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 A B S T R A C T

Reinforcement learning has proven its power on various occasions. However, its performance is not always 
guaranteed when system dynamics change. Instead, it largely relies on users’ empirical experience. For 
reinforcement learning algorithms with an actor–critic structure, the critic neural network reflects the approx-
imation and optimization process in the RL algorithm. Analyzing the performance of the critic neural network 
helps to understand the mechanism of the algorithm. To support systematic interpretation of such algorithms 
in dynamic control problems, this work proposes a critic match loss landscape visualization method for 
online reinforcement learning. The method constructs a loss landscape by projecting recorded critic parameter 
trajectories onto a low-dimensional linear subspace. The critic match loss is evaluated over the projected 
parameter grid using fixed reference state samples and temporal-difference targets. This yields a three-
dimensional loss surface together with a two-dimensional optimization path that characterizes critic learning 
behavior. To extend analysis beyond visual inspection, quantitative landscape indices and a normalized system 
performance index are introduced, enabling structured comparison across different training outcomes. The 
approach is demonstrated using the Action-Dependent Heuristic Dynamic Programming algorithm on cart–pole 
and spacecraft attitude control tasks. Comparative analyses across projection methods and training stages reveal 
distinct landscape characteristics associated with stable convergence and unstable learning. The proposed 
framework enables both qualitative and quantitative interpretation of critic optimization behavior in online 
reinforcement learning.

1. Introduction

Reinforcement learning algorithms have been a research hot spot in 
recent years. These algorithms have demonstrated impressive perfor-
mance in areas such as robotics [1], game playing [2], navigation and 
control [3], and decision-making tasks [4].

For system control with uncertainties, reinforcement learning meth-
ods have also been widely applied [5]. For example, in Active Debris 
Removal (ADR) using robotic arms, the system becomes a new com-
bined spacecraft system with uncertainties due to the uncooperative 
target capture. For combined spacecraft with system uncertainties, 
several works have been using reinforcement learning methods [6–8], 
which rely on the sampled data during the control process, rather than 
on model information.

In some control scenarios, the environment changes constantly. 
For example, in the above-mentioned ADR scenario, the combined 
spacecraft system can be an uncertain system with an unknown moving 
appendage, which causes the system dynamics to constantly change. 
As a result, a real-time RL agent that interacts with the environment 
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is needed. This is where online reinforcement learning is applied. For 
example, the Adaptive Dynamic Programming (ADP) method is orig-
inally a method based on optimal control. With the actor–critic (AC) 
architecture, it can be regarded as one kind of online reinforcement 
learning method. Action-Dependent Heuristic Dynamic Programming 
(ADHDP), or Q learning, was introduced as a supplementary controller 
to guarantee a proper dynamic performance [9]. ADHDP is also used as 
the sole controller in the post-capture scenario with unknown system 
parameters [10].

Despite the successful applications of reinforcement learning con-
trol mentioned above, there are also possibilities that reinforcement 
learning algorithms do not perform as expected. Since RL algorithms 
are commonly trained on a specific fixed environment, it may work for 
one system, yet it fails to generalize to another [11]. In the extreme 
condition, when a single system parameter changes, a well-tuned RL 
algorithm may fail to work [12]. Therefore, the interpretation of the 
algorithm’s performance is important for understanding the mechanism 
of the algorithm and for improving the performance of the algorithm.
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The interpretation of the reinforcement learning algorithm largely 
relies on visualization techniques. Visualization of learning processes 
and control performance is one aspect for interpretation of RL algo-
rithms. In many learning-based control studies, classical visualization 
techniques are adopted, such as learning curves, parameter evolution, 
and system performance trajectories, to illustrate convergence behavior 
and control effectiveness [13,14]. To further support the interpretation 
of reinforcement learning behavior, visualization techniques have been 
developed to examine loss functions and optimization landscapes. Us-
ing visualization methods based on ‘‘filter normalization’’, the structure 
of neural loss functions is explored and the effect of loss landscapes 
on generalization [15]. The filter-normalized method is further used 
to visualize reward surfaces for popular reinforcement learning envi-
ronments [16]. By mapping between a policy and return, the return 
landscape is generated, which can navigate away from noisy neighbor-
hoods and thus improve policy robustness [17]. The characteristics of 
the actor loss function are studied by visualizing the loss functions [18]. 
By visualizing the optimization surface of the Reacher and Walker-walk 
task implemented by Proximal Policy Optimization (PPO), the action 
representation’s significant influence on the learning performance is 
demonstrated [19].

The above-mentioned works mainly use visualization techniques 
to explore reward landscapes and actor loss landscapes, and interpret 
algorithm performance from the perspectives of policy outcome or 
actor optimization. Reward surfaces describe how changes in policy 
parameters affect cumulative return, while actor loss landscapes reflect 
characteristics of policy update mechanisms. However, these visualiza-
tions do not directly reveal how the critic module in the actor–critic 
structure is optimized, nor do they visualize the geometry of the critic 
module. In the actor–critic structure, the critic module is applied to 
approximate the value function or cost function, and its approximation 
accuracy significantly influences or even governs the learning stability 
of the algorithm. Visualizing the critic behavior, therefore, helps to 
reveal the learning mechanism of the critic module and provides useful 
information for the interpretation of reinforcement learning algorithms.

In reinforcement learning with an actor–critic structure, the critic 
network is trained by minimizing the temporal-difference (TD) error 
step by step, and the approximation process is carried out through 
parameter updates. The approximation accuracy of the critic largely 
impacts the convergence behavior of the algorithm. The training of 
a critic network is a process to minimize the cost by updating the 
weights, i.e., the parameters used for approximation. During online 
training, both the TD target and the state distribution evolve as the 
policy changes, which makes the TD objective inherently moving and 
difficult to visualize as a single and well-defined surface. To enable 
interpretation of critic learning behavior under such conditions, we 
construct a critic match loss derived from the TD error by fixing the 
reference data and targets associated with a given policy. Since the 
TD error is the training signal that directly drives the critic param-
eter updates, the resulting critic match loss provides a meaningful 
representation of critic learning behavior that can be visualized as 
a well-defined loss landscape, which allows the critic optimization 
process to be interpreted from a geometric perspective.

In this work, we visualize the performance of the critic neural 
network for online reinforcement learning by constructing a critic 
match loss landscape. The critic weight parameters at the end of each 
training episode are recorded to keep track of the optimization path 
of critic weight during training. The corresponding state data and 
temporal-difference targets associated with selected policy references 
are used to reconstruct the critic match loss landscape over candidate 
weight parameters. These parameters are projected onto a principal 
component plane based on the optimization path of critic weight. Using 
the method above, the derived 3-D loss landscape and 2-D loss path can 
qualitatively reveal the training evolution and expose local geometry 
under a given policy reference. It can also help to explain why a single 
RL algorithm converges in one system yet diverges in another.

The remainder of this paper is organized as follows. In Section 2, the 
critic loss landscape visualization method for online RL is introduced. 
The ADHDP algorithm is presented as a sample algorithm for the 
visualization technique. The quantitative indices for analyzing the loss 
landscape and system performance are given. In Section 3, using the 
cart–pole system and the spacecraft attitude system as the control 
object, the dynamic models of the two systems are introduced. The 
corresponding control results using ADHDP algorithms are shown. In 
Section 4, the performance of the ADHDP algorithm is interpreted 
using the critic loss landscape visualization method. Comparisons are 
made across systems, across projection methods and selected policies. 
In Section 5, a conclusion is drawn.

2. Method

In this section, the visualization method for interpreting online RL 
algorithms is introduced. The ADHDP algorithm is also given, which 
is used as an object to be interpreted using the visualization method. 
Quantitative indices for quantitatively analyzing the loss landscapes 
with system performance are given.

2.1. Visualizing the loss function

Reinforcement learning uses neural networks as a tool to approxi-
mate functions. Normally, these neural networks approximate complex 
functions with many parameters. Visualizing the loss with these pa-
rameters can explicitly reveal the characteristics of the neural net. For 
example, the flatness and stiffness of the neural net, local minima, and 
saddle points. All of these interesting characteristics will be visible in 
the loss landscape. However, the large number of parameters makes 
the loss landscape visualization a multi-dimensional problem, which 
is difficult to visualize. To tackle this problem, the work [15] used a 
method called Contour Plots and Random Directions. The main idea of 
the method is that, since it is not possible to fully visualize how the 
loss changes with the full-dimensional parameters, two dimensions are 
selected to generate a 3-D loss landscape. The 3-D loss landscape is a 
projection slice of the full-dimensional loss landscape. To calculate the 
loss regarding the two selected dimensions, the following equation is 
used 
𝑓 (𝛼, 𝛽) = 𝐿

(

𝜽∗ + 𝛼𝜹 + 𝛽𝜼
)

(1)

Here, 𝜽∗ is the chosen center point in the landscape graph while 
𝜹 and 𝜼 are the two directions chosen to visualize the landscape. The 
parameters 𝛼 and 𝛽 are the distances from the chosen center point.

The equation could be understood in the following way. The mul-
tidimensional problem is reduced to a 3-D coordinate system. The loss 
is visualized on a 2-D subspace spanned by the chosen directions 𝜹 and 
𝜼. The 3-D plot shows the loss value 𝑓 along the vertical axis, with 𝛼
and 𝛽 as coordinates on the horizontal plane.

Using the aforementioned Contour Plots and Random Direction 
method, the multidimensional problem has been reduced to a 3-D 
problem, which is more explicit and straightforward to visualize.

2.2. Action-dependent heuristic dynamic programming (ADHDP)

To illustrate how the critic loss landscape visualization method con-
tributes to the interpretation of online RL methods, Action-dependent 
heuristic dynamic programming (ADHDP), a specific RL method, is 
used here as an example. ADHDP is a specific type of reinforcement 
learning method. In this method, the objectives of controlling and 
learning are separated and realized with two separate neural networks, 
which are the actor neural network and the critic neural network, as 
shown in Fig.  1 [20]. The critic network is trained toward optimizing 
the total reward-to-go objective, which is the approximation of the cost 
function. The actor neural network is trained so that the critic network 

Acta Astronautica 246 (2026) 909–920 

910 



J. Liu et al.

Fig. 1. Structure of ADHDP.

generates an ultimate objective of success, which is to minimize the 
cost.

In ADHDP, the cost function 𝐽 (𝑡) is expressed as 

𝐽(𝑡) = 𝑟(𝑡 + 1) + 𝛾𝑟(𝑡 + 2) +⋯ =
∞
∑

𝑘=1
𝛾𝑘−1𝑟(𝑡 + 𝑘) (2)

Here, 𝑟(𝑡 + 1) is the defined reinforcement signal or reward for 
the system. 𝑘 is the number of time steps from time instance 𝑡. The 
expression of the signal equation can be defined according to the goal 
of control. The discount factor 𝛾 indicates how much rewards in the 
distant future can influence those in the immediate future.

We define the prediction error 𝑒𝑐 for the critic network as 
𝑒𝑐 (𝑡) = [𝑟(𝑡) + 𝛾𝐽 (𝑡)] − 𝐽 (𝑡 − 1) (3)

The prediction error is also called TD error in reinforcement learning.
The set of weight parameters in the critic network is 𝐰𝑐 , as shown 

in Eq.  (A.1). The weight update rule for the critic network is based on 
the gradient descent method.

In this paper, the critic and actor networks are approximated us-
ing the Multilayer Perceptron (MLP) structure with one hidden layer. 
Detained information about the ADHDP algorithm can be found in Ap-
pendix.

2.3. Visualizing the critic match loss function for ADHDP

The ADHDP algorithm is trained based on Eq.  (3). The approxima-
tion precision of cost function J will influence the performance of the 
algorithm. The approximation error, TD error in Eq.  (3) is the loss for 
the critic network. Hence, visualizing the critic match loss landscape 
will reveal the approximation process of the cost function. From the 
landscape, we can observe the general trend of how the algorithm 
evolves during its update.

The critic network is implemented as a multilayer perceptron (MLP) 
with parameters denoted by 𝐰𝑐 . These parameters are updated at each 
time step, reflecting changes in the critic network during training. 
During online training the system is reset at the beginning of each 
episode while the network parameters continue from the previous 
episode. To track this evolution, the vector 𝐰𝑐 is recorded at the end of 
each episode 𝑘, forming a sequence [𝐰𝑐 (𝑘),𝐰𝑐 (𝑘 + 1),… ,𝐰𝑐 (𝑘 + 𝑛)].

From Eq.  (1), two directions have to be selected to function as the 
two axes for landscape visualization. To select the two directions, the 
Principal Component Analysis (PCA) method is applied to generate the 
two orthogonal directions in the 𝐰𝑐 vector group. PCA is performed 
only on the recorded critic weight trajectory collected at the end of each 
episode. No additional candidate or grid-sampled weights are included 
in the PCA computation.

Now, we have two main orthogonal directions chosen to represent 
the 𝐰𝑐 vector, which is 𝜹 and 𝜼. in the equation. To generate the full loss 
landscape, rather than a one-dimensional loss curve, the parameters 𝛼
and 𝛽 are sampled over a grid. To calculate the loss corresponding to 
each combination of 𝛼 and 𝛽 in the coordinate system, training data 
should be used for the calculation. In a supervised machine learning 
scenario, the training data is a batch of static data. However, in online 
reinforcement learning, the training data are collected and updated 

over time, and thus differ across episodes. Therefore, to construct a 
well-defined loss landscape as a scalar field over the critic parameter 
space, the input data and corresponding targets must be fixed when 
scanning the parameter grid.

Here, we consider that the data collected at each episode of training 
is one batch of data. The batch data in one episode is generated by the 
corresponding policy of that episode. In this study, unless otherwise 
specified, the reference batch dataset is selected as the states collected 
at each simulation time step of the final episode, and the corresponding 
targets are the temporal difference targets computed under the final 
policy. With the weight value of each weight grid, the input states 
data and the target value, the loss corresponding to each weight grid 
is calculated. Hence, we derive a 3-D critic loss landscape which can 
depict the loss geometry around the final policy. By projecting the 
3-D loss landscape to a 2-D contour with the same PCA plane, the 
recorded weight parameters formulate the optimization path of critic 
weights during training, which qualitatively shows the evolution of 
training relative to the landscape. From the description of the method, 
principally, data from any episode could be chosen to visualize the loss 
landscape generated by the policy generated from the corresponding 
episode.

This construction yields a well-defined scalar field over the critic 
parameters with the inputs and targets fixed when scanning the grid. 
It therefore provides an interpretable view of the local geometry under 
the final policy and a qualitative depiction of the training trend through 
the overlaid path. It does not reproduce the exact per-episode temporal 
difference objective, which changes with the data and targets. But it 
serves as a performance index that reveals the geometry of the training 
landscape, which is relevant for explaining convergence or instabil-
ity. Other reference batch datasets, such as those from intermediate 
training stages, can also be used to generate landscape snapshots, as 
illustrated in Section 4.5.

2.4. Quantitative analysis of loss landscape

The critic match loss landscape is derived as in Section 2.3 and 
gives a qualitative view of the optimization path. To demonstrate the 
method beyond visual inspection and enable objective comparison, we 
introduce three quantitative indices.

sharpness, basin area, and local anisotropy are introduced to depict 
the loss landscape quantitatively. They capture complementary aspects 
of the loss geometry around the final critic parameters.

Since loss scales differ across algorithms and systems, raw val-
ues are not directly comparable. Let 𝐿(𝛼, 𝛽) be the loss on the PCA 
plane and (𝛼∗, 𝛽∗) the final parameters with 𝐿∗. We define the relative
surface 
𝛥𝐿(𝛼, 𝛽) = 𝐿(𝛼, 𝛽) − 𝐿∗, (4)

and normalize it by the interquartile range (IQR) of 𝛥𝐿 over the grid 
to obtain a dimensionless surface 𝐿̃.
Sharpness. Sharpness measures how fast the loss rises when moving 
away from the final point. For radius 𝜖, 
Sharp𝜖 = max

𝜃∈[0,2𝜋)
𝐿̃
(

𝛼∗ + 𝜖 cos 𝜃, 𝛽∗ + 𝜖 sin 𝜃
)

. (5)

A larger Sharp𝜖 value indicates higher local stiffness that descent can 
be fast with small steps, while the stable step-size margin narrows and 
sensitivity to noise increases. A smaller Sharp𝜖 value indicates a flatter, 
more tolerant neighborhood.
Basin area. The basin area quantifies the extent of the low-loss set 
around the final point using 

𝐴𝜌 = Area
{

(𝛼, 𝛽) ||
|

𝐿̃(𝛼, 𝛽) ≤ 𝜌
}

. (6)

A larger 𝐴𝜌 implies wider robustness around the final point while a very 
small or non-closed set indicates a fragile or non-convergent situation.
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Local anisotropy. Local anisotropy captures directional imbalance near 
(𝛼∗, 𝛽∗). A quadratic fit of 𝐿̃ in a small neighborhood yields a 2 × 2 
Hessian 𝐻 . We use the condition number 

log 𝜅 = log
(

𝜆max(𝐻)
𝜆min(𝐻)

)

, (7)

where 𝜆max and 𝜆min are the largest and smallest eigenvalues of 𝐻 . 
Large log 𝜅 indicates a narrow, ill-conditioned valley. It means that 
around the final point, one direction is steep while the other is flat, 
which makes progress sensitive to step size and update direction. Amall 
log 𝜅 corresponds to more isotropic curvature and smoother updates.

In conclusion, sharpness shows local stiffness and basin area de-
scribes tolerance. These two indices address different questions and 
should be interpreted with caution. Sharp landscapes can offer strong 
local attraction yet require tight step-size control, while wide basins 
indicate robustness to parameter perturbations. Anisotropy comple-
ments both by indicating how ‘‘skewed’’ the valley is. Together, these 
indices provide a compact quantitative description of the landscape. 
Combined with overlaid 2D-optimization path of the weight, they 
support comparisons across runs and help explain training behavior.

2.5. System performance index

The critic match loss landscape will be analyzed quantitatively using 
the three indices in Section 2.4. To relate the landscape geometry to 
the actual control performance of a dynamic system, a scalar system 
performance index is introduced.

To enable consistent comparison across different systems, each pol-
icy is evaluated on a fixed horizon 𝐻 using the same stage cost 𝑐(𝑥𝑡, 𝑢𝑡)
as in training, which corresponds to the reinforcement signal 𝑟(𝑡) as in 
Eq.  (2). For performance evaluation, this instantaneous cost is normal-
ized by a system-dependent upper bound, such that 𝑐(𝑥𝑡, 𝑢𝑡) ∈ [0, 1]. 
Then we have 

𝐽𝐻 =
𝐻−1
∑

𝑡=0
𝛾 𝑡 𝑐(𝑥𝑡, 𝑢𝑡). (8)

If a failure occurs, such as states exceeding predefined constraints 
at time 𝑡fail, the rollout is continued to the horizon 𝐻 with a fixed 
worst-case penalty 

𝑐(𝑥𝑡, 𝑢𝑡) = 𝑐max, 𝑡 ≥ 𝑡fail, (9)

where 𝑐max = 1 corresponds to the maximum normalized stage cost.
Since 𝑐(𝑥𝑡, 𝑢𝑡) ∈ [0, 1] is by construction, the discounted cost admits 

a natural upper bound. The performance index is therefore normalized 
as 

𝐽𝐻 =
𝐽𝐻

∑𝐻−1
𝑡=0 𝛾 𝑡

∈ [0, 1]. (10)

From this definition, a well-controlled behavior yields a small 𝐽𝐻 , 
whereas early failure results in a large 𝐽𝐻  due to the accumulated 
penalty. This single index enables direct comparison of system per-
formance across tasks and remains meaningful even when training 
diverges, providing a unified basis for relating control performance to 
the quantitative properties of the loss landscape.

3. ADHDP control result for system with uncertainties

In this section, the cart–pole system and the spacecraft attitude 
system are introduced. The control results of using the ADHDP al-
gorithm are shown. The results will be used as examples for using 
the critic match loss landscape to interpret the online RL algorithm. 
Multiple independent simulation runs were conducted for each system. 
For visualization and analysis, representative runs were selected to 
illustrate typical convergent and divergent learning behaviors.

Fig. 2. Cart–pole system as a benchmark problem for ADHDP.

3.1. Dynamics and control for cart–pole system

Consider the physical model shown in Fig.  2. A cart is positioned 
on a track running horizontally and an inverted pendulum is attached 
to the cart with a hinge that allows rotation around pivot point 𝑃  in 
the 𝑥–𝑦 plane only, i.e. the pendulum is free to move horizontally. 
The pendulum’s initial position is vertical, and an external variable 
horizontal force is applied to the cart to maintain the pendulum in a 
balanced and upright position.

The model is considered to represent an unstable system. An exter-
nal control force is required to keep the pendulum balanced, as opposed 
to a downward-hanging pendulum in which the force of gravity results 
in a stable oscillation about the downward vertical. An ideal pendulum 
is assumed in which all of the pendulum’s mass is located at a single 
point (𝑄) at the end of a massless rigid rod.

The control goal of the cart–pole system is that by ‘‘pushing the cart 
to the right’’ or ‘‘pushing the cart to the left’’, the pendulum can stay 
in its upright position. Since the force is added by pushing the cart, the 
input to the system is discrete with a constant value.

The dynamics and kinematics of the system are described with the 
following equations [21]. 

𝜓̈ =
𝑔 sin𝜓 + cos𝜓

[

−𝑓−𝑚𝑙𝜓̇2 sin𝜓+𝜇𝑐 sgn(𝑥̇)
𝑚𝑐+𝑚

]

− 𝜇𝑝𝜓̂
𝑚𝑙

𝑙
⌊

4
3 − 𝑚 cos2 𝜓

𝑚𝑐+𝑚

⌋ (11)

𝑥̈ =
𝑓 + 𝑚𝑙

[

𝜓̇2 sin𝜓 − 𝜓̄ cos𝜓
]

− 𝜇𝑐 sgn(𝑥̇)
𝑚𝑐 + 𝑚

𝑔 = −9.8m∕s2
(12)

where 𝜓 is the angular placement of the pendulum, and 𝑥 is the 
horizontal placement of the cart, as indicated in Fig.  2. 𝑓 is the force 
that is applied to the cart, 𝑚 is the mass of the pendulum, 𝑚𝑐 is the mass 
of the cart, 𝜇𝑝 and 𝜇𝑐 are the friction coefficients for the pendulum and 
the cart, and 𝑙 is the length of the pendulum.

The ADHDP algorithm is first applied to the cart–pole dynamic 
system. Then, the critic loss landscape visualization method is applied 
to reveal the training process of the algorithm.

For the ADHDP control of the cart–pole system, the state vector 
is [𝜓, 𝜓̇, 𝑥, 𝑥̇], and the control input is [𝑓 ]. The input to the critic 
neural network is the combination of the state vector and the control 
input. The input to the actor neural network is the state vector. The 
MLP structure with one hidden layer is chosen to approximate the 
critic and actor neural networks. The number of neurons of the hidden 
net is 6 and 4, respectively. The actor and critic learning rates are 
set to 1 × 10−3 and 1 × 10−2 respectively. Training is conducted over 
100 trials, or episodes. The ADHDP algorithm is trained in an online 
manner, where at each dynamic simulation time step the current state 
is sampled and used immediately to compute the temporal-difference 
error and update the actor and critic networks. No minibatch training is 
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Fig. 3. Cart–pole control results.

Fig. 4. Critic and actor NN evolution process with time, cart–pole system.

employed, which is equivalent to a batch size of one. Network weights 
are initialized using uniformly distributed random values. No explicit 
exploration noise is added to the actor output in the baseline ADHDP 
implementation as shown in Appendix, in order to avoid introducing 
additional stochasticity that could confound the interpretation of critic 
optimization behavior.

Fig.  3 shows a successful simulation result of using ADHDP to 
control the cart–pole system. Fig.  3(c) shows how many actions the 
system can take during each trial before it diverges in 100 trials of 
running the simulation. Fig.  3(a) shows the evolution of the states in 
the 100th trial, which can be maintained at the desired range. Fig.  3(b) 
shows the corresponding actions the system takes. The system takes the 
sign of these actions as the direction of the applied force.

Fig.  4(a) shows the critic loss during training. It can be seen that, as 
the training continues, the critic loss decreases to around zero. It means 
that the critic network is converging. Fig.  4(b) shows the evolution of 
𝜕J(𝑡)
𝜕u(𝑡) . This item is used to update the actor neural net, as shown in Eq. 
(A.14). As the training continues, the gradient decreases to around zero. 
It indicates it reaches a sub-optimal solution.

3.2. Attitude dynamics and control for spacecraft with unknown inertia

In Section 3.1, the visualization method has been validated with the 
benchmark cart–pole system. In this part, the results of applying the 
algorithm to the spacecraft attitude control system, a more complex 
problem with unknown inertia, will be studied.

Following the benchmark cart–pole system, the combined spacecraft 
dynamic system will be introduced in this part. From the literature 
review in Section 1, the combined spacecraft in the ADR scenario is 
a system with uncertainties. In order to progressively test the perfor-
mance of the algorithm on the control of the post-capture scenario, 
the combined spacecraft model with the lowest level of uncertainty 
is considered in the work, which is the uncertainty of the unknown 
inertial parameter. Based on this, the following assumptions are made. 
The target is captured tightly by rigid robotic manipulators on the rigid 

service spacecraft. The joints of spacecraft manipulators will be locked 
once the target spacecraft is captured [22]. The target is rigid and 
uncooperative without control capability. Under the given assumptions, 
the combined spacecraft is taken as a single rigid spacecraft with 
unknown inertia parameters.

The kinematic and dynamic equations of combined spacecraft in the 
inertia principal axis frame of combination use Euler angles. In this 
paper, a body-fixed reference frame  is defined, located at the center-
of-mass of the combined spacecraft. Its coordinate axes are aligned 
along the principal directions of the spacecraft. In addition, an Earth-
Centered Inertial (ECI) coordinate frame   is defined, with unit vectors 
{

𝒏𝟏,𝒏𝟐,𝒏𝟑
}

. The 𝒏𝟏 axis is aligned with the mean equinox. The 𝒏𝟑 axis 
is aligned with the Earth’s rotation axis or the celestial North Pole, and 
the 𝒏𝟐 complies with the right-handed system.

For the rotation from frame   to frame  with the sequence of 
3-2-1, the kinematics of the combined spacecraft are given below. In 
the scenario for the combined spacecraft stabilization, the assumption 
is that the initial attitude states of the combined spacecraft are not 
expected to deviate significantly from zero degrees, with the final 
control goal as zero degrees. Hence, the combined spacecraft here 
is represented with attitude angles, which will not suffer from the 
singularity problem under the given scenario. 
⎡

⎢

⎢

⎣

𝜃̇1
𝜃̇2
𝜃̇3

⎤

⎥

⎥

⎦

= 1
cos 𝜃2

⎡

⎢

⎢

⎣

cos 𝜃2 sin 𝜃1 sin 𝜃2 cos 𝜃1 sin 𝜃2
0 cos 𝜃1 cos 𝜃2 − sin 𝜃1 cos 𝜃2
0 sin 𝜃1 cos 𝜃1

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜔1
𝜔2
𝜔3

⎤

⎥

⎥

⎦

(13)

The attitude dynamics is given as 
𝑀̄ = 𝐽𝑠𝑐 ⋅ ̇̄𝜔 + 𝜔̄ × 𝐽𝑠𝑐 ⋅ 𝜔̄ (14)

Here, 𝜃1, 𝜃2, and 𝜃3 represent the three attitude angles of the spacecraft, 
and 𝜔1, 𝜔2, and 𝜔3 are the corresponding angular velocities. 𝑀̄ denotes 
the control torque applied to the attitude system. 𝐽sc is the inertia 
matrix of the spacecraft, which is assumed to be unknown.

The reward function is given in the form of a quadratic function of 
state errors and control input, as follows. 
𝑟(𝑥, 𝑢) = 𝑥𝑇 𝑃𝑥 + 𝑢𝑇𝑄𝑢 (15)
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Fig. 5. Results with PD control.

Fig. 6. Spacecraft control results with ADHDP.

where 𝑥 =
[

𝑒𝜃1 , 𝑒𝜃2 , 𝑒𝜃3 , 𝑒𝜔1 , 𝑒𝜔2 , 𝑒𝜔3
]

 represents the error between the 
observed and desired states. For the attitude stabilization task, the 
desired states are all equal to zero. During this simulation, value of 𝑃  is 
0.01, value of Q is set to zero to reduce the complexity of the learning 
problem. The inertial parameter of the combined spacecraft is described 
with the matrix 𝐽𝑠𝑐 with value [10.10.1; 0.10.10.1; 0.10.10.9] kgm2.

As a reference for the performance of the ADHDP, we start by 
applying standard PD control to the problem. The control gains 𝐾𝑝
and 𝐾𝑑 are selected as diag(1, 1, 1) and diag(10, 10, 10), respectively. The 
results are shown in Fig.  5.

As can be seen from Fig.  5, the system can be stabilized in the given 
100 s. And the control torque does not exceed 0.6 N m.

The ADHDP algorithm is applied to the above-defined spacecraft 
attitude dynamic system. Then the critic match loss landscape vi-
sualization method is applied to reveal the training process of the 
algorithm.

For the ADHDP control of the spacecraft attitude dynamic system, 
the state vector is [𝜃1, 𝜃2, 𝜃3, 𝜔1, 𝜔2, 𝜔3

]

, and the control input is 𝑢. 
The input to the critic neural network is the combination of the state 
vector and the control input. The input to the actor neural network is 
the state vector. The MLP structure with one hidden layer is chosen 
to approximate the critic and actor neural networks. The number of 
neurons of the hidden net is 10 for both neural networks.

The hyperbolic tangent function is used as the activation function 
for the hidden layer in both actor and critic neural networks to add 
nonlinearity to the approximation process. For the selection of the 
activation function for the output layers of the neural network, the 
linear function is selected as the output function of the critic network, 
considering the range of the linear function and the cost function. The 
hyperbolic tangent function is used as the output activation of the actor 
network, since its range sufficiently accommodates the required control 
torque, which is less than 1 N m as shown in Fig.  5(c). The actor and 
critic neural networks are initialized using the default initialization of 
the linear layers.

The actor and critic learning rates are set to 1 × 10−3 and 1 × 10−2

respectively. The critic learning weight is adaptively adjusted during 
training using a multiplicative scaling ratio of 1.01, with an upper 

bound of 1.2. The algorithm is trained in an online manner following 
the same update scheme as the cart–pole case in Section 3.1. Parameter 
updates are performed at each simulation time step, corresponding to 
a batch size of one, and no explicit exploration noise is added.

Training is conducted over 300 episodes. For each episode, using the 
PD control results in Fig.  5 as a reference, the boundary for simulation 
time step is set for 100 s. For each time step in the episode, the actor 
and critic networks are trained in 30 epochs. To efficiently train the 
algorithm, a limit is set to the states of the system, which means that 
once the system starts to diverge and the states exceed the limit, the 
current episode will terminate. The limit can be set according to the 
simulation scenario. For example, a certain value can be given to the 
angular rate as the limit. For diverging runs, the final episode used for 
loss landscape construction corresponds to the last executed episode 
before training termination, which may be an early-terminated episode 
due to state divergence.

Fig.  6 is the control result of applying the ADHDP algorithm to the 
spacecraft attitude system. Apparently, the algorithm does not manage 
to successfully control the system.

Fig.  7 shows the critic loss and the evolution of 𝜕J(t)𝜕u(t)  during the 
training process of the ADHDP algorithm in the spacecraft attitude 
control scenario. The critic loss remains low during the early phase 
of training, followed by a series of sharp spikes in the middle phase. 
In the final phase, the loss stabilizes again at a relatively low level, 
significantly below the peak values observed earlier. The actor gradient 
𝜕J(t)
𝜕u(t)  uses critic loss for calculation. So a similar trend is seen in Fig. 
7(b): a gradual increase leading to several pronounced peaks during 
the middle phase, followed by smaller and more stable gradient values 
toward the end. However, when the training reaches the stop limit, 
the actor loss is still high, with an increasing trend, which is definitely 
indicating divergence.

4. Critic match loss landscape visualization for ADHDP algorithm

In this section, the results of using the visualization method on the 
ADHDP algorithms are shown. The performance of the algorithms will 
be integrated using the critic match loss landscape.
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Fig. 7. Critic and actor NN evolution process with time, spacecraft system.

Fig. 8. 3-D and 2-D loss landscape of cart–pole ADHDP control under final policy.

4.1. Critic match loss landscape visualization for cart–pole ADHDP control 
under final policy

Fig.  8(a) shows how the critic loss landscape changes with weight 
of the critic NN. According to Section 3.1, the critic network is a MLP 
with one hidden layer. The combined weight matrix is a vector with 
multi-dimensions. After PCA is applied, the dimension of the matrix is 
reduced to two dimensions, which are illustrated by the 𝑥 and 𝑦 axes. 
The z axis indicates the loss across the weight grid on the 𝑥 and 𝑦 axes. 
The figure then shows the loss trend under different value combinations 
of the weight vector. Since the usage of the weight is to approximate 
the loss function, the 3-D loss landscape can be used to analyze the 
characteristics of the algorithm revolution. From the example of using 
ADHDP to control the cart–pole system, it can be seen that the training 
brings a smooth loss landscape. Under this smooth loss landscape, 
the training process produces an accurate approximation of the loss 
function. This approximation of the cost function supports successive 
updates of the weight parameters. For the convergent cart–pole case 
shown in Fig.  8(a), the first two principal components explain 69.9% 
and 25.7% of the variance of the critic weight trajectory, respectively. 
Together, the first two principal components capture 95.6% of the total 
variance, indicating that the dominant directions of critic parameter 
evolution are well represented in the two-dimensional visualization 
plane.

Fig.  8(b) is a 2-D projection of the 3-D loss landscape. The line in 
the projection indicates the update path of the weight during training. 
The beginning of the weight updates from a value that results in a 
relatively large critic match loss. As the training continues, the loss is 
optimized following the gradient descent of the weights. Finally, the 
weight update converges to a value that results in a low critic match 

loss. To visualize the update trajectory, dots are plotted along the 2-
D path at regular intervals (e.g., every 10 time steps). The time step 
distance between every neighbor dot is equal. However, the change of 
critic match loss between every neighboring dot is different. It reveals 
the trend that the critic loss changes fast in the beginning, slows down 
in the middle, and hardly changes in the final. This pattern is consistent 
with gradient-based optimization, where large initial gradients drive 
fast loss reduction, followed by smaller updates near convergence. 
When the update stops, the process does not necessarily reach the 
global optimum, but it settles at a point where the critic loss is low 
enough to give good control performance. We call this a sub-optimal 
point, which is common in online learning where exact optimization 
is not always possible. This pattern corresponds with Fig.  4(a), which 
depicts the critic loss changes with iteration steps. The critic loss 
changes steeply in the early steps. After the sudden decrease, the critic 
loss stays around the convergent value, which indicates the weight 
behavior around the sub-optimal point.

4.2. Critic match loss landscape visualization for spacecraft attitude control 
under final policy

Fig.  9 illustrates the 3-D critic match loss landscape and the 2-D loss 
path resulting from applying the ADHDP algorithm to the spacecraft 
attitude system. Note that for this diverging case, the loss landscape 
is constructed using the final executed episode, which terminates early 
due to state divergence. From Fig.  9(a), it can be seen that the loss 
landscape based on the final policy yields a terrain which has two peak-
like structure and two bowl-shaped regions. The optimization path of 
the critic weight travels from peak to one of the bowls and ends in 
the other bowl, which corresponds to the fluctuations in loss values 
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Fig. 9. 3-D and 2-D loss landscape of spacecraft attitude ADHDP control under final policy.

Table 1
Comparison of ADHDP performance on different environments.
 Cart–pole system S/C attitude system 
 Control results Stable Unstable  
 Landscape shape Sloped Non-convex  
 Sharpness Sharp𝜖 0.341747 0.267753  
 Basin area 𝐴𝜌 3.519303 20.596623  
 Local anisotropy log 𝜅 1.445154 2.651535  
 Normalized cost 𝐽𝐻 0.001029 0.148814  

in Fig.  7(a). For the divergent spacecraft attitude control case shown 
in Fig.  9(a), the first two principal components explain 81.7% and 
8.4% of the variance of the critic weight trajectory, capturing 90.1% 
of the total variance. The PCA results further indicate that the critic 
parameter updates exhibit strong anisotropy, with the first principal 
component accounting for 81.7% of the total variance. This implies that 
the evolution of the critic parameters during training is dominated by 
updates along a single principal direction in the parameter space. If this 
dominant update direction does not correspond to a descent direction of 
the true cost function, which may arise from unstable or rapidly varying 
TD target, the accumulated updates may drive the learning process 
toward divergence rather than convergence. This behavior is consistent 
with the highly anisotropic and non-convex structures observed in the 
final critic match loss landscape.

4.3. Cross-system comparison

In this subsection, the quantitative analysis of the critical match loss 
landscape will be shown by comparing the landscapes’ quantitative in-
dexes of the two systems. The quantitative analysis of the loss landscape 
will also link with the system performance using the performance index 
in Section 2.5.

As shown in Fig.  9(a), the critic match loss landscape of the ADHDP 
algorithm for the spacecraft system is substantially more complex than 
that of the cart–pole system in Fig.  8(a). While the cart–pole case 
shows a smooth, single-slope surface, the spacecraft landscape contains 
multiple peaks and valleys, indicating a more challenging optimiza-
tion process. Table  1 shows the quantitative description of the critic 
match landscapes using sharpness, basin area and local anisotropy. The 
normalized cost of the two system is also shown in the system, which 
enables the link between the characteristics of the loss landscapes and 
system performances.

For cart–pole, the controller converges. The landscape is essen-
tially a single slope with a clear descent direction. Table  1 shows the 
quantitative indices of the loss landscape of cart–pole ADHDP control. 
Sharpness is high, the basin area is small, and local anisotropy is 

low. This pattern is consistent with a monotone surface. The large 
sharpness indicates a stiff neighborhood along the slope around the 
final point. The small basin area 𝐴𝜌 shows a single tilted plane crossing 
the threshold only in a small region with low loss. The curvature 
around the final point is nearly isotropic with small log 𝜅. Under the 
same evaluation process, the system performance index is near zero, 
indicating successful control.

For the spacecraft (S/C) attitude case, the controller is unstable. The 
landscape presents multiple peaks and valleys and the path oscillates. 
Quantitatively, sharpness is small, the reported basin area is large, 
and local anisotropy is higher. The small sharpness reflects the lack 
of a single steep descent direction near the final point, while the large 
𝐴𝜌 is caused by several shallow low-loss patches connected under the 
threshold in a non-convex surface, which does not imply robustness 
of the solution. The larger anisotropy indicates skewed curvature and 
narrow passages between valleys. If we combine the three indices and 
the observation of the loss landscape, it can be seen that, the algorithm 
terminates in a final point with a large and flat area yet with high local 
anisotropy, while the loss value is still high. Such a region makes it 
difficult for the optimization process to escape toward more favorable 
directions. The corresponding finite-horizon performance index is also 
larger, matching the observed instability.

From the analysis of the landscapes of the cart–pole and spacecraft 
attitude control system, it can be seen that the indices should therefore 
be interpreted in combination. Sharpness captures local stiffness. Basin 
area reflects the extent of low-loss regions but can inflate on fragmented 
landscapes. And anisotropy shows directional difficulty. Their joint 
pattern aligns with the system performance index.

The differences in the shape of the loss landscape are caused by 
the inherent dynamics of different systems. The number of states and 
the dimensions of the control input are different for the cart–pole 
system and the spacecraft attitude system. For the cart–pole system, 
the number of states is 4, which are the horizontal placement and angle 
placement, and their derivatives. The dimension of the control input is 
1. For the combined spacecraft system, the number of states is 6, which 
are the three attitude angles and their derivatives. The dimension of the 
control input is 3, which is the control torques in three directions. The 
number of states and the dimensions of the control input align with 
the number of neurons at the input layer for the critic network and the 
actor network. The more neurons in the layer, the more complicated the 
structure of the neural networks, which means that more parameters 
need to be trained and updated. As can be seen, with more states 
and dimensions of control, the structure of the neural network of the 
combined spacecraft system is more complicated than that of the cart–
pole system. The differences in the loss landscape explicitly reveal the 
scale of difficulty in optimization of the J cost function and the training 
of the algorithm.
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Fig. 10. 3-D and 2-D loss landscape with random direction dim-reduction of cart–pole ADHDP control.

Fig.  9(b) shows the 2-D projection of the 3-D critic match loss 
landscape. Different from Fig.  8(b), of which the weight directly brings 
the loss from a larger value to a smaller value, the critic weight updates 
in the spacecraft attitude system exhibit a less stable pattern. The 
trajectory begins at a point associated with a relatively high critic loss 
and proceeds through a series of local minima, indicating frequent 
shifts in the optimization path rather than smooth convergence. During 
the journey of traveling between different local minima points, the 
critic loss value experiences spiky changes, which correspond with Fig. 
7(a).

However, it should be noted that the 2-D loss path does not strictly 
represent the critic loss at every iteration. The plot in Fig.  7(a) provides 
the actual critic loss values recorded at each training step. In contrast, 
the critic match loss landscape is constructed by fixing a reference 
batch, namely the states from the final training episode and the corre-
sponding temporal difference targets computed at the final episode, and 
then evaluating the critic match loss over candidate weights. Because 
online reinforcement learning evolves both data and targets over time, 
the landscape cannot reproduce every transient change. By tracking the 
weights and evaluating them on a fixed reference set, the landscape 
provides an interpretable view of the optimization geometry and a 
qualitative picture of how the algorithm evolves.

Considering the minor misalignment between the critic match loss 
landscape and critic loss curve with evolution, one naturally arrives at 
the question: why does the loss landscape still offer meaningful insight?

Taking the cart–pole system as an example, the ADHDP control 
yields a convergent and successful result. The cost function is well 
approximated by the final critic, and the stored sequence of weights 
traces the optimization path toward a broad low region of the land-
scape. When the grid is evaluated on the final episode data and final 
episode targets, weights corresponding to earlier stages produce higher 
loss, while weights near the final solution produce lower loss, which 
appears as a darker region in the contour.

Let us recall the procedure of the generation of the critic match 
loss landscape. The weight grid is evaluated using data from the final 
training episode. In this context, weights located in the initial region 
of the grid correspond to earlier, undertrained stages of learning and 
therefore produce higher loss values. In contrast, weights in the later 
region represent well-trained stages that contribute to convergence, 
resulting in lower loss. Since the final episode is itself a converged 
simulation, the combination of well-trained weights and stable system 
response yields a low loss, which appears as a darker region in the 
landscape plot.

This alignment between the converged behavior and the corre-
sponding low-loss region in the landscape demonstrates that the loss 
landscape captures the optimization trend, even if it does not reflect 
the exact loss values at each training step. When training is unstable, 

the landscape highlights directions where the cost approximation is 
sensitive or poor. The value of the critic match loss landscape lies 
not in representing precise numerical loss values, but in revealing 
key characteristics of the control problem and the evolution of the 
optimization process during training.

4.4. Critic match loss landscape of final policy using random direction 
dim-reduction

To examine whether the observed loss landscape characteristics are 
intrinsic to the optimization process rather than artefacts of a specific 
projection, an alternative dimensionality reduction is considered. While 
PCA provides a linear projection that emphasizes directions of large 
weight variation, it does not uniquely determine the geometry of 
the loss surface. Therefore, a pair of random orthogonal directions is 
used as a complementary linear projection to assess the robustness of 
the landscape interpretation. It has to be mentioned that, only linear 
projections are considered here. Because the proposed loss landscape is 
constructed by explicitly reconstructing the critic network parameters 
on a two-dimensional subspace and re-evaluating the critic match 
loss. This requires a linear projection that admits an explicit inverse 
mapping from the reduced coordinates to the original parameter space. 
As a result, nonlinear embedding methods such as t-SNE therefore is 
not considered, since they are less suitable than linear dim-reduction 
methods for the reconstruction of valid network parameters for loss 
evaluation.

Figs.  10(a) and 10(b) show the 3-D surface and 2-D path when 
the weight space is projected onto two random orthogonal directions, 
instead of the PCA plane in Figs.  8(a) and 8(b). Compared with the PCA 
projection, the absolute loss range on the grid is compressed and the 
slope becomes less steep. Nevertheless, the overall terrain remains a 
single tilted surface. The 2-D optimization path still progresses almost 
monotonically along a dominant descent direction, with only minor 
turns near dense contour regions as it approaches the minimum.

This indicates that, although the numerical scale and apparent 
steepness depend on the choice of projection, the essential optimization 
characteristics remain unchanged. In particular, a clear descent channel 
is preserved on the projected plane under the final-policy reference, 
which is consistent with stable weight evolution and a low system 
performance index 𝐽𝐻 .

For spacecraft attitude control using ADHDP, Figs.  11(a) and 11(b) 
show the 3-D surface and the 2-D path when the weight space is 
projected onto a pair of random orthogonal directions. As expected, 
the absolute loss range and the detailed surface morphology vary with 
the projection. Under the random projection, the surface appears as a 
shallow arch rather than a well-defined basin. Along a ring near the top 
of this arch, the loss exhibits only weak variation, and the optimization 
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Fig. 11. 3-D and 2-D loss landscape with random direction dim-reduction of spacecraft attitude ADHDP control.

Fig. 12. 3-D and 2-D loss landscape cart–pole ADHDP control during training.

path circulates around this region before settling, as shown in Fig. 
11(b). This results in a visible loop on the 2-D contour, reflecting a 
small effective gradient in tangential directions and a lack of a strong 
descent direction.

From the case of the spacecraft attitude control, the interpretation 
of the algorithm behavior does not depend on using PCA or random 
orthogonal directions for dim-reduction. Both projections reveal a dif-
ficult and skewed landscape with limited descent, which is consistent 
with unstable training and poor control performance.

4.5. Critic match loss landscape during training

A full movie of the online evolution is not feasible, since both the 
reference data, states and TD targets, and the critic parameters change 
at every step, making the objective itself move continuously. While 
the two-dimensional optimization path provides a compact visualiza-
tion of how the critic weights move during training, a loss landscape 
constructed only under the final policy cannot reflect the geometry 
perceived by the critic at earlier stages of learning. To partially capture 
this temporal aspect, we fix the PCA plane built from the full sequence 
of episode-end critic weights and take mid-training snapshots. From the 
simulation setting in Section 3, the mid-episode for cart–pole system 
is 50 and 150 for spacecraft attitude system. For each snapshot, the 
loss grid is re-centered at the episode-end weight of that episode. From 
Eq.  (1), this re-centering means that the coordinate of each grid is 
calculated based on the distance between that grid and the selected 
episode-end weight. The critic match loss is evaluated on that plane 

using the states and TD targets from that same episode. This yields a 
mid-training landscape that is directly comparable with the final-policy 
landscape.

The mid-training surface for the cart-pole case as shown in Figs. 
12(a) and 12(b) already exhibits a coherent and nearly convex basin 
aligned with the descent direction. The two-dimensional optimization 
path progresses steadily toward the basin center, with only minor 
adjustments near regions of denser contours. Compared with the final-
policy landscape shown in Fig.  8(a), the basin at episode 50 is shal-
lower and slightly broader, indicating that the local curvature is still 
developing.

Nevertheless, the overall geometry is characterized by a single dom-
inant slope, weak anisotropy, and the absence of competing valleys. 
This consistency between the mid-training and final landscapes explains 
the stable and monotonic convergence observed during training.

The mid-training loss surface for the spacecraft attitude control 
case, shown in Figs.  13(a) and 13(b), differs qualitatively from that 
of the cart–pole task. Around episode 150, the surface forms a shal-
low bowl-shaped region intersected by a ridge. Along this ridge, the 
two-dimensional optimization path turns and partially backtracks, be-
fore drifting through directions of low curvature. Compared with the 
final-policy landscape in Fig.  9(a), the mid-training surface is less co-
hesive, exhibiting weaker tangential curvature, while a narrow passage 
across the ridge remains visible. This shows that the critic optimization 
geometry is still evolving at this stage of training.

This behavior suggests a moving-target effect during learning. Gra-
dients that are locally informative at early stages become misaligned 
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Fig. 13. 3-D and 2-D loss landscape spacecraft attitude ADHDP control during training.

with the geometry of the final basin. It brings step-size sensitivity and 
oscillatory motion near the ridge. As a consequence, system perfor-
mance remains unstable and the normalized cost stays large. Overall, 
the temporal loss landscapes suggest that the instability arises not 
only from non-convexity, but also from the evolving learning signals 
provided by the critic. As these signals change over time, policy up-
dates repeat traveling across low-cost regions with unstable features, 
preventing steady progress toward stable control.

5. Conclusion

The critic loss landscape visualization method for online reinforce-
ment learning is proposed to analyze the training behavior of actor–
critic control algorithms. By constructing a critic match loss surface 
on a low-dimensional plane and overlaying the optimization path, the 
method provides an interpretable representation of how critic parame-
ters evolve during critic learning. To analyze the resulting landscapes 
beyond visual inspection, quantitative indices and a normalized system 
performance index are introduced, allowing the geometric properties 
of the landscape to be related to control outcomes. The method is 
evaluated using the Action-Dependent Heuristic Dynamic Programming 
(ADHDP) algorithm on the cart–pole and spacecraft attitude control 
problems. Through comparisons across projection methods and training 
stages, the simulations reveal distinct landscape characteristics associ-
ated with stable convergence and unstable learning. Overall, the results 
show that the proposed visualization and analysis framework enables 
both qualitative and quantitative interpretation of critic optimization 
behavior in online reinforcement learning, offering a practical tool for 
interpreting and comparing actor–critic algorithms in system control 
applications.
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Appendix. ADHDP algorithm details

The critic network and actor network are approximated using a MLP 
structure with one hidden layer.

In the critic network, the output 𝐽 (𝑡) is in the form of Eq.  (A.1). 𝑤(2)
𝑐𝑖

is the weight from the hidden layer to the output layer. 

𝐽 (𝑡) =
𝑁ℎ𝑐
∑

𝑖=1
𝑤(2)
𝑐𝑖
(𝑡)𝑝𝑖(𝑡) (A.1)

𝑝𝑖(𝑡) =
1 − 𝑒−𝑞𝑖(𝑡)

1 + 𝑒−𝑞𝑖(𝑡)
, 𝑖 = 1,… , 𝑁ℎ𝑐 (A.2)

𝑞𝑖(𝑡) =
𝑛+1
∑

𝑗=1
𝑤(1)
𝑐𝑖𝑗 (𝑡)𝑥𝑗 (𝑡), 𝑖 = 1,… , 𝑁ℎ𝑐 (A.3)

In Eqs.  (A.2) and (A.3), 𝑞𝑖 is the 𝑖th hidden node input of the critic 
network, 𝑤(1)

𝑐𝑖  is the weight from the input layer to the hidden layer 
and 𝑝𝑖 is the corresponding output of the hidden node. 𝑁ℎ𝑐 is the total 
number of hidden nodes in the critic network. From Eq.  (A.2), it can 
be seen that the hyperbolic-tangent function is used as the activation 
function at the hidden layer to add some nonlinearity to the training 
process. The linear function is used as the activation function at the 
output layer, as an example, as can be seen from Eq.  (A.1). The choices 
for the activation function are decided according to the specific cases 
and users’ experience.

Using a feed-forward network, the adaption in the action network 
is similar to the one in the critic network, while the inputs are the 
measured states, indicated with 𝑥(𝑡) in Fig.  1, and the output is the 
action 𝑢. The associated equations for the action network are: 

𝑢(𝑡) = 1 − 𝑒−𝑣(𝑡)

1 + 𝑒−𝑣(𝑡)
(A.4)

𝑣(𝑡) =
𝑁ℎ𝑐
∑

𝑖=1
𝑤(2)
𝑎𝑖
(𝑡)𝑔𝑖(𝑡) (A.5)

𝑔𝑖(𝑡) =
1 − 𝑒−ℎ𝑖(𝑡)

1 + 𝑒−ℎ𝑖(𝑡)
, 𝑖 = 1,… , 𝑁ℎ𝑎 (A.6)

where 𝑣(𝑡) is the input to the action node, and 𝑔𝑖 and ℎ𝑖 are the output 
and the input of the hidden nodes of the action network, respectively. 
From Eq.  (A.4), it can be seen that the hyperbolic-tangent function 
is used as the activation function at the hidden layer. The hyperbolic 
tangent function is also used as the activation function at the output 
layer, as can be seen from Eq.  (A.6). Similar to the critic network, the 
choices for the activation function are decided according to the specific 
cases and users’ experiences. The training of the two neural networks 
is based on backpropagation. With the chain rule, the adaption of the 
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critic network is summarized as follows. From hidden to the output 
layer 

𝛥𝑤(2)
𝑐𝑖𝑗
(𝑡) = 𝑙𝑐 (𝑡)

⎡

⎢

⎢

⎣

−
𝜕𝐸𝑐 (𝑡)

𝜕𝑤(2)
𝑐𝑖𝑗
(𝑡)

⎤

⎥

⎥

⎦

(A.7)

𝜕𝐸𝑐 (𝑡)

𝜕𝑤(2)
𝑐𝑖𝑗
(𝑡)

=
𝜕𝐸𝑐 (𝑡)
𝜕𝐽 (𝑡)

𝜕𝐽 (𝑡)

𝜕𝑤(2)
𝑐𝑖𝑗
(𝑡)

= 𝛾𝑒𝑐 (𝑡)𝑝𝑖(𝑡) (A.8)

where 𝛥𝑤(2)
𝑐𝑖 (𝑡) indicates the weight from the hidden to the output layer 

of the critic network. From the input to the hidden layer 

𝛥𝑤(1)
𝑐𝑖𝑗
(𝑡) = 𝑙𝑐 (𝑡)

⎡

⎢

⎢

⎣

−
𝜕𝐸𝑐 (𝑡)

𝜕𝑤(1)
𝑐𝑖𝑗 (𝑡)

⎤

⎥

⎥

⎦

(A.9)

𝜕𝐸𝑐 (𝑡)

𝜕𝑤(1)
𝑐𝑖𝑗 (𝑡)

=
𝜕𝐸𝑐 (𝑡)
𝜕𝐽 (𝑡)

𝜕𝐽 (𝑡)
𝜕𝑝𝑖(𝑡)

𝜕𝑝𝑖(𝑡)
𝜕𝑞𝑖(𝑡)

𝜕𝑞𝑖(𝑡)

𝜕𝑤(1)
𝑐𝑖𝑗 (𝑡)

= 𝛾𝑒𝑐 (𝑡)𝑤
(2)
𝑐𝑖𝑗
(𝑡)

[1
2
(

1 − 𝑝2𝑖 (𝑡)
)

]

𝑥𝑗 (𝑡).

(A.10)

where 𝛥𝑤(1)
𝑐𝑖 (𝑡) indicates the weight from the input to the hidden layer 

of the critic network.
The update rule for the nonlinear multi-layer action network also 

contains two sets of equations.
From the hidden to the output layer 

𝛥𝑤(2)
𝑎𝑖
(𝑡) = 𝑙𝑎(𝑡)

[

−
𝜕𝐸𝑎(𝑡)

𝜕𝑤(2)
𝑎𝑖 (𝑡)

]

(A.11)

𝜕𝐸𝑎(𝑡)

𝜕𝑤(2)
𝑎𝑖 (𝑡)

=
𝜕𝐸𝑎(𝑡)
𝜕𝐽 (𝑡)

𝜕𝐽 (𝑡)
𝜕𝑢(𝑡)

𝜕𝑢(𝑡)
𝜕𝑣(𝑡)

𝜕𝑣(𝑡)

𝜕𝑤(2)
𝑎𝑖 (𝑡)

= 𝑒𝑎(𝑡)
𝑁ℎ𝑐
∑

𝑖=1

[

𝑤(2)
𝑐𝑖
(𝑡) 1

2
(

1 − 𝑝2𝑖 (𝑡)
)

𝑤(1)
𝑐𝑖,𝑛+1

(𝑡)
] [ 1

2
(

1 − 𝑢2(𝑡)
)

]

𝑔𝑖(𝑡)

(A.12)

where 𝛥𝑤(2)
𝑎𝑖 indicates the weight from the hidden to the output layer of 

the actor network.
In Eq.  (A.12), 𝜕𝐽 (𝑡)∕𝜕𝑢(𝑡) is obtained from the critic network by 

changing variables and by the chain rule. The term 𝑤(1)
𝑐𝑖,𝑛+1  is the weight 

associated with the input element from the action network output. 
Here, 𝑖 is the 𝑖th node of the input layer, and 𝑛 is the number of nodes 
of the input layer.

From the input to the hidden layer 

𝛥𝑤(1)
𝑎𝑖𝑗
(𝑡) = 𝑙𝑎(𝑡)

⎡

⎢

⎢

⎣

−
𝜕𝐸𝑎(𝑡)

𝜕𝑤(1)
𝑎𝑖𝑗 (𝑡)

⎤

⎥

⎥

⎦

(A.13)

𝜕𝐸𝑎(𝑡)

𝜕𝑤(1)
𝑎𝑖𝑗 (𝑡)

=
𝜕𝐸𝑎(𝑡)
𝜕𝐽 (𝑡)

𝜕𝐽 (𝑡)
𝜕𝑢(𝑡)

𝜕𝑢(𝑡)
𝜕𝑣(𝑡)

𝜕𝑣(𝑡)
𝜕𝑔𝑖(𝑡)

𝜕𝑔𝑖(𝑡)
𝜕ℎ𝑖(𝑡)

𝜕ℎ𝑖(𝑡)

𝜕𝑤(1)
𝑎𝑖𝑗 (𝑡)

= 𝑒𝑎(𝑡)
𝑁ℎ𝑐
∑

𝑖=1

[

𝑤(2)
𝑐𝑖
(𝑡) 1

2
(

1 − 𝑝2𝑖 (𝑡)
)

𝑤(1)
𝑐𝑖,𝑛+1

(𝑡)
]

[ 1
2
(

1 − 𝑢2(𝑡)
)

]

𝑤(2)
𝑎𝑖
(𝑡)

[ 1
2
(

1 − 𝑔2𝑖 (𝑡)
)

]

𝑥𝑗 (𝑡)

(A.14)

where 𝑤(1)
𝑎𝑖𝑗 (𝑡) indicates the weight from the input to the hidden layer 

of the actor network.
In ADHDP implementations, Eqs.  (A.8) and (A.10) are used to 

update the weights in the critic network, while Eqs.  (A.12) and (A.14) 
are used to update the weights in the action network.
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