc > 0, there i s 
a <̂  > 0 such that [ t , t ' " ] C [O,T] and \ t - t ' | < S imply 

11 ^^*) " ? (* ' ) l l ' ^ i- . If n and m are sufficiently large 
and i f p i s a refinement of both p and p , '̂  -̂ n '̂m 

j | ( r (pJ-nP„) | | i l |<7-(P.) -C7' (p)H+|p(p)-<r(p^) | |é ÊV+ ÊV. 

The statement i s shown by virtue of definition (2.6.1) . 

(2.7.2) Under the same conditions as in (2 .7 . I ) , 

i ) l l I o ^ ( t ) « i f ( t ) | | 4 M V as M . - ^ - ^ ^ ^ | | ^ ( t ) | l . 

i i ) l l l , ' ? ( t ) d t | | £ | „ ' | | 5 ( t ) | | d t é H T . 

i l l ) f ^ ( t ' ) d t ' is continuous in q.m. as a futnction of te[o,Tj 

and continuously differentiable in q.m. with derivative 

iv) If ^ y^' i s continuous in q.m. on [ O , T 1 , then if t é^0 ,T l , 

Proof! i) Let (p 1 be a sequence of partitions of [OfTj 
such that A ( P ) -^ 0 as n-» c-o . As 

(r(p„) = f^?(ti)-[ ^(V-^(Vi)S ' 

I K ( p „ ) M é l | ^ ( t . ) | | . l f ( t , ) - f ( t ^ _ , ) | é M v . 

As n—*co , the left-hand side of the Inequality tends to 

]i [^ ^ ( t )df ( t ) II , cf. (2.1.2), and the right-hand sides remain constant. 

Concerning i i , | | ^ ( ^ ) | | i s a continuous real valued function 
of t e [O ,T1 according to (2.4.2) . So both integrals exis t . 

I l c r (p j - ) | i ^ ( t . ) ( t ^ - t^_^)U ^ J | ^ ( t i ) | | - ( t ^ - V , ) ^ M T, and 

the above sums tend to the corresponding integrals as n -* co . 
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Concerning ill,it is sufficient to establish the formula for 

the derivative in q.m. Provided that Pt.t+h"] C[O,T"J, and given 

if jhj is sufficiently small. 

Concerning iv, on account of liii 

d f f t d l ( t ' ) _ ., .] _ d l i l l _ d J l t i _ 
dt {Jo dt' ^^ S^̂ -"] dt dt "• 

Therefore, f * ^ dt*̂  ^^' ~ ^^*^ ^° * constant element of H 

according to (2.5.8). Putting t - 0, this constant is seen to be 

0 - ^(0) and so 

i o*HU^"' - §(t)--^0). 

(2 .7 .3) If S ( t ) and 1^(t) are continuous mappings of [ 0 , T ^ 

in to H and i f f ( t ) and g ( t ) are r e a l valued functions of 

bounded va r i a t ion on LO,TJ, 

E J J ^ 5 ( s ' ) d f ( s ' ) ] * ) 2 ( f ) c l g ( t ' ) } - j o f * E | ( 8 ' ) T ^ ( t ' ) d d f ( s ' ) g ( t - ) , 

( s , t ) 6 [''•^J ' ^^^ ^" p a r t i c u l a r , 

l | j ^ t ( t ) d f ( t ) | | 2 . J T J T , ^^^^^(,^ adf(s)f(t) 

Proof! Let j p ] and |<L V be sequences of p a r t i t i o n s of 

l o , s ] and [,0»*] r e spec t ive ly , such t ha t A ( p ) and A ( I L ) 

tend to 0 as m,n-> 0 0 , and l e t 

^CPJ - ^:k^(8i)[f(s.)-f(s,.,)], <f{^^) - i>i(t.){g(t^)sf(t._,)}. 
Then j , 

Ecr(pJ^(q^) - ^̂ ^ 2 E e(si)1?(t^){f(s,)-f(8,.,)j{g(tj)-g(tj.p}. 

As m,n -* oo , the left-hand side tends to 

^ { J o | ( 8 ' ) d f ( 8 ' ) ] * v ^ ( f ) d e ( t ' ) ^ 

by virtue of (2.1.3). The right-hand side is a Riemann-Stieltjes 
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sum be long ing to 

l o l o ^ ? ( s ' ) > j ( t ' ) ' i d f ( s ' ) g ( t ' ) . 

This ordinary B i e m a n n - S t i e l t j e s i n t e g r a l o f r e a l a n a l y s i s e x i s t s , 

s i n c e £ ^ ( s ' ) » l ( t ' ) i s cont inuous on [ o , s l x [ o , t 3 on accoiint 

of ( 2 . 1 . 3 ) , and s i n c e f ( s ' ) g ( t ' ) i s of bounded v a r i a t i o n on 

[0 ,s"]< [ o , t ] , c f . s e c t i o n 2 . 9 . 

( 2 . 7 . 4 ) I f f ( t ) i s a c o n t i n u o u s l y d i f f e r e n t i a b l e mapping of 

[ o , T j i n t o ( - 0 0 , OD ) and i f '^ ( t ) i s a cont inuous mapping 

o f [ 0 , T ] i n t o H, then 

Jo'^^*)-^^^^)" i ; ? ( * ) ^ ^ * ^ ^ -
Proof! As f ( t ) i s c o n t i n u o u s l y d i f f e r e n t i a b l e on [ o , r ] , 

i t i s a l s o o f bounded v a r i a t i o n on [ O , T | . So both I n t e g r a l s 

e x i s t as Hiemann ( - S t i e l t j e s ) I n t e g r a l s in q.m. Let ^P ) be 

a sequence of p a r t i t i o n s o f fO|TJ such that / i i (p ) - » 0 as 

n —» c-o . S ince by v i r t u e of the ordinary mean v a l ue theorem 

d f ( t ' , ) 

n\) - nVi^ - ( \ - Vi^ — — ' ^̂ -1 ^ ^Vi'*kJ' 
dt 

K , >, K d f ( t ' J 

^(Pj - ^f^^ct._,){f(t^)-f(t^_,)]-Z ^(t..^) — ^ ( v V i ) 
where the v a l u e s o f ^^(t) may be taken a t the same p o i n t s t ' , 

a s those o f , ĵ  ' . A s n -» c o , the s tatement f o l l o w s on 

account of d e f i n i t i o n ( 2 . 6 . 1 ^ . 

( 2 . 7 . 5 ) I f f ( t ) i s a r e a l valued f u n c t i o n of bounded v a r i a t i o n 

on [ O , T ] and i f j ^ ( t ) i n - l » 2 , . | i s a sequence of cont inuous 

mappings of W,TJ i n t o H, converg ing in q.m. to %(t) a s 

n -» CO , uniformly in t 6 [ o , T j , then a s n - » c^ , 

J * f ( 8 ) d f ( s ) - » J * S ( s ) d f ( s ) In q .m. , uniformly in t e | o , T j , 

Proof! Since by v i r t u e of ( 2 . 4 . 5 ) ? ( * ) i s cont inuous in q.m. 

on [ o , T j , the e x i s t e n c e o f a l l i n t e g r a l s f i gur ing in the a s s e r t i o n 

i s ensured. I f £ > 0 and n s u f f i c i e n t l y l a r g e , then f o r 

a l l t Ê [ 0 , T ] , 

lin^n^^^-^f^^) - I o ? ( " ) ^ ^ ( « ) | | - l l Jo l^n^^) - 5 ( 8 ) ] d f ( s ) | | 4 £ V , 
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where V i s the t o t a l va r i a t ion of f ( t ) on f o , ! ] . 

By means of p a r t i a l i n t eg r a t i on , a number of r e s u l t s concerning 
Riemann-Stiel t jes I n t eg ra l s of the type 

io f(t)d?(t) 

may be derived from the above s ta tements . For example 

(2 .7 .6 ) I f f ? (*)» n . - l , 2 , . v i s a sequence of continuous mappings 

of [o»T^ in to H, converging in q.m. to ? ( t ) as n - » o-o , 

uniformly in t £ [o,Tj , and i f f ( t ) i s a r e a l valued continuously 

d i f f e r en t i ab l e function of t 6 [o.TJ , then as a—*• <x> , 

J * f ( s )d f j j (8) -» ' J* f(8)d ^ ( s ) in q.m., uniformly in t e [ o , T ] . 

Proof! By v i r t u e of ( 2 . 4 . 5 ) , l^{t) i s continuous in q.m. 

on [OfT]. According to (2 .6 .2) and ( 2 . 7 . 4 ) , 

l o f^«)^§n(«) • t ^ « ) ^ ( « ) l o - i o ^ n ( « ) ^ «-1 

| * f ( s ) d ^ ( s ) - [ r ( s ) ? ( 8 ) ] „ * - { : ^ ( s ) ^ . 

Apparently a l l above i n t e g r a l s in q.m. e x i s t . Application 

of (2 ,7 .5 ) completes the proof. 

2 . 8 . Riemtmn-Stieitjes i n t e g r a l s in q.m. I I I . 

The existence of i n t e g r a l s in q.m. of the type 

J^f(t)d?(t) 

cannot always be reduced by means of partial Integration to the 

existence of 

Jo^(t)df(t) . 

In certain circumstances the following method might be useful. 

Let ^(t) be a mapping of fo,T^ into E. Let p be the 

partition of (O,T"], defined in section 2.6, and let ^ p"l ^^ 

the set of all partitions of |^0,T1. 
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(2 .6 .1) Defini t ion! 

n |(t), p , [O,T] ) . é: |5(t^) - ^ivi^ll • 

T( ^ ( t ) , [ 0 , T ] ) - sup V( ^ ( t ) , p , [ 0 , ï ] ) . 
pe fp] 

5 ( t ) i s of bounded va r i a t ion in the s t rong sense on FOjlJ i f f 

V( 5(t), [O,T] )<C<D . 

(2 .8 .2) If f ( t ) i s a continuous mapping of [ o , ! ^ in to 

(-C/O,co), and i f !5(t) I s a mapping of [o,T^ in to H 

of bounded va r i a t ion on fOiTj in the strong sense, the 

Riemann-Stielt jes i n t e g r a l in q.m. 

Jo f( t)d4(t) 

e x i s t s and the a s se r t i ons of (2 .6 .2) are v a l i d . 

Proof! Let {p ( be a sequence of p a r t i t i o n s of [ 0 ,1 ] such 

tha t A ( p ) - * 0 as n -» co . As [ 0 , T J i s compact, f ( t ) i s 

uniformly continuous on f 0,1"] . So, given £ > 0 there i s a «T > o 

such tha t r s , t ] c : [ o , T ] and | s - t | < (5" imply | f ( s ) - f ( t ) l < £ . 

I f n and m are su f f i c i en t ly large and i f p i s a refinement 

of both p and p , n m 

| |<r '(p„)-tr '(pj | |é |l(r'(p„)-cr'(p)|| + | ( c r - (P ) - (TUPJ I^ &V+ £ V . 

Therefore Jc7''(p )} is a Cauchy sequence in H and the assertion 

is proved according to definition (2.6.1). 

A number of statements analogous to those of section 2.7 may 

now be proved for integrals of the type 

];f(t)d|(t) . 

This, however, wi l l be done in the next section under l e s s s t r ingen t 

cond i t ions . Here we sha l l confine ourselves to the following 

theorem. 

(2 .8 .3 ) If ^ ( t ) i s a mapping of \ _ 0 , T J in to H, continuously 

d i f f e r en t i ab l e in q.m., and i f f ( t ) i s a continuous mapping of 

[ 0 , T ] in to {- oo ,(y3 ) , then 

i) v( 5(t), [O,T] )< 'X) . 

11) jo^r(t)d^(t) - j ^ ' , ( t ) ^ ^ d t . 
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Proof! Let p be the partition of ro,Tj, defined in section 2.6. 

Concerning 1, it follows from (2.7.2) that 

ill?(V-^^Vi)ll- i l l i t i Hi^dtlUMT 

where M - max )j ̂ "4t^ II * ^^ "° ^^ ?^*^' [°''] ) = " ^ . 

Concerning 11, according to (2.6.2) and (2.7.1) both Integrals 

exist as Hiemann (-Stieltjes) Integrals in q.m. Let 

<7-.(p)-i f( t ,_,){?(V- ?(vi)} . 

cr(p) - f f (v i ) -if=^ ( \ - V i ) • 
k-l 

If p passes through a sequence 4P | such that A ( p )-> 0 

as n —> oo , then 

^ ' ( P n ) - ^ lo ^(^^-^^^^^ ^^ '^(Pn)-* Jo ^(*) H t ^ " ^ * -

On account of the definition and the existence of the integrals, 

figuring in ii, we were alowed to choose t^-tv -i i k=l,.,K. 

By virtue of (2.7.2), 

)|ff'(p)-<r(p)||*i: | f (Vi) | - i ^ - T T ^ I V V i ) -(5(«k)- ^\J 

i | 'M• l lS t { ^^ -^^ * l l = 

As M - max |f(t)|, given ^ > 0 it follows that 

te[o,T]' 
\\<r'{vj - « ^ ( p j K é £MT 

i f n i s su f f i c i en t ly l a rge , since ^J^ ' i s uniformly continuous 

in q.m. on the compact se t [OfTJ. Therefore, as n —* c-o , 

li^(t)^l(t)- i ^ ( t ) H i ^ " H 
11Ĵ  f(t)d|(t)-</.(p„)| .|(r'(P„)-c7'(pj|| ^l(r(vj-\l r(t) ^ ^ d t | ^ o . 
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2.9. Rlemann-Stleltles integrals In q.m. IT . 

The first statements in this section belong to standard 

calculus in q.m., see [151, or [ 19 J for instance. 

Let us first introduce and recall several notations and notions 

of real analysis. If D - ^0,S]X[O,TJ is the Cartesian product 

of two intervals of the real line, the finite set p(D) of 

of rectangles d - rsjS^xTtit'^ with union D, such that the 

intersection of every two rectangles d consists at most of an 

edge, is a partition of D. The mesh of p(D) is defined as 

A.(p(D)) - max Is" - si, It' - t| . 
dep(D) ' 

A p a r t i t i o n q(D) of D i s a refinement of p(D) i f each element 

of P ( D ) i s the union of some elements of q(D). 

I f p and q are p a r t i t i o n s of [ 0 , 8 ] and [ O J T ] defined by 

0 - s <̂  s, ^ . <^s-. - S and 0 - t < t , < • < t . - T r e spec t ive ly , 

p(D) - pxq - j [ S i . i i s j x [tj_j^,tj'] , i . l , . , I , j - l , . , J J 

i s a product p a r t i t i o n of D. Every p a r t i t i o n of D can be refined 

by product p a r t i t i o n s . If D - ["o,Tj , every p a r t i t i o n of D can be 

refined by product p a r t i t i o n s of the type p = p x p . 

I f G(s , t ) i s a mapping of D in to ( - c o ,&o ) , we def ine, as 

i s the se t of a l l p a r t i t i o n s of D, and i f Jp(D)} 
d - [ s , s ' ] ><[t ,f] e p(D), 

/ : i A G ( s , t ) = G ( s ' , t ' ) - G ( s , t ' ) - G ( s ' , t ) + G ( s , t ) , 
d . - -

V ( G ( s , t ) , p ( D ) , D ) - ^ A A G ( s , t ) | , 
d e p(D) I d ' 

and V ( G ( s , t ) , D ) - sup V ( G ( s , t ) , p ( D ) , D ) . 

{p(D)i 
V(G(B,t),D) i s the t o t a l va r ia t ion of G(s , t ) on D. 

I f q(D) i s a refinement of p(D), 

V(a(s , t ) ,q(D) ,D) è V(G(s,t),p(D),D) . 

Since each p a r t i t i o n may be refined by a product p a r t i t i o n , i t 
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follows tha t V(G(s,t) ,D) may be evaluated by means of the product 
2 

p a r t i t i o n s a lone , and by means of the p a r t i t i o n s of type p i f D i s 

a square. I f the t o t a l va r i a t ion V(G(8,t),D) of G(s , t ) on D i s 

f i n i t e , G(s , t ) i s ca l led of bounded var ia t ion on D. 

V(G(s,t) ,D) i s a non-negative CT-additive se t function with 

respec t to D. 

If D - [ O , S ] X [ O , T ] and G(s , t ) - g^ (8 )g2( t ) , 

then V(6(s , t ) ,D) - V(g;^(s), [0 ,S]) .V(g2(t ) , [ O , T ] ) 

where V(g^(s) , [o , s ] ) and V(g2( t ) , [O ,T] ) 

are the t o t a l v a r i a t i o n s of g-,(s) and gp( t ) on LO.SJ and [o»Tj 

r e spec t i ve ly . 

Let the notion of p a r t i t i o n P ( D ) be extended in th i s sense tha t 

to each d € p(D) there i s an a r b i t r a r y point ( 8 , , t , ) e d. Let F ( s , t ) 

and G(s , t ) be mappings of D in to ( - c o , c o ) . I f to a l l sequences 

J P i^)\ > such tha t A(p (D))-» 0 as n -> c o , the corresponding 

sequences 

{ S(p^(D)) - ^ i ' ( s , . t ^ ) A A 6 ( s , t ) } 

>• d 6 p ^ ( D ) 

are convergent, necessa r i ly with one and the same l i m i t , say S, then 

S - j j j j F ( s , t )ddG(8 , t ) 

i s the ordinary Riemann-Stiel t jes i n t eg ra l of F ( s , t ) with respect 

to G(s , t ) on D. 

This i n t eg ra l may be shown to e x i s t i f F ( s , t ) i s continuous and 

G(8,t) of bounded va r i a t ion on D. Then 

1 S I é MY 

where M - max I F ( s , t ) and T i s the t o t a l va r i a t ion 
(s,t)eD ' ' 

of G(s,t) on D . 

Now we shall establish the existence of the integral in (2,8.2) 

under a less stringent condition! 
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(2.9 .1) I f f ( t ) i s a continuous mapping of [ O I T I in to 

( - 0 0 , CO ) , and i f | ( t ) i s a mapping of fo.TJ in to H 

such tha t E ^(s ) f ( t ) i s of bouded va r i a t i on on [ O , T | , 

5 ^ n t ) d l j ( t ) 

e x i s t s as a Riemann-Stiel t jes In teg ra l in q.m., and the a s s e r t i o n s 

of (2 .6 .2 ) a re v a l i d . Then 

l\l f(t)d ? ( t ) f .\lJl f(s)fCt)ddE 5(s) J( t ) é M̂V 

i f M - max U ( t ) | and T - T ( E f (s ) f ( t ) , [ O , T ] ^ ) . 

te[o,T] 
Proof! Let ( p ] be a sequence of p a r t i t i o n s of [OtTj such 

that Zii(p ) - * 0 as n—» c ^ . In regard to de f in i t ion ( 2 . 6 . 1 ) , 

i t i s to be es tab l i shed tha t [ ( /" ' (p ) \ i s a Cauchy sequence in H 

or , equivalent ly on account of the convergence in q.m. c r i t e r i o n 

( 2 . 1 . 4 ) , t ha t 

E<r'(p^)^.(p^) 

converges as ni,n-» oo . If p and p are defined by 

£C7'(p_)^'(pJ- i:^r^f(8.)f(t.)E(^(s.)- |(8,.p]f^(tp- ?(t^_,)}-

8 < S T < . < s , - T and 0 - t„< t , < . < t , - T re spec t ive ly , 
0 X 1 o 1 «J 

I J 

J-

iXf(-i)r(t') /t'f E?(s) lS( t ) . 
i - l j - l ^ ^ L^ i - l ' ' ' l J ^ l . ^ j - l ' * j J 

The r ight-hand side may be seen as a Eiemann-Stiel t jes sum belonging 

to the ordinary i n t e g r a l 
\l\l f ( 8 ) f ( t ) d d E ^ ( s ) 5 ( t ) . 

This In teg ra l e x i s t s as f ( 8 ) f ( t ) i s continuous and E ̂ ( s ) !f ( t ) 

of bounded va r i a t i on on [ O I T I . And so £<?•'(? )(7' ' ( p ) converges 

as n,m —̂  o^o . 

(2 .9 .2) Corol lary! I f a lso g ( t ) i s a continuous mapping of [o,T^ 

into (-c/l,cy>) and ')l(t) a mapping of ro,T"j in to H such tha t a lso 

E ^ (s ) Y\{t) and E')1(8))1(t) a re of bounded var ia t ion on [ O , T ] ^ , then 

£ j j ^ f ( s ' ) d ^ ( s ' ) | * g ( t ' ) d T j ( f ) ^ - j ^ J * f ( s ' ) g ( t ' ) d d E ^ ( s ' ) ^ ( t ' ) . 
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The condition in (2 .9 .1) 

» E | ( s ) 5 ( t ) i s of bounded variation on [ O . T ] ^ " 

i s l e s s stringent than the condition in (2 .8 .2) 

" ^(t) i s of bounded variation on 0,T in the strong sense " 

since 

C2.9.5) V ( E ? ( 8 ) ? ( t ) . [ 0 , T ] 2 ) é {v( ^ ( t ) , [ 0 , l ] ) p 

For, i f p i s a partit ion of [ O , T ] , defined by 0- t < tj^<.<tjj-T, 

p x p i s a partit ion of rO|Tj . On account of the inequality 

of Schwarz ( 2 . 1 . 1 ) , 

V(E|(s)^(t),pxp, [0,T]2) . ^ ^ l«{^(*l)-^^Vl>](?^*j^- ?^Vl^}| = 

i 4 lh(t,)-^(t,_,;||.||^(tj)-^(t._,)|. 

{il lVV-^(t , . , ) l l^^-{v(^(t) ,p.[0.T])}2. 

As we have seen that total variations may be evaluated by means of 

the part i t ions p x p alone, the statement follows as p passes 

through a sequence of partit ions f p 1 of \OfT such that 

A(P ) - • 0 as n —» &<? . 

Application to the Wiener-Lévy process in chapter 4 wi l l show 

that the reverse i s not true. Also in chapter 4, the existence of 

Biemann-Stieltjes integrals in q.m. with respect to Wiener-Lévy 

processes may be established, owing to theorem (2 .9 .2) or (2 .7 .1) 

but not to ( 2 . 8 . 2 ; . 

(2 .9 .4) Let ^ ( t ) be a mapping of [ o , ! ^ into H such that 

^ ^ ( s ) f ( t ) i s of bounded variation on ro,Tl , and l e t f ( s ) 

and g(s) be continuous mappings of [O.TT Into ( - e - o , c o ; . 

1; Then, i f 

TQ(t) - f* g ( 8 ) d ^ ( s ) , 

E T 1 ( 8 ) T ) ( * ) i s of bounded variation on fOtTj . 

ii) JJ f(t)dU* g(s)d^(s)j - j j f(t)g(t)d^(t). 
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Proof! Concerning i , on account of (2.9.2;, 

rs f t E13(s)rj(t) - ]° f* g ( 8 ' ) g ( t ' ) d d E § ( 8 ' ) 5 ( f ) . 

If d - |_8j^,S2lx[t^,t2'] <= [O,T3^ and m- max l g ( t ) | , then 
t6[0,T] 

8^ ft 

d 
'E ' j ( s )T3( t ) | - Ij^^ft^ g ( s ) g ( t ) d d E ^ ( s ) ^ ( t ) | ^ . 2 v ( E | ( s ) ^ ( t ) , d ) 

according to (2.9.1) . And so 

V(E15(s)13(t), [ 0 , T ] 2 ) ^ m 2 v ( E ? ( s ) | ( t ) , [ O , T ] 2 ) < ^ . 

Concerning i i , both Integrals exist , owing to (2.9.1) . Let p be 
the partition in section 2.6. I t gives r ise to the following 
Hiemann-Stieltjes sum, belonging to the integral in the left-hand 
side of 11 ! 

cr'(p) - : ^ f(t^)[lo'' e(s)d^(s) - J^''-^ g(s)d^(s)J -

: 2 n t ' ) J .'̂  g(8)d^(8) - ^ J, ' ' f(t ')g(s)d5(s) . 
k-l ^ •'\-i ^ k-l • ' V i ^ 

J o h p ( t ) g ( t ) d ^ ( t ) , if hp(t)-f(t^) as t ^ _ i 6 t < t ^ , k- l , . ,K. 

The above ca l cu la t ions are val id by v i r t u e of (2 .6 .2 ) and ( 2 . 9 . 1 ) . 

I t follows a l so from (2 .9 .1) tha t 

11 J o 

where 

I f ( t )g( t )dr( t ) -<r<{v)\\^ - l | Jo[f ( t )g( t ) -hp( t )g( t ) ]d^( t ) f^ m̂ V, 

m̂  - sup ^ l f ( t ) - h { t ) L l g ( t ) | and T - V(E f ( s ) ^ ( t ) , fo,!"! ^) . 
P t e [ 0 , T ] ' P i l l ^ •> L J 

Since f ( t ) i s imiformly continuous on the compact s e t [ o , ! " ] , 

m —"> 0 i f p passes through a sequence | p I of p a r t i t i o n s 

of [OfTl, such that /^(p ) —> 0 as n - ^ c o . 
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3 Ordinary linear systems, driven by random functions 

3 . 1 . The Banach space H 

I f H i s a Hi lber t space of the type defined in sect ion 2 .1 

and i f N i s a na tu r a l number, the ordered N-tuples or 

K-vectors, wr i t ten as column vectors 

I , l i & H, i - l , . ,N , 

ul 
constitute a linear space under the natural rules of addition and 

scalar multiplication ( here throughout with the real numbers). 

Obviously 

is a norm on this space. With this norm it will be called the 

space H . Since H is complete, H is complete with respect 

to this norm. So it is a Banach space. 

If 

/ ^11 • - • • ^IH \ 

' • • • 

\ * » i • • • • • ™ / 

i s an NXN-matrix with r e a l valued e n t r i e s a. , i , j - l , . , N , then 

A§ é H " , 

where A^ stands for the usual matrix-vector mult ipl icat ion. 

A I - max ^ I a • 
, 11 ' 1 - 1 , . , N j - l ' ^•^' 

then 

lh^lUe)A|.||l|,^ 

The following definitions are alowed, owing to the properties 

of the elements of H ! 
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, :73 
? i \ 

E 5 

^ ^ ^ ? H / 

and in particular Ei 

covarlsLnce n 

Ei^"r 

. . . ?,) 

i tr ix of I 

i s the trtuispose of ^ 

i s 

\ « ? N ? 1 -

^ ? I ^ N \ 

^?N?H / 

Let | ( t ) , t é VOfT] be a mapping of [ O , T ] into H * . 

Continuity of l̂  ( t ) in the strong sense, again called continuity 

In q.m., i s defined in the natural way: 

| ( t ) i s continuous in q.m. at t 6 r o , T l i f f 

111(8) - ?(t) | |^—» 0 as s - » t , s é [ 0 , T ] . 

I t follows that ^( t ; i s continuous in q.m. as a mapping of lOtTj 

Into H i f and only i f each component of ^( t ) i s continuous 

In q.m. as a mapping of fo,Tl into H . 

In analogous way, sample continuity and the diverse types of 
d i f ferent ia l quotients and Integrals are defined. In a l l relevant 
cases below, assertions about ^ ( t ) are true i f and only i f the 
corresponding assertions are true with respect to each of the 
separate components of ^ ( t ) . Thus many notions and assertions 
in this chapter have their l-dimensional counterpart in chapter 2 . 
They wi l l often be used without further comment and without 
introducing new names and symbols as the context wi l l make clear 
what i s meant. 

So 1 ( t ) i s differentiable in q.m. on [ O , T 1 i f f 

fd^M*)\ 
[O,T]. Aw ex i s t s on 

\df ?»(*)/ 



35 3.2 

If ^(t) is continuous in q.m. on lO|T| , its Riemann 

/io?l^«^'i«\ 
integral in q.m. C ^(3)ds - ; , t É TO,!"], 

exists, is continuous in q.m. and differentiable in q.m. on | 0,T , 

and satisfies - J ^(s)ds - ?(t). Then also 

E'^f*^(s)ds - f* E-^ ̂ (s)ds and in particular EC^^(s)ds-(* E^(s)ds. 

If ^(t) is differentiable in q.m., then also E'^^(t), and 

=̂ df i^'^ - A ^^^(*)' ^ pa-ti-i« ^A ̂ *) - A ^?(*)-

3 .2 . The homogeneous system. 

In t h i s sect ion are used several c l a s s i c a l fixed point theorems 

for Banach spaces, see | 6 | for i n s t ance . 

(3 .2 .1 ) Let A(t) be an NXN-matrix, whose en t r i e s a . ( t ) , 

0,T I in to ( - c / 0 , e o ) . 

Let ^ ( t ) be any continuous mapping of fOiTn in to H , s a t i s fy ing 

in q.m. sense the system of d i f f e r e n t i a l equations 

(? .2 .1a) ^ ^ ^ ( t ) - A ( t ) | ( t ) , t e [ 0 , T ] , 

with Initial condition 

(3.2.1b) T§(0) - 0 , 

or, equivalently, the system of Intgral equations 

(3.2.1c) |(t) - j* A(s)f(s)d8 , t Ê [ 0 , f ] . 

Then ^(t) - 0 , t6[o,T]. 

In other words, the above system is uniquely solvable with 

solution identical to 06 H ". 
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Proof! Clearly ^(t) - 0 is a solution. In order to show 

that it is the unique solution, let be assumed that also the 

arbitrary continuous mapping ^(t) of [o,!^ into H 

satisfies (3,2,1c). As we write 

ir|(t) - j * A(8)|(s)ds , t£[0,T], 

then (3.2.1c) reads 

?(t) - ^5(t) . 

I t follows that at t é [ O , T ] , 

II S(t)||H -||!r?(t)||, -III* A(s) |(s)ds|^4J*|A(s)| . p(s)|,ds ^ Mmt, 

Then |?(t)||, - ) | ^ ' 5 ( t ) | , •Wnrtit,)!^ - ||J„*A(8)n(s)dsl,^ 

J*|A(8)|.|y?(s)ll^ds é j * M M m s d s - m ^ ' , 

and by induction, 

|||(t)lU-||er'>^(t)||,imlMil''^mlMll'' 

for all natural numbers n and for all t£ro,Tj. Necessarily 

5(t) is identical to 0 on [O.TI. 

(3.2.2) If A(t) is the matrix in (3.2.1), and if y & a^ , 

then there is a unique continuous mapping ?(t) of [OiTj into 

H , satisfying in q.m. sense the system of differential equations 

(3.2.2a) ^^ |(t; - A(t) ̂ (t) , t e [O,T], 

with i n i t i a l condition 

(3.2.2b) ?(0) - y , 

or, equivalently, the system of integral equations 

13.2.2c) ^( t ) - / + j * A(s) 5(s)ds , t 6 - [ 0 , T ] . 

Proof! If there is a continuous mapping P(t) of [O ,TJ into 
N H , satisfying the above system, i t i s iinique. For, if also the 



37 3.2 

continuous mapping 'I9(t) of lpi'1'3 into H satisfies the 

above system, then §(t) - 1^(t) satisfies the system in (5.2.1) 

and so g(t) - r^{t) is identical to 0 . 

In order to show the existence of a solution to (3.2.2c;, let 

^(t) be a contiuous mapping of ^^0?^! into H . We shall use 

several results of (3.2.1; and write 

^ f ( t ) = / + frf(t; , t e [O,T]. 

jk/f ( t ; i s a continuous mapping of J 0 , T J in to H and 

J^ ?(t; = J{<f^{t)) = J{ / ^ 5^?(t;) - / + T{ / '+ 5^r(t;) • 
whereas 

^ ( / + : r f ( t ) ) = j ^ A(s; j / + r5(s;]ds = ̂ y +7 '2^( t ) . 
So 

^^ ^{t) = / + ^c^ + ^ ^ § ( t ) 
and by induction, since 

(3.2.2d) ^ " ? ( t ) = / + ^ ^ " - ^ C U ) , 

j ' ^ 5(t) = y + r y ^ . . ^r''-^ y+ r'^^n), n-1,2,.. 

It is seen that <) ?(t) is a continuous mapping of r'-'>Tj 

into H . If c = II'̂ IIM s.nd if k is a fixed natural number, 

then on account of the results in (3.2.1), 

lU"^''f(t) -xr"5(t)|(j,-i|rv+...7"^''-V*ïr-'^l(t)-r"|(t)(i^é 

11^vil, -.-ll7-''^''-VL ^1^"^' ?^*)|N -î '̂ 5(*)llN ^ 

(MT)" („^^nt-k-l (MT)"-̂ *̂  (MT)" _^ ^ 
c •*—r^ +..+ c i—/ T \ , + m ) 7/ s , + m -"—r̂  — * 0 as n-» c/3 , 

n! (n+k-i;! (n+k;! n! 

uniformly in t 6 0,T . And so, since H i s a complete space, 
r T N 

there i s a mapping /^ ( t ) of yo,Tj in to H such tha t 

^ • ^ ^ ( t ) —» ^ ( t ) as n -> CO , uniformly in t 6 f o , ! ] . 

By v i r t u e of ( 2 . 4 . 5 ) , A ( t ) i s continuous on [ O . T " ] . F ina l ly , 

according to (3.2.2d) and ( 2 , 7 . 5 ) , 

^ ( t ) - / + j * A(s)A(s)ds, 

showing the existence of a solution to the given system. 
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I f the N components of 0 in (3.2.2b) are degenerate random 

v a r i a b l e s , a de terminis t ic homogeneous l i n e a r system i s obtained 

as a special case of ( 3 . 2 . 2 ) . We r e c a l l the following r e s u l t of 

the de te rmin is t ic theory: 

(3 .2 .3 ) The c l a s s of de terminis t ic N-vector valued funct ions , 

s a t i s fy ing ( 3 . 2 . 2 a ) , i s a l i nea r vector space of dimension N, 

The fundamental matrix associated with A(t) i s the unique NxN-matrix 

F(t) , t é [0,T], 

whose e n t r i e s a re de te rmin is t i c (in t h i s case r ea l valued) 

d i f f e r en t i ab l e functions on [ o , T j , such tha t i t s column vectors 

are a base of the above l inea r space, and such tha t 

P(0) - I , , 

L. being the NxN i d e n t i t y matrix. Obviously 

^ F(t) - A(t)F(t) , t e [ O , T ] , 

and 

P( t ) - I , + \ \ A(8)F(s)ds , t é [ 0 , T ] . 

F( t ) i s non-singular on [p,T] , F" ' ' ' ( t )F(t) - Lj . 

Also F~ ( t ) i s continuously d i f f e r en t i ab l e on yo,Tl and s a t i s f i e s 

° • df N̂ • df K'(t)''(*)} - df{^''^*)]^(*) - ^''^*) A (̂*) 
or 

f̂ F-\ t) - -F-\t)A(t)F(t)F-\t) - -F-\t)A(t) . 

Now the unique solution in q.m. ?(t) of the system in (3.2.2) 

may be represented as 

5(t)-F(t))/, 

since by virtue of (2.5.5) and the properties of F(t) , 

H i ^ -dt{^(*)^i -A(t)F(t)>' -A(t)|(t) , 

where the differential quotients are derivatives in q.m., and since 

|(0) = F(0)/ - / . 
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If we consider 7" - '("->) at fixed C<J , it follows from the 

above deterministic theory that the system in (5.2.2; has a unique 

sample solution if the derivative in (3.2.2a) or the integral 

in (5.2.2c) are assumed to be a sample derivative or sample integral. 

Also this sample solution may be represented as 

I (co,t) - F(t)?'(c^) . 

So we have obtained the following theorem! 

(3.2.4) The system in (3.2.2) has a unique solution in q.m. 

as well as in sample sense. If F(t) is the fundamental matrix 

associated with A(t), see (5.2.3), the solutions of both types 

may be represented as 

5(t) - F(t)y , t 6 [O.T]. 

They coincide a . s . a t each t & [ 0 , T 1 . 

3 . 3 . Inhomogeneous systems. 

Let A(t) be an NXN-matrix whose e n t r i e s are continuous mappings 

of [ 0 , T ] in to ( - c o . c o ) , l e t y e u ^ and l e t o(.(t) be a 

continuous mapping of yo,T 1 in to H . 

Let be given the formal systems 

(5.3a) ^ | § ( t ) - A ( t ) 5 ( t ) + o<( t ) , t e [ 0 , T ] , 

(? .5b) 5(0) - y 

and 

(3.3c) | ( t ) - ^ + J* [ A ( 8 ) g ( s ) + c < ( s ) ] ds , t e [ O . T ] . 

(3 .3 .1 ) If 5 ( t ) i s a continuous mapping of [ O » T ] in to H , 

the system (3-5a) , (3 .3b) i s equivalent to (3 .5°) in ca lculus in q.m. 

And 

(3 .3 .1a) %{t) - Ht)y + F ( t ) J * F -^s )c<(8 )da 
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i s the unique solut ion in q.m. to ( 3 . 3 a , b , c ) . Here F ( t ) i s the 

fundamental matrix, associated with A ( t ) , see (3 .2 .3 ) i and the 

i n t eg ra l i s a Riemann i n t e g r a l in q.m. 

Proof! If a lso "^(t) s a t i s f i e s (5 .5a ,b ; in q.m. sense, then 

? ( t ) - 'O(t) i s a solut ion in q.m. to the system in (3 .2 .1) £uid 

so f ( t ) - •I5(t) - 0, t g [O,!"], showing the uniqueness. 

The solut ion in q.m. to (3.5a,b) w i l l be constructed by means 

of the method of Lagrange. Let be assumed tha t f ( t ) i s a mapping 

of [ O , T 1 into H " , such tha t 

( ( t ) - F ( t ) f ( t ) 

s a t i s f i e s ( 5 . 3 a ; . Subs t i tu t ion into (3.5a) y i e lds owing to ( 2 , 5 . 5 ) , 

^ f ^ f ( t ) + F ( t ) ^ - ^ - A ( t ) F ( t ) f ( t ) + o ^ ( t ) . 

Since ^y' - A ( t ) F ( t ) , see ( 3 . 2 . 5 ; , i t follows that 

So we may put 

f{i) - jl F-\8)c^(s)ds . 

Then <f>{0) - 0 , and | ( t ) - F ( t ) / + ^ ( t ) s a t i s f i e s ( 5 . 5 a , b ) . 

All above ca lcu la t ions in q.m. are va l id on account of the a s se r t i ons 

in chapter 2 and by v i r t u e of ( 3 . 2 . 4 ) . 

(5 .3 .2) I f o i ( t ) i s sample continuous, (3 .5a ,b) i s equivalent 

to (5.5c) for sample continuous processes ^ ( t ) on [ o , T j . 

Then (3 .3a ,b) has a unique solution in the sense of sample ca lcu lus , 

which may a lso be represented as ( 5 . 3 . 1 a ) , provided tha t the i n t e g r a l 

i s i n t e rp re t ed as a Riemann sample i n t e g r a l . 

If <k(t) i s continuous in q.m. as well as in sample sense, both 

types of solut ion e x i s t uniquely and co inc ide . 

(5 .5 .5) If the system | / i o<( t ) , t é [ _ 0 , T ] | i s Gaussian, 

the solut ion (5 .5 .1a) to (5 .3a ,b) i s Gaussian on [o.TJ by 

v i r t u e of ( 2 . 5 . I ) and v i in ( 2 . 6 . 2 ) . 
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(3.5.4) If ?(t) is the solution in q.m. to (5.3a,b) or (5.5c), 

then by virtue of (2.5.5) and v in (2.6.2), 

<f(t) - E ^ |(t) - F(t)E®^ + F(t) j* F"^(t')E'^oC(t')dt' 

is the unique solution in q.m. to 

^^<f{t) -A(t)f(t) +E'^<^(t) , t6[0,T], 

f(0) - E^y, 

or to 

5P(t) ~ E^y + j* [A(s)y(s) + E^oC(s)jds , t e [ o , T ] . 

In p a r t i c u l a r , as we se t 

E ? ( t ) - x ( t ) , ? ( t ) - x ( t ) + | ' ( t ) , 

Eo(( t) - a ( t ) , <<(t) - a ( t ) + oC' ( t ) , 

E y - c , y - o + y< , 

x(t) is the unique solution of the deterministic system 

^^ x(t) - A(t)x(t) + a(t) , t e [O,T], 

x(0) - o , 

and ll'(t) is the unique solution in q.m. of 

if ? ' ( t ) -A( t ) f ' ( t ) + <^'(t) . t e [O.T], 

i'(o) - y . 

The above two systems together are equivalent to (5>5a,b), interpreted 

in q.m. sense. On account of (2.4.2), a(t) and o<.'(t) are continuous (in q 

(3.3.5) If y and o((t), te[^0,TJ, are stochastically Independent, 

and if £ ̂^ - 0 and (or) Ec((t) - 0, t6 [0,1!, the covariance 

function matrix 

E|(8)?'^(t) , (s,t) e [o,iY, 

of 

|(t) - F(t)>' + F(t) j* F-\v)oC(v;dv 

is equal to 

00.^a) P(s) [E)'/"^+ [̂ f* F-V){E<^(u)cJ"(T)j(F-^(v))"^dudwlF^(t) . 



42 5.5 

This i s seen as f o l l o w s i 

E ?^(s) | j ( t ) - E [ i f,^^s){r^ - i j : f;;i(u)oc,(.)du}]. 

.SiV^*4^h'" k̂ x Io^h'k.w^k.('H]' 
where the f~ (u) are the e lements o f P~ ( u ) . 

According to ( 2 . 7 . 5 ) , ( 2 . 4 . 4 ) and ( 5 . 2 . 5 ) 1 

^ i o ' ^ilk'^^^'^kWdu . f* f - f j ^ , ( v ) c ( ^ , ( v ) d v -

io' io ^ ^ ( " ) i E < ^ ( u ) c C „ ( v ) ] f ^ ! , . ( v ) d u d v . 

S ince y ±oCAt), i , j - l , . , N , t Ê [ o , T ] , 

E T'^a- - 0 , where iT - j * f" jj^, (v) ct ^(v)dv . 

For, i f { <^ I n - 1 , 2 , . . I i s a sequence of Riemann sums, 

converging in q.m. to (7' as n—» 00 , then by v i r t u e of ( 2 . 1 . 5 ) , 

E>'v,<r' lim E y.cr ~ E y (T h n k h n _^ „ _ 
n —» «=-0 

And hence „ 
E | ^ ( s ) § j ( t ) - ^ ^ ^ ^ f , ^ ( s ) £ y^^y^^, f j ^ , ( t ) . 

N 

, ^ , , w«)-Joio^;;^^-){^«^kW'^k.(-)}^h'k.^-j^-'i--^jh.(*)' 
showing ( 5 . 3 . 5 a ) 
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4 Wiener-Lévy processes and some of their 

smooth perturbations 

4 . 1 . The l-dimensional Wiener-Lévy process and c a l c u l u s . 

A de ta i l ed account of the l-dimensional Wiener-Lévy process may 

be found in I 1!>1 • See also [6 "] and [ l 4 j . 

Let / 9 ( t ) be a s tochas t ic function of t e r o , ï ] . I t wi l l be 

assumed tha t s and t , with or without subscr ip ts belong to I O I T ] 

and tha t s . < . s . , t . < t . as i < j . 

We r e c a l l , i f 

i j y3('t) i s r e a l valued on [ o , ! ] , 

i i ) /3 (0) - 0 a . s . , 

i i i ) / 3 ( t ) i s sample continuous on | 0,T , 

and i f 

iv) the increments of A(t) are s tochas t i ca l l y independent, i . e . 

{J3(t^) - /i(t^)] and ^y3(t^) - / 3 ( t 3 ) | 

are s tochas t i ca l l y inaepenüent i f 

l t l ' * 2 ) ^ [ * 3 ' * 4 ^ = / , 

then Ji(t) i s necessa r i ly Gaussian £ind so of second order , and 

continuous in q.m. on [ 0 , T j . Then also Ey3(t) ex i s t s and i s 

continuous on r o , T l , see ( 2 . 4 . 2 ) . 

Moreover, i f 

v) E/3( t ) = 0 , t é [ 0 , T ] , 

then the increments of yö( t ) are or thogonal . For, i f r*]^»*2)'^L*3**4^ " P' 

E{/3(t2)- / 3 ( t ^ ) } { / 3 ( t ^ ) - / 3 ( t 3 ) ] - E [ / 3 ( t 2 ) - ) 3 ( t ^ ) ] E | ) 3 ( t ^ ) - ^ ( t 3 ) j - 0 . 

F ina l ly , i f 

v i ) the increments of Ji{t) are s t a t ionary in the sense tha t 

E i /3 (s ) - /3( t ) l depends only on Is - t | , 

say E^y3(s) - ; 3 ( t ) ] ^ = f ( | s - t | ) , then 

f(VV • E{/3(*5)- '3(h)}' - 4{/3(t5)-/«(t2)l^!/S(V-^(V}]' -
E{;3 ( t j ) -y9 ( t2 )}^ + E ̂ /Sit^)-J3{t^)\^ - f ( t ^ - t 2 ) + f ( t 2 - t ^ ) , 
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and it can be shown that 

E|)5(8) ->3(t)j » (^ js-tj, 0" being any positive number, 

2 
Now the choice of CT is the only freedom remained. Unless stated 

otherwise, it will be assumed that 

vii) <^^ - 1 , 

(4 .1 .1) Def ini t ion! fhdowed with the p roper t i es i - v i i , y3(t) 

i s the l-dimensional Wiener-Lévy process on fOiT j . Unless s ta ted 

otherwise, the symbol ^ ( t ) , without fu r ther comment, wi l l stand 

for the process with the above p r o p e r t i e s . 

We shall recall and discuss some more properties of /3(t). 

With p robab i l i ty 1, the t r a j e c t o r i e s of /3( ' t ) are not of 

bounded va r i a t ion and not d i f f e r en t i ab l e on any sub- in terva l 

of [ O , T ] . However, they are continuous because of assumption i i i . 

y 3 ( t ) i s not of bounded var ia t ion on ro ,T j in the strong 

sense, cf. ( 2 . 8 . 1 ) . For, i f p i s the p a r t i t i o n of [O,T" | 

defined by the subdivision points 

0, - T, - T, . . , ' ^ T, T , ' n ' n ' ' n ' ' 
then _ _ 

V ( y 3 ( t ) , p ^ , [ 0 , T ] ) - i . | | ^ ( | T ) - A ^ T ) l l - S ^ Y ^ - n l / f - - as n - - . 

It follows from the differentiability in q.m. criterion (2.5,6) 

that /6('t) is nowhere differentiable in q.m. 

Since /3(t) is continuous in q,m, on f0|T] , £y5(s)/3(t) is 

continuous on LOITJ by virtue of (2.4.6). 

I f O é s ^ t - Ó T , 

Ey3(s)^(t)-Ejy9(s)-y3(o)][{y3(t)-y3(8)} + {/3(8)-y3(o)j] -E(y3(8)-^(o)] 
Let us use the not ions and nota t ions in sect ion 2 . 9 . Then, i f 

d -[8i.82"lx[t^,t2]c[0,T"]2 , 

i t i s analogously shown tha t 

/M-m i f [s^.Sg) A [ t ^ . t j ) - [m,M) , 
^^ Ey3(s)/3(t) - J 

I. 0 i f [3^,83) A [ t ^ , t 2 ) - / . 

2 
- 8 
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In th i s way, E/3(s)y3( t ) induces a non-negative measure on the 

rec tang les d of [ O I T ] . I f the i n t e r s ec t i on of d with the 

diagonal s - t of [0,13 contains a t most one po in t , the above 

measure of d i s equal to 0 . I t follows that for each p a r t i t i o n 

P([O,T]^) of [O,T]^, 

V(E /3 (a ) /3 ( t ) , p ( [ 0 , T ] ^ ) , [ 0 , T ] 2 ) - T and SO V(E/3(s)y3( t ) , [ O , T ] ^ ) - T, 

i . e i 

(4 .1 .2) E / 3 ( s ) / 3 ( t ) i s of bounded var ia t ion on [ 0 , T 1 ^ with 

t o t a l va r i a t ion T . 

(4 .1 .5) If f ( t ) i s a continuous mapping of FOtTJ in to 

( - (̂ 3 , CO ) , t h e n 

i ) j * f (8)d/3(8) , t 6 [ O , T ] 

e x i s t s as a Riemann-Stiel t jes i n t e g r a l in q.m. on account 

of (4 .1 .2) and ( 2 . 9 . I ) , 

ii) the assertions of (2.6.2) are valid, 

ill) and if also g(t) is a continuous mapping of 0,T into 

(-co ,00), 

(4.1.3a) EJ^ f(8')d;3(s')j* g(t')d/3(f)- J^ f(s')g(s')ds' , m-min(8,t) 

and in p a r t i c u l a r 

(4.1.3b) ll j* f(8)d/3(8)112 - J* f2(s)ds . 

Proof! We only have to show (4.1.5a;. According to (2.9.2), 

I = E\1 f(8')d/3(s')j* g(f)d/3(t ' ) - mi f(s ')g(f)ddE/3(3')/9(f), 

where the l a t t e r i n t e g r a l e x i s t s as an ordinary Hiemann-Stielt jes 

i n t e g r a l since f ( s ' ) g ( t ' ) i s continuous and E / 9 ( s ' ) / 5 ( t ' ) of bounded 

va r i a t i on on D = [ 0 , s 3 x [ 0 , t J . Hence i t i s the l im i t of a sequence 

of Riemann-Stiel t jes sums, constructed on some sequence of 

p a r t i t i o n s of D of which the mesh tends to 0 . Assume s ^ t . 

Then m = s .We may use p a r t i t i o n s p(D) = pX q , where the 

p a r t i t i o n s p and q of [Ofs] and [ o , t ^ are defined by 

subdivision points s, , t , s a t i s fy ing 

0 = s^< s^ < . . <3j^ = s and 0 = s^< s^<r • • < s = s ^ t , •g . . é t = t 

r e spec t i ve ly . Owing to the proper t ies of /5 ( t ) discussed above, 
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E fl(s)/3(t) induces a measure xmequal to 0 only on the squares 

d, = [s, , , s,"] of P ( D ) . Therefore, since 

-^^.^/3(s)/3(t) = s ^ - s^_^ , 
k 

a Hiemann-Stieltjes sum belonging to p(D) is 

S(p(D)) = S. f(s')g(s-'){s^- s^_^] 

where (sj , sJ.' ) i s an a r b i t r a r y point in d, , k = l , . . , K . 

Also the i n t e g r a l J = I " f ( s ' ) g ( s ' ) d s ' e x i s t s and may be 

evaluated as the l im i t of a sequence of Riemann sums, constructed 

on any sequence of p a r t i t i o n s of [ o , s J , such tha t the mesh tends 

to 0 . Choosing the above p , we obtain the Riemann sum 

S(p) = è f ( s - " ) g ( s - ) { s ^ - s^_^^ 
k - l 

where s ' " i s any point in [ Si, -i i Sifl i k = l , . . , K . Now in 

II I - J N ||I - S(p(D))|| + |ls(p(D)) - S(p)|l + |ls(p) - J|l , 

S(p(D)) - S(p) - S { f ( s ^ ) g ( s ^ ' ) - f(s^")g(8j^")}[sj^ - Sj^_^}. 

If P ( D ) passes through a sequence | p (D) , n » l , 2 , . I such 

that A ( p (D)) - • 0 as n-»• <=o , the f i r s t and the l a s t term 

in the above inequa l i ty tend to 0 as n - * '=•<' on accoimt of 

the de f in i t ion and the existence of the i n t e g r a l s I and J . 

The middle term tends to 0 by v i r t ue of the xmiform cont inu i ty 

of f ( s ' ; g ( t ' ) on r o , s l x r o , t 1 . And hence I = J . 

4 . 2 . A c l a s s of smooth per turbat ions of the l-dimensional 

Wiener-Lévy process . 

The approximation of yö( t ) by smooth funct ions , t rea ted in 

t h i s sec t ion , corresponds to the operation of smoothing, used in 

the theory of generalized f imctions, see [^29j . Cf. a lso [ j J J • 

And so there wi l l be need for the t e s t i ng functions of d i s t r i b u t i o n 

theory. 
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(4 .2 .1) The t e s t i n g functions p ( t ) used in t h i s sect ion are 

assumed to be endowed with the following p roper t i e s ! 

i ) p ( t ) i s a non-negative, symmetric mapping of (-«"^ , o^ ) 

into i t s e l f , with compact support r - l , + l l . I . e : p ( - t ) - p ( t ) , 

p ( t ) ^ 0 i f t é- V-l,+l '] and p ( t ) - 0 outs ide T-l,+l"] . 

i i ) p ( t ) i s smooth, i . e . i n f i n i t e l y often d i f f e r e n t i a b l e 

on (- (>o , CO ) . 

i i i ) J p(t)dt - \^ p(t)dt - 1 . 

^ ^ l / ( t 2 - l ) ^ / J . l ^1/(8^-1) ^^ .^ ^ ^ j ^ ^ _ 

For ins tance : p ( t ) 
i f | t l 2 l . 

(4 .2 .2) As we define p ( t ) - n p ( n t ) , n - 1 , 2 , . . , t £ ( - cO,cX3) , 

then p, ( t ) - p ( t ) , and p ( t ) enjoys the above p roper t i e s i , i i 
" r 1 1 -1 

and i i i with the exception tha t i t s support i s - — , + — . 
I t shrinks to j o l as n —> c-o . 

(4 .2 .5) As we define q^(t) = J * ^ Pjj(s)ds , 

q^( t ) 4 0 as t - » -co and 1_(t) t as t —* c/^ J 
qn(t) = 0 i f t é - - and q ( t ) - 1 i f 

And since "^n^*) ° J-oo " p(ns)ds = ( " ^ p(x)di , 

i f t < 0 

i f t - 0 

i f t > 0 

The l im i t function of the sequence I q ^ ( t ) , n - 1 , 2 , . . 1 i s the 

un i t s tep function of Heaviside. 

We sha l l need the following eas i ly ve r i f i ed r e s u l t of r e a l 

a n a l y s i s . I t should be noted that the function f ( t ) below may 

be non-d i f fe ren t iab le and not of bounded var ia t ion on [ 0 , T 1 . 

(4 .2 .4) If f ( t ) i s a continuous mapping of [ O I T I in to ( - c / 0 , c o ) 

such tha t f(0) - 0, then as t é r o , T l , 

^) ^n^*) " S o 1n ( t - s )d f ( s ) - <!„( t -T)f (T)+J J f (s)p^( t - s )d s e x i s t s , 

i i ) f^( t ) i s smooth on [ O , T ] , f^ ' ' ) ( t ) - j ^ p '̂̂ ""^) ( t - s )d f (s) , 

i i i ) and as n—-> o^ , the sequence j f ( t ) , n - 1 , 2 , . . I 

converges to f ( t ; , uniformly in t & r o , T l . 
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We shall need the following lemma: 

(4.2.5) Let {?„(.*)' t 6 [ o , ï ] , n-1,2,..1 

be a sequence of real valued sample continuous stochastic processes 

with sample continuous representations 

^^{^,t), {c^ ,t)^O.>^[0,l], n=l,2,.. , 

where Xi. i s the point se t of a su i t ab le p robab i l i ty spaced XI »•^ » P r 

If a t a . a . oo e -TL 

? ("-• 11) —> ^(i-" »t) as n-> <vC5 , uniformly in t f [ 0 , T 1 , 

then ^ —> ^ a . s . in the sense tha t for £iny £. > 0 , 
^ n .̂  ^ 

(4 .2 .5a) P| V „ , f " J = sup 1? ( a ) , t ) - f ( c x j , t ) l è 6 l i 0 as n ' -» .oo 
[ ' ' = " L t 6 [ 0 , T ] I "̂  ' -'J 

Proof! Because of the uniform convergence of a . a . sequences of 

t r a j e c t o r i e s , a lso the l imi t process ? ( " ^ . t ) i s sample continuous 

on r o , T | and so i s the process 

j?n('^.1^)- | ( ^ . t ) | . (cu , t )én X[0 ,T] . 

I t i s separable in the sense of Doob, cf. sect ion 2 . 5 . Hence 

(4.2.5b) C^„(«J) - sup U ( c o , t ) - ^ ( c o . t ) ! 
•̂  te[o,T3 I ^ ' 

is an ^-measurable function of oo & Sl . As we set 

i-A-^-^ ^n' • n V n - L " ^ " " n ( ^ ) ' ^ ] ' 

then A , (è ^ , and | A , , n'-l,2,.. C is a shrinking sequence 

of t^-measurable sets. So it converges to an .>4^-measurable set, 

say A , . ^ A 6 ^ as n'—» co and hence 

(4.2.5d) ^(*n') ''' ^(^) ^^ ^'~* ' ^ ' 

If CiJ e A, then cu e A , for a l l n ' . This means, according 

to ( 4 . 2 . 5 0 ) , tha t a t each n ' , there i s an n" ^ n ' such tha t 

o 4 „ „ ( u J ^ ) ^ f c . 

Therefore, according to (4.2.5b), ^ (aJ,,t) does not converge 

uniformly in té ro,Tl as n —» co , and hence 

P(A) - 0 , 

showing (4.2.5a) on account of (4.2.5d) and (4.2.5c). 
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Corollary: We have shown oC {co ) -9 0 a.s. as n —^ ex). 

Hence, owing to a theorem of Egorov, see [71 1 given i. > 0, 

there is a set k^&.A with ^{k ^)< i- , such that << (o") 

converges imiformly in XI ̂  A^ , as n —» co . This means 

^ (cAjjt) —> '^{uj,t) as n-» CO , uniformly in 

(«J ,t) 6 (jQ-^Aj^ ) X [_0,T] , P(AJ^ )< £ for any £ > 0. 

Remark: The convergence 

5 ^> 1̂  a . s . as n —» 00 

in the sense of (4 .2 .5a) implies 

| — > | i n P a s n - » ' ^ ^ 

in the sense that for any £ > 0, 

P cu I sup ? „ ( u j , t ; - | ( ' ^ , t ; i 1 
t é [ 0 , T ] ' "̂  ' 

- * 0 

In turn , t h i s type of convergence implies 

f —» ^ in d i s t r i b u t i o n as n—»• «»̂  
^ n ^ 

in the sense that the probabi l i ty measures, induced by the processes 

I onto the cT'-field S of c [o ,TJ , see sect ion 2 . 5 , converge 

weakly to the p robabi l i ty measure, induced onto S by | , cf. [ 2 j , 

Let / 3 ( t ; be the l-dimensional Wiener-Lévy process on [ o , T j , 

and ^ ( . t ) the function in ( 4 . 2 . 5 ; . Then 

\l q„(t-s)d/3(8; 

ex i s t s as a Riemann-Stiel t jes i n t e g r a l in q.m. by v i r t u e of ( 4 . 1 . 5 ) . 

According to 1 in (2 .6 .2) and to ( 2 . 7 . 4 ; , 

i o 'Jn(*-«^<i/3(s; - [ q ^ ( t - s ; / 3 ( s ) ] ^ - \l / 3 (8 )dq^ ( t - s ) -

q^(t-T)/3(T) + j ^ / 3 (8 )p^ ( t - s )d s . 

I t i s seen tha t the r igt -hand side also ex i s t s as a Hiemann sample 

i n t e g r a l , and again by p a r t i a l In t eg ra t ion , so does the lef t-hand 

s i d e . On account of v i i in (2 .6 .2) the sample i n t e g r a l s coincide 

with the i n t e g r a l s in q.m. We r e c a l l tha t with p robabi l i ty 1 , the 

t r a j e c t o r i e s of >ö(s) a re ne i the r d i f f e r e n t i a b l e , nor of bounded 

var i a t ion on | 0 , T " 1 . 
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Now the following definition is admissible: 

(4.2.6) /3rS^) - So qji(*-s)dy3(s), te[o,tl, n-1,2,.. , 

to be interpreted as a sample integral , as well as an integral 
in q.m., i s a smooth perturbation of the l-dimensional Wiener-Lévy 

process / 3 ( t ) in ( 4 . 1 . 1 ) . I t may also be represented as 

(4.2.6a) ^ ^ ( t ) - q^(t-T)y3(T) + [^ /3(s)p^(t-s)ds . 

We shall derive a number of properties of /3 (t). 

i) With probability 1 the trajectories of /3 (t) are 

smooth functions of t on [OiTJ, on account of (4.2.4). 'I'he 

sample derivatives may be represented as 

4.2.6b) /3^''^(t) - ] ^ p^''-^^(t-8)d/3(8), k-l,2,. 

i i ) Now we shall consider /3 ( t ) as a mapping of \^0,T] 

into H . Since Ey3(t) - 0 on [ 0 , T ' ] , i t follows from v 

in (2 .6 .2) that E ^ ( t ) ex i s t s and i s identical to 0 on [ O , T ] . 

/3 ( t ) i s smooth in q.m. I t s derivatives in q.m. may also be 

represented as (4.2.6b) and coincide with the sample der ivat ives . 

Let us f i r s t show 

dt /̂ n^*) - SI Pn(t-«)<i/5(«) ^^ 1.". 
If t and t+h are fixed values in [ O , T ] , | q ( t+h-s ) -q^( t - s ) } / h 

i s a continuous function of s . On account of the mean value 

theorem of real analys is , i t may be written as p (t-B+ 9{B)), 

where ö ( s ) i s a walue between 0 and h . Now, given 

f > 0 and I hi suff ic ient ly small, i t follows on account 
of (4.1.5b) and by virtue of the uniform continuity of p (s ) 
on the compact set I 0,TJ , that 

II M n 'l,(t*h-s)d/3(s) - il q(t-s)d/3(s)] - \l p (̂t-s)d/3(8) f -

Pol^i'ln^*^*'-) - In^*-)} - P„(t-s)]dy3(8) || ^ . 

IllofPn^** tf(s)-s)-p^(t-8)jd^(8)f. il{p„(t+ ^(s)-s)-p^(t-8)}2dt<£2T. 

The differentiability in q.m. of (4.2.6b) is shown analogously, 

unu it followb by luauotiou tuat /9L(t) iu smooth in q.m. 
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iii) /3 (t) is Gaussian on fo,Tj, by virtue of vi in (2.6.2), 

since /3(t) is Gaussian on [ 0 , T J . 

iv) If the intervals [*!'*? J °^^ L*̂ '*yfj *^^ disjunct, then 
the increments 

j^,(t2)-/3„(t,)] and {/3„(t4)-y3„(t3)] 

of /3 (t) are stochastically independent tind orthogonal in H , 
see (2.5.1), if n is sufficiently large. 

For, according to (4.1.5a), 

E { / 3 „ ( t 2 ) - ^ „ ( t , ) ] { y 3 „ ( V - ^ „ ( t 3 ) ] -

Ŝo{ W - ) - \ih-4^M-) jo{%(v̂ ^ - W!l" ŷ3(«̂  • 
J o { q ^ ( V s ) - '^iir^)\[\i\-B) - q^(t5-8)}d8 . 

Since the support of p (t) tends to io l , the support of 
Sx^*k+1"^^ " "̂ n^^k"*^ tends to [t^»\^.i] as n - > cX) . Hence, 
since [ t . ,t„"] and [ t i » * . ! are disjunct, the function 

(q^( t2-s) - q^(Vs)^{q^(t^-s) - q^(t3-s)} 

is identical to 0 if n is sufficiently large. Then the above 

integral is equal to 0 , showing the orthogonality of the increments. 

v) As n —» CO , y3 ~*/3 a.s. in the sense of (4.2.5a). 

For, if i-Cl,^ ' ̂ ï is a suitable probability space and 

| y 3 n ( ^ . t ) . (cc-- ,t)é - ^ X [ O , T ] , n-l,2,..j , 

a sequence of sample continuous representations of the processes 

/6j,(''')i then at a.a. c*J the assertion iii of (4.2.4; is 

applicable, since 

/9^(ou , t ; - ^I q^(t-s;dy3(<.x.^ ,s) . 

As also the remark ana the corollary to (4.2.5; are applicable! 
/3jj("J » t ; -^ /Ö (LAJ , t ) as n - » o o , uniformly in 
(ou , t ; e ( H N Aj) .>̂  [0 , ï ] , A^eJ and P(AJ)<£ . for any £ > 0, 

and 
/J _> ,3 in P and in distribution as n -* <^ . 
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vi) As n-* co , /3 (t)-» /3(t; in q.m., uniformly in t é ro,Tl. 

For, on account of (4.1.3a), 

| l / 3^ ( t ; - /S[t)f - \\\l q^( t - s ;dy3(s) - / 3 ( t ; f -

^ { S o <ln(t-u;dy3(u; - /3{t)][ll q^( t -v)d/3(v) - / 3 ( t ; } -

E II q ^ ( t - u ) d ^ ( u ) j ^ q ^ ( t - v ) d / 3 ( v ) - 2 E J * 1 d /3 (u ) [^ q^( t -v)d/3(v) + 

Eftht) -

i o 1n(*-^)^'i^ - ^io <ln(*-s)'i^ -̂  * = 

J o f q „ ( t - s ) - h ( t - s ) ]2ds i [ ^ ^ j q ^ ( x ) - h(x)]2dx , 

where h(x) is the unit step function of Heaviside. Because of the 

properties of q (t), exposed in (4.2.3)» 

q^(x) - h(x) 

tends to O on {- 00 , o3 ) as n—» txJ . As i t i s a lso uniformly 

boimded in n , 

j * ^ | q j ^ ( x ) - h(x)^^—> O as n - * oo , uniformly in t € [ o , T ] , 

by v i r t u e of the dominated convergence theorem of Lebesgue. 

Now E/3 ( s ) /3 ( t ) -» E /3 ( s ) /3 ( t ) = min(s , t ) as n - > ^^ , 

uniformly in ( s , t ) 6 f o , ! ! by v i r tue of the following lemma: 

(4 .2 .6c) If j ^ ^ ( t ) , n - 1 , 2 , . . \ and | •>Ĵ ( t ) , n -1 ,2 , . . \ are 

sequences of mappings of [ 0 , T J in to H , converging in q.m. as 

n —> «^ , uniformly in t ë r o , T j , to ^ ( t ) and 'VI(t) r e spec t ive ly , 

then the sequence of c rosscor re la t ion functions | E f {s)^) ( t ) , n - 1 , 2 , . . V 

tends to E t ( s ) V 1 ( t ) as n -> co , uniformly in ( s , t ) é [ 0 , T 1 . 

For, 

\E^^{s)y)^{t) - E ̂(s)1J(t)l é lE^Js){r)^(t) - ̂ (t)i| + 

1E{§^(S) - ?(s)]^(t)|é 

ll^n^^^lMhn^*^ -^(*)|| ̂  |l?n(^)- ? («)|| ' l^^*) H ' 
on account of the inequality of Schwarz. 
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vi l ) Using (4.1.2) and the notation, introduced in section 2.9, 

V(E/3^(s)/3^(t), [ 0 , T ] 2 ) t T - V(E/3(s)/3(t), [o ,T]^ )as n - » 00 

For, according to (4.1.5a), 

E/3^(s)r3„(t) - E\1 q^(8-u)d/3(u) H q^(t-v)d/3(v) -

So V -̂̂ '̂ln^*-*'*'̂ ^ • 

Let d - [3^,82] x[t^,t2"]c:[o,T] . Then 

^^ E /3^(s ) /3 j t ) - ^f\l q^(s-x)q^(t-x)dx -

Io{ln(«2-^) - 1n (« l -^ )} [^ (V^^ - 1n(V^) l ' i^ - ° ' 

the latter inequality being true since q (t) is non-decreasing, 

see (4.2.5). Therefore 

j ̂ / E/3^(s)/3^(t)( - A^^ E;3^(s)^^(t) 

and so 

V(E/3^(8)/3„(t), [0.TJ2) . [5,^]iE/3^(s)^Jt) -

^,ffZ '^i^-Ki^--)^- - lo{^n('-) - n̂(-)}'<̂ - • 
I t follows from the properties of Q_(t) in (4.2.3) that 

j q^(T-x) - \ ( - x ) ] T l as n - » c / 0 , O ^ x - C T . 

Hence, by virtue of the monotone convergence theorem of Lebesgue, 

J^' |q^(T-x) - q^(-x)]^dx T J ^ 1 dx - T , as n-^ <>3 . 

As i t may be convenient that also the perturbed Wiener-Lévy 
processes s tar t with the value 0 at t - 0, we may introduce 
the smooth perturbations 

(4.2.7) i /3n(*^ - ^ n ( ° ^ ] • " - 1 ' 2 . . - . t é- [ O , T ] . 

Since /3 (O) —> 0 in q.m. and a . s . as n—* "=-0 , and since /3 (O) 
is independent of t , the processes (4.2.7) possess a l l above 
properties 1 - vii , and moreover they are a . s . identical to 0 
at t - 0 . 
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The above r e s u l t s are gathered in the following statement: 

(4 .2 .8) To the l-dimensional Wiener-Lévy process / 3 ( t ) , t 6 [ o , T ] , 

e x i s t s a sequence 

[ / 3 n ( t ) , t é [ O , T ] , n - 1 , 2 , . . ] 

of smooth per turba t ions with the proper t ies 

i ) / 3 ( t ) has smooth t r a j e c t o r i e s with p robab i l i ty 1 , 

i i ) /3 ( t ) i s a smooth function of second order , 

with E/3 ( t ) - 0 on [ 0 , T ] , 

i i i ) ft ( t ) i s Gaussian on [ o , T j , and may be defined on /3(t)» 

iv) the increments of /3 ( t ) on d i s junc t closed i n t e r v a l s 
are s t o c h a s t i c a l l y independent and orthogonal as n i s l a r g e , 

v) as n—» ê o , /3 —» /3 a . s . , in P and in d i s t r i b u t i o n 

in the sense of (4.2.5)» i t s coro l la ry and remark, 

v i ) ft ( t ) - » / 3 ( t ) in q.m., uniformly in t é FOtTj as n—» c-o , 

implying 

E/3 (s)/? (t) -* E/3(3)y3(t) - min(s,t), uniformly in (s,t)e [O,T]^, 

vii) the total variation of E/3 (s)/3 (t) on [ O.TJ 

increases to T, the total variation of E/i(s)A(t) on [O,T]^, 

as n —» CO , 

viii) the perturbations /3 (t) may be assumed to start with 

the value 0 at t - 0 . 

In (4.2.8), the first 4 properties describe /3 (t) as a 

reasonable mathematical model of the coordinates of a particle 

in Brownian motion. The properties v - vii show that /3 (t) 

converges satisfactorily to /3(t) as n—> c-O . 
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4 . 5 . Smooth per turbat ions of a f i n i t e degree of randomness. 

I t w i l l be shown tha t there are smooth per turba t ions of / 3 ( t ) 

in the sense of ( 4 . 2 . 8 ) , based on a f i n i t e number of random var iab les 

/ 3 ( t . ) , cf. [22] . Per turba t ions of t h i s kind have been used by 

Wong and Zakai, see [31J . 

(4 .5 .1) Let r (x) be a mapping of [ o , l j in to i t s e l f with the 

p roper t i es 

i ) r (0) - 0, r ( l ) - 1, and r (x) i s non-decreasing on [ 0 , 1 7 , 

and 

i i ) r (x) i s smooth on [ o , l J and moreover such that 

r^ ' ' ) (0) = r ^ ' ' ) ( l ) = 0, k - 1 , 2 , . . 

For Ins tance , 

r (x ) - q2(x- i ) 

where qp(t) is one of the functions defined in (4.2.5). 

(4.3.2) If p is the partition of [o,!], defined by the subdivision 

points t satisfying 0-t < t- < .. < tj - T, we define 

' ' " ' • ' ( ^ ) " 
t^_^ è t é t ^ , i - l , . . , I 

The behavior of r . ( t ) on | t . •• »t, "j corresponds with the behavior 

of r(x) on r o , l 1 . 

Let /3 ( t ) , t é 1 0,TJ , be the l-dimensional Wiener-Lévy process , 

see ( 4 . 1 . 1 ) . Let i JTI , . ^ , Pj be a su i tab le p robab i l i ty space, and 

^( Cu , t ) , (cjJ , t ) 6 _ Q x [ o , T j , a sample continuous represen ta t ion 

of / 3 ( t ) . 

(4 .3 .5) Given ( 4 . 5 . I ) and ( 4 . 3 . 2 ) , we define 

14.3.3a) /3p(t) - /3(t ._^) + r ^ ( t ) ^ ^ ( t . ; - ^ ( t . _ ^ ) J if t é [ t ^ _ ^ , t . ] , 

i - l , . . , 1 . 

Obviously, there is no ambiguity at the subdivision points t.. 

If A p , n-1,2,.. } is any sequence of partitions of [0,T^ , 

such that /^(p ; -» 0 as n-» co , and if we set 
n' 
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/S^{t) - ^ p ^ ( t ) , 

then 

(4.3.5b) I ^ ^ ( t ) , n-1,2,.. j 

i s a sequence of smooth per turbat ions of the 1-dlmenslonal 

Wiener-Lévy process . 

I t i s endowed with the proper t ies i - v i i i in ( 4 . 2 . 8 ) . 

Proof! 

i ) I t i s an Immediate r e s u l t of the def in i t ion that the 

t r a j e c t o r i e s /3 ( u ^ . t ) are smooth on the open i n t e r v a l s ( t . •> »tj ) 

and tha t the r i g h t - and left-band de r iva t ives e x i s t and are equal 

to 0 a t the subdivision points t . . Hence the de r iva t ives of a l l 

orders ex i s t a l so a t the subdivision points and so the t r a j e c t o r i e s 

are smooth on [ o , T j . 

i i ) / i ( t ) i s of second order , since a t any t e 1O,TJ i t i s 

a l i n e a r combination of some of the random var iab les / 3 ( * i ) . Clearly 

E/3 ( t ) - 0 on r o , T l . I t i s smooth in q.m. by v i r tue of arguments 

analogous to those, used in i and by applying a simple version 

of ( 2 . 5 . 5 ) . 

i i i ) /3 ( t ) i s Gaussian on I O . T J on account of ( 2 . 3 . 1 ) , as 

a t any t é [ Ü I T I i t i s a l i n e a r combination of random v a r i a b l e s , 

belonging to the Gaussian family j / 3 ( t ) , t & fO> ' ' ] \ . 

iv) The increments of /3 ( t ) on d i s junc t closed i n t e r v a l s 

of yo,Tj a re s tochas t i ca l l y independent and hence orthogonal 

as E/3( t ) - 0, i f n i s su f f ic ien t ly l a r g e . For , I f 

0 é 8^ è 32 < 3j -É 8^ é T, 

there is an N such that A(p ) < s, - 8„ as n > N . So, to 

any partition p with n > N, there is a subdivision point t./ \ 

in [ s 2 , s , ] . And hence 

/3j i(3„)-^jj(s ,) i s defined on some increments of / 3 ( t ) , t é - [ o , t . ^ •> j , 

whereas 

/3 ( S . ) - A ( S , ) is defined on some increments of /3(t), t é l^ifn)'"''!' 

The assertion is shown, owing to the independence and orthogonality 

of the increments of /3(t), see (4.1.1) . 



57 

v) At a .a . CO 6 SI , /3 (ou , t ) - » /3 ("J , t) uniformly 

in t Ê L0»TJ as n—• o^ . For, being continuous on the compact 

set [ O , T 3 , /3("J,t ) i s uniformly continuous on [o ,T^. So, 

given t > 0, there i s a S' > 0 such that [ 8 , t ] C [ O , T ] and 

I s-t I < S^ imply I /3(s) - /3(t) | < i. . Since ^{p ) -> 0 

as n - * CO , there i s an N such that n > N implies /\{f ) < S" . 

Let us assume that partition p in (4 .5 .2) s a t i s f i e s ^ ( p ) < <̂  . 

Given t 6 I O , T ] , there i s an index i such that t e [ t . T»t."]. 

Then I t . - t^ .^ |< . S , \ t . t ^ . , | ^ ^ , 

/3^(dO,t) - /^{<^,\_i) + r^(t ) [ /3(cü, t^) - /3(aJ,t^_^)"'j, 
and so 
l/3„(uj,t)-y3(a.,t._^)l - lr^(t)l . |y3(aj,t^) -/3(uJ ,t._^)| < l.£ . 

Therefore 

|/3ĵ (w ,t)-yS(<^»t)li|/3j^(cü,t)-/3(oü,t^_^)l+|i5(uj,t._^)-/3(co,t)[< 2é 

The index H is obtained independently of t and hence 

/3j^(co,t)^/3(aJ,t) 

uniformly in t é f O j T J as n-» c^ . Theorem (4 .2 .5) i s applicable, 

yielding 

ft. ^-* ji a . s . as n - . «^ 

in the sense of ( 4 .2 .5a ) . Also the corollary and the remark 

to (4 .2 .5) apply. 

v i ) / 3 ( t ) - * / 3 ( t ) in q.m., uniformly in t € [ o , T ^ as n-» <^ . 
This may be shown by arguments analogous to those in v since 

/ 3 ( t ) i s also uniformly continuous in q.m. on [ 0 , 1 7 , according 

to ( 2 . 4 . 7 ) . So, given £ > 0, there i s a «5 > 0 such that 
[ s . t ] C [ O , T ] and (8-t |<<r imply 1|/B (s) - /5 ( t ) ^ < 1 . 
Again there i s an N such that n > N implies .A.(p ) < "̂  

Let us assume that the partit ion p in (4 .5 .2) s a t i s f i e s .^(p) <- ^ • 

If t 6 rO,T"|, there i s an index 1 such that t 6 Yt. i » t . l . 
Now we obtain» see v , 

l)/3n(*) -y3(vi)ll - hi(*)|-ï/s(*i^ - /2^*i-l)ll< ^ 
and therefore 

lJ/3,(t) -/3(t)llé||/3„(t) -y3(t..,))l .H/S(t,.,) -/3(t)ll < 2£ . 
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Again the index N i s obtained independently of t £ 10,Tj and 

hence the convergence in q.m. of /3 ( t ) to / 3 ( t ) i s uniform 

in t 6 [ 0 , T ] . 

On account of lemma (4 .2 .60 ) , E/3 ( s ) / 3 ( t ) -» E / 3 ( s ) / 3 ( t ) 

as n - » 00 , uniformly in ( s , t ) i e f ^ ' ^ l . 

v i i ) Also t h i s a s se r t ion i s t rue since we may show tha t for 

any p a r t i t i o n p of Vo,TJ, 

V(E/3p(B)/3p(t) , [0,Tf) - T - ¥ ( E / 3 ( 8 ) / 3 ( t ) , [ 0 , T ] 2 ) . 

Let p be the p a r t i t i o n in (4 .5 .2) and l e t 

•̂ ij "[Vi'^il^tVi'^jl-
Then, as the t o t a l va r ia t ion i s an add i t ive se t - func t ion , 

V(E/3 ( s ) / 3 ^ ( t ) , \ 0 , T ] 2 ) - ^ - V(E/3 ( s ) p ( t ) , d ) . 
^ ^ i , j - l , . , I f f ^J 

I f 1 - j and ( 3 , t ) 6 d̂ ^̂ , 

/3p(s) - / 3 ( t , _ , ) + r . ( s ) ( / 3 ( t , ) - / 3 ( t ^ _ , ) ] , 

/ 3 p ( t ) - / 3 ( t ^_^ ) + r j t ) [ / 3 ( t ^ ) - /3(t^_^) '^ and 

E ^ p ( 8 ) ) 9 p ( t ) - t ._^ + ( t^ - t . _ ^ ) r . ( s ) r ^ ( t ) . 

Since r , ( t ) i s non-decreasing on I t . T » t , l with t o t a l va r ia t ion 

equal to 1 , 

V ( E ^ p ( 8 ) / 3 p ( t ) . d.^) - t^ - t . . , . 

If 1 < j and ( s , t ) e d . , 

/3p(«) - /i(\.i) * r^(8)[/3(t,) - /3(t._,)5 

and ft ( t ) may be wri t ten as 

^p(t)-^(t^_P + [/3(t.)-/3(t._^)]+[/3(t._^)-^(t.)]+rj(t)|/3(t.)-/3(tj_j)^, 

And hence 

E/3p(s) /3p( t ) - t^_^ + ( t^ - t . _ ^ ) r . ( s ) . 

And now, since Ep (s)f3 (t) depends on s alone, 

V(E|3p(8)/3p(t), d..) - O 
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If i > j and (s,t) 6 d. . , a similar result is obtained. 

And so we obtain 

V(E(3p(8)/èp(t), [0,T]2) . ^ V(E/3p(s)/3p(t), d..) -

, ^ J (*i -\-l^ - *I - *o - ^ • 
1-1,.,1 

v i i i ) /3jj(0) - /3(0) - 0 , by v i r t u e of the de f in i t ion of / 3 ( t ) 

and the de f in i t ion of ƒ3 ( t ) in t h i s sec t ion . 

The per turba t ions /3j j ( t ) of / 3 ( t ) in t h i s sect ion a re 

defined on a f i n i t e number of random v a r i a b l e s . 

The mappings / 3 j j ( t ) of [ 0 , T ' ] in to H are polygons. The 

de r iva t ives in q.m. a t the v e r t i c e s are i den t i ca l to 0 . 

4 . 4 . The N-dimensional Wiener-Lévy process and some of i t s 

d i f f e ren t i ab le pe r tu rba t ions . 

(4 .4 .1 ) Let /3 , ( t ) , . . , ft j . ( t ) be N mutually s tochas t i ca l l y 

independent (and orthogonal) 1-dimensional Wiener-Lévy processes 

on [ _ 0 , T ] of type ( 4 . 1 . 1 ) . Then 

(4 .4 .1a) E/3oi (s )y3^j ( t ) = ^ . j m l n ( 8 , t ) , i , j = l , . , N , s , t 6 [ O , T J , 

where the Kronecker «f. . i s equal to 0 i f i -^ j and equal 

to 1 i f i=j . 

The column N-vector 

/ / 3 o l ^ * ) \ 

(4 .4.1b) /3^ ( t ) - ; . t e [ o , T ] , 

\ / 3 O N ( * ) / 

i s the standard N-dimensional Wiener-Lévy process . I t follows 

from (4.4 .1a) tha t 
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(4 .4 .1c) E / 3 ^ ( s ) ^ ^ ( t ) - mln(s , t ) I j , , 

where I„ i s the NxN- iden t l t y matrix. 
N 

(4 .4 .2 ) Let G(t) be £in NxN-matrix whose e n t r i e s g^^Ut) a re 

continuously d i f f e r en t i ab l e mappings of [ 0 > T J in to ( - c / 0 , c / 3 ) . 

The N-dimensional Wiener-Lévy process on [0 ,T^ i s the mapping 

/ 3 ( t ) of £ 0 , T ] in to H " , defined by 

(4 .4 .2a) y 3 ( t ; - j * G(8)d/3^(8) , t é [ O , T ] . 

Here /3 (s) i s the standard N-dimensional Wiener-Lévy process 

of ( 4 . 4 . 1 b ) . From now on /3(-t) wi l l stand for N-dimensional 

Wiener-Lévy process . The components of / 3 ( t ) are 

i4UiL2bi / 3 , ( t ) - j ^ i « ik^s)d/3„^(s) - 1 [* «ik^3)d/3„^(s) , 
k - l k - l 

i - l , . , N . 

The i n t e g r a l s in (4.4.2b) ex i s t as Kiemeinn-Stieltjes i n t e g r a l s 
in q.m. on account of ( 4 . 1 . 5 ) . 

By v i r t u e of i in (2 .6 .2) and by ( 2 . 7 . 4 ) , 

LA.A.20I / 3 , ( t ) = i g i , ( t ) / 6 „ , ( t ) - i II ^ g i , ( s ) / 3 „ , ( s ) d s , 

i - l , . , N . 

Now i t i s seen that the i n t e g r a l s a lso e x i s t as ordinary Riemann 

seunple i n t e g r a l s ' . 

Hence (4 .4 .2a) i s me£iningful as an i n t e g r a l in q.m. as well 

as a sample i n t e g r a l . Both types of i n t e g r a l s coincide , owing 

to v i i in ( 2 . 6 . 2 ) . And the following r e l a t i on holds: 

(4.4.2d) / 3 ( t ) - j ^ G ( s ) d ^ ^ ( s ) - tt(t)/3^(t) - \l ^ G(8)/3„(s)d8. 

+ ) Usually the elements of G(t) are only demanded to be continuous 

functions. In order to establish the meaning of (4.4.2a) 

or (4.4.2c) as a sample integral, continuity of these elements 

is not sufficient. It would be sufficient that they were 

moreover of bounded variation on [o,TJ. However, in order to 

subject G(t) to a more realistic condition, we demanded that 

the elements g^^(t) should be continuously differentiable on [o,Tj. 
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On account of (4.4.1a), (4.4.2b) and (4.1.3a), 

i i , l , 2 e i E /3 , (8 )^ j ( t ) - J-^ J ^ E [I gi,(u)d/3^^(u) | * gjh(v)d/3„i,(v) 

N 

^ So «^ik^ '̂̂ ^jk^" '̂*'' ' " " "'i 'i(s,t) , (s,t)<& [ 0 , T ] ' ' , 

and hence the covariance function matrix satisfies 

(4.4.2f) E/3(s)/3\t) - f° G(u)G (u)du, m - min(8,t), ( s , t ) é [ o , T ] ^ . 

As we set 

(4.4.2g) B(t) - G(t)G'^(t) , t e [ 0 , T ] , 

then 

(4.4.2h) ^1 E/3(t)yS^(t) - B(t) , t e [ 0 , T ] . 

I t follows by the method of (2.9.4) and the result in (4.4.2e) 

that the elements of the covariance function matrix E/3(8)/3(t) 

are of bounded variation on [0,T"1 ! 
IT 

(4 .4 .21) V( E / 3 ^ ( s ) / 3 j ( t ) , [0,T]2 ) é : ^ J o l^ik^^^Skj^"^!"^" -

£ N T M̂  as M - max [g- ( t ) ! . 
i , j - l , . , N , t€ : [0 ,T] ^J 

The separate components ff> ..{t) of / 3 ( t ) , i " l , . , N , possess the 

p roper t i e s 1-v of the l-dimensional Wiener-Lévy process ( 4 , 1 , 1 ) , 

If, for ins tance , the matrix G(t) i s independent of t on V O , T 1 , 

the components ft.^t) a l so possess the property v i , i . e . they 

have s t a t iona ry increments. I f G(t) i s Iden t i ca l to L on [ 0 , T 1 , 

/ 3 ( t ) i s i d e n t i c a l to / 3 ( t ) , the standard N-dimensional Wiener-Lévy 

process , whose components possess a l l p roper t ies i - v i i of the 

1-dimensional Wiener-Lévy process ( 4 . 1 . 1 ) . 

In n o n - t r i v i a l cases , the components of ^ ( t ) are not 

d i f f e r e n t i a b l e in q.m., and t h e i r t r a j e c t o r i e s are with p robab i l i t y 1 

not d i f f e r en t i ab l e and not of bounded var ia t ion on the sub- in te rva l s 

of [ 0 , T ] . 

In order to obtain continuously d i f f e ren t i ab le per turbat ions of 

the N-dimensional Wiener-Lévy process ( 4 . 4 . 2 a ) , we sha l l s t a r t with 

per turbing the N-dimensional standard Wiener-Lévy process / ? (*)• 
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Here /3 . (n , t ) i s related to 

I ts respective components /ft . ( t ) , i - l , . ,N , are replaced by 
processes / 3 . ( n , t ) , n= l ,2 , . . . Here /3 . (n , t ) 
^ . ( t ) as ft (t) to /3( t ) in (4.2.8) . And so 

/3„i (n , t ) 

U.4.5) /3o(n»t) = é[0,T], n-1,2,, 

I / 3OK(" ' *^ ' 

i s a smoothly perturbed standard N-dimensional Wiener-Lévy process. 
I t s components are endowed with a l l properties i - v i i i in (4.2.8). 
Hence, if 1 =?̂  j , /5 .(n,8) and ft . ( n ' , t ) are stochastically 
independent and orthogonal as they have zero expectation, and as 
they are defined on /3 ^(u), u é [ 0 , T ' ] and on /3 A^) . •»• 6 [0,11 
respectively. 

(4.4.4) Definition! If G(t) is the matrix in (4.4.2) and if 
^3jj(n,t; i s the N-vector (4.4.3). 

(ft-^Kn,t)\ 

• - \\ G(s)d/3o(n.s) , t e [ 0 , T ] , 

\/3jj(n,t) / 

/3(n,t) 

i s a continuously differentiable perturbation of the N-dimensional 
Wiener-Lévy process (4 .4 .2; . 

By virtue of (2.8.3), (2.6.2) and the properties of /3 (n ,s) , 

(4.4.4a) /3(n, t ) - ^* G(s) ^f ,,ö^(n,s)ds -

G(t)/3„(n,t) - J* ^f G(s)/3^(n,s)ds. 

The components /3 . (n, t) of /3(n, t) satisfy 
N 

(4.4.4b) /3 i (n , t ) - S ]„ «ik^'^^/^ok^'^'^) • 

• ^Sl «ik(^) df ^ok^-'̂ )'̂ ^ = i { %k(*)/3ok '̂̂ '̂ ) - So A «ik^«)/3ok('''«)'^« 
k - l k - l "• 

The above derivatives and integrals exist in sample sense as well 

as in q.m. In both senses the results coincide by virtue of (2.6,2). 
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Owing to (4.4.4b), it is a result of real analysis and of (2.7.2) 

respectively, that the components /5. (n,t) are differentiable in 

sample sense, as well as in q.m. with derivatives 

^f/3i(n,t) - S g.^(t) df/a„k^n,t) , i-l,.,N . 

k-l 

Since /3,(n,t), k-l,.,N, is infinitely often differentiable in 

sample sense and in q.m., and as g., (t) is assumed to be continuously 

differentiable, 

AA(-'^:> 
is again continuously differentiable in sample sense and in q.m., 

see (2.5.5). If the matrix G(t) possesses a derivative of order K, 

the components /3.(n,t) possess derivatives of order K+1, both 

in sample sense and in q.m. The results in both senses coincide. 

Since E/J (n,t) - 0 on account of (4.4.5) and (4.2.8), also 

E^(n,t) - 0 

on account of (4.4.4) and of v in (2.6.2). 

And as /3^(n,0) = 0, also /3(n,0) - 0, see (4.4.4a). 

By assumption in (4.4.I), the components /3 j(t) of /3 (t) 

are stochastically independent and orthogonal processes on [ 0 , T ] . 

Hence the random variables figuring in /3 (t), t & [ 0 , T ] , belong 

to a centered Gaussian subspace of H, see section 2.3. It follows 

from (4,4.4)» (4.4.3) with (4.2.8) and from (2.5.1) that the random 

variables figuring in /3(n,t) also belong to that Gaussian subspace. 

If 0 ̂  t̂  é t2 < t ^ t -è 1 , 

/3i(n,t2) - /S,(n,t,) - 2 ^*2 e^^[t)d^^^{n,t) 

and „ 

/3j(n,t^) - /3^{n,t^) = ̂ ^ 5,4 gjk(t)d/3„^(n,t) . 

So the above increments are defined on increments of ƒ3 i^(n,t), k-l,.,W, 

in L^l»*?-! "̂*̂  L ^ ^ ' ^ A I respectively. 

Owing to (4.2.8) these respective increments are stochastically 

independent and orthogonal if n is sufficiently large, and hence 
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the same is true with respect to the above Increments of the 
components of ^ ( n , t ) . 

Let us consider the difference of the components of the 
N-dimensional Wiener-Lévy process (4.4.2) and i t s perturbation (4.4.4): 

/ 5 , ( t ) - / 3 ^ ( n , t ) - ^ J g , , ( t ) ^ , ( t ) - / 3 ^ , ( n , t ) } - J * , f g,,(s){/3„,(s)-y3„,(n,s)jds] 

t 6 \0,l], i - l , . ,N . 

The integrals may be seen as sample integrals, as well as integrals 

in q.m. The integrals of both types coincide. 

By virtue of (4.2.8), the trajectories of /3t(n,s) tend to 

the corresponding trajectories of ^ i,(s) as n—> co , uniformly 

in 8 e [0,T3 , k=l,.,N . As by assumption — g.. (s) is 

continuous on j 0,TJ, the trajectories of 

d!«ik(^){/3ok^^)-/5ok^-'«)] 
tend to 0 as n —• co , uniformly in s £ [0,TJ . Hence, on account 

of the rules of ordinary real analysis,the trajectories of 

/3.(t) - /3.(n,t) tend to 0 , uniformly in t £ [ o , T ] . Lemma (4.2.5) 

applies and so the trajectories of /3.(n,t) tend as n —»• «O 

to the corresponding trajectories of /3.(t) a.s. in the sense 

of (4.2.5a). This type of convergence implies convergence in probability 

and in distribution in the sense of the remark to (4.2.5). 

By virtue of (4.2.8), ^3 , (n,s) tends to /3 1,(8) in q.m. 

as n—* "•^ , uniformly in s 6 [ 0,T1. Since ,— g., (s) is 

continuous on Vo,Tj, 

Id! «ik^^H^ok^^) - /Sok̂ '̂ '̂ }̂!) ^ ° -« n - ^ 0 0 . 
uniformly in s fe[o,T]. Hence, by virtue of (2.7.5), 
/3 . (n , t ) —* (^.( t) in q.m. as n —» <iO , uniformly in t 6 |i_0,TJ. 

Because of lemma (4.2.6c), this la t ter result entails 

E/3^(n,s) ;3^(n,t) —> Sf3^{3)ft^{t) as n - * ĉ o , 

uniformly in ( s , t ) e [O,T] , i , j=l , . ,N . 
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Fina l ly , l e t us consider the t o t a l va r i a t ion on [O,TT of 

the elements of the covariance function matrix E/3(n,B)/3 (n» t ) . 

On account of ( 2 . 9 . 2 ) , 

E / 3 i ( n , 8 ) / 3 j ( n , t ) - E ^ ^ ^l « i^(u)d/3„^(n,u) ^ ^ j ^ * gjj^(v)d/3„i^(n,v) 

N 
' S ^° J° ^ik^"^«jk^^) 'idE/3„j^(n,u)/3^^(n,v) , i , J . l , . , N , 

since ft, (n,u) and /S> , (n,v) a re orthogonal i f h.^ k , 

see ( 4 . 4 . 5 ) . Obviously, 

V( E/3^(n,s)/3j(n,t) , ].0,T]^ ) ^ 

N 

^( io-^o8lk^")«jk^') '^•^^Ak^'^'^^/Sok^'^'^) • [o.-rr )• 
k-l 

Because of 1 in (2.9.4) and vii in (4.2.8), 

^( So" io 8lk^^)8jk(^) ddE/S^j^(n,u)^^^(n,v) , [o,Tf ) - M ' T , 

if M - max I «n(t)l. 

i,j-l,.,N, tÉ[0,T]' ^J 

And hence 

V( E/3.(n,s)/3j(n,t) , [ 0 , T ] ^ ) ̂  N M^ T , n-1,2,.. , l,j-l,.,N. 

We recall (4.4.21), where we established 

V( E/3^(s)/3j(t) , 1^0,T]^ ) é N M ^ T . 

And so the elements of the covariance function matrices 

E/3(n,8)/3(n,t) and E/3(s)//(t) 

are of bounded variation on [ 0,TJ , uniform in n-1,2,.. . 

If the components of /3 (n,t) are of the type, defined in 

section 4.5, then /3(n,t) , t6[_0,T'] is defined on a finite 

number of random variables. 

We have shown that /3(n,t) is a reasonable mathematical model 

of the position of a particle in Brownian motion. And we have shown 

the measure in which /3(n,t) approaches /3(t) if n is large. 
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The above r e s u l t s are gathered together in the following 

statement! 

(4 .4 .5) Given the N-dimensional Wiener-Lévy process / 3 ( t ) , t éTOjTl , 

in ( 4 . 4 . 2 ) , there i s a sequence 

^ / 3 ( n , t ) , t € [ 0 , T ] , n - 1 , 2 , . . ] 

of perturbations of /3(t) with the following properties. 

As i,j.l,.,N, 

I) the components /3(n,t) have continuously differentiable 

trajectories with probability 1 , 

II) the components /3(n,t) are continuously differentiable 

in q.m. on [^ITI, 

ill) E/3(n,t) - 0, t 6 (0,TJ , and the random variables, figuring 

in /S(n,t) and /3(t) , té[0,T'], belong to the centered Gaussian 

system, generated by /3 (t), t6[ü,Tl, for all n-1,2,.. , 

iv) the increments of /3j(n,t) and /3(n,t) on disjunct 

closed intervals of ro,T'l are orthogonal if n is sufficiently 

large, 

v) as n —» c/o , the trajectories of /3.(n,t) tend to the 

corresponding trajectories of /3.(t) a.s. in the sense of (4.2.5a) 

and hence also in probability £ind in distribution in the sense of 

the remark to (4.2.5), 

vi) as n —* ttO , /3.(n,t)—» /3j(t) in q.m., uniformly 

in te[o,Tj, 

implying that E y3. (n, s) /3. (n, t) —»• E y3. (s) yS . (t) as n->^ c^ , 

uniformly in ( s, t)e[ü,T]^, 

vii) the elements of the covariance function matrices 

K/i(n,s;/Q (n,t; and Ji/3(s)y3(t) are of bounded variation 

on [o,!'! , uniform in n-1,2,.. , 

viii) /3(n,0) = 0 , n=l,2,.. 

At each n , /3(n,t), t6[o,Tj, may be based on a finite set 

of random variables. 
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5 Ordinary linear systems, driven by white noise and the 
behaviour of their solutions with respect to differentiable 

perturbations of the involved noise processes 

5 . 1 . The solut ion of an ordinary l i nea r system, driven by 

an N-dimensional Wiener-Lévy process . 

We sha l l continue chapter 3 . 

(5 .1 .1 ) Let be given the system 

d 5(t) - A(t) 5( t )d t + d/3(t) ""̂  , te [ O , T ] , 
(5 .1 .1a) 

?(o) - y 

whose meaning i s 

(5.1.1b) | ( t ) - ;' + 5*A(s) f(s)ds + /3( t ) *) , t é [ 0 , T ] 

We r e c a l l tha t 

I ) A(t) i s an NxN-matrix whose e n t r i e s a. , ( t ) , i , j - l , . , N , 

a re continuous mappings of [ 0 , T ] in to {- tyo , c^o ) , 

I I ) y, with components y., i = l , . , N , i s a centered Gaussian 

N-vector, E / - 0 , 

i i i ) / 3 ( t ) i s the N-dimensional Wiener-Lévy process (4 .4 .2a) 

with components / 3 . ( t ) , t 6 [ 0 , T l , i - l , . , N . 

And i t i s asstimed that moreover 

iv) y and / 3 . ( t ) , t é [ 0 , T ] , i , j - l , . , N , are s t ochas t i c a l l y 

independent. 

+ ) Usually, dy3(t ) in (5 .1.1a) i s replaced by M(t)d 3 ( t ) , where 

the matrix M(t) i s endowed with the same proper t i es as G(t) 

i n ( 4 . 4 . 2 ) . This means that / 3 ( t ) = f* G(s)d/3 (s) in (5.1.1b) 
• O 

is replaced by f M(s)dy3(3)» According to (2,9-4)» 

J* M(s)d/3(s).j* M(8)d[^ G(u)d/3„(u)-j* M(s)G(s)d/3„(s)-{* G(s)d/S^(s). 

Since the matrix G(s) = M(S)G(S) is also continuously differentiable 

on ro,Tl, it is not a restriction to treat systems like (5.1.1a). 
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Because of the above assumptions, 

{ ^i » /3j( t ) , i ,J-l , . ,N, té[0,T] j 

Is a centered Gaussian system, and 

y^i. /3j(t) , i,j-i,.,N, te[ü,T] . 

(5.1.1c) ^(t) stands for a mapping of [_0,T] into H , 

continuous in q.m. and sample continuous. 

Since /3(t) is not differentiable on \.0,T], neither in q.m., 

nor in sample sense, there is not a system of differential equations 

of type (3.5a), equivalent to (5.1.1b). 

(5.1.2) There is a unique |(t) of type (5.1.1c), satisfying (5.1.1b) 

in sample sense and in q.m. It may be represented as 

(5.1.2a) |(t) - F(t)>' + F(t) J* F-\8)dr3(8) -

Hi)y + /3(t) + F(t) ]'* F-^8)A(8)/3(s)ds , 

where F(t) is the fundamental matrix, associated with A(t), 

see (5.2.5). The integrals may be seen as seuiple integrals as well 

as Integrals in q.m. 

Proof! If there is a solution to (5.1.1b), it is unique. For, If 

both 5(t) and -iQ(t) satisfy (5.1.1b) then ^(t) - rj(t) 

satisfies (5.2.I0) and hence ^(t) - ^^(t) = 0, tfc[o,T]. 

We shall show that substitution of (5.1.2a) into 

|(t) - J* A(s)^(s)ds 

yields >̂  + /3(t) . 

On account of (3.2.2) and (3.2.4) substitution of f(t)=F(t)>' yields y. 

It remains to show that substitution of 

?(t) = F(t) J* F-^(s)d/3(8) yields /3(t) . 

Because of A(S)F(S) - — F(s), see (3.2.5), it is by means of partial 

integration (2.6.2) and by virtue of (2,7.4) and (2.9.4) that we obtain 

^(t)-i* A(s)F(s){j„^ F-\u)d/3(u)]ds - 5(t)-J*Msl^Js p - V ) , p ^ , 3 . 

^(t) - [F(8) {^l F-\u)d/3(u)]^ + \l F(8)d(f^ F-^u)d/3(u)} -

5(t)-F(t)]* F-^s)d^(s) + ]^ F(s)F-\s)d/3(s)- f(t)- ̂ (t)+|* d/3(s)-^(t). 
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By virtue of foregoing results, all above operations are valid 

in q.m. as well as in sample sense. The results in both senses 

coincide. 

Owing to V in (2.6.2), 

f(t) - F(t)E^/ + F(t) II F-^s)dE-^/3(s) 

i s the imique solut ion in q.m. to 

f ( t ) - E^y + j * A ( 8 ) f (s)ds + E^/S{t). 

Here £ / - 0 and E/3(t) - 0, te[o,T]. If y and /3(t) in (5.1.1b) 

were replaced by a +y £ind b(t) + /3(t) respectively, where b(t) is 

assumed to be continuously differentiable on [0,T1, the solution to 

the thus modified system could be written as x(t) + 5(t)i with 

E ^(t) - 0 on [0,T]. Analogous to the results in (5.3.4), x(t) is 

governed by a deterministic system and |(t) by a stochastic system. 

Below we shall discuss several properties of '^{t), the 

solution (5.1.2a) to (5.1.1b). 

(5.1.2b) The components ^i^*)» i"l>.>''» of ^(t) are continuous 

in q.m. and sample continuous on [o,Tj. These properties were 

imposed on 5(*) ^^ (5.1.lo). The representation (5.1.2a) shows 

that |(t) is endowed with these properties. 

However, in non-trivial cases the components ?j(t) are not 

differentiable in q.m. on [o,TJ. And with probability 1 , the 

trajectories are neither differentiable, nor of bounded variation 

on the sub-intervals of yo,T7. 

(5 .1 .2c) I ? i ( * ) ' i -1 ' . .N» t 6 [ 0 , T ] ] 

i s a centered Gaussian system. I t i s Gaussian by v i r t u e of (2 .5 .1) 

and represen ta t ion ( 5 . 1 . 2 a ) , whereas E ^ ( t ) - 0 on [O,T"] on 

account of v in (2 .6 .2) since E y - 0 and E/3( t ) - 0 on [ 0 , T ] , 

see a lso the discussion on the top of t h i s page. 

On account of the de f in i t ion of / 3 ( t ) in ( 4 . 4 . 2 ) , the above 

Gaussian system i s a subset of the Gaussian l i nea r sjiace, generated 

by the Gaussian system 

\ y . , i - l , . , N , / 3 o j ( t ) , j - l , . , N , tC-[0,T] 1 . 
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(5.1.2d) E t(8)?'̂ (t) - F(s) |̂ E>'/"'+ 5^ F-^U)B(U)[F-\U)] du^F"^(t), 

where m = min(s,t) and B(t) is the matrix (4.4.2g). 

For, the elements of matrix E ̂ (s)^ (t) may be computed 

as follows! 

E ?,(s) ̂ j(t) - £ | ( S f,,(8) [ 4 . II i r-i(u)d/3,(u)|;< 

(^-é ^j,.(t) {y,. - \l i ^k'h.w^y3,.(v)| 

where f..(s) and f7j(t) , i,j-l,.,N, are the elements of 
1J 1J 

matrices F(s) and F~ (t) respectively. 

According to (4.4.2a) and (2.9.4), 

II k̂h(")̂ /Sĥ -) - \: '->^ i ' \: «hr(-')^/3or(-') -

the 

r - 1 

^ \l k̂h ^-)«hr(-)^Ar(-) • 

and hence, on account of (4*4«2e)f 

Mo'^;;(")<^/3h(-)Jo^k'h.w^/5h.w-

^ - ^ Mo 'll^^Kr^^^^f^or^-^ io ^k'h.̂ -̂ ^h.r.̂ -̂ -i/Sor.̂ ') " 

^ , J:^k;(-Kr(-)^k'h.('^)«h.r(")^--r-1 

ï : k̂h(") { i «hr̂ '̂ ^̂ h.r̂ ")! ^k'h.(")̂ " - ^: ^k^-)\h.(")^k'h.(-^^-. 

i f b ( t ) , i , j - l , . , N , are the elements of B ( t ) . 

As X̂  J , /3 j ( t ) , i , j . i , . ,N, te[;o,T], 

E/j^fT - 0 , where CT . j * ^k^h'^^^'^/^h'^') « 

For, i f i cr , n - 1 , 2 , . . \ i s a sequence of Riemann-Stieltjes 

sums, converging in q.m. as n —» «=̂  to (7* , then on account of ( 2 . 1 . 3 ) , 

0 - E >'. <r - lim E y. cr . E y.cr . k n _ , . „ k n k n"̂  «o 
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And hence 

E h ( « ) ?j(t) - ^ ^ _ ^ ^ik(«)^^k>'k.^jk.(*) ^ 

. h . ^ . - l '̂ ''̂ '̂  1^° ^khW''hh.('^^^k'l/-)'^-}^jk.(*) 
^ H 

k 

showing ( 5 . 1 . 2 d ) . 

(5 .1 .2e) f ( t ) i s an N-dimensional Markov process . 

Proof! Let J X l ».-/^, P ] be a p robab i l i ty space, su i t ab le for 

represent ing a l l events below. 

Let 0 é s i t = T . 

Let •^^[s] be the minimal C - f l e l d generated by ^ ( s ) . 

Let .!3[0,8] be the minimal (T-field generated by § ( u ) , u 6 [ o , 8 ^ . 

We have to e s t a b l i s h the Markov property 

E«L0.8]5^^^ - E®ts]5(t) a. 3 . , see [15]. 

Since 

| ( s ) - F(3)a' + F(s) j ^ F - ^ ( u ) d ^ ( u ) , 

i t follows tha t 

? ( t ) - F ( t ) F - \ 8 ) ? ( s ) + F ( t ) ̂ * F - ^ v ) d / 3 ( v ) . 

•1J[8] + i ; [ s , t ] , 

as we wri te 

1 [̂s] - F ( t ) F - \ s ) ^ ( s ) , 2;[3,t] . F ( t ) J* F - \ v ) d ; 3 ( v ) . 

I [ s , t ] i s defined on the increments of /3(v) in [ 3 , t l and 

^ ( u ) , u 6 [ o , s J i s defined on the increments of >ö(v) in r o , u 1 

and on >' . Hence, ^ [ s j t l i s s t o c h a s t i c a l l y independent of 

^ ( u ) , u é [ 0 , 8 ] , and so 

E ^ t " ' ^ ^ ^ 8 , t ] - E®!^^^2:ls»t] - E2;[8,t] - 0 a . s . 

T)\s] i s ^ f s ] - and d5 [0, s]-measurable, e n t a i l i n g 

E a t O . s ] ^ ^ ^ ^ „ E^t^^ljvs] - 1 [̂s] a . s . 

Therefore 

£^10 ,3] ^ ( ^ ^ __ E S [ 0 , S ] , ^^^ ^ ^^^^^^-^ ^ gS lO,3] ^ ^ ^ ^ ^ E 5 5 [ 0 , 3 ] ^ ^ ^ ^ ^ ^ 
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It is contained in the above lines that 

E^tO-s] ̂ (t) ̂  .^^3^ , P(t)F-^s)?(s) . 

Hence $ ( t ) , t 6 [ 0 , T ] i s in general not an N-dimensional mar t ingale . 

I t i s a lso seen tha t 4 ( t ) i s in general not a process with 

independent increments. 

The 1-dimensional wide-sense s ta t ionary version of the solut ion 

^ ( t ) i s ca l led Omstein-Uhlenbeck process . Omstein and Uhlenbeck 

proposed to use t h i s process as a mathematical model of the ve loc i ty 

of a p a r t i c l e in Brownian motion, see [ 5 J snd [50 J for in s t ance . 

However, as we remarked in (5 .1 .2b ) , i t i s not d i f f e r en t i ab l e in q.m., 

and with p robab i l i ty 1 i t s t r a j e c t o r i e s are ne i t he r d i f f e r e n t i a b l e , 

nor of bounded var ia t ion on the sub- in te rva l s of [ O , T 1 . 

5 .2 . The behaviour of the solut ion with respect to d i f f e r en t i ab l e 

per turbat ions of the N-dimensional Wiener-Lévy process . 

As we explained in chapter 1 , i t i s meaningful to inves t iga te 

whether solut ion ^ ( t ) , ( 5 . 1 . 2 a ) , to system (5.1.1b) i s s t ab le with 

respect to d i f f e ren t i ab le per turbat ions of the N-dimensional 

Wiener-Lévy process / 3 ( t ) in ( 5 . 1 . 1 b ) . And in p a r t i c u l a r , a t t en t i on 

should be paid to the sample behaviour. 

To th i s purpose, / 9 ( t ) in (5.1.1b) wi l l be replaced by an 

element of the sequence 

I /3(n, t ) , t6[0,T], n-1,2,. . j 

in (4.4.5) of continuously differentiable perturbations of /3(t). 

Thus at each n, n-1,2,.. , we obtain a system 

§(n,t) - > ' + ] * A(s) ̂ (n,s)ds +^(n,t) , t6[0,T]. 

Since /3(n,t) is continuously differentiable in sample sense 

as well as in q.m., this system is equivalent to the system of 

differential equations 
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^^ ?(n , t ) = A(t) ^ (n , t ) + ^ | / 3 ( n , t ) , t e [ o , T ] , 

with i n i t i a l condition 

^(n,o) - y , 

on account and in the sense of (5.5.1) and (5.5.2). So there is a 

unique solution ^(n,t) which may be interpreted in q.m. as well 

as in sample sense. It may be represented as 

|(n,t) - F ( t ) ^ + F(t) j ^ F-^s) ^f/3(n,8)ds -

F ( t ) / + /3(n,t) + F(t) J* F-^(8)A(s)/3(n,s)d8 , 

where F(t) is the fundamental matrix associated with A(t) , 

see (5.2.5). The second equality is a consequence of partial 

integration (2.6.2) and of the properties of F(t). All theorems 

of section 3.3 are applicable to ^(n,t). 

If ^(n,t) tends to ^(t) in (5.1.2) as n-* «^ , |(t) 

is "stable" . The exact meaning of this kind of stability depends 

om the way in which ;3(n,t) tends to /3(t) and ^(n,t) tends 

to ^(t) as n —> CO . A detailed account of the mode of stability 

will be given in each relevant situation separately. 

(5.2.1; Summarizing, 

g(t) - F(t)y + /S(t) + P( t ) j* F-^(s)A(s)/3(8)d8 

is the solution (5.1.2a; to the system 

| ( t ) - y + ] * A(s) § (s)ds + /3(t) , t e [ O , T ] , 

in (5.1.1). All conditions in section 5.1 are assumed to be fulfilled 

and so all results in 5.1 a.re valid. 

/3(n,t) is an element of the sequence in (4.4.5)» endowed with 

all properties 1 - viii listed there. 

5(n,t) - F(t)y + /3(n,t) + F(t) j * F-^s)A(s)/3(n,s)d8 

is the solution to the system 

^f 5(n,t) - A(t)^(n,t) + ^^/3(n,t) , té[o,T], |(n,0) - / , 

and hence ^(n,t) is endowed with all properties established in 

section 3.3. 

We shall show: 
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| ( t ) , t é - [ o , T ] i s s t a b l e wi th r e s p e c t to cont inuous ly 

d i f f e r e n t i a b l e per turbat ions o f the N-dimensional Wiener-Lévy 

p r o c e s s / 3 ( t ) , t Ê [ 0 , T ^ , i n the f o l l o w i n g sense i I f n - » - c o , 

then 

i ) 5 ( n , t ) — - tAt) in q .m. , uni formly i n t 6 [ o , T ] , 1 - 1 , . , N , 

e n t a i l i n g 

E ^ ^ ( n , 8 ) 5 j ( n , t ) - > E ^^^(s) ? j ( t ) uni formly in ( s , t ) 6 [ O , T ] ^ , 

i j j - l » . » " . owing to ( 4 . 2 . 6 c ) , 

11) ?^(n) —> ?• a.s. in the sense of (4.2.5a), 1-1,.,N, 

entailing also convergence in probability and in distribution, 

see the remark to (4.2.5). 

Proof! According to the above exposition, 

è(t) - |(n,t) - /3(t) - /3(n,t) + F(t) j * F-\s)A(s) [/3(8) - /3(n,s)^d8 

where the integral may be interpreted as a Riemann Integral in q.m. 

as well as a Riemann sample integral. 

Concerning a s s e r t i o n 1 , l e t us f i r s t n o t e that 

/ 3 j ( n , t ) —fc ftAt) in q.m. as n —» o ^ , uniformly in t e [ ü , T ] , 

1 - 1 , . , N , 

on account o f v i in ( 4 . 4 . 5 ) » o r , e q u i v a l e n t l y 

max ) | / 3 ( t ) - / 3 ( n , t ) | l „ - > 0 a s n - • o a , 

t e [ 0 , T ] " ' " " 
see chapter 5 . Hence i t f o l l o w s t h a t 

teto.T]'!^^*^ - ^̂ '̂ '̂ l̂U ^ , - -^,^ ll/3(*) - /3(n»t)lU. 
( m a x l F ( t ) | ) . ( max l p - ^ ( t ) A ( t ) | ) . T . ( max \ j / 3 ( t ) - / 5 ( n , t ) || ) - • O 
t € [ 0 , T ] ' ' t e [o ,T ] t e [ o , T ] l " ' " " 

as n —• o o , showing 1 . 

Concerning i i , l e t [ X I , J) , v] be a p r o b a b i l i t y apace, 

s u i t a b l e f o r r e p r e s e n t i n g the above s t o c h a s t i c p r o c e s s e s . As o j e-O. , 

and i n obvious n o t a t i o n , 

1 ? ^ ( u j , t ) - Jj^(n,cO,t) I ^ | / 3 j ^ ( u J , t ) - / 3 j ^ ( n , c u , t ; l + 

y 

.^J^ij^*^lIo |^j^«)l -Kh^^^l- | /Sh^'"'^^-/^h('^' '^'«^-^« • 
J » k » n - i 

At a . a . f i x e d CJO t S\ , \(iiA.uj ,a)- /3j,(n, "^js ; ! —> 0 as n —> c o , 

uniformly in s 6 [ o , T [ , h » l , . , N . Hence, a t a . a . cO 6 Xi. , 
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1 ^iC"-"»*) - ?j^(n,ai , t ; | —> O as n - » oo , uniformly in t é [ o , T j , 
according to the resul ts of ordinary real analys i s . Theorem (4 .2 .5 ) 
appl ies , and 11 i s established. 

If in the above systems 

/ , ^ ( t ) and / 3 ( n , t ) 

are replaced by 

o + y , b(t) + /3 ( t ) and b(t) + / 3 (n , t ) respect ively , 

the deterministic parts of the solutions coincide and the, above 

theorem on s t a b i l i t y i s applicable, see (5 .3 .4) and ( 5 . 1 . 2 ) . 

Also E ' ^ ^ ( n , t ) - » E'®lf(t) in q.m. as n-»'>o .uniformly 

in té [ 0 , T ] , see ( 2 . 2 . 2 ) . 

The 1-dimensional version of the result in (5 .2 .1) may be seen 

as a special case of a general theorem of Wong and Zakai, see ]'5l( • 

Wong and Zakai investigated the above type of s tab i l i t y with respect 

to the 1-dimensional Ito-equation 

d ? ( t ) - f( | ( t ) , t ) d t + g( 5 ( t ) , t )d /3 ( t ) , t £ \ 0 , T ] , 
1(0) - y . 

In general, i t i s only by means of Ito-calculus or related ca lcul i 

that this equation i s (uniquely) solvable, provided that certain 

conditions are s a t i s f i e d . I t should be stressed that in general the 

resul ts of Ito-calculus cannot be obtained by means of the ordinary 

calculus, exposed in chapter 2. Essent ia l ly , I to- integrals are l imi ts 

of sequences of Riemann-Stieltjes sums, where the values t ^ ^ [ t , i»t, ^ 

in the intervals of the partitions are fixed at t" - t, , . Wong and 

Zakai showed that the sequence of ordinary sample solutions of the 

ordinary stochastic di f ferent ia l equations 

^• |^(n , t ) - f( | ( n , t ) , t ) + g( ^ ( n , t ) , t ) ^ | / 9 ( n , t ) , t 6 \ o , T ] , 

| ( n , 0 ) - y , n - 1 , 2 , . . , 

tends to the Ito-solution of 

d H t ) - f( ? ( t ) , t ) d t + iei ^(t),t).jjS^g( e ( t ) , t ) d t + g( | ( t ) , t ) d / 5 ( t ) , 

t6[o,T] , 5(0) - y , 
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If certain conditions. Imposed on the functions involved are 

f u l f i l l e d . And so the Ito-solution of the Ito-equation i s in general 

not stable in the sense of ( 5 . 2 . 1 ) . 

In particular, the equation in ( 5 . 2 . 1 ) , i . e . equation (5 .1 .1a) , 

may be seen as an Ito-equation. I t may be solved by means of I to-

calculus. Then, however, the Ito-solut ion coincides with the ordinary 

sample solution and solution in q.m. in the sense of section 5.1 

The theorem of Wong and Zakai i s applicable, y ie lding that here the 

solution i s stable as in this particular situation the coeff ic ient 

of d/3(t) i s independent of ^ ( t ) . However, we prefered to avoid 

the involved Ito-calculus and theorem of Wong and Zakai, and to 

establ ish the s tab i l i t y d irec t ly . 

A resu l t , similar to that of (5 .2 .1) , has been derived in [27"] . 

There an N order linear di f ferent ia l equation with deterministic 

coef f ic ients and a stochastic right-hand side i s treated along the 

l ines of this chapter, 

The s t a b i l i t y of the solution | ( t ) in (5 .2 .1) with respect to 

perturbations of the other involved data may be shown by methods 

analogous to those in treat i ses on ordinary di f ferent ia l equations, 

see for instance [ 8 | . 
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6 Kalman-Bucy and related estimates, and their behaviour with 
respect to differentiable perturbations of the involved 

white noise processes 

6 . 1 . Linear minimum variance est imates of Wiener and Kalman-Bucy. 

Throughout we sha l l use the conventions of sect ion 5 . 1 . 

(6 .1 .1 ) Let be given the N-dimensional l i nea r system of ( 5 . 1 . 1 ) , 

/^ -, -, , f d f ( t ) = A(t) § ( t ) d t + d / 3 ( t ) , t e V o , T ] , 

with the properties i-iv described there. 

Then the solution (5.1.2a;, 

(6.1.1b) ?(t) = F(t)>' + F(t) j * F-^(s)d/3(s), t6[0,Tj, 

i s endowed with a l l p roper t i es l i s t e d in ( 5 . 1 . 2 ) . 

Given t e f o , ! " ] , ^ ( t ) i s "observed" as the column M-veotor / ( s ) 

^ (s) = yjis) + / 3 ( s ) , where the column M-vector 

(6 .1 .1c) \ TJCs) = j ^ H ( u ) ^ ( u ) d u , 

• a t a l l s e S^ . 

Here S. i s a subset of [0,T"] . I t may vary with t . 

H(U) i s an MxN-matrix, whose e n t r i e s are continuous mappings 

of [ 0 » T ] in to (- t.-3, CO). Since ^(u) i s continuous in q.m. 

on {_0,T] , H(u) I (u) i s a l so continuous in q.m. on [ 0 , T ] , 

see ( 2 . 4 . 4 ) . And so ^^(s) ex i s t s as a Hiemann i n t e g r a l in q.m. on 

account of ( 2 . 7 , 1 ) . By v i r t ue of ( 2 . 7 . 2 ) , V) (s) i s continuously 

d i f f e r en t i ab l e in q.m. and s a t i s f i e s 

(6.1.Id) J V)(s) - H(s) 5(s) . 

Since E | ( u ) - 0, U 6 [ 0 , T ] , E)2(s) - 0, see v in ( 2 . 6 . 2 ) . 
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F ina l ly , /3(s ) , s 6 [ o , T J , i s an M-dimensional Wiener-Lévy process 

of type ( 4 . 4 . 2 ) . So i t may be wri t ten as 

/5(s) - ^l G(u)d^^(u) , 

where G(U) i s endowed with p roper t i e s s imi lar to those of G(t) 

in ( 4 . 4 . 2 ) , and where /3 (u ) , uÉ- ro ,T j , i s an M-dimenslonal standard 

Wiener-Lévy process . I t i s moreover assumed tha t a t each u é [ 0 , T j , 

/3 (u) i s s tochas t i ca l ly independent of y and ^ ( t ) , t 6 [ 0 , T ] . 

Amd hence, since a l l involved random elements are centered, 

. /5^(s)j . i^ , y3j(s) J . / 3 . ( t ) , j - l , . , M , i - l , . , N , 8 , t e [ ü , T ] , 

and so 

(6 .1 .1e) y3 j ( s ) J . ^ ^ ( t ) , ^ ^ ( s ) J . YJ j^(u) , 

8 , t , u e [ 0 , T ] , 1-1,. ,N, j , k - l , . , M . 

As we wri te 

i(u) - G(U)G"^(U), 

then according to ( 4 . 4 . 2 f ) , 

( 6 . 1 . I f ) 
Ey3(s)ya(t) - j"'B(u)du , m-min(s,t) , s,te[0,T], 

d „n,.zT ^f E^(s)y3'(s) .B(s) . 

Later, an additional condition will be imposed on 8(3) . 

The problem to be treated is to describe the conditional expectation 

^(t|S.) of 5(t) > given the class of observations 

c(s^) - l^j(s), j-i,.,M, ses^] • 

Let H be the Hilbert space, generated by the centered Gaussian 

system 

h ^ , k-l,.,N, /3„i(t), i-l,.,N, t6[0,T], /SojCs), j-l»..H» 8é[0,T]|. 

Then also H is a centered Gaussian system, containing all random 

elements described above, see (2.5.1). Let 

H[C(S,)] 

be the closed linear subspace of H , generated by the elements of 

C(S ;. Then according to (2.5.1), 
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5i(t|s^)^ 

(6.1.1^) ?(tls^) 

Vtls^)/ 

may be seen as the column N-vector, whose components ^i('^ I ̂t^ ^^^ 

the orthogonal projections of L(t) onto H [ C ( S . ) ] , 1-1,.,N. Or, 

the conditional expectation of an element .̂((t) coincides a.s. with 

its linear minimum variance estimate (linear least squares approximation) 

Ignoring (2.5.1), estimates of the latter type exist uniquely as 

orthogonal projections onto the closed subspace Hrc(S.)j , by virtue 

of the projection theorem for Hilbert spaces, see [ iTe.g. 

As |.(tls.) is the orthogonal projection of ^^(t) onto 

H [0(3^)1 , 

?i(t) - ?i(tls^) 

is orthogonal to all elements of H [c(S.)j , or equivalently, to all 

elements of C(S.) on account of the continuity of the inner product 
t ^ 

in H , see (6.1.4)* Hence each ^^(t I S.) is characterized as the 

unique element of H [c(S.)] with the property 

E?j(t) ^j(8) - B |^(t|s^) 2:^(8) , j-l..»M, s é S ^ . 

Or, | ( t | S ) i s the unique solution in H ̂ [ ^i^^)'] *o the 
Itst±B«freloniS. Wiener-Hopf system 

(6.1.1h) E|(t)5;'R8) - E ? ( t | S^)^'^(s) , s é S ^ . 

.A. 

Depending on the position of t and S in [ O , T ] , ^ ( t | S.) 
Is a predicted (extrapolated) or Interpolated random vector. 

If the involved stochastic processes are wide-sense stationary, 
the estimates are of the type of Wiener and Kolmogorov, see 152] . 

(6.1.2) If 3^ - [o,t] , then |i, t | S )̂ in (6.1.1) , in this 
case usually denoted as | ( t | t ) , i s the Kalman-Bucy f i l t e r estimate, 
•ee [ 4 ] . I 5 ] . [12] , [17] for instance. 

In this case an extra condition is imposed on the process / 3 ( t ) 
in regard to the feasibi l i ty of certain computations. This will be 
discussed in the following sections. 
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In (6 .1 .1) a l l s tochast ic elements a re centered a t zero expecta t ion . 

If 

y , /3 ( t ) and ^ ( s ) 

are replaced by 

c + / , b ( t ) + /3( t ) and b(s) + /3 (s ) 

r e spec t ive ly , with 

E ^ ' - O , E ^ ( t ) - 0 and E ft{e) - 0 , 

where — b ( t ) - a ( t ) i s assumed to e x i s t and to be continuous on 

[0 ,T] , then the solut ion to the thus modified system (6.1.1a) may be 

written as 

x ( t ) + 5 ( t ) , E ? ( t ) - 0 . 

Here x(t) is the solution to the deterministic system in (3.3.4) 

and ?(t) is the solution to the original system (6.1.1a). 

It follows from (6.1.1c) that also the observations Z'(s) may be 

splitted up into a deterministic part and a stochastic part with 

zero expectation. The deterministic part can be determined and the 

stochastic part, being of type (6.1.1c), may be treated as in (6.1.1). 

So it is not a restriction to assume that the stochastic elements, 

figuring in (6.1.1) have zero expectation. 

Since the estimation of ^(t) in (6.1.1) is exclusively a 

mathematical operation in the Hilbert space H , the sample behaviour 

of the stochastic processes is not relevant. 

In later sections we shall need several properties of orthogonal 

projectors of H onto closed linear subspaces H[C(S)1 , generated 

by the elements of a class C(S) = 3^.(s), j>>l,.,M, s s Sj . 

If 1^ is an operator, R(^) will stand for its range. If Zl 

is a subset of H , ]2 will stand for its orthogonal complement in H, 

We recall, see [ 1 |, 

(6.1.3) Given the closed linear subspace H[C(S)1 , there is a 

unique orthogonal projector ê/^ defined on H , with range HjG(S)] . 

If C7 stands for the identity opera tor,on H , also ZJ - ^ is an 

orthogonal projector with domain H . The ranges of 'J^ and ^ - iP 

are each others orthogonal complement in H . They are closed. 
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( 6 . 1 . 4 ) I f S i s any s u b s e t of [ O , T ] , H [ C ( S ) ] - C(s) . 

Proof : i ) S i n c e C(S) c. H [ C ( S ) ] , C(S)"^=' H [ C ( S ) ] " ' ' . 

i i ) Assume | J . C(s ) . I f ;^ 6 H [ C ( S ) ] , i t may be 

r e p r e s e n t e d a s 
M K 

Ü a ^ l a i Z ' ^ ^^ ^ j k ^ j ( \ ^ , Sĵ  e S , a.^ r e a l , 
J - l Jc—1 

o r a s 

( 6 . 1 . 4 b ) ^ - l im i n q.m. ^ , ^ b e i n g of t ype ( 6 . 1 . 4 a ) . 

n — > <>-=> " 

Hence, i f ^ i s r e p r e s e n t e d as i n ( 6 . 1 . 4 a ) , E ^ ^ = 0 . I f ^ i s 

r e p r e s e n t e d a s i n ( 6 . 1 . 4 b ) , E ? ^ = 0 f o r a l l n . So, by v i r t u e 

of t h e c o n t i n u i t y of t h e i n n e r p r o d u c t , s ee ( 2 . 1 . 5 ) , 

O - E ^ ? — » E ^ 2 ; - 0 a s n — > ^ : o . 

This means ^ e H [ C ( S ) 1 and hence C(S)''"<::i H [ C ( S ) ] . 

I n t h e n e x t a s s e r t i o n , t h e c o n t i n u i t y in q.m. of / . ( s ) , j - l , . , M , 

on [^'''"1 •'•̂  e s s e n t i a l l y n e e d e d . 

( 6 . 1 . 5 ) I f S c : S c S C [ O , T ] , where S i s dense i n S and 

S i s t h e c l o s u r e of S i n [ 0 , T ] , then 

H[C(S^)] - H[C(S)] . 

Proof! i ) S ince S^ ci S , H [ C ( S ^ ) ] C . H [ C ( S ) ] . 

i i ) I t r e m a i n s to show H [ C ( S ) ] C HrC(S ) ] . The e l e m e n t s 

of HjC(s) may be r e p r e s e n t e d a s 

M K _ 

( 6 . 1 . 5 a ) ? = 2 1 : S : ^.^(.{B^) , B^ e S , a.^ r e a l , 

o r a s 

( 6 . 1 . 5 b ) ^ - l im i n q .m. ^ , ^ b e i n g o f t ype ( 6 . 1 . 5 a ) . 

To each s. e S , t h e r e i s a sequence i s , m - l , 2 , . . | i n S , 

t e n d i n g to s, a s m—» «̂ -o . By v i r t u e of t he c o n t i n u i t y i n q.m. 

on [ 0 , T ] of ? j ( 8 ) , j - l , . , M , ? j ( » k m ) - > ^ j^^ j^ ) i » I . " " ' *» 

m —» o o . Hence ^ i n ( 6 . 1 . 5 a ) i s t h e l i m i t i n q .m. of some sequence 

i n H | C ( S )J and so i t b e l o n g s to H [ C ( S )J . The same i s t r u e of 

the e l e m e n t s / i n ( 6 . 1 . 5 b ) and hence a l s o '^ i n ( 6 . 1 . 5 b ) b e l o n g s 

to H C(S )J , showing t he a s s e r t i o n . 
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The assertions in (6.1.4) and (6.1.5) together give 

(6 .1 .6) If S d S '^ S C [ 0 , T ' ] , where S i s dense in S and 

S the c losure of S in [ 0 , T ] , then 

C(S^)-^. H [ C ( S J ] - ' - H[c(i)]^ 

owing to the cont inui ty in q.m. of ^-{B) on [O.TJ , j - l , . , M . 

If S C [ 0 , T ] , n - 1 , 2 , . . , l e t H [ C ( S )] be the closed l i n e a r 

subspace of H , generated by the elements of C(S ) - < f j ( s ) , j - l , . , M , s6 S I 

and l e t ^ denote the orthogonal projec tor of H onto Hrc(S )J . 

Let £? t = j 5 ° mean E E ^ | ^ è , E ? 5° ^ for a l l ^ e H . 

We r e c a l l , see [ i j ! 

(6 .1 .7 ) a) The following three statements are equivalent! 

i) ^ m <•-' ^ n . 

ii) l(P^ %]l^,\\9^ï\\ for all ? e H , 

ill) H[C(S^)] C H[C(S^)] . 

b) The above assertions are implied by S Cl S . 

c) If [ J? , n-1,2,.. I is an increasing, or a decreasing 

sequence of orthogonal projectors of H , there is a unique orthogonal 

projector ^ of H , such that ^ T £? , or £P J, 5^ respectively, 

in the sense that 

and 

K^]\t m\\ . or |l£P„i[| ^\\fn respectively 
as n - * c^ , for a l l i| e. H . 

(6 .1 .8 ) Let S d S C [ 0 , T ] , where S i s dense in S , and 

l e t i S , n - 1 , 2 , . . I be a sequence of subsets of [ O , T 1 . If 

S t S , or s i s , as n -> 00 , n ' o ' n ^ & ' 
then 

O^J^.OT i? i ^ r e spec t ive ly , 

where £^ i s the unique orthogonal projec tor of H onto H [ C ( S ) J . 
We r e c a l l tha t f-ii^) in C(S) i s continuous in q.m. on rO,TJ , j= l , . ,M 
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Proof! Because o f ( 6 . 1 . 5 ; , ( 6 . 1 . 5 ; and ( 6 . 1 . 7 ) i t i s s u f f i c i e n t to 

e s t a b l i s h t h a t the range R{(P) o f iP c o i n c i d e s w i t h H [ C ( S ) 1 . 

i ) Assume S^ f S^ . Then H [ C ( S J J ) ] f a^^fr j j and tP^^ \ •fP . 

Since ^ i <^ f o r a l l n , R ( ^ ) => H [ C ( S ) ] f o r a l l n , 

see ( 6 . 1 . 7 ) , and hence , a s B.(,(P) i s c l o s e d , 

R(^) = H[C(S)] . 

I f q> É. R{iP) , there i s a f <& H , such that 

f - ^ 1 - lim in q.m. 5° P . 
ji^^oo n » 

Since 5 ^ | <S- H [ C ( S ^ ) ] C H [ C ( S ) ] f o r a l l n , ^ t 6 H [ C ( S ) ] 

a s H [ C ( S ) 1 i s c l o s e d . And so 

H ( ^ ) C H[C(S)] . 

11) Assume 8 ^ , 8 . Then H [ C ( S ) ] ^ H [ C ( S ) ] and ^ \, ^ . 

Since ^ i ÏP f o r a l l n , H ( £ P ) C H [ C ( S ) ] f o r a l l n , 

see ( 6 . 1 . 7 ) , and hence 

H(é^) CL H [ C ( S ) ] . 

I f (f e H [ C ( S ) ] , (f 6 H [ C ( S )3 for a l l n . This means 

E( ? - 9j )q> - 0 

for all n and for all g ï H . Since 

^ % -> ^ f in q.m. as n -* cyj , 

it follows on accoxmt of the continuity of the inner product in H , 

see (2.1.5) that E( | - fT'̂  ) Cp - O for all ^ e H . So C^ € H(Ê7') 

on account of (6.1.5), and hence 

R((P) ^ H[C(S)] . 

6 . 2 . The i n t e g r a l r e p r e s e n t a t i o n of the Kalman-Bucy e s t i m a t e . 

A g e n e r a l i z a t i o n o f the R i e m t m n - S t i e l t j e s i n t e g r a l in q.m. 

A g e n e r a l i z a t i o n of a theorem of Karhunen. 

( 6 . 2 . 1 ) Concerning the Kalman-Bucy e s t i m a t e ( 6 . 1 . 2 ) , the Wiener-Hopf 

system ( 6 . 1 . 1 h ) may be w r i t t e n as 

( 6 . 2 . 1 a ) E f(t)^"^(s) - E f ( t l t)^"^(8) , 8 6 [ 0 , t ] . 

From now on it is moreover assumed that 
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(6.2.1b) B(8) > O, s e [ ü , T ] . 

Then the unique solut ion in H [c( [o , t ' ] ) l to (6 .2 .1a) can be speci f ied , 

owing to the remarkable circximstanoe tha t under condit ion (6.2.1b) 

the elements of H [ c ( [ 0 , t ] ) l may uniquely be represented as 

i n t e g r a l s of a type, to be described below, cf. [jZ3] . 

Let us f i r s t consider the symmetric MxM-matrix B(s) - G(S)G ( s ) . 

On account of ( 4 . 4 . 2 ) , the elements g ( s ) , j , k - l , . , M , of 0(3) 

are continuously d i f f e r en t i ab l e mappings of [ O . T J in to ( - c ^ , < ^ ) . 

Here however, i t i s already su f f i c i en t tha t the g., (s) are continuous 
r 1 on |0,TJ , as we are not in t e re s t ed in sample ca lcu lus , cf. ( 4 . 4 . 2 c ) . 

Anyhow, i t follows that the elements b . , ( s ) , j , k - l , . , M , of B(8) 

are continuous mappings of |0 ,T j in to (- 00 ̂  00 ; , 

If A, and A„ are M >< M-matrices, we r e c a l l tha t by def in i t ion 

A^^è.jA2 i f f x"'"(A^-A2)x ( k ) 0 for a l l x é X , 

where X i s the sphere of column M-vectors x with r ea l valued 
components such t ha t x 'x - 1 . Then 

x'''5(s)x = X'^G(S)G'^(S;X fe 0 , i . e . B(s; i 0 

and hence (6.2.1b; is a restriction. 

(6.2.1c) In order to avoid certain difficulties, also in section 6.4, 

we shall define B(s) in a slightly different way, cf. (4.4.2). 

Let 

' l/<iii^^«) ] 1 ^11^^) \ - 1 / 
I ) ( B ; - ^^^ and hence also D ( s ) 

^m'^^> \ 
be a diagonal M><M-matrix , whose diagonal elements are continuous, 

pos i t ive mappings of [0 ,T ] in to ( -00 , co ) . Then there are pos i t ive 

numbers e and e ' such tha t 

0 < • " j-i,.,rs.[o,Tj ĵĵ )̂ ^ j-i...r8e[o,Tj ĵj(«) - •'^ -
Let 0(8) , s é [ 0 , T ] , be a r e a l , continuous M><.M-matrii such 

that i t i s orthogonal a t each a 6 [ O , T ] . Now we define 

B(s) - o' ' '(s)D(s)0(s) , and hence B"-^(s; - O"''(8;D"-^(8)0(8). 

B(sj and B' (s) are continuous on \.0,Tj , symmetric and satisfy 

eI„éB(s)ée-I„ , i,I„éB-\s)é^l„ , S 6 [ O , T ] . 
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In the chapters 5 - 5 it looked the best to work with Riemann 

(-Stieltjes) integrals in q.m., because of the continuity of the functions 

involved, the need for differentiation with respect to the upper limit 

of the domain of integration, the sample behaviour and the perturbations. 

In this chapter, there will be an essential need for stochastic 

integrals of other types. For example, in section 6.4 we shall 

incidentally meet the stochastic integral 

j * f ( s )g>(s)ds , 

where <P(s) i s continuous in q.m. on [0, tT , and where f ( s ) i s an 

L„[0, t ] - func t ion . As f ( s ) i s only defined almost everywhere on [ 0 , t ] , 

the above i n t e g r a l can in general not be evaluated as a Riemann in t eg ra l 

in q.m. S t i l l we may assign a well defined meaning to i t . Since 

f ( s ) é L_[0,t j , i t . may be approximated by the elements of a sequence 

| f ^ ( s ) , n - 1 , 2 , . . } 

of s tepfunct ions constant on i n t e r v a l s , and converging to f ( s ) as 

B—* ""o in the sense of L [0,t ' ] . I t i s seen tha t a t each n 

io ^n^«) 'iP(=)<i« 

e x i s t s as a Riemann i n t e g r a l in q.m., since (f{.a) i s continuous in 

q.m. on rO, t1 . Now we define 

J * f ( 8 ) ^ ( 8 ) d S - ' - l ^ ^ - ' jl f„(s)(^^(s)dS . 

This limit exists, as is seen with the aid of the convergence in q.m. 

criterion (2.1.4)» since as m,n—> co , 

^io V ) y ( " ) H o ^n'^'')(f('')^'' - lo/o ̂ m^^^^n^""^ E ̂ (u) (^'(v)dudv-». 

J*j* f(u)f(v) ECf(u)(p(v)dudv . 

This follows from the convergence of f (u)f (v) ECP{n)(J){v) to 

f (u) f (v) E(jp(u)(p(v) in L2[0 , t ]^ as m,n —• o o . The value of the 

i n t e g r a l i s Independent of the sequence i f (s) , n - 1 , 2 , . . 1 as i t 

may be s imi la r ly shown tha t j f ( s ) ü ' ( s ) d s — » O in q.m. as n —» oo , 

i f f (s)—» 0 in 1-2 [ o . t ] . 

I f f ( s ) i s continuous on [ 0 , t ] , the above i n t e g r a l may be evaluated 

as a Riemann In t eg ra l in q.m., and also in the above sense. I t i s 

eas i ly shown tha t the r e s u l t s are i d e n t i c a l . Now the following question 

a r i s e s ! When may i n t e g r a l s be evaluated by d i f f e ren t p r i n c i p l e s , and 
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and when do the thus obtained values coincide? Of course, in t h i s form 

the question i s far too genera l . Below i t w i l l be answered in d e t a i l 

in case of 

Io '('^^ ?j^«) • 
where ^^(s) , j - l , . , M , i s a component of the observation )^(s) , 

defined in ( 6 . 1 . 1 ) . We shal l need the above i n t e g r a l as a genera l iza t ion 

of the Riemann-Stiel t jes i n t e g r a l in q.m. 

Let •£ o\P'^^ ®̂ *^8 l inea r space of Lebesgue-measurable mappings 

of [0»t] in to (- c o , c o ) such tha t t h e i r squares have a f i n i t e 

Lebesgue i n t e g r a l on rO,t"] . I f [o} i s the subspace of funct ions , 

equal to 0 a . e . in [ 0 , t ] , then L [o, t] - Xpio, t]/[OJ with the usual 

inner product i s a Hi lber t space. I t i s s t ressed tha t here we sha l l 

deal with £„\0,t'\. I t s topology i s assumed to be induced by tha t 

of L - [ 0 , t l . Hence a sequence Jf ( s ) , n - 1 , 2 , . . 1 C £2^9'^ ^^ 

a Cauchy sequence i f f \ [ f (s) - f ( s ) | d s - » 0 as m,n-> eo . 

I t has a l im i t in . ^p[0 , t^ which i s unique mod -[ol . As only the 

strong topology of L [0, t ' ] wi l l be induced into . 'Cp[0,t] , the 

addi t ion "strong ( l y ) " w i l l be omitted in re levant s i t u a t i o n s . 

Let us r e c a l l the inequa l i ty of Schwarzi If f . ( s ) e jC„lQ,t\, j - l , 2 , 

then 

(6 .2 . Id ) ^ (* I f^ ( s ) f2 ( s ) l ds | 2 4 [* f^(s)ds ^l f^(s)d8 , 

e n t a i l i n g 

( 6 . 2 . l e ) { J * j f ^ ( 3 ) | d s ^ 2 < t j * f2(s)ds . 

Let [ 7 r o , t ] C Splpitj be the l inea r subspace generated by the 

ind ica to r functions of the i n t e rva l s of [ 0 , t l . We r e c a l l tha t 7 [ 0 , t l 

i s dense in i^ [ 0 , t ] . I f i ( s ) e C7[o,t] , there i s a se t of 

numbers •fi),» k - l , . , K j and a se t { t . , k - o , . ,K v CL [o, t l , 

0 - t < t , < . . < t j . - t , such that 

i ( s ) - 1^ i f s e ( t^_ i» t^) , k . l , . , K , 

the values l ( t , ) , k -o , . ,K , being immaterial as we sha l l see . So 

the elements of . 7 [ 0 , t l are step functions with a f i n i t e se t of 

d i s c o n t i n u i t i e s . I t i s e a s i l y seen tha t 

(6 .2 .1f ) j ^ i ( s ) d ZAB) e x i s t s as a Riemann-Stiel t jes i n t e g r a l in q.m. 

owing to the cont inu i ty in q.m. of ^. .(s) on [ 0 , t ] , and 

II i(s)d^.(s) - i i , (^.(t , ) - ?j(t,_,)] , j-l,.,M . 
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Let us consider the arbitrary mapping f(8) of ro»t] into 
(- c/o, <x) ) and the partition p of [ o , t ] , consisting of the 
subdivision points t, , k-o,.,K, such that 0 - t < . . < t j . - t , 
and the numbers s, , k- l , . ,K, such that s , 6 [ t , i»t/] » cf. 
section 2.6. Let P be the set of a l l partit ions of this kind. 
Define 
(6.2.1g) f(p,s) - f(s^) if 8 6 (tj^_^,t^), k- l , . ,K, 
the values f(p,t ), k-o,.,K, being immaterial. 

. K -
Then f(p,B)6j[0,t] and ^ ^(P. s)d ̂ f . ( s) - ̂  f (8^)| ̂  . (t^)- .̂( tĵ _̂ )] 

according to (6 .2 . I f ) . Owing to definition (2.6.1), 

(6.2.1h) J f ( s )d / ' . ( s ) exists as a Hiemann-Stieltjes Integral in q.m. 
if and only if 

I ^l f(p„,8)d^j(8) , n -1 ,2 , . . } 

is a Cauchy sequence in H for all sequences [p , n-l,2,..lc P 

such that A(p )-»0 as n-» o-o . 

Let us recall the following results of (6.1.1)! 

i) ?j(8) = y|j(s) + ^j(8) , 

ii) >3j(u) ± ^^(-r) < 

iii) 'Ji(8) is continuously differentiable in q.m. 

Let 1(8), i,(8) and 19(8) be elements of ^[o,t]. Then 

J * i , ( s ) d r j ( 8 ) -\li,iB) i ^ j ( B ) < i S . J * l , ( s ) d ; 3 j ( 8 ) 

on accoimt of (6 .2 . I f ) , and 

(6.2.11) £ j * l^(u)d ? j ( u ) j * i2(v)d ^^(y) -

iolo i l (")^2(-) 5I5? ^15j(-)')k(-)'^"'^- * Io ii(u)i2(u);.^(u)du 

on account of (2.5.7) . The derivation is similar to that in (5.1.2d). 
The Integrals in the right-hand side are ordinary Riemann Integrals. 

Since -"^^(e) i s continuous in q.m. on [ 0 , t l , 

^ £ i 3 j ( u ) r 3 , ( v ) - E , ^ T j j ( u ) ^ f r 2 , ( v ) 

i s continuous on [o,tJ by virtue of the continuity of the inner 
product in U, see (2.1.5) . 
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And as b., (u) i s continuous on [Oitj , there i s a constant 
A > 0 such that 

\^^^liMy)^iy)\^ ^ . ( u , v ) 6 [ 0 , t f , 
l ~ 1 r 1 J . k - l . - » * 

|bjj^(u)l é A , u 6 [0,t] . 
Hence, also by virtue of (6.2.1e), 

i ^ - ^ - i i i 1 Solo i i ( " ) i 2 W ^ E IJj(u)13j^(v)dudv | é 

^ Jo I ̂ l^'') I "̂ ^ Jo I ^2(") 1 «̂«̂  = ̂  * V l o ^iW-^- io i2(")'i" ̂  
and on account of (6.2.Id), 

(6.2.1k) j [* i^(u)i2(u)bjj^(u)du|é A \l l i ^ (u ) i2 (u) | du è 

A V J * ii(u)du (* i^(u)du. 

In particular, if i(s) - i-|^(s) - 12(3), (6.2.1i) - (6.2.1k) give 

E{JO U«)d ^ j ( 8 ) } ' - J*£ i ( u ) i ( v ) ; , - ^ Er).(u)T).(v)dudV . [* i ^ s )b . . ( 8 )d8 , 

16.2.1m) I) j * i ( 3 ) d ^ . ( s ) f - | | [* i (8 )d12 j ( s ) l | 2 . ) | [ ^ i ( s ) d ^ . ( s ) | | 2 . 

and a number A>0 such that for j=l,.,M, 

(6.2.1n) III* i(3)dy).(3) f - j*j^* i ( u ) i ( v ) ^ - ^ Er)j(u)r}j(v)dudv é 

A t j * i^(s)ds 
and 

(6.2.1P) H [* i(8)dy3.(s)l| 2 - j * i^(s)b. .(8)d3 ^ A 5* i2(s)ds . 

Finally, since by assumption B(s) ̂ 0 on [o,tl , see (6.2.1b), 

the following assertion is valid, owing to (6.2.1c)1 

(6.2.1q) There is a number e > 0 such that for j-l,.,M, 

Oè-\l i'(s)d3 é j* i2(3)ï. .(s)dS - llj* i(s)d^j(s)H ̂  
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(6.2.2) If jjj(s)6 J[0,t], n.1,2,.. , and if ^^(s) is any 

component of the observation ^(s) in (6.1.1), then 

\ \ j (s)d /.(s), n-1,2,.. V is a Cauchy sequence in H 

if and only if 

1 j (s), n-1,2,.. I is a Cauchy sequence in ..6Q[o,t'[. 

Proof: It is to be shown, if m,n—» oo that 

llJ*{Vs)-j^(s)]d^.(s)Jl2_o if and only if j * [ ĵ (8)-ĵ (3)]2d8 ̂  0. 

Or equivalent ly , since j ( s ) - j ( s ) 6 3 ' [ o » t ] , m , n - l , 2 , . . , i t i s 

to be shown, i f 1 (s) 6 27[9» t ] » n - 1 , 2 , . . and as n —»• oo tha t 

II j * i„(8)d ^ . ( s ) f - * 0 i f and only i f j * l2(8)ds ^ 0 . 

Now on account of (6.2.1m) and (6 .2 .1q ; , and as n—» oo , 

II J* l^ ( s )d j ; - j ( 3 ) | | 2 - * 0 implie8 j * i ^ ( 8 ) d 3 - * 0 , 

and by v i r t ue of ( 6 . 2 . I n ) , (6 .2 . Ip) and (6.2.1m;, and as n—» o^ , 

] * i ^ ( s ) d 3 - » 0 implies I j * i ^ ( s ) d ^ j ( 8 ) p - ? 0 . 

(6 .2 .5) If f ( s ) i s an a r b i t r a r y mapping of [ 0 , t ] in to (- cy>,e/3), 

and i f ^^^(s) i s any component of the observation i j (s) in ( 6 . 1 . 1 ) , 

f f(8)d / . ( s ) ex i s t s as a Hiemann-Stielt jes i n t eg ra l in q.m. 

i f and only i f 

j * { f ( p „ » s ) - f ( p „ . 8 ) } ^ d s - » 0 as m,n-f '^ 

for all sequences ip , n-1,2,.. I Ci- P with A(p„)—»0 as n—• ca . t n J n 

Proof: On account of definition (6.2.1g), the functions f(p ,s) 

are elements of CJ\,0,t\- Hence the above equivalence follows from 

the equivalences in (6.2.2; and (6.2.1h). 
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(6 .2 .4) Let f(8) be any mapping of [ o , t ] into (- crj ,0/^ ) , and 

«(-{(s) » J-1, . ,M, a component of the observation ^(s) in ( 6 . 1 . 1 ) . 

Then 

[ f ( s )d ^..(s) • z l s t s as a Biemann-Stieltjes integral in q.m. 

i f and only i f 

(6.2.4a) f(s) is bounded and Riemann- integrable on [0,t]. 

( Or, equivalently,see f 21 1 , 

f(8) is bounded and continuous a.e. on |'o,tJ^. 

(6.2.4b) If the above conditions are fulfilled, then 

f(8) e /jÏP'*^ •"* f(p„.8)-»f(8) in /gl^'*! " a-^c^ , 
for any sequence [p , n-1,2,.. \ d p such that 11m. A(p ) - 0. 

t XL '' ^ „^^ B 

n—> **̂  
Proof! By virtue of (6 .2 .5) i t la suff ic ient to show that 

the condition 

(6 .2 .4o) * to any £ > 0 ex i s t s a <5" > 0 such that 

J * { f ( p ^ , s ) - f ( p ^ , s ) } ^ds < £ i f Z i ( p ^ ) . / i ( p J < ^ ' ' 

Is equivalent to (6.2.4a). 

l ) Assume that condition (6 .2 .4c) i s sa t i s f i ed . Then according 

to ( 6 . 2 . 1 e ) , i f M:eJ<^ and A(p ) < ^ , 

| j ^ { f ( p „ . 8 ) - f ( p „ . 8 ) } d 8 | é j * 1 f ( p . , 8 ) - f ( p ^ , 8 ) | d s é 

V t i o i ^ ^ V ^ ) - f (Pn' ' ' )}^ds 4 V t 7 . 

So, for a l l sequences [ p , n - 1 , 2 , . . I C P with A(p )-> 0 as n-» e-o , 

{ i o ^(Pn'»)'i« ' n - 1 , 2 , . . ] 

is a Cauchy sequence in the real line. And hence, owing to the 

definition of f(p ,s) in (6.2.1g), 

j*f(8)d8 

exists as a Riemann integral in the sense of definition (2.6.1), 

specialized to degenerate random functions. 
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The above integral of f(a) on [ o , t J i s a Riemann integral 
in the sense of the usual definit ions in real analysis i f moreover 
f ( t ) i s bounded on [ 0 , t l . This however, i s also implied by ( 6 . 2 . 4 c ) : 
Let p and p be fixed partit ions of [ 0 , t ] such that A(p )< S , 
A(p )<. (^ , and l e t be assumed that f(8) i s unbounded on [ o , t l . 
Then there i s an interval in the partit ion p , say f t , i»t, l » 
where f ( s ) i s unbounded. And so there i s a sequence 

such that f (s , . )-*cv3 as i —> oo . Let us consider the sequence 

{p„i . i-l»2»..} d P, 

where partition p . i s identical to p except for the value 

\ ^ \ \ - l ' \ ' l ^^ m̂ ' '^1°*^ IB replaced by Sj^ .̂ 
Hence on the one hand A(p )< S , A ( p j)<i5' , i - 1 , 2 , . . , 

whereas on the other hand \ •[f(p . , s ) - f ( p ,8) y ds->oo as 1-» co . 

This i s absurd since we assumed ( 6 . 2 . 4 c ) . And hence f(8) i s bounded 

on [0 , t ] . 

i i ) Assume that condition (6.2.4a) i s s a t i s f i e d . Then to any 

£ > 0 there i s a <f > 0 such that for a l l p € P with A(p)<:<5 , 

I j * f(3)d8 - [* f(p»8)d8 | < è . 

If p is defined by the subdivision points t , k-o,.,K, such that 

0 - t < .. <;'tj^-t and by the values s, g [t. i»t, ] » set 

f(p,8) - sup f(u) 
«'é[tv i-t̂ .] 

if 8 6 (t ,t^), k-l,.,K, 
f(p,s) - inf f(u) "-^ ^ 

"nVi'*kl 
the values f(p»t, ) and f(p,t, ), k-o,.,K, being immaterial. 

Since f(8) is bounded on [0,t], say lf(8)|éB » 

(6.2.4d) -B é f(p,s) i ^J^'^) < f(p,8) ^ B 

for all p e F and s (-[Oit], possibly with the exception of those s, 

coinciding with the subdivision points of the partition. Then to fixed p, 
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there are partitions p' and p" in P , containing the same 
set it. , k-o,.,K 1 as p, but where the values s' and s" 
in the intervals [t, T»t. "I are respectively chosen such that 

0 É f(p,8) - f(p',8) < £ ^ ^ , 
for 8 6 [0,tl\{t^,..,tg.\ . 

0 éf(p".8) - f(p,3) <. t L J I o -KJ 

Since A(p') - A(p") - A(p) < (T , 

I* 1 f(p»s) - f(p,s) ( ds - II* jf(p,s) - f(p,s)^ dsl^ 

] * j f ( p , 8 ) - f ( p ' , s ) } ds + | j * [ _ f ( p - , s ) - f ( s ) ] ds I + 

+ | j * { f ( s ) - f ( p % s ) } d s | + ] * [ f ( p " , s ) - f ( p , . ) ] ds ^ 

£ t + é + £ + t t - 2(1 + t)£. , i . e t 

I f ( p , s ) - f ( p , s ) | — * 0 in measure on [ 0 , t ] as A ( P ) — » 0 . 

Hence, by v i r t u e of (6 .2 .4d ) , 

I f ( p , s ) - f ( s ) I —> 0 in measure on [ 0 , t l as i\{p) -> 0, 

and so 

I f(p,s) - f(8)] -*0 in measure on [0,t] as A ( P ) —> 0. 

On account of (6.2.4d), [f(p,s) - f(s)] is uniformly 
bounded on [o,t] by 4B . The dominated convergence theorem 
of Lebesgue applies, see [ 15 1 , and establishes (6.2.4b) 

J* {f(p.8) - f(8)}^dB-*.0 as A(p)->0 , 

and therefore (6.2.4c), 
completing the proof of ( 6 . 2 . 4 ) . 

I f £^[p,t1 denotes the l i nea r space of (boimded) Hiemann-

in tegrab le mappings of [ 0 , t j in to the r e a l l i n e , i t i s shown in 

the above theorem that . ^ [ 0 , t ] coincides with the se t of r ea l 

valued functions f ( s ) , s 6 [ 0 , t ] , to which 

J* f(s)d ^ j ( 8 ) , j . l , . , M , 

e x i s t s as a Riemann-Stielt jes i n t eg ra l in q.m. 
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I t i s shown that !7[o, t ] C j/ï [ o , t"] ̂  .^2^°»*^ ^^ ** recal l 
that J^[o,tJ i s dense in .£^^,t^. \ f ( s )d ^^(s) may be seen 
as a mapping 5 ^ of the linear subspace J 7 [ 0 , t ] of -^pl'''*] 
into H . I t i s seen in iv of (2 .6 .2 ) that ^ i s l inear. I t 
follows from (6 .2 .2) that 5». i s continuous on t 7 [ o , t ] , and 
that S^ can be extended from the domain J 7 [ o , t ] to ^„lp,t'] 

as a continuous l inear operator, entai l ing the following generalization 
of the notion of integral in q.m. with respect to ^J,{B) I 

(6 .2 .5 ) Befinlt lon! If f ( s ) £ /"pLo.t] , and i f ^ . ( s ) i s a 
component of the observation ^ ( s ) in ( 6 . 1 , 1 ) , then 

] * f ( s )d ir^ie) , j - l , . , M , 

i s the l imit in H of any sequence 

(6.2.5a) j j * l^(s)d ^ j ( s ) , n . 1 , 2 , . . } c . H 

of Riemann-Stieltjes integrals , such that 

(6.2.5b) { i n ^ ° ) ' ' i - l » ^ , . . ] c J [ 0 , t ] 

is a Cauchy sequence in <C2[o»t], tending to f(8) as n — ^ co . 

(6.2.5c) The above definition is admissible. 

Proof! Since r 7 [ 0 , t ] i s dense in oC2\o,t] , there are always 

sequences (6.2.5b) tending to f ( s ) in ^ „ [ 0 , t 1 . According 

to ( 6 . 2 . 2 ) , the corresponding sequences (6.2.5a) have one and the 

same l imit in the complete space H. 

And given f(8) £ .^2[p»tJ » both def init ions (2 .6 .1) 

and ( 6 . 2 . 5 ) are applicable in order to compute J f ( s ) d 2 ^ . ( s ) , 

i f and only i f f ( s ) e 52 [ .0 , t ] . The the Integrals of both types 

coincide. 

Since there i s no ambiguity when integrating f ( s ) £ ^o[.0,t^ 

with respect to ^^(s) in the eense of definit ion (6 .2 ,5 ) or, 

i f poss ible , in the sense of definit ion ( 2 . 6 . 1 ) , no new symbols wi l l 

be introduced and here the figuring stochastic integrals may 

simply be refered to as integrals in q.m. 
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I t follows direct ly from definit ion (6 .2 .5 ; that the assertions 
of ( 2 . 6 . 2 ) , specialized to ? - f., are valid i f f and g are 
elements of .60» with the c 
integration i in ( 2 . 6 . 2 ) . 
elements of -Cn,, with the exception of the rule of partial 

(6 .2 .6) If f , ( s ) and f2(s) are elements of £ ^ , t \ , then 

E j * f , (3 )d {'j(s) j * f 2 ( s ) d i : ^ ( s ) 

J. f * <• ( = ^ r f o •>;, Iolo f l ^ - ^ ^ 2 ^ - ) 3 - ^ ^'2j(")^k(-)'^-'^- - Io f i ( s ) f2 (3 )b ( s )ds , 

where the integrals in the right-hand side ex i s t as ordinary 

Lebesgue integrals , j , k - l , . , M . 

Proof: Let ( i i _ ( s ) » n - 1 , 2 , . . I and (i2m(^)» •n-1,2 , . . L 

be sequences in ^ [ O . t ] , such that 

ƒ* | f ^ ( s ) - i-i^^(s)] ds - • 0 as u ^ o o , 

(6.2.6b) 

Io {^2^^^ • 2̂m^̂ ^ ^ ds ^ 0 as m - » <:̂  . 

On account of (6 .2 .11 ) , for a l l n , m - l , 2 , . . , and as j , k - l , . , M , 

(6.^.6c) E Ĵ * i ,„ (3)d ^j(3) \l i 2 j s ) d ^ , (3 ) -

iofo i l n ( " ) W - ) E ^ ^ 1?.(u)1J,(v)dudv . J* i , ^ ( s ) i 2 „ ( 8 ) b j , ( 3 ) d s . 

According to (6.2.2), 

i Io ^In^^^-^fj^^^' «-1.2... j and { j * i2„(s)d (j^(s), m.1,2,..] 

are Cauchy sequences in H , converging as n,m —» c^ to 

I* fl(s)d );j(8) and j^*f2(s)drt(s) 

respectively on account of def init ion ( 6 . 2 . 5 ) . Owing to the 

continuity of the inner product in H, see ( 2 . 1 . 5 ) , the left-hand 

side of (6 .2 .6c) tends to the left-hand side of (6 .2 .6a) as n,m—*aO, 

In the right-hand side of (6.2.6a) the Integrands are 

Lebesgue-measurable on [ 0 , t j and [ 0 , t j respect ively , since 

f^(s) and f2(s) belong to_̂  j j 21°'*] ' fTTT^ ^'^j^'")^ k̂ ""̂  ^^ 
continuous on [o,tJ and b.. (s) i s continuous on [ 0 , t j . The 
lat ter two functions are bounded on their respective domains by 
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A > O, j , k - l , . , M , see ( 6 . 2 . 1 1 ) . Hence the In t eg ra l s below ex i s t 

as ordinary Lebesgue i n t e g r a l s . They sa t i s fy 

Iofo* I J U T T ^ *3jCu)>3k(-) { f l ( u ) f 2 ( v ) - i i , ( u ) l 2 j v ) ] 1 dudv é 

^Jo!o{KH-lM-)-w-)l Hw-)|-Kw-iin(")l} -̂*'-
^ \l | ^ l H ^ - - I o 1 ^ 2 ( - ) - W - ) l ' l - ^ M o l W - ) h ' - I o l V ' ^ ) - ^ n M ^ -
—» 0 as n,m—> e>o by virtue of (6.2.1e) and (6.2.6b). 

Similarly, 

Jol V^K'l^'^'2(«)-hn(«)W«)l W« é 

^ l o |^l^^)^2(^^"^ln^^^^2m^^H ^° " * ° *^ n , m - • £>o . 

Hence, the r ight-hand side of (6 .2 .6c) tends to the r ight-hand side 

of (6 .2 .6a) as n,m —» co , and (6 .2 .6a) i s shown to be t r u e . 

(6 .2 .7) I t follows from the above r e s u l t tha t the i d e n t i t i e s and 

i n e q u a l i t i e s in ( 6 . 2 . I i ) - (6 .2 .1q) remain va l id i f the elements 

i ( s ) , i , ( s ) and ip(8) of J [ 0 , t ^ are replaced by a r b i t r a r y 

elements f ( s ) , f.,(8) and fp(s) r e spec t ive ly of ^^pC*^»*!' 

provided tha t the i n t e g r a l s of the r e a l functions are in te rp re ted 

as Lebesgue i n t e g r a l s . 

Let us again consider the Hi lber t space L2[o, tJ - oZ2[o,t3 / { o j . 

I f f(8) 6 I '2[0, t ] and i f iia) £ . ^ 2 1 ° ' * ] ^^ * represen ta t ive 

of f ( 8 ) , wo may unambiguously define 

j * f (8)d i;'j(s) - J * f (8 )d i ; ' j ( s ) , j - i , . , M . 

Then the mapping ^ Induces a continuous l i n e a r mapping F. of 

L2[o , t ] in to H . Owing to (6 .2 , Iq ) - e s s e n t i a l l y to (6.2.1b) -

i t can be shown tha t F, i s a (1-1)-correspondence between L [ 0 , t J 

and the Hi lber t space, generated by the elements Z ' j ( s ) , s € r o » t ] . 

Thus F i s a genera l iza t ion of the isomorphy between L [ o , t ] 

and the Hi lber t space, generated by the elements / S ( s ) , s é [Oftl , 

of the 1-dimensinal Wiener-Lévy process in ( 4 . 1 . 1 ) . This isomorphy 

was f i r s t shown by Karhunen, see I I5 J . See a lso [ 6 | . The above 

property of F . follows as a specia l case from a more general 

theorem below. 
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(6 .2 .8) Let us consider the closed l inea r subspace H [ c ( [ 0 » t ] ) J 

of H , generated by the elements of the c l a s s 

C( [0 , t ] ) - {-J^jCs), j - l , . , M , s é [ 0 , t ] } . 

H | 0 ( [ 0 , t ] ) l i s a Hi lber t space. (And i t i s separable since f ( s ) 

i s continuous in q.m. on r o , t l ) . I t s elements 2| may be 

represented as 

(6 .2 .8a) ^ = S -̂  S 1.^ KAa ) \ , 
j - l ^ k - l Ok J K J 

where the coefficients 1̂ ,. are real numbers and 5s..,..,i 
jk 

.|o[o,t] 

or as 

(6.2.8b) t, - lim ^^ in q.m. , 
n —» oo 

where ^ is of type (6.2.8a) and | «T-» n-1,2,.. I is a Cauchy 

sequence in H . 

I t may be assximed in (6 .2 .8a) that 0 <: s, < . . s^ é t . The 

value 8-0 may be omitted since ^(O) - 11(0) + y3(0) - 0 , 

see ( 6 . 1 . 1 ) . At each j , j - l , . , M , we define the function 

i ( s ) € J 7 [ 0 , t ] as follows ! 

k - l 

i j ( s ) - i 
k-2 

i 

'Jk 

j k 

JK 

if 0 é s < s, 

i f Sĵ  é 8 < Sg 

i f B^_^< s < 8^ 

i f Sĵ  é 8 é t 

Then Ĵ  in (6 .2 .8a) may be wri t ten as 

(6 .2 .8c) 
J - l 

I * i j ( s ) d ^ ( 8 ) 

Let ^ [0»t3 be the space of column M-vectors i ( s ) whose 

components a re elements of J 7 [ o » t ] . 

Let 1.6 p [ 0 , t j be the space of column M-vectors f ( s ) whose 

components a re elements of X p [ o , t ] . 

Let ^ ( s ; be the column M-vector, defined in ( 6 . 1 . 1 ) , with 

components ï-[s), j - l , . , M . 
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(6.2.9) (£ H[c([0,t])] 

if and only if ^ may be represented as 

(6.2.9a) t - \l f\s)dt,{B) , ns) e X^\p,f] . 

Given Ĵ* e H [c( [0, t])] , the components f.(s) of f(s) 

in (6.2.9a) are unique mod {ol, i.e. unique as elements of L„[o,t3 . 

Proof! i) Assume l^ is represented as in (6.2.9a). The integral 

exists according to (6.2.5), and clearly 2f e H [c([0,t])] . 

ii) Assume ^ e H [c([0,t])] . Then on account of (6.2.8a) 

and (6.2.8b; there is a Cauchy sequence 

{ ^n ° io in(s)d<r(8; , i^(s)éa''[o, t], n-1,2,..} 

tending in q.m. to ^ as n —> o o . And so 

ll?m - ^ n l l ^ - * ° a s m , n — ^ . 

I f i ( s ) i s the column M-vector wi th components i . ( s ) - i . ( s ) , mn̂  ' '^ jm^ ' jn^ " 
j - l , . , M , then by v i r t u e of ( 6 . 2 . 1 i ) and ( 6 . 2 . 1 o ) , i . e . ( 6 . 2 . 1 b ) , 

jKm- rjr- K 4^»)^ ^(•)f- Ul ^L(»)^?(")^ fo* iL(«)^;5(8)H .̂ 

lli:C^^)<^^(«)!l'-l|IoO')^/^~(«)ir ^ IIlo*^^)^^^^-
\l xl^{sMB)i^^s)ds i e \l i ^ ( s ) i ^ ( . ) d 8 -

Hence, |j ̂  - "^ || —> 0 i m p l i e s that a t each j , j - l , . , H , 

[ 1 . ( s ) , n - 1 , 2 , . . l i s a Cauchy sequence i n . . C 2 [ p , t ] , 

n e c e s s a r i l y wi th a l i m i t , say f A s ) € ^2^^»^'\ " iace . ^ 2 [ 0 f * ] 

I s a complete s p a c e . S ince / i s assumed to converge to ^ , 

by v i r t u e of ( 6 . 2 . 2 ) and ( 6 . 2 . 5 ) 

Z - l im in q.m. j * l ^ ( 8 ) d f ( s ) - j * f'r(8)d 5^(8) , 
n — » «KJ 

showing ( 6 . 2 . 9 a ) . 
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i l l ) Assume tha t f ( s ) in (6 .2 .9a) i s not unique in the s ta ted 

t - j * f^ (s )d2 : ( s ) ' \ \ g^(8)d2:(s) 

sense. Then there is an element g(8) e Xol"^»*! BM.O^ that 

Or, as we set h(s) - f(s) - g(8), then by virtue of (6.2.7) 

and (6.2.1c), i.e. (6.2.1b), 

0 - )lj*h-^(8)d?(s)||2 . |jjti,T(3)dT3(s)ll2 + Pj*h^(s)d3'(8)|l2è 

H J* h"r(s)d/3(8) Y - Jo h'^(s)ï(8)h(s)d8 i e J* h'^(s)h(8)dS -

e :^ I* h^(8)-d8 , e > 0 . 
j-l ^° J 

And hence h . ( s ) - 0 a . e . on [ o , t ] , i . e . f . ( s ) - g . ( s ) 

a . e . on [0,t1 , j - l , . » H . 

(6 .2 .10) Let L„ |p , t^ be the space of column M-vectors f ( s ) , g ( s ) , . . 

whose components f . ( 8 ) , g . ( 8 ) , . . , j - l , . , M , are elements of \tSQ,^. 

Under the n a t u r a l ru l e s of addi t ion and sca la r mul t ip l i ca t ion , a t each t€ T 

Lp[o, t l i s a l i n e a r vector space over the r ea l numbers. Obviously 
M 

(6.2.10a) ( f ( s ) , i ( s ) ) t - ] * f"^(8)i(8)ds - S. j * f ( 8 ) i (8)d8 
Mr \ j - l ° ^ ^ 

i s an inner product in LplO,tJ . Then 

(6.2.10b) | f ( s ) | | t - ( f ( 8 ) , f ( . ) ) * 

i s a norm on Lp[o»tJ. Since the components f j ( s ) are elements of the 

complete space L [ o , t j , a lso Lp[0,t3 i s complete in the sense of the 

topology Induced by the above norm. Hence L„[0, t^ i s a r ea l Hi lber t space . 

— Mr 1 

(6.2.10c) As we define to any f £ L2L0,tJ 

F f - X - ] * f^(s)d ^ ( s ) 6 H [C( [ 0 , t ] ) ] , 

M r -1 

F i s a l i nea r (1-1) and bicontinuous mapping of Lp |_'^,t | 
i n t o H [ c ( [ 0 , t ] ) ] . 

Proof: P is obviously linear. It is (1-1) by virtue of (6.2.9). 

It remains to show that it is bicontinuous. We need the identity 

*f''(s)dns)f - |||*f^(s)d>5(s)P. |]tfT^3;d/3(s;P 

J*J* f^(u) E15(u)T]"̂ (v) f(v) dudv + ] * f"^(s)B(8)f(s)da . 
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Since EYl(u)ïJ (v) smd B(3) are continuous on their 

respective domains, there is a positive constant C such that 

1 j* f"'(s)d?(8;)| ^ é C [* f%)dU [I f(v)dV + C j* f\8)f(s)dS 

Since B(s) ̂  e L. on fOitl , see (6.2.1c), where e is a 

positive constant, 

||j^*f'^(s)dn8)|r è e j* f"̂ (s)f(s)d8 

Let X , n - 1 , 2 , . . and % he elements of H[c( [0 , t j ) ] . By 

means of the above defined mapping F they correspond (1-1) to 

elements g , n - 1 , 2 , . . and g respectively of L2[o,t] . I t 

follows from the above inequal i t ies that i f n —» oo , 

X„-* % in H[c([0,t])] 

i f and only i f 

gjj—> g in the Hilbert space L2[0,t] , 

showing that both F and F are continuous. 

Thus F generalizes the previously discussed mapping F . , £ind 

both F and F. generalize the afore-mentioned theorem of Karhunen. 

I t should be observed, i f (^(s) were an arbitrary mapping 

of [ 0 , t ] into H , nothing could be said about the pos s ib i l i t y 

of representations of the kind (6.2.9a) and their uniqueness. 

Representation (6 .2 .9a) i s obtained, owing to the structure of the 

observation / ( s ) and owing to the property ^(s) > 0 , s C [ 0 , t l , 

of / 3 ( s ) . 

Let us return to ( 6 . 1 . 2 ) . Since the components of ^ ( t | t) are 
elements of Hrc ( [0 , t ] )J , we obtain by virtue of (6 .2 .9) and ( 6 . 1 . 1 ) : 
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(6.2.11) Provided that condition (6 .2 .1b , c ) i s s a t i s f i e d , the Kalman-

Bucy est imate may xiniquely represented a t each t e [ 0 , T j as 

5(t l t ) - \l K(t,u)d^(u) 

where K(t ,u) i s an NxM-matrix, whose en t r i e s k. , ( t , u ) , i - l , . , N , 

j - l , . , M , are unique elements of L [ o , t ] as functions of u . 

Given f ( t ) and { ( s ) , s e [ 0 , t 1 , the system 

(6.2.11a) £ ̂ (t)2:\s) - Ej]*K(t,u)dj:(u)]2r(8) , se[0, t ] , 

i s necessa r i ly solvable with unique solut ion matrix K(t ,u) , u 6 r o , t J , 

whose e n t r i e s are elements cff L„VO,tl . 

Let us observe that we may wri te 

" r t 
^ ^ ( t l t ) - 2 : j ^ k ^ j ( t , u ) d ^ j ( u ) , 1-1,. ,N, 

J 1 

and that (6.2.11a) may be splitted up into N systems of M 
th equations, whereas the i system may be written as 

E;ri(8) ?i( t ) - : i E^^(s) j * k^j(t,u)d ^j(u) 

(6.2.11b) ^ ; I I s6 [0 , t ] , 

S^M(»^5i(t) " è HM^") IO '̂ iĵ ^-'̂ ^^rĵ ") 
J - l 

At each 1 the M elements k . . ( t , u ) , j - l , . , M , occur Jo in t l y 

in (6 .2 .11b) . The N systems (6.2.11b) , i - l , . , N , may be t rea ted 

sepa ra t e ly . 

6 , 3 . Further proper t ies of the i n t e g r a l representa t ion of the 

Kalman-Bucy est imate and i t s Wiener-Hopf system. 

If not explained in t h i s sec t ion , the meaning of the symbols used 

may be found in the sect ions 6.1 and 6.2 . 
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Let us reconsider (6.2,11a). 

(6.3.1) As we define 

§ ( s ) - H(s) 5 ( s ) , 
then according to ( 6 . 1 . I d ) , 

§ ( s ) - ^~'*){B) in q.m. and 11(8) - ( ^ § ( v ) d v in q.m. 

Since the components of f ( t ) are orthogonal to the components 

of / 3 ( s ) , 

E ?( t )^ '^(s ) = E ^ ( t ) [yfia) + ^{s)} - £ ?(t)'>3''(s) . 

And hence, on accoimt of the cont inui ty of the inner product in H , 

see ( 2 . 1 . 3 ) , 

(6 .3 .1a) E ^ ( t ) ? ^ ( s ; - E | ( t ) ]^^'^(v)dv - (^ E 5 ( t ) ? V ) d v . 

Since the components of /3(s) are orthogonal to the components 

of Y)(a) , and by virtue of (2.1.5; and (6.1.If;, 

E?(u)?'^(s) - E{y|(u) + ;3(u)^T^'^(s) +^'^(s)^ - ETJ(u)>2^(s) + |^ B(v)dv, 

where m - min(u,s). Hence 

and 

£ 

E?(u)5;'"(s) - ^ ^ dv ^^ dw E^(v)^'^(w) + ^^ B(v)dv i f O é u é s 

ld 

?(u) f ( s ) - J^ dv \l dw Eq(y)^\y.) + J^ i ( v ) d v i f 8 # u é t . 

And so E/^ (u) ^ (s) i s d i f f e r en t i ab l e i f u / s with de r iva t ive 

Ul E Z(u):f^(8) - II E^ (u)§'^(w)dw + B(u) i f 0 é u < 8 , 

(6.3.1b)< -> T 
[^lEU^)t (B) - \lE^{n)i\M)di, i f 8 < u ^ t . 

On account of these formulae _— E ^ ( u ) 5 (s ) i s continuous in (u , s ) 

and continuously d i f f e r en t i ab l e in s , i f u / s . I f u t s and 

u ^ s , ^— £ i^(u-a ; ^ (s) £ind ^— EjJ(u-s )? (s) a re continuous in s . 

We sha l l show 

(6 .3 .1c) E [ J * K(t ,u;d2; (u)] f ( s ) - J* K( t ,u) ^ 1 [ E ?(u) i : ' ' ( s ) ]du . 

For tha t purpose, l e t i K ( t , u ; , n - 1 , 2 , . . I be a sequence 

of Nx M-matrices whose e n t r i e s as functions of u are elements of 
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v7[o,tJ , such that they tend in L„[o,t1 to the corresponding 
elements of K(t,u) as n-» co . Then on account of (2.1.3), (6.3.1b) 
and (6.2.5), 

E { J * K(t,u)d:f(u)j?'^(s) - E | l i m j ^ ^ . m . [ ] * K^(t,u)d ^(u)] ^\B)] -

„ ^ ^ • L , M o ^ n ( * ' ' ^ J ' ^ ? ( - U ' ( s ) - „ ^ i ^ ^ ]*K„( t ,u ) d j E 4 ' ( u ) f ( s ) ] 

n ^'t, Io '̂ n^*'-̂  tlb ^(") "̂"̂ "̂ l̂ '̂  - Io ^(*'") ^l[^ r(u)r'(8)]du . 
'ilie last equality holds since K ( t ,u) j —[E ^(u) if (s) J tends to 

K(t,u) .J —[E ^(u)ij^ (s)J in L2[o,tJ , owing to the convergence of 

K ( t ,u) as n—> co and owing to the behaviour of •^.„[^^(u)^ (s)J 
as a function of u , see (6.3.1b). 

Substitution of (6.5.1a) and (6.5.I0) into (6.2.11a), u t i l iz ing 
the results in (6.5.1b) , yields 

J^ £ 5(t)§"^(v)dw - j * K(t,u) ] • E(?(u)^\w)dw du + [^ K(t,u)B(u)du . 

Since the entries of K(t,u) as functions of u belong to Lp[o,tJ , 
and since E^(u)§ (w) is continuous in (u,w) , the elements 
of the matrix K(t,u)E§ (u) ? (w) are Lebesgue-measurable with f ini te 
Lebesgue integral on [o,tlx[o,8] . Hence in the above expression the 
order of integration may be changed, yielding 

] ^ du{[* K(t,w)E§(w)^'^(u)dw + K(t,u)B(u) - E ^ (t)(^^(u)| - 0 

a t a l l a e [ 0 , t ] . 

Or equivalently, 

r\l K(t,w)E§(w)(^V)dw + K(t,u)B(u) - E5(t)^'^(u) - 0 

(6.3.1d))at u 6 [ 0 , t l , possibly with exception of a set of 

( Lebesgue measure 0 . 

By virtue of (6.2.11; , at each fixed t e [ o , T ] there is one 
and only one matrix K(t,w; satisfying (6.3J^d;. As functions of 
w , the entries of K(t,w; are elements of Lp[o,tJ . 
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(6 .3 .1 e) I f the system in (6.5.1d) i s mul t ip l ied on the r i g h t 

by B~ (u) , the separate equations become 

M M 
k . j ( t , u ) - S E ^ ^ ( t ) ^ ^ ( u ) b ^ J ( u ) - . ^ f*k^j^(t ,w)E^j^(w)f^(u) 'b-J(u)dw , 

k * l i i j lc^i 

1-1, . ,N, j - l , . , M . 

Since the functions E 5^(t) ^ j . (u)b^j(u) and E ^̂ ^ (w) §>j^(u)b'j(u) 

a re continuous in u £ [ 0 , t ] , and on account of the Inequa l i ty of Schwarz, 

| k ^ j ( t , u ) - k ^ j ( t , v ) | è 1 | E f i ( t ; | ^ ^ ( u ) b - J ( u ) - ? k ^ - ) ~ ^ ; ; ( ' ) ] j -

i^IoM''ih^*"^^^h(-M^k(-Kj^'^^ - ^k '̂̂ ^kĵ -̂ il'*'-̂  ° - ^^"-
Hence the elements of K( t ,u) are continuous functions of u 6 [ o , t l 

and the equa l i ty in (6 .5 . Id ) holds a t a l l u 6 [ 0 , t ] . 

Combining the above r e s u l t s with (6 .1 .11) we ob ta in : 

(6 .3 .2) Provided tha t condition ( 6 , 2 . 1 b , c ) i s s a t i s f i e d , the Kalman-

Bucy est imate may uniquely be represented a t each t é [0»TJ as 

? ( t [ t; - j*K(t ,8;d^(s ) . 

K( t , s ) i s continuous as a function of s e r O j t l . I t i s necessa r i ly 

the unique solut ion to the NXM-system 

(6 .3 .2a) K( t ,8 )3 (8) + [* K(t,u)B<?(u)^'^(8)du - E !c(t)(?'^(8) , 8 e [ 0 , t ] . 

(6 .3 .2b) The elements of the k e r n e l , i . e . the elements of the 

M AM-matrix 

£^(u)(f(s) 

are continuous fimctions of (u , s ) e [ 0 , t ] by v i r t ue of the 

con t inu i ty of the inner product, see ( 2 . 1 . 5 ; , since § ( s ) i s 

continuous in q.m. on [ 0 , t l , see ( 6 . 5 . 1 ) . 

(6 .5 .2c) Let us consider the inhomogeneous par t of ( 6 . 5 . 2 a ) , i . e . 

the N>CM-matrlx 

E 5(t)§ '^(s) , where 0 é s é t é T . 

Since 15(3) - H ( s ) 5 ( 3 ) , see ( 6 . 3 . I ) , i t follows on account of 

(5 .1.2d) tha t 
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E ^(t)§'^(8) - E 5(t)5'^(8)H^(s) -

F(t) ^E/y'^ + Il F-\U)B(U)[F-\U)J du] F̂ (s)H'̂ (a) , 

where F(t) is the fundamental matrix, associated with the matrix 

A(t) , see (3.2.5). Since F(t) is continuously differentiable with 

derivative 

^^ F(t) - A(t)F(t) , 

i t follows tha t E | ( t ) ^ (s) i s d i f f e r en t i ab l e with respec t to t 

i f O é s é t é T , with p a r t i a l de r iva t ive 

2,1 E5(t)§'^(s) - A(t)E5(t)€'^(s) , 

whereas the above formula represen t s the de r iva t ive from the r i g h t 

i f s - t , and from the l e f t i f t-T . 

t-s 
Let the compact set A be defined by 

Oé 3 ^ t , te[o,T] . "^ 

Since ^(t) and '?(s) are continuous 

in q.m., it follows from the continuity 

of the inner product, see (2.1.5), that 0 

E^{t)q\s) and ^\ E5(t)?'^(s) -

A(t)E ̂ (t)6, (s) are continuous, and hence imiformly continuous 

and bounded functions of (t,s) on the compact domain ^ , 

provided that the value of ^ E 1̂  (t) ̂''"(s) at (T,T) is suitably 

defined. 

Remark: With respect to the above partial derivative, we recall 

that |(t) is not differentiable in q.m., see (5.1.2b). 

> 8 

(6 .3 .3) Mul t ip l ica t ion from the r i g h t with B (s ) and t ranspos i t ion 

of (6 .3 .2a) y ie lds 

(6 .5 .3a) K'^(t,s) + 5* B - ^ s ) E f (8)§"^(u)K'^(t ,u)du-B-^8)E§(s)^ '^(t) , 

This MXN-system may be s p l i t t e d up in to N uncoupled systems 

of M coupled equations 

(6.5.5b) K^( t , s ) + j * B-^ ( s )E?(s )?~(u )K]^( t ,u )du-B-^s )E^(8 ) 5? . ( t ) , 

s é [ 0 , t ] , i - l , . , N , 
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where K. ( t , s ) represents the i column M-vector of the matrix 
T th 

K ( t , s ) and f . ( t ) the 1 component of the N-vector ^ ( t ) , 

cf. (6.2.11b) 

By virtue 

to each of the M-systems in (6.5•5h) 

- 1 -

By virtue of (6 .2 .11 ) , there i s a unique solution K. ( t , s ) to 

If t i s a "small" fixed value in [ 0 , T ] , K]"(t,s) may be 

expressed by means of a Neumann expansion, giving some "local" 

information about K ( t , s ) . 

I t i s of more interest to observe that at fixed t ^ [ o , T ] , 

j * B-\3)E§(3)§'^(u)K[(t ,u)du 

Mr -I defines a compact mapping of L IO,tJ into i t s e l f . Then, owing to 

the a priori knowledge of existence and uniqueness of a solution 

to (6.5.5t>), some properties of the "global" solution K(t,8) might 

be derived, cf. [ 28 j , page 281 . However, with the aid of these 

ideas i t looks hard to establish a l l qual i t i e s of K ( t , s ) , needed 

in the Kalman-Bucy f i l t e r . 

Therefore, in the next section we shall transform (6 .5 .5b) , in 

order to y ie ld an equivalent system from which a l l necessary 

information about K(t ,s ) can be obtained. 

Final ly , l e t us notice that the 1-dimensional version of (6.5.3b) 
i s not an integral equation of Volterra-type, in spite of the variable 
upper l imit t of the domain of integration. At each fixed t f [ O , T ] , 
the 1-dimensional version of (6.5.5b) i s an integral equation of 
Fredholm. 

6 .4 . A system of integral equations, related to the 
Kalman-Bucy estimate. 

If not defined in this sect ion, the meaning of the symbols used, 
may be found in the previous sect ions. If no confusion may ar i se , a 
vector a or matrix A with real valued entries wi l l be called 
continuous or differentiable e . g . , i f f a l l elements enjoy the assigned 
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VaS„( 
, i , Bf [0,T] , 

l ( - ) 

proper ty . The components of a and the elements of A wi l l be 

denoted by a. and a., r e spec t ive ly . J Jk 

(6 .4 .1) Throughout t h i s sec t ion , 8(3) stands for the matrix, 

defined in ( 6 . 2 . 1 c ) . 

Let d* (s) represent the pos i t ive square root of d . . ( s ) , j - l , . , M , 

and define the diagonal matrices 

D*(s) - ^ ^ - , 1 , B-*(s) -

see ( 6 . 2 . I 0 ) . Let 0(3) be as in (6 .2 .1c) and set 

B*(s) - o'^(8)D*(8)0(s) and B"*(8) - 0 ^ ( S ) D " * ( 8 ) 0 ( B ) . 

In th is way, ^ ( s ) and B " * ( S ) are (uniquely) defined continuous, definite 

posi t ive MX M-matrices, a é [0,Tj , symmetric and such that 

B*(s)B*(s) - B(s) , B"*(s)B"*(s) - B-^(s) and B*(8)B'*(8) - I^ . 

(6 .4 .2) Let us multiply the M-dimensional system (6.5.3l>) a t the 

left-hand side with £^(3) . Then we obtain 

(6 .4 .2a) B*(8)K^(t,8) + [ * { B - * ( 8 ) E ^ ( s ) ? V ) B - * ( u ) ] ( B * ( u ) K ^ ( t , u ) ] d u -

= B"*(3)Ef (s) ^ . ( t ) , s e [ 0 , t ] , t € [ 0 , T ] , i - l , . , N . 

As we se t 

(6.4.2b) B*(8)K^(t,s) = K^(3,t) - h e n c e K | ( t , 8 ) = ï " * ( s ) K ^ ( s , t ) -

and 

(6 .4 .2c) B-*(3)E^(3)?^(u) i -* (u ) - C(s,u) , 

then system (6 .4 .2a) i s transformed in to 

(6.4.2d) K^(8, t) + \l C(8,u)K^(u,t)du - B-*(8)E^(8) ^ ^ ( t ) , 3 é [ 0 , t ] , 

t& [ 0 , T ] , 1 -1 , . ,N . 

It should be noted that the kernel 0(3,u) doe3 not depend on i . 

At each 1 system (6.4.2d) corresponds with (6.5.5b) or (6.2.11b). 
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(6 .4 .3) We sha l l Inves t iga te the M-dimensional system of In teg ra l 

equations 

(6 .4 .5a) A x ( s , t ) - J* C(8,u)x(u , t )du - y ( 8 , t ) , 8 c [ 0 , t ] , 

t € [ 0 , T ] . 

Here A i s a parameter, C(s,u) i s the MxM-matrlx in ( 6 . 4 . 2 c ) , 

y ( s , t ) i s a given element of L2[0 , t ] and x ( s , t ) e L2[o,t^ i s 

to be solved. 

L2[0, t ] i s the r ea l Hi lber t space, defined in ( 6 . 2 . 1 0 ) . 

As we subs t i t u t e 

A - -1 and y ( 8 , t ) - - B - * ( s ) £ ^ ( s ) 5 ^ ( t ) 

in to ( 6 . 4 . 3 a ) , system (6.4.2d) i s obtained, with x^8 , t ) - K^(8, t) . 

(6 .4 .5b) Let us f i r s t r e c a l l several p roper t i es of Lp[0, t ] . 

I f u ( s , t ) and v ( 8 , t ) are elements of Lp[0 , t ] , the inner 

product i s defined as follows: 

( u ( s , t ) , v ( s , t ) ) ^ - \l u"^(s , t )v(s , t )d3 - S J * Uj (8 , t )Vj (8 , t )d8 . 

Hence 

|h««*))l5 - Io ^"^(S»t)v(s,t)d8 - 2 : J* T^(8,t)d8 . 

The inequality of Schwarz reads 

I J* u'^(s,t)v(s,t)ds| - |(u(s,t),v(a,t))J é |lu(s,t)||̂ .||v(8,t)l|̂  

If the components of u(8»t) are e s s e n t i a l l y bounded in s on 

[ o , t j ( e . g . i f u ( s , t ) i s continuous in s on [0 , tT ) , then 

there i s a f i n i t e number u ( t ) such tha t 

se[0 

and hence 

ess sup | u . ( 8 , t ) - u ( t ) 
, t ] , j - l , . , M J 

Then 
M 

| | u ( s , t ) | | J - ^ j * u2 ( s , t ) d8 é Mtu2(t) 

j S J * U j ( 8 , t ) V j ( 3 , t ; d s - j l * u" ' ' (3 , t )v(s , t )ds -
J ° i 

| ( u ( s , t ) , v ( 3 , t ) ) ^ | ^ | |u(s , t )H^.Hv(8, t) l |^ é u ( t )VMt | | v ( 8 , t ) 
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(6 .4 .5c) The kernel C(s,u) of ( 6 . 4 . 5 a ) , i . e . the MXM-matrix 

C(8,u) - B-*(8)£§(s)^T(^)B-*(u) 

enjoys the proper t i es 

1) C(s,u) i s continuous in ( s , u ) on [o,TJ , owing to (6.5.2b) 

and ( 6 . 4 . 1 ) . Hence i t s elements are uniformly continuous on [ o , T j 

and bounded. So there i s a f i n i t e number o such tha t 

o - max I I 
(8 ,u)e [0 ,T]2 , j , k - l , . , M l ° j k ( « ' " ) l • 

i i ) C''"(s,u) - C(u,8) . 

(6.4.3dj The operation 

z(s,t) = I C(s,u)x(u,t)du 

defines a mapping JSy of L2[o,t'| into itself with the properties : 

i) J7 . is a linear operator . 

ii) cf . is a continuous operator with norm )C + + satisfying 

i J ^ J U é c M t , t6 [0 ,T] . 

For, 

|Zj^(s,t) 

^ ^ x(s , t ) - z (s , t ) -

Zj,(s»t) I 

\ Io Oik(«;'^)^(".t)d'^ 

\ \ o OHk^^'^K^"'*)"^^ 

And on account of (6.4.3b) and (6.4.5c), 

M 
j z j ( 8 , t ) | - j ' è I * ej^(s,u)x^(u,t)du| é oVTt j |x(s,t) | j^ , j - l , . , M . 

Hence 

l ^ t ^^«•*)|? • |-^«.*)lt - ^ Io ^j('"*)'^« = « I o ='«* (-^«.Mlt ^̂  

c V t 2 | x ( s , t ) | 2 
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iii) ^ is a oompact operator. 

Proof: Let 

{x(n,s,t), n-1,2,.. | 

Mr 1 
be any bounded sequence in Lpl_0,tj . This means, there is a value 

a(t) such that 

l |x(n ,s , t ) ( |^ é a ( t ) , n - 1 , 2 , . . 

By d e f i n i t i o n , C i s compact a t t e [ o , T J i f f the sequence 

(1) [ z ( n , s , t ) - (?*̂  x ( n , 8 , t ) , n - 1 , 2 , . , I 
M r 

contains a subsequence, converging in L2[0,t"] . 

I f 3 , 3 ' fe y o , t i , 
M I 

| z j ( n , s , t ) - 2 j ( n , s ' , t ) | - "^ j ^ | c j j ^ ( s , u ) - c^ j^(s ' ,u ) | Xj^(n,u,t)du 

The elements c . , ( s , u ) are uniformly continuous on [0 ,T | . Hence 
Ok ' • J 

given £ > 0, there i s a number S' > 0 such tha t uniformly in ufe [ 0 , T | 

| c j ^ ( s , u ) - C j j ^ ( s ' , u ) |< £ i f | s - s ' l < ^ . 

Then by v i r t u e of (6 .4 .5b ) , 

^ I * { o j ^ . ( s , u ) - O j ^ ( s ' , u ) j i j ^ ( n , u , t ) d u k £ l ' M t | | x ( n , u , t ) | | ^ é £ l / ^ a ( t ) . 

And hence for a l l n and j - l , . , M , i f s - s ' |< r S then 

| z j ( n , s , t ; - Z j ( n , 8 ' , t ) | é t Y w t a ( t ) . 

This means that at each j the elements of the sequence 

(2) ^Zj(n,s,t) , n-1,2,.. | 

c o n s t i t u t e an equicontinuous system of fimctions of s on [0 , t " | . 

The elements of (2) are also uniformly bounded, as a lso on 

account of ( 6 . 4 . 5 b ) , 
| f . 

| z j ( n , s , t ; | - S j * Cj^(8 ,u)Xj^(n ,u , t )duU CYMT [)x(n,u, t ) | j ^ é cVlJt a ( t ) 

Therefore, owing to Asco l i ' s theorem, a t each j there i s a 

subsequence of (2) 

I z ^ ( n ' , 3 , t ; , n'= . . 1 , 



110 6,4 

converging uniformly on [0»tl as n ' - * <vo . And hence, there i s 

also a subsequence of ( l ) , 

[ z ( n " , s , t ) , n"- . . j , 

such that at each j the corresponding sequence of components 

|zj(n»,8,t), n"- .. ^ 

converges uniformly on [ 0 , t 1 as n" —» eo , say to z . ( s , t ; . 

Then a lso 

| | z ( n " , s , t ; - z (8 , t ; | | ^ - S J* [ z j ( n " , s , t ; - Z j ( s , t ; ' ^^d8->0 as n - » oo , 

showing the asserted compactness of ^ 
t 

iv; Q^ is a symmetric operator. 

For, if f(s,t ; and g(.3,t; are elements of Lp[0,tl , 

(f(s, t) , ^^ g(s,t))^ - W f \ s , t ) U * C(s,u)g(u,t;duJ ds -

- j * W f'''(8,t;C(8,u)g(u,t)d3du, 

whereas on account of ii in (6.4.50)1 

( ^ t f(s,t),g(8,t))^ - [* J* C(s,u)f(u,t)du| g(s,t)ds -

- j* I* fV»t)c'^(s,u;g(8,t;dsdu - j * j * f'^(u,t;c(u,8;g(8,t;dsdu 

Hence (f(3,t;, 'C^ g(s,t;)^ - ( ̂ ^ f ( s, t) ,g(s, t) )^ . 

v) "^^ j . i s a non-negative de f in i t e opera tor . 

For, i f f ( s , t ) 6 L2[0,t"l , then 

( f ( 3 , t ; , ^ ^ f ( 8 , t ; ) ^ = j * j * f"^(s , t )B-*(s)E^(s ;^ '^ (u ;B-^(u)f (u , t )dsdu . 

Set 

Cp(u,t) - ^ \ u ) B - * ( u ) f ( u , t ) 

Then OP(u,t; = ( | ' (u , t ; , as i t i s l -dimensional . I t i s the sum of a 

number of second order rsmdom fimctions of the type, discussed in ( 6 . 2 . 1 ) , 
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Hence 
J* <p(u,t;du 

is well defined as a stochastic integral in q.m. It has a finite 

second moment and satisfies 

^[lo f (^.t)du]2 - j * I* E(f>{s,t)Cf{u,t) dsdu -

• Io Io f"^(8,t;B-«(8;E§(8)^'^(u)B-*(u)f(u,t;dsdu, 

see ( 6 . 2 . 1 ) . So we obtain 

( f ( s , t ) , ^ ^ f ( 8 , t ) ) ^ - E [ J * f ( u , t ) d u ] 2 i 0 . 

(6 .4 .4) Let °7+ represent the i d e n t i t y operator in L2[0,t^ . 

Then system (6 .4 .5a) may be wri t ten as 

(6 .4 .4a) ( A 7 t - if^ ) ^(B,t) - yie,t) , tè[o,t] , 

where A i s a parameter, y ( s , t ) a given element of L„ro , t j , 

and where on account of (6 .4 .5) t + i s a t each t 6 [ 0 , T ^ a l i nea r 

compact (and continuous) , symmetric and non-negative de f in i t e mapping 

of Lp]|0,tT in to i t s e l f . The element i ( s , t ) i s to be solved. 

Since a t t 6 [ 0 , T n (^ i s l i nea r and compact, i t s spectrum 

cons i s t s - possibly with the exception of the value 0 - of a bounded 

denumerable se t of eigenvalues A ( t ) , n - 1 , 2 , , . a lone , and only the 

number 0 may be a condensation po in t . Since ^ . i s symmetric, 

the eigenvalues are r e a l , and since /^. i s non-negative d e f i n i t e , 

they are non-negat ive . 

Hence A - - 1 i s not in the spectrum of S^. , e n t a i l i n g that 

a t each t e [ 0 , T ] , - 7+ - ^ + i s i n v e r t i b l e , with inverse 

(6.4.4b) ( - ^ t - ^ t ^"^ • 

( - ^ . - C- . )~ i s a l i n e a r , continuous opera tor , defined on 

the whole space Lp[o, t l , since C^ i s compact and symmetric, 

see r 28 1 , page 557. 

As a consequence, a t each t é j O , T | 

(6.4.4c) ( - t / t - ^ t ) ^(^'^^ = ° 
i s uniquely solvable in Lp[o, t ] , with solut ion 
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x ( s , t ) = 0 Ê L^[0 , t ] , 

since x ( 3 , t ) = O s a t i s f i e s ( 6 . 4 . 4 0 ) . 

I t follows a lso tha t a t each t e [ 0 , T l , system (6 .4 .5a) with 

A - - 1 , and hence system (6.4.2d) has a unique so lu t ion . This i s 

in accordance with the r e s u l t in (6 .5 .2) or (6 .2 .11 ) , and with the 

fact tha t the Wiener-Hopf equations of the Kalman-Bucy est imate have 

a unique so lu t ion . 

Since L-\ ^^ compact, symmetric and non-negat ive, there i s a t 

each t 6 [ 0 , T l a maximum eigenvalue, sa t i s fy ing 

max ; \ „ ( t ) = l ^ J I , . 
n - 1 , 2 , . . 

Hence according to i i in (6 .4 .3d ) , 

(6.4.4d) 0 é max ^ „ ( t ) = oMt , t é [ 0 , T ] . 

n - 1 , 2 , . . 

As we define 

(6 .4 .4e) c ^ ( A » t ) = sup I ^n^^^ | , t 6 [ o , T ] , A ^ O , 
n = l , 2 , . . I -X - \ ( t ) | > ^ > ^ ( t ) , n . 1 , 2 , 

i t can be shown tha t 

see j 28"| page 338. 

In the context of the Kalman-Bucy filter, we are only interested 

in the case that A - -1 > see (6.4.4^) and (6.4.5a). Then, as all 

A (t) are non-negative, (6.4.4e) shows 

0 é oC(-l,t) -é max 'X ^{'^) 
n-1,2,.. 

and hence according to (6 .4 .4d ) , 

0 è oC( - l , t ) i cMt , t é [ 0 , T ] . 

Hence, owing to (6 .4 .4f) with ^ = -1 , we obtain the important r e s u l t 

(6.4.4g) ||( - !7t - 2ft ) ' i t = 1 + ollt . t é [ 0 , T ] . 

This means, i f t var ies in [ 0 , T 1 , then ||( - tTl - ^ )~ |L 

i s uniformly bounded. 
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Let us re turn to (6 .4 .5a) with A - -1 . We have shown : 

(6 .4 .5) Let be given the M-dimenslonal system 

(6.4 .5a) x ( s , t ) - d ( s , t ; - j * C(s ,u )x (u , t ;du , 8 e [ o , t ] , 

where C(s,u) i s the MXM-matrix in (6 .4 .50) and where d ( s , t ) i s 

any element of L„[0, t j . 

Then a t each t 6 [0,TJ : 

i ) There i s a unique solution x ( 8 , t ) € Lp[o,t l . 

i i ) The solut ion x ( 3 , t ) i s a l i nea r transformation of d ( s , t ) , 

and a continuous transformation in the sense of the topology of Lp ro , t | 

i i i ) | lx(8,t) |(^ è (1 + cMt).l jd(8,t) | |^ , t e [ 0 , T ] . 

We sha l l frequently use the following consequence of i and i i 1 

iv) If d ( 8 , t ) - 0 , then x ( s , t ) = 0 . 

And a t each fixed t 6 [ O , T ] , 

d ( 8 , t ) - » 0 in L2[0, t ] e n t a i l s i ( s , t ) - » 0 in L2[o,t] . 

We r e c a l l , i f d ( s , t ) - B"'^(8)E § (s ) | . ( t ) , then the unique 

solut ion to (6 .4 .5a) i s 

x(8,t) - B*(8)Kj(t,8) . 

(6.4.6) Let us recall the compact 

domain A , defined by 

0 é 8 * t , te[0,T] , 

see (6.5.2). > s 

In this subsection it is assumed that 

(6.4.6a) the components of d(8,t; are bounded on A 

Hence there is a finite number d such that 

d = aeae j d . (s, t) I 

(s,t)6 A , j-l,.,M J 
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Then 

(6,4.6b) |d(8,t)| |^ - 2 Io dj(s,t)ds é d̂ Mt , t€[o,T] 
J " 1 

Since 
t ( s , t ) - d ( s , t ; - j * C(8 ,u ;x(u , t ;du , 8 6 [ 0 , t ] , 

then by v i r t ue of (6.4.5b) 

| x j ( s , t ; | - l d j ( s , t ) l + ) ^ [ ^ c . j ^ ( s , u ) x ^ ( u , t ) d u ] é . 

é d + cVMt ( x ( u , t ) | ^ . 

And as on account of (6.4.6b) and of iii in (6.4.5) 

| x ( u , t ) | ^ é (1 + oMt) . | d (8 , t ) | j ^ ^ (1 + cMt)dYMt , té [ 0 , T ] , 

i t follows tha t 

(6 .4 .6c) | x . ( s , t ) | é d + dcMt(l + cMt) si d + dcMT + dc^M^T^ , 

uniformly in ( 8 , t ) fe .«t̂  , j - l , . , M . 

I . e . ! If the components of d ( 8 , t ) are bounded on /^ , and i f 

x ( s , t ) i s the solution to ( 6 . 4 . 5 a ) , then also the components of x ( 8 , t ) 

are bounded on A . 

(6 .4 .7 ) In i i i of (6 .4.5d) we es tabl ished among other things tha t 

J* C(s ,u)x(u , t )du 

i s a continuous function of s on [O.tT , i f x ( u , t ) £ l ' o [o , t l . 

Hence, i f d ( s , t ) i s continuous in 3 on [ 0 , t j , the solut ion 

x ( s , t ) to (6 .4 .5a) i s a lso continuous in s on [ 0 , t ' l , cf. ( 6 . 5 . 1 e ) . 

However, we need to e s t ab l i sh the cont inui ty of x ( s , t ) in ( 8 , t ) 

on /^ , under the assumption t ha t 

(6 .4 .7a) d ( s , t ) i s continuous in ( 8 , t ) on Ak . 

Then the components d . ( s , t ) are imiformly continuous on £^ , 

and bounded on Ak , say by d, and (6 .4 .6c) a p p l i e s . I . e . : 

(6 .4 .7b) Under the assumption ( 6 . 4 . 7 a ) , the components x ( 8 , t ) 
0 

of the solut ion x ( s , t ) to (6 .4.5a) are bounded on ^ 
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In this subsection condition (6.4.7a) is assumed to be fulfilled. 

Hence (6.4.7b) is valid. 

Let t be a fixed value in [o,T^. 

Assume O é t' < t . 

Consider the unique solut ions 

x ( s , t ) and x ( s , t ' ) 

to system (6 .4 .5a) a t t and a t t ' 

r e spec t ive ly . 

Define 

»- s 

f X ( 8 , f ) 
x ( s , t ' ) = \ 

I 0 
Then 

r d ( s , t ' ) - J 
x ( 3 , f ) = J 

(.0 = J^ C ( s , u ; x ( u , t ' ) d u - J 

t ' t 

i f O-é 8 ^ t ' 

i f t ' < s e t 

d ( s , t ' ) - j " * C(8 ,u )x (u , t ' )du i f O é 8 é t ' 

* C(3 ,u )x(u , t ' )du i f t'<r s - é t 

Since 

x ( 3 , t ) = d ( s , t ) - j * C(3,u)x(u, t )du , s é [ 0 , t ] , 

we obtain a t each t 6 [OiTJ the i d e n t i t y 

(6 .4 .7c) x ( s , t ) - x ( s , t ' ) = u ( s , t , t ' ) - J* C ( s , u ; [ x ( u , t ; - x ( u , t ' ) | d u , 3 é [ o , t ] , 

where 

(6.4.7d) u ( s , t , t ' ) = ] 
( ( 

• d ( s , t ) - d ( s , t ' ) i f 0 é 3 ^ t ' 

. d ( s , t ) - ( * C(3 ,u ;x (u , t ' ) du i f t ' ^ 3 é t 

Now consider a t t é [ o , T the system 

(6 .4 .7e) y ( s , t , t ' ) - u ( s , t , t ' ) - ] ^ C ( s , u ; y ( u , t , t ' ) d u , s e [ o , t ] 

As i t i s of type ( 6 . 4 . 5 a ) , i t i s uniquely solvable with solut ion 

y ( s , t , f ) = x ( s , t ) - x ( 3 , f ) , 

according to i d e n t i t y ( 6 . 4 . 7 o ) . 

We shal l show 

u ( s , t , t ' ) - » - 0 in L2[0, t ] as t ' | t , 

or equivalent ly 

(6 .4 .7f ) | u ( s , t , t ' ) | ^ - » 0 as t ' j t . 
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By virtue of (6.4.7d), 

|u(s,t,t')||^ - S I^ u^(s,t,f)ds 
j-l 

M 
: ^ j*'ldj(s,t)-d_j(s,f)J^ds + S j*,[dj(s,t)- 2 - [*'c_jî (s,u)X|̂ (u,t')duĴ ds 

The first term in the right-hand side tends to 0 as t t t . because 

of the uniform continuity of d.(s,t) in (3,t) on A .In the second 

term, the integrand is bounded on account of the continuity of d(s,t) 

on /^ , and by virtue of the boundedness on ^ of c., (3,u) 
Jk 

- see (6.4.3c) - and of x, (u,t') - see (6.4.7b) - . Then also the 

second term tends to 0 , since the measure t-t' of the domain of 

integration tends to 0 as t' | t . 

Hence (6.4.7f) is established. And so, by virtue of (6.4.7e) and 

of iv in (6.4.5)» 

(6.4.7g) ||y(s»t»t')||^ - (x(s,t) - x(3,t')|^ -» 0 as t'ft 

T 

Now we assume 0 — t < t ' = T , t fixed. 

We shall similarly show that 

(6.4.7h) |jx(s,t) - x(s,t')ll^-> 0 as V [ t . 

Instead of identity (6.4.70) we now obtain t t' 

(6.4.71) x(s,t')-x(3,t) - v(s,t,t')-j^ C(s,u)ix(u,t')-x(u,t)^du, sf[o,t], 

where 

(6 .4 .7 j ) v ( s , t , t ' ) = d ( s , t ' ) - d ( s , t ) - j * ' c ( s , u ; x ( u , t ' ) d u a t each sé [0 , t j . 

Then 

| | v ( s , t , t ' ) | | 2 = ^ j t T 2 ( s , t , t ' ) d s 
j - l 

As V I t , d . ( s , t ' ) - d ( s , t ) - > 0 , uniformly in s é [ 0 , t ] , 

because of the uniform cont inui ty of d ( s , t ) on A . Since 

c ., (s ,u)x, ( u , t ' ) ia bounded on ^ by v i r t u e of (6 .4 .5c) and 
JK k , 

of (6.4.7b) r espec t ive ly , J . c . (s ,u)x, (u, t ' )du tends to 0 , 

uniformly in s é - [ o , t J since the measure t ' - t of the domain 

of in t eg ra t ion tends to 0 as t ' ,̂  t . 
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Hence, according to (6 .4 .7g»h) , 

(6 .4 .7k) Given £. > 0 , there i s a number S > 0 such tha t 

II x(8,t) - x ( s , t ' ) | ^ < £ if | t - t ' j < . ^ . 

The bar in x ( s , t ' ) may be omitted i f t ' è t . 

(6.4.7m) If the components of the M-vector d ( s , t ) are continuous 

functions of ( s , t ) on A » then also the components of the solut ion 

x ( s» t ) to (6 .4 .5a) a re continuous functions of (3»t) on A . 

Proof ! Let ( s , t ) and ( s ' , t ' ) in A . ( s , t ) f ixed . 

Necessar i ly 0 ^ s é t , and 0 é s ' ^ t ' .We may write 

x ( s , t ) - x ( 3 ' , t ' ) - x ( s , t ) - x ( s ' , t ' ) -

= d ( s , t ) - d ( s ' , t ' ) - y j * C(s ,u)x(u , t )du - j * ' c ( s ' , u ) x ( u , t ' ) d u l -

- d ( 3 , t ) - d ( s ' , t ' ) - [* C(s,u) j x ( u , t ) - x ( u , t ' ) | d u 

- j*{^C(s ,u) - C ( s ' , u ) j x ( u , t ' ) d u + ^ * ' c ( s ' , u ) x ( u , t ' ) d u , 

where the bar in x ( u , t ' ) may be omitted i f t ' ^ t . 

Hence 

I Xj (8 , t ) - X j ( 3 ' , t ' ) | - | x j ( s , t ) - X j ( s ' , t ' ) | ^ 

| d . ( s , t ) - d j ( 3 . , t . ) | . 1 ^ j * c . ^ ( s , u ) { x ^ ( u , t ) - X ^ ( u , t ' ) j d u | . 

^Io|°jk(^'"^-=jk(^''^^|-l^("'*')h" ^ gl t ' lv^' '"^^^"'*' )^" 
M 

+ "Z 
k 

Let £> 0 . 

i) Since d(s,t) is uniformly continuous on A , there is a 

neighbourhood n- of (s,t) , such that 

|dj(s,t) - dj(s',f)J < £ if (s ' . f ) e n. n c. • 

i i ) On account of (6 .4 .5b ,c ) and (6.4.7l|c), U - t ' l < <5' entaÜE 

I M 
I ^ l o Oj|^(s,u)fxj^(u,t) - Xj^(u , t ' ) jdu | ^ cl/Mt t . 
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iii) Since c., (s,u) is uniformly continuous on A , there is a 
Jk 

number S' such that 

jcji^(s,u) - c_jj^(s',u)|< £ if (s-s'l <: 5' , k-l,.,M . 

Accord ing to ( 6 . 4 . 7 b ) , x. ( u , t ' ) i s u n i f o r m l y bounded on / ^ , say 

I X k ( i i » t ' ) | < . X , ( u , t ' ) e A , k - l , . , M . 

Henc e j . 

i j * | c j j ^ ( s , u ) - c _ . j ^ ( 3 ' , u ) | . | x j ^ ( u , t ' ) | d u é M £ x t i f [ s - s ' | < S ' 
k 

i v ) I f t ' è t , 

M 

"k 

And i f t ' > t , 

\ j t ' l c j ^ ( s ' , u ) x ^ ( u , t . ) | d u . O 

M 

k 
- I t ' ]0jk(^'''')^k^'''*')K'' "̂  Mcx.(t'- t) 

The a s s e r t e d c o n t i n u i t y of x ( 3 , t ) a s a v e c t o r f u n c t i o n of ( s , t ) 

On A i s shown in i - i v . 

( 6 . 4 . 7 n ) I f d ( s , t ) = B"^ ( s )E § ( s ) ^ ^ ( t ) , ( s , t ) e A . i t s a t i s f i e s 

c o n d i t i o n ( 6 . 4 . 7 a ) , see ( 6 . 5 . 2 0 ) . Then t h e s o l u t i o n t o system ( 6 . 4 . 5 a ) 

i s 

x ( s , t ) = B ^ ( s ) K ^ ( t , s ) 

Hence the components of B*(s)K.(t,s) and therefore those of 

^•i(t,8) - B *(s)x(s,t), and finally the elements of the Kalman 

matrix K(t,8) in (6,2.11) are continuous functions of (s,t) 

on A .It is observed that in (6.5.2) only the continuity of the 

elements of K(t,s) as functions of s was shown. 

It is seen that the conditions, imposed on the covariance matrix 

B(8) of the Wiener-Lévy process in the observations, see (6.2.1c), 

M fully exploited. 
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(6.4.8) We have seen in (6.3.2c) that if d(s,t) = B"*(s)£ f (s) )e . (t) , 

(6.4.8a) d(s,t) is partial differentiable on A with respect 

to t , and 

d(s,t) and .̂-r d(s,t) 

are continuous vector functions of (s,t) on A . 

In this subsection we shall show that under condition (6.4.8a), 

the solution x(s,t) to (6.4.5a) is also partial differentiable 

with respect to t and that it satisfies an appropriate system of 

integral equations. 

Let condition (6.4.8a) be fulfilled. 

Let t be a fixed value in [0,T) 

and assume 

0 é t < t' ̂  T . ^ » 

(6.4.8b) According to the mean value theorem of calculus, 

d (s,t') - d (s,t) ^ 

-^ ^ - -sT^<ij(« '*"(^)) 

where 

t ' - t 

0 < t " ( s ) - t < t ' - t . 

And since on account of (6 .4 .8a) >, t " / ^ d . ( s , t " ( > ^ ) i s 

imiformly continuous on A , 

d ^ ( 8 , t ' ) - d . ( s , t ) 

t ' - t 
— d . ( s , t ) as t ' I ' t , uniformly in s e [ 0 , t ] . 
•3 

3't - j 

Let x ( 8 , t ) and x ( 8 , t ' ) be the solu t ions to (6 .4 .5a) a t t and 

t ' r e s p e c t i v e l y . Then owing to ( 6 . 4 . 7 i , j ) we obtain the i d e n t i t y 

(6 .4 .8c) 'i',^'J-fB,t) . , ^ 3 . t , t . ) - j * C(s ,u; x ( u , t ' ) - x ( u . t ) ^^ ^ ^^j-^^^j^ 

where 

(6.4.8d) w ( s , t , t ' ) - d(s , t^ ) -d(s , t ) _ _ 1 _ j t ' c(8,u)x(u,t ')du , 8 e [ 0 , t ] . 
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By virtue of (6.4.8a), also condition (6.4>7a; is fulfilled. And 

so (6.4.7m; applies. Hence, also on account of (6.4.3o;, C(s,u; , 

x(u,t) and C(s,u)x(u,t) are continuous on A • By virtue of the 

mean value theorem for integrals of continuous functions, 

tTTtlt' Ojj^(s,u)xj^(u,t')du - c.^(s,t")xj^(t",t) , t < t " < t ' , 

where t" varies with s . We may write 

l^jk^^'^^^k^*'*^ - t ^ Jt'^jk^^'^^^k^"'*')*^^! = 

- I 0jj^(8,t)x^(t,t; - c^j^(s,t")x^(t",t') I é 

éi=jk^«'*^v^''")|-hk^*'*M" |v^''")l-hk^^'*^-v*"'*')| • 
As c.,(s,t) and x, (t",t') are uniformly continuous on A and 

boxmded, 

jc^^(s,t)xj^(t,t) - : ^ j ^ Cj^(3,u)Xj^(u,t')duj --• 0 as t ' | t , 

u n i f o r m l y i n s e [ o , t l . 

Hence t h e components of TT—r \+ C ( s , u ) x ( u , t ' ) d u tend to t he 

c o r r e s p o n d i n g components of C ( s , t ; x ( t , t ; a s t ' J t , u n i f o r m l y 

in se[0, t"j . 

Owing to t he above r e s u l t and to ( 6 . 4 . 8 b ; , 

d ( s , t ' ) - d ( s , t ; I M , 

ié^^^ael w . ( s , t , t ' ) - ^ ^̂  _ ^ - t T r ^ i t | ^ ^ ' = j k ^ ^ ' " J - k ^ - ' * ' ) i 

—> -̂ t d (s,t) - S ! c (s,t)Xj^(t,t; as t'jt , uniformly in s6[o,tl. 

According to (6.4.8a), (6.4.5c) and (6.4.7m;, 

(6.4.8f) ^ — d(s,t; - C(s,t)x(t,t) is continuous in (s,t) on A . 

Consider the ;,.r.tem 

'.6-4-8fi) y(s,t; = L"! d(s,t;-c(s,t;x(t,t;\ - J* c(s,u;y(u,t;du , se[o,t], 

du 
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where x(t,t; is the value at s-t of the solution x(s,t; to the 

system 

x(s,t; = d(s,t; - j* C(s,u;x(u,t)du . 

As system (6.4.8g; is of type (6.4.5a), it is endowed with a unique 

solution. Moreover, since according to (6.4.8f; vT d(s,t; - C(8,t;x(t,t) 

is continuous in (s,t) on A , (6.4.7™) applies and hence 

(6.4.8h) The solution y(s,t) to system (6.4.8g) is continuous 

in (s,t) on A , provided that condition (6.4.8a) is fulfilled. 

Now consider the identity 

( 6 . 4 . 8 i ) ^ ^ ^ ' ^ ; | : ^ ^ ^ ' ^ ^ - y ( s , t ) -

[w(s,t,t')-^| d(s,t)+C(s,t)x(t,t)j-j* C(s,u)(^^'^'^^|:^^'^'^^ -y(u,t)]du, se[0,t], 

where w(s,t,t') is defined in (6.4.8d), where y(s,t) is the 

solution to (6.4.8g) and x(s,t) the solution to (6.4.5a), 

and consider the system 

(6 .4 .6J ) z ( s , t , t ' ) = r ( s , t , t ' ) - j ^ C ( s , u ) z ( u , t , t ' ) d u , s e [ o , t ] , 
where 

(6.4.8k) r ( 8 , t , t ' ) - w ( s , t , t ' ) - j , | d ( s , t ) + C ( s , t ) x ( t , t ) , s é [ 0 , t ] , 

x ( t , t ) being the solut ion to (6 .4 .5a) a t s - t . 

Since ( 6 . 4 . 8 j ; i s of type ( 6 . 4 . 5 a ) , i t i s endowed with a unique 

so lu t ion . On account of the i d e n t i t y (6.4.81) t h i s solut ion i s 

(6.4.8m) z ( s , t , t ' ) - ^ (^ '^^) - ^ ( " ' t ) _ y(g^t^ ^ 

x ( s , t ) and y ( s , t ) being the solut ions to (6.4.50-) and (6 .4 .8g) 

r e spec t ive ly . 

According to (6 .4 .8e) and (6 .4 .8k ) , 

| ) r ( s , t , f ) | | ^ = ^ f t r ^ ( 8 , t , t ' ) d s - * 0 as t ' l - t , 

e n t a i l i n g , because of ( 6 . 4 . 8 J ) , (6.4.8mJ and iv in (.6.4.5), 

(6 .4.8n) | | z ( s , t , f ) | ^ ^ | | ^ ( ^ ' ^ ; ) : ^ ( ^ ' ^ ) - y ( s , t ) | | ^ - > 0 as t ^ t . 
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(6.4.8p) I . e . ! If condition (6.4.8a) i s sa t i s f i ed , then the 

solution x ( s , t ) to 

x ( s , t ) - d ( s , t ) - J* C(s,u)x(u,t)du , s 6 [ 0 , t ] , 

is differentiable from the right with respect to t In the topology 

of L„[0,t3 . The derivative in this sense will be denoted by 

D2'''x(8,t). It satisfies 

D2''x(s,t) - y(8,t) , 

where y ( s , t ) i s the solution to system (6 .4 .8g ) . Hence 

D*"^x(s,t)- ^ j | d ( s , t ) - C ( 8 , t ) x ( t , t ) ] - j * C(8,u)D2''x(s,t)du , 8 é [ 0 , t ] , 

A similar approach in case that t' | t looks not feasible in 

view of (6 .4 .7d) , cf. ( 6 .4 .7J ) . 

(6.4.8q) On account of (6 .4 .8h) , Dp x ( 8 , t ) i s continuous in 

( s , t ) on A , provided that i t i s appropriately defined at t - T 

Denoting the components of Dp x ( 8 , t ) by [Dp x ( 8 , t ) l . , i t 

follows from (6.4 .81) and (6.4.8k) since D2^x(s,t) = y ( 8 , t ) that 

x . ( 8 , t ' ) - x . ( 8 , t ) 
-J - ^ — J [D*^x(s.t)]j -

, + * f 3C. ( u , t ' ) - X, ( u , t ) •) 
- r . ( 8 , t , t . ) - j * ^ ^ ej^(8,u) I ^ S -—^ [Dt- , („ . t ) ]^jdu, Be[o,t] 

Hence on account of ( 6 . 4 . 8 j , k ) , ( 6 . 4 . 8 e ) , (6.4.8n) where y ( 8 , t ) -

- D2'^x(s,t) , and (6 .4 .5b) , 

X ( s , t ' ) - X ( s , t ) r t+ , T 1 r T r T 
-J J - [D^ x ( s , t ) J j - * 0 as t ' | t , s f e [ 0 , t j , t 6 [ 0 , T ] , 

i . e . x ( 8 , t ) i s partial differentiable from the right on A with 

respect to t in the ordinary sense. I t s right-hand side partial 

derivative i s denoted by Dt"''x(g,t) . I t s a t i s f i e s 

D*''x(s,t) = D*"'x(s,t) , 

and hence i t i s continuous in ( s , t ) on A on account of (6 .4 .8q) . 
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Among other things, we have established that under condition (6.4.8a) 

the M-vector x(s,t) is continuous in (s,t) on A , and partial 

differentiable from the right with respect to t , and that also the 

derivative D x(s,t) is continuous in (s,t) on A . Hence, owing 

to lemma (6.4.8t) below, 

x(s,t; is partial differentiable with respect to t from both 

sides in the ordinary sense and 

^^ x(s,t; - D*'"x(s,t; - D2''x(8,t) , (8,t)e A . 

Hence, according to (6.4.8p) : 

(6 .4 .8 r ) If condit ion (6 .4 .8a) i s s a t i s f i e d , the solut ion x(B, t ) to 

x ( s , t ) - d ( s , t ) - j * C(s ,u )x(u , t )du , 8 € [ 0 , t ] , t 6 [ o , T ] , 

i s p a r t i a l d i f f e r en t i ab l e with respect to t and ^ ^ x ( s , t ) s a t i s f i e s 

^ 1 i ( s , t ) = ^ d ( s , t ) - C ( s , t ) x ( t , t ) - J* C(3,u) ^ x (u , t ) du , ( s , t ) e A . 

(6.4.8s) At the beginning of this subsection we recalled that 

d(s,t) - B-*(s)E|0(3)5^(t) 

satisfies condition (6.4.8a). So, the components of B^(8)K.(t,8), 

hence those of B~*(s)K.(s,t) and therefore the elements of the 

Kalman-matrlx K(t,s) in (6.2.11) are partial differentiable with 

respect to t on A (provided that condition (6.2.1b,c) is satisfied). 

K(t,s; and j | K(t,s) 

are continuous on A and the partial derivative satisfies 

jj|K(t,s)B(8)-A(t)E^(t)<§'^(s)-K(t,t)E<?(t)§'\s)- J*-^| K(t,u)E § (u)§^(s)du , 

(s,t)6 A , see (6.4.7n), (6.4.2) and (6.5.2a,c). 

It is observed that the properties of d(s,t) are reflected 

in the solution x(s,t) to system (6.4.5a). 
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It remains to show the lemma, announced below (6.4.8q). 

(6.4.8t) Let f(x) be a mapping of [a,b3 into (-00, co). 

Provided that they exist, let the ordinary derivative, the derivative 

from the right and the derivative from the left of f(x) be 

represented by Df(x) , D f(x) and D~f(x) respectively. 

Lemma: Assume 

i) f(x) is continuous on ]'a,bl. 

ii) D f(x) exists on [a,b) . 

iii) D f(x) is continuous on ra,b) , lim D f(x) exists, and 

^ xtb 
by de f in i t ion : D'^f(b) - lim D'^f(x) , cf. ( 6 . 4 . 8q ) . 

xtb 
Then f(x) i s d i f f e r en t i ab l e on [ a ,b ] and Df(x) - D''"f(x) , x é [ a , b j 

Proof! Consider 

g(x) - f(x) - ^^^l -_ l^^^ (X - a) , x e [a ,b] . 

It is seen that also g(x) enjoys the above properties i , ii and iii . 

And moreover, 

iv) g(a) - g(b) . 

A) We sha l l f i r s t e s t ab l i sh the a s se r t ion 

(1) there i s a value x e [a ,h i such tha t D g(x ) - 0 . 

Proof: Assume the contrary , 

(2) a t a l l X 6 [a ,b] , D'^g(x) / 0 . 

Since D g(x) i s continuous on [a,b] , i t a t t a i n s a minimum m 

and a maximum M on [a ,b j . Moreover 

either V* ̂  m* > 0 or m'^é M"^< 0 , 

otherwise (2) would be fa l se because of the cont inui ty of L g(x) 

on ra,bl . 

Assume m > 0 . 

As a lso g(x) i s continuous on [a,h"] , i t a t t a i n s a maximum 

value M on [a,bl , say M = g(X|^) • Suppose Xj. fe [a,b) . Since 
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D*g(xy) i m"*̂  > O , there is a value x' Ê (*u>̂ J such that 

g(x') - g(Xj.) + + 

> I , i.e. g(x') > g(xy) + I (x' - Xjj) > g(xjj) - M 
*' - ^ 

This i s absurd £ind hence x^ - b , and M = g(b) . 

There i s a lso a value x" fi (a ,b3 such tha t 

«^^^1 : f̂ ^̂  > f » i . e . g ( x " ) > g(a) + f (x" - a ) > g(a) . 

Hence, combining the above results, 

(5) M - g(b) k g(x")> g(a) in conflict with iv . 

The other alternative, M <C 0 , is treated similarly with result 

(4) g(a) >g(b) . 

Both (5) and (4) are in conflict with iv . Hence (2) is 

false and (l) is true. In other words: 

(5) If the conditions 1 , ii and iii are fulfilled, then there 

is a value x e fa»^! such that 

^^^) - ̂ ^^) - D^f(x) b - a ^ o' 

B) Under the conditions i , ii and iii , f(x) is differentiable 

on ra,b"j . 

Proof: At x-a , Df(a) = D"'"f(a) by definition. Assume 

X 6 (a,bj and a ̂  x <; i . 

Then according to (5) there is a value x such that 

i-(x) - f(x) 
- D f (x ) and x é x e x . 

x - x ^0 o 

I f x^_i , then X -» X and hence D f(x ) —• D f (x) because of 

the cont inu i ty of D f(x) on [ a , b j . Therefore 

f(x) - f(x) + , , + , , 
D f (x) - lim —Zl U. = lim D f(x^) = D f(x) , 

x |x x - x ^o —• X 
es t ab l i sh ing the lemma . 
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6.5. The Kalman-Bucy filter. 

For sake of completeness we shall establish the computation 

scheme of Kalman and Buoy, solving the Wiener-Hopf system concerning 

f (t|t), see for instance [ 16 J . 

If not defined here, the meaning of the symbols used may be found 

in previous sections, as well as the proofs of the validity of a 

number of relations and formulae, used by Kalman and Bucy in the 

computations below. Many details are omitted here as they are amply 

discussed before. 

(6.5.1a) 5 

Let be given the N-dimensional system ( 6 . 1 . 1 ) , 

^ ( t ) - / + J* A(s) ? ( s ) d s + / 3 ( t ) , t e [ 0 , T ] , 

with the M-dimensional observat ions 

^ ( s ) - Y)(s) + f3{s) a t a l l s t [ 0 , t ] , where 

13(s) = j ^ § ( u ) d u , § ( u ) - H(u) ^ ( u ) , 

df E/3(8)/^'^(s) = B(s) - 0 '^(3)D(s)0(s)> 0 , see ( 6 . 2 . 1 c ) , 

Ey3(t)y '^= 0 , E /3 ( t ) / ' ^= 0 , E/3(t)y3'(s) = o and hence 

K|(t)yö'^(s) - 0 , EJi{vL)q^{t) - 0 and E > j ( u ) ^ ^ s ) = 0 , 

. see ( 6 . 1 . 1 ) . 

All above random elements are centered, and may be embedded in 

a Gaussian Hi lber t space H . The components of ? ( s ) , s 6 [ 0 , t l , 

generate a closed subspace H [ c ( [ 0 , t ] ) | of H . The Kalman-Bucy 

estimate | ( t | t ) i s character ized by 

• ^ . ( t l t ) é H[c ( [0 , t ] ) , i = l , . , N , and 

E { ? ( t ) - 1 ( t l t ) ] 5 = 0 for a l l 7;6 H[c( [0 , t ] ) J . 

"i In p a r t i c u l a r , 

E {?(t) - '^(t\t)Jjr\s) = 0 , E|^(t) - •i(t|t)J^'^(t\t) - 0, 

' see ( 6 . 1 . 1 ) . 

(6 .5.1b) 
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The Kalman-Bucy est imate may uniquely be represented as 

(6.5.2) "^(tjt) - J* K(t ,u)d^(u) , t c [ 0 , T ] , 

where K(t ,u) i s an N-K M-matrix whose e n t r i e s a t fixed t are 

elements of L 2 [ 0 , t ] , owing to the fact tha t B(s) > 0 , see (6 .2 .11 ) . 

At each t 6 [o,TJ , K ( t , s ; i s the unique solut ion to the system 

(6 .5 .3 ) K( t , s ;B(s ) + [* K(t,u)E§(u)Ê;'^(s)du - E^ ( t )§ ' ^ ( s ) , 8 é [ 0 , t J , 

see (6 .3 .2 ) and ( 6 . 4 . 5 ) . 

E ^ ( u ) ^ (s) i s continuous in (u,8) on [ 0 , T 1 > 

E | ( t ) ^ ( s ) i s continuous in ( t , s ) on A , 

.J.— E I ( t ) ^ (s) - A ( t ) ^ ( t ) ^ ( s ) e x i s t s and i s continuous in ( t , s ) on A 

see ( 6 . 3 . 2 ) . 

I t follows tha t K ( t , s ) i s continuous in ( t , s ) on A , 

see ( 6 . 4 . 7 n ) , and tha t 

~yr K ( t , s ) e x i s t s , i s continuous in ( t , s ) on A and s a t i s f i e s 

(6 .5 .4 ) ^ | K ( t , 3 ) B ( 8 ) + K ( t , t ) E ? ( t ) § " ^ ( s ) + j * - j | K ( t , u ) E ^ ( u ) ^ ' ^ ( s ) d u -

- A(t)E l^(t)<5"'"(s) , ( s , t ) e /\ , see ( 6 . 4 . 8 s ) . 

The est imation e r ro r i s ? ( t ) = 5 ( t ) - ^ ( t j t ) . 

P ( t ) represents the e r ror covariemce matrix 

P ( t ) - E | ( t ) | ' ^ ( t ) , t É [ 0 , T j . 

In the Kalman-Bucy f i l t e r , P( t ) i s not only of importance as a 

measure of the magnitude of the est imation e r ro r . I t i s a lso an 

e s sen t i a l tool in the c a l c u l a t i o n s . With the aid of P ( t ) , Kalman 

and Bucy arranged the computations in such a way that K( t , s ) i s 

needed only a t the diagonal s=t . 
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Since E5(t)|(t|t) =0 , see (6.5.1b), 

P(t) - EC(t)|4(t) - r(t|t)} - E|(t)|"^(t) . 

Hence, since ^(t) =H(t)l|(t) , 

(6.5.5a) P(t)H"^(t) - E f(t)|'̂ (t)H'̂ (t) - E f(t)^^(t) -

- E|(t)(?\t) - E?(t|t)§"^(t) -

-E|(t)^'r(t) - En*K(t,u)d2;(u)]^"(t) . 

As <(u) - ^^(u) + /3(u) , 

(6.5.5b) [* K(t,u)d ((u) - j* K(t,u)d1j(u) + j* K(t,u)d/5(u) . 

Since T)(u) i s continuously d i f f e r en t i ab l e in q.m. with de r iva t ive 

in q.m. 2 ( u ) , see ( 2 . 7 . 2 ) , and since K(t ,u) i s continuous in 

u e [ ü , t l , we may apply ( 2 . 8 . 5 ) , owing to the r e s u l t s in (6 .2 .5) 

where i t i s shown tha t the ordinary Riemann-Stiel t jes i n t e g r a l in q.m. 

- i f possible - may be used in t h i s context . Hence 

(6 .5 .5c) J * K(t ,u)d1j(u) = \l K( t ,u) d^lj^"^"^^ = Io K ( t , u ) ^ ( u ) d u . 

Then on account of the cont inui ty of the inner product, see ( 2 . 1 . 5 ) , 

and as E / 3 ( u ) ^ ' ( t ) = 0 , we obtain according to ( 6 . 5 . 5 a , b , c ) , 

P(t)H'^(t) - E ? ( t ) ? \ t ) - E J j * K ( t , u ) ^ ( u ) d u | ^ ' ^ ( t ) - E J { * K(t ,u)d^3(u)]^ '^( t) , ^ . t) 

E ^ ( t ) ^ \ t ) - j * K( t ,u )E^(u )§" ' ( t )du 

Hence according to (6 .5 .5) a t s - t , 

(6 .5 .6) P(t;H' ' ' ( t ; = K ( t , t ) B ( t ) , t 6 ^ , T ] . 

Consider ( 6 . 5 . 4 ) , i . e . 

> ,^K(t , s )B(s) + K( t , t )E^( t )e ; ' ^ ( s ) + J* g | K ( t , u ) E ^ ( u ) ^ ' ^ ( 8 ) d u = 

- A ( t ) £ 5 ( t ) ^ ' ^ ( s ) , ( s , t ) Ê A . 

Since § ( t ) = H(t) ! | ( t ) and according to (6 .5 .5 ) i t follows tha t 

K ( t , t ) E e ; ( t ; ^ ^ ( s ) = K ( t , t ) H ( t ) E | ( t ; ? " ^ ( s ) -

- K( t , t )H( t ) J K ( t , s ) B ( s ) + j t K( t , u )E^ (u ) f ' ^ ( s )du l 
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Subs t i tu t ion of t h i s r e s u l t in the left-hand s ide , ajid of (6.5-5) 

in the r ight-hand side of (6.5-4) y ie lds 

•^ K(t ,3)B(s) + K ( t , t ) H ( t ) { K ( t , s ) B ( s ) + J* K(t ,u)E § (u)^'^(s)du] + 

+ J * -al K( t ,u)E?(u)§ '^(s )du = A(t) J K ( t , s ) B ( 8 ) + j * K( t ,u)E ^ (u)^ '^(s)du| 

i . e . 

\ ^ K( t , s ) + K ( t , t ) H ( t ; K ( t , s ) - A ( t ) K ( t , s ) | B(s) + 

Io I ^ ^^^ '"^ •" K( t , t )H( t )K( t , u ) - A ( t ) K ( t , u ) | E ?(u)^'^(8)du - 0 , 

s 6 [ 0 , t l , t é [ 0 , T 1 , and hence on account of (6.4.5)» 

(6 .5 .7) -^ K ( t , s ) + K ( t , t ) H ( t ) K ( t , s ) - A( t )K( t , s ) - 0 , ( s , t ) e A . 

Owing to (6 .4 .8s) we may write 
K ( t , s ) = K(s,8) + Ig ^ - K(u,8)du . 

Hence 

(6 .5 .7a) 

5 ( t | t ) - j * K( t , s )d t ( s ) - j * K(s ,s)d Xis) + J M I * ^ 1 K(u,8)du' jd((s) . 

J*K(s,s)di;(s; + J * | j ^ ^'5;K(u,s)das)]du , 

since the order of i n t eg ra t ion may be changed. This w i l l be shown 

a t the end of t h i s sec t ion . 

Subs t i tu t ion of (6 .5 .7) y i e lds 

| ( t | t ) - j * K ( 8 , 3 ) d r ( s ) + j * | J ' ^ [ A ( u ) K ( u , s ) - K(u,u)H(u;K(u,8)]dJ:(8)jdu , 

and as I K(u,8;d ^ ( s ; - ^ ( u | u ; , 

(6 .5 .8) | ( t ( t ) - ] * K ( s , s ) d 2 ; ( s ; + j* |^A(u) - K(u ,u )H(u) | ^ (u )u)du , t6[o,T] , 

This is a system of stochastic linear integral equations for 5(t\t) , 

involving K(t,8) only at the diagonal s-t , whereas (6.5.6) gives 

the relation between K(t,t; and P(t) . 

We shall derive a system of integral equations for 5(t)- '^(t)- ^(t\t). 

On account of (6.5.5h,c) and since ^(s) = H(s) ̂ (s) , 

J* K(s,s)dj;(s) - \l K(s,s)H(s)le(s)ds + |* K(s,s)d/3(8) . 
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Hence (6.5.8) may be rewritten as 

|(tit) - j* A(s) i(s|s)ds + J* K(3,s)H(8)|§(s)-'i(s|s)]ds + J* K(s,s)d/3(s) 

Subtracting this result from (6.5.1), i.e. from 

ig(t) - y + j * A(s) 5(s)ds + /3(t) , 

delivers , as i|(t) - ? ( t ) - t ( t | t ) , 

(6.5.9) f ( t ) - y ^ I * | A ( S ) - K ( 8 , B ) H ( S ) ] ?(s)ds +/3(t) - j * K(8,8)d/5(s) , 

t e [ o , T ] , 

where according to (6.5.6), K(s,s) » P(s)H (s)B (s) . 

Owing to the footnote in (5.1.1) and to (4.4.2), 

\l K(s,8)d/3(s) 

i s an N-dimensional Wiener-Lévy process. Hence also 

/3(t) - /3(t) - j * K(s,s)d/3(s) 

i s an N-dimensional Wiener-Lévy process, since E/3(t)/3(8) - 0 . 
I t i s seen similarly as in (4,4.2e,f,g,h) that 

B(t) - -̂f E'/iit)/3\t) 

sat isf ies - also on account of E/3(t)/3(s) - 0 -

(6.5.10) i ( t ) - ^1 E | p ( t ) - j * K(s,3)d^(s)] ^f3(t)- j * K(s,s)dy3(8)] -

- dt { i o ^(^^"^^ ^ Io K(s,s)B(8)K'^(s,s)ds} = 

- B(t) + K(t,t)B(t)K"'^(t,t) . 

Since moreover 

Ey3(s)y''. Ey3(s)y'^- E Jj* K(s,8)d^5(s)]y'^- 0 , 

system (6.5.9) is of the type, treated in section 5-1- Set 

(6.5.11) C(t) = £ yy""" , A(t) = A(t) - K(t,t)H(t) 

and le t P(t) be the fundamental matrix associated with A(t). 
I . e . F(t) i s the NXN-matrix with the properties 

(6.5.12) P(0) - I H > dt ^^*^ - A(t)P(t) , 

where I i s the NXN-identity matrix, see (3.2.3). 
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Now system (6.5.9) may be written as follows; 

f(t) - / + j ^ A(8)f(a)ds + ;6(t) . 

On account of the above comments, (5.1.2d) applies and yields 

P(t) - E f(t)5'^(t) - F(t){c + J* p-^(8)B(8)[F-\s)]^d8lF"^(t) , te[0,T]. 

And according to (6.5.12), 

(6.5.13) P(0) - F(0)CF"^(0) = I JJ- C-I J, - C , 

and as P(t) is apparently differentiable, 

(6.5.14) ^1 P(t) - I(t)F(t){c + \l i-^s)i(8)[F-\s)f ds}F^(t) + 

+ F(t)i-^t)B(t)[F-l(t)]"^F"^(t) + 

+ F(t)jc + j* F-^(8)B(s)[F-\s)]\a]F"^(t)A (t) -

- A(t)P(t) + B(t) + P(t)A (t) , te-[0,T] . 

Substitution of (6.5.6), (6.5.10) and (6.5.11) into (6.5-14) yields 

1̂ P(t) - |A(t) - P(t)H'^(t)B-^(t)H(t)}p(t) + 

+ B(t) + P(t)H^(t)B-\t)B(t)B-^(t)H(t)p'^(t) + 

+ P(t)|A'^(t) - H'^(t)B-^(t)H(t)p'^(t)] , 
i . e . 

(6.5.15) ^{ P(t) - A(t)P(t) + P(t)A"^(t) - P(t)H'^(t)B-^t)H(t)P(t) + B(t) , 
if t e [ o , T ] , 

whereas according to (6.5.13) 
P(0) - C . 

Except for P(t) , a l l matrices in (6.5.15) are assumed to be 
known. Hence P(t) is the solution of an N-dimensional Hiccati-system 
with a given i n i t i a l condition. This solution is calculated numerically. 

With (6.5.6), system (6.5.8) delivers 

(6.5.16) ^ ( t l t ) - j * j^A(s) - P(s)H''(s)B-^8)H(8)jt(8|8)d8 + 

+ j ^ P(8)H"^(3)B-^s)d Z;(8) , t é [0 ,T l . 
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This is a system of stochastic linear integral equations. Given 

the matrices A ( S ) , B ( S ) , H ( S ) , the calculated matrix P(s) and the 

sampled observations '̂(s)» (6.5.16) is treated as a deterministic 

system and the corresponding sample of ?(t|t) is determined in 

accordance with the theory of linear minimum variance estimation. 

Also in this section it is seen that the condition B ( S ) > 0 is 

essentially needed, as B (s) figures in the computations. 

The matrix P(t) gives information about the accuracy of the 

estimation. A discussion on the numerical evaluation of P(t) , 

t6[o,T] , may be found in [ 4 1 . 

In practice, the above computations are systematically discretized. 

The validity of the continuous counterpart shows the validity of the 

discrete data processing, and its relative independence of the size 

of the then introduced time-differences A t , see also theorem (6.1.8), 

•V 1 

An alternative method of finding the estimate J(t|t) would 

consist of numerical computation of the matrix K(t,s) , see for 

instance system (6.5-3a)- If K(t,3; is known, the estimate 

? ( t \ t ) = \i K(t ,s)di :(s) 

is simply evaluated by numerical integration. 

However, the matrix K(t,s) depends on two variables. And the 

numerical evaluation of K(t,3), (8,t)6 A , looks rather hard in 

comparison with numerically solving the Riccati system of P(t), 

t6[0,Tl , in the Kalman-Bucy filter, as P(t) depends on one 

variable only. 
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I t remains to show that the order of in t eg ra t ion in (6 .5 .7a) may 

be changed. 

Let A be the domain defined by 

O é s é u , O é u é t . 

Let f ( u , s ) represent one of the e n t r i e s 

j , | K^_.(u,s) of ^- K(u,s) . Then f ( u , s ) 

i s continuous on A according to ( 6 . 4 . 8 s ) . 

Let ^ ( s ) represent one of the components 

of < ( s ) - -lj(s)+/3(s) = J ^ ^ ( w ) d w + ^ ( 3 ) . 

Then J ' (s ) i s continuous in q.m. on [0 , t " ] . 

If O é u é v é t , 

E^(u)?"^(v) = j ^ j ^ E ^ ( u ' ) ^ ' ^ ( v ' ) d u ' d v ' + j ^ B ( u ' ) d u ' . 

Here E f ( u ' ) § (v ' ) and B(u ' ) are continuous in ( u ' , v ' ) on [0, t ' ] 

and in u ' on [ o , t ] r e spec t ive ly . So there are functions g ( u ' , v ' ) 

and h ( u ' ) , continuous in ( u ' , v ' ) on IO, t l and in u ' on [0,t"] 

r e spec t ive ly , such tha t 

E ^ ( u ) (jp(v) = f" (^ g ( u ' , v ' ) d u ' d v ' + j ^ h (u ' )du ' , u ^ v . 

Hence, i f [x ,y ] c [ 0 , t ] , the t o t a l va r i a t i on V(E (jp(u)q'(v; , [x,y1 ) 

of E (f(u) (^(v) on [x,y"] s a t i s f i e s 

V(E(J'(u)<^(v) , [x ,y]^) é IWl, [ g ( u ' , v ' ) j d u ' d v ' + j ^ | h ( u ' ) ) d u ' , 

see a lso sect ion 2 .9 . Hence, i f 

M = max 

then 

(1 ) 

J max^ ,P | g ( u ' , v ' ) l , max h ( u ' ) ] \ , 
t ( u ' , v ' ) 6 [ 0 , t ] 2 I '\ u ' 6 [ 0 , t ] ' ' J 

V(ECp(u)Cf (v) , [x ,y]^) é M|y-xj^ + M|y-x| 

Define 

-^ = J o { I s ^ ^ - ' ^ ) H < i ' ^ ^ ^ ) ' / 3 = I o { I o ^ ( " . - ) d ^ ( « ) ] 

Since f ( u , s ) i s continuous on A , \ f (u , s )du i s a continuous 

0 , t j . Hence oC e x i s t s on account of ( l ) 
and ( 2 . 9 . 1 ) , see a lso ( 6 . 2 . 5 ; . 

du 
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Since f(u,s) is uniformly continuous on the compact domain A , 

if £ > 0 , there is a number S > 0 such that 

|f(u,s) - f(u',s'))< t if |u-u'|< S and | s-s' ( .C «T . 

Let 
A - , max f(u,s 

(u,s)6A ' ' 
Hence, if |u-v)<<S and O ^ u é v ^ s , according to (2.9.1) 

we obtain 

j Ĵ  f(u,s)d<f>(s) - j^ f(v,s)dcp(s) Ij ̂  

6.5 

- | | j ^ { f ( u , s ) - f(v,s)}d(p(s)|| . | | j ^ f(v,s)d(^(s)l | é 

^ e. Vv(Ey(u ' )cp(v ' ) , [0,u]^)' + AVv(Ecp(u')q5(v') , [u,v]^)" . 

Now because of ( l) i t is seen that (^ f (u, s)d (J>(s) i s continuous 
in q.m. as .a function of u on [0 , t1 . Hence /S exists according 
to (2.7.1), see also (6.2.5). 

' f(u,s) if (u,s) C A , 
Set f(i 

otherwise 

/-f(u,s 
u,s) = i 

I 0 

Then, since ^ ( s ) i s continuous in q.m. on [0,t"l , we may write 

°^ = Io{ Io ^^"'^^^^f^^^ • /3 = Io{ Io ^^"•^^ '^ f^^^]^^ • 

Let n , i and j be natural numbers. We define 

f ^ ( u , s ) = ? ( ^ t , ^ t ) if i ^ t é u < i t , i ^ t ^ s < ^ t , 

i , j = l , . , n , 

f^(t,s) = f ( t , s ) . 

Since f(u,s) is uniformly continuous on A » it follows, if n 

is sufficiently large, that 

|f(u,s) - f^(u,s)|< £ , (u,s)6[0,t]^ , 

possibly with exception of the points (u,s) satisfying 

i ^ t i u < i t , i 5 ^ t é s < ^ t , i - l , . , n . n n n n 
Define 

^ n - I o { I o V u , s ) d u ] d f (s) , /3„ - j * | j * f^(u,s)dcp(s)]du 
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Then 

I j * f (u , s )du - J * f^(u,8)duj é j o l f ( u , s ) - f ^ (u , s ) | du < £ t + A ^ , 

uniformly in S 6 [ 0 , t l . And hence, according to ( 2 . 9 . 1 ) , 

II oL - =<^ II é ( £ t + A ^ ) Vv(ECp(u ' ) cp (v ' ) , [ 0 , t ] 2 ) ' . 

Therefore, also on account of (l) , 

(2) a(. —> oi in q.m. as n —» oo . 

It is similarly shown that 

(5) /3n~* ^ "̂ '^'°' ^^ n —» a--̂  . 

Finally, since ^̂ (8) is continuous in q.m. on [0,t"| , 

<̂ n = ^ è ± n ̂  t , ̂  t )|f( A t ) - ̂ ( ̂  t )) -

(4) „ . 

Hence, as by v i r t u e of (4) 

l|oC - ^11- ||o( -<^^.^^- ;3 l |é | |oc - o < J | . 11^- / 3 j | » 

oi - <3 on account of (2) and (5) . 

6 .6 . The behaviour of Kalman-Bucy and r e l a t ed est imates with 

respect to d i f f e r en t i ab l e per turba t ions of the 

Involved white noise processes . 

I f not explained in t h i s sec t ion , the meaning of the symbols used 

may be found in previous sect" "ins. If a character represents a vector 

or a matr ix , the same character with one ore more subscr ip ts represents 

a component or an entry of that vector or matrix. 
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Since the linear minimum variance estimation in the previous 

section is merely a mathematical processing of information, and not 

the counterpart of any physical phenomenon, there is no need for a 

critical study of the sample behaviour of the estimate l|(t|t) . 

In accordance with the theory of linear minimum variance estimation, 

we were interested in just one trajectory of ^(t|t) , corresponding 

to the registered trajectory of the observation f(s) . 

However, in the state equations and in the observations are 

figuring the Wiener-Lévy processes /3(t) and /3(s) respectively. 

In accordance with the comments in section 1.1 we are interested in 

the behaviour of the estimates in case /3(t) and /3(s) are 

perturbed. 

Especially perturbing /3(s) has deep consequences. In section 

6.2 we have seen that the validity of the integral representation 

j* K(t,s)d^(s) of i(t|t) 

hinges entirely on the properties of B(s) , exposed in (6.2.1bc). In 

case /3(s) is replaced by /5(n,s) , A(n,s) being a perturbation 

defined in (4.4.4), 

E;6(n,u)^(n,v) 

i s a function of u and v , and not a per turbat ion of the matrix 

E A(u)/^ (v) = f" B(w)dw , m=min(u,v). 

Hence the argumentation in section 6.2 is not applicable to the 

perturbed estimate. 

Even, if one would "try" an integral representation 

l>,(t,s)d^„(8) 

to the perturbed version of l | ( t ) t ) , i t i s because of the s t ruc tu re 

of E A(n,u) /3 (n,v) that the computation scheme in sect ion 6.5 

breaks down completely. 

So in t h i s case perturbing the Wiener-Lévy processes i s not simply 

re f lec ted in the per turbat ion of some matr ices in the formulae of the 

previous sec t ion . And the inves t iga t ion of the effect of the 

per turbat ion of the Wiener-Lévy processes on the estimate w i l l be 

performed without using the formulae of sect ion 6 . 5 . Then, as we shal l 

see, the r e s u l t s are not confined to the Kalman-Bucy est imate a lone . 
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(6 .6 .1 ) We sha l l be concerned with the s i t ua t ion depicted in 

subsection ( 6 . 1 . 1 ) . Omitting many d e t a i l s , we r e c a l l 

f the H-dimensional system 

f ( t ) - y * \l A ( s ) 5 ( s ) d s + ,3 ( t ) , t é [ 0 , T ] , 

and the M-dimensional observations 

^ ( s ) = 1^(8) + /3(s) a t a l l s € S . C [ O , T ] , where 

1)(s) = j * § (u )du , 

?(u) = H(u) | ( u ) , 

/3(t) = \l G(u)d^^(u) ^ 

/3(s) = j " ö ( v ) d ^ ^ ( v ) J 

^V/3^(u) = 0 , E ^ 3 j ( v ) - 0 , E/3„(u)/3Ó(v) = 0 , 
(6 .6 .1a) -^ 

see sect ion 4-4 » 

-T, 

and hence a t s , t , u , v 6 [ 0 , T ] , 

E / / 5 ( t ) = 0 , E / ^ ( s ) = 0 , E / 3 ( t ) ^ ' ( s ) - 0 , 

E | ( t ) / 5 ( s ) - 0, E^(u)^'^(3) = 0, E1j (u) /§ \ s ) = 0 . 

All random elements are centered and Gaussian and may be 

embedded in the Gaussian Hi lber t space H , generated by 

\ the components of y , <3 ( t ) and ^ (s) , s , t 6 [ o , T ] . 

(6 .6.1b) 

We r e c a l l 

B(s) = ^1 Eft{B)f{B) . 

Also here condition (6.2.1c) is assumed to be satisfied, 

B(s) = o"'"(s)D(s)0(s) è e l j j , e > 0 , s e [ O , T ] , where 

0(s) and D(s) are continuous orthogonal and diagonal r e spec t ive ly . 

' H [ C ( S . ) ] i s the closed subspace of H , generated by the 

elements of the c l a s s 

C(S ) - I $• ( S ) , j - l , . , M , s 6 S. ] . 

\'^-°--^°l ^ K t j S ^ ) i s character ized by | ^ ( t | S ^ ) e H [ C ( S ^ ) ] , i = l , . , N and 

E { § - | ( t | s ^ ) J i ; ' = 0 for a l l ^ ^ H [ C ( S ^ ) ] , or 

. equivalent ly E [ ^ - | ( t j S^)} ^"^(s) = 0 , s e S^ , 

see ( 6 . 1 . 4 ) . 
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S. may vary with t . Dependent on the s t ruc tu re of S. c r o , T , 

? ( t l s . ) i s an in te rpo la ted (smoothed) , f i l t e r e d or extrapolated 

(predic ted) random N-vector. If the involved s tochas t ic processes 

are wide sense s t a t iona ry , ï ; ( t l S . ) i s of the type of Wiener and 

Kolmogorov. If S^ - [ 0 , t ] , ^ ( t l [ 0 , t ] ) - 5 ( t | t ) i s the Kalman-

Bucy es t imate . 

(6 .6 .2) Let 

| ^ ( m , s ) , s é [ 0 , T ] , m = l , 2 , . . ] and | / 3 ( n , t ) , t f [O ,TJ , n = l , 2 , . . j 

be sequences of d i f f e r en t i ab l e per turbat ions of /3 ( s ) 

and /3 ( t ) r e spec t ive ly , endowed with the proper t ies 

exposed in ( 4 . 4 . 5 ) . 

(6 .6 .2a) 

According to the comments in section 1.1 , a t each n , m we 

sha l l consider 

*• the N-dimensional system 

( [ (n , t ) - y + \l A(g) ? ( n , 8 ) d s + / 3 ( n , t ) , t e [ 0 , T ] , 

and the M-dimensional observations 

f (n,m,s) = Tl (n ,s ; + y3(m,3) a t a l l s £ S. , where 

•f](n,s) - I ^ (n,u)du and hence T)(n,0) = 0 , and 

(0(n,u) - H(u) | ( n , u ) . 

(6 .6 .2b) •{ ï/e r e c a l l /3(m,0) = 0 . Hence 

j; '(n,m,0) = ••3(n,0) + ^ (m,0 ) = 0 . 

On account of (6 .6 .1a) and ( 6 . 6 . 2 a ) , 

E ^ ( n , t ; 3 ( m , s ; = 0 and E IJ (n,u)/3 (m,8) = 0 . 

I t i s seen that a lso a l l random elements here , are 

centered and Gaussian. All random var iab les are elements 

^ of H in ( 6 . 6 . 1 a ) . 

Now theorem (5 .2 .1) i s appl icab le : 

(6 .6 .2c) ^. (n»t ; .^S'I . ( t ) in q.m. , uniformly in t e [ o , T l , i = l , . , N , 

i 
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Hence according to (2 -7-5) , 

N 
Y)j(n,s) = "^ J^ Hjj^(u)^j^(n,u)du —»• IJj(s) in q.m. as n —»• ̂  , 

uniformly in sé[o ,T"I , j= l , . ,M . 

And since )5J'(n,m,s) - 11(n,s) + /3(m,s) , i t follows - a lso by 

v i r t ue of (6 .6 .2a) - tha t 

(6 .6.2d) /* (n,m,s) —9 ^ . ( s ) uniformly in s f [ O , T 1 as n,m —» oo . 

Moreover, we not ice tha t ^ . (n ,m,s ) i s continuously d i f f e ren t i ab le 

in q.m. and ^ . ( s ) continuous in q.m. on [0 ,T[ , j= l , . ,M . 

Let - ^ 

H[c(n,m,S^)J 

be the closed linear subspace of H , generated by the elements of 

the class 

C(n,m,S^) = j?'^(n,m,s), j=l,.,M, s €. S^ ̂  

Let |(n,m,t|S ) be the conditional expectation of 5(n,t) , 

given C(n,m,S.). Since also here all random elements are centered 

Gaussian, the components of 5(n,m,t|S.) are the linear minimum 

variance estimates of the corresponding components of ^(n,t) , 

given C(n,m,S.) , i.e. 

|^(n,m,t|s^) 6 H[c(n,m,S^)] , i=l,.,H, and 

E[5(n,t) - t(n,m,t|s^)| %{n,m) = 0 for all 

X (n,m; é H[c(n,m,S.)j , or equivalently 

,£ |5(n»t) - |(n,m,t|s^) 1 ^ (n,m,s) = 0 at all s € S^ , 

see (6.1.4). 

(6.6.3) Definition: The estimate f(t|s.) in (6.6.1) is stable 

with respect to differentiable perturbations of the involved Wiener-

Lévy processes iff 

(6.6.5a) I (n,m,t|s ) — » ^.(tjs.) in q.m, as n,m-* cvO , 1=1,.,N , 

of. section 1.1. 

Hence in inves t iga t ions on s t a b i l i t y in the sense of t h i s de f i n i t i on , 

the value t 6 [o,T^ and the set S c [0,TJ are kept f ixed. 

(6 .6 .2e) •< 
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(6 .6 .4 ) Let t smd S. be a fixed value and a fixed set in [o,TJ 

Let us introduce the orthogonal projec tors 

tP and 'y(n,m) 

of H onto 
H [ C ( S ^ ) ] and H[c(n,m,S^)] 

r e spec t ive ly . Then 

t i ( t | s ^ ) - Ö ^ | . ( t ) and § . (n ,m, t j s^ ) = ï?(n,m) ^ . ( n , t ) 

and s t a b i l i t y condition (6 .6 .5a) reads 

(6 .6 .4a) ^ ( n , m ) | . (n, t)-»• ^ § . ( t ) in q.m. as n,m—•oo , i = l , . , I . 

Since ^ and ^ ( n , m ) are orthogonal projec tors in H , 

II • ^ II = l |-^(n,m)| | = 1 , uniformly in m and n , 

and i f <f e H , 

l |5^f|(é 11^)1-ll^ll = ll'ï'll ^^ ) | ^ ( ' i .m) f | | ^ | | ^ ( n , m ) | l . l |f II - llcpll . 

(6 .6.4b) f ( t j S . ) i s s table in the sense of def in i t ion (6 .6 .5) 

i f and only i f 

^ ( n , m ) ^ . ( t ) — » ff^ ? . ( t ) in q.m. as n,m—»• oo , i = l , . , N . 

? i ( t ) 
H[c(n,m,S^)] ^ ? i ( n , t ) 

\ 

?^(n,m,tjS^) = ^ (n ,m) ? i ( n , t ) 

,P(n,m; ^ . ( t ) 

| . ( t | s^ ) = ?^f.( t) H[c(St)] 

Proof: The asser ted equivalence follows from the i d e n t i t y 

^ ( n , m ) | ^ ( n , t ) - Ê P 5 . ( t ) = ̂ 7= (n,m) j | . (n, t ) - ? . ( t ) ] +[f7'(n,m; ^ . ( t ) - 6 ^ ^ . ( t ) j 

and from the r e s u l t below, being val id on account of (6 .6 .2c ) : 

II £?^(n ,m){? . (n , t ) - ? . ( t ) \ l | ^ ||? . (n, t ) - ? . (t)H - • 0 as n - * ^ , 

1 = 1 , . , N 
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And hence 

(6 .6 .4c) In order tha t | ( t | s ^ ) be s tab le in the sense of ( 6 . 6 . 5 ) , 

i t i s su f f i c i en t tha t 

57^(n,m)<j>-> i ^ ' f in q.m. as n , m - ^ c ^ , for a l l <p e H . 

I 

I f (jp é H 

l e t us wri te H[c(n,m,S^)] 

and 

$'(n,m) = £7'(n,m)f 

Then (6 .6 .4c) reads : ^ = 5D^ 

(6 .6 .4d) In order tha t f ( t S ) be s t ab l e in the sense of ( 6 . 6 . 5 ) , 

i t i s su f f i c i en t tha t 

y (n ,m) —» cj> in q.m. as n,m —• c ^ , for a l l op 6 H , 
.A A 

where cp and ^(n,m) are characterized by 

f £ H[C(S^)] , f(n,m) e H[c(n,m,S^)] , 

and 

Cp - ^ J . H [ C ( S ^ ) ] , (f ~ 9 (n ,m) _L H[c(n ,m,S) ] or equivalent ly 

E{CP - f} ?'j(s) = 0 and E{cp - f (n,m)] 2f^(n,m,s) = 0 , 

s e S^ , j= l , . ,M , n , m = l , 2 , . . , see ( 6 . 1 . 4 ) . 

(6 .6 .4e) i ) E{^(n,m) - $ } ^ (s) -* 0 
and -̂  1 

i i ) E | f ( n , m ) - «P^ ^^(n,m,8) - > 0 

i f n,m - * oo , s 6 S^ , j= l , . ,M . 

Proof! 1) On account of (6 .6 .4d ) , 

E{?(n ,m) - f} i j_ j (s ) = E { < J > - ^ (n ,m)] ^^I ^ (n,m,s) - ?'_.(s)} . 

Because of 
I f - $(n,m)|l ^ l l f || + ll^(n,m)cpH é 2 l|Cf|| 
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and, according to (6 .6 .2d ) , 

| | ^ j ( n , m , s ) - ^ j ( s ) H —» 0 as n,m —» CXJ , 

i t follows from the ineqxiality of Schwarz, as n,m—> co , tha t 

| E | f ( n , m ) - f]r,.{s)\^\\(f - ^ ( n , m ) H . | l ( j ( n , m , s ) - ^ ^ ( s ) ! - * 0 . 

i i ) S imi lar ly , 

| E J f ( n , m ) - q>j i : j (n ,m,s ) | - |E{<f - f j j ^ . ( n , m , s ) - i^j(s)] | é 

= 2 | | f j | . || r j (n ,m,s) - 5-^(3) I - ^ 0 as n,m -» oc . 

(6 .6 ,4f ) The condition 

ac (n,m) —> Cf in q.m. as n,m—> 00 , cp £ H , 

in (6 .6 .4d) i s equivalent to 

E[^ (n ,m) - <P 1 y(n,m) - * 0 as n,m —• CLO , <p 6 H . 

Proof: The f i r s t condit ion i s equivalent to 

EjS(n ,m) - cpl —^ 0 as n,m —* co , 

Elop(n,m) - Cf\ ^ (n ,m) - E l^ (n ,m) -qs lCp—» 0 as n ,m—»co . 

So, in order to proof the statement i t i s suf f ic ien t to show 

E|(p(n,m) - ^\ & —> 0 as n,m - • ex» 

Since 5) € H[C(S.)J , ^ is the strong limit of a sequence, whose 

members are finite linear combinations of elements of C(S.). Hence, 

given £ > 0 , there is a decomposition 

^ = ? + r 
such that J, J. 

J—1 K—1 

where the coefficients a., are real numbers and s, fe S. , k=l,.,K . 
So 

lE |$(n ,m; - ^\^\ é ^E^^(n,m; - cf]l\ + |E|qi(n,m; - C^\^\^ 

éél hjkl-hl^^'^""^ - ^l^j^^k^l ^ lE{ (̂n,m)9 - Pcf]^\ . 
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The f i r s t term in the r ight-hand side tends to 0 as n,m —» =^ on 

account of i in ( 6 . 6 . 4 e ) . And by v i r t ue of the inequa l i ty of Schwarz, 

lE{i?(n,m)f - ^ f } r | ^ |l£P(n,m)f - 5^f 1| - Hf l| é 2 | cp|| £ . 

Hence, on account of (6.6.4d) and ( 6 . 6 . 4 f ) ! 

(6 .6 .4g) In order tha t | ( t | s . ) be s tab le in the sense of ( 6 . 6 . 5 ) , 

i t i s su f f i c i en t tha t 

EJ^ (n ,m) - f j 9 (n ,m) - * 0 as n,m —> o^ , for a l l cp £ H . 

In spite of ii in (6.6.4ej, an approach to E(cp(n,m) - <p\^{n.,m) 

similar to the method in (6.6.4f) breaks down since <p(n,m; may vary 

with n and m . The result in subsection (6.6.6; shows that the 

condition in (6.6.4g) is not fulfilled in general. 

(6.6.5) In this subsection we shall show the stability of ^(tls.) 

in the sense of definition (6.6.3), in case S. is a finite set. 

Let t be an arbitrary value in [0»Tj , and let 

S^- i B^ , k=0,l,.,K I , such that 0 = s^ < Sĵ  <" .. < s„ é T . 

It is for sake of convenience that we put 0 G S . This may be done 

without loss of generality as according to (6.6.1a) and (6.6.2b) 

?'j(0) = ^j(n,m,0) = 0 , j = l,.,M , n,m-l,2,.. 

Now also the classes of observations 

C( 
and 

C 

(S^) = {{j^\) . J-1...M . k=0,.,K| 

(n,m,S^) = [^ (n,m,Sj^) , j = l,.,M , k=0,.,KJ , n,m-l,2,.. 

are finite. Hence the Hilbert spaces 

H[C(S^)] and H[c(n,m,S^)] , n,m-l,2,.. , 

are finite dimensional - Euclidean - in this case. They may also be 

generated by the elements of the classes of differences 



144 6, 

^^ ^(^) = {<rjk - ^j(\^ - ^j(vi^' j"i '- '« ' ^-^'•'^] 
D(a,m,S^) = f^ (n,m)= ?" (n,m,Sj^)- /l* (n,m,Sj^_^), j = l,.,M, k=l,.,K^ 

respectively. As we also introduce 

T3j,(n) = r) (n,s^; - t3j(n,s,_,; 
and 

/3jk^"") = /Bj^'»'^^ - /3j(»'Vi^ ' 

then , s i n c e / . ( , n , m , s ) = "HAn-isJ + p . ( m , s ) , i t f o l l o w s t h a t 

^ j ^ ( n , m ; = ' '3 jk(n) + /3ji,(^) . J=1 . - .M , k = l , . , K , n , m = l , 2 , , 

So, on a c c o u n t of ( 6 . 6 . 4 e ) , 

r E J f (n ,m; - q>j ^.^ - 9 . 0 and 

( 6 . 6 . 5 a ) j E | ^ ( n , m ) - f ] ^_.j^(n,m) - > 0 

a s n,m —* e-O , j , k = l , . , M . 

Also h e r e , c o n d i t i o n ( 6 . 2 . 1 b , c ) , see ( 6 . 6 . 1 b ) , i . e . 

B(3) a e I , e > 0 , s é [ 0 , T J , and B( s) c o n t i n u o u s on [ O , T 1 , 

i s e s s e n t i a l l y n e e d e d . 

( 6 . 6 . 5 b ) ] ^ B ( s ) d s è e(sj^ - s^_^) I jj . 

k - l 

F o r , i f X i s t he sphe re of column M - v e c t o r s x w i t h r e a l v a l u e d 

components such t h a t x^x = 1 , see ( 6 . 2 . 1 ; , then f o r a l l x e X , 

XT[J ' ' ^ B(s)dslx - T'^ fx"^B(s)xlds ^ r*^ 
L ^k-1 J \-l '- J J \-l 

e ds - e ( s , - s, , ) 
k k - l ' 

( 6 . 6 . 5 c ) I f 
A > 0 

and i f p , 
| A ( m ) , m = l , 2 , . . } 

i s a sequence of L X L - m a t r i c e s w i t h r e a l v a l u e d e n t r i e s A. .(m) such t h a t 

A. .(m) —> A. . a s m —>• c ^ , i , j = l , . , L , i j ' i j » > j > I > 

then there is a number r such that 

A(m) > 0 if m > r . 
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For, as A> 0 , there i s a number a > 0 such tha t A = a I , 
L 

So, i f Y i s the sphere of column L-vectors y with r ea l valued 

components such tha t y y = 1 » then i f y e Y (hence a l so 

j y . j é 1 » i - l , . , L ) , 

|y^fA-A(m)}yl = | A . {A. . (m)-A. .jy .y 1 é ^ |A^.(m)-A,. | < ia 
1» J=i ' 1 , j - l 

i f m i s su f f i c i en t ly l a rge , say m > r , i . e . 

A - èalj^ < A(m; <" A + ^ a l ^ . 

And as A = a l , > 0 , 

A(m) è A - èalx & t a l j ^ > 0 i f m > r . 

In order to show the s t a b i l i t y of t ( t | s . ) , according to (6.6.4g) 

i t i s su f f i c ien t to e s t ab l i sh 

E ^ ^ ( n , m ) - f ' j ( f ( n , m ) — » 0 as n , m ^ > ' c . ^ , <f e S . 

Since <P(n,m) £ H[c(n,m,S^)J = H [D(n,m,S^)] , n , m = l , 2 , . . , 

H[D(n,m,S.)j being the Euclidean space generated by the elements of 

D(n,m,S.) , C^p(n,m; may be decomposed as 

/s M K 
(6.6.5d) f (n,m; = 2 ! S a (n,m; ^ (n,m;, 

j - l k - l ^^ ^^ 

where the coefficients a., (n,m) are real numbers. 

Given <p(n,m) , the coefficients a., (n,m) are not necessarily 

unique, since the elements ^.(n,m,s, ) and hence the elements ^. (n,m) 

might not be linearly independent (if m is small) . 

(6.6.5e) Given ^ 6 H , there is a number r , such that the 

coefficients a., (n,m) in (6.6.5d) are uniformly bounded in n Jk 
and m , provided that m ̂  r . 

Proof: According to (6.6.5d), 

-̂~, . M K M K ^ 
tr(n,m)f = f (n,m) = 2 : ^ a (n,m)rl (n) ^ ^ . :^ a (n,m)<3 (m) 

j=l k=l ^^ '^^ j=l k=l ^^ ' - J " 

By virtue of (6.6.2b) the two terms in the right-hand side are 

orthogonal . Hence 
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M K 

||?Pè|£7'(n,m)Cfl2 = 

M K _ 
^ 'S. a ( n , m ) y 3 , ( m ) 
j - l k=l J*' ^ J ' ' 

Let u s i n t r o d u c e t h e row liJK-vector 

a''"(n,m) - ( a^-^(n,m) . . ajjj^(n,m), . . , a ^ ( n , m ) . . ajjj^(n,m) ) 

and t h e c o v a r i a n c e MKXMK-matrix 

K A i i ) ( m ) , ( A ^ ) ( m ) 

A(m) 

UAKi)(m) (^)i^)j 

whose MXM-submat r ices (A^.. ) a r e d e f i n e d a s 

{i^^)W - E /^Ib^-) /3ju,(m) 

Jv^MJ 

^(m,Sj^) -^(m,Sj^_j^) • I ^ (m,Sj^) - /3(m,Sj^_j^) , k , h - l , . , K , n , m - l , 2 , . 

Then ( 6 . 6 . 5 f ) r e a d s 

( 6 . 6 . 5 g ) 11 f II ^ è aT(n,m)A(m)a(n,m) . 

By v i r t u e of t he p r o p e r t i e s of y 3 ( m , s ) and t h e Wiener-Lévy p r o c e s s 

/ 3 ( 8 ) i t f o l l o w s a s m—» cx3 , t h a t t h e e l e m e n t s of ( A . , ) ( m ) tend to 

0 i f k j ^ h , and to the c o r r e s p o n d i n g e l e m e n t s of the MXM-matr ix 

f\ ~ 
J B(s)ds if k = h . Hence as m —»• o-o , the elements of A(m) 

\ - l 
t end to t h e c o r r e s p o n d i n g e l e m e n t s of t h e c o v a r i a n c e MKXMK-matrix 
A , d e f i n e d a s 

^ f^l B ( s ) d s . . . (0 ) ^ 

( 0 ) I? }^-)^^ 
K-l 
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f 8^ ^ 
On account of (6 .6 .5b) , J B ( s ) d s è e(s. - s, T ) IV » k - l , . , K , 

and hence 

A ^ e d l ^ > O , d = i^^5;in^j^ i \ - \ . l ) . 

where L- . i s the MKx MK-identity matr ix . 

Dwing to (6 .6 .5c) i t follows from the convergence of the elements 

of A(m) to the corresponding elements of A that there i s a number 

r such that 

A(m) è è^dljjj^ as m > r , 

^•®- M K 2 -T 
ied Z^ ^ a,, (n,m) = a/(n,m)A(m)a(n,m) . 

j - l k - l J*' 
Finally, according to (6.6.5g)> 

j-l k-l J'̂  ^'^ 

if m > r and for all n , showing the uniform boundedness of the 

coefficients a., (n,m) , asserted in (6.6.5e). 

(6.6.5h) Theorem: If the number of observations is finite, i.e. 

if S. is a finite set, then ?(tjs.) is stable with respect to 

differentiable perturbations of the Involved Wiener-Lévy processes, 

independently of the position of t and S. in [ O , T ] . 

Proof: Owing to (6.6.4g) it is sufficient to show that 

E[^(n,m) - ̂ j f (n,m) -» 0 as n,m-» o^ , for all <f S E . 

het a be the bound of the coefficients a., (n,m) , n-1,2,.. , 
jk 

m>r , established in (6.6.5e). Then on account of (6.6.5d) 

and (6.6.5a), 

M K E|^(n,m) - f j ^(n,m)| - j ISl .è. aj^(n,m)£ |^(n,m) - f^ ^jj^(n,m) ^ 

1 ^ Eicp(n,m) - Cp \ /., (n,m) -* 0 as n,m —*• ĉ o . 
1 k-l I (. ' 3^J*^ I 

M 

3' 
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(6.6.6) We shall show that the estimate if(t|s.) does not need 

to be stable in the sense of definition (6.6.3) in case S. is an 
t 

infinite set. 

Consider the Kalmem-Bucy filter. There S - [o,tJ . Assume M-N-1 . 

This restriction is not essential and serves merely for simplifying 

the notation. 

Assume moreover that the 1-dimensional perturbed Wiener-Lévy 

processes /3(n,t) and /3(m,s) are of the kind, discussed in 

section 4.3- Then they have a finite degree of randomness. Let /3(n,t) 

and /3(m,s) be constructed by means of the partitions p and q 

respectively, where 

p is defined by 0 - t^ C t^ < .. < tp = T 

and q by 0 = s < s, <' .. < SQ - T . 

Assume tha t the pos i t ion of t in rO»Tl i s such tha t 

tpi_Q^ <̂  t i t p , , ^ Q ' - l ' ^ * ^ ^Q' ' 

t p , and 8„, being subdivision points of p and q r e spec t ive ly . 

(6 .6 .6a) Obviously, the (1-dimensional) solut ion f ( n , t ) to the 

s t a t e equation i s some l i nea r combination of the elements 

y » ft>{\), . . » / 3 ( t p , ) . 

Here /3 ( t ) may be omitted since / 3 ( t ) = /3(0) = 0 . 

(6.6.6b) Obviously, the ( l-dimensional) observations ij'(n,m,8) , 

8 £ [ 0 , t J , are l i nea r combinations of the elements of the c l a s s 

(6 .6 ,6c) j y , /3(t^) , . . , / 3 ( t p , ) , ^ ( s ^ ) , . . , y3(S(^,)j 

In (6.6.6c), /3(t ) and /3(s ) may be omitted since they are 

Identical to 0 . Now the elements in (6.6.6c) are linearly independent. 

Hence there is a unique decomposition 

(6.6.6d) f (n,m,s) = u(s)>' + v^(s)/3(t^) + .. + Vp, (s)y3(tp,) + 

+ Wj^(s)/?(sj^) + . . + V^,{B) /3{3^,) a t each s e [ o , t ] . 

The coefficient functions are mappings of [o,tl into (- C/o, e^ ) . 

In non-trivial systems they are linearly independent ( hence also 

non-0 ) on [0,tl . Hence there is a set of values 
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1^1 ^i+P'+Q' l ^ [ ° ' t ] 
such that the ( l+P'+Q')^-matr ix 

"(x^) •'l^^l^ • ' ' p i ( ^ i ) "1(3^3 )̂ . » Q i ( ^ i ) ^ 

^"^^l+P'+Q"' ' ' l (* l+P'+( i '^ * ''P'(^l+P<+Ii>^ "l^^l+P'+Qi' • ' t i '^^l+P'+ti '^ • 

l 8 n o n - s i n g u l a r . 

Then by means o f the l+P'+Q' r e l a t i o n s , obta ined by s u b s t i t u t i n g 

s u c c e s s i v e l y 

B " X^ , ... , 8 . 3Cj^^p,^^, 

into (6.6,6d), the elements of class (6,6,6c) may be linearly 

expressed in 

, f(n,m,Xj^^p,^,) ^(n,m,Xj^) , 

as follows: 

r y ^ 

(6.6.6e) 
(tp.) 

V(S(^.) 

?'(n,m,Xĵ ) 

. 4(n,m,x, p , ^ , ) / 

Let E(n,m) be the Eclidean space, generated by the elements of 

class (6,6,6c), and - as always - let H[c(n,m, [0,tj)| be the 

Hilbert ( Euclidean ) space, generated by the elements /(n,m,8) , 

8e[0,tJ , 

It follows from (6.,6,6b) that Hrc(n,m, [ 0,tj )1 CZ E(n,m) 

and from (6,6.6e) that H[c(n,m, [0,tj)] =3 £(a,m) . 

Hence 

(6.6.6f) H[c(n,m, [0,tj)l - E(n,m) . 

According to (6.6.6a), |(n,t) e E(n,m) and hence owing to (6.6.6f) 

?(n,t) € H[c(n,m, [0,tj)j . Then necessarily f(n,t [0,tl) - |(n,t) , 
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By virtue of (5.2.1), ^(n,t) —*• ̂  (t) in q.m. as n —» a-o . 

Hence 
.A I p n 

g(n,t [0,tj) - §(n,t) —» |(t) in q.m. as n —* oo . 

Since ? ( t [0,tJ) = | ( t l t ) s a t i s f i e s equation (6 .5 .16 ) , i t i s seen 

tha t in n o n - t r i v i a l cases ^ ( t ro , t1) ^ ? ( t ) . Hence in the above 

s i tua t ion 6 ( t l [ 0 , t ] ) = S ( t l t ) may be not s tab le in the sense of 

de f in i t ion ( 6 . 6 . 3 ) . 

(6 .6 .7) Let S be an a r b i t r a r y subset of [O»T1 , and t an 

a r b i t r a r y value in [o,TJ . 

Let 

{S^ » k=l ,2 , . . } 

be a sequence of finite subsets of S , increasing to S or to any 

set dense in S , as k — * oyy . 

We recall, see (6.6.2d), that ^.(n,m,s) and XXB) , j = l,.,M , 

n,m = 1,2,.. , are continuous in q.m. on [OjT . Hence (6.1.8) 

applies. 

Let n, and m, pass to infinity through sequences 

I n^ , n^ , .. I and j m-ĵ  , mg , .. | 

respectively. 

Then owing to (6.1.8) and (6.6.5h) we may present the following 

diagram. The arrow means "converges in q.m. to" . 

5(n^,m^,t|s^) |(n2,m2,tls^) > ?(t^S^) 

|(n^,m^,t|s2) ?(n2,m2,t|s2) > ?(t|s2) 

; 7̂  X 
t(n^,m^,tls) t(n2,m2,t|s) - ^ ?(t|s) 

The convergence in q.m. along the vertical lines is shown in (6,1.8). 

The possible behaviour along the last horizontal line is 

illustrated in the previous subsection (6.6.6). 

The convergence along the other horizontal lines is established 

in theorem (6.6.5h;. 
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Some conclusions and remarks: 

There is no hope for better estimates when increasing the number 

of observations in a given interval indefinitely, because of the 
A 

possible i n s t a b i l i t y of f ( t | s ) . The ques t ion , how many observat ions 

would be the bes t , i s unanswered. 

The (d i sc re t i zed ) computation schemes and formulae, belonging to 

S ( t | S) may be used i f i t i s convenient, as in the Kalman-Bucy f i l t e r e . g . 

This i s seen in the l a s t v e r t i c a l l i n e . Then the r e s u l t i s s t ab le 

with respect to small per turbat ions of ( the) f i n i t e l y many 

observat ions (used) . 

The above diagram i s appl icable to a large c l a s s of es t imates , 

comprising pred ic ted , f i l t e r e d and smoothed est imates of an endless 

v a r i e t y , both of Kalman-Bucy type and of the type of Wiener and 

Kolmogorov. 

We have explained a t the beginning of t h i s sec t ion , tha t the 

Kalman-Bucy f i l t e r breaks down i f the involved Wiener-Lévy processes 

are d i f f e ren t i ab ly perturbed. I t might be hard to design a mathematically 

exact computation scheme to the est imates of the l a s t hor izonta l 

l i n e in the diagram. 

The convergence in the other hor izonta l l i n e s of the diagram 

depends e n t i r e l y on the assumption ( 6 . 2 . 1 b , c ) , 

B ( 8 ) ^ 0 and continuous on [ 0 , T J . 



152 

References 

1. ACHIESER.N.I. and GLASMANN,I.M., Theorie der linearen Operatoren 
lm Hilbert-Raxun, Akademie-Verlag, Berlin, 1968. 

r 
2. BILLINGSLEY,P., Convergence of probability measures, John Wiley 

and Sons, Inc., New York, I968. 

5. BREIMAN,L., Probability, Addison Wesley Publishing Company, 
Reading Massachusetts, I968. 

4. BUCY,R.S. and JOSEPH,P.D"., Filtering for stochastic processes 
with applications to guidance, Interscience Publishers, 
New York, I968. 

5. DEUTSCH,R., System analysis techniques, Prentice-Hall, Englewood 
Cliffs New Jersey, 1969. 

6. DOOB,J.L,, Stochastic processes, John Wiley and Sons, Inc., 
New York, 1953. 

7 . HAIÜOS,P.R., Measure t h e o r y , D» Van N o s t r a n d Company, New York, 
1950 . 

8. HILLE,E., Lectures on ordinary differential equations, Addison-
Wesley Publishing Company, Reading Massachusetts, 1969. 

9. and PHILLIPS,R.S., Functional analysis and semigroups, 
American Mathemathematical society, 1957-

10. JAZWINSKI,A.M., Stochastic processes and filtering theory. Academic 
Press, Few York. 1970-

11. KALMAN,R.E. and BUCY,R.S., New results in linear filtering and 
prediction theory. Journal of Basic Engineering, 
Transactions of the ASME, march I96I. 

12. ,FALB,P,L, and ARBIB,H,A,, Topics in mathematical system 
theory, McGraw-Hill Book Company, New York, I969. 

15. KARHUNEN,K., TJeber lineare Methoden in der Wahrscheinlichkeits-
rechnung, Ann. Ac. Sci. Fennioae, series A.I., Mathematica-
Physica, 57. 1947-

1 4 . KHICKEBERG.K., W a h r s c h e i n l i o h k e i t s t h e o r i e , B .G.Teubner , S t u t t g a r t , 
1965. 

1 5 . LOEVE,M., P r o b a b i l i t y t h e o r y , second e d i t i o n , D. Van N o s t r a n d 
Company, New York, I96O. 

1 6 . MEDITCH,J.S., S t o c h a s t i c o p t i m a l l i n e a r e s t i m a t i o n and c o n t r o l , 
McGraw-Hil l , New York, I 9 6 9 . 



153 

17. NAHI,N.E., Estimation theory and applications, John Wiley and Sons, 
Inc., New York, I969. 

18. NEVEU,J., Bases mathématiques du calcul des probabilités, Masson 
et Cie., Paris, I964. 

19. PAHZKN,E., Time series analysis papers. Holden Day, San Francisco, 
1967. 

20. ROYDEN,H.L., Heal analysis, second edition, The Macmillan Company, 
New York, I968. 

2 1 . RÜDIN,W., P r inc ip le s of mathematic&.l a n a l y s i s , second e d i t i o n , 
McGraw-Hill Book Company, New York, I964. 

22. HIIYMGAART,P.A., Introduction to ordinary s tochas t ic d i f f e r e n t i a l 
equat ions . Report, Universi ty of Technology, Department 
of Mathematics, Delft , The Netherlands, a p r i l I968. 

25, , A note on the i n t e g r a l representa t ion of the Kalman-Bucy 
es t imate . Forthcoming. 

24. , On a system of i n t e g r a l equat ions , r e l a ted to the Kalman-
Bucy es t imate . Forthcoming. 

25. , On the behaviour of Wiener and Kalman-Bucy est imates 
with respect to smooth per turbat ions of the involved white 
noise proce'sses. Forthcoming. 

26. and SOONG,T.T., A sample theory of ordinary s tochas t ic 
d i f f e r e n t i a l equat ions. Report No. 44» State Universi ty 
of New York a t Buffalo, Division of I n t e r d i s c i p l i n a r y 
s tudies and research, september I966. 

27, and SOONG,T,T., A method of t r e a t i n g some s tochas t ic 
d i f f e r e n t i a l equations involving white no i se . Report 
No. 45» School of Engineering, State Universi ty of New 
York a t Buffalo, Division of I n t e r d i s c i p l i n a r y s tudies and 
research , October I968. 

28, TAYLOR,A.£., Introduct ion to functional ana ly s i s , John Wiley and 
Sons, I n c . , New York, 1958. 

29, URBANIK,K,, Generalized s tochas t ic processes , Studia Mathematica, 
Tom X7I, Fasc .5 , 1956. 

50. WAX,N., Selected papers on noise and s tochas t ic processes, Dover 
Pub l ica t ions , New York, 1954-

51 . WONG,E. and ZAKAI,M., On the convergence of ordinary i n t e g r a l s to 
s tochas t ic i n t e g r a l s , Ann. Math. S t a t . 56, I56O-I564, 1965. 

32, YAGLOM,A.M., An introduct ion to the theory of s ta t ionary random 
fimctions, Pren t ice-Hal l , Englewood C l i f f s , New Je r sey , 1962. 

35- ZEMANIAN,A.H., Dis t r ibut ion theory and transform ana ly s i s , McGraw-
Hi l l Book Company, New York, I965. 



S T E L L I N G E N 

1. Het 1B weinig zinvol om Ito-calculus te gebruiken b^ de 
behandeling van de stochastische l ineaire systemen die 
voorkomen in d i t proefschrift . 

Orerlgens bieden de hier gebezigde methoden geen u i tz i cht 
op general isat ie met betrekking tot algemenere (Ito-)8ystemeB. 

2 . Heuristische beschouwingen die dienen om het Kalman-Bucy 
f i l t e r met continue t^d-parameter geloofwaardig te maken 
z ^ weinig overtuigend of onhoudbaar. « 

3 . Eet "colored noiae f i l t er" van Buoy Is In wezen een gewoon 
Kalman-Bnoy f i l t e r . Zie 

B.S. Bucy, Optimal f i l t e r i n g for correlated noise , 
J. of mathematical analysis and applications 20, 1967 

en 
Bucy and Joseph, F i l ter ing for stochastic processes 
with applications to guidance, Interscience publishers, 1968. 

"Augmented state" methoden en "noise whitening" technieken 
voeren tot gewone Kalman-Bucy f i l t e r s . Zle 

• Bryson and Johansen, Linear f i l t e r i n g for time-varying 
systems using measurements containing colored noise , 
IEEE Trans. Automatic Control, AC-10, 1, 1965 

en 
Nahl, Estimation theory euid applications, Wiley, 1969-

De geperturbeerde f i l t e r s In § 6 . 6 van d l t proefschrift z^n 
van fundamenteel andere aard dan Kalman-Bucy f i l t e r s . 

4 . Aan de gevoeligheid van bet Kalman-Bucy f i l t e r voor 
onnauwkeurigheden in de gemeten of geschatte grootheden In de 
filtervergelykingen wordt de nodige aandacht besteed, z ie 
büToorbeeld 

Jazwlnskl, Stochastic processes aad f i l t e r i n g theory, 
Academic Press, 1970. 

De gevoeligheid voor verstoringen van de a l l e s beheersende, 
en fysisch n ie t eens realiseerbare Wleaer-L^vy processen 
wordt echter bulten beschouwing gelaten. 

5. In 
F.L. Falb, The Kalman-Bucy filter In Hilbert space, 
Information and control I I , 1967» 

wordt de mathematische behandeling van het Kalman-Bucy f i l t e r 
nodeloos ingewikkeld gemaakt, terw^l de kern van de zaak n i e t 
wordt geraakt. De bewering van de schr^ver, dat een "fully 
rigourus theory" verkregen i s , i s aanvechtbaar. Zie ook 

Kalman, Falb, Arblb, Topics in mathematical system theory, 
McGraw-Hill, I969. 



6. De meerderheid van de publicaties in de Engelse taal op het 
gebied van stochastiaohe systeem analyse is wan een 
onvoldoende mathematisch gehalte-

Dlt kan in verbtmd gebracht worden met de invloed die is 
uitgegaan van het ministerie van defensie van de Verenigde 
Staten van Amerika, getuige bijvoorbeeld het dankwoord van 
Richard Bellman, uitgesproken ter gelegenheid van het la 
ontvangst nemen van de "Herbert Wiener Prize in Applied 
Mathematics". 

7. Als ^(t) een reëel stochastisch tweede orde proces is 

op [0»T] , dan is het kwadraat van de totale variatie van 

£^(t)'v'op [0»T] kleiner dan, of gel^k aan de totale variatie 

van E 5 ( B ) 5 (t) op [O,T]^ . 

80 Van. een Hilbert ruimte X wordt de sterke topologie beschouwd. 

Gegeven Is de continue afbeelding ^(t) van (-00 ,co) in 

X . Het gedrag van ?(t) in de buurt van .*• 00 en - 00 is 

zodanig dat de afbeeldingen 

2 
e, Kt-s) d s , t e (-0^,00), n-1,2,.., 

van (-c-o,o<j) in Z gedefinieerd zijn. 

De vectoren ^ ( t ) spannen een l ineaire deelruimte van X 

op, waarvan de a f s lu i t ing in X de Hilbert ruimte H zjj,. 

Op analoge w\jze brengt ^ - ( t ) de Hilbert ruimte H woort. 

Als S^ de orthogonale projector i s van X op H , en '^ 

die van X op H , dan i s 

lim gP 6 - g^P Toor ledere g e X . 
n - ^ o o n"» ' ^ 

9 . De openheid die thans wordt betracht Inzake de adoptie van 
pleegkinderen i s bevorderl^k voor de geestelüke gezondheid, 
de ontplooiing en de inpassing in de maatschappü van het 
geadopteerde kind. 

The Kalman-Buoy f i l t e r and l t s behaviour with respect to 
smooth perturbations of the involved Wiener-Lévy processes 

?n^t) ƒ. 


