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This study presents numerical solutions for two vibroacoustic problems using the time-domain nodal discontinuous 
Galerkin (DG) method. The first problem is the impact sound radiation from a rectangular slab into a cuboid 
room, and the second is the sound transmission between two cuboid rooms with direct and flanking contributions. 
The structures are modelled as a three-dimensional solid governed by the linear elasticity equations, and sound 
propagation in the rooms is governed by the linear acoustic equations. In the impact sound radiation case, the 
normalised sound pressure is evaluated and compared to the one obtained by the modal expansion method. In 
the sound transmission case, pressure transfer functions between different positions are calculated and compared 
to those obtained by the finite element method (FEM). The upwind numerical fluxes in DG for both governing 
equations, as well as the coupling conditions, are presented. There is excellent agreement between the solutions 
obtained by the nodal DG and those obtained by the modal expansion method/FEM. Although minor discrepancies 
exist in the resonance frequencies and magnitude, the overall trend shows good agreement.
1. Introduction

Virtual acoustics has undergone significant advancements, enabling 
users to immerse themselves in an auditory experience closely resem-

bling real-world soundscapes [1,2]. Numerical modelling techniques 
have become important in achieving a comprehensive and authentic vir-

tual acoustic experience. Despite recent progress in acoustic modelling

techniques for virtual acoustics [3–5], the modelling of structural vibra-

tions and acoustic-structure interactions remains underdeveloped. This 
is especially of high demands in the field of building acoustics, where 
the understanding of interaction between acoustic waves in air and 
structural motions of building elements (e.g., walls, floors, windows) 
is essential for predicting airborne and structure-borne sound transmis-

sion and its impact on humans.

There are several models present to predict airborne and structure-

borne sound transmission of building elements, including analytical 
models [6–9] and engineering models [10,11]. However, these mod-

els are based on diffuse field assumption [6,10], infinite structure [10], 
or restricted to simple geometries [6,8,9]. Accurate prediction of sound 

* Corresponding author at: School of Electrical Engineering and Informatics, Bandung Institute of Technology, Ganesa 10, 40132, Bandung, Indonesia.

transmission requires the inclusion of all necessary details such as me-

chanical properties of structures, boundary conditions, excitation condi-

tions, and so on. To that end, the use of wave-based method is essential.

Wave-based methods solve governing equations of structural vi-

brations and acoustic wave propagation in the rooms, including their 
interaction through sound radiation and transmission (vibroacoustic 
problems). Notably, the finite element method (FEM) and the finite-

difference time-domain (FDTD) method have been widely used to model 
the airborne and structure-borne transmission problems in buildings. 
For example, FEM was used to model sound transmission between 
dwellings [12] or double-leaf walls [13–15]. In these works, the acous-

tic wave equation or modal-bases functions were used to model the 
sound propagation in air, and thin plate equations [12–14] or three-

dimensional solid structure equations [15] were used to model struc-

tural vibrations of the walls. Moreover, the wave and finite element 
method (WFM) has also been used to calculate the transmission loss of 
thin panels and sandwich panels [16]. On the other hand, the FDTD 
method was used in Refs. [17,18] to simulate impact sound radiation 
by using the three-dimensional linear elasticity equations that solved 
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elastic wave variables for both solid and air domains. In their study, the 
Lamé’s second parameter was set to zero in the air domain to model 
sound propagation.

The time-domain discontinuous Galerkin (DG) method has emerged 
as a promising wave-based approach for vibroacoustic problems. This 
method has advantages compared to the other wave-based method in 
that (i) it can represent the problem domain using unstructured mesh to 
deal with a complex domain accurately, (ii) it allows for refinement of 
the solution by increasing the polynomial order or element number, and 
(iii) it allows for significantly accelerated calculations [19], since it uses 
an element-wise formulation to solve the governing equations. Thus, it 
provides a framework well suited for parallel computation, as well as for 
local time-stepping [20]. The DG method has recently been advanced in 
acoustic modelling [21–24] and structural vibration [25,26], however, 
it is a relatively new method applied to vibroacoustic problems. While 
the DG method has been studied for fluid-structure problems [27–30] in 
seismology, to the authors’ knowledge, the DG method has never been 
applied to sound transmission and radiation problems where the fluid 
and structure have finite dimensions.

This paper presents the implementation of the DG method for sound 
transmission and radiation in building acoustics applications where the 
exact numerical fluxes for acoustic waves are derived and coupled with 
fluxes from elastic waves [26]. This work contributes to the application 
and validation of the DG method for building acoustic problems paving 
the way for an accelerated wave-based method. We consider two vibroa-

coustic problems: (i) impact sound radiation from a rectangular slab into 
a cuboid room and (ii) sound transmission between two cuboid rooms 
with direct and flanking contributions. The governing equations and the 
nodal DG formulation to solve these equations will be given, as well as 
the methodology to couple the two media using the numerical fluxes. 
The simulation results are compared with the frequency domain results 
obtained by the modal expansion method or the FEM solution. More-

over, the appendices present the details of the upwind fluxes for both 
equations and the modal expansion method used to obtain the analyti-

cal solution of the impact sound radiation. The remainder of this paper 
is organized as follows. In Section 2, the linear elasticity equations and 
the linear acoustic equations are presented. The nodal DG formulation 
to solve these equations is given, as well as the methodology to cou-

ple the two media using the numerical fluxes. Section 3 describes the 
example cases in detail. In Section 4, the simulation results for the first 
problem are compared with the results obtained by the modal expansion 
method, and the solution for the second problem is compared to the FEM 
solution. Finally, conclusions of the paper are given in Section 5.

2. Methodology

To solve vibroacoustic problems in this study, the nodal DG method 
is used and implemented in an in-house Matlab solver. The vibration of 
structure is modelled by the linear elasticity equations, and sound propa-

gation in air is modelled by the linear acoustic equations. In this section, 
each set of equations is presented along with the methodology to solve 
them using the nodal DG method. To couple the two sets of govern-

ing equations, the continuity conditions between two subdomains are 
treated with the numerical flux presented in Section 2.4.

2.1. Linear acoustic equations

The propagation of sound in a room with no wind and constant tem-

perature is governed by the linear acoustic equations. They are derived 
from the general conservation laws and the adiabatic process of the ideal 
gas [31,32]. For Cartesian 3-D coordinates, these equations can be writ-

ten as:

𝜕𝒒𝑎

𝜕𝑡
+∇ ⋅ 𝑭 (𝒒𝑎) =

𝜕𝒒𝑎

𝜕𝑡
+𝑨𝑗

𝜕𝒒𝑎

𝜕𝑥𝑗
= 𝟎, (1)[ ]𝑇
2

𝒒𝑎(𝒙, 𝑡) = 𝑢 𝑣 𝑤 𝑝 ,
Applied Acoustics 225 (2024) 110197

where 𝒒𝑎 is the acoustic variable vector with 𝑝 being the sound pres-

sure, and 𝑢, 𝑣, 𝑤 are the velocities in the spatial coordinate vector 
𝒙 = [𝑥, 𝑦, 𝑧], respectively. The index 𝑗 ∈ [𝑥, 𝑦, 𝑧]. The flux matrix reads 
𝑭 (𝒒𝑎) = [𝒇𝑥, 𝒇 𝑦, 𝒇 𝑧] = [𝑨𝑥𝒒𝑎, 𝑨𝑦𝒒𝑎, 𝑨𝑧𝒒𝑎]. The constant flux Jacobian 
matrix 𝑨𝑗 is given as:

𝑨𝑗 =

⎡⎢⎢⎢⎢⎢⎣

0 0 0 𝛿𝑥𝑗

𝜌0

0 0 0 𝛿𝑦𝑗

𝜌0

0 0 0 𝛿𝑧𝑗

𝜌0
𝜌0𝑐

2
0𝛿𝑥𝑗 𝜌0𝑐

2
0𝛿𝑦𝑗 𝜌0𝑐

2
0𝛿𝑧𝑗 0

⎤⎥⎥⎥⎥⎥⎦
, (2)

where 𝜌0 is the density of air, and 𝑐0 is the adiabatic sound speed. The 
𝛿𝑖𝑗 denotes the Kronecker delta function.

2.2. Linear elasticity equations

The linear vibration of a structure can be modelled using the linear 
elasticity equations, which govern the propagation of elastic waves in a 
solid medium. This set of equations follows from the momentum conser-

vation and constitutive equations [32]. For a Cartesian 3-D coordinate 
system, the equations for an isotropic medium can be written as a set of 
linear first-order hyperbolic equations in a velocity-stress form as:

𝜕𝒒𝑠

𝜕𝑡
+∇ ⋅𝑯(𝒒𝑠) =

𝜕𝒒𝑠

𝜕𝑡
+𝑩𝑗

𝜕𝒒𝑠

𝜕𝑥𝑗
= 𝒈− 𝜻𝒒𝑠, (3)

𝒒𝑠(𝒙, 𝑡) =
[
𝑢 𝑣 𝑤 𝜎𝑥𝑥 𝜎𝑦𝑦 𝜎𝑧𝑧 𝜎𝑥𝑧 𝜎𝑦𝑧 𝜎𝑥𝑦

]𝑇
,

𝒈(𝒙, 𝑡) =
[
𝑔𝑥 𝑔𝑦 𝑔𝑧 0 0 0 0 0 0

]𝑇
,

𝜻 = diag
(
𝜁𝑥 𝜁𝑦 𝜁𝑧 0 0 0 0 0 0

)
,

where 𝒒𝑠 is the elastic wave variable vector with 𝑢, 𝑣, 𝑤 are the veloci-

ties in the 𝑥-, 𝑦-, and 𝑧- directions, respectively. 𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑧𝑧, 𝜎𝑥𝑧, 𝜎𝑦𝑧, 
𝜎𝑥𝑦 are the normal and shear stress components; 𝑔𝑥, 𝑔𝑦, 𝑔𝑧 are the body 
forces (which act as a source in the medium), and 𝜁𝑥, 𝜁𝑦, 𝜁𝑧 are the vis-

cous damping forces in the 𝑥-, 𝑦-, and 𝑧- directions, respectively. The 
flux matrix reads 𝑯(𝒒𝑠) = [𝒉𝑥, 𝒉𝑦, 𝒉𝑧] = [𝑩𝑥𝒒𝑠, 𝑩𝑦𝒒𝑠, 𝑩𝑧𝒒𝑠]. The con-

stant flux Jacobian matrix 𝑩𝑗 is given as:

𝑩𝑗 =
[
𝟎3×3 𝑩1,𝑗
𝑩2,𝑗 𝟎6×6

]
,𝑩1,𝑗 = −1

𝜌

⎡⎢⎢⎣
𝛿𝑥𝑗 0 0 𝛿𝑧𝑗 0 𝛿𝑦𝑗
0 𝛿𝑦𝑗 0 0 𝛿𝑧𝑗 𝛿𝑥𝑗
0 0 𝛿𝑧𝑗 𝛿𝑥𝑗 𝛿𝑦𝑗 0

⎤⎥⎥⎦ ,

𝑩2,𝑗 = −

⎡⎢⎢⎢⎢⎢⎢⎣

(𝜆+ 2𝜇)𝛿𝑥𝑗 𝜆𝛿𝑦𝑗 𝜆𝛿𝑧𝑗
𝜆𝛿𝑥𝑗 (𝜆+ 2𝜇)𝛿𝑦𝑗 𝜆𝛿𝑧𝑗
𝜆𝛿𝑥𝑗 𝜆𝛿𝑦𝑗 (𝜆+ 2𝜇)𝛿𝑧𝑗
𝜇𝛿𝑧𝑗 0 𝜇𝛿𝑥𝑗
0 𝜇𝛿𝑧𝑗 𝜇𝛿𝑦𝑗
𝜇𝛿𝑦𝑗 𝜇𝛿𝑥𝑗 0

⎤⎥⎥⎥⎥⎥⎥⎦
, (4)

where 𝜆 and 𝜇 are the Lamé parameters, 𝜌 is the solid mass density, and 
index 𝑗 has components [𝑥, 𝑦, 𝑧]. The solution of Equation (3) consists 
of a linear combination of elastic waves propagating with longitudinal 
wave speed (𝑐𝑝 =

√
(𝜆+ 2𝜇)∕𝜌) and transverse wave speed (𝑐𝑠 =

√
𝜇∕𝜌). 

The Lamé parameters are represented by using Young’s modulus (𝐸) and 
Poisson’s ratio (𝜈) as 𝜆 = 𝐸𝜈∕(1 + 𝜈)(1 − 2𝜈) and 𝜇 =𝐸∕2(1 + 𝜈). Equa-

tions (1)-(4) are supplemented with initial values as well as boundary 
conditions (BCs) to complete the problem definition.

2.3. Nodal discontinuous Galerkin method

The nodal discontinuous Galerkin (DG) method is used to solve Equa-

tions (1)-(4). The algorithm of the method is developed by Hesthaven 
and Warburton [33] and is adopted in this study. The problem domain is 
approximated by the computational domain Ωℎ with 𝐾 number of non-

overlapping rectilinear tetrahedral elements 𝐷𝑘 as Ωℎ = ∪𝐾
𝑘=1𝐷

𝑘. The 

problem domain consists of the structural subdomain (Ω𝑠

ℎ
) and the air 
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subdomain (Ω𝑎
ℎ
) where Ωℎ = Ω𝑠

ℎ
∪ Ω𝑎

ℎ
. The subscript ℎ denotes the ap-

proximation of the real physical domain. On each 𝐷𝑘, the local solution 
is expanded by a combination of nodal basis functions as:

𝒒𝑘
𝑠ℎ
(𝒙, 𝑡) =

𝑁𝑝∑
𝑖=1

𝒒𝑘
𝑠ℎ
(𝒙𝑘
𝑖
, 𝑡)𝑙𝑘

𝑖
(𝒙), (5)

𝒒𝑘
𝑎ℎ
(𝒙, 𝑡) =

𝑁𝑝∑
𝑖=1

𝒒𝑘
𝑎ℎ
(𝒙𝑘
𝑖
, 𝑡)𝑙𝑘

𝑖
(𝒙), (6)

where 𝒒𝑘
𝑠ℎ
(𝒙𝑘
𝑖
, 𝑡), 𝒒𝑘

𝑎ℎ
(𝒙𝑘
𝑖
, 𝑡) are the unknown nodal values of the elastic 

and acoustic wave variables, respectively. 𝑙𝑘
𝑖
(𝒙) are the 3-D Lagrange 

interpolation polynomials based on the nodal points 𝒙𝑖, and 𝑁𝑝 is the 
number of nodal points. The global solutions are approximated as the 
direct sum of the local solutions as:

𝒒𝑠(𝒙, 𝑡) ≈ 𝒒𝑠ℎ(𝒙, 𝑡) =⊕𝐾𝑘=1𝒒
𝑘
𝑠ℎ
(𝒙, 𝑡), (7)

𝒒𝑎(𝒙, 𝑡) ≈ 𝒒𝑎ℎ(𝒙, 𝑡) =⊕𝐾𝑘=1𝒒
𝑘
𝑎ℎ
(𝒙, 𝑡). (8)

The closed expression of the Lagrange interpolation polynomials in 
tetrahedral elements is constructed by the products of the Jacobi poly-

nomials of order 𝑁 , and the distribution of nodal points follows the 
optimised Legendre-Gauss-Lobato (LGL) points over a tetrahedral ele-

ment as presented in Ref. [33]. The number of nodal points per element 
is 𝑁𝑝 = (𝑁 + 1)(𝑁 + 2)(𝑁 + 3)∕6.

For each element in solid domain Ω𝑠
ℎ
, the nodal basis functions are 

used to approximate the elastic wave variables and the body forces in 
Equation (3). Then the residuals of the approximations are multiplied by 
the test functions following the Galerkin method. By performing spatial 
integration by parts twice, the strong formulation of Equation (3) is as 
follows:

∫
𝐷𝑘

[
𝜕𝒒𝑘
𝑠ℎ

𝜕𝑡
+∇ ⋅𝑯(𝒒𝑘

𝑠ℎ
)

]
𝑙𝑘
𝑖
d𝒙 =∫

𝐷𝑘

(𝒈𝑘
ℎ
− 𝜻𝒒𝑘

𝑠ℎ
)𝑙𝑘
𝑖
d𝒙

− ∫
𝜕𝐷𝑘

𝒏 ⋅
[
𝑯∗ −𝑯(𝒒𝑘

𝑠ℎ
)
]
𝑙𝑘
𝑖
d𝒙,

(9)

where 𝜕𝐷𝑘 is the element surface, 𝒈𝑘
ℎ

is the approximated body force 
vector, and 𝒏 = [𝑛𝑥, 𝑛𝑦, 𝑛𝑧] is the outward normal vector of the element 
surface 𝜕𝐷𝑘. The flux along the normal direction of the element surface 
is defined as 𝒏 ⋅𝑯 = (𝑛𝑥𝒉𝑥 + 𝑛𝑦𝒉𝑦 + 𝑛𝑧𝒉𝑧), and the 𝑯∗ is the numerical 
flux.

The numerical flux ensures continuity of the global solution. It is 
a function of the interior solution (𝒒−

𝑠ℎ
), which is the solution within 

the element 𝐷𝑘, and the exterior solution (𝒒+
𝑠ℎ
), which is the solution 

of the neighbouring elements around 𝐷𝑘. In this work, the upwind nu-

merical flux is chosen as the numerical flux. The upwind numerical flux 
can be derived by solving the Riemann problem at the interface be-

tween two homogeneous media. This interface represents the faces of 
two neighbouring elements located at the same position. Consider that 
the interface lies at 𝒙 = 0. The properties of the medium (𝜆−, 𝜇−, 𝜌−) are 
those of the internal medium for 𝒙 < 0, and (𝜆+, 𝜇+, 𝜌+) are those of the 
adjacent one for 𝒙 > 0. The Riemann problem is a discontinuous initial 
value problem that happens at this interface as:

𝒒𝑠ℎ(𝒙,0) =

{
𝒒−
𝑠ℎ

if 𝒙 < 0,
𝒒+
𝑠ℎ

if 𝒙 > 0.
(10)

The solution to this problem, the intermediate solution (𝒒∗
𝑠ℎ
(𝟎, 𝑡)), 

is derived using the Rankine-Hugoniot jump condition as described in 
Refs. [25], [29], [32]. The numerical fluxes 𝒏 ⋅𝑯∗ = 𝒏 ⋅𝑯(𝒒∗

𝑠ℎ
) are a 

function of the intermediate solution. After defining the numerical flux, 
the nodal basis and numerical flux are substituted into Equation (9) to 
obtain the semi-discrete form. The details of this elastic wave equation 
3

semi-discrete form can be found in Ref. [26].
Applied Acoustics 225 (2024) 110197

For each element in the air subdomain Ω𝑎
ℎ
, the same methodology as 

above are used. The nodal basis functions are used to approximate the 
sound wave variables in Equation (1). This leads to its strong formula-

tion as:

∫
𝐷𝑘

[
𝜕𝒒𝑘
𝑎ℎ

𝜕𝑡
+∇ ⋅ 𝑭 (𝒒𝑘

𝑎ℎ
)

]
𝑙𝑘
𝑖
d𝒙 = − ∫

𝜕𝐷𝑘

𝒏 ⋅
[
𝑭 ∗ − 𝑭 (𝒒𝑘

𝑎ℎ
)
]
𝑙𝑘
𝑖
d𝒙. (11)

The flux along the normal direction of the element surface is defined 
as 𝒏 ⋅ 𝑭 = (𝑛𝑥𝑭 𝑥 + 𝑛𝑦𝑭 𝑦 + 𝑛𝑧𝑭 𝑧), and the 𝑭 ∗ is the numerical flux for 
the sound wave variables. The upwind numerical flux is also used for 
the linear acoustics equations. Different from the elastic medium, air has 
interior medium properties that consist of (𝜌−0 , 𝑐

−
0 ) and (𝜌+0 , 𝑐

+
0 ) for the 

exterior one. The details on the numerical flux for wave propagation in 
air are given in Appendix A. After defining the numerical flux, the nodal 
basis and the numerical flux are substituted into Equation (9) to obtain 
the semi-discrete form for each element as:

𝑴𝑘
𝜕𝒖𝑘
ℎ

𝜕𝑡
+ 1
𝜌0

𝑺𝑘
𝑥
𝒑𝑘
ℎ
= −

4∑
𝑟=1

𝑴𝑘𝑟𝑭̂
𝑘𝑟

𝑢
,

𝑴𝑘
𝜕𝒗𝑘
ℎ

𝜕𝑡
+ 1
𝜌0

𝑺𝑘
𝑦
𝒑𝑘
ℎ
= −

4∑
𝑟=1

𝑴𝑘𝑟𝑭̂
𝑘𝑟

𝑣
, (12)

𝑴𝑘
𝜕𝒘𝑘

ℎ

𝜕𝑡
+ 1
𝜌0

𝑺𝑘
𝑧
𝒑𝑘
ℎ
= −

4∑
𝑟=1

𝑴𝑘𝑟𝑭̂
𝑘𝑟

𝑤
,

𝑴𝑘
𝜕𝒑𝑘
ℎ

𝜕𝑡
+ 𝜌0𝑐20𝑺

𝑘
𝑥
𝒖𝑘
ℎ
+ 𝜌0𝑐20𝑺

𝑘
𝑦
𝒗𝑘
ℎ
+ 𝜌0𝑐20𝑺

𝑘
𝑧
𝒘𝑘
ℎ
= −

4∑
𝑟=1

𝑴𝑘𝑟𝑭̂
𝑘𝑟

𝑝
,

𝒖𝑘
ℎ
, 𝒗𝑘
ℎ
, 𝒘𝑘

ℎ
, and 𝒑𝑘

ℎ
are vectors representing all sound wave variables 

at the nodal points 𝒙𝑖, with 𝑖 = 1 to 𝑁𝑝. The terms 𝑭̂ 𝑘𝑟
𝑢

, 𝑭̂ 𝑘𝑟
𝑣

, 𝑭̂ 𝑘𝑟
𝑤

, and 
𝑭̂
𝑘𝑟

𝑝
are the flux terms associated with the term 𝒏 ⋅

[
𝑭 ∗ − 𝑭 (𝒒𝑘

𝑎ℎ
)
]

over 
the element surface in Equation (11). The element mass matrix (𝑴𝑘), 
the element stiffness matrices (𝑺𝑘

𝑥
, 𝑺𝑘
𝑦
, 𝑺𝑘
𝑧
), and the element face matrix 

(𝑴𝑘𝑟), the details on these matrices are given in Refs. [21,33]. After-

wards, the semi-discrete form can be expressed in the form of ordinary 
differential equations as:

d𝒒𝑠ℎ
d𝑡

=𝒔

(
𝒒𝑠ℎ(𝑡), 𝑡

)
, (13)

d𝒒𝑎ℎ
d𝑡

=𝒂

(
𝒒𝑎ℎ(𝑡), 𝑡

)
, (14)

where 𝒒𝑠ℎ, 𝒒𝑎ℎ are the vector of all nodal solutions, and 𝒔, 𝒂 are the 
semi-discrete operator conducted over all elements in the solid and in 
air, respectively. Finally, various methods can be used to integrate the 
time derivative in Equations (13)-(14). In this work, the fourth-order 
Runge-Kutta method with eight stages (RKF84) is used, which is de-

scribed in Ref. [34]. The time-step (Δ𝑡) for the time integration is defined 
as:

Δ𝑡 =
𝐶𝐶𝐹𝐿 ⋅min(𝑟𝐷𝑘 )
𝑁2 ⋅max(𝑐𝑝)

, (15)

where 𝐶𝐶𝐹𝐿 is the Courant number, max(𝑐𝑝) is the maximum longi-

tudinal wave speed, and min(𝑟𝐷𝑘 ) is the shortest element edge in the 
computational domain. It should be pointed out that Δ𝑡 is determined 
by the fastest wave on the whole domain, which in this case is the elas-

tic longitudinal wave. To complete the numerical formulation, the BCs, 
force excitation, and initial values should be given. The methodology to 
apply the force excitation and the BCs for the structure subdomain can 
be found in Ref. [25], while the BCs treatment for the air subdomain 

can be found in Ref. [21].
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Fig. 1. The jump conditions on the interface between solid and air.

2.4. Interface between solid and air

The interaction between solid and air is represented by the perfect 
slip boundary condition. In this condition, the shear stress has to vanish, 
while the continuity of the normal stresses and velocities has to be guar-

anteed [27]. In the nodal DG method, this can be constructed through 
the numerical fluxes. In order to realise this, the mesh must conform 
to the discontinuity between solid and air. It means that the element 
interfaces must be aligned with the material interface.

In the structural elements interfaces, the numerical fluxes are com-

puted following Ref. [26], with the exterior values of each variable set 
as illustrated in Fig. 1. The air (exterior element) is assumed to be an 
inviscid fluid, where the fluid cannot sustain any shear stress. Thus, the 
transversal wave speed in the air 𝑐+

𝑠
is zero, and the shear stresses are 

set as 𝜎+
𝑖𝑗
= 0. Moreover, the exterior values of density and longitudinal 

wave speed are 𝜌+ = 𝜌0 and 𝑐+
𝑝
= 𝑐0 following medium properties of air. 

The exterior value of the first Lamé parameter is set as the bulk mod-

ulus of air, 𝜆+ = 𝜌0𝑐20 , and the exterior second Lamé parameter (shear 
modulus) is set to zero, 𝜇+ = 0.

To maintain the continuity of the velocities, the coupling can be set 
directly since the same variables exist both in air and solid material. 
The exterior velocity of the solid element, 𝑣+

𝑖
, equals the velocity in the 

air element and vice versa. Moreover, the normal stresses are set by the 
condition 𝜎𝑖𝑗𝑛𝑗 = −𝑝𝑛𝑗 such as presented in Ref. [35], and since shear 
stresses in air are zero, the normal stresses in the solid are equal to sound 
pressure in air as 𝜎+

𝑥𝑥
= 𝜎+

𝑦𝑦
= 𝜎+

𝑧𝑧
= −𝑝. This methodology is also found 

in Refs. [27,32].

3. Case studies

In this study, three vibro-acoustic cases are simulated using the nodal 
DG method. The three cases are the sound radiation of a concrete slab 
into a room, sound transmission between two rooms through a sin-

gle separating wall, and sound transmission between two rooms with 
flanking contributions. The first and second cases are compared with 
the analytical solution and the finite element method solution for the 
acoustic-solid interaction problem. These cases are chosen to show the 
validity of the nodal DG methodology for vibro-acoustic problems. The 
third case is given to demonstrate the difference between sound trans-

mission values of a wall with and without flanking paths.

3.1. Impact sound radiation

The first case concerns impact sound radiation from a concrete slab 
into a room, as shown in Fig. 2a. The slab only radiates the sound to-

wards the room, where the upper surface does not radiate the sound. 
The room and the slab have dimensions [1.2 m × 0.8 m × 1 m] and 
4

[1.2 m × 0.8 m × 0.08 m], respectively. The slab has simply supported 
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BCs on the edges and free BCs on the top. The room has rigid BCs on all 
surfaces.

The mechanical properties of the concrete slab are as follows: 
Young’s modulus 𝐸 = 13.6 GPa, density 𝜌 = 2300 kg∕m3, and Pois-

son’s ratio 𝜈 = 0.3. Air has a density of 𝜌0 = 1.2 kg∕m3 and a wave 
speed of 𝑐0 = 344 m∕s. An impact force on the slab at position 𝐹 =
[0.2, 0.64, 1.08] m (marked with blue dot) is given as:

𝑔𝑧(𝑡) = −
(
𝑎2 + 𝑎1(𝑡− 𝑡𝑑 )2

)
𝑒𝑎1(𝑡−𝑡𝑑 )

2
, (16)

with centre time 𝑡𝑑 = 7 ms, centre frequency 𝑓𝑐 = 500 Hz, 𝑎1 = −(𝜋𝑓𝑐)2, 
and 𝑎2 = 0.5. The methodology to excite the point force can be seen 
in Ref. [25] and is adopted for this work. The impact point force is 
positioned close to a corner of the plate to reduce the possibility of 
hitting at multiple nodal lines of the slab at lower order modes. The 
simulation duration is 4 seconds, and three receivers are distributed 
along the room diagonal at 𝑅1 = [0.2, 0.2, 0.25] m, 𝑅2 = [0.6, 0.4, 0.5] m, 
𝑅3 = [1, 0.6, 0.75] m to obtain the sound radiation from slab as shown in 
Fig. 2a (marked by red dots).

To discretise the problem domain for the nodal DG method, the mesh 
generator of COMSOL Multiphysics is used [36]. The mesh is shown in 
Fig. 2b. It consists of 241 and 452 tetrahedral elements to represent the 
concrete slab and the room, respectively. For the computation with the 
DG method, the Lagrange interpolation polynomials with an order of 
𝑁 = 4 are applied. With this polynomial order, the room has 10 degrees 
of freedom per wavelength (DPW) at 850 Hz, which becomes the upper-

frequency limit. Moreover, the material properties of the concrete slab 
determine the time step since the solid medium has a much faster lon-

gitudinal wave speed than air (𝑐𝑝 = 2821.3 m/s). The Courant number 
𝐶𝐶𝐹𝐿 = 1 is selected, resulting in Δ𝑡 = 1.5588 ⋅ 10−6 s. The elastic longi-

tudinal wavelength at 850 Hz is 3.32 m, which means that the slab has a 
DPW number of 158.9. Note that the slab’s length is much shorter than 
the wavelength, and the thickness of the slab controls the discretisation 
to ensure a good element skewness.

The nodal DG solution is then compared with the analytical solution 
based on the modal expansion method to validate the current compu-

tation. The time-domain sound pressure in each receiver and the force 
are converted into the frequency-domain data using the Fast Fourier 
transform. In doing FFT, the initial two seconds of simulated data are 
not tapered or windowed. The signal is then tapered over the next 2 
seconds using half part of the Hann window with 2 second duration. 
This tapering is done to prevent the Gibbs effect while also having 
a minimum decay in the signal. Having the frequency-domain data, 
the normalised sound pressure or the transfer function is calculated 
as:

𝑃𝑛(𝒙, 𝑓 ) =
𝑃 (𝒙, 𝑓 )
𝐺(𝐹 ,𝑓 )

, (17)

where 𝑃 (𝒙, 𝑓 ) is the frequency-domain pressure at each receiver lo-

cation, and 𝐺(𝐹 , 𝑓 ) is the frequency-domain force. For the reference 
solution, the modal expansion solution is obtained in frequency-domain, 
and the vibration of the slab is modelled by using the first shear defor-

mation theory (FSDT) (see Appendix B for more details).

3.2. Sound transmission

3.2.1. Direct sound transmission

The second case is sound transmission between two rooms through 
a single concrete panel where flanking transmission is not included. The 
case geometry can be seen in Fig. 3a, where the source room is the one 
closest to the coordinate origin. The source and receiver rooms have 
dimensions of [3.2 m × 2.9 m × 2.4 m] and [2.7 m × 2.9 m × 2.4 
m], respectively. The panel (marked by grey surfaces) has a thickness 
of 0.2 m, with all edges having fixed BCs. The red rectangle indicates 
the location of the sound source (Q), the blue dots mark the receivers 

in the source room (S1-S3), and the black dots mark the receivers in 
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Fig. 2. (a) The impact sound radiation case with the force and receiver positions, and (b) its mesh for the DG method computation.

Fig. 3. (a) The sound transmission through a single concrete panel case, and (b) its mesh for the DG method computation.
Table 1

Locations of the source 
and receivers for the single 
panel transmission case.

Index (x, y, z) [m]

Q (0.8, 0.725, 0.6)

S1 (1.3, 2.4, 1.8)

S2 (2, 2, 1.3)

S3 (2.7, 1.5, 0.8)

R1 (4.8, 1.8, 0.5)

R2 (3.9, 2.4, 1.9)

R3 (5.6, 0.5, 0.5)

the receiver room (R1-R3). The locations of these points are shown in 
Table 1.

The properties of the concrete slab and air are the same as in the case 
of impact sound radiation (see Section 3.1). In addition, viscous damp-

ing forces 𝜁𝑥 = 𝜁𝑦 = 𝜁𝑧 = 20 [𝑁 ⋅𝑘𝑔∕𝑚3] are added to the concrete to dis-

sipate the vibration energy during transmission. Frequency-independent 
impedance BCs are applied to the surfaces of the rooms indicated by blue 
surface in Fig. 3a, and each surface has a real-valued reflection coeffi-

cient of 𝑅 = 0.95. Other surfaces in the room are set as rigid BCs. The 
simulation duration is 2 seconds, and to excite the sound on the location 
Q, initial values are given as:

𝑝(𝒙, 𝑡 = 0) =𝑄0 ⋅ e
−𝑙𝑛(2)
𝑏2

(
(𝑥−𝑥𝑞 )2+(𝑦−𝑦𝑞 )2+(𝑧−𝑧𝑞 )2

)
,

𝒗(𝒙, 𝑡 = 0) = 𝟎.

This is a pressure Gaussian pulse centred at the source coordinates 
(𝑥𝑞, 𝑦𝑞, 𝑧𝑞), with pulse half-bandwidth 𝑏 = 0.15 and amplitude of 𝑄0 =
5

10 Pa.
The mesh for the nodal DG method is shown in Fig. 3b, where the 
concrete panel has 531 elements, and both rooms have a total of 16516 
elements. The Lagrange interpolation polynomial order is 𝑁 = 3. With 
these values, the solution has approximately 10 DPW at 650 Hz, which 
is the upper frequency limit for the current configuration. The Courant 
number 𝐶𝐶𝐹𝐿 = 1 is selected, resulting in Δ𝑡 = 6.4403 ⋅ 10−6 s. The 
methodology of applying the frequency-independent impedance BCs for 
the nodal DG method can be found in Ref. [21].

To evaluate the numerical accuracy of the nodal DG method solution, 
the difference between the sound pressure level (Δ𝐿𝑝) obtained in the 
source room (𝐿𝑆

𝑝
(𝒙)) and the one obtained in the receiver room (𝐿𝑅

𝑝
(𝒙)) 

is calculated as:

Δ𝐿𝑝 =𝐿𝑆𝑝 (𝒙) −𝐿
𝑅
𝑝
(𝒙). (18)

Three values of Δ𝐿𝑝 are calculated, i.e., the Δ𝐿𝑝 between S1 and R1, S2 
and R2, and between S3 and R3. These Δ𝐿𝑝 values are then compared 
with the values obtained by FEM.

The FEM solutions are obtained by COMSOL Multiphysics 5.4 [36]. 
In COMSOL, the acoustic-solid interaction solver in the frequency-

domain is used. In this solver, the acoustic wave equations and the 
elastic wave equations are solved for the 3-D geometry. The two-way 
coupling includes the acoustic pressure load on the structure and the 
structural acceleration as experienced by the air. The room is discre-

tised using tetrahedral elements, and quadratic basis functions are used. 
The size of elements is at maximum 10 cm, which is approximately one-

fifth of minimum acoustic wavelength, 𝜆𝑚𝑖𝑛∕5. In FEM, a point source 
is used to represent the sound excitation in the source room, and sur-

face impedance BC is applied to the walls coloured in blue in Fig. 3a as 

𝑍𝑤𝑎𝑙𝑙 =𝑍𝑎𝑖𝑟 ⋅ (1 +𝑅)∕(1 −𝑅).
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Fig. 4. Sound transmission in rooms with flanking contribution, for case (a) via ceiling and (b) via ceiling and floor.

Fig. 5. The normalised sound pressure for the impact sound radiation case at position (a) R1, (b) R2, and (c) R3. Black lines represent the nodal DG results, red 
dashed lines represent the modal expansion results, and the black dashed vertical lines represent the locations of slab’s natural frequencies based on FSDT.
3.2.2. Sound transmission with flanking contribution

The third case is an extension of the single panel case from Sec-

tion 3.2.1, where the top and bottom slabs of the building are included. 
These inclusions add flanking transmission contributions as shown in 
Fig. 4. The first configuration is via the ceiling, and the second is via 
ceiling and floor. These configurations are simulated with the nodal DG 
method to show the differences in transfer functions compared to the 
single panel configuration. The cases are given to demonstrate the abil-

ity of the nodal DG method to simulate building acoustic problems. The 
computational settings and material properties of these two configura-

tions are the same as for the case with a single panel, as in Section 3.2.1. 
6

The number of elements in the rooms are slightly changed due to the 
inclusion of the ceiling and floor. The flanking configuration via ceiling 
has 1845 elements for the solid structure and 16724 elements for the 
air, while the one via ceiling and floor has 3210 elements for the solid 
structure and 16578 for the air.

4. Results and discussions

4.1. Impact sound radiation

Figs. 5a-5c show the magnitudes of the normalised sound pressure 
at different receivers obtained by the nodal DG and modal expansion 

methods. As can be seen, the results are in excellent agreement. Accord-



Applied Acoustics 225 (2024) 110197I. Sihar, J. Yang and M. Hornikx

Fig. 6. The Δ𝐿𝑝 between position (a) S1 and R1, (b) S2 and R2, and (c) S3 and R3 for the direct transmission case. Black lines represent Δ𝐿𝑝 obtained by the nodal 
DG and red dashed lines represent Δ𝐿 obtained by FEM.
𝑝

Table 2

Natural frequencies of the concrete slab ob-

tained from FSDT. The 𝑚1, 𝑚2 indicates the 
number of the anti-node in the 𝑥-, and 𝑦- direc-

tions. (see Appendix B).

Modal index (𝑚1,𝑚2) Natural Frequency [Hz]

1,1 203.6

2,1 383.3

1,2 598.0

3,1 667.3

2,2 762.7

ing to FSDT, there are five natural frequencies below 850 Hz in the slab. 
These frequencies are indicated by vertical lines in the figures and listed 
in Table 2. The natural frequencies of the slab are well separated within 
the frequency range of interest. While for the room, ninety natural fre-

quencies exist below 850 Hz, assuming that the room has rigid BCs.

The natural frequencies of the room mainly characterise the spec-

trum of the impact sound in the room since the room has more natural 
frequencies. There are minor discrepancies between the nodal DG and 
modal expansion solutions, especially in the magnitude and location of 
the peaks (local maxima) and dips (local minima) of the normalised 
pressure. For instance, at receiver R2 (which is located exactly in the 
middle of the room) at 383 Hz and receiver R3 at around 300 Hz. Both 
solutions have no damping in the configuration, which might lead to 
7

different magnitudes at these locations. Moreover, the modal expansion 
solution is based on the FSDT theory instead of the linear elasticity equa-

tion, which could account for some discrepancies.

4.2. Sound transmission

The sound pressure level difference (Δ𝐿𝑝) values between two rooms 
divided by a single panel are presented in Figs. 6a-6c. It can be seen that 
the results obtained by the nodal DG method and FEM are in a very good 
agreement. Minor discrepancies occur in the peak of Δ𝐿𝑝 values, but the 
overall trends of the three Δ𝐿𝑝 agree very well with the FEM solution. It 
can be seen that above 250 Hz the room acoustic modal density is high, 
with the peaks of the Δ𝐿𝑝 close to each other. The number of acoustic 
modes in each frequency band is given in Table 3 assuming that all 
surfaces are rigid. Due to this high number of modes, it is clearer to 
present the results in 1/3 octave frequency bands.

Now, the Δ𝐿𝑝 values between the single panel to the panels with 
flanking transmission contribution (via ceiling and ceiling and floor) are 
presented. The Δ𝐿𝑝 of different locations are shown in Figs. 7a-7c. It can 
be seen that the single panel has a higher Δ𝐿𝑝 at almost all frequency 
bands compared to the two scenarios that include flanking transmission. 
This means that the addition of ceiling and floor increases the overall 
transmitted sound energy from the source room to the receiver room.

The critical frequency of the concrete panel can be obtained as 
𝑓𝑐 = 𝑐0∕(1.8 ⋅ 𝑐𝑝ℎ) = 116.5 Hz, where 𝑐0, 𝑐𝑝 and ℎ are the sound wave 
velocity in air, the longitudinal elastic wave velocity and the panel thick-
ness, respectively. Due to this frequency, the Δ𝐿𝑝 values at the 125 Hz 
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Fig. 7. One-third octave band sound pressure level difference between position (a) S1 and R1, (b) S2 and R2, and (c) S3 and R3. Black bars refer to the single panel 
with only direct transmission path, red bars refer to the panel with flanking transmission via the ceiling, and blue bars refer to the panel with flanking transmission 
via ceiling and floor.
Table 3

Number of the acoustic modes of the source and re-

ceiver rooms with all room surfaces are assumed rigid.

1/3 octave band 
centre frequency [Hz]

Number of modes [-]

Source room Receiver room

50 1 0

63 2 2

80 1 2

100 4 2

125 5 6

160 13 9

200 19 15

250 33 32

315 66 57

400 126 110

500 154 156

630 314 224

1/3 octave band are quite low for all panel configurations, especially 
for the single panel configuration. The figures also show that for the 
configuration of flanking transmission via ceiling, the Δ𝐿𝑝 values at 80 
8

Hz are lower compared to other configurations. These might caused by 
the strong coupling between the ceiling vibration to the sound in the 
rooms.

5. Conclusions

This paper presented a methodology to solve vibroacoustic problems 
(represented by linear acoustic and elasticity equations) using the nodal 
DG method. The coupling conditions between acoustic and elastic wave 
variables provided by upwind fluxes are described. By incorporating 
this method into the modelling framework, we aim to provide a more 
comprehensive understanding of vibroacoustic phenomena paving the 
way for accelerated DG simulations for vibroacoustic problems, facili-

tating the development of more accurate and realistic virtual acoustic 
environments. The comparison of the impact sound radiation of a con-

crete slab into a room calculated using the nodal DG method and an 
analytical method shows a good agreement. There are slight discrep-

ancies in the locations and magnitudes of natural frequencies. For a 
transmission case, comparing the transfer functions between receiver 
locations in two rooms divided by a single concrete wall as computed 

with the DG method and a reference solution using the FEM shows al-
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most identical results. Moreover, when flanking transmission exists, the 
critical frequency of concrete panels is affecting the Δ𝐿𝑝 values between 
rooms. The results show variations in transfer functions due to flanking 
paths, requiring analysis of configurations to predict these variations. 
Numerical models can be more efficient than experimental methods for 
predicting these variations. One drawback of the current methodology is 
the small time step (Δ𝑡), which is determined by the elastic wave-speed 
in the structure. In further work, utilising a multi-time or a local time-

stepping methodology could improve the computational performance 
of the nodal DG method for vibroacoustic applications. Once this is ac-

complished, this method would be a very powerful approach to address 
engineering building acoustics problems at low frequencies where solu-

tions of the full governing equations are required.
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Appendix A. Upwind fluxes for linear acoustic equations

The upwind numerical flux for acoustic wave propagation (𝒏 ⋅𝑯∗) 
is presented here. The methodology for obtaining this flux based on the 
Rankine-Hugoniot jump condition can be found in Ref. [32]. This nu-

merical flux differs from the one obtained in Ref. [21] as it takes into 
account the media discontinuity, which is required to solve the underly-

ing vibroacoustic problems. The upwind numerical flux can be written 
as:
9

𝒏 ⋅ 𝑭 ∗ = 𝒏 ⋅ 𝑭 +𝑪[𝒒𝑎] (A.1)
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𝑪 = −1
𝑍+ +𝑍−

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑍+𝑍−𝑛2
𝑥

𝜌−0

Z+Z−nxny

𝜌−0

Z+Z−nxnz

𝜌−0

−𝑍−𝑛𝑥
𝜌−0

Z+Z−nxny

𝜌−0

𝑍+𝑍−𝑛2
𝑦

𝜌−0

𝑍+𝑍−𝑛𝑦𝑛𝑧

𝜌−0

−𝑍−𝑛𝑦

𝜌−0
Z+Z−nxnz

𝜌−0

𝑍+𝑍−𝑛𝑦𝑛𝑧

𝜌−0

𝑍+𝑍−𝑛2
𝑧

𝜌−0

−𝑍−𝑛𝑧
𝜌−0

−𝐾−
0 𝑍

+𝑛𝑥 −𝐾−
0 𝑍

+𝑛𝑦 −𝐾−
0 𝑍

+𝑛𝑧 𝐾−
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(A.2)

where [𝒒𝑎]=𝒒+
𝑎ℎ
−𝒒−

𝑎ℎ
is the jump between interior and exterior acoustic 

variables. The interior Bulk modulus is 𝐾−
0 = 𝜌−0 (𝑐

−
0 )

2. The internal and 
external impedance are 𝑍− = 𝜌−0 𝑐

−
0 and 𝑍+ = 𝜌+0 𝑐

+
0 , respectively.

Appendix B. Impact sound radiation solution

The modal expansion method is widely used to solve the coupling 
problem between sound in a cuboid cavity and a panel vibration. There 
are two approaches that are commonly used. The first approach uses 
modal functions to expand the velocity potential that satisfies the ve-

locity continuity and pressure over the panel surface [6,37]. The second 
technique uses the rigid-walled acoustic modes as the basis functions to 
expand the velocity potential [7–9].

The issue of the second approach is the velocity continuity over the 
panel that are not mathematically satisfied due to the use of the rigid-

walled acoustic modes. However, the second approach is computation-

ally more convenient. Hu et al. [38] have shown that both techniques 
were converged to the same solution as long as a sufficient number of 
modes were used in the second approach. In this appendix, the sound 
pressure under a slab is calculated based on Refs. [9,39] following the 
second technique as a comparison for the nodal DG solution. The slab 
vibration is modelled by the first shear deformation theory (FSDT).

B.1. Sound field

Consider the room (the air domain) in Fig. 2a as 𝑉 enclosed by sur-

face 𝐴, where 𝐴 =𝐴𝑅 ∩𝐴𝐶 . The 𝐴𝑅 and 𝐴𝐶 are the surfaces with rigid 
walls and the concrete slab, respectively. The sound field in 𝑉 satisfies

the sound wave equation:

∇2𝜙 = 1
𝑐20

𝜕2𝜙

𝜕𝑡2
, (B.1)

𝜕𝜙

𝜕𝑛
= 0on𝐴𝑅,

𝜕𝜙

𝜕𝑛
= 𝑤̇𝑎 on𝐴𝐶,

where 𝜙 is the velocity potential, 𝑐0 is the sound speed, and 𝑤̇𝑎 is the air 
particle velocity on 𝐴𝐶 , and (⋅) denotes the derivative to time. The sound 
pressure inside 𝑉 can be obtained as 𝑝 = −𝜌0𝜙̇, with 𝜌0 is the air density. 
Solutions of the Equation (B.1) with only rigid BCs are 𝜙 =Φ𝑛exp(𝑖𝜔̂𝑛𝑡)
with 𝑛 ∈ [0, 1, ...]. Φ𝑛 are the room mode functions with index 𝑛 that 
satisfy:

∇2Φ𝑛 = −
(
𝜔̂𝑛

𝑐0

)2
Φ𝑛, (B.2)

𝜕Φ𝑛
𝜕𝑛

= 0,

∫
𝑉

Φ𝑟Φ𝑛 dV =

{
= 0, for, 𝑟 ≠ 𝑛,
=Λ𝐴

𝑛
, for 𝑟 = 𝑛,

with 𝜔̂𝑛 are the natural angular frequencies of the room with rigid BCs. 
Having the room mode functions Φ𝑛, Equation (B.1) can be transformed 
following the second Green’s identity as in Ref. [9]:

Φ𝑛
2

(
𝜙̈+ 𝜔̂2

𝑛
𝜙
)
dV = Φ𝑛𝑤̇𝑎dS. (B.3)
∫

𝑉
𝑐0

∫
𝐴𝐹
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To complete the interaction with the slab vibration on surface 𝐴𝐹 , the 
air particle velocity (𝑤̇𝑎) should be equal to the velocity of the slab (𝑤̇𝑠)
on surface 𝐴𝐶 .

B.2. Structural vibration

In this subsection, the velocity of the slab (𝑤̇𝑠) on surface 𝐴𝐶 is 
calculated. Following the first shear deformation theory (FSDT) [40], 
the slab displacement (𝑤𝑠) in Fig. 2a follows:

𝐼0𝑤̈
𝑠 +𝐿(𝑤𝑠,𝜑𝑥,𝜑𝑦) =𝑈 − 𝜌0𝜙̇, (B.4)

where 𝐿 is a differential operator (see [41]), with 𝜑𝑥 and 𝜑𝑦 are the 
bending rotations with respect to the 𝑥- and 𝑦 -directions, respectively. 
𝐼0 = 𝜌𝑐ℎ with 𝜌𝑐 and ℎ are the slab’s density and thickness, and 𝑈 is the 
excitation force.

The homogeneous solutions for Equation (B.4) can be written as 𝑤𝑠 =
𝜓𝑚 exp(𝑖𝜔𝑚𝑡), for 𝑚 ∈ [1, 2, ...]. The slab mode functions 𝜓𝑚 satisfy:

𝐿(𝜓𝑚,Ψ𝑥𝑚,Ψ
𝑦
𝑚
) = 𝐼0𝜔2

𝑚
𝜓𝑚, (B.5)

where 𝜔𝑚 are the angular natural frequencies of the slab, with 𝑚 as the 
index of each natural frequencies. The 𝜓𝑚, Ψ𝑥𝑚, and Ψ𝑦𝑚 are the mode 
functions for the displacement, and the two bending rotations. They 
are orthogonal functions, and their exact expressions for the simply-

supported BCs can be found in Ref. [41]. These functions are given in 
the next subsection to calculate the interaction with the acoustic modes.

B.3. Modal interaction

To have the coupling conditions, the displacement (𝑤𝑠), force exci-

tation (𝑈 ), and the velocity potential (𝜙) can be expanded using the slab 
(𝜓𝑝) and room mode functions (Φ𝑛) as:

𝑤𝑠 =
∞∑
𝑚=1
𝑤𝑠
𝑚
(𝑡)𝜓𝑝(𝒙𝐴𝐹 ), (B.6)

𝑈 =
∞∑
𝑚=1
𝑈𝑚(𝑡)𝜓𝑝(𝒙𝐴𝐹 ), (B.7)

𝜙 =
∞∑
𝑛=0
𝜙𝑛(𝑡)Φ𝑛(𝒙). (B.8)

Afterwards, Equations (B.6) and (B.7) are substituted to Equation (B.4). 
Equation (B.4) then multiplied with 𝜓𝑞 and integrated over the 𝐴𝐹 to 
obtain:

𝑤̈𝑠
𝑚
+𝜔2

𝑚
𝑤𝑠
𝑚
=
𝑈𝑚

𝐼0
−
𝜌0
𝐼0Λ𝐹𝑚

∞∑
𝑛=0
𝐿𝑚𝑛𝜙̇𝑛, (B.9)

Λ𝐹
𝑚
= ∫
𝐴𝐹

𝜓2
𝑚
(𝒙𝐴𝐹 ) dS, (B.10)

𝐿𝑚𝑛 = ∫
𝐴𝐹

𝜓𝑚(𝒙𝐴𝐹 )Φ𝑛(𝒙) dS.

Equations (B.6) and (B.8) are substituted to Equation (B.3) to obtain:

𝜙̈𝑛 +𝜔2
𝑛
𝜙𝑛 =

𝑐20
Λ𝐴
𝑛

∞∑
𝑚=1
𝐿𝑛𝑚𝑤̇

𝑠
𝑚
, (B.11)

Λ𝐴
𝑛
= ∫
𝑉

Φ2
𝑛
(𝒙) dV, (B.12)

𝐿𝑛𝑚 = ∫
𝐴𝐹

Φ𝑛(𝒙)𝜓𝑚(𝒙𝐴𝐹 ) dS.

𝐿𝑛𝑚 is the coupling coefficient between structure vibration and sound 
10

field mode functions. The mode functions are:
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𝜓𝑚(𝒙𝐴𝐹 ) = sin
(
𝑚1𝜋𝑥

𝐿𝑥

)
sin

(
𝑚2𝜋𝑦

𝐿𝑦

)
,

Φ𝑛(𝒙) = cos
(
𝑛1𝜋𝑥

𝐿𝑥

)
cos

(
𝑛2𝜋𝑦

𝐿𝑦

)
cos

(
𝑛3𝜋𝑧

𝐿𝑧

)
with 𝑚1, 𝑚2 ∈ [1, 2, ...] represent the anti-nodes of the mode functions in 
𝑥 and 𝑦 -directions of the slab, respectively. 𝐿𝑥, 𝐿𝑦, 𝐿𝑧 are the length, 
width, and height of the room. 𝑛1, 𝑛2, 𝑛3 ∈ [0, 1, ...] represents the num-

ber of nodes of mode functions in 𝑥, 𝑦 and 𝑧-directions of the room, 
respectively. The integration in Equations (B.10) and (B.12) are:

Λ𝐹
𝑚
=
𝐿𝑥𝐿𝑦

4
,

Λ𝐴
𝑛
=

⎧⎪⎪⎨⎪⎪⎩

𝐿𝑥𝐿𝑦𝐿𝑧 if𝑛1 = 𝑛2 = 𝑛3 = 0,
𝐿𝑥𝐿𝑦𝐿𝑧

2 if𝑛𝑖 = 𝑛𝑗 = 0, &𝑛𝑘 > 0,
𝐿𝑥𝐿𝑦𝐿𝑧

4 if𝑛𝑖 = 0, &𝑛𝑗 , 𝑛𝑘 > 0,
𝐿𝑥𝐿𝑦𝐿𝑧

8 if𝑛1, 𝑛2, 𝑛3 > 0,

and the coupling coefficient can be obtained as:

𝐿𝑚𝑝 =
𝐿𝑥𝐿𝑦

4𝜋2

[
1 − (−1)(𝑛1−𝑚1)

(𝑛1 −𝑚1)
− 1 − (−1)(𝑛1+𝑚1)

(𝑛1 +𝑚1)

]
×[

1 − (−1)(𝑛2−𝑚2)

(𝑛2 −𝑚2)
− 1 − (−1)(𝑛2+𝑚2)

(𝑛2 +𝑚2)

]
.

Remark that in case of (𝑛1 + 𝑚1) or (𝑛2 + 𝑚2) is even, the 𝐿𝑛𝑚 = 0. 
It means that there is no interaction between the slab and the room. 
Afterwards, assuming a steady-state condition at angular frequency 𝜔, 
Equations (B.9) and (B.11) can be written as:

𝐼0(𝜔2
𝑚
−𝜔2)𝑤𝑠

𝑚
+
𝑖𝜔𝜌0
Λ𝐹
𝑚

∞∑
𝑛=0
𝐿𝑚𝑛𝜙𝑛 =𝑈𝑚 (B.13)

(𝜔̂2
𝑛
−𝜔2)𝜙𝑛 −

𝑖𝜔𝑐20
Λ𝐴
𝑛

∞∑
𝑚=1
𝐿𝑛𝑚𝑤

𝑠
𝑚
= 0 (B.14)

These equations, can be written in matrix form as follows:[
𝑰𝑺 𝑪𝑨

𝑪𝑺 𝑰𝑨

][
𝑾 𝑺

𝚽𝑨

]
=
[
𝑼𝑺

𝟎

]
,

𝑾 𝑺 =
⎡⎢⎢⎢⎣
𝑤𝑠1
𝑤𝑠2
⋮
𝑤𝑠
𝑚

⎤⎥⎥⎥⎦ ;𝚽
𝑨 =

⎡⎢⎢⎢⎣
𝜙1
𝜙2
⋮
𝜙𝑛

⎤⎥⎥⎥⎦ ;𝑼
𝑺 =

⎡⎢⎢⎢⎣
𝑈1
𝑈2
⋮
𝑈𝑝

⎤⎥⎥⎥⎦ ,

𝑪𝑨 = 𝑖𝜔𝜌0

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐿𝑇11
Λ𝐹1

𝐿𝑇12
Λ𝐹1

⋯
𝐿𝑇1𝑛
Λ𝐹1

𝐿𝑇21
Λ𝐹2

𝐿𝑇22
Λ𝐹2

⋱ ⋮

⋮ ⋱ ⋱ ⋮
𝐿𝑇
𝑚1

Λ𝐹𝑚

𝐿𝑇
𝑚2

Λ𝐹𝑚
⋯

𝐿𝑇𝑚𝑛

Λ𝐹𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

𝑪𝑺 = −𝑖𝜔𝑐20

⎡⎢⎢⎢⎢⎢⎣

𝐿11
Λ𝐴1

𝐿12
Λ𝐴1

⋯ 𝐿1𝑚
Λ𝐴1

𝐿21
Λ𝐴2

𝐿22
Λ𝐴2

⋱ ⋮

⋮ ⋱ ⋱ ⋮
𝐿𝑛1
Λ𝐴𝑛

𝐿𝑛2
Λ𝐴𝑛

⋯ 𝐿𝑛𝑚

Λ𝐴𝑛

⎤⎥⎥⎥⎥⎥⎦
,

𝑰𝑺 = 𝐼0

⎡⎢⎢⎢⎣
(𝜔2

1 −𝜔
2) 0 ⋯ 0

0 (𝜔2
2 −𝜔

2) ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ 0 (𝜔2

𝑚
−𝜔2)

⎤⎥⎥⎥⎦ ,

𝑰𝑨 =
⎡⎢⎢
(𝜔̂2

1 −𝜔
2) 0 ⋯ 0

0 (𝜔̂2
2 −𝜔

2) ⋱ ⋮
⋮ ⋱ ⋱ 0

⎤⎥⎥ .
⎢⎣ 0 ⋯ 0 (𝜔̂2
𝑛
−𝜔2)

⎥⎦
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Using this matrix-form, each modal coefficient in Equations (B.1)-(B.6)

can be obtained using MATLAB to evaluate the sound pressure inside 
the room.
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