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Summary

The wind energy industry has gained a key role in the global fight against green­
house gas emissions. Although fossil fuels have still the largest share in the global
energy mix, the production of wind energy, especially offshore, has rapidly grown
since the 1990s. According to the International Energy Association, Europe tar­
gets offshore wind to become the main electricity source by 2040. To meet such
a goal, significant developments in research and technology are ongoing to re­
duce/optimise the high costs for materials, manufacturing, transportation, and in­
stallation of offshore wind farms. A significant cost item for offshore wind turbines
(OWTs) is represented by their supporting structures and foundations, especially
as the rush towards bigger OWTs and larger water depths poses a serious threat
to cost reduction targets. To make offshore wind competitive in the energy mar­
ket, reducing investment costs is mandatory. Since OWT foundations mobilise up
to around 18% of the total investment in typical offshore wind projects, the im­
portance of reconsidering/improving geotechnical design approaches for offshore
foundations is self­apparent.

Monopiles (steel tubular piles of large diameter) are presently the most common
foundation type for OWTs, and must be designed to be fully functional over an oper­
ational lifetime of 20 ∼ 30 years – i.e., under 108 to 109 loading cycles produced by
environmental loads (mostly wind and sea waves). Among a number of relevant de­
sign checks, OWT manufacturers recommend that monopiles should not experience
a total/permanent lateral rotation (tilt) larger than 0.25 − 0.5∘. However, existing
methods for the analysis of pile foundations are not yet well suited to perform reli­
able design checks in relation to cyclic loading, which can lead to non­optimal, and
perhaps erroneous, design choices. In order to alleviate the conservatism normally
associated with pile tilt checks, deeper understanding and improved modelling of
cyclic soil­monopile interaction is necessary, and therefore of cyclic soil behaviour.

The problem of designing OWT foundations, and particularly of predicting cyclic
monopile tilt, has/is promoted/promoting numerous studies worldwide, both ex­
perimental and numerical. Among the approaches available in the literature, the
Author believes that implicit/step­by­step 3D FE analysis, although computationally
demanding, possesses the highest potential to shed light on governing geotechnical
mechanisms, and therefore support the improvement of design methods. It should
be noted, however, that sound implicit 3D FE predictions may only be achieved
when a reliable soil model is adopted in the considered structure/foundation­soil
model.

In this work, a fabric­sensitive constitutive model for sand, SANISAND­MS, is de­
veloped to support the cyclic analysis of offshore monopiles at a more fundamental
level than enabled by traditional, spring­based interaction models. In particular,
the constitutive modelling work builds on the theory of bounding surface plasticity,

xi



xii Summary

and focuses on the phenomenological representation of sand fabric effects (and
associated load­induced anisotropy). Such effects, especially relevant under cyclic
loading conditions, are tracked by the model using the notion of a memory surface.
The proposed formulation is validated against a wide set of laboratory test results
from the literature, spanning a variety of initial, loading, and drainage conditions.
Following a thorough validation of the constitutive equations, SANISAND­MS is fi­
nally applied to the 3D FE analysis of a cyclically loaded monopile in dry sand, in
order to assess the ‘implicit’ performance of the constitutive model in a relevant
boundary value problem.

In summary, this work boosts confidence about the quality and applicability
of SANISAND­MS in the 3D FE modelling of soil­structure interaction problems,
particularly with respect to offshore foundations subjected to cyclic loading. The
development of the proposed SANISAND­MS 3D FE modelling framework is believed
to take a valuable step forward, and will support in the near future the enhancement
of monopile design practice.



Samenvatting

De windenergie industry heeft een belangrijke positie verworven in het wereldwijde
gevecht tegen de uitstoot van broeikasgassen. Hoewel fossiele brandstoffen nog
steeds het grootste aandeel vormen in de wereldwijde energie­mix, is de productie
van wind energie, in het bijzonder wind op zee, sinds de jaren’90 sterk gegroeid.
Volgens het Internationale Energie Agentschap heeft Europa als doel om in 2040
wind op zee de belangrijkste bron voor electriciteit te laten zijn. Om dit doel te be­
reiken zijn significante ontwikkelingen in onderzoek en technologie gaande om de
hoge kosten van materialen, productie, transport en installatie van windparken op
zee te reduceren/optimaliseren. Een significante kostenpost voor windturbines op
zee wordt gevormd door hun ondersteuningsconstructies en funderingen, waarbij
de vlucht naar grotere windturbines en grotere waterdieptes een serieuze bedrei­
ging vormt voor de doelstelling van kostenreductie. Om wind op zee competitief
te maken op de energiemarkt is een reductie van investeringskosten noodzakelijk.
Omdat de funderingen van offshore windturbines tot 18% van de totale investe­
ringskosten in doorsnee offshore windparken beslaan, is het belang van een herbe­
schouwing / verbetering van de geotechnische ontwerpbenaderingen voor offshore
funderingen evident.

Monopalen (stalen buispalen met grote diameter) zijn op het moment het meest
gangbare funderingstype voor offshore windturbines, en moeten worden ontwor­
pen voor een functionele levensduur van 20 ­ 30 jaar –d.w.z., onder 108 tot 109
belastingcycli gevormd door omgevingsbelasting (vooral wind en golven). Als on­
derdeel van een aantal relevante ontwerpeisen bevelen offshore windturbine fabri­
kanten aan dat monopalen geen rotatie (scheefstand) van meer dan 0.25 − 0.5∘
ondergaan. Echter, bestaande methoden voor het analyseren van paalfunderingen
zijn nog niet geschikt genoeg om betrouwbare ontwerpcontroles uit te voeren in
relatie tot cyclische belasting, hetgeen kan leiden tot niet­optimale en eventueel
foutieve ontwerpkeuzes. Om het conservatisme dat normaalgesproken gepaard
gaat met controles op paalscheefstand te verminderen, is een dieper begrip en een
verbeterde modellering van cyclische grond­monopaal interactie noodzakelijk, en
daarbij van cyclisch grondgedrag.

Het probleem van het ontwerpen van offshore windturbines, en in het bijzonder
het voorspellen van cyclische monopaal scheefstand, leidt / heeft aanleiding gege­
ven tot vele studies, wereldwijd, zowel experimenteel als numeriek. Van de metho­
den die in de literatuur beschikbaar zijn vindt de Auteur dat impliciete / stap­voor­
stap 3D eindige­elementenberekeningen, hoewel rekenintensief, het beste poten­
tieel vormen om opheldering te geven op de maatgevende geotechnische mecha­
nismen, en daarom de verbetering van ontwerpmethodes ondersteunen. Het moet
echter worden opgemerkt dat correcte impliciete 3D eindige­elementenpredicties
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xiv Samenvatting

alleen kunnen worden bereikt wanneer een betrouwbaar grondmodel wordt ge­
hanteerd in het beschouwde constuctie/fundering­grond model.

In dit werk is een textuur­sensitief constitutief model voor zand, genaamd SA­
NISANDMS, ontwikkeld om de cyclische berekening van offshore monopalen op een
meer fundamenteel niveau te ondersteunen dan wat wordt bereikt middels traditi­
onele interactiemodellen gebaseerd op veren. In het bijzonder bouwt het werk aan
constitutieve modellen voort op de theorie van de‘grensvlak plasticiteit’(bounding
surface plasticity), en is gericht op de fenomenologische vertegenwoordiging van
zand textuur­effecten (en daaraan gerelateerde belastinggestuurde anisotropie).
Zulke effecten, die in het bijzonder relevant zijn onder cyclische belastingcondities,
worden gevolgd in het model door gebruik te maken van het begrip ‘geheugen­
vlak’(memory surface). De voorgestelde formulering is gevalideerd aan de hand
van een brede verzameling van laboratoriumproefresultaten uit de literatuur, welke
een reeks van initiële, belasting­ en drainagecondities omvat. Na een gedegen va­
lidatie van de constitutieve vergelijkingen is het SANISANDMS model uiteindelijk
toegepast in een 3D eindige­elementenberekening van een cyclisch belaste mono­
paal in zand, om daarmee de impliciete prestatie van het constitutieve model in een
relevant randvoorwaardeprobleem te beoordelen.
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2 1. Background

The global energy demand has been increasing by about 20% per decade due to
population growth and lifestyles of higher standard. Even though fossil fuels were
still providing more than 85% of global energy at the end of 2017 (NRCan, 2017),
they are foreseen to inevitably reduce their market shares due to their negative im­
pact on the environment (e.g., greenhouse gas emissions). In contrast, renewable
sources of energy are gaining increasing popularity. To meet the global reduction
target for greenhouse gas emission, the European Union proposed an energy tran­
sition plan that sets 27% of total energy consumption to be provided by renewable
sources by 2030 (Knopf et al., 2015) (with 40% greenhouse gas emissions reduc­
tion compared to 1990). In the steadily evolving energy mix, wind power, both
from the land and the ocean, has rapidly developed and is now key to achieving
international energy goals.

Regarding the harvest of wind energy from the ocean, the offshore wind in­
dustry has been considerably growing since 1991, when the first offshore wind
farm was installed off the coast of Denmark. To date, Europe dominates worldwide
the offshore wind market and the associated power output. In 2019, the offshore
wind capacity installed in Europe was 3623 MW, with a total cumulative capacity
of about 22 GW (Europe Wind, 2020). Recent figures for annual and cumulative
offshore wind capacity in Europe are visualised in Fig. 1.1. As pointed out in the

Figure 1.1: Offshore wind capacity in Europe: annual installations by country (left axis) and cumulative
capacity (right axis) – reprinted from Europe Wind (2020)

National Energy and Climates Plans (NECPs) and Renewable Energy targets of Eu­
ropean countries, the total offshore wind potential is expected to reach 100 GW by
2030 (Europe Wind, 2020). The International Energy Agency (IEA) predicts that,
in the longer term, Europe will make a significant step towards meeting the Paris
Agreement and becoming carbon­neutral (IEA, 2019). Specifically, the aim is to
make offshore wind the main electricity source by 2040, and reach a total installed
capacity of 230 to 450 GW by 2050. Offshore wind is, and will continue to be,
centre stage in the renewable energy arena.

Even though the offshore wind infrastructure has developed significantly in the
recent past, construction and maintenance costs remain relatively high. Globally,
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the average levelised cost of onshore wind is around 60 USD/MWh. In compari­
son, the corresponding costs for offshore wind electricity are 130 USD/MWh (2018)
(IREND, 2019), which is more than double for developments on land. To make
offshore wind energy competitive in the market, middle/long­term cost reduction
targets have been set to achieve 50−90 USD/MWh by 2030 and 30−70 USD/MWh
by 2050 (see Fig. 1.2). A significant fraction of offshore wind farm costs are asso­

Figure 1.2: Levelised cost of onshore and offshore wind electricity – reprinted from IREND (2019)

ciated with the fabrication and installation of supporting structures and foundation
systems. Foundations are known to take up to around 18% of the total investment
in typical offshore wind projects (Smart et al., 2016).

Monopile foundations, tubular steel piles driven into the seabed and supporting
the overlying wind tower, are the most popular substructure type. At present, about
80% of the offshore wind turbines (OWTs) in Europe are supported by monopiles,
followed by jacket and gravity base, see Fig. 1.3. Monopiles are simple to man­

Figure 1.3: Deployment of different OWT substructure/foundation types in Europe – modified after
Europe Wind (2020)

ufacture and require limited seabed preparation. Nonetheless, special attention is
necessary for their design, which must be such to ensure satisfactory performance
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under the significant horizontal/moment loads transmitted by the superstructure.
According to the current state of practice, offshore monopiles are normally em­
ployed in water depths up to about 30 ∼ 35m, with diameter in the range from 5 to
10 m, and embedment ratio (embedded length over diameter) in the order of 3–6.
Due to the depletion of near­shore locations, offshore wind farms have been pro­
gressively moved towards deeper waters to exploit more steady and reliable wind
power. In recent offshore wind projects, monopiles at larger distance from the
shore (from an average distance of 35 km in 2018 to 59 km in 2019) and in deeper
waters (∼ 50 m) have been considered, along with the installation of bigger and
more powerful OWTs (Fig. 1.4) – the average rated capacity of installed turbines
increased from 6.8 MW in 2018 to 7.8 MW in 2019 (Europe Wind, 2020).

Figure 1.4: Evolution in size and power output of OWTs (from Bloomberg New Energy Finance).

The gradual increase in monopile size and water depth has led to higher founda­
tion costs for materials, manufacture, transportation, and installation (Arany et al.,
2015). It is self­apparent that cost optimisation targets cannot be met without
reconsidering/improving design criteria and methodologies. At present, offshore
monopiles are usually designed based on the use of so­called p­y curves, for in­
stance, in the version recommended by the American Petroleum Institute (API) for
slender/flexible piles supporting offshore oil and gas platforms (API, 2014; DNV,
2016). The p­y method relies on the classical Winkler beam approach, i.e., on
representing the pile­soil system as a beam supported by independent non­linear
elastic springs (Fig. 1.5a). In this framework, the spring/soil reaction, 𝑝, is related
at a given depth to the pile lateral displacement 𝑦 (see a typical example of soil re­
action curve in Fig. 1.5b). As previously mentioned, p­y formulations were initially
conceived for the design of flexible piles with small diameter (approximately 2 m).
As monopiles are cylindrical structures of large diameter, the adoption of existing
API methods may lead to non­optimal, and perhaps erroneous, design choices. To
fill this gap, the PIle Soil Analysis (PISA) project was established in the UK in 2013 to
improve design procedures for laterally loaded monopiles using medium­scale field
testing and advanced numerical studies (Byrne et al., 2019). The resulting PISA
method enhances the traditional p­y approach by introducing additional soil reac­
tion components, related to base fixity/shear and shear stresses mobilised along
the pile shaft. The PISA approach is applicable to both marine sand (Burd et al.,
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(a) Spring modelling of pile­soil interaction (b) Example of p­y soil reaction curve

Figure 1.5: The p­y method for the analysis of lateral pile­soil interaction.

2020) and clay till (Byrne et al., 2020), with 3D Finite Element (FE) simulation re­
sults used to support the calibration of soil reaction functions. It should be noted,
however, that the proposed new method exclusively considers monotonic loading
conditions.

Further research on soil­foundation interaction in marine environments is still
needed for higher optimisation of OWT support structures and related costs. Off­
shore monopile design must be such to fulfil requirements regarding foundation
capacity, serviceability, and fatigue, in presence of either moderate service loads or
exceptional solicitations (Kallehave et al., 2015; Arany et al., 2017). With respect
to the limit state design philosophy, the following design checks are considered to
be the most relevant (Bhattacharya, 2019; Pisanò et al., 2019):

1. first natural frequency of the turbine­foundation­soil system (𝑓0) within the
so­called ‘soft­stiff’range, i.e., 𝑓1𝑝 < 𝑓0 < 𝑓3𝑝, where 𝑓1𝑝 and 𝑓3𝑝 are the
frequencies of rotor revolution and blade­passing, respectively (Bhattacharya,
2019);

2. sufficient resistance to fatigue under prolonged operational loads (FLS, Fa­
tigue Limit State);

3. sufficient capacity under loads of exceptional magnitude (ULS, Ultimate Limit
State);

4. full serviceability (limited deformations) under environmental and/or mechan­
ical service loads (SLS, Serviceability Limit State).

The design of OWT monopiles is mostly driven by horizontal/moment loads,
and must be carried out in consideration of the following geotechnical factors : (1)
highly non­linear soil behaviour, especially under cyclic loading, (2) accumulation of
irreversible soil deformations, (3) energy dissipation in the soil, and (4) soil erosion
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(scour) around the foundation. Issues related to seismic response are presently
receiving increasing attention as new offshore wind farms are being planned/built
in seismically active regions, such as the Asia­Pacific area (Kaynia, 2019).

Monopiles for offshore wind turbines must be designed to be fully functional
over an operational lifetime of 20 ∼ 30 years – i.e., under 108 to 109 cycles of
severe environmental loading induced by wind, sea waves and currents. Lateral
displacements and pile head rotation (monopile tilting) may accumulate during such
a long operational life. To fulfil relevant SLS requirements, a strict limit of 0.25−0.5∘
on the cumulative pile head rotation (monopile tilt) is normally recommended by
turbine manufacturers (DNV, 2016). Such a limit is becoming increasingly design­
driving for large monopiles, in that it leads to monopile lengths larger than resulting
from ULS capacity checks (Arany et al., 2017).

In order to alleviate the conservatism normally associated with pile rotation SLS
checks, deeper understanding/modelling of soil­monopile interaction under cyclic
loading is necessary, and therefore of intrinsic cyclic soil behaviour. Relevant ex­
perimental work has been recently performed to study cyclic monopile tilting, mostly
in sandy soil, for instance through small­scale testing under either normal (LeBlanc
et al., 2010; Nicolai and Ibsen, 2014; Nicolai et al., 2017; Albiker et al., 2017;
Abadie et al., 2019; Richards et al., 2019) or augmented gravity (Klinkvort, 2013;
Rudolph et al., 2014; Nicolai et al., 2017; Truong et al., 2019), or medium­scale
testing in the field (Li et al., 2015). As a result, empirical pile tilt relationships have
been proposed (Lin and Liao, 1999; LeBlanc et al., 2010; Richards et al., 2019),
however with limited possibilities to go beyond the geotechnical/loading conditions
considered in the reference dataset. On the other hand, the numerical predic­
tion of cyclic monopile tilt is challenging for at least two reasons (Pisanò et al.,
2019): (1) the computational cost is too high when pursued through so­called im­
plicit analysis (Niemunis et al., 2005) – i.e., step­by­step numerical calculation in
the time­domain; (2) dearth of soil models able to accurately reproduce the high­
cyclic behaviour of soils, i.e. under a number of loading cycles 𝑁 larger than 104
(Wichtmann and Triantafyllidis, 2016). An alternative approach is to combine ex­
plicit constitutive models1 – such as the High­Cyclic Accumulation (HCA) model by
Niemunis (2003), or the ‘contour diagrams’ approach developed at the Norwegian
Geotechnical Institute (Andersen et al., 1988) – with 2D/3D FE analysis, so that
the monopile response to cyclic loading (for instance, in terms of lateral tilt) can be
simulated with lower computational costs. Such an approach is generally referred
to as ‘explicit’ (Achmus et al., 2009; Jostad et al., 2015; Wichtmann et al., 2017;
Chong, 2017). Furthermore, analysis approaches based on the ‘macro­element’
concept have gained substantial popularity (Houlsby et al., 2017; Abadie et al.,
2019; Page et al., 2019). The macro­element method directly provides a lumped
relationship between force/moment and displacement/rotation components for the
whole foundation and the surrounding soils at the interface point with the (OWT)
superstructure. Accordingly, macro­elements allow to drastic reduction of the com­
putational burden of time­domain soil­structure simulations, for instance in com­

1constitutive models that ‘explicitly’ relate certain features of cyclic soil behaviour, such as accumulation
of strains and pore water pressure, to the number 𝑁 of loading cycles
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parison to fully 3D approaches. However, among all the above methods, implicit
3D FE modelling seems to possess the highest potential to reproduce and explain
geotechnical processes around a cyclically loaded monopile.

1.1. Motivation
Thorough understanding of complex soil­structure interaction mechanisms in OWTs
is key to improving engineering design methods and optimising fabrication and/or
installation costs for OWT support structures. Previous studies have already pointed
out how global monopile­soil interaction is closely linked to the high­cyclic be­
haviour of the surrounding soil under a variety of geotechnical and loading con­
ditions (Cuéllar et al., 2009; Abadie et al., 2019). In this respect, despite their
high computational costs, implicit, step­by­step 3D FE analysis is expected to valu­
ably contribute to the understanding of governing geo­mechanisms in OWTs, and
to guide the enhancement of foundation design methods in the presence of cyclic
loading (Cuéllar et al., 2014).

The soundness of implicit 3D FE analysis largely depends on the accuracy of
the constitutive model adopted for the cyclically loaded soil (Pisanò et al., 2019).
Reliable 3D FE modelling is expected to provide necessary insight into the behaviour
of the pile­soil system, even under conditions not previously monitored in the field or
tested in the laboratory (Truong et al., 2019). The selection of a suitable constitutive
model is relevant to all the above­mentioned ULS/SLS/FLS design checks (Page
et al., 2019). Further, high­fidelity constitutive modelling can potentially help to
reduce the scope of specific experimental activities, with additional positive impact
on timing and costs. In light of the above considerations, the renewed interest in
high­cyclic soil modelling is not only supported by the academic community, but
also loudly demanded by the offshore wind industry.

1.2. Objectives
This thesis aims to foster reliable analysis of cyclically loaded foundations, such as
monopiles, based on close inspection and modelling of local soil behaviour. The
study is limited to the case of sandy soils. A high­cyclic sand constitutive model
accounting for fabric effects is developed for use in implicit 3D FE analyses, to help
explore the response of monopiles at a scale lower than allowed by spring­based in­
teraction models (e.g., lumped macro­elements or Winkler­type p­y models). The
proposed model is believed to make a new tool for the optimisation of cyclically
loaded foundations, based on enhanced mathematical representation of cyclic sand
behaviour – particularly, of strain accumulation and pore pressure build­up. In
more detail, the steps forward taken by this study relate to the following theoreti­
cal/numerical developments:

– a new constitutive model is formulated in the framework of bounding surface
plasticity with the addition of a so­called ‘memory surface’. The model, named
SANISAND­MS, is proven able to reproduce high­cyclic strain accumulation in
sand specimens under drained loading, over a wide range of initial/boundary
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conditions;

– SANISAND­MS is further validated at the sand specimen level against addi­
tional laboratory dataset and the concept of ‘terminal densities’, so as to build
an additional trust about the use of the model in 3D soil­foundation interaction
problems;

– the modelling capabilities of SANISAND­MS are expanded to include undrained
cyclic loading conditions, and particularly the simulation of pore pressure
build­up and so­called ‘cyclic mobility’;

– SANISAND­MS is finally applied to the 3D FE analysis of a laterally loaded
monopile. 3D FE results are compared to small­scale test results from the
literature, in order to qualitatively assess the performance of the proposed
sand model in boundary value problems.

1.3. Outline
The thesis is formed by seven chapters, including this introduction, a review of
the state of the art, the main core of the research, and final conclusions and rec­
ommendations. All novel findings are covered in Chapters 3 ­ 6, which are based
on four journal papers – see relevant references below. With respect to the rele­
vant publications, Chapters 3­6 have been assembled with an effort to limit certain
repetitions (particularly about model formulation details), while preserving the un­
derlying paper­based structure.

Chapter 2 overviews relevant literature concerning cyclic sand behaviour as ob­
served at the scale of laboratory tests. The main factors affecting sand cyclic re­
sponse are pointed out, and related to existing constitutive modelling strategies. In
the latter respect, emphasis is on constitutive theories in the framework of elasto­
plasticity, whose suitability has been generally recognised in the past decades by
the geotechnical/geomechanical community.

Chapter 3, based on Liu et al. (2019), presents the formulation of a new,
memory­enhanced, bounding surface plasticity model for sand (SANISAND­MS).
The main novelty of SANISAND­MS lies in its suitability to reproduce high­cyclic
ratcheting, i.e., the gradual accumulation of permanent strains under numerous
loading cycles. The ratcheting performance of the model, particularly under drained
cyclic loading, is validated against experimental data from the literature, including
a number of loading cycles up to 104 ∼ 105. The benefits of the model in the
presence of undrained loading conditions are also preliminarily discussed.

Chapter 4, based on Liu and Pisanò (2019), presents further evidence of per­
formance of SANISAND­MS with respect to the numerical prediction of so­called
‘terminal densities’ under confined cyclic compression (oedometer conditions). Nu­
merical results confirm the ability of the model to naturally reproduce sand high­
cyclic response observed in cyclic oedometer tests on dry sand specimens.

Chapter 5, based on Liu et al. (2020a), further expands the reach of SANISAND­
MS with respect to undrained cyclic loading conditions, namely to capture cycle­
by­cycle trends of pore water pressure build­up and strain accumulation (cyclic
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mobility). This is accomplished by adding new model features (enhanced plastic
flow rule and memory surface hardening) to the formulation presented in Chapter
3.

Chapter 6, based on Liu et al. (2020b), reports 3D FE results in support of the
use of SANISAND­MS in the analysis of cyclic monopile tilt in sand. The aim of
the chapter is to numerically investigate relevant soil­pile interaction mechanisms
under cyclic loading, with qualitative comparison to small­scale test results from the
literature.

Chapter 7 presents relevant conclusions based on previous chapters, as well as
recommendations for future research.
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2.1. Introduction
The cyclic behaviour of sand is of great relevance to numerous geotechnical appli­
cations, for instance in the fields of earthquake, offshore, and railway engineering.
Cyclic loading conditions may be caused by diverse sources, and mobilise features
of soil behaviour such as irreversible straining, cyclic hysteresis, and pore pressure
build­up. The variety of initial, boundary and drainage conditions that a soil mass
may experience under cyclic loading makes the resulting mechanical response very
complex to describe comprehensively.

This chapter overviews available experimental evidence regarding the cyclic be­
haviour of sand, aiming to clarify the fundamental links between soil microstructure
and response observed in laboratory tests. The initial experimental review is fol­
lowed by a summary of existing frameworks for cyclic constitutive modelling, with
emphasis on formulations based on elastoplasticity.

2.2. Cyclic behaviour of sand
This section focuses on experimental aspects of cyclic sand behaviour that are im­
mediately relevant to geotechnical problems in offshore (wind) engineering. First,
relevant response patterns are introduced, e.g., ratcheting versus shakedown defor­
mation behaviour, or, under undrained conditions, cyclic liquefaction versus cyclic
mobility. The role of the main governing factors (loading type, drainage of pore
water, and initial soil state) is discussed for each considered class of behaviour.
After detailed discussion of response features under drained (Section 2.2.1) and
undrained (Section 2.2.2) cyclic loading conditions, insight into micromechanical
aspects (fabric effects) is provided in Section 2.2.3.

2.2.1. Drained conditions
Loading repeated over a long period of time can cause significant accumulation of
permanent deformations when a given threshold strain (Bouckovalas et al., 1984;
Chang and Whitman, 1988; Karg et al., 2010) is exceeded (Chong and Santama­
rina, 2016). Consequently, changes related to soil density, hydraulic conductivity,
stiffness and strength become difficult to predict only based on the response to
monotonic loading (Park and Santamarina, 2019). Under drained conditions, large
deviatoric strains occur under monotonic loading. Upon load reversal, the response
of the soil tends to become stiffer, and less permanent strains are produced for
the same load increment. Under repeated load reversals, strains accumulate with a
decreasing accumulation rate (Tatsuoka and Ishihara, 1974), and asymptotic con­
ditions are approached as the number of loading cycles increases (Tatsuoka and
Ishihara, 1974; Bouckovalas et al., 1984; Wan and Guo, 2001b; Wichtmann et al.,
2005; Pasten et al., 2014). The progressive decrease in strain accumulation rate
is associated with a gradual reduction in hysteretic energy dissipation, which is
in turn closely related to a gradual increase in cyclic secant stiffness (Chang and
Whitman, 1988; Wichtmann et al., 2005; Narsilio and Santamarina, 2008). In the
following, experimental observations about cyclic strain accumulation under drained
conditions are summarised, including both deviatoric and volumetric deformation
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modes.

Cyclic strain accumulation
Sand samples subjected in the laboratory to cyclic shear loading experience, un­
der drained conditions, deviatoric strain accumulation (Tillemans and Herrmann,
1995; Lekarp and Dawson, 1998). Depending on soil properties and cyclic load­
ing conditions, such accumulation may progress according to different patterns
(Alonso­Marroquín, 2004):

1. Elastic behaviour. If the applied deviatoric stress amplitude is too small, no
cyclic accumulation of irreversible/plastic strain is observed, and the soil can
be said to behave (nearly) elastically.

2. Elastic shakedown. Plastic deviatoric strain accumulation occurs only during
a few initial cycles. As more loading cycles are applied, neither creation/loss
of inter­particle contacts nor contact slippage is generated. The steady­state
stress­strain behaviour is non­hysteretic, as the deviatoric strain recovers fully
in every cycle and asymptotically reaches a stable level (di Prisco and Muir
Wood, 2012; Chong and Santamarina, 2016).

3. Plastic shakedown. The stress­strain response is hysteretic. The plastic de­
viatoric strain accumulates progressively within the initial cycles. As more
loading cycles are applied, contact slippage and/or particle rearrangement
may occur within each cycle. However, a stable stage is achieved in which
the accumulated plastic deviatoric strain over each full cycle is nil (Chong and
Santamarina, 2016; Park and Santamarina, 2020). This kind of behaviour is
often referred to as ‘ideal­plastic adaptation’ (di Prisco and Muir Wood, 2012)
or ‘plastic shakedown’ (Chong and Santamarina, 2016; Park and Santamarina,
2020).

4. Ratcheting. The stress­strain response is hysteretic. Deviatoric straining con­
tinuously develops during cycling with a decreasing, though non­vanishing,
rate. In other words, ratcheting behaviour is associated wit net deviatoric
strain accumulation in each loading cycle.

The response to cyclic loading in terms of volumetric straining is typically charac­
terised by the attainment of a stable, asymptotic density (Narsilio and Santamarina,
2008; Park and Santamarina, 2020). Such stable density (or, equivalently, stable
void ratio) has been termed terminal density (or terminal void ratio) by Narsilio
and Santamarina (2008). Soil samples can either contract or dilate to reach the
terminal densities. Under monotonic shearing, sand reaches its terminal void ratio
at critical state, i.e., when the shear flow of the material develops without further
changes in volume. For cyclic loading conditions, the terminal density corresponds
with a state in which the accumulated net volumetric strain is equal to zero during
a complete stress loop. The terminal density determines the upper limit of the vol­
ume change during a predetermined test condition – i.e., the sand density evolves
towards its terminal values depending on material properties, cyclic load settings,
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and boundary conditions (Lackenby et al., 2007; Narsilio and Santamarina, 2008;
Park and Santamarina, 2020). The attainment of a terminal density is transversal
to different shear deformation patterns, and may be associated with either ratch­
eting or shakedown behaviour. A visual representation of drained sand behaviour
under triaxial cyclic loading is provided in Fig. 2.1 with reference to shakedown and
ratcheting deformation patterns.

Figure 2.1: Drained sand behaviour under triaxial cyclic loading (modified after Park and Santamarina
(2020)).

Factors governing drained cyclic behaviour
As noted in Chapter 1, serviceability checks are often design­driving for wind tur­
bine foundations, i.e., in relation to monopile tilting. As such tilting is closely related
to strain accumulation in the soil, this section explains how different geotechni­
cal/loading factors affect the occurrence and evolution of cyclic sand ratcheting.
Relevant loading/stress variables are defined in Fig. 2.1, where 𝑝𝑖𝑛 is the initial
mean effective stress, 𝑞𝑎𝑣𝑒 the average deviatoric stress, 𝑞𝑎𝑚𝑝𝑙 the cyclic devi­
atoric stress amplitude, and the average shear stress ratio 𝜂𝑎𝑣𝑒 is calculated as
𝑞𝑎𝑣𝑒/𝑝𝑖𝑛.

Permanent strain may accumulate in sand samples subjected to drained cyclic
loading. The accumulation direction in the accumulated strain space (see Fig. 2.2)
– defined as the ratio 𝜔 between accumulated volumetric 𝜀𝑎𝑐𝑐𝑣𝑜𝑙 and deviatoric strain
𝜀𝑎𝑐𝑐𝑞 (𝜔 = 𝜀𝑎𝑐𝑐𝑣𝑜𝑙 /𝜀𝑎𝑐𝑐𝑞 ) – has been previously studied through laboratory tests (Luong,
1982; Chang andWhitman, 1988; Wichtmann, 2005; Escribano, 2014). All the cyclic
tests considered in this review were performed under drained triaxial conditions, and
lead to generally conclude that the strain accumulation direction is highly affected
by the average stress ratio 𝜂𝑎𝑣𝑒 (see Fig. 2.2), with low influence of the mean
effective stress and the initial void ratio. Chang and Whitman (1988) found that
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the number of loading cycles 𝑁 has no effect on the strain accumulation direction
for 𝑁 ≈ 103; however, the high­cyclic test results by Wichtmann (2005) indicate
that, with 𝑁 = 105, the ratio 𝜔 tends to increase slightly with 𝑁. Furthermore,
Wichtmann (2005) performed drained high­cyclic triaxial tests on the same sand
at varying loading frequency, cyclic stress amplitude and static pre­loading, and
found only negligible (or unclear) impact of such factors on the direction of strain
accumulation.

No accumulated volumetric strain

No accumulated 

deviatoric strain

Figure 2.2: Influence of average stress ratio on strain accumulation direction for a quartz sand with
sub­angular grains under drained cyclic triaxial loading (modified after Wichtmann (2005)).

The overall magnitude of the accumulated strain (𝜀𝑎𝑐𝑐 = √(𝜀𝑎𝑐𝑐𝑣𝑜𝑙 )2/3 + 1.5(𝜀𝑎𝑐𝑐𝑞 )2,
with 𝜀𝑎𝑐𝑐𝑣𝑜𝑙 and 𝜀𝑎𝑐𝑐𝑞 standing for accumulated volumetric and deviatoric strain, re­
spectively) under drained cyclic loading is strongly affected by loading pattern and
sand properties. Strain accumulation progresses with the number of cycles with a
decreasing rate. Under otherwise same conditions, the accumulated strain magni­
tude increases at increasing average stress ratio (Fig. 2.3a) and stress amplitude
(Fig. 2.3b).

There is no final consensus on the influence of the average confining pressure
𝑝𝑎𝑣𝑒 (mean effective stress). Experimental results from Wichtmann (2005) hint that
𝑝𝑎𝑣𝑒 affects marginally the magnitude of strain accumulation, at least for a number
of loading cycles no larger than 104. In Fig. 2.4a, accumulated strains lie within a
narrow range for 𝑁 < 104. Under more cycles, larger confining pressure results in a
lower accumulated strain level. However, the same research group produced later
test results regarding a different sand (Wichtmann and Triantafyllidis, 2017), and
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Increasing average 

stress ratio

(a) Influence of average stress ratio

Increasing stress amplitude

(b) Influence of cyclic stress amplitude

Figure 2.3: Results from drained high­cyclic triaxial tests on a quartz sand with subangular grains –
influence of average and cyclic shear stress on accumulated strain (modified after Wichtmann (2005)).

found a more obvious dependence of strain accumulation on 𝑝𝑎𝑣𝑒, even for 𝑁 in
the range of 102−3 (see Fig. 2.4b). The same later work suggests that, for a given
number of cycles, strain accumulation is positively correlated with the confining
pressure.

No clear dependence on 

average confining prssure

(a) A fine quartz sand (Wichtmann, 2005)

Increasing average 

confining pressure

(b) Cuxhaven fine sand (Wichtmann and Triantafyllidis, 2017)

Figure 2.4: Drained cyclic triaxial tests results – influence of average confining pressure on accumulated
strain (modified after (a) Wichtmann (2005)) and (b) Wichtmann and Triantafyllidis (2017).

Samples with larger initial relative density (or lower void ratio)1 exhibit lower
strain accumulation rate for each loading cycle, and experience a smaller accumu­
lated strain level for given 𝑁 (see Fig. 2.5). This conclusion is also confirmed by
other experimental studies (Silver and Seed, 1971; Wichtmann, 2005; Wichtmann
and Triantafyllidis, 2017).

1void ratio 𝑒 is defined as ratio of the volume of voids to volume of solids; relative density 𝐷𝑟 is defined
as 𝐷𝑟 = (𝑒 − 𝑒𝑚𝑖𝑛)/(𝑒𝑚𝑎𝑥 − 𝑒𝑚𝑖𝑛), with 𝑒𝑚𝑎𝑥,𝑚𝑖𝑛 the maximum and minimum void ratio, respectively
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Decreasing relative density

Figure 2.5: Influence of relative density (modified after Wichtmann (2005))

2.2.2. Undrained conditions
Generally, cyclic loading tends to promote sand volumetric contraction. If volume
changes are inhibited by hindered pore water drainage, then a build­up in pore pres­
sure is observed, and therefore a decrease in mean effective stress (i.e., in inter­
particle contact forces). The undrained cyclic behavior of sand is largely affected
by pore pressure build­up (Andersen, 2009), which is accompanied by simultane­
ous shear stiffness degradation and accumulation of deviatoric strain (Dobry et al.,
1985). In this section, general features of undrained sand behaviour are presented
in relation to single­amplitude cyclic loading – see Fig. 2.6. Similar definitions as

Figure 2.6: Schematic representation of the undrained cyclic testing conditions.

in the previous subsection are adopted herein to discuss undrained triaxial test re­
sults: 𝑝𝑖𝑛 is the initial mean effective stress, 𝑞𝑎𝑣𝑒 the average deviatoric stress,
𝑞𝑎𝑚𝑝𝑙 the cyclic deviatoric stress amplitude, and 𝑞𝑚𝑎𝑥,𝑚𝑖𝑛 = 𝑞𝑎𝑣𝑒 ± 𝑞𝑎𝑚𝑝𝑙. When
simple shear (DSS) test results are considered, the tangential shear strain compo­
nent 𝜏 is adopted in lieu of the triaxial deviatoric stress 𝑞.

Under undrained cyclic loading, several soil and loading factors influence the
occurrence of different deformation/failure modes (Elgamal et al., 2003; Yang and
Sze, 2011; Ziotopoulou and Boulanger, 2013): (1) cyclic liquefaction; (2) cyclic mo­
bility; or (3) excessive plastic strain accumulation (failure by loss of serviceability).
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In the following subsections, these three failure modes are described in detail for
what concerns the (1) pore water pressure build­up and (2) deviatoric strain ac­
cumulation. Triggering conditions and governing factors are explicitly pointed out.
Relevant explanations are presented with respect to reference experimental data,
namely from Wichtmann (2005), Wichtmann and Triantafyllidis (2016)2 and Sze
and Yang (2014).

Cyclic liquefaction
Liquefaction under undrained cyclic shearing occurs when the sand loses its strength
and starts to flow as a viscous fluid. In laboratory tests, sand liquefies when the pore
water pressure becomes practically as large as the initial mean effective stress, and
the sample experiences severe/uncontrollable deformation. In other words, cyclic
liquefaction occurs in association with abrupt pore pressure build­up and deviatoric
straining. This phenomenon is exemplified in Fig. 2.7, and can only take place in
loose sand.

(a) q­p response (b) q­𝜀1 response

Figure 2.7: Cyclic liquefaction under undrained triaxial loading (Wichtmann and Triantafyllidis, 2016).
Test conditions: symmetric deviatoric loading, 𝑝𝑖𝑛 = 100 kPa, 𝑞𝑎𝑚𝑝𝑙 = 25 kPa, relative density 𝐷𝑟 =
25%, one drained pre­cycle prior to undrained shearing.

In Fig. 2.7, although the mean effective stress is progressively decreasing under
cyclic loading, there is almost no axial strain accumulation until the point where
sudden failure is triggered – the mean effective stress decreases drastically from 40
kPa to 0 without further recovery of soil strength, while the axial strain increases
rapidly from almost 0 to ­0.1. The exact moment in which cyclic liquefaction occurs
is difficult to predict, and is normally associated in the field with sudden catastrophic
failure.

Cyclic mobility
Medium­dense and dense sands are unlikely to exhibit a liquefaction response of
the kind in Fig. 2.7. Instead, so­called ‘cyclic mobility’ is most usually observed
in saturated dilative sand (Fig. 2.8). During cyclic mobility, the effective stress
path undergoes a ‘butterfly­shaped’ evolution along and below the steady­state
line (see Fig. 2.8a). Relatedly, transient stages of pore pressure increase and
dissipation are observed (due to the alternation of contractive and dilative behavior),
and the deviatoric strain accumulates gradually (Ishihara, 1993). Two conditions
2online data base: http://www.torsten­wichtmann.de/

http://www.torsten-wichtmann.de/
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(a) q­p response (b) q­𝜀1 response

Figure 2.8: Cyclic mobility under undrained triaxial loading (Wichtmann and Triantafyllidis, 2016). Test
conditions: symmetric loading, 𝑝𝑖𝑛 = 100 kPa, 𝑞𝑎𝑚𝑝𝑙 = 30 kPa, relative density 𝐷𝑟 = 61%, one drained
pre­cycle prior to undrained shearing.

seem necessary for cyclic mobility to occur, i.e., (1) dilative behaviour, and (2)
load reversals between minimum/maximum deviatoric stresses of opposite sign (so­
called two­way loading) (Vaid and Chern, 1985).

A specific locus in the stress space, the so­called ‘Phase Transformation Line’
(PTL), appears to govern the alternation of dilative/contractive response – see 𝑞 −
𝑝 illustration in Fig. 2.9. When the stress state lies below the PTL, the soil is

Figure 2.9: Illustration of phase transformation line (PTL) in 𝑞 − 𝑝 space.

contractive and positive pore pressure increments occur under shear loading; the
opposite takes place (dilative behaviour and pore pressure decrements) when the
stress path overcomes the PTL. (Fig. 2.8a). Before approaching the PTL for the first
time, purely contractive behaviour is observed, and the pore water pressure builds
up with limited deviatoric strain during cycling (see sand states prior to state 𝐴 in
Fig. 2.8). This initial stage is substantially similar to what is observed in loose sand
prior to the sudden triggering of liquefaction failure. After crossing the PTL, the
mentioned contractive­dilative alternation gives rise to increase­reduction cycles in
terms of pore pressure and, therefore, sand stiffness (Ishihara et al., 1975).

Within the cyclic mobility regime, (i) each time the mean effective stress ap­
proaches zero (i.e., vanishing shear resistance), finite but significant deviatoric
strain develops irreversibly – though without triggering a sudden collapse (Iai et al.,
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1992); (ii) the deviatoric strain amplitude gradually increases in each cycle on both
positive/negative sides, and leads eventually to test failure due to uncontrollable
deformation (Fig. 2.8b).

Strain accumulation in the presence of static preshear
When a static preshear is applied so that no change in deviatoric stress sign oc­
curs during undrained cyclic loading (one­way loading), the pore pressure build­up
tends to stabilise. Instead of the above­mentioned ‘butterfly­shaped’ cycles in the
𝑞 − 𝑝 plane (Fig. 2.8a), the stress path evolves over ‘lens­shaped’3 loops (Fig.
2.10a). Although there is a clear upper­bound on the pore water pressure re­
gardless of the number of cycles, the deviatoric strain (axial strain in Fig. 2.10b)
tends to accumulate cycle by cycle. Under these testing conditions, excessive strain
accumulation in one direction leads to sample failure in the form of a ‘loss of ser­
viceability’. Yang and Sze (2011) concluded that strain accumulation progresses at
an almost constant rate, while Wichtmann and Triantafyllidis (2016) suggested that
theh rate decays with the number of cycles. Though no full consensus has yet been
achieved, a wide set of experimental observations on both loose and dense sands
are nowadays available for theoretical studies and numerical simulation (Ghionna
and Porcino, 2006; Yang and Sze, 2011; Wichtmann and Triantafyllidis, 2016).

(a) q­p response (b) q­𝜀1 response

Figure 2.10: Strain accumulation in the presence of static preshear (Wichtmann and Triantafyllidis,
2016). Triaxial test conditions: 𝑝𝑖𝑛 = 300 kPa, 𝑞𝑎𝑚𝑝𝑙 = 120 kPa, 𝑞𝑎𝑣𝑒 = 150 kPa, relative density
𝐷𝑟 = 64%, 1 drained pre­cycle prior to undrained shearing.

Factors governing undrained cyclic behaviour
This subsection overviews the material and loading factors that most affect the
undrained cyclic behaviour of sand. Stress­strain response and related failure mode
depend on initial void ratio, initial mean effective stress, initial stress ratio (defined
as 𝑞𝑎𝑣𝑒/𝑝𝑖𝑛), and cyclic shear stress amplitude. The following three types of cyclic
loading are considered herein Randolph and Gourvenec (2011): (a) one­way (with
no load reversals); (b) symmetric two­way loading (with load reversals about a nil
mean shear/deviatoric stress – 𝜏𝑎𝑣𝑒 = 0 or 𝑞𝑎𝑣𝑒 = 0); (c) non­symmetric two­way
loading (with load reversals and 𝜏𝑎𝑣𝑒 ≠ 0 or 𝑞𝑎𝑣𝑒 ≠ 0). As stated in Section 2.2.2,
‘butterfly­shaped’ stress paths in the cyclic mobility regime can only occur under

3Terminology inspired by Wichtmann and Triantafyllidis (2016).
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two­way cyclic loading. For one­way loading, the effective stress path repeatedly
passes through a certain lens­shaped loop (Mao, 2000; Wichtmann and Triantafyl­
lidis, 2016), with the deviatoric strain accumulating at a decaying rate. The accu­
mulation direction is governed by the average shear stress level. For example, in
undrained one­way cyclic triaxial tests, the axial strain accumulates on the positive
side if lens­shaped looping takes place on the compression side (i.e., 𝑞𝑚𝑖𝑛 > 0)
(see Fig. 2.10); for lens­shaped stress loops on the extension side (𝑞𝑚𝑎𝑥 < 0) (see
Fig. 2.11), negative axial strain accumulates. For symmetric two­way triaxial tests

(a) q­p response (b) q­𝜀1 response

Figure 2.11: One­way undrained cyclic triaxial test results (Wichtmann and Triantafyllidis, 2016). Test
conditions: 𝑝𝑖𝑛 = 200 kPa, 𝑞𝑎𝑚𝑝𝑙 = −100 kPa, 𝑞𝑎𝑣𝑒 = 40 kPa, relative density 𝐷𝑟 = 66%, 1 drained
pre­cycle prior to undrained shearing.

(𝑞𝑎𝑣𝑒 = 0), the strain accumulated on the compression side is larger than that on
the extension side in the cyclic mobility state. For non­symmetric two­way cycles,
strain accumulation on the compression side prevails if the average stress 𝑞𝑎𝑣𝑒 > 0
(see Fig. 2.12a), while negative strain accumulation prevails if 𝑞𝑎𝑣𝑒 < 0 (Wicht­
mann and Triantafyllidis, 2016) (see Fig. 2.12b). Youd and Idriss (2001) indicated
that an increase in initial confining pressure increases the resistance to liquefaction
(𝐶𝑅𝑅𝑛, defined as the cyclic stress ratio required to trigger liquefaction after 𝑛 cy­
cles). Wichtmann and Triantafyllidis (2016) suggested that under constant initial
average stress ratio and soil density, the confining pressure has a negligible influ­
ence on the liquefaction resistance. Therefore, there seems to be no consensus
regarding the influence of the initial confining pressure.

The impact of a static preshear on sand liquefaction resistance has been widely
studied (Lee and Seed, 1967; Yoshimi and Oh­oka, 1975; Seed, 1981; Vaid and
Chern, 1983; Yang and Sze, 2011; Boulanger and Ziotopoulou, 2013). Both increase
(Seed, 1981) and decrease (Yoshimi and Oh­oka, 1975) in liquefaction resistance
have been reported to be possible in the presence of a static preshear. The reason
for this inconsistency may be often due to the lack of systematic/comprehensive
experimental datasets. In most of the aforementioned studies, tests were per­
formed for a narrow density range under relatively small stress levels and low initial
static shear levels. To remedy these limitations, Yang and Sze (2011) performed
undrained (symmetric and non­symmetric) cyclic triaxial tests on Toyoura sand over
a wide range of relative density (from 10% to 70%), and initial effective average
pressures 𝑝𝑖𝑛 between 100 and 500 kPa. Initial static stress ratios (defined as
𝑞𝑠/(2𝜎′𝑛𝑐), with 𝑞𝑠 the initial deviatoric stress; 𝜎′𝑛𝑐 the normal consolidation stress
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(a) 𝐷𝑟 = 56%, 𝑞𝑎𝑣𝑒 = 50 kPa, compression strain dominates

(b) 𝐷𝑟 = 65%, 𝑞𝑎𝑣𝑒 = −50 kPa, extension strain dominates

Figure 2.12: Non­symmetric two­way undrained cyclic triaxial tests. Test conditions: 𝑝𝑖𝑛 = 200 kPa,
𝑞𝑎𝑚𝑝𝑙 = 60 kPa, 1 drained pre­cycle applied prior to undrained shearing.

on the 45∘ plane) in the range from 0 to 0.4 were considered. With reference to
the examined 𝑝𝑖𝑛 range, the authors concluded that, as illustrated in Fig. 2.13, in­
creasing initial static preshearing enhances the undrained cyclic resistance of dense
and medium­dense sand (denser than critical). Conversely, loose samples (looser
than critical) show a non­monotonic dependence of the undrained cyclic resistance
on the static preshear.

0 0.1 0.2 0.3 0.4 0.5 0.6
Initial static stress ratio q

s
/(2 '

n
)

0

0.2

0.4

0.6

0.8

C
R

R
n

Dr=10%

Dr=20%

Dr=50%

Dr=70%

Figure 2.13: Influence of initial static stress ratio on cyclic liquefaction resistance ratio 𝐶𝑅𝑅𝑛 (Yang and
Sze, 2011). Undrained non­symmetric triaxial test, 𝜎′𝑛𝑐 = 300 kPa.

The effects of the cyclic loading amplitude were studied by Wichtmann and Tri­
antafyllidis (2016) for specimens at the same initial confining pressure, with the
same average cyclic stress ratio and relative density. Under two­way loading, soil
samples subjected to larger cyclic amplitudes require less loading cycles to reach
liquefaction/cyclic mobility – compare Fig. 2.14 to Fig. 2.8). The strain response
varies depending on the relative density when two­way loading is applied. For
medium­dense and dense sand samples, the magnitude of the developed strain
amplitude increases with increasing cyclic stress amplitude, but decreases with in­
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(a) q­p response (b) q­𝜀1 response

Figure 2.14: Cyclic mobility in undrained cyclic triaxial test results (Wichtmann and Triantafyllidis, 2016).
Test conditions: symmetric loading, 𝑝𝑖𝑛 = 100 kPa, 𝑞𝑎𝑚𝑝𝑙 = 20 kPa, relative density 𝐷𝑟 = 62%, 1
drained pre­cycle prior to undrained shearing.

creasing initial relative density.
In sand samples subjected to one­way loading, larger cyclic amplitude results

in a larger stable pore pressure level and faster pore pressure accumulation (Fig.
2.15a). Besides, higher axial strain level is obtained for larger cyclic amplitude for
a given number of loading cycles (Fig. 2.15b).
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Figure 2.15: One­way undrained cyclic triaxial tests (Wichtmann and Triantafyllidis, 2016). Test condi­
tions: 𝑝𝑖𝑛 = 300 kPa, 𝑞𝑎𝑣𝑒 = 150 kPa, relative density 𝐷𝑟 ≈ 62%, 1 drained pre­cycle applied prior to
undrained shearing.

The effect of drained cyclic preloading on the cyclic undrained behaviour has
also been investigated (Nemat­Nasser and Tobita, 1982; Wichtmann, 2005). As
illustrated in Fig. 2.16, drained cyclic preloading generally contributed to increase
the liquefaction resistance. At the same average stress ratio level, higher cyclic
stress amplitude and/or a larger number of loading cycles result in higher liquefac­
tion resistance (more loading cycles needed to make the mean effective vanish for
the first time). On the other hand, drained preloading cycles do not seem to affect
the axial strain accumulation in the cyclic mobility stage – in all the cases considered
by Wichtmann (2005), about 6% and −8% axial strain was accumulated on com­
pression and extension sides, respectively, within four cycles during cyclic mobility.

After the experimental evidence presented so far, the next section focuses on
its relation with microstructural factors (fabric effects).
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No drained preloading 

N=7 (undrained)

Undrained loading cycles N=1-4
N=8
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(b) 10 drained preloading cycles with cyclic stress amplitude 𝑞𝑎𝑚𝑝𝑙=30 kPa, 𝐷𝑟 = 65%
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(c) 10 drained preloading cycles with cyclic stress amplitude 𝑞𝑎𝑚𝑝𝑙=50 kPa, 𝐷𝑟 = 66%

(d) 10 drained preloading cycles with cyclic stress amplitude 𝑞𝑎𝑚𝑝𝑙=50 kPa, 𝐷𝑟 = 64%

Figure 2.16: Impact of drained cyclic preloading on undrained cyclic behaviour (modified after Wicht­
mann (2005)): initial effective stress 𝑝𝑖𝑛 =100 kPa, undrained cyclic loading amplitude 𝑞𝑎𝑚𝑝𝑙𝑢𝑛 = 45
kPa.
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2.2.3. Fabric effects
The stress­strain response of sands is deeply affected by their ‘fabric’ and its evolu­
tion under external loading. Sand fabric effects emerge from the complex interplay
of particle size and shape, spatial distribution and arrangement of the grains, and
contact network (Mitchell et al., 2005). Friction and kinematic constraints at particle
contacts contribute to the macroscopic strength (Oda, 1972; Arthur and Menzies,
1972) and stiffness (Zdravkovic and Jardine, 1997; Kuwano and Jardine, 2002) of
sand, which exhibit mechanical anisotropy (i.e., dependence on the loading direc­
tion) related to microstructural attributes. This has been widely observed in natural
deposits, compacted fills and laboratory specimens. The analysis of sand fabric ef­
fects in granular materials focuses on the link between micromechnical properties
and macroscopic response to external perturbations.

The micromechanical anisotropy of sand fabric is related in sand specimens to
both intrinsic and external factors, such as sample preparation, type of (anisotropic)
consolidation, and shear loading programme (Oda et al., 1985). For presentation
purposes, fabric effects, and related sand anisotropy, are often distinguished as
either ‘inherent’ or ‘induced’ (Casagrande and Carrillo, 1944; Oda, 1972). Inher­
ent fabric concerns the microstructure of sand prior to loading (Oda, 1972). In
contrast, induced fabric relates to the evolution experienced under the action of
external loads. The main contributors to what is called inherent fabric are: (1) the
direction of the major particle axis with respect to the bedding plane (i.e., the plane
perpendicular to gravity), (2) the orientation of interparticle contact normals with
respect to gravity, and (3) the preferential orientation of void spaces (Oda, 1972;
Li and Dafalias, 2002; Tong et al., 2014). Among these three factors, (1) shows
the strongest stability and slow evolution under shear loading up to critical state,
while (2) and (3) may change abruptly form the very onset of loading (Oda, 1972;
Jafarzadeh et al., 2008; Fonseca, 2011). In other words, inherent fabric is altered
by loading and contributes to the evolution of load­induced anisotropy.

Laboratory testing studies
Specimens made by preparing the same sand at the same density, but through
different methods, feature different inherent anisotropy (Nemat­Nasser and Tobita,
1982) and, therefore, different mechanical behaviour (Miura and Toki, 1982; Porcino
et al., 2004; Sze and Yang, 2014; Wichtmann, 2016). In fact, micromechanical
arguments suggest that different sampling methods produce significant differences
in inherent sand fabric.

Sample pluviation usually leads to elongated soil grains lying with their major
axis perpendicular to gravity. Preparation through tamping results in a slightly pre­
ferred orientation perpendicular to the horizontal plane, which tends to disappear
under shear loading (Mitchell et al., 2005). Grain contact normals are to a large
extent oriented along the vertical direction for samples prepared by moist tamping,
while it is much less obvious to draw a similar conclusion for air­pluviated samples.
Similarly to pluviated samples, specimens prepared using the tamping method ex­
hibit an initial fabric in which the particles’ major axes are more aligned along the
horizontal plane. For samples prepared via dry deposition, the major axis of sand
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particles is mainly oriented along the horizontal direction, which turns out to be
a rather stable fabric configuration. Typical sand fabric arrangements as resulting
after dry deposition and moist tamping are illustrated in Fig. 2.17.

(a) Dry deposition

(b) Moist tamping

Figure 2.17: Types of sand fabric generated by different sampling methods (modified after Sze and Yang
(2014).)

Wan and Guo (2001a) sought quantitative links to explain how observed fabric
effects depend on fabric orientation and degree of anisotropy, concluding that:

1. the bedding plane of samples prepared via water sedimentation and dry depo­
sition is perpendicular to the direction of particle falling and tamping, respec­
tively. Therefore, parallel bedding planes (i.e., most contact normals aligned
with the vertical direction) are generally produced for both methods. If the
bedding plane turns out to be vertical and parallel to the direction of the max­
imum principal stress, then samples tend to be weak in the vertical direction
and more likely to experience volume changes. Conversely, a horizontal bed­
ding plane with most contact normals oriented along the vertical direction is
associated with high strength and stiffness;

2. a high degree of anisotropy contributes to larger strength in the axial direction
and more dilative soil behavior. Thus, samples prepared using moist tamping
are stronger in the vertical direction than samples prepared via dry deposition
under otherwise same conditions;

3. particle shape is another influential factor. For instance, samples with elon­
gated grains tend to exhibit a behaviour that is inherently more anisotropic
(Wang and Mok, 2008).
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Regarding cyclic loading conditions, Wichtmann et al. (2020) performed drained
high­cyclic (𝑁 = 105) triaxial tests on clean Karlsruhe fine sand samples prepared
using different sampling methods. Similar strain accumulation patterns (see Section
2.2.1) were observed regardless of the sampling method – including similar strain
accumulation rates, and negligible influence on the strain accumulation direction.
In more detail, dry and water pluviation methods resulted in similar accumulated
strain magnitude, both being much larger than that measured for samples prepared
via dry loose deposition followed by compaction. Sand relative density was found
to affect the ‘intensity’ of fabric effects. At low densities, moist tamping sampling
led to larger cumulative residual strain compared to experimental results after air
pluviation sampling. However, opposite conclusions were drawn for samples of
increasing relative density.

Under undrained cyclic loading, fabric anisotropy impacts the occurrence of the
aforementioned failure modes (Sze and Yang, 2014), and generally the resistance to
cyclic liquefaction. This observation is corroborated by extensive experimental stud­
ies (Ladd, 1974; Mitchell and Carpenter, 1976; Mulilis et al., 1977; Tatsuoka et al.,
1986; Yamashita and Toki, 1993). Under otherwise same conditions, the number of
loading cycles required to trigger liquefaction is much larger for specimens prepared
via moist tamping than observed for those prepared using dry deposition (Sze and
Yang, 2014) (see Fig. 2.18).

(a) Dry deposition (b) Moist tamping

Figure 2.18: Undrained cyclic behaviour of sand with no static pre­shear (Dr=20%, 𝜎𝑛𝑐 = 500 kPa
(modified after Sze and Yang (2014)).
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Figure 2.19: Effect of the sample preparation method on sand liquefaction resistance (Ghionna and
Porcino, 2006)

The comparison of different sample preparation methods, including moist tamp­
ing and air pluviation – with the latter followed or not by sample compaction, sug­
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gests that: (1) samples prepared by moist tamping exhibit higher liquefaction resis­
tance in comparison to the case of water pluviation; (2) air pluviation produces the
sand samples with the lowest resistance to liquefaction among the considered sam­
pling approaches (Mulilis et al., 1977; Ibrahim and Kagawa, 1991); (3) uncompacted
samples prepared using air pluviation present the lowest 𝐶𝑅𝑅𝑛; (4) sand samples
prepared by water sedimentation possess liquefaction resistance 𝐶𝑅𝑅𝑛 higher than
samples prepared by air pluviation – see Fig. 2.19 (Ghionna and Porcino, 2006).

Numerical Discrete Element studies
In addition to the general description of fabric effects in laboratory tests, more
quantitative insight into sand fabric and its evolution can be gained using numerical
simulations based on the Discrete Element Method (DEM) (Cundall, 1971; Cun­
dall and Strack, 1979). Resorting to DEM analysis make it possible to reproduce
the formation/evolution of inhomogeneous contact networks in granular materials.
The contact network carries most of the loading owing to ‘force chains’ developing
through soil particles (Majmudar and Behringer, 2005; Muir Wood, 2007). The ori­
entation of force chains are mostly aligned with the major principal stress, and are
sensitive to the rotation of principal stress directions (Muir Wood, 2007). Further,
the DEM analysis of particle contacts is not limited to the identification of contact
normals, but also includes detailed quantification of the total number of contacts
and of the so­called ‘coordination number’ (average number of contacts per parti­
cle).

O’Sullivan et al. (2008) used a 3D DEM model to study the micromechanics
of sand drained cyclic response by applying 50 strain­controlled loading cycles on
specimens of uniform spheres. Based on the simulation results, it was possible to
conclude that: (1) a higher coordination number can be related to a stiffer sand re­
sponse; (2) as previously concluded by Majmudar and Behringer (2005), the applied
load is not uniformly borne by sand particles, but carried by force chains oriented
along the direction of the major principal stress; (3) simulated cyclic stresses are
more closely related to the strong fabric tensor (a fabric tensor determined by the
contacts that carry the largest contact forces) rather than the global fabric ten­
sor (a fabric tensor determined by all contacts); (4) at the maximum cyclic strain
level, the coordination number increases slightly with subsequent loading cycles;
(5) compared to the global fabric tensor, the strong fabric tensor varies less during
cyclic loading.

Yimsiri and Soga (2010) performed 3D DEM analyses on non­uniform particle
assemblies with different initial distribution of contact normals, and concluded that
sand becomes stiffer, stronger, and more dilative upon shearing along the direc­
tion of most contact normals. Under drained conditions, fabric anisotropy changes
rapidly as soil behaviour transits from the contractive to the dilative regime. The
opposite occurs under undrained conditions, i.e., soil fabric changes develop most
rapidly in the transition from dilative to contractive behaviour. Furthermore, during
undrained dilative phases, the reduction in shear resistance is more related to the
redistribution of contact forces rather than particle reorganisation – which is limited
by the constraint of constant volume deformation.
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Hu et al. (2010) studied the evolution of sand fabric under drained cyclic load­
ing using 2D DEM. The analysis of DEM results led to conclude that anisotropic
consolidation enhances sand inherent anisotropy, whereas isotropic consolidation
reduces it. The authors quantified sand fabric (more specific, the overall orientation
of the contact normals) using a fabric tensor defined as in Oda (1982); Oda et al.
(1985); Rothenburg and Bathurst (1989). Thorough analysis of principal fabric ten­
sor values indicated that samples with a large deviatoric fabric component tend to
accumulate more permanent axial strain.

Kuhn et al. (2015) considered four different aspects of fabric anisotropy (particle
bodies, particle surface, the contact normals and the void space) and proposed 13
measures (i.e. 13 quantitative representations of sand fabric) to study the link
between particle arrangement and macroscopic sand behaviour. Their conclusions
confirmed that contact orientation largely impacts the mechanical response of sand
in terms of strength and stiffness. Soil stresses can be related to the most heavily
loaded contacts, while the average contact orientation is likely to be linked to the
incremental bulk stiffness.

Quantifying fabric effects
As remarked by O’Sullivan (2011), there is a need to translate micromechanical
fabric information (i.e., individual components of contact normals, orientation of
particles and voids, etc.) into phenomenological ingredients, so as to support the
constitutive macroscale modelling of sand behaviour for engineering applications.
Despite numerous attempts (i.e., O’Sullivan et al. (2008); Hu et al. (2010); Kuhn
et al. (2015), etc), there is still no unique approach to the mathematical represen­
tation of sand fabric (Zhang et al., 2020). However, there are a few options that
have grown most popular in relation to constitutive modelling developments.

Oda (1982) suggested that sand fabric at the microscale can be represented via
continuum second order fabric tensors. This suggestion has been adopted in many
later works, for instance, to interpret DEM simulation results (Li and Dafalias, 2002;
O’Sullivan et al., 2008; Yimsiri and Soga, 2010; Hu et al., 2010; Wang and Xie, 2013;
Kuhn et al., 2015), or formulate fabric­sensitive constitutive models (Papadimitriou
and Bouckovalas, 2002; Dafalias and Manzari, 2004; Zhao and Guo, 2013; Zhang
et al., 2020). Other attempts to incorporate fabric effects into constitutive theo­
ries for sand includes the adoption of additional surface loci, as proposed, e.g., by
Nemat­Nasser and Tobita (1982); Jafarzadeh et al. (2008); Corti (2016).

2.3. Constitutive modelling approaches
Constitutive models are usually adopted to describe mechanical relationships be­
tween stresses and strain in continuummedia, with the possibility of including multi­
physical effects – e.g., hydraulic, thermal or chemical (Wu et al., 2004; Khalili and
Selvadurai, 2004; Cleall et al., 2007; Chen et al., 2016). In the context of geo­
engineering, the need for high­fidelity soil models is particularly felt, for instance
when modelling the complex effects of cyclic loading is of the essence. Relevant
areas of applications include, but are not limited to, earthquake, offshore, and
transportation geotechnics, where soil­structure interaction problems are typically
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dominated by cyclic loading conditions.
The numerical prediction of cyclic soil deformations over a number 𝑁 of loading

cycles can be tackled in at least two ways, known in the literature as ‘explicit’ and
‘implicit’ approaches (Niemunis et al., 2005):

– the explicit method links ‘explicitly’ accumulated strains to the number of load­
ing cycles 𝑁, so that relevant strain components in the soil are only calcu­
lated/accumulated at the end of each loading cycle;

– the implicit method relies on conventional constitutive modelling, aiming to
describe the soil response through a sequence of stress­strain increments over
each loading cycle. The overall response over the considered cyclic loading
history results from the time integration of all stress­strain increments.

Explicit models are most usually based on extensive laboratory testing. Ac­
cordingly, strong simplifications are necessary, as testing possibilities are inevitably
limited with respect to the many features of cyclic behaviour. Some explicit mod­
els are set to describe only one relevant aspect of cyclic strain accumulation (e.g.,
volumetric or deviatoric component, total strain magnitude or direction), while gov­
erning factors such as number of cycles, confining stress or void ratio are empiri­
cally incorporated through ad hoc tuning functions (Lentz and Baladi, 1981; Sawicki
and Swidzinski, 1989; Sweere, 1992). More sophisticated explicit formulations have
also been proposed to reproduce the cyclic evolution of the whole strain tensor, i.e.,
in magnitude and direction (Marr and Chrisitian, 1981; Bouckovalas et al., 1984;
Kaggwa et al., 1991; Suiker and de Borst, 2003; Niemunis et al., 2005; Achmus
et al., 2009; François et al., 2010). Owing to their low computational costs, explicit
formulations have been widely applied to the 3D FE analysis of soil­structure inter­
action problems, by reducing real cyclic loading histories to sequences of 𝑁­driven
monotonic steps (Niemunis et al., 2005; Achmus et al., 2009; Wichtmann et al.,
2010b; Pasten et al., 2014; Jostad et al., 2015; Triantafyllidis et al., 2016; Chong
and Pasten, 2018; Staubach and Wichtmann, 2020).

Implicit models relate to the conventional simulation of soil behaviour through a
‘causal’ sequence of stress/strain increments, to be integrated step­by­step in time
domain analyses. A number of challenges in this area, specifically about the case
of sandy soils, are self­apparent:

– cyclic strains/displacements develop under the influence of numerous factors
(e.g., sand fabric and loading history) that cannot be fully described by only
using customary state variables and properties, such as stresses, strains and
relative density;

– numerical approximation errors are inevitably produced during the time inte­
gration of stress/strain increments in each loading cycle. This fact can cause
the accumulation of significant errors when simulations span a large num­
ber of cycles. Such inconvenience can only be mitigated by adopting time
integration algorithms of appropriate accuracy;
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– the need for accurate time integration over numerous loading cycles implies
high computational costs of 3D FE analyses based on implicit soil modelling.
The case of offshore foundations, e.g., monopiles for offshore wind turbines,
is particularly meaningful in that they can experience up to 107 ∼ 108 cycles
during their operational life. At present, attempts to analyse the effects of
long­lasting loading histories through fully implicit, time­domain simulations
may still prove unsuccessful.

The above considerations seem to pose serious restrictions to the use of implicit
cyclic modelling in design­oriented calculations. However, research on the implicit
constitutive modelling of soils has received ever growing attention since the 1970s
(Van Eekelen and Potts, 1978; Zienkiewicz et al., 1999). Such attention is justified
by the superior ability of implicit modelling to explain, through FE computations,
the mechanics of relevant soil­structure interaction problems, as well as highlight
governing geotechnical factors. Such ability relies on the possibility to link local
soil behaviour to the global performance of the considered soil­structure system, at
a level of detail that may hardly be achieved through explicit modelling. Further­
more, implicit soil models do represent an indispensable resource for the analysis
of geosystems under relatively short cyclic loading events, such as earthquakes or
environmental storms. At any rate, implicit models should be always regarded as
a precious tool to gain insight into the problem under examination, and inspire the
conception of simplified/faster engineering approaches – for instance, based on
explicit modelling.

In the past decades, numerous (implicit) constitutive models have been de­
veloped according to different constitutive approaches, most commonly the the­
ory of elastoplasticity. In what follows, the standard theory of small­strain, rate­
independent elastoplasticity is summarised and further specified for the relevant
cases of multi­surface and bounding surface plasticity modelling (Prévost, 1982).
While far from exhaustive, the following summary aims to point out some con­
ceptual aspects that are especially relevant to the remainder of this work. The
reader interested in further theoretical and computational aspects regarding (dif­
ferent types of) soil plasticity is referred to Muir Wood (2003); Houlsby and Puzrin
(2006); di Prisco and Muir Wood (2012); Puzrin (2012); Mašín et al. (2019); Borja
(2013).

2.3.1. Standard elastoplasticity
A fundamental assumption of small­strain elastoplasticity is the additive decompo­
sition of the strain increment tensor (𝑑𝜀𝜀𝜀) into elastic/recoverable (𝑑𝜀𝜀𝜀𝑒) and plas­
tic/irrecoverable (𝑑𝜀𝜀𝜀𝑝) components:

𝑑𝜀𝜀𝜀 = 𝑑𝜀𝜀𝜀𝑒 + 𝑑𝜀𝜀𝜀𝑝 (2.1)

In standard plasticity, the determination of the total strain increment, and its indi­
vidual components, requires the formulation of four main ingredients (Muir Wood,
2003).

First, a relationship is needed between stresses and recoverable strains. Such
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a relationship is termed ‘elastic’ if the stress tensor can be expressed as a single­
valued function of the elastic strain tensor:

𝜎𝜎𝜎 = 𝑓 (𝜀𝜀𝜀𝑒) (2.2)

which can be then differentiated to obtain the following incremental form:

𝑑𝜎𝜎𝜎 = 𝐷𝐷𝐷 ∶ 𝑑𝜀𝜀𝜀𝑒 (2.3)

where the elastic (fourth­order) stiffness tensor 𝐷𝐷𝐷 is obtained as 𝜕𝑓/𝜕𝜀𝜀𝜀𝑒. Direct
formulation of an incremental elastic relationship in the form Equation (2.3) leads
to so­called ‘hypoelastic’ laws. Although widely used in soil modelling, hypoelastic
formulations have been known for a long time to not guarantee energy conservation
under arbitrary cyclic loading, as clearly pointed out by Zytynski et al. (1978) and,
more recently, by Einav and Puzrin (2004b). A sound alternative, consistent with
the First Law of Thermodynamics, is to develop ‘hyperelastic’ models starting from
the definition of an energy potential function, from which stresses (or strains) and
stiffness (or compliance) moduli can be obtained through differentiation (Houlsby
and Puzrin, 2006). A recent overview, and critical assessment, of existing hyper­
elastic formulations for soils is provided by Amorosi et al. (2020). The need for
non­linear, non­isotropic (hyper)elastic models stands out clearly if accurate rep­
resentation of real small­strain behaviour is to be pursued Houlsby et al. (2005).
Some conceptual difficulties, not further discussed herein, arise with the inclusion of
pycnotropy (i.e., dependence on the current void ratio) (Roesler, 1979; Hardin and
Blandford, 1989; Presti et al., 1993), which inevitably gives rise to coupled elastic
and plastic deformations (Maier and Hueckel, 1979; Collins and Houlsby, 1997).

In addition to the elastic relationship, the following three ingredients are nec­
essary to obtain the incremental plastic strain tensor – or, equivalently, magnitude
and direction of the plastic strain increment:

1. Yield criterion. The yield criterion defines the boundary of elastic behavior,
and therefore the transition from elastic to elastoplastic behaviour. Such a
boundary is usually expressed in the form of a yield surface, i.e., a geometrical
locus in the stress space defined by the nullity of a yield function 𝑓. In the
case of perfectly elastoplastic media (non­hardening), a fixed yield limit is
defined as a function of the current stress state:

𝑓(𝜎𝜎𝜎) = 0 (2.4)

If the stress state lies within the yield surface, the mechanical response is
purely elastic.

2. Plastic flow rule. A plastic flow rule is necessary to determine the direction
of the plastic strain increment. Two main approaches are possible: (i) direct
prescription of a direction tensor (𝑅𝑅𝑅) (Prévost, 1985; Dafalias, 1986); (ii) di­
rection of plastic flow set along the gradient of a plastic potential function
𝑔. A plastic flow rule is termed ‘associated’ or ‘non­associated’ depending on
whether the direction of the plastic strain increment coincides or not with the
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current normal to the yield function, i.e., 𝑓 = 𝑔 or 𝑓 ≠ 𝑔, respectively. To re­
produce available experimental evidence, it is most typical for geomaterials to
adopt a non­associated flow rule (Nova et al., 2010), and obtain incremental
plastic strains as:

𝑑𝜀𝜀𝜀𝑝 =< 𝐿 > 𝜕𝑔
𝜕𝜎𝜎𝜎 (2.5)

where < 𝐿 > is the so­called plastic multiplier, and <> the Macaulay brackets
operator. 𝐿 is a non­negative scalar quantity that defines the amplitude of the
plastic strain increment, and can be determined as shown in the following.

3. Hardening rule. A wide class of realistic material behaviours can be repro­
duced through the idealisation of a hardening (or softening) material. Ac­
cordingly, the yield limit is history­dependent, a feature commonly embodied
by evolving hardening variables. In the simplest case of a single/scalar hard­
ening variable, the yield locus reads as:

𝑓(𝜎𝜎𝜎, 𝜅) = 0 (2.6)

with no loss of generality with respect to the case of multiple hardening vari­
ables (scalar, vectorial, or tensorial). It is customary to model microstruc­
tural/irreversible changes in the material (e.g., fabric effects) by linking the
increments of all hardening variables (e.g., 𝑑𝜅) to (the norm of) the plastic
strain increment (𝑑𝜀𝜀𝜀𝑝):

𝑑𝜅 = ℎ||𝑑𝜀𝜀𝜀𝑝|| (2.7)
where ℎ is scalar, positive (negative) coefficient when linear hardening (soft­
ening) is considered. Hardening laws in the form of Equation (2.7) give rise
to so­called ‘strain hardening’ models – ‘work hardening’ formulations are
also possible, in which 𝑑𝜅 is linked to the plastic work (Ziegler and Wehrli,
1987; Houlsby and Puzrin, 2000). The evolution of the chosen hardening vari­
ables determines gradual transformation of the yield locus 𝑓(𝜎𝜎𝜎, 𝜅) = 0 in the
stress space, most usually in the form of a homothetic expansion/contraction
(‘isotropic hardening’), a rigid translation/rotation (‘kinematic hardening’), or
a combination of both mechanisms (‘mixed isotropic­kinematic hardening’).

When plastic behaviour is triggered by the fulfilment of the yielding condition
(𝑓 = 0), the material response in the current step increment can be either newly
elastic (‘elastic unloading’, when 𝜕𝑓

𝜕𝜎𝜎𝜎 ∶ 𝑑𝜎𝜎𝜎 < 0) or elastoplastic4 (‘plastic loading’,
when 𝜕𝑓

𝜕𝜎𝜎𝜎 ∶ 𝑑𝜎𝜎𝜎 > 0) (hence the terms of ‘bilinear’ or ‘lumped’ incremental non­
linearity). In the latter case, it is postulated that plastic strains develop in a way
that continues to fulfil the yielding condition, i.e. the stress state may change but
must remain on the (evolving) yield surface. Therefore, not only 𝑓 = 0, but also
the following ‘consistency condition’ must apply:

𝑑𝑓 = 0 ⇒ 𝜕𝑓
𝜕𝜎𝜎𝜎 ∶ 𝑑𝜎𝜎𝜎 +

𝜕𝑓
𝜕𝜅𝑑𝜅 = 0 (2.8)

4The boundary case of ‘neutral loading’ is also possible, in which the stress state moves along the
tangent to the yield locus, i.e. 𝜕𝑓

𝜕𝜎𝜎𝜎 ∶ 𝑑𝜎𝜎𝜎 = 0
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The combination of Equations (2.1), (2.3), (2.8) and (2.5) leads to find a general
relationship between stress increment and total strain increment:

𝑑𝜎𝜎𝜎 = [𝐷𝐷𝐷 −
(𝐷𝐷𝐷 ∶ 𝜕𝑔𝜕𝜎𝜎𝜎)⨂(

𝜕𝑓𝑇
𝜕𝜎𝜎𝜎 ∶ 𝐷𝐷𝐷)

𝜕𝑓𝑇
𝜕𝜎𝜎𝜎 ∶ 𝐷𝐷𝐷 ∶ 𝜕𝑔𝜕𝜎𝜎𝜎 + 𝐻

]𝑑𝜀𝜀𝜀 = 𝐷𝐷𝐷𝑒𝑝𝑑𝜀𝜀𝜀 with 𝐻 = −𝜕𝑓𝜕𝜅
𝜕𝜅𝑇
𝜕𝜀𝜀𝜀𝑝 ∶

𝜕𝑔
𝜕𝜎𝜎𝜎

(2.9)
where 𝐷𝐷𝐷𝑒𝑝 is the elastoplastic stiffness tensor, and 𝐻 the so­called hardening mod­
ulus. It is worth noting that the 𝜕𝜅

𝜕𝜀𝜀𝜀𝑝 term in Equation (2.3.1) can be readily obtained
from the hardening law Equation (2.7).

The above approach can enable successful modelling of numerous aspects of
soil behaviour. However, formulating plasticity models through direct specification of
the above­mentioned ingredients does not always guarantee compliance with basic
thermodynamic principles. In the presence of dissipative processes, the Second Law
of Thermodynamics requires the local rate of a ‘properly defined’ dissipation to be
non­negative. For an elastoplastic continuum undergoing isothermal deformation,
the basic energy equation reads as (Collins, 2005):

𝛿𝑊 ≡ 𝜎𝜎𝜎 ∶ 𝑑𝜀𝜀𝜀 = 𝑑Ψ + 𝛿Φ (2.10)

for each representative volume element (RVE), where 𝛿𝑊 the increment in applied
work; Ψ the free energy function; and 𝛿Φ the increment in dissipation (i.e., unre­
coverable fraction of the applied work) – such that 𝛿Φ ≥ 0. In particular, whenever
possible to express the free energy Ψ as the sum of elastic (Ψ𝑒) and plastic (Ψ𝑝)
components (Collins and Houlsby, 1997), Equation (2.10) can be further specialised
as follows:

𝛿𝑊𝑝 ≡ 𝜎𝜎𝜎 ∶ 𝑑𝜀𝜀𝜀𝑝 = 𝑑Ψ𝑝 + 𝛿Φ (2.11)

in which the increments in plastic work (𝛿𝑊𝑝) and plastic free energy (𝑑Ψ𝑝) are
explicitly put in a relationship with the (non­negative) dissipation Φ. It should be
noted that plasticity models formulated in the above standard way would normally
allow the evaluation of 𝛿𝑊𝑝 ≡ 𝜎𝜎𝜎 ∶ 𝑑𝜀𝜀𝜀𝑝 under any loading programme, but not the
individual increments in plastic free energy and mechanical dissipation (Collins and
Houlsby, 1997) – which are not distinguished in the constitutive formulation. As a
consequence, compliance with thermodynamic principles may not be guaranteed.

Over the past decades, an alternative approach, named ‘hyperplasticty’, has
been developed and systematised for the formulation of thermodynamically consis­
tent plasticity models – see the monograph on the subject by Puzrin and Houlsby
(2001). In essence, the hyperplastic approach relies on the use of two distinct
scalar functions to describe energy potential and (non­negative) mechanical dissi­
pation rate, from which all the (incremental) constitutive equations can be elegantly
derived by differentiation. Accordingly, it is possible to re­obtain a wide class of plas­
ticity models already formulated within the standard approach, but with the proven
advantage of a priori fulfilling both First and Second Laws of Thermodynamics. At
the same time, it is possible to prove how well­established ‘starting’ concepts in
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standard plasticity, such as yielding or non­associated plastic flow, emerge sponta­
neously as a consequence of very reasonable hypotheses on the modelling of dissi­
pation. It should be noted, however, that elastoplastic models formulated outside
the hyperplastic framework do not necessarily violate thermodynamic requirements
– though a general methodology to prove whether that is the case is still missing.
More recently, renewed interest has been devoted to the a posteriori check of ther­
modynamic consistency, e.g., in the work of Jeremic and co­workers related to the
numerical analysis of seismic soil­structure interaction problems (Yang et al., 2018,
2019, 2020).

Apart from the thermodynamic framing, the need to simulate cyclic loading ef­
fects has pushed significant developments of constitutive modelling theories. The
theory of standard elastoplasticity has been refined over the years to improve the
simulation of soil stiffness during subsequent stress reversals, hysteretic energy dis­
sipation (damping), and cyclic pore pressure build­up under undrained conditions.
Particularly, but not exhaustively, the fundamentals of multi­surface (Mróz, 1967;
Iwan, 1967; Prévost, 1985) and bounding surface (Dafalias and Popov, 1975; Krieg,
1975) elastoplasticity are summarised in the following and linked to the remainder
of this dissertation.

Multi­surface elastoplasticity
The basic assumption of Mróz’s multi­surface (elasto)plasticity is to regard the to­
tal strain increment as the sum of elastic and plastic components, with the latter
resulting from multiple plastic sub­mechanisms (Mróz, 1967):

𝑑𝜀𝜀𝜀 = 𝑑𝜀𝜀𝜀𝑒 +
𝑁

∑
𝑛=1

𝑑𝜀𝜀𝜀𝑝(𝑛) (2.12)

Each plastic component 𝑑𝜀𝜀𝜀𝑝(𝑛) is associated with individual yield surfaces (𝑓1, 𝑓2, ..., 𝑓𝑛)
that govern the fulfillment of distinct yield limits, and give rise to a discrete field of
plastic moduli (Yu, 2007). For simplicity, each yield surface is independently related
to a single plastic strain sub­component, without coupling among different yield­
ing/plastification mechanisms. A straightforward multi­mechanism generalisation
of Equation (2.5) reads as (Houlsby and Puzrin, 2006):

𝑑𝜀𝜀𝜀𝑝(𝑛) =< 𝐿(𝑛) > 𝜕𝑔(𝑛)
𝜕𝜎𝜎𝜎 (2.13)

where each 𝑛𝑡ℎ flow rule only applies to the corresponding 𝑛𝑡ℎ sub­mechanism
whenever active (i.e., when 𝑓(𝑛) = 0), while < 𝐿(𝑛) >= 0 in relation to all other
surfaces.

During stages of elastoplastic loading, the current stress point moves in the
stress space and determines an evolution of each active yield locus – through rigid
translations/rotations in the common case of kinematic hardening modelling. This
modelling process is exemplified in Fig. 2.20, where the multi­surface simulation of
a loading­unloading­reloading response is illustrated next to the evolution of circular
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yield loci in the deviatoric stress plane (Prévost, 1985). First, the stress point moves
from the origin along the direction of positive 𝑑𝜎1 until reaching the inner/smaller
yield locus, while all other surfaces retain their initial position. A first linear stress­
strain branch results during this first loading phase – see 𝜎 − 𝜀 response in Fig.
2.20a. Afterwards, if the stress point continues to move upwards, the yield surface
follows it by translating in the deviatoric plane, until touching the next/larger sur­
face – the first sub­component of plastic strain develops during this second stage.
As the stress state progresses along the same direction, the first and the second
surfaces translate together by remaining in contact at the same point, until they
both reach the third surface. The piece­wise linear stress­strain response in Fig.
2.20b is the obvious outcome of the described process, at least when simple linear
hardening rules are adopted for each plastic mechanism. Upon unloading, the evo­
lution of the stress state is reversed, and the elastic response is recovered while
approaching new contact with the closest/smallest yield surface. The unloading re­
sponse results from considerations similar to those applied during first loading, and
is illustrated in Fig. 2.20c. The same process, and surface translation mechanisms,
can be iterated as many times as desired, leading to cyclic stress­strain loops caus­
ing hysteretic (i.e., rate­independent) material damping. More complex hardening
rules and model loci can be introduced to improve the simulation of experimental
cyclic data within the same multi­surface framework.

Based on the work of Mróz (1967), several multi­surface models have been de­
veloped for sandy soils subjected to cyclic loading, such as the kinematic hardening
model proposed by Prévost (1985). Later on, the same idea of Prévost (1985) was
further refined by Elgamal et al. (2003), and then by Yang and Elgamal (2008) and
Khosravifar et al. (2018), to more accurately simulate stiffness degradation and
cyclic mobility under undrained cyclic loading. Di Benedetto et al. (2014) intro­
duced the ‘loading memory surface’ concept into the multi­surface framework to
predict the cyclic response. Unfortunately, the simulation of drained (high­)cyclic
behaviour was not addressed in these studies. The (conditional) ability of multi­
surface plasticity to reproduce different cyclic soil responses – in the form of elastic
shakedown, plastic adaptation, or ratcheting – has been theoretically investigated
by di Prisco and Mortara (2013).

Bounding surface elastoplasticity
Bounding surface plasticity, independently proposed by Dafalias and Popov (1975)
and Krieg (1975), entails the adoption of two loci in the constitutive formulation
– hence the alternative name of ‘two­surface plasticity’: (1) an inner loading/yield
surface (𝑓 = 0) enclosing the pure elastic domain, and (2) an outer bounding/limit
surface (𝑓𝐵 = 0) including all the admissible stress states compatible with the
material strength (see Fig. 2.21). The main building stone of bounding surface
plasticity is assuming that material hardening is determined by the distance between
the current stress state on the yield surface and a suitable projection of it onto
the outer bounding surface (i.e., the distance 𝑎 in Fig. 2.21). Following its initial
conception in the field of metal plasticity, bounding surface modelling has been
widely applied to geomaterials. Its mathematical foundation is exhaustively covered
in Dafalias (1986).
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(a) loading phase

(b) unloading phase

(c) reloading phase

Figure 2.20: Soil cyclic response as simulated through multi­surface elastoplasticity

Bardet (1986) enriched bounding surface plasticity with critical state theory in­
gredients for sand, although the resulting model would still require different sets of
parameters to model the behaviour of a given sand at different relative densities.
This drawback was later overcome by introducing in sand constitutive modelling the
notion of ‘state parameter’, reappraised by Been and Jefferies (1985) after Wroth
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(a) Relevant model loci (b) stress­strain response to loading­
unloading­reloading

Figure 2.21: soil cyclic response as simulated through bounding surface elastoplasticity

and Bassett (1965). The incorporation of the state parameter concept into bound­
ing surface plasticity with kinematic hardening gave birth to the family of SANISAND
models, the main ancestor of the constitutive modelling work presented herein.

In the late 1990s, the first SANISAND model was proposed by Manzari and
Dafalias (1997). The name SANISAND is the acronym for ‘Simple ANIsotropic SAND’
model, and first appeared in Taiebat and Dafalias (2008). Existing SANISAND mod­
els are built on critical state soil mechanics, and mainly focus on the bounding
surface plasticity ‘implicit’ simulation of sand cyclic behavior. The use of the state
parameter as defined by Been and Jefferies (1985) has been embraced since the
work of Manzari and Dafalias (1997), following the previous proposal of Muir Wood
and Belkheir (1994). Later members of the SANISAND family were introduced over
the years to remedy specific limitations of the original formulation. Papadimitriou
et al. (2001) introduced a scalar, fabric­related ingredient into the plastic modulus,
in order to capture the drastic decrease in shear stiffness caused by dilative plastic
volume changes under undrained cyclic loading. The same goal was more com­
prehensively tackled by Dafalias and Manzari (2004), who adopted as a ‘dilatancy­
tuning’ internal variable the inherent fabric tensor. Taiebat and Dafalias (2008)
added a cap­hardening mechanism to enable plastic straining even for stress paths
at constant deviatoric stress ratio. More recently, Dafalias and Taiebat (2016) pro­
posed an incrementally non­linear (hypoplastic) formulation with zero elastic range
(SANISAND­Z), while Papadimitriou et al. (2019) and Petalas et al. (2020) incorpo­
rated the Anisotropic Critical State Theory (ACST) emerged from the work of Li and
Dafalias (2011). The model proposed by Petalas et al. (2020), SANISAND­FN, en­
hances the previous formulation by Petalas et al. (2019) (SANISAND­F), and takes
a step forward in the simulation of fabric effects in the the presence of principal
stress axes rotation. Lastly, Barrero et al. (2020) embedded a new state variable
(the so­called ‘strain liquefaction factor’) into SANISAND’s hardening law and di­
latancy rule, and succeeded in the simulation of undrained cyclic mobility under
symmetric simple shear loading.

In addition to SANISAND models, other bounding surface formulations for sand
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are available in the literature and worth citing (Gajo and Muir Wood, 1999a,b;
Loukidis and Salgado, 2009; Boulanger and Ziotopoulou, 2013; Pisanò and Jeremić,
2014; Gao and Zhao, 2015; Zhang et al., 2020). In most of the aforementioned
bounding surface models, the effects of fabric are introduced via either scalar or
tensorial variables, mostly for the simulation of cyclic liquefaction. In contrast, the
bounding surface model proposed by Corti et al. (2016) adopted an additional lo­
cus named the ‘memory surface’ to phenomenologically capture sand fabric effects.
This model (particularly, the featured combination of bounding surface plasticity
and memory surface) appeared immediately very promising, and led the Author
to attempt a memory surface enhancement of the SANISAND model by Dafalias
and Manzari (2004). The outcomes of this endeavour are described in detail in the
following chapters.

Multi­surface vs bounding surface elastoplasticity
In an early study on the subject, Prévost (1982) compared the main merits and
shortcomings of multi­surface and bounding surface plasticity modelling. A para­
phrase of Prévost’s arguments may read as follows:

– multi­surface plasticity theory is appreciated for its flexibility in adapting to
diverse experimental evidence, although “it suffers from inherent storage in­
conveniences” (in relation to the the presence of multiple yield loci and as­
sociated hardening variables). The approximation of a measured non­linear
response through distinct linear hardening branches is notably in favour of
straightforward model calibration;

– bounding surface plasticity (named ‘two­surface plasticity’ in the original pub­
lication) is a competitive option in that it requires, originally, only two model
loci and a set of scalar functions to continuously describe material hardening.
Therefore, “storage inconveniences” are largely resolved, although selected
translation/expansion rules may ultimately lack the generality needed to cope
with very diverse features of behaviour.

Prévost concluded that “which theory should be preferred is obviously a trade­off
decision” as both approaches suffer from inherent limitations.

Almost 40 years later, the argument regarding storage inconveniences seems
outdated in light of present computer power, while the flexibility offered by a se­
ries of distinct yielding mechanisms is still a notable advantage of the multi­surface
approach. Interestingly, it has also been shown over the years how to reformulate
multi­surface plasticity (and its generalisation with an infinite number of yield sur­
faces) within the hyperplastic framework, which guarantees compliance with ther­
modynamic principles (Houlsby and Puzrin, 2006) – see discussion above. Relevant
to this dissertation is also the recent extension of multi­surface hyperplasticity to in­
clude the modelling of material ratcheting under numerous loading cycles (Houlsby
et al., 2017). However, definitive energy potential and dissipation functions suit­
able to capture the complex cyclic behaviour of sand (as presented in Section 2.2)
do not seem to be available yet.
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As for bounding surface plasticity, most fundamental aspects and limitations – in
addition to the analysis in Prévost (1982) – were discussed by Dafalias (1986), and
later by Houlsby and Puzrin (2006) in a general comparison among different plastic­
ity theories. From a theoretical standpoint, it has not been possible yet to re­frame
bounding surface plasticity within some form of hyperplasticity – as a consequence,
thermodynamic consistency can only be analysed on a case­by­case basis, with all
the intrinsic difficulties about distinguishing plastic free energy and dissipation in
Equation (2.11). Another more practical shortcoming concerns the phenomenon
of so­called ‘overshooting’, already acknowledged by Dafalias (1986), and recently
tackled in more detail, e.g., by Mojtaba and Taiebat (2014) and Dafalias and Taiebat
(2016). Overshooting occurs in most bounding surface models in the presence of
unloading­reloading cycles of small amplitude within general/irregular loading his­
tories. Overshooting results in unrealistically stiff behaviour upon reloading, due
to the changes in size/location of the loading surface in response to stress rever­
sals. This issue, particularly relevant to seismic loading conditions, has been already
given plausible solutions, but will not be further explored in this work due to the
specific loading conditions considered in the following.

A more substantial limitation of bounding surface plasticity is the tendency to ex­
aggerate material ratcheting under prolonged cyclic shear loading, especially in the
presence of a level of shear preloading (biased cyclic loading). This drawback, al­
ready noted by Houlsby and Puzrin (2006) and Corti et al. (2016), is a serious threat
to the analysis of soil­structure interaction problems, especially those in which ac­
curate prediction of cyclic displacement is of the essence. Noting that this is the
case for OWT monopiles tilting under lateral cyclic loading, the urgency of a bound­
ing surface formulation with ratcheting control is self­apparent for applications in
offshore wind geotechnics. Indeed, this line of work is pursued in the following
research starting from Dafalias’ SANISAND family of models, which has gained over
the years large popularity for the solution of cyclic/dynamic problems in sandy soils.

2.4. Concluding remarks
The cyclic behaviour of sand exhibits a great deal of complexity in relation to a
number of governing factors, including features of the loading programme, den­
sity state, pore water drainage, and, importantly, state and evolution of the mi­
crostructure (sand fabric). In this chapter, salient experimental evidence at the
scale of a laboratory sample has been overviewed, with reference to both drained
and undrained cyclic loading conditions. As for the former, major attention has been
devoted to high­cyclic ratcheting behaviour, particularly to the impact of several
geotechnical factors on the magnitude and direction of cyclic strain accumulation.
Regarding undrained cyclic loading, relevant failure modes have been presented,
including cyclic liquefaction, cyclic mobility, and loss of serviceability due to exces­
sive strain accumulation. The key soil/loading factors that affect the occurrence
of such modes have been pointed out. Overall, the complexity of fabric effects in
the cyclic response of sand has been described, with focus on lessons learned from
laboratory tests and numerical DEM studies.

The second part of the chapter has been dedicated to constitutive modelling
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strategies. After introducing the distinction between explicit and implicit cyclic
modelling, existing elastoplastic approaches in the latter area have have been
overviewed. Quoting Houlsby and Puzrin (2006), “the constitutive relations are sim­
ply approximations to the behaviour of real materials; none of which will behave ex­
actly according to the idealizations employed. Thus constitutive relations are never
‘true’ for a real material; they can only provide solutions that approximate what
happens in reality to a certain degree of precision. Of course, in certain branches
of mechanics (notably the elasticity of metals within a limited stress range), the
precision of the constitutive model is so good that, for all practical purposes, it can
be treated as a ‘true’ model. [...] Whoever uses the models should understand this
and must try to assess its implications for the problem in hand”. While the main
merits and drawbacks of different plasticity theories have been briefly discussed, no
attempt has been made to ‘rank’ the considered modelling approaches – not even
in relation to their cyclic performance. The main conclusion of the chapter is the
selection of ‘memory­enhanced’ bounding surface plasticity as a framework for the
modelling of (high­)cyclic sand behaviour, and for the analysis of cyclic soil­structure
interaction problems. The open question regarding the (general) thermodynamic
consistency of SANISAND models will not find new answers in the remainder of this
work, but is put forward as an issue to which the geomechanical community should
devote further research in the near future.
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3.1. Introduction
Predicting the cyclic response of sands is relevant to numerous geotechnical appli­
cations, for instance in the fields of earthquake, offshore and railway engineering.
Such a response emerges from complex micro­mechanical processes that give rise
to a highly non­linear hydro­mechanical behaviour at the macro­scale, featuring
irreversible deformation, hysteresis, pore pressure build­up, etc. (di Prisco and
Muir Wood, 2012). The engineering analysis of these phenomena proves even
more challenging for long­lasting cyclic loading events (‘high­cyclic’ loading), such
as those experienced by soils and foundations under operating offshore structures
(e.g. offshore drilling rigs, pipelines, wind turbines) (Andersen, 2009, 2015; Ran­
dolph and Gourvenec, 2011). A typical example is given at present by monopile
foundations for offshore wind turbines, whose design must assure full functionality
of the structure during its whole operational life – 108­109 loading cycles with alter­
nating sequences of small­amplitude vibrations and severe storm loading (LeBlanc
et al., 2010; Abadie, 2015; Truong et al., 2019; Richards et al., 2019).

Despite the current ferment around offshore wind geotechnics (Pisanò and Gavin,
2017), frustrating uncertainties still affect the engineering analyses performed to as­
sess the capacity, serviceability and fatigue resistance of wind turbine foundations.
In this context, a major role is played by the phenomenon of ‘sand ratcheting’:
this term denotes the gradual accumulation of plastic strains under many loading
cycles, as opposed to the occurrence of ‘shakedown’ (long­term response with no
plastic strain accumulation) (Houlsby et al., 2017). While micromechanical studies
aim to describe the occurrence and modes of sand ratcheting at the granular level
(Alonso­Marroquin and Herrmann, 2004; McNamara et al., 2008; O’Sullivan and
Cui, 2009; Calvetti and di Prisco, 2010), usable engineering methods are currently
being devised for predictions at the soil­foundation­structure scale. Both ‘implicit’
and ‘explicit’ numerical methods in this area have pros and cons (see Chapter 2).

The present chapter tackles the modelling of sand ratcheting within the phe­
nomenological framework of bounding surface plasticity. For this purpose, the crit­
ical state SANISAND04 model by Dafalias and Manzari (2004) is enriched with a
third locus – termed ‘memory surface’ – to reproduce fabric effects relevant to
cyclic ratcheting. The suitability of the memory surface approach has been recently
shown by Corti (2016) and Corti et al. (2016) in combination with the bounding
surface model by Gajo and Muir Wood (1999b,a). The resulting model has been
successfully applied to the cyclic analysis of certain offshore soil­structure interac­
tion problems, involving e.g. mudmat foundations (Corti et al., 2017) and plate
anchors (Chow et al., 2015). In this work, the SANISAND conceptual platform has
been preferred also in light of the several open­source implementations already
available (Mazzoni et al., 2007; Gudehus et al., 2008; Ghofrani and Arduino, 2018).

With the main focus on drained loading conditions, the model described in the
following improves the achievements of Corti et al. (2016) in several respects: (i)
general multiaxial formulation, with pressure­sensitive hardening rules suitable to
accommodate the different backbone model (SANISAND04) under monotonic and
cyclic loading; (ii) improved analytical “workability” achieved through a formulation
based on the “true” stress tensor, and the use of a memory locus with circular
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deviatoric section; (iii) modified plastic flow rule to refine the simulation of volume
changes under cyclic loading conditions. Importantly, the ratcheting performance
of the model has been tested up to 104 loading cycles, and validated against a
wider set of literature results, including high­cyclic triaxial (both standard and non­
standard) and simple shear tests..

The ultimate goal of the chapter is to help bridge implicit and explicit approaches
through the proposed plasticity model. Its ‘implicit’ use will enable more accurate
time­domain simulations of cyclic/dynamic soil­structure interaction under relatively
short­lasting loading (e.g. storms, earthquakes, etc.) (Corciulo et al., 2017; Ke­
mentzetzidis et al., 2019). As more experimental data become available and fur­
ther calibration exercises are carried out, it will also contribute to explicit high­cyclic
procedures by supporting the prediction of strain accumulation trends with a lower
demand on laboratory test results.

3.2. Towards a high­cyclic SANISAND model
While massive efforts have been devoted to modelling the undrained cyclic be­
haviour of sands, the cyclic performance under drained loading conditions has re­
ceived far less attention. A few works tackled this issue by enhancing the bound­
ing surface framework with fabric­related modelling concepts, such as Khalili et al.
(2005); Kan et al. (2013); Gao and Zhao (2015); outside traditional bounding sur­
face plasticity, the contributions by Wan and Guo (2001b); Di Benedetto et al.
(2014); Liu et al. (2014); Tasiopoulou and Gerolymos (2016) are also worth cit­
ing. However, none of the mentioned works focused explicitly on drained strain
accumulation under a large number of loading cycles.

The cyclic sand model proposed in this study builds upon two main pillars,
namely the SANISAND04 model by Dafalias and Manzari (2004) and the addition
of a memory locus accounting for fabric effects during cyclic loading (Corti, 2016;
Corti et al., 2016). Since its first introduction in 1997 (Manzari and Dafalias, 1997),
the family of SANISAND models has expanded with new members improving certain
limitations of the original formulation, regarding e.g. dilatancy and fabric effects,
hysteretic small­strain behaviour, response to radial stress paths, incremental non­
linearity (Papadimitriou et al., 2001; Papadimitriou and Bouckovalas, 2002; Dafalias
and Manzari, 2004; Taiebat and Dafalias, 2008; Loukidis and Salgado, 2009; Pisanò
and Jeremić, 2014; Dafalias and Taiebat, 2016). In particular, the SANISAND04
formulation includes a fabric­related tensor improving the phenomenological simu­
lation of post­dilation fabric changes upon load reversals, with a beneficial impact
on the prediction of pore pressure build­up during undrained cyclic loading.

Unfortunately, the set of modelling ingradients as assembled in SANISAND04
cannot quantitatively reproduce high­cyclic ratcheting, nor its dependence on rel­
evant loading parameters (especially stress obliquity, symmetry and amplitude of
the loading programme). In SANISAND04, (i) the use of the (phenomenological)
fabric tensor z is only suitable to capture the effects of initial inherent anisotropy,
as explained in detail by Li and Dafalias (2011); (ii) fabric evolution is solely ac­
tivated for denser­than­critical conditions, after the stress path crosses the phase
transformation line. This latter strategy has proven not sufficient to capture fabric
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effects occurring during (drained) cyclic loading, for instance related to the evolving
distributions of voids and particle contacts (Oda et al., 1985; O’Sullivan et al., 2008;
Zhao and Guo, 2013). A significant impact of these facts on numerical simulations
is that the SANISAND04 model produces only slight soil stiffening under drained
(high­)cyclic shear loading, resulting in exaggerated strain accumulation. While ac­
knowledging the benefits of improved fabric tensor formulations (Papadimitriou and
Bouckovalas, 2002), a different path based on the memory surface concept will be
followed in the remainder of this work.

The plasticity modelling of ratcheting phenomena has received a few valuable
contributions (di Prisco and Mortara, 2013), originally regarding metals and alloys.
These contributions have been reviewed by Houlsby et al. (2017), and generalised
into a hyper­plastic multi­surface framework for the macro­element analysis of off­
shore monopiles.

This chapter proposes an alternative approach based on bounding surface plas­
ticity and the use of an additional memory surface to keep track of fabric changes
relevant to the ratcheting response. The concept of memory surface (or history sur­
face) was first proposed by Stallebrass and Taylor (1997) for overconsolidated clays,
and then applied to sands within different modelling frameworks by Jafarzadeh et al.
(2008); Maleki et al. (2009); Di Benedetto et al. (2014). Herein, the latest version by
Corti et al. (2016) and Corti (2016) is adopted and enhanced within the SANISAND
family. Accordingly, the regions of the stress­space that have already experienced
cyclic loading are represented by an evolving memory locus, within which cyclic
strain accumulation occurs at a lower rate than under virgin loading conditions.

3.3. Model formulation
This section presents the main analytical features of the proposed model, with the
focus on embedding the memory surface concept into the SANISAND04 backbone
formulation. The model belongs to the well­known SANISAND model family and
is named as SANISAND­MS (‘MS’ for memory surface). Similarly to SANISAND04,
the new model is based on a bounding surface, kinematic hardening formulation to
capture cyclic, rate­independent behaviour. The model links to the well­established
Critical State theory through the notion of ‘state parameter’ (Been and Jefferies,
1985), which enables the behaviour of a given sand to be captured over the loose­
to­dense range with a single set of parameters. Overall, the new model uses three
relevant loci – yield, bounding and memory surface (Figure 3.1). All constitutive
equations are presented by first summarising the features inherited from Dafalias
and Manzari (2004), and then focusing on the latest memory surface developments.

Notation Tensor quantities are denoted by bold­face characters in a direct nota­
tion. The symbols :, tr and ⟨⟩ stand for tensor inner product, trace operator and
Macauley brackets, respectively.

Stresses are meant as ‘effective’ throughout this work. 𝜎𝜎𝜎 and 𝜀𝜀𝜀 denote effec­
tive stress and strain tensor. Usual decompositions into deviatoric and isotropic
components are used throughout, namely 𝜎𝜎𝜎 = 𝑠𝑠𝑠 + 𝑝𝐼𝐼𝐼 (𝑠𝑠𝑠 – deviatoric stress tensor,
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Figure 3.1: Relevant loci/tensors in the normalised 𝜋 plane.

𝑝 = (tr𝜎𝜎𝜎)/3 – isotropic mean stress) and 𝜀𝜀𝜀 = 𝑒𝑒𝑒 + (𝜀𝑣𝑜𝑙/3)𝐼𝐼𝐼 (𝑒𝑒𝑒 – deviatoric strain
tensor, 𝜀𝑣𝑜𝑙 = tr𝜀𝜀𝜀 – volumetric strain). 𝐼𝐼𝐼 is the second­order identity tensor, the
deviatoric stress ratio 𝑟𝑟𝑟 = 𝑠𝑠𝑠/𝑝 is also widely employed in the formulation. The
superscripts 𝑒 and 𝑝 are used with the meaning of ‘elastic’ and ‘plastic’.

3.3.1. Model features from SANISAND04
For the sake of brevity, a multi­axial formulation is directly provided, while con­
ceptual discussions in a simpler triaxial environment may be found in Dafalias and
Manzari (2004). For the same reason, model details shared with SANISAND04 are
only briefly recalled, whereas Table 3.1 provides a synopsis of all equations and ma­
terial parameters (Dafalias and Manzari, 2004). For smoother incorporation of the
memory surface, the formulation of SANISAND­MS has been first developed using
the deviatoric stress ratio r as main variable (see equations in Table 3.1, applicable
to Chapters 3 and 4). A slightly different formulation is adopted later in Chapter 5,
in which the use of the back­stress ratio alpha (in lieu of rrr) is reappraised as done
in SANISAND04 (Dafalias and Manzari, 2004). Generally, non­triaxial loading paths
may lead the yield locus partially outside the bounding surface and, in some rare
cases, let the latter be overcome by the stress point during elastic loading stages –
with an artificial softening response resulting as a mere consequence of the formu­
lation. Though this artificial softening response is not observed in the simulations
presented in Chapters 3 and 4, model formulations employing back stress ratio 𝛼𝛼𝛼
are presented in Appendix B, compared with model equations employing stress ratio
𝛼𝛼𝛼. In Chapters 5 and 6, back stress­ratio based model formulations are employed
instead.

Similarly to most SANISAND formulations, the proposed model relies on the as­
sumption that plastic stains only occur upon variations in stress ratio 𝑟𝑟𝑟, so that
all plastic loci and hardening mechanisms can be effectively described in the nor­
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malised 𝜋 plane (Figure 3.1). Importantly, the overall formulation remains based
on ‘true’ stress ratio variables, while Gajo and Muir Wood (1999a,b) and Corti et al.
(2016) used stress normalised with respect to the current state parameter.

Elastic relationship Sand behaviour is assumed to be (hypo)elastic inside the
yield locus, with a constant Poisson ratio 𝜈 and pressure­dependent shear modulus
defined as per Li and Dafalias (2000):

𝐺 = 𝐺0𝑝𝑎𝑡𝑚[(2.97 − 𝑒)2/(1 + 𝑒)]√𝑝/𝑝𝑎𝑡𝑚 (3.1)

in which 𝑝𝑎𝑡𝑚 is the reference atmospheric pressure, 𝐺0 a dimensionless shear
stiffness parameter, and 𝑒 the current void ratio.

The use of a hypoelastic law is customary in previous versions of SANISAND, and
is retained also in this work which is mainly concerned with further development of
SANISAND04 (Dafalias and Manzari, 2004). Such a choice is typically motivated by
its simplicity and substantial agreement with available experimental data (Houlsby
et al., 2005), but is not impeccable in one relevant respect. As already observed
in Chapter 2, the use of a hypoelastic relationship may result in a non­conservative
response under certain loading paths, for instance in situations similar to that il­
lustrated by Zytynski et al. (1978). A definitive solution to this issue would be the
adoption of a “hyperelastic”formulation, providing the small­strain stress­strain
relationship, and particularly the (stress­dependent) elastic moduli, after differen­
tiation of a scalar energy function. A number of valuable contributions have been
made in this area, some of which quite recently (Houlsby et al., 2005; Gajo and
Bigoni, 2008; Houlsby et al., 2019; Amorosi et al., 2020). In light of the theoretical
analysis by Zytynski et al. (1978), the issue of elastic energy conservation appears
generally less concerning for most of the cyclic stress paths considered later on in
this chapter. However, the implications for the analysis of boundary value problems
may be more serious, and can only be assessed by comparatively inspecting the
performance of models using a hypoelastic or hyperelastic formulation (Einav and
Puzrin, 2004a). Although out of the scope of this dissertation, future work will have
to be devoted to this important matter.

Yield locus An open conical yield locus 𝑓 = 0 is used, whose axis rotation and
(constant) small opening are governed by the evolution of the back­stress ratio 𝛼𝛼𝛼
and the parameter 𝑚:

𝑓 = √(𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼) ∶ (𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼) − √2/3𝑚𝑝 = 0 (3.2)

Critical state locus A unique critical state locus is assumed and defined in the
multidimensional 𝑒 − 𝜎𝜎𝜎 space. Its projection on the 𝑒 − 𝑝 plane, i.e. the critical
state line, reads as (the subscript 𝑐 stands for ‘critical’):

𝑒𝑐 = 𝑒0 − 𝜆𝑐(𝑝𝑐/𝑝𝑎𝑡𝑚)𝜉 (3.3)

and requires the identification of three material parameters – 𝑒0, 𝜆𝑐 and 𝜉 (Li and
Wang, 1998). The aforementioned state parameter Ψ(𝑒, 𝑝) = 𝑒 − 𝑒𝑐 quantifies the



3.3. Model formulation

3

49

distance between current and critical void ratios (Been and Jefferies, 1985; Muir
Wood and Belkheir, 1994), which is key to modelling sand behaviour at varying
relative density.

The projection of the critical state locus on the normalised 𝜋 plane can be con­
veniently expressed as a deviatoric tensor 𝑟𝑟𝑟𝑐𝜃:

𝑟𝑟𝑟𝑐𝜃 = √2/3𝑔(𝜃)𝑀𝑛𝑛𝑛 (3.4)

providing the critical state stress ratio associated with the current stress ratio 𝑟𝑟𝑟
through the unit tensor, normal to the yield locus (Figure 3.1):

𝑛𝑛𝑛 = (𝑟𝑟𝑟 −𝛼𝛼𝛼)/√2/3𝑚 (3.5)

The function 𝑔 describes the Argyris­type shape of the critical locus depending on
the ‘relative’ Lode angle 𝜃1 (see Table 3.1 and Dafalias and Manzari (2004)). The
parameter 𝑀 appears in its traditional meaning of critical stress ratio under triaxial
compression (directly related to the constant­volume friction angle).

It should also be recalled that the assumption of an unique critical state locus
is still a matter of scientific debate, and is certainly not the only option available –
nonetheless, several theoretical studies may be cited in its support (Li and Dafalias,
2011; Zhao and Guo, 2013; Gao and Zhao, 2015). An evolving version of the locus
(Eq. (3.3)) could be adopted in the future upon conclusive consensus on the subject
– for instance, according to the path followed by Papadimitriou et al. (2005).

Plastic flow rule Plastic strain increments – deviatoric and volumetric – are ob­
tained as:

𝑑𝑒𝑒𝑒𝑝 = ⟨𝐿⟩𝑅𝑅𝑅′ 𝑑𝜀𝑝𝑣𝑜𝑙 = ⟨𝐿⟩𝐷 (3.6)

where 𝑅𝑅𝑅′ and 𝐷 are the tensor of deviatoric plastic flow direction (Dafalias and
Manzari, 2004) and the dilatancy coefficient, respectively. The plastic multiplier 𝐿
(or loading index) results from the enforcement of plastic consistency and can be
expressed in the following form:

𝐿 = 1
𝐾𝑝
𝜕𝑓
𝜕𝜎𝜎𝜎 ∶ 𝑑𝜎𝜎𝜎 (3.7)

with 𝐾𝑝 commonly referred to as plastic modulus.

Kinematic hardening and bounding surface The back­stress ratio 𝛼𝛼𝛼 (axis of
the yield locus) is assumed to evolve according to the following hardening law:

𝑑𝛼𝛼𝛼 = 2
3 ⟨𝐿⟩ ℎ(𝑟𝑟𝑟

𝑏
𝜃 −𝑟𝑟𝑟) ⇒ 𝐾𝑝 =

2
3𝑝ℎ(𝑟𝑟𝑟

𝑏
𝜃 −𝑟𝑟𝑟) ∶ 𝑛𝑛𝑛 (3.8)

which in turn implies the expression of 𝐾𝑝 reported by Dafalias and Manzari (2004).
According to Eq. (3.8), the centre of the yield locus translates in the 𝜋 plane along
1cos3𝜃 = √6𝑡𝑟𝑛𝑛𝑛3 (Manzari and Dafalias, 1997)
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Table 3.1: Model synopsis: constitutive equations and material parameters.

Constitutive equations Material parameters
Elastic moduli 𝐺 = 𝐺0𝑝𝑎𝑡𝑚[(2.97 − 𝑒)2/(1 + 𝑒)](𝑝/𝑝𝑎𝑡𝑚)1/2 𝐺0 dimensionless shear modulus

𝐾 = 2(1 + 𝜈)𝐺/[3(1 − 2𝜈)] 𝜈 Poisson’s ratio

Critical state line 𝑒𝑐 = 𝑒0 − 𝜆𝑐(𝑝𝑐/𝑝𝑎𝑡𝑚)𝜉
𝑒0 reference critical void ratio
𝜆𝑐, 𝜉 critical state line shape parameters

Yield function 𝑓 = √(𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼) ∶ (𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼) − √2/3𝑝𝑚 𝑚 yield locus opening parameter
Memory function 𝑓𝑀 = √(𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼𝑀) ∶ (𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼𝑀) − √2/3𝑝𝑚𝑀

Deviatoric plastic 𝑑𝑒𝑒𝑒𝑝 = ⟨𝐿⟩𝑅𝑅𝑅′
flow 𝑅𝑅𝑅′ = 𝐵𝑛𝑛𝑛 − 𝐶 [𝑛𝑛𝑛2 − (1/3)𝐼𝐼𝐼]

𝑛𝑛𝑛 = (𝑟𝑟𝑟 −𝛼𝛼𝛼)/√2/3𝑚
𝐵 = 1 + 3(1 − 𝑐)/(2𝑐)𝑔(𝜃) cos3𝜃
𝐶 = 3√3/2(1 − 𝑐)𝑔(𝜃)/𝑐
𝑔(𝜃) = 2𝑐/[(1 + 𝑐) − (1 − 𝑐) cos3𝜃]

Volumetric plastic 𝑑𝜀𝑝𝑣𝑜𝑙 = ⟨𝐿⟩𝐷
flow 𝐷 = [𝐴0 exp (𝛽⟨�̃�𝑀𝑑 ⟩/𝑏𝑟𝑒𝑓)] (𝑟𝑟𝑟𝑑𝜃 −𝑟𝑟𝑟) ∶ 𝑛𝑛𝑛

𝐴0 ‘intrinsic’ dilatancy parameter
𝛽 dilatancy memory parameter

𝑟𝑟𝑟𝑑𝜃 = √2/3𝑔(𝜃)𝑀 exp(𝑛𝑑Ψ)𝑛𝑛𝑛 𝑛𝑑 void ratio dependence parameter
�̃�𝑀𝑑 = (�̃�𝑟𝑟

𝑑
𝜃 − �̃�𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛

𝑏𝑟𝑒𝑓 = (𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑏𝜃+𝜋) ∶ 𝑛𝑛𝑛
𝑟𝑟𝑟𝑏𝜃+𝜋 = √2/3𝑔(𝜃 + 𝜋)𝑀 exp(−𝑛𝑏Ψ)(−𝑛𝑛𝑛)

Yield surface 𝑑𝛼𝛼𝛼 = (2/3) ⟨𝐿⟩ ℎ(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟)

evolution 𝑟𝑟𝑟𝑏𝜃 = √2/3𝑔(𝜃)𝑀 exp(−𝑛𝑏Ψ)]𝑛𝑛𝑛
𝑀 critical stress ratio (triaxial compression)
𝑛𝑏 void ratio dependence parameter
𝑐 compression­to­extension strength ratio

ℎ = 𝑏0
(𝑟𝑟𝑟 − 𝑟𝑟𝑟𝑖𝑛) ∶ 𝑛𝑛𝑛

exp [𝜇0 (
𝑝

𝑝𝑎𝑡𝑚
)
0.5

( 𝑏
𝑀

𝑏𝑟𝑒𝑓
)
2

] 𝜇0 ratcheting parameter

𝑏0 = 𝐺0ℎ0(1 − 𝑐ℎ𝑒)/√(𝑝/𝑝𝑎𝑡𝑚) ℎ0, 𝑐ℎ hardening parameters
𝑏𝑀 = (𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟) ∶ 𝑛𝑛𝑛

Memory surface 𝑑𝑚𝑀 = √3/2𝑑𝛼𝛼𝛼𝑀 ∶ 𝑛𝑛𝑛 − (𝑚𝑀/𝜁)𝑓𝑠ℎ𝑟 ⟨−𝑑𝜀𝑝𝑣𝑜𝑙⟩ 𝜁 memory surface shrinkage parameter
evolution 𝑑𝛼𝛼𝛼𝑀 = (2/3) ⟨𝐿𝑀⟩ ℎ𝑀(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀)

ℎ𝑀 = 1
2 [

𝑏0
(𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟𝑖𝑛) ∶ 𝑛𝑛𝑛

+ √32
𝑚𝑀𝑓𝑠ℎ𝑟 ⟨−𝐷⟩
𝜁(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛

]

the 𝑟𝑟𝑟𝑏𝜃 − 𝑟𝑟𝑟 direction, with its magnitude governed by the hardening factor ℎ. 𝑟𝑟𝑟𝑏𝜃
represents the projection of the current stress ratio onto the so­called bounding
surface:

𝑟𝑟𝑟𝑏𝜃 = √2/3𝑔(𝜃)𝑀 exp(−𝑛𝑏Ψ)𝑛𝑛𝑛 (3.9)

The size of the bounding surface is modulated by the state parameter Ψ and the
corresponding material constant 𝑛𝑏. At the critical state, Ψ = 0 and the bounding
surface coincides with the critical locus. It is worth noting that, for better com­
patibility with memory surface developments, the present formulation reappraises
projection rules based on the stress ratio 𝑟𝑟𝑟 rather than the back­stress ratio 𝛼𝛼𝛼 –
compare e.g. Dafalias (1986) to Manzari and Dafalias (1997).

3.3.2. Additional memory surface for ratcheting control
Novel developments related to the memory surface concept are detailed in this
subsection, with direct impact on the factors ℎ and 𝐷 in Eqs. (3.8) and (3.6).

Meaning and definition
Figure 3.1 illustrates, in the normalised 𝜋 plane, the three main loci involved in the
model formulation:
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– yield surface, distinguishes stress states associated with either negligible or
significant plastic straining;

– memory surface, distinguishes stress states associated with either vanishing
or severe changes in granular fabric;

– bounding surface, separates admissible/pre­failure and ultimate stress states;

Although the above transitions may not be as sharp in nature, the above idealisation
provides conceptual input to phenomenological constitutive modelling.

The memory locus is adopted to track the global (re)orientation of particle con­
tacts, and in turn the degree of loading­induced anisotropy. Accordingly, it will
be possible to describe weak fabric changes induced by moderate high­cyclic loads,
possibly ‘overwritten’ by more severe loading afterwards – henceforth termed ‘virgin
loading’ (Nemat­Nasser, 2000; Jafarzadeh et al., 2008).

From an analytical standpoint, the memory locus 𝑓𝑀 = 0 is represented by an
additional conical surface:

𝑓𝑀 = √(𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼𝑀) ∶ (𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼𝑀) − √2/3𝑚𝑀𝑝 = 0 (3.10)

endowed with its own (memory) back­stress ratio and opening variable 𝛼𝛼𝛼𝑀 and
𝑚𝑀. As shown in the following, the choice of a conical memory locus with circular
deviatoric section results in simpler projection rules and evolution laws (no lengthy
algebra from the differentiation of the third stress invariant). Nevertheless, keeping
the typical Argyris­shape for the outer bounding surface (Eq. (3.9)) preserves a
dependence of both stiffness and strength on the Lode angle 𝜃.

It is postulated that, during plastic straining, (i) the stress point on the yield
surface can never lie outside the memory surface, (ii) the memory surface can
only be larger than the elastic domain, or at most coincident. These requisites are
compatible with the following reformulation of the hardening coefficient ℎ in 𝐾𝑝:

ℎ = 𝑏0
(𝑟𝑟𝑟 − 𝑟𝑟𝑟𝑖𝑛) ∶ 𝑛𝑛𝑛

exp [𝜇0 (
𝑝

𝑝𝑎𝑡𝑚
)
𝑛=0.5

( 𝑏
𝑀

𝑏𝑟𝑒𝑓
)
𝑤=2

] (3.11)

in which
𝑏𝑀 = (𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟) ∶ 𝑛𝑛𝑛
𝑏𝑟𝑒𝑓 = (𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑏𝜃+𝜋) ∶ 𝑛𝑛𝑛

(3.12)

and 𝑟𝑟𝑟𝑏𝜃+𝜋 is the opposite projection onto the bounding surface, along the direction
−𝑛𝑛𝑛 with relative Lode angle 𝜃 + 𝜋 (Eq. (3.9), Figure 3.1 – therefore, 𝑏𝑟𝑒𝑓 > 0
always). The SANISAND04 definition of the hardening factor 𝑏0 is recalled in Table
3.1. The above definitions include the image stress point 𝑟𝑟𝑟𝑀 on the memory surface,
which is obtained as the projection of 𝑟𝑟𝑟 on the memory surface along the direction
of 𝑛𝑛𝑛 (Eq. (3.5)):

𝑟𝑟𝑟𝑀 = 𝛼𝛼𝛼𝑀 +√2/3𝑚𝑀𝑛𝑛𝑛 (3.13)
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The left factor in Eq. (3.11) coincides with the ℎ coefficient in Dafalias and Manzari
(2004) (with 𝑏0 model parameter and 𝑟𝑟𝑟𝑖𝑛 load­reversal tensor2), whilst the right
factor introduces the memory surface concept into SANISAND04 with the additional
material parameter 𝜇0 (Corti et al., 2016, 2017). In essence, ℎ receives additional
influence from the yield­to­memory surface distance 𝑏𝑀: as a consequence, higher
𝐾𝑝 and soil stiffness result at increasing distance 𝑏𝑀 (see evolution laws later on),
but a virgin SANISAND04 response is recovered when the yield and the memory
loci are tangent at the current stress point 𝜎𝜎𝜎 ≡ 𝜎𝜎𝜎𝑀 (→ 𝑏𝑀 = 0).

The two material parameters, 𝑛 and 𝑤, have been pre­set in Eq. (3.11) for
easier model calibration. In particular, extensive comparisons to experimental data
(see next sections) confirmed the need for a pressure­dependent memory surface
term (Corti et al., 2017), along with a quadratic dependence on the distance 𝑏𝑀.
Additional experimental evidence may support in the future more flexibility about
𝑛 and 𝑤, as well as other fundamental dependences (for instance on the void ratio
𝑒).

The following subsections introduce the evolution laws for the size and position
of the memory surface, as well its effect on sand dilatancy.

Memory surface size
The expansion of the memory surface (isotropic hardening) aims to capture phe­
nomenologically the experimental link between gradual change in fabric and sand
stiffening.3 This evidence is translated into an increasing size 𝑚𝑀 of the memory
surface and a larger distance between 𝑟𝑟𝑟 and 𝑟𝑟𝑟𝑀 in Eqs. (3.11)–(3.12). As clarified
in the following, variations in size and position of the memory surface cannot be
independent, but it is convenient to address the former aspect prior to the latter.
For this purpose, the evolution of 𝑚𝑀 is established on a geometrical basis starting
from a situation of incipient virgin loading – memory surface coincident or tangent
to the yield locus (Figure 3.2).
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Figure 3.2: Memory surface expansion during virgin loading.

2𝑟𝑟𝑟𝑖𝑛 is the value of 𝑟𝑟𝑟 at the onset of load reversal. It is updated to current 𝑟𝑟𝑟 each time the condition
(𝑟𝑟𝑟 − 𝑟𝑟𝑟𝑖𝑛) ∶ 𝑛𝑛𝑛 < 0 is fulfilled.
3The effects of a varying void ratio are already accounted for as inheritance from SANISAND04.
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Specifically, plastic loading starting from 𝜎𝜎𝜎 ≡ 𝜎𝜎𝜎𝑀 is assumed to produce a uni­
form expansion of the memory surface around the pivot stress point 𝑟𝑟𝑟𝑀𝐴 , diametri­
cally opposite to 𝑟𝑟𝑟𝑀 and this is kept fixed throughout the process. From an analyt­
ical standpoint, this coincides with enforcing the incremental nullity of the memory
function 𝑓𝑀 at the fixed stress point A (i.e. 𝑑𝜎𝜎𝜎𝑀𝐴 = 0):

𝑑𝑓𝑀 (𝜎𝜎𝜎𝑀𝐴 ) =
𝜕𝑓𝑀
𝜕𝜎𝜎𝜎𝑀𝐴

∶ 𝑑𝜎𝜎𝜎𝑀𝐴 +
𝜕𝑓𝑀
𝜕𝛼𝛼𝛼𝑀 ∶ 𝑑𝛼𝛼𝛼𝑀 + 𝜕𝑓𝑀

𝜕𝑚𝑀 𝑑𝑚
𝑀 = 0 (3.14)

Trivial manipulations (see Appendix A) lead to the following relationship:

𝑑𝑚𝑀 = √32𝑑𝛼𝛼𝛼
𝑀 ∶ 𝑛𝑛𝑛 (3.15)

which is significantly simpler than that obtained by Corti (2016) for a memory sur­
face with non­circular 𝜋­section. It is further assumed by analogy that Eq. (3.15)
determines the relationship between expansion (𝑑𝑚𝑀) and translation (𝑑𝛼𝛼𝛼𝑀) of the
memory locus under any loading conditions, not only virgin.

While 𝑑𝑚𝑀 > 0 (expansion) underlies ‘fabric reinforcement’ and sand stiffening
within the expanded memory locus, an opposite effect is usually induced by dilative
deformation stages and increase in void ratio (Nemat­Nasser and Tobita, 1982).
Such a ‘damage’ to the fabric configuration results in lower sand stiffness. Here,
the suggestion by Corti (2016) is followed, and an additional contraction term is
cast into Eq. (3.15) to let the memory surface shrink only during dilation (negative
𝑑𝜀𝑣𝑜𝑙):

𝑑𝑚𝑀 = √32𝑑𝛼𝛼𝛼
𝑀 ∶ 𝑛𝑛𝑛 − 𝑚

𝑀

𝜁 𝑓𝑠ℎ𝑟 ⟨−𝑑𝜀𝑝𝑣𝑜𝑙⟩ (3.16)

in which the contraction term on the right is proportional to the current locus size𝑚𝑀
and plastic volumetric strain increment 𝑑𝜀𝑝𝑣𝑜𝑙, with a purely geometrical factor 𝑓𝑠ℎ𝑟
described with more detail in the Appendix A. The contraction rate during dilation
is governed by the material parameter 𝜁, assumed for simplicity not to depend on
any stress/state variables (e.g. 𝑝, 𝑒, etc.).

Memory surface translation
In analogy with the translation rule for the yield locus, the centre of the memory
surface is assumed to translate along the direction of 𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀 (Figure 3.1):

𝑑𝛼𝛼𝛼𝑀 = 2
3 ⟨𝐿

𝑀⟩ ℎ𝑀(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀) (3.17)

The hardening law (3.17) shares the same structure with Eq. (3.8), and requires a
method to derive the ‘memory­counterparts’ of the plastic multiplier and the hard­
ening coefficient, namely 𝐿𝑀 and ℎ𝑀. The same approach used for the isotropic
memory hardening is re­adopted: the translation rule for 𝛼𝛼𝛼𝑀 is rigorously specified
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for virgin loading and then extended to any other conditions. Accordingly, analyti­
cal derivations and material parameters are substantially reduced in a way proven
successful by the the results in the following.

It is assumed that during virgin loading (𝜎𝜎𝜎 ≡ 𝜎𝜎𝜎𝑀) the same magnitude of the
incremental plastic strain can be derived by using the yield or memory loci indiffer­
ently. The equalities below follow directly (see relevant derivations in the Appendix
A):

𝐿𝑀 = 𝐿

ℎ𝑀 = 1
2 [

𝑏0
(𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟𝑖𝑛) ∶ 𝑛𝑛𝑛

+ √32
𝑚𝑀𝑓𝑠ℎ𝑟 ⟨−𝐷⟩
𝜁(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛

]
(3.18)

and are then extended by analogy to non­virgin loading.

Memory surface: effect on the sand dilation
As a phenomenological recorder of fabric effects, the memory surface is also ex­
ploited to enhance the dilatancy factor 𝐷 in Eq. (3.6), in a new way different from
SANISAND04. The goal is to use the memory surface to obtain increased dilatancy
(or pore pressure build­up in undrained conditions) upon load reversals following
dilative deformation (Dafalias and Manzari, 2004). For this purpose, the memory
surface is handled in combination with the same dilatancy locus defined by Dafalias
and Manzari (2004), responsible for the transition from contractive to dilative re­
sponse:
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Figure 3.3: Geometrical definitions for the enhancement of the dilatancy coefficient.

𝑟𝑟𝑟𝑑𝜃 = √2/3𝑔(𝜃)𝑀 exp(𝑛𝑑Ψ)𝑛𝑛𝑛 (3.19)

where the positive parameter 𝑛𝑑 governs its evolution towards critical state (Ψ = 0).
For the sake of clarity, Figure 3.3 displays certain geometrical quantities associated
with the relative position of the memory and dilatancy surfaces. The distance �̃�𝑀𝑑
is first defined as:

�̃�𝑀𝑑 = (�̃�𝑟𝑟
𝑑 − �̃�𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛 (3.20)
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with �̃�𝑟𝑟𝑀 and �̃�𝑟𝑟𝑑 projections of 𝑟𝑟𝑟 on the memory and dilatancy surfaces along the
−𝑛𝑛𝑛 direction. When �̃�𝑀𝑑 > 0 the post­dilation contractancy produced by 𝐷 in Eq.
(3.6) is enhanced as follows:

𝐷 = [𝐴0 exp (𝛽⟨�̃�𝑀𝑑 ⟩/𝑏𝑟𝑒𝑓)] (𝑟𝑟𝑟𝑑𝜃 −𝑟𝑟𝑟) ∶ 𝑛𝑛𝑛 (3.21)

where 𝐴0 and 𝛽 are two material parameters. In Eq. (3.21) the exponential term
is deactivated by �̃�𝑀𝑑 < 0, that is when the image stress ratio �̃�𝑟𝑟𝑀 lies outside the
dilatancy surface (i.e. after dilative deformation prior to load reversal). Conversely,
additional contractancy arises in the opposite case �̃�𝑀𝑑 > 0 with �̃�𝑟𝑟𝑀 lying inside
the memory surface. Compared to SANISAND04, the dilatancy coefficient accounts
for fabric effects through the same memory locus employed to enhance the plastic
modulus coefficient in Eq. (3.11).

3.4. Calibration of constitutive parameters
The new model requires the calibration of sixteen constitutive parameters, only
one more than SANISAND04. Two subsets of parameters may be distinguished:
the first includes material parameters already present in the original SANISAND04
formulation – namely, from 𝐺0 to 𝑛𝑑 in Table 3.2; the remaining parameters govern
directly the (high­)cyclic performance under both drained and undrained loading.
The calibration of material parameters is discussed hereafter with reference to the
monotonic and cyclic laboratory tests performed by Wichtmann (2005) on a quartz
sand – 𝐷50 = 0.55 mm, 𝐷10 = 0.29 mm, 𝐶𝑢 = 𝐷60/𝐷10 = 1.8 (non­uniformity
index), 𝑒𝑚𝑎𝑥 = 0.874, 𝑒𝑚𝑖𝑛 = 0.577. Numerical simulations are executed with yield
and memory surfaces set to be initially coincident.

Table 3.2: Model parameters for the quartz sand tested by Wichtmann (2005)

Elasticity Critical state Yield
𝐺0 𝜈 𝑀 𝑐 𝜆𝑐 𝑒0 𝜉 𝑚
110 0.05 1.27 0.712 0.049 0.845 0.27 0.01
Plastic modulus Dilatancy Memory surface
ℎ0 𝑐ℎ 𝑛𝑏 𝐴0 𝑛𝑑 𝜇0 𝜁 𝛽
5.95 1.01 2.0 1.06 1.17 260 0.0005 1

The calibration of the first subset against monotonic tests is based on the proce­
dure detailed in Dafalias and Manzari (2004). The shear modulus 𝐺0 can be derived
from the small­strain branch of experimental stress­strain curves, or alternatively
from well­established empirical relationships (e.g. Hardin and Black (1966)). A
Poisson’s ratio equal to 0.05 was assumed following the suggestion of Dafalias and
Manzari (2004) for an open­wedge yield surface. The opening of yield surface
𝑚 = 0.01 is also consistent with the SANISAND04 model. The parameters govern­
ing the shape of critical state line in the 𝑒 − ln𝑝 plane (𝑒0, 𝜆𝑐 and 𝜉) and the critical
state shear strength (𝑀 and 𝑐) have been identified by fitting both strength and
volumetric strain trends at ultimate conditions for different void ratios and stress
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levels, as illustrated in Figure 3.4 by means of deviatoric stress – axial strain (𝑞−𝜀𝑎)
and volumetric strain – axial strain (𝜀𝑣𝑜𝑙 − 𝜀𝑎) plots. More details about the cali­
bration of the remaining plastic modulus (ℎ0, 𝑐ℎ and 𝑛𝑏) and dilatancy (𝐴0 and 𝑛𝑑)
parameters are available in Dafalias and Manzari (2004) and Taiebat and Dafalias
(2008). Due to the limited availability of monotonic tests for the considered quartz
sand, these parameters have been determined by fitting the available stress – strain
(𝑞 − 𝜀𝑎) and volumetric strain – axial strain (𝜀𝑣𝑜𝑙 − 𝜀𝑎) trends as shown in Figure
3.4. All calibrated soil parameters are reported in Table 3.2.
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(a) constant 𝑝𝑖𝑛 = 200 kPa, varying 𝑒𝑖𝑛
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(b) constant 𝑒𝑖𝑛= 0.69, varying 𝑝𝑖𝑛

Figure 3.4: Calibration of model parameters against the monotonic drained triaxial test results by Wicht­
mann (2005) – experimental data denoted by markers.

The new parameters linked to the proposed memory surface (𝜇0, 𝜁 and 𝛽)
can be identified by best­fitting cyclic test results, possibly from both drained and
undrained triaxial cyclic tests. Here, only the drained triaxial cyclic tests documented
in Wichtmann (2005) are exploited for calibration purposes, while their impact on
the undrained response is qualitatively discussed. In particular, Wichtmann’s exper­
iments concern one­way asymmetric cyclic loading performed in two stages (Figure
3.5): after the initial isotropic consolidation up to 𝑝 = 𝑝𝑖𝑛, 𝑝­constant shearing is
first performed to reach the target average stress ratio 𝜂𝑎𝑣𝑒 = 𝑞𝑎𝑣𝑒/𝑝𝑖𝑛; then, cyclic
axial loading at constant radial stress is applied to obtain cyclic variations in devi­
atoric stress 𝑞 about the average value 𝑞𝑎𝑣𝑒, i.e. 𝑞 = 𝑞𝑎𝑣𝑒 ± 𝑞𝑎𝑚𝑝𝑙 (Figure 3.5b).
High­cyclic sand parameters are tuned to match the evolution during regular cycles
of the accumulated total strain norm 𝜀𝑎𝑐𝑐 defined as:

𝜀𝑎𝑐𝑐 = √(𝜀𝑎𝑐𝑐𝑎 )2 + 2 (𝜀𝑎𝑐𝑐𝑟 )2 = √13 (𝜀
𝑎𝑐𝑐
𝑣𝑜𝑙 )

2 + 32 (𝜀
𝑎𝑐𝑐𝑞 )2 (3.22)

where 𝜀𝑎𝑐𝑐𝑎 , 𝜀𝑎𝑐𝑐𝑟 , 𝜀𝑎𝑐𝑐𝑞 and 𝜀𝑎𝑐𝑐𝑣𝑜𝑙 stand for axial, radial, deviatoric and volumetric
accumulated strain, respectively.
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Figure 3.5: Stress paths and shear loading sequence in the tests considered for simulation (Wichtmann,
2005).

As illustrated in Figure 3.6, the ratcheting response of the soil under drained
loading is governed by the 𝜇0 parameter in Eq. (3.11). Figure 3.6a proves the
superior capability of the memory surface formulation to reproduce the transition
from ratcheting to shakedown. The gradual sand stiffening occurs in combination
with reduced plastic dissipation, as denoted by the decreasing area enclosed by
subsequent stress­strain loops. The sensitivity of 𝜀𝑎𝑐𝑐 to 𝜇0 is visualised in Figure
3.6b and exploited to reproduce the experimental data from Wichtmann (2005). 𝜇0
is in this case set to 260 by fitting the trend of 𝜀𝑎𝑐𝑐 against the number of loading
cycles.
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(a) Deviatoric stress­ axial strain response predicted by
the new model with 𝜇0 = 100
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(b) Influence of 𝜇0 on the accumulated total strain norm

Figure 3.6: Influence of 𝜇0 (Eq. (3.11)) on sand response. The comparison to the experimental data
by Wichtmann (2005) refers to the following test/simulation settings: 𝑒𝑖𝑛 = 0.702, 𝑞𝑎𝑚𝑝𝑙 = 60 kPa, 𝑝𝑖𝑛
= 200 kPa, 𝜂𝑎𝑣𝑒 = 0.75.

Dilative deformations tend to ‘damage’ the granular fabric and thus erase ‘sand
memory’. This granular process is phenomenologically reproduced by the shrinkage
of the memory surface, at a rate governed by the parameter 𝜁 in Eq. (3.16).
However, the effect of 𝜁 – only relevant to stress paths beyond the dilative threshold,
Eq. (3.19) – is most apparent under undrained conditions: larger 𝜁 values reduce
the contraction rate of the memory surface and postpone the build­up of positive
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pore pressure in the post­dilation unloading regime (Figure 3.7a). Under drained
high­cyclic loading, increasing 𝜁 still promotes the aforementioned memory surface
contraction, and affects soil ratcheting in the dilative regime. For the quartz sand
tested by Wichtmann (2005), a drained high­cyclic triaxial test with a stress path
crossing the phase transformation line is selected for the calibration of the memory
surface shrinkage parameter 𝜁. The influence of 𝜁 on the accumulation of the total
strain 𝜀𝑎𝑐𝑐 in Eq. (3.22) is presented in Figure 3.7b. 𝜁 = 0.0005 has been selected
to reproduce the results of high­cyclic drained tests mobilising sand dilation, – see
Figure 3.7b.
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Figure 3.7: Influence of 𝜁 (Eq. (3.16)) on sand response. Simulation settings: (a) 𝑝𝑖𝑛=500 kPa, 𝑒𝑖𝑛 =
0.6, load reversal at 𝜀𝑎 = 0.07; (b) 𝑝𝑖𝑛 = 200 kPa, 𝜂𝑎𝑣𝑒=1.125, 𝑒𝑖𝑛 = 0.68, 𝑞𝑎𝑚𝑝𝑙 = 60 kPa.

The last parameter 𝛽 appears in the new definition of the dilatancy coefficient 𝐷
in Eq. (3.21), and mainly controls the post­dilation reduction of the mean effective
stress in undrained tests. Larger 𝛽 values allow for larger reductions in effective
mean stress, possibly up to full liquefaction (Figure 3.8a). Since the considered
set of drained test results does not support the calibration of 𝛽, 𝛽 = 1 has been
set judiciously with negligible influence on the strain accumulation predicted during
drained cyclic tests (see Figure 3.8b). Although beyond the scope of this work on
drained strain accumulation, the marked influence of 𝛽 on the undrained response
is briefly illustrated in Appendix A.

3.5. Model predictions of high­cyclic behaviour
This section overviews the predictive capability of the model against drained high­
cyclic test results from the literature. The parameter set in Table 3.2 is used to
simulate sand ratcheting under different cyclic loading conditions, namely triaxial
and simple shear. All model results have been obtained via single­element FE sim­
ulations performed on the OpenSees simulation platform (Mazzoni et al., 2007).
The new model with ratcheting control has been implemented starting from the
existing open­source implementation of SANISAND04 developed at the University
of Washington (Ghofrani and Arduino, 2018).
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Figure 3.8: Influence of 𝛽 (Eq. (3.21)) on sand response. Simulation settings: (a) the quartz sand,
𝑝𝑖𝑛=500 kPa, 𝑒𝑖𝑛 = 0.6, load reversal at 𝜀𝑎 = 0.07; (b) the quartz sand, 𝑝𝑖𝑛=200 kPa, 𝜂𝑎𝑣𝑒=1.125, 𝑒𝑖𝑛
= 0.68, 𝑞𝑎𝑚𝑝𝑙 = 60 kPa.

3.5.1. Cyclic triaxial tests
This section considers triaxial test results from Wichtmann (2005), not previously
used for parameter calibration. The experimental data concern the same quartz
sand and both standard and non­standard triaxial loading.

Standard triaxial loading
The model is first validated against standard triaxial tests of the kind sketched in
Figure 3.5, i.e. with constant radial stress during axial cyclic loading. The drained
ratcheting response is predicted at varying 𝑝𝑖𝑛, 𝑒𝑖𝑛, 𝜂𝑎𝑣𝑒 and 𝑞𝑎𝑚𝑝𝑙. Importantly,
a large number of cycles 𝑁 = 104 is considered, and a very satisfactory agreement
with experimental data is obtained in most cases.

Influence of initial confining pressure 𝑝𝑖𝑛 The experimental data by Wicht­
mann (2005) show a quite low influence of 𝑝𝑖𝑛 on the 𝜀𝑎𝑐𝑐−𝑁 curves, especially for
𝑁 < 104 (Figure 3.9a). This is clearly in contrast with what the new model predicts if
no pressure­dependence is incorporated in the hardening coefficient ℎ (Eq. (3.11)),
i.e. if the exponent 𝑛 of the 𝑝/𝑝𝑎𝑡𝑚 factor is set to zero (Figure 3.9b). Conversely,
the intrinsic pressure­dependence of SANISAND models can be counterbalanced
through a pressure factor (𝑝/𝑝𝑎𝑡𝑚)

𝑛 in ℎ. To avoid a burst in the number of free
parameters, a default exponent 𝑛 = 1/2 is adopted, also in agreement with the
pressure­dependence typically found for sand stiffness. The comparison between
Figures 3.9a and 3.9c proves the quantitative suitability of Eq. (3.11).

Influence of initial void ratio 𝑒𝑖𝑛 The experimental evidence from Wichtmann
(2005) confirms the intuitive expectation of higher strain accumulation at increasing
𝑒𝑖𝑛 (looser sand specimens). Figure 3.10 illustrates the potential of the new model
to capture void ratio effects, though with slight overestimation of 𝜀𝑎𝑐𝑐 for very dense
and very loose specimens. It is worth recalling, however, that the parameters in
Table 3.2 have been calibrated in an effort to capture relevant response features
with a single set of parameters.
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(a) Experimental data (Wichtmann, 2005)
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(b) Model simulations: 𝑛 = 0
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(c) Model simulations: 𝑛 = 1/2

Figure 3.9: Influence of the initial mean pressure 𝑝𝑖𝑛 on cyclic strain accumulation. Test/simulation
settings: 𝑒𝑖𝑛=0.684, 𝜂𝑎𝑣𝑒=0.75, stress amplitude ratio 𝜍𝑎𝑚𝑝𝑙 = 𝑞𝑎𝑚𝑝𝑙/𝑝𝑖𝑛=0.3.
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(a) Experimental data (Wichtmann, 2005)
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(b) Model simulations

Figure 3.10: Influence of the initial void ratio 𝑒𝑖𝑛 on cyclic strain accumulation. Test/simulation settings:
𝑝𝑖𝑛= 200 kPa, 𝜂𝑎𝑣𝑒= 0.75, 𝑞𝑎𝑚𝑝𝑙= 60 kPa.

Influence of cyclic stress amplitude 𝑞𝑎𝑚𝑝𝑙 The experimental and numerical
results in Figure 3.11 agree on the higher strain accumulation produced by increas­
ing cyclic stress amplitude 𝑞𝑎𝑚𝑝𝑙. In particular, satisfactory model predictions are
shown for medium­dense sand specimens associated with 𝑒𝑖𝑛 = 0.702.

Influence of average stress ratio 𝜂𝑎𝑣𝑒 The dependence of sand ratcheting on
the average stress obliquity about which stress cycles occur is extremely relevant to
practical applications. Indeed, soil elements under/around a foundation experience
cyclic loading starting from different stress obliquities, implying different distance
from the value related to shear failure.

Figure 3.12 presents another set of experimental­numerical comparisons at
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(b) Model simulations

Figure 3.11: Influence of the cyclic stress amplitude 𝑞𝑎𝑚𝑝𝑙 on cyclic strain accumulation. Test/simulation
settings: 𝑝𝑖𝑛= 200 kPa, 𝜂𝑎𝑣𝑒= 0.75, 𝑒𝑖𝑛= 0.702.

varying average stress ratio 𝜂𝑎𝑣𝑒. The model can reproduce the experimental in­
crease in strain accumulation rate for larger 𝜂𝑎𝑣𝑒 values, although less accurately
as 𝜂𝑎𝑣𝑒 > 1. Specifically, the simulation with 𝜂𝑎𝑣𝑒 = 1.125 overestimates 𝜀𝑎𝑐𝑐
significantly when 𝑁 > 1000: high­cyclic loading at large 𝜂𝑎𝑣𝑒 jeopardises the ef­
fectiveness of the memory surface concept, as the model tends again towards the
SANISAND04 limit. While near­failure high­cyclic loading seems not too relevant to
operational conditions in the field, some concerns could also be raised about the
reliability of test measurements performed under such conditions, possibly due to
strain localisation phenomena (Escribano et al., 2018).
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(a) Experimental data (Wichtmann, 2005)

10
0

10
1

10
2

10
3

10
40

0.5

1

1.5

2

2.5

Number of cycles N [−]

 

 

h
ave

=1.125

h
ave

=1

h
ave

=0.75

h
ave

=0.375

A
cc

. t
o

ta
l s

tr
a

in
 

a
cc

 [
%

]
e

(b) Model simulations

Figure 3.12: Influence of the average stress ratio 𝜂𝑎𝑣𝑒 on cyclic strain accumulation. Test/simulation
settings: 𝑝𝑖𝑛= 200 kPa, 𝑒𝑖𝑛= 0.684, 𝑞𝑎𝑚𝑝𝑙= 60 kPa.

Non­standard triaxial loading
Alternative triaxial loading conditions can be generated by varying both axial and
radial stresses during the test. As discussed by Wichtmann (2005), this can produce
‘polarised’ stress­strain cyclic paths, which seem to enhance the tendency to strain
accumulation. Unlike most modelling exercises, the model performance is here
assessed also in relation to polarised triaxial loading. For this purpose, the following
polarisation angle 𝛼𝑃𝑄 and amplitude are first defined in the 𝑄 − 𝑃 plane (Figure
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3.13) for direct comparison with Wichtmann’s data:

tan𝛼𝑃𝑄 =
𝑄𝑎𝑚𝑝𝑙
𝑃𝑎𝑚𝑝𝑙

𝑆𝑎𝑚𝑝𝑙 = √(𝑃𝑎𝑚𝑝𝑙)2 + (𝑄𝑎𝑚𝑝𝑙)2
(3.23)

P

Q

Pampl

Qampl

α
PQ α

PQ
= 0º

α
PQ
= 90º

√2/3 qave

√3 pave

Sampl

Figure 3.13: Non­standard triaxial stress paths in the 𝑄 − 𝑃 plane as defined by Wichtmann (2005).

where 𝑄 = √2/3𝑞 and 𝑃 = √3𝑝 are isomorphic transformations of the stress in­
variants 𝑝 and 𝑞, and the superscript 𝑎𝑚𝑝𝑙 denotes cyclic variations about the initial
values 𝑝𝑎𝑣𝑒 ≡ 𝑝𝑖𝑛 and 𝑞𝑎𝑣𝑒.

The model response to non­standard triaxial loading is compared to Wichtmann
et al.’s experimental data in Figure 3.14 at varying polarisation angle 𝛼𝑃𝑄, and
Figure 3.15 at varying loading amplitude 𝑆𝑎𝑚𝑝𝑙. The results in Figure 3.14 span
polarisation angles in the range from 0∘ to 90∘, and show very satisfactory 𝜀𝑎𝑐𝑐−𝑁
trends in most cases. The only exception is the case 𝛼𝑃𝑄 = 10∘, in which the
model underpredicts the corresponding strain accumulation. This singular outcome
is directly caused by the analytical expression (3.2) of the yield locus, conical and
open­ended: in fact, triaxial stress paths at 𝛼𝑃𝑄 = 10∘ happen to be mostly oriented
along the uncapped zone of the elastic domain, resulting in underestimated plastic
strains.

The effect of the cyclic stress amplitude 𝑆𝑎𝑚𝑝𝑙 at a finite polarisation angle
(𝛼𝑃𝑄 = 75∘) can be observed in Figure 3.15. Strain accumulation is accelerated
by increasing 𝑆𝑎𝑚𝑝𝑙, as testified by simulation results in good agreement with all
laboratory data.

Compliance with 𝜀𝑎𝑐𝑐𝑣𝑜𝑙 /𝜀𝑎𝑐𝑐𝑞 ratio
While experimental and numerical results were compared above in terms of strain
norm 𝜀𝑎𝑐𝑐 (Eq. (3.22)), it is also interesting to inspect the accumulation of vol­
umetric (𝜀𝑎𝑐𝑐𝑣𝑜𝑙 ) and deviatoric (𝜀𝑎𝑐𝑐𝑞 ) strains individually – as exemplified in Fig­
ure 3.16. Based on experimental observations, Wichtmann (2005) concluded that
the 𝜀𝑎𝑐𝑐𝑣𝑜𝑙 /𝜀𝑎𝑐𝑐𝑞 ratio mainly depends on the average stress ratio 𝜂𝑎𝑣𝑒 held during
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(a) Experimental data (Wichtmann, 2005)
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(b) Model simulations

Figure 3.14: Influence of the polarisation angle 𝛼𝑃𝑄 on cyclic strain accumulation. Test/simulation
settings: 𝑝𝑖𝑛= 200 kPa, 𝑒𝑖𝑛= 0.69, 𝜂𝑎𝑣𝑒= 0.5, stress amplitude in the 𝑄 − 𝑃 plane 𝑆𝑎𝑚𝑝𝑙= 60 kPa.
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(a) Experimental data (Wichtmann, 2005)
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(b) Model simulations

Figure 3.15: Influence of the stress amplitude 𝑆𝑎𝑚𝑝𝑙 in the 𝑄 − 𝑃 plane on cyclic strain accumulation.
Test/simulation settings: 𝑝𝑖𝑛= 200 kPa, 𝑒𝑖𝑛= 0.69, 𝜂𝑎𝑣𝑒= 0.5, 𝛼𝑃𝑄 = 75∘.

cyclic loading. Other factors like void ratio, confining pressure and stress amplitude
seemed to play limited roles. The new model is found to reproduce such a ratio
correctly in the medium/high strain range, although with an overall underestimation
of 𝜀𝑎𝑐𝑐𝑣𝑜𝑙 (Figure 3.16 – note that the experimental and predicted trend lines become
parallel for 𝜀𝑎𝑐𝑐𝑞 > 0.4).

It is believed that these inaccuracies relate mostly to the assumed modelling of
sand dilatancy, and future efforts will be spent to remedy this shortcoming. How­
ever, it is also worth reflecting here on the link between Wichtmann’s results and
other related published results. In particular, Narsilio and Santamarina (2008) pos­
tulated on an experimental basis the existence of a so­called ‘terminal density’, that
is a state of constant void ratio and steady fabric – including critical state as a par­
ticular instance. Every sand appears to attain a specific terminal density depending
on the initial, boundary and loading conditions (Narsilio and Santamarina, 2008;
Chong and Santamarina, 2016), with a direct influence on the observed accumu­
lation of all strain components (for a detailed investigation and simulation on this
topic refer to Chapter 4). However, the experimental trend in Figure 3.16 from
Wichtmann (2005) does not seem to evolve towards such a terminal state. Further
studies about such a discrepancy and, more widely, about the existence and the



3

64 3. SANISAND­MS: Model Formulation and High­cyclic Performance

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

accumulated deviatoric strain εq
acc  [%]a

cc
u

m
u

la
te

d
 v

o
lu

m
e

tr
ic

 s
tr

a
in

 ε
v

o
l

a
cc

 [
%

]
 

 

model simulation

exp (Wichtmann, 2005)

Figure 3.16: High­cyclic evolution of deviatoric and volumetric strain under drained triaxial loading.
Test/simulation settings: 𝑝𝑖𝑛= 200 kPa, 𝑒𝑖𝑛 = 0.7, 𝜂𝑎𝑣𝑒= 0.75, 𝑞𝑎𝑚𝑝𝑙 = 60 kPa, 𝑁 = 104.

properties of terminal density loci will positively affect future modelling efforts on
the high­cyclic response of soils.

3.5.2. Cyclic simple shear tests
Simple shear tests are also well­established in the geo­experimental practice, and
allow the soil response to loading paths implying rotation of the principal stress
axes to be explored. Simple shear loading closely represents conditions relevant to
many soil sliding problems, e.g. in the triggering of landslides or in the mobilisation
of the shaft capacity of piles.

The experimental work of Wichtmann (2005) also included high­cyclic simple
shear tests on the same quartz sand previously tested in the triaxial apparatus –
the validity of the same sand parameters in Table 3.2 can be thus assumed. Two
types of cyclic simple shear tests were performed: (i) cyclic shear loading applied
along a single direction; (ii) so­called cyclic multidimensional simple shear (CMDSS)
tests, in which the direction of shear loading is shifted by 90∘ in the horizontal plane
after, in this case, 𝑁 = 1000 cycles. As all tests were performed by controlling the
shear strain amplitude, the experimental results were visualised in terms of residual
(volumetric) strain accumulation, the residual strain 𝜀𝑎𝑐𝑐𝑟𝑒𝑠 in strain­controlled simple
shear tests coincides with the permanent vertical strain:

𝜀𝑎𝑐𝑐𝑟𝑒𝑠 = 𝜀𝑎𝑐𝑐𝑣 (3.24)

where 𝜀𝑎𝑐𝑐𝑣 stands for the accumulated vertical strain.
Experimental and numerical curves corresponding with cyclic shear strain ampli­

tude 𝛾𝑎𝑚𝑝𝑙 = 5.8×10−3 are compared in Figure 3.17, where the dashed lines denote
the shift in shear loading direction at 𝑁 = 1000 – relevant to CMDSS tests. Despite
unavoidable stress/strain inhomogeneities in simple shear experiments (Dounias
and Potts, 1993), reasonably similar residual strain accumulations are displayed in
Figures 3.17a–3.17b. The model is also able to capture the temporary increase in
accumulation rate produced by the sudden change in shear loading direction.
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(b) Simulation results

Figure 3.17: Cyclic simple shear tests (single loading direction and CMDSS) – comparison between
experimental results and model predictions. Test/simulation settings: 𝜎𝑎= 24 kPa (initial vertical stress),
𝑒𝑖𝑛= 0.69, 𝛾𝑎𝑚𝑝𝑙 = 5.8 × 10−3.

3.5.3. Impact on undrained cyclic response

Table 3.3: Toyoura sand parameters shared by SANISAND04 and the new model – after tests by Ishihara
et al. (1975)

Elasticity Critical state
𝐺0 𝜈 𝑀 𝑐 𝜆𝑐 𝑒0 𝜉
120 0.05 1.25 0.712 0.019 0.934 0.7
Yield Plastic modulus Dilatancy
𝑚 ℎ0 𝑐ℎ 𝑛𝑏 𝐴0 𝑛𝑑
0.01 7.05 0.968 1.1 0.704 3.5

While the main body of the chapter focused on the modelling and simulation
of drained cyclic strain accumulation, some space is given here to preliminarily
compare the proposed model and the parent SANISAND04 formulation in terms of
undrained cyclic performance. For this purpose, the experimental results from Ishi­
hara et al. (1975) are taken as a reference after Dafalias and Manzari (2004) – in
particular, an undrained cyclic triaxial test performed on a Toyoura sand specimen
at constant cell pressure 𝑝𝑖𝑛 = 294 kPa, initial void ratio 𝑒𝑖𝑛 = 0.808 and ampli­
tude of applied deviatoric stress 𝑞𝑎𝑚𝑝𝑙 = 114.2 kPa. The SANISAND04 parameters
shared by the proposed model are reported in Table 3.3 as identified by Dafalias
and Manzari (2004).

The comparison between experimental data and SANISAND04 simulation is re­
ported in Figure 3.18a. The SANISAND04 model captures the cyclic decrease in
effective mean stress, in a way positively affected by the enhanced post­dilation
contractancy achieved through the fabric­tensor formulation. However, the model
does not accurately predict the pore pressure build­up during each cycle and, in
turn, the number of cycles required to reach the phase transformation line (PTL).
Conversely, Figure 3.18b shows the improved performance of the proposed model,
based on the memory surface concept combined with the new dilatancy coefficient
defined in Eq. (3.21). The proposed model accounts for the gradual stiffening
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(a) Comparison between experimental result (Ishihara
et al., 1975) and SANISAND04 simulation result (Dafalias
and Manzari, 2004).
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(c) Influence of 𝜇0 and 𝛽 on the undrained performance
of the new model (𝜇0 = 140, 𝜁 = 0.00001, 𝛽 = 0).

Figure 3.18: Undrained cyclic behavior of Toyoura sand. Test/simulation settings: 𝑝𝑖𝑛 = 294 kPa,
𝑒𝑖𝑛 = 0.808, 𝑞𝑎𝑚𝑝𝑙 = 114.2 kPa.

over consecutive cycles and predicts better the number of loading cycles to phase
transformation. Comforting predictions are also obtained in terms of pore pressure
vaules beyond phase transformation, along with the nearly nil effective mean stress
reached upon unloading. Overall, the new memory­surface­based flow rule seems
a promising alternative to the approach followed by Dafalias and Manzari (2004).

As highlighted in Figure 3.18c in comparison to Figure 3.18b, the proposed
model offers higher flexibility in reproducing the undrained cyclic behaviour, de­
pending on the set of cyclic parameters 𝜇0, 𝜁 and 𝛽 selected. In general, the initial
pore pressure build­up prior to phase transformation can be controlled through the
parameter 𝜇0; the post­dilation stress path is mainly governed by the parameter
𝛽, which affects indirectly the shrinkage of the memory surface – the larger 𝛽, the
smaller the minimum effective stress reached upon post­dilation unloading.

3.6. Conclusions
The critical state, bounding surface SANISAND04 model has been endowed with
an additional locus in the stress space (memory surface) to improve the simulation
of high­cyclic sand ratcheting under a variety of initial, boundary and loading con­
ditions. The constitutive equations, directly presented in a multi­axial framework,
were implemented in the finite element code OpenSees, based on an existing open­
source implementation of SANISAND04. Compared to previous formulations, the
proposed model has proven more accurate in reproducing sand ratcheting under



3.6. Conclusions

3

67

various drained loading conditions, as well as potentially more flexible in terms of
pore pressure build­up under undrained loading. Extensive validation against exper­
imental results was performed with regard to triaxial (standard and non­standard)
and simple shear drainded cyclic tests.

It is anticipated that deeper insight and more reliable empirical correlations may
be obtained for a range of sandy materials. This will support the use of ratcheting
models, both implicit and explicit, to compensate for the usual lack of specific data
about strain accumulation trends.





4
SANISAND­MS: Oedometer

Simulation of Terminal
Densities

Parts of this chapter have been published in Géotechnique Letters (Liu and Pisanò, 2019).
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4.1. Introduction
This chapter concerns the SANISAND­MS simulation of high­cyclic sand behavior
under “zero lateral strain” (oedometer conditions). Cyclic oedometer­like loading
is relevant to multiple soil­foundation interaction problems in offshore geotechnics
– for instance regarding ‘push­pull’ mechanisms under multi­legged structures (Bi­
enen et al., 2018; Pisanò et al., 2019), or vibratory pile driving (Galavi et al., 2017).

The SANISAND­MS model developed in Chapter 3 has proven capable of repro­
ducing both quantitatively and quantitatively experimental data from drained high­
cyclic tests. This chapter takes a step forward about the application of SANISAND­
MS to high­cyclic problems. An opportunity for building further trust about the
model has been recently offered by Chong and Santamarina (2016) and Park and
Santamarina (2019), who published novel data concerning dry sand compaction in
high­cyclic oedometer tests. This chapter aims to bring new evidence about the ca­
pabilities of SANISAND­MS, with emphasis on the prediction of ‘terminal densities’
(Narsilio and Santamarina, 2008) and associated stiffness evolution.

4.2. Modelling of cyclic oedometer tests – part I
Though cyclic oedometer test results are more rare in the literature, a recent in­
stance is reported by Chong and Santamarina (2016) for three different sands
(Ottawa F110 and Ottawa 50/70). The following simulations concern oedometer
tests on Ottawa 50/70 specimens (𝐷10 = 0.26 mm, 𝐷50 = 0.33 mm, 𝐶𝑢 = 1.43,
𝑒𝑚𝑎𝑥 = 0.87, 𝑒𝑚𝑖𝑛 = 0.55) prepared at two different void ratios, 𝑒𝑖𝑛 = 0.765 and
𝑒𝑖𝑛 = 0.645. From a constitutive modelling standpoint, oedometer loading con­
strains the translation of the yield and memory surfaces in the deviatoric stress
ratio plane, with the cylindrical symmetry imposing their evolution along the (pro­
jected) principal axis associated with the vertical stress component (Figure 4.1).

Bounding surface

Memory surface

r
3r

2

r
1

Yield surface excursion 

during cyclic loading

Figure 4.1: Translation of the yield and memory surface under oedometer loading.

Both loose and dense specimens were subjected to stages of monotonic­cyclic­
monotonic loading, at either low or high vertical static stress (Figure 4.2a): (i) low
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static load – monotonic compression up to 100 kPa → cyclic vertical loading in the
range 200–100 kPa (100 cycles) → monotonic re­compression up to 1.4 MPa; (ii)
high static load: monotonic compression up to 1 MPa → cyclic vertical loading in
the range 1.1–1 MPa (100 cycles) → monotonic re­compression up to 1.4 MPa.
The calibration of all SANISAND­MS parameters has been carried out as follows:
first, the thirteen SANISAND04 parameters (from 𝐺0 to 𝑛𝑑) have been identified
based on drained monotonic triaxial tests on Ottawa sand from the literature (Lin
et al., 2015); then, the oedometer high­cyclic response has been simulated by
either (i) keeping the same (𝜇0, 𝜁, 𝛽) set in Table 3.2 (Figure 4.2b), or adjusting the
three parameters for best­fit purposes (Figure 4.2c). Experimental and numerical
results are compared in Figure 4.2 in terms of void ratio vs vertical stress curves,
for consistency with the original plots in Chong and Santamarina (2016).
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(b) Model simulations – 𝜇0 and 𝜁 from
Table 3.2
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(c) Model simulations – all parameters
from Table 4.1

Figure 4.2: Cyclic oedometer tests – comparison between experimental results and model predictions.

Table 4.1: Model parameters for the Ottawa 50/70 sand tested by Chong and Santamarina (2016)

Elasticity Critical state Yield
𝐺0 𝜈 𝑀 𝑐 𝜆𝑐 𝑒0 𝜉 𝑚
90 0.05 1.28 0.8 0.012 0.898 0.7 0.01
Plastic modulus Dilatancy Memory surface
ℎ0 𝑐ℎ 𝑛𝑏 𝐴0 𝑛𝑑 𝜇0 𝜁 𝛽
5.25 1.01 1.2 0.4 1.35 44 0.005 1

The void ratio vs vertical effective stress results in Figure 4.2 show that most
experimental­numerical mismatch is produced during monotonic loading stages,



4

72 4. SANISAND­MS: Oedometer Simulation of Terminal Densities

which a model with an open conical yield surface is not suited to reproduce accu­
rately. As for cyclic compaction, the parameters calibrated from Wichtmann’s tests
tend to underpredict the reduction in void ratio. In contrast, satisfactory numerical
results are displayed in Figure 4.2c after re­calibrating 𝜇0 and 𝜁 as well (Table 4.1,
same 𝛽). Two steps have been followed to re­calibrate 𝜇0 and 𝜁: (1) the loose spec­
imen is selected to calibrate 𝜇0 parameter under the loading condition that cyclic
vertical loading in the range 200–100 kPa, since under this condition the parame­
ters 𝜁 and 𝛽 have no impact on the cyclic behaviour; (2) the dense sample under
the same cyclic loading conditions is selected to calibrate 𝜁 with the 𝜇0 determined
in step (1). Other simulations have been conducted with the same parameters.
Expectedly, the model captures two relevant aspects:

– at a given initial vertical stress, the looser sand compacts more than the dense
sand; for a given initial void ratio, a higher initial compression level results in
lower cyclic compaction;

– after cyclic loading, the void ratio evolves during re­compression towards the
initial virgin compression line (Figure 4.2c).

It could also be shown that fully realistic values of the horizontal­to­vertical stress
ratio are obtained, owing to the rotational mechanism of the narrow yield surface
(and regardless of the low Poisson’s ratio selected – Table 4.1). The predictions
of the monotonic oedometer response could be improved by introducing a capped
yield surface as proposed by Taiebat and Dafalias (2008).

4.3. Modelling of cyclic oedometer tests – part II
Following Chong and Santamarina (2016), Park and Santamarina (2019) further
investigated the response of dry sand in high­cyclic oedometer tests. Vertical stress­
strain loops and variations in void ratio were obtained for each test, along with
bender element measurements of the shear wave velocity. Park and Santamarina’s
work revolves around the concept of ‘terminal density’, the asymptotic (terminal)
void ratio (density) eventually approached by cyclically­loaded sands. In reflection
of the initial fabric, sands evolve towards terminal densities depending mechanical
properties, loading and boundary conditions (Lackenby et al., 2007; Narsilio and
Santamarina, 2008). Before giving details of model simulation results, it is worth
recalling the following features of Park and Santamarina’s experimental programme
– see Table 4.2:

– tests performed on Ottawa 20/30 sand with 𝐷50 = 0.72 mm, 𝑒𝑚𝑎𝑥 = 0.742,
𝑒𝑚𝑖𝑛 = 0.502, 𝐺𝑠 = 2.65;

– four­stage loading sequence: (i) static compression up to 𝜎0, (ii) cyclic load­
ing of amplitude Δ𝜎 between 𝜎0 and 𝜎0 + Δ𝜎, (iii) static compression to the
maximum vertical stress 𝜎𝑚𝑎𝑥 > 𝜎0 + Δ𝜎, (iv) unloading;

– 33 tests in total (including repetitions), with 11 different combinations of ini­
tial/loading conditions and number of cycles 𝑁 = 104.
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In Park and Santamarina (2019) and throughout this chapter, 𝑒0 denotes the initial,
‘pre­cyclic’ void ratio at the beginning of cyclic loading.

Table 4.2: Test conditions in Park and Santamarina (2019) – 𝐷𝑟0: initial relative density, 𝑒0: initial void
ratio, 𝜎0: pre­cyclic vertical stress, Δ𝜎: cyclic stress amplitude, Δ𝜎/𝜎0: cyclic stress amplitude ratio.

Test # 𝐷𝑟0[%] 𝑒0 [–] 𝜎0[𝑘𝑃𝑎] Δ𝜎[𝑘𝑃𝑎] Δ𝜎/𝜎0 [–]
1 30 0.6700 67 100 1.5
2 40 0.6460 174 138 0.8
3 40 0.6460 105 138 1.3
4 40 0.6460 105 276 2.7
5 40 0.6460 105 414 4
6 50 0.6220 67 100 1.5
7 70 0.5740 174 138 0.8
8 70 0.5740 105 138 1.3
9 70 0.5740 67 100 1.5
10 70 0.5740 105 276 2.7
11 70 0.5740 105 414 4

4.3.1. Parameter calibration for Ottawa 20/30 sand
Herein, all model parameters were identified following the procedure in Chapter
3. Table 4.3 reports the parameter set for Ottawa 20/30 sand, calibrated against
different data sources. The calibration of critical­state­related parameters relies on

Table 4.3: Model parameters for the Ottawa 20/30 sand tested by Chong and Santamarina (2016)

Elasticity Critical state Yield
𝐺0 𝜈 𝑀 𝑐 𝜆𝑐 𝑒0 𝜉 𝑚
160 0.05 1.12 0.75 0.025 0.732 0.6 0.01
Plastic modulus Dilatancy Memory surface
ℎ0 𝑐ℎ 𝑛𝑏 𝐴0 𝑛𝑑 𝜇0 𝜁 𝛽
4.8 1.2 2.68 0.71 1.2 200 0.005 0.5

the test results from Santamarina and Cho (2001) (‘simple critical state tests’). The
reference critical void ratio 𝑒0 has been estimated as slightly smaller than 𝑒𝑚𝑎𝑥
(𝑒0 = 0.732), while 𝜆𝑐 and 𝜉 were obtained by fitting Eq. (3.3) to the critical
state data from drained and undrained triaxial tests (Fig. 4.3). The test results
from Lin et al. (2015) (in total, three drained monotonic triaxial tests) allowed the
finial identification of the remaining monotonic parameters1. Model simulation and

1the three drained monotonic triaxial tests were performed under the same initial void ratio but different
initial confining pressure. Herein, only these few triaxial data could be used for calibration purposes, and
deemed sufficient owing to the (unusually) comprehensive critical state data. However, it is generally
recommended to calibrate the model against monotonic test results for varying relative density and
𝑝𝑖𝑛, if available.
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Figure 4.3: Calibration of model parameters for critcial state line against experimental results from
Santamarina and Cho (2001).
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Figure 4.4: Calibration of monotonic model parameters against drained triaxial tests results from Lin
et al. (2015). 𝑒𝑖𝑛 = 0.65.

Only two tests out of Park and Santamarina’s dataset have been employed to
calibrate memory­related parameters – 𝜇0, 𝜁 and 𝛽 – in two steps:

1. high­cyclic loading (𝑁 = 104, 𝜎0 = 105 kPa, Δ𝜎 = 138 kPa) on a loose sample
(𝑒0 = 0.631) has been first considered to identify 𝜇0 far from dilatancy effects
(i.e. with negligible influence of 𝜁 and 𝛽). Setting 𝜇0 = 200 allowed simulation
of the same cyclic reduction in void ratio 𝑒 as measured experimentally – see
Figures 4.5a­4.5c;

2. with the same 𝜇0, the (𝜁, 𝛽) pair has been calibrated by fitting the response of
a denser sample (𝑒0 = 0.534) to the same loading programme – see Figures
4.5d­4.5f.

An iterative procedure has been followed to transit from an assumed initial void
ratio 𝑒𝑖𝑛 to the target pre­cyclic value 𝑒0 – in order to eliminate possible inaccu­
racies emerging from monotonic oedometer loading. This procedure enabled the
pre­cyclic initialisation of all hardening variables, and to final identification of 𝜇0­
𝜁­𝛽 values in good agreement with those calibrated in Liu et al. (2019) for the
quartz sand tested by Wichtmann (2005). Figures 4.5c and 4.5f give insight into
the stress mechanism underlying the simulated responses. 𝑞 − 𝑝 stress paths in­
dicate that, after the monotonic stage, the stress ratio 𝑞/𝑝 evolves in response to
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cyclic compression, which induces variations in mean radial stress compliant with
compatibility requirements (no lateral strain). This process approaches a steady
state along with the memory surface size 𝑚𝑀 (Eq. (3.16)), and determines the
final terminal density.

(a) Experimental results – 𝑒0 = 0.631 (b) Simulation results – 𝑒0 = 0.631 (c) Stress path – 𝑒0 = 0.631 (400 cycles)

(d) Experimental results – 𝑒0 = 0.534 (e) Simulation results – 𝑒0 = 0.534 (f) Stress path – 𝑒0 = 0.534 (400 cycles)

Figure 4.5: Comparison between Park and Santamarina’s data and model simulations in terms of cyclic
compaction for a loose and a dense sand sample. Oedometer test conditions: 𝜎0 = 105 kPa, Δ𝜎 = 138
kPa, 𝑁 = 104.

4.3.2. Empirical compaction trends
Terminal density (terminal void ratio) can be assessed based on the following em­
pirical relationship by Park and Santamarina (2019):

𝑒𝑖 = 𝑒𝑇 + (𝑒1 − 𝑒𝑇)[1 + (
𝑖 − 1
𝑁∗ )

𝑚
]
−1

(4.1)

For oedometer high­cyclic conditions, Eq. (4.1) estimates the void ratio 𝑒𝑖 at
the 𝑖𝑡ℎ cycle as a function of:
(i) the terminal void ratio 𝑒𝑇 (𝑒𝑖 → 𝑒𝑇 as 𝑖 → ∞);
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(ii) the characteristic number of cycles 𝑁∗, related to the number of cycles 1+𝑁∗
needed for half of the total compaction (𝑒1 − 𝑒𝑇)/2 to occur;

(iii) the empirical exponent 𝑚 in the order of 𝑚 = 0.45 ± 0.05 (Park and Santa­
marina, 2019).

Park and Santamarina (2019) fitted experimental compaction trends by identi­
fying 𝑁∗ in Eq. (4.1), so as to predict 𝑒𝑇 if reached with 𝑁 > 104. For comparison,
the same has been done for simulated compaction trend, as shown in Figure 4.6
with respect to the same tests in Figure 4.5.

Numerical cyclic responses (grey lines) are plotted along with the associated
upper/lower bounding curves obtained through Eq. (4.1) (red lines), as well as
with the curves identified by Park and Santamarina (2019) as experimental bounds
(black lines). The asymptotic evolution of𝑚𝑀 towards terminal density is confirmed
by the same plots. Further parametric studies (not reported for brevity) also con­
firmed the robustness of the model in terms of input­output relationship: small
variations/uncertainties in high­cyclic parameters (mainly 𝜇0 and 𝛽) result in only
slightly different terminal densities.

Table 4.4: Estimated terminal density 𝑒𝑇 and characteristic number of cycles 𝑁∗ based on Park and
Santamarina’s experimental results and model simulations in Figure 4.5.

bound 𝐷𝑖=0 𝑚 𝑁∗ 𝑒𝑇

Exp
upper 44%

0.4

350 0.6213
86% 200 0.5288

lower 44% 200 0.6209
86% 200 0.5284

Sim
upper 44%

0.45

794 0.6227
86% 631 0.5303

lower 44% 1291 0.6208
86% 1111 0.5287

Despite some differences in terms of identified (𝑁∗, 𝑚) pairs, experiment­based
and simulation­based bounding curves provide consistent estimates of the terminal
void ratio 𝑒𝑇 – see Figure 4.6 and Table 4.4. SANISAND­MS can thus predict high­
cyclic compaction reliably, and in turn 𝑒𝑇 through Eq. (4.1) for 𝑁 → ∞.

4.3.3. Model prediction of terminal densities
The model performance resulting from the parameters in Table 4.3 is now evaluated
against the whole set of Park and Santamarina’s test results. Simulations were
performed for the eleven cases in Table 4.2, spanning different relative densities
(30% < 𝐷𝑟 < 70%) and cyclic stress amplitude ratios (0.8 < Δ𝜎/𝜎0 < 4). In all
cases the lower bounds of the numerical 𝑒 − 𝑁 compaction curves were identified
by setting 𝑚 = 0.45 in Eq. (4.1) and searching suitable 𝑁∗ values. The obtained
bounding curves were then used to infer 𝑒𝑇 for 𝑁 → ∞ and compare to experimental
results.
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(a) Pre­cyclic void ratio 𝑒0 = 0.631

(b) Pre­cyclic void ratio 𝑒0 = 0.534

Figure 4.6: Void ratio evolution over 𝑁 = 104 loading cycles for loose and dense sand samples (Park
and Santamarina, 2019) – pre­cyclic vertical stress 𝜎0 = 105 kPa, cyclic stress amplitude Δ𝜎 = 138 kPa.
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Figure 4.8: Dimensionless volume contraction 𝐷.𝑉.𝐶 against cyclic stress amplitude ratio Δ𝜎/𝜎0. Num­
bering of simulation points refers to test numbers in Table 4.2.

In Figure 4.7 experimental and numerical findings are compared in terms of the
relation between terminal (𝑒𝑇) and initial void (𝑒0) ratios at varying Δ𝜎/𝜎0. Simu­
lation results confirm experimental evidence: (i) at given 𝑒0, 𝑒𝑇 tends to decrease
for higher Δ𝜎/𝜎0; (ii) lowest initial 𝑒0 values lead to lowest 𝑒𝑇 at given Δ𝜎/𝜎0.
Although sands evolve towards different fabric configurations depending on prop­
erties and loading, the memory of the initial state will not be erased (López­Querol
and Coop, 2012; Park and Santamarina, 2019). Park and Santamarina (2019) also
post­processed their data in terms of dimensionless volume contraction 𝐷.𝑉.𝐶.2:

𝐷.𝑉.𝐶. = 𝑒𝑇 − 𝑒𝑚𝑖𝑛
𝑒0 − 𝑒𝑚𝑖𝑛

(4.2)

which is found to depend linearly on Δ𝜎/𝜎0. The same empirical trend emerges
also from the model predictions in Figure 4.8.

Additionally, Park and Santamarina (2019) inspected experimental compaction
trends in terms of maximum/terminal variations in relative density (Δ𝐷𝑇):

Δ𝐷𝑇 =
𝑒0 − 𝑒𝑇

𝑒𝑚𝑎𝑥 − 𝑒𝑚𝑖𝑛
(4.3)

and recognised a dependence on the cyclic stress amplitude ratio of the following
kind (𝐷𝑖=0 represents in Eq. (4.4) the pre­cyclic relative density):

Δ𝐷𝑇 =
(Δ𝜎/𝜎0)(1 − 𝐷𝑖=0)𝑛

𝐵 (4.4)

with 𝐵 ≈ 20 ∼ 25 and 𝑛 = 0.7 estimated parameters for Ottawa 20/30 sand. Model
predictions of Δ𝐷𝑇 for all eleven scenarios (Table 4.2) are compared to experimental
trends in Figure 4.9. The memory­enhanced model predicts with reasonable accu­
racy the non­linear Δ𝐷𝑇−𝐷𝑖=0 relationship for the all considered cyclic stress ratios.

2Indicated as 𝜆 in Park and Santamarina (2019).
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(a) Δ𝜎/𝜎0 = 1.3
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(b) Δ𝜎/𝜎0 = 2.7
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Figure 4.10: Dependence of the normalised constrained modulus 𝑀 on the number of cycles 𝑁. Con­
sidered stress stress amplitude ratios: (a) Δ𝜎/𝜎0 = 1.3; (b) Δ𝜎/𝜎0 = 2.7; (c) Δ𝜎/𝜎0 = 4.0.

4.3.4. Evolution of constrained modulus
Park and Santamarina (2019) found an empirical correlation between the shear
wave velocity 𝑉𝑠 and the 1D constrained modulus 𝑀𝑜𝑒𝑑:

𝑀𝑜𝑒𝑑𝑖 = Δ𝜎
Δ𝜀𝑝𝑝𝑖

(4.5)

In Eq. (4.5) Δ𝜀𝑝𝑝𝑖 denotes the peak­to­peak amplitude of the 𝑖𝑡ℎ vertical strain loop.

In Figure 4.10 experimental and numerical results are compared in terms of
constrained modulus normalised with respect to its first cycle value, i.e. 𝑀𝑖 =
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𝑀𝑜𝑒𝑑𝑖 /𝑀𝑜𝑒𝑑1 – plots relate to both dense and loose samples subjected to Δ𝜎/𝜎0 equal
to 1.3 (Figure 4.10a), 2.7 (Figure 4.10b) and 4 (Figure 4.10c). Both experiments and
simulations confirm the expected increase in 𝑀𝑜𝑒𝑑 due to high­cyclic densification.

4.4. Concluding remarks
The results from recent experimental and modelling works have been compared
in terms of high­cyclic sand response under 1D oedometer compression. The
adopted SANISAND­MS model, based on memory­enhanced bounding surface plas­
ticity, has proven able to predict cyclic oedometer compaction over a wide range of
initial/boundary conditions. Terminal void densities have been well captured in all
cases, with sound dependencies on the factors taken into account.

This chapter has gathered new evidence regarding the suitability of combining
memory and bounding surface frameworks for high­cyclic geotechnical problems.
Building trust about such modelling tools helps the transition towards constitutive
models used in support of expensive experimental programmes when empirical
cyclic strain accumulation laws are demanded.
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SANISAND­MS: Improvement

of Undrained Cyclic
Performance

The contents of this chapter have been published in the JGGE (Liu et al., 2020a).
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5.1. Introduction
In the past decades, a plethora of constitutive models – from very simple to highly
sophisticated – have been proposed to reproduce the undrained cyclic behaviour
of soils. The case of sandy soils attracted particular attention after catastrophic
geotechnical failures during seismic events (Ishihara, 1993). Special mention in this
context goes to the SANISAND04 model proposed by Dafalias and Manzari (2004),
built on Manzari and Dafalias (1997) and ancestor of several later formulations
(Zhang and Wang, 2012; Boulanger and Ziotopoulou, 2013; Dafalias and Taiebat,
2016; Petalas et al., 2019). Among these models, the PM4Sand model (Boulanger
and Ziotopoulou, 2013; Ziotopoulou and Boulanger, 2016) possesses remarkable
capabilities to reproduce undrained cyclic behaviour, including the simulation of
pore pressure build­up, liquefaction triggering and, in medium­dense/dense sands,
‘cyclic mobility’ (Elgamal et al., 2003) – in turn associated with transient regains in
shear resistance, and gradual shear strain accumulation at vanishing confinement.
Cyclic mobility is relevant to the serviceability of earth structures and foundations
under prolonged cyclic loading (Ziotopoulou and Boulanger, 2016), as well as to
seismic site response (Roten et al., 2013).

In Chapter 3 and Liu et al. (2019), the SANISAND­MS model has been intro­
duced to better account for fabric­related effects and their impact on cyclic ratch­
eting behaviour (Houlsby et al., 2017). The model can predict variations in soil
stiffness and strain accumulation under thousands of drained loading cycles (high­
cyclic loading). The same modelling features also allow better simulation of the
undrained hydro­mechanical response, especially in terms of extent and timing of
cyclic pore pressure accumulation (Liu et al., 2018). It has been noted, however,
that further improvements are needed to unify the simulation of undrained cyclic
behaviour over a wide range of initial sand densities and loading conditions.

This chapter takes further the achievements presented in Chapter 3, with refer­
ence to undrained cyclic loading. Besides the ability of capturing liquefaction trig­
gering, the emphasis of what follows lies on the following aspects: (i) cyclic pore
pressure build­up, including its cycle­by­cycle timing in the pre­liquefaction stage;
(ii) stress­strain response in the post­liquefaction phase (cyclic mobility behaviour);
and (iii) influence of previous loading history on the undrained cyclic response.
These objectives are accomplished without compromising the previous achieve­
ments of the original model presented in Chapter 3 ­ 4. The performance of the
upgraded SANISAND­MS formulation is inspected in detail, and thoroughly validated
against the experimental datasets from Wichtmann (2005) and Wichtmann and Tri­
antafyllidis (2016) – including undrained cyclic triaxial tests on both isotropically
and anisotropically consolidated sand specimens. The present research is largely
motivated by current offshore wind developments, where the need for advanced
analysis of cyclic soil­foundation interaction is particularly felt.

5.2. Upgraded SANISAND­MS formulation
The upgraded SANISAND­MS formulation builds on most of the constitutive equa­
tions provided in Chapter 3. In contrast to the equation set given in Chapter 3, the
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model formulation is based here on the use of the back stress variable, with minor
influence on model implementation and calibration – see discussion in Section 3.3.1
and Appendix B. For brevity, Table Table 5.1 reports the whole set of (previous and
new) constitutive equations, while the following focuses on defining and discussing
new model features. New relationships for memory surface evolution, plastic flow
rules and hardening laws are presented in this section. The new model ingredi­
ents do not affect the capabilities of the previous formulation, but do influence the
calibration of certain cyclic parameters. Calibration and role of newly defined pa­
rameters are discussed in what follows. Ideally, four extra­tests would be needed
for their calibration, including stress­controlled undrained cyclic triaxial tests at dif­
ferent relative densities and cyclic stress ratios. Nevertheless, the upgraded model
can be reduced to a ‘lighter’ version whenever convenient.

The implications of the mentioned improvements are elucidated by comparing
previous and updated SANISAND­MS simulations of triaxial test results from Wicht­
mann and Triantafyllidis (2016). The reference cyclic undrained tests were per­
formed on Karlsruhe fine sand (𝐷50 = 0.14𝑚𝑚, 𝐶𝑢 = 𝐷60/𝐷10 = 1.5, 𝑒𝑚𝑎𝑥 = 1.054,
𝑒𝑚𝑖𝑛 = 0.677). Simulations of the previous SANISAND­MS model are related to the
soil parameters given in Table 5.2 from Liu et al. (2018).

Memory surface and its evolution
The memory surface (𝑓𝑀) tracks stress states already experienced by the sand
during its (cyclic) loading history. It accounts for fabric changes and load­induced
anisotropy via the evolution of its size (𝑚𝑀) and back­stress ratio (𝛼𝛼𝛼𝑀) (Corti et al.,
2016; Liu and Pisanò, 2019). The expansion of the memory surface (i.e., increase
in 𝑚𝑀) corresponds to the experimental observation of sand becoming stiffer as
fabric is reinforced by cycling within the ‘non­virgin’ domain. On the other hand,
the occurrence of dilation causes loss of sand stiffness (Nemat­Nasser and Tobita,
1982), which can be reproduced by the model through a decrease in 𝑚𝑀. This ex­
perimental evidence led to postulate a parallel shrinking mechanism for the memory
surface, so that the change in memory surface size (𝑑𝑚𝑀) is decomposed into two
terms: a memory surface expansion term 𝑑𝑚𝑀+ and a memory surface contraction
term 𝑑𝑚𝑀− :

𝑑𝑚𝑀 = 𝑑𝑚𝑀+ + 𝑑𝑚𝑀− (5.1)

Enforcing plastic consistency under virgin loading in the contractive regime allows
the derivation of the (positive) expansion rate 𝑑𝑚𝑀+ :

𝑑𝑚𝑀+ = √3/2𝑑𝛼𝛼𝛼𝑀 ∶ 𝑛𝑛𝑛 (5.2)

As discussed in Chapter 3, variations in size and location of the memory surface are
inter­related. 𝑑𝛼𝛼𝛼𝑀 describes the translation of the memory surface centre, assumed
to take place along the direction of 𝛼𝛼𝛼𝑏 −𝑟𝑟𝑟𝑀𝛼 :

𝑑𝛼𝛼𝛼𝑀 = 2/3⟨𝐿⟩ℎ𝑀(𝛼𝛼𝛼𝑏 −𝑟𝑟𝑟𝑀𝛼 ) (5.3)

in which 𝛼𝛼𝛼𝑏 is the bounding back­stress ratio and 𝑟𝑟𝑟𝑀𝛼 = 𝛼𝛼𝛼𝑀 +√2/3(𝑚𝑀 −𝑚)𝑛𝑛𝑛. ℎ𝑀,
as stated in Chapter 3, is the counterpart of the hardening coefficient defined with
respect to the memory surface — its updated expression is specified later on.
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Table 5.1: Upgraded SANISAND­MS constitutive equations.

Constitutive equations Material parameters

Elasticity 𝐺 = 𝐺0𝑝𝑎𝑡𝑚(2.97 − 𝑒)2/(1 + 𝑒)√𝑝/𝑝𝑎𝑡𝑚 𝐺0 dimensionless shear modulus
𝐾 = 2(1 + 𝜈)𝐺/[3(1 − 2𝜈)] 𝜈 Poisson ratio

Critical
state line 𝑒𝑐 = 𝑒0 − 𝜆𝑐(𝑝𝑐/𝑝𝑎𝑡𝑚)𝜉

𝑒0 reference critical void ratio
𝜆𝑐, 𝜉 CSL shape parameters

Yield surface 𝑓 = √(𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼) ∶ (𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼) − √2/3𝑝𝑚 𝑚 yield locus opening parameter
Memory
surface 𝑓𝑀 = √(𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼𝑀) ∶ (𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼𝑀) − √2/3𝑝𝑚𝑀

Plastic
hardening

𝑑𝛼𝛼𝛼 = (2/3) ⟨𝐿⟩ ℎ(𝛼𝛼𝛼𝑏 −𝛼𝛼𝛼)
𝛼𝛼𝛼𝑏 = √2/3 [𝑔(𝜃)𝑀 exp(−𝑛𝑏Ψ) −𝑚]𝑛𝑛𝑛 𝑛𝑏 bounding surface evolution parameter

𝑀 critical stress ratio
𝑔(𝜃) = 2𝑐/[(1 + 𝑐) − (1 − 𝑐) cos 3𝜃] 𝑐 extension­to­compression strength ratio
𝐿 = (1/𝐾𝑝)𝜕𝑓/𝜕𝜎𝜎𝜎 ∶ 𝑑𝜎𝜎𝜎
𝐾𝑝 = (2/3)𝑝ℎ(𝛼𝛼𝛼𝑏 −𝛼𝛼𝛼) ∶ 𝑛𝑛𝑛
𝑛𝑛𝑛 = (𝑟𝑟𝑟 −𝛼𝛼𝛼)/√2/3𝑚
Ψ = 𝑒 − 𝑒𝑐

ℎ = 𝑏0
(𝛼𝛼𝛼 −𝛼𝛼𝛼𝑖𝑛) ∶ 𝑛𝑛𝑛

exp [𝜇0 (
𝑝

𝑝𝑎𝑡𝑚
)
0.5
( 𝑏

𝑀

𝑏𝑟𝑒𝑓
)
𝑤1 1
𝜂𝑤2 ]

𝜇0, 𝑤1 memory­hardening parameters
𝑤2 cyclic stress ratio parameter

𝑏0 = 𝐺0ℎ0(1 − 𝑐ℎ𝑒)/√𝑝/𝑝𝑎𝑡𝑚 ℎ0, 𝑐ℎ hardening parameters
𝑏𝑀 = (𝑟𝑟𝑟𝑀𝛼 −𝛼𝛼𝛼) ∶ 𝑛𝑛𝑛
𝑏𝑟𝑒𝑓 = (𝛼𝛼𝛼𝑏 − �̃�𝛼𝛼𝑏) ∶ 𝑛𝑛𝑛
�̃�𝛼𝛼𝑏 = −√2/3[𝑔(𝜃 + 𝜋)𝑀 exp(−𝑛𝑏Ψ) −𝑚]𝑛𝑛𝑛
𝑟𝑟𝑟𝑀𝛼 = 𝛼𝛼𝛼𝑀 +√2/3(𝑚𝑀 −𝑚)𝑛𝑛𝑛

Memory surface
evolution

𝑑𝑚𝑀 = 𝑑𝑚𝑀+ + 𝑑𝑚𝑀−
𝑑𝑚𝑀+ = √3/2𝑑𝛼𝛼𝛼𝑀 ∶ 𝑛𝑛𝑛
𝑑𝑚𝑀− = −(𝑚𝑀/𝜁)𝑓𝑠ℎ𝑟 ⟨𝑏𝑏𝑟 ⟩𝑚𝑀+ ⟨−𝑑𝜀𝑝𝑣𝑜𝑙⟩ 𝜁 memory surface shrinkage parameter
𝐹 = ln[1 + |𝑚𝑀− |/(|𝑚𝑀− | + |𝑚𝑀+ |)0.5]
𝑏𝑏𝑟 = (𝛼𝛼𝛼𝑏 −𝛼𝛼𝛼) ∶ 𝑛𝑛𝑛
𝑑𝛼𝛼𝛼𝑀 = (2/3) ⟨𝐿𝑀⟩ ℎ𝑀(𝛼𝛼𝛼𝑏 −𝑟𝑟𝑟𝑀𝛼 )

ℎ𝑀 = 1
2 [

𝑏0
(𝑟𝑟𝑟𝑀𝛼 −𝛼𝛼𝛼𝑖𝑛) ∶ 𝑛𝑛𝑛

+ √32
𝑚𝑀𝑚𝑀+ ⟨𝑏𝑏𝑟 ⟩ 𝑓𝑠ℎ𝑟 ⟨−𝐷⟩
𝜁(𝛼𝛼𝛼𝑏 −𝑟𝑟𝑟𝑀𝛼 ) ∶ 𝑛𝑛𝑛

]

Deviatoric
plastic flow

𝑑𝑒𝑒𝑒𝑝 = ⟨𝐿⟩𝑅𝑅𝑅′ = ⟨𝐿⟩ {𝐵𝑛𝑛𝑛 − 𝐶 [𝑛𝑛𝑛2 − (1/3)𝐼𝐼𝐼]}
𝐵 = 1 + 3(1 − 𝑐)/(2𝑐)g(𝜃) cos 3𝜃
𝐶 = 3√3/2(1 − 𝑐)/𝑐𝑔(𝜃)

Volumetric
plastic flow

𝑑𝜀𝑝𝑣𝑜𝑙 = ⟨𝐿⟩𝐷
𝑑 = (𝛼𝛼𝛼𝑑 −𝛼𝛼𝛼) ∶ 𝑛𝑛𝑛
𝐷 = 𝐴𝑑𝑑
𝐴𝑑 = 𝐴0 (for 𝑑 ≥ 0 and �̃�𝑀𝑑 ≤ 0) 𝐴0 ‘intrinsic’ dilatancy parameter

𝐴𝑑 = 𝐴0 exp [𝛽1𝐹 (
𝑝

𝑝𝑚𝑎𝑥
)
0.5
]𝑔𝑘(𝜃)

(for 𝑑 ≥ 0 and �̃�𝑀𝑑 > 0)

𝛽1 dilatancy parameter
𝑘 dilatancy parameter

𝐴𝑑 = 𝐴0 exp [𝛽2𝐹 (1 − (
𝑝

𝑝𝑚𝑎𝑥
)
0.5
) 𝑑
||𝛼𝛼𝛼𝑐|| ]

1
𝑔(𝜃)

(for 𝑑 < 0)
𝛽2 dilatancy parameter

𝛼𝛼𝛼𝑐 = √2/3(𝑔(𝜃)𝑀 −𝑚)𝑛𝑛𝑛
𝛼𝛼𝛼𝑑 = √2/3 [𝑔(𝜃)𝑀 exp(𝑛𝑑Ψ) −𝑚]𝑛𝑛𝑛 𝑛𝑑 dilatancy surface evolution parameter
�̃�𝑀𝑑 = (�̃�𝛼𝛼

𝑑 − �̃�𝑟𝑟𝑀𝛼 ) ∶ 𝑛𝑛𝑛
�̃�𝛼𝛼𝑑 = −√2/3 [𝑔(𝜃 + 𝜋)𝑀 exp(𝑛𝑑Ψ) −𝑚]𝑛𝑛𝑛
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Table 5.2: Parameters of original SANISAND­MS model in Chapter 3 for the Karlsruhe fine sand tested
by Wichtmann and Triantafyllidis (2016)

Elasticity Critical state Yield
𝐺0 𝜈 𝑀 𝑐 𝜆𝑐 𝑒0 𝜉 𝑚
95 0.05 1.35 0.81 0.055 1.035 0.36 0.01
Plastic modulus Dilatancy Memory surface
ℎ0 𝑐ℎ 𝑛𝑏 𝐴0 𝑛𝑑 𝜇0 𝜁 𝛽
7.6 0.97 1.2 0.74 1.79 82 0.0005 4

As a new feature, the shrinkage rate of the memory surface 𝑑𝑚𝑀− is further linked
to the induced cumulative expansion of the memory surface size 𝑚𝑀+ = ∫𝑑𝑚𝑀+ over
the whole loading history experienced from a known initial state. The introduction
of the term 𝑚𝑀+ , monotonically increasing under shearing and consequent plastic
straining, ensures rapid degradation of the memory surface at large strain levels.
Therefore, virgin loading conditions are quickly reinstated upon load increment re­
versal after severe dilation (due to inhibited memory surface effects). This feature
is consistent with the observations of Yimsiri and Soga (2010) and Ziotopoulou and
Boulanger (2016), who noted that sand behaviour at large strain levels is mainly
governed by the current relative density:

𝑑𝑚𝑀− = −
𝑚𝑀
𝜁 𝑓𝑠ℎ𝑟⟨𝑏𝑏𝑟 ⟩𝑚𝑀+ ⟨−𝑑𝜀𝑝𝑣𝑜𝑙⟩ (5.4)

where 𝜁 is a parameter governing the shrinking rate of the memory surface, see
Appendix A for details about the geometrical factor 𝑓𝑠ℎ𝑟.

The term < 𝑏𝑏𝑟 > in Eq. (5.4) is also introduced to properly handle strain­
softening stages: during strain softening, (𝛼𝛼𝛼𝑏 − 𝛼𝛼𝛼) ∶ 𝑛𝑛𝑛 < 0, which may result in
𝑏𝑏𝑟 = (𝛼𝛼𝛼𝑏−𝑟𝑟𝑟𝑀𝛼 ) ∶ 𝑛𝑛𝑛 < 0 and contemporary shrinkage of both bounding and memory
surfaces may occur. As a consequence, 𝑑𝑚𝑀+ < 0 and 𝑚𝑀+ may decrease, which
would be in contrast with the assumption of non­decreasing 𝑚𝑀+ .

The following expression of the memory surface hardening coefficient ℎ𝑀 in Eqs.
(5.2)–5.3 results from derivations similar to those in Chapter 3 (see Table 3.1) and
Appendix A:

ℎ𝑀 = 1
2 (ℎ̃ + ℎ̂) =

1
2 [

𝑏0
(𝑟𝑟𝑟𝑀𝛼 −𝛼𝛼𝛼𝑖𝑛) ∶ 𝑛𝑛𝑛

+ √32
𝑚𝑀𝑚𝑀+ 𝑓𝑠ℎ𝑟⟨𝑏𝑏𝑟 ⟩ ⟨−𝐷⟩
𝜁(𝛼𝛼𝛼𝑏 −𝑟𝑟𝑟𝑀𝛼 ) ∶ 𝑛𝑛𝑛

] (5.5)

where 𝑏0 is the hardening factor given by Dafalias and Manzari (2004) (Table 5.1),
and 𝛼𝛼𝛼𝑖𝑛 the back­stress ratio at stress increment reversal. Closer inspection of Eq.
(5.5) leads to recognise the chance of a vanishing denominator in ℎ̂ (e.g., if either
𝛼𝛼𝛼𝑏 = 𝑟𝑟𝑟𝑀𝛼 or 𝑛𝑛𝑛 ∝ (𝛼𝛼𝛼𝑏 − 𝑟𝑟𝑟𝑀𝛼 )), which may abruptly accelerate the evolution of 𝛼𝛼𝛼𝑀
and temporarily leave the yield locus outside the (shrinking) memory surface. The
effects of such occurrence, rare but possible, may be mitigated in the numerical
implementation of the model, for instance by inhibiting shrinkage of the memory
surface when becoming tangent to the yield surface.
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Overall, the above upgraded laws for memory surface evolution allow fabric
effects to be erased at large strain levels, in agreement with available experimental
evidence (Yimsiri and Soga, 2010; Ziotopoulou and Boulanger, 2016).

Dilatancy
The model as presented in Chapter 3 can already predict liquefaction triggering
(according to Seed and Lee (1966), the first occurrence of 𝑝′ ≈ 0), and provides
for medium­dense/dense sands reasonable stress path shapes in the post­dilation
phase (‘butterfly­shaped’ 𝑞−𝑝 response). However, accurate simulation of peculiar
stress­strain loops during cyclic mobility is beyond the possibilities of that model.
Amending this short­coming requires introducing changes to the formulation gov­
erning sand dilatancy. Indeed, as discussed by Elgamal et al. (2003) and Boulanger
and Ziotopoulou (2013), the modelling of cyclic mobility is intimately related to the
description of sand dilatancy. Within the SANISAND framework, the dilatancy co­
efficient 𝐷 in the plastic flow rule is generally expressed as (Table 5.1):

𝐷 = 𝐴𝑑𝑑 (5.6)

where
𝑑 = (𝛼𝛼𝛼𝑑 −𝛼𝛼𝛼) ∶ 𝑛𝑛𝑛 (5.7)

and 𝛼𝛼𝛼𝑑 represents the image back­stress ratio on the dilatancy surface. In Chapter
3, the term 𝐴𝑑 was already set to depend on the sign of plastic volume changes
(i.e., contraction or dilation) before the previous load increment reversal through
the term ⟨�̃�𝑀𝑑 ⟩ = ⟨(�̃�𝛼𝛼𝑑 − �̃�𝑟𝑟𝑀𝛼 ) ∶ 𝑛𝑛𝑛⟩. Such a dependence was introduced to capture
the increase in pressure build­up upon post­dilation load increment reversals — a
phenomenon that Dafalias and Manzari (2004) reproduced through the concept of
fabric tensor. Compared to the original definition in Chapter 3, the definition of 𝐴𝑑
is here enhanced with some new features, mainly instrumental to the simulation of
undrained cyclic mobility:

– in the case of (plastic) contraction (𝑑 ≥ 0) following previous contraction
(�̃�𝑀𝑑 ≤ 0):

𝐴𝑑 = 𝐴0 (5.8)

– in the case of (plastic) contraction (𝑑 ≥ 0) following previous dilation (�̃�𝑀𝑑 > 0)

𝐴𝑑 = 𝐴0 exp [𝛽1𝐹 (
𝑝

𝑝𝑚𝑎𝑥
)
0.5
]𝑔𝑘(𝜃) (5.9)

– in the case of dilation (𝑑 < 0)

𝐴𝑑 = 𝐴0 exp [𝛽2𝐹 (1 − (
𝑝

𝑝𝑚𝑎𝑥
)
0.5
) 𝑑
||𝛼𝛼𝛼𝑐|| ]

1
𝑔(𝜃) (5.10)
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In the above relationships, 𝐴0 is the ‘intrinsic’ dilatancy parameter already present in
Dafalias and Manzari (2004). ||𝛼𝛼𝛼𝑐|| in Eq. (5.10) is the Euclidean norm of 𝛼𝛼𝛼𝑐 (see
Table 5.1) introduced for normalisation purposes, which represents the distance
between the origin of the deviatoric stress ratio plane and the image back­stress
ratio on the critical surface 𝑓𝐶. The new dilatancy features in Eqs. (5.9)­5.10 are
phenomenologically associated with the following mechanical factors:

• Fabric history
𝐹 is a non­decreasing scalar variable related to the previous history of fabric
evolution:

𝐹 = ln [1 + |𝑚𝑀− |
(|𝑚𝑀+ | + |𝑚𝑀− |)0.5

] = ln [1 + ∫ |𝑑𝑚𝑀− |
(∫ |𝑑𝑚𝑀+ | + ∫ |𝑑𝑚𝑀− |)0.5

] (5.11)

𝐹 plays a similar role as the ‘damage index’ in Boulanger and Ziotopoulou
(2013), that is to progressively degrade 𝐴𝑑 at increasing number of cycles.
This feature helps reproducing progressive shear strain accumulation, for in­
stance in undrained DSS tests with imposed symmetric shear loading (Arulmoli
et al., 1992; Andersen, 2009). The effect of this modelling ingredient can be
appreciated by comparing model simulations in Fig. 5.1a and Fig. 5.1b, per­
formed with the previous and upgraded SANISAND­MS, respectively. It should
also be noted that, as 𝐹 is a non­decreasing variable, it will permanently
have an influence also on the post­cyclic response, possibly featuring differ­
ent drainage conditions. Post­cyclic drained behaviour, for instance, would be
more (less) contractive (dilative) than without the use of 𝐹 in the flow rule.
There is hardly any experimental evidence available to either support or falsify
such occurrence, so that caution is recommended when applying the model
to problems with very variable drainage conditions and/or distinct stages of
consolidation.
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Figure 5.1: Cyclic DSS simulations via SANISAND­MS. Simulation conditions: 𝑒𝑖𝑛 = 0.812 (initial void
ratio), 𝜎𝑣 = 100 kPa (effective vertical stress), 𝜏𝑎𝑚𝑝𝑙 = ±20 kPa (cyclic shear stress amplitude); cyclic
parameters in the upgraded model: 𝜇0 = 65, 𝜁 = 0.0003, 𝑤1 = 2.5, 𝑤2 = 1.5, 𝑘 = 2.

• Sensitivity to stress state and path
Dependence on the (relative) Lode angle function (𝑔(𝜃)) and the term 𝑑/||𝛼𝛼𝛼𝑐||
were suggested by experimental results as a way to modulate the response,
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and particularly strain accumulation, with respect to different cyclic stress
paths (e.g., triaxial or simple shear). Typical simulation results of previous
and upgraded SANISAND­MS models are shown in Figs. 5.2a and 5.2b, re­
spectively. The pressure term (𝑝/𝑝𝑚𝑎𝑥)0.5 (𝑝𝑚𝑎𝑥 is the highest effective mean
pressure ever experienced) reflects the greater proneness to shear straining
observed at very low effective stress levels, progressively reducing at increas­
ing 𝑝 – see Fig. 5.1b and Fig. 5.2b.
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Figure 5.2: Cyclic triaxial simulations on isotropically consolidated sand via SANISAND­MS. Simulation
settings: 𝑒𝑖𝑛 = 0.825, 𝑝𝑖𝑛 = 200 kPa, 𝑞𝑎𝑚𝑝𝑙 = 60 kPa. Cyclic parameters in the upgraded model:
𝜇0 = 65, 𝜁 = 0.0003, 𝑤1 = 2.5, 𝑤2 = 1.5, 𝛽1 = 4.0, 𝛽2 = 3.2, 𝑘 = 2.

Dilatancy features in the upgraded model can be tuned to experimental data
through the material parameters 𝛽1 and 𝛽2 in Eqs. (5.9) and 5.10. These param­
eters govern cyclic shear straining in the dilative regime – cyclic volume changes
before any dilation mostly depend on the parameter 𝐴0 and the memory­hardening
parameter 𝜇0 in Table 5.1. Sound calibration of 𝛽1 requires data from undrained
cyclic triaxial tests in which initial liquefaction is triggered. As exemplified in Fig. 5.3,
the parameter 𝛽1 influences the undrained triaxial stress­strain response in terms of
ultimate normalised accumulated pore pressure (throughout this work, pore water
pressure generation is tracked at the end of each full cycle when 𝑞 = 𝑞𝑎𝑣𝑒). Larger
𝛽1 results in higher 𝑢𝑎𝑐𝑐/𝑝𝑖𝑛 ratios (i.e., smaller residual effective stress). For the
considered Karlsruhe fine sand 𝛽1 = 4 was selected, with 𝛽2 negligibly affecting the
final 𝑢𝑎𝑐𝑐 level.

At a given 𝛽1, increasing 𝛽2 results in larger accumulation of cyclic shear strain in
undrained cyclic DSS tests (see Fig. 5.1b). Unfortunately, in the lack of undrained
cyclic DSS tests performed on the same Karlsruhe sand, 𝛽2 had to be identified,
together with 𝑘 in Eq. (5.9), by a trial­and­error procedure. In the case of triaxial
loading, increasing 𝛽2 determines larger cyclic axial strain (see Fig. 5.4b), whereas
the parameter 𝑘 in Eq. (5.9) governs the influence of the stress path through the
relative Lode angle 𝜃. Fig. 5.4b shows that, for a cyclic triaxial test, higher 𝑘 results
in positive/compressive cyclic axial strains larger than on the negative/extension
side. The comparison to Wichtmann and Triantafyllidis (2016)’s triaxial test results
(Fig. 5.4a) led to identify the parameter pair 𝛽2 = 3.2 and 𝑘 = 2. Some attention
should be paid to the following two remarks about formulation and limitations of
the new flow rule::
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Figure 5.3: Calibration of 𝛽1. Test/simulation settings and cyclic parameters are as in Fig. 5.2b. Test
data from Wichtmann & Triantafyllidis (2016).

1. The piece­wise definition of 𝐴𝑑 implies discontinuity in the dilatancy coeffi­
cient 𝐷 when the material transits from contractive to dilative behaviour (i.e.,
when the yield locus crosses the dilatancy surface) – even in the presence of
continuous variations in stress ratio 𝑟𝑟𝑟 (thus, in loading direction 𝑛𝑛𝑛). Conse­
quently, continuity of volumetric plastic strain increments may not be guar­
anteed, similarly to Boulanger and Ziotopoulou (2013) and Khosravifar et al.
(2018);

2. In contrast with the (inconclusive) findings of some experimental studies, the
model predicts less obvious strain saturation during cyclic mobility – compare
to Fig. 5.4a, where only limited strain increments are observed in the last
few loading cycles. While other modelling assumptions are certainly possi­
ble (Barrero et al., 2020), the latter point will receive further attention when
broader consensus about underlying physical mechanisms is reached (Wang
and Wei, 2016; Wang et al., 2016).
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Figure 5.4: Calibration of 𝛽2 and 𝑘. Test/simulation settings: 𝑒𝑖𝑛 = 0.8, 𝑝𝑖𝑛 = 200 kPa, 𝑞𝑎𝑚𝑝𝑙 = 60
kPa. Cyclic parameters in the upgraded model: 𝜇0 = 65, 𝜁 = 0.0003, 𝑤1 = 2.5, 𝑤2 = 1.5, 𝛽1 = 4.0.
Number of loading cycles after initial liquefaction 𝑁 = 10.

Hardening coefficient
In its initial version, SANISAND­MS had limited capability to quantitatively reproduce
complex relationships between cyclic pore pressure accumulation and relevant load­
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ing factors. Fig. 5.5 compares the performance of previous SANISAND­MS (blue
lines, formulation in Chapter 3, i.e., as in Liu et al. (2019)) in reproducing Wicht­
mann and Triantafyllidis (2016)’s triaxial data (blacks lines) regarding undrained pre­
liquefaction behaviour under cyclic symmetric loading at varying cyclic amplitude
ratios (𝜂𝑎𝑚𝑝𝑙 = 𝑞𝑎𝑚𝑝𝑙/𝑝𝑖𝑛, with 𝑞𝑎𝑚𝑝𝑙 the cyclic shear amplitude and 𝑝𝑖𝑛 the initial
mean effective stress). The previous SANISAND­MS predicts more limited variation
in the number of loading cycles 𝑁𝑖𝑛𝑖 to trigger initial liquefaction (𝑢𝑎𝑐𝑐/𝑝𝑖𝑛 ≈ 1 for
the first time).
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Figure 5.5: Performance of previous and upgraded SANISAND­MS (model parameters in Table 5.2 and
Table 5.3, respectively) on pore pressure accumulation in isotropically consolidated sand under varying
stress amplitude ratios 𝜂𝑎𝑚𝑝𝑙. Test/simulation settings: performed with an initial drained loading cycle,
𝑝𝑖𝑛 = 300 kPa, 𝑒𝑖𝑛 = 0.846 when 𝜂𝑎𝑚𝑝𝑙 = 0.2; 𝑒𝑖𝑛 = 0.816 when 𝜂𝑎𝑚𝑝𝑙 = 0.3. Experimental data
from Wichtmann & Triantafyllidis (2016).

The comprehensive database of Wichtmann and Triantafyllidis (2016) supports
the idea that more cycles are required to trigger liquefaction (higher 𝑁𝑖𝑛𝑖) at low
𝜂𝑎𝑚𝑝𝑙. It could thus be attempted to link the increase in 𝑁𝑖𝑛𝑖 to higher values of
the hardening coefficient ℎ through explicit dependence on 𝜂𝑎𝑚𝑝𝑙. However, as
𝜂𝑎𝑚𝑝𝑙 cannot be a priori defined in general boundary value problems, the current
stress ratio 𝜂 instead of 𝜂𝑎𝑚𝑝𝑙 is adopted in the upgraded definition of the hardening
coefficient ℎ:

ℎ = 𝑏0
(𝛼𝛼𝛼 −𝛼𝛼𝛼𝑖𝑛) ∶ 𝑛𝑛𝑛

exp [𝜇0 (
𝑝

𝑝𝑎𝑡𝑚
)
0.5
( 𝑏

𝑀

𝑏𝑟𝑒𝑓
)
𝑤1 1
𝜂𝑤2 ] (5.12)

where 𝜂 = 𝑞/𝑝 = √3𝐽2/𝑝. 𝑏𝑀 represents the distance between the current back­
stress ratio 𝛼𝛼𝛼 and its image point 𝑟𝑟𝑟𝑀𝛼 on the memory surface, while 𝑏𝑟𝑒𝑓 is a ref­
erence normalisation factor (Table 5.1). The term 1/𝜂𝑤2 (with 𝑤2 new model pa­
rameter), explicitly accounts for the deviatoric span of the loading path – for more
robust numerical implementation, 𝑚 (radius of the yield surface in the stress ratio
𝜋 plane) is set as 𝜂’s lower bound.

Input to the calibration of the 𝑤2 parameter can be obtained from the exper­
imental relationship between 𝑁𝑖𝑛𝑖 and 𝜂𝑎𝑚𝑝𝑙 in triaxial tests on isotropically con­
solidated sand. As mentioned above, increase in 𝑁𝑖𝑛𝑖 is linked to higher values
of the hardening coefficient ℎ, which is in turn inversely related to 𝜂𝑎𝑚𝑝𝑙 (i.e.,
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𝑁𝑖𝑛𝑖 ∝ ℎ ∝ [exp(factor ⋅ 1/𝜂𝑤2𝑎𝑚𝑝𝑙)]). Such observation prompted the investiga­
tion of the relationship between ln(𝑁𝑖𝑛𝑖) and 1/𝜂𝑤2𝑎𝑚𝑝𝑙). It was concluded that for
fixed 𝜂𝑎𝑚𝑝𝑙, dense sands (i.e., with 𝐷𝑟0 larger than critical) experience more load­
ing cycles before liquefaction. In summary, the experimental relationship between
ln(𝑁𝑖𝑛𝑖)/𝐷𝑟0 and 1/(𝜂𝑤2𝑎𝑚𝑝𝑙) emerging from a set of tests is proposed as a tool to
calibrate 𝑤2 – see Fig. 5.6. This requires at least four stress­controlled undrained
triaxial tests on isotropically consolidated specimens, at varying 𝜂𝑎𝑚𝑝𝑙 and 𝐷𝑟0, until
cyclic liquefaction is triggered. However, since in Eq. (5.12) the current stress ratio
𝜂 is adopted instead of directly using 𝜂𝑎𝑚𝑝𝑙, the calibrated 𝑤2 may need further
adjustment together with 𝑤1 and 𝜇0 (for which calibration procedures are given in
the following section). Should available data be insufficient, 𝑤2 = 0 is suggested
as an initial value, and followed with a sensitivity study to determine its relevance
and possibly motivate the gathering of the data for its calibration.
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Figure 5.6: Calibration of 𝑤2 based on the results of undrained cyclic triaxial tests on isotropically
consolidated sand from Wichtmann & Triantafyllidis (2016).

The other exponent 𝑤1 in Eq. (5.12) was pre­set to 2 in Chapters 3 and 4 for
simplicity. Herein, 𝑤1 is re­activated as a free model parameter for more flexibility.
Its value, together with 𝜇0’s, was calibrated mostly by trial­and­error, starting from
the default setting 𝑤1 = 2. The same test data­set used for calibrating 𝑤2 can
also support the identification of 𝑤1 when looking at pore pressure accumulation
trends, e.g., in terms of 𝑢𝑎𝑐𝑐/𝑝𝑖𝑛 versus number of loading cycles. Fig. 5.7 shows
that good agreement for the examined Karlsruhe sand is achieved for 𝜇0 = 65 and
𝑤1 = 2.5.

Fig. 5.5 also shows the performance of upgraded SANISAND­MS (red lines).
As discussed in the following section, the upgraded model appears better suited
to capture the dependence of 𝑁𝑖𝑛𝑖 (number of cycles to liquefaction) on the cyclic
stress amplitude at different relative densities.

5.3. Prediction of undrained cyclic response
This section demonstrates the predictive capabilities of the model with respect to
upgraded undrained cyclic loading. Using the set of calibrated parameters in Ta­
ble 5.4, the model performance is assessed against additional triaxial test results
on Karlsruhe fine sand (Wichtmann and Triantafyllidis, 2016), not previously used
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Figure 5.7: Calibration of 𝑤1 and 𝜇0. Test/simulation settings: performed with an initial drained loading
cycle, 𝑒𝑖𝑛 = 0.808, 𝑝𝑖𝑛 = 300 kPa, 𝜂𝑎𝑚𝑝𝑙 = 0.25. Cyclic parameters in the upgraded model: 𝛽1 = 4.0,
𝛽2 = 3.2, 𝑤2 = 1.5, 𝑘 = 2, 𝜁 = 0.0003.

for calibration.

5.3.1. Response of isotropically consolidated sand
Cyclic pore pressure accumulation
Cyclic build­up of pore pressure may cause stiffness and strength losses (cyclic
liquefaction), for instance during seismic events. Many empirical models have been
developed (Dobry et al., 1985; Idriss and Boulanger, 2006; Ivšić, 2006; Chiaradonna
et al., 2018) to simplify the prediction of such build­up by directly relating the pore
pressure ratio (𝑢𝑎𝑐𝑐/𝑝𝑖𝑛) to the ratio between current number of cycles (𝑁) and total
number of cycles to liquefaction (𝑁𝑖𝑛𝑖). It seems interesting to verify how pore
pressure predictions from SANISAND­MS (both previous and upgraded versions)
compare to empirical models, such as that recently proposed by Chiaradonna et al.
(2018). In Fig. 5.8, SANISAND­MS and empirical model predictions are compared
to experimental data from Wichtmann and Triantafyllidis (2016), concerning triaxial
tests performed at varying cyclic stress amplitude ratio. Although both plasticity and
empirical models reproduce well the experimental data, it is worth noting that the
simulation of pore pressure accumulation trends is usually easier when pursued in
terms of normalised number of cycles𝑁/𝑁𝑖𝑛𝑖. It is shown hereafter that reproducing
the absolute 𝑁𝑖𝑛𝑖 value poses a more serious challenge for constitutive modelling.

Table 5.3: Upgraded SANISAND­MS parameters for the Karlsruhe fine sand tested by Wichtmann &
Triantafyllidis (2016)

Elasticity Critical state Yield Plastic modulus
𝐺0 𝜈 𝑀 𝑐 𝜆𝑐 𝑒0 𝜉 𝑚 ℎ0 𝑐ℎ 𝑛𝑏
95 0.05 1.35 0.81 0.055 1.035 0.36 0.01 7.6 0.97 1.2

Dilatancy Memory surface
𝐴0 𝑛𝑑 𝛽1 𝛽2 𝑘 𝜇0 𝜁 𝑤1 𝑤2
0.74 1.79 4.0 3.2 2 65 0.0003 2.5 1.5
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Figure 5.8: Pore pressure accumulation curves. Same test/simulation settings as in Fig. 5.5. Comparison
among experimental data (Wichtmann & Triantafyllidis, 2016), empirical fit (Chiaradonna et al., 2018)
and SANISAND­MS simulations.

Influence of initial effective mean pressure Experimental test results from
Wichtmann and Triantafyllidis (2016) (Fig. 5.9) show that it is not straightforward to
interpret the influence of the initial consolidation pressure 𝑝𝑖𝑛 in tests featuring con­
stant cyclic stress amplitude ratio (𝜂𝑎𝑚𝑝𝑙 = 𝑞𝑎𝑚𝑝𝑙/𝑝𝑖𝑛). Axial strain accumulation in
the cyclic mobility stage does not show obvious dependence on 𝑝𝑖𝑛 either. Simula­
tion results obtained with the upgraded SANISAND­MS formulation support similar
conclusions (Fig. 5.9b). For instance, the considered cases with 𝜂𝑎𝑚𝑝𝑙 = 0.25 and
𝑝𝑖𝑛 =100, 200, 300 kPa are associated in experiments with 𝑁𝑖𝑛𝑖 values equal to
100, 77 and 110, respectively – i.e., with no monotonic dependence of 𝑁𝑖𝑛𝑖 on
𝑝𝑖𝑛 (and arguably with an influence of specimen preparation). Overall, the pro­
posed SANISAND­MS formulation shows good ability to predict the impact of 𝑝𝑖𝑛
both in terms of pore pressure build­up and strain accumulation, with the upgraded
formulation performing better than its previous version.

Influence of cyclic amplitude ratio The reference experimental data show
that higher values of the cyclic amplitude stress ratio (𝜂𝑎𝑚𝑝𝑙 = 𝑞𝑎𝑚𝑝𝑙/𝑝𝑖𝑛) result in
faster triggering of liquefaction (i.e., lower 𝑁𝑖𝑛𝑖) – see Fig. 5.10a and Fig. 5.10e.
Both SANISAND­MS versions prove sensitive to this effect (see Fig. 5.10b and Fig.
5.10e). However, while the formulation in Chapter 3 largely underestimates 𝑁𝑖𝑛𝑖
for 𝜂𝑎𝑚𝑝𝑙 = 0.2 and 0.25, the upgraded model predicts accurate 𝑁𝑖𝑛𝑖 values in all
considered cases. This confirms the effectiveness of the new hardening modulus
definition in Eq. (5.12). Further, the upgraded formulation captures well the axial
strain accumulation, both on the positive and negative sides (compare Fig. 5.10c
and Fig. 5.10d).

Influence of initial relative density Wichtmann and Triantafyllidis (2016)’s
data also confirm the expectation that, under given conditions, the effective mean
pressure vanishes faster at lower initial relative density (see stress paths in Fig.
5.11a and Fig. 5.11e). Both SANISAND­MS versions succeed also in this respect
(Fig. 5.11b and Fig. 5.11e). Nonetheless, the new formulation improves quan­
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(a) Experimental results: q­p response with, 𝑝𝑖𝑛=100, 200, 300 kPa (from left to right)
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(b) Upgraded SANISAND­MS results: q­p response with, 𝑝𝑖𝑛=100, 200, 300 kPa (from left to right)
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(c) Experimental results: q­𝜀𝑎 response with, 𝑝𝑖𝑛=100, 200, 300 kPa (from left to right)
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(d) Upgraded SANISAND­MS results: q­𝜀𝑎 response for 𝑝𝑖𝑛=100, 200, 300 kPa (from left to right)
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(e) SANISAND­MS vs experimental results: pore pressure accumulation predictions from formulation in Chapter 3 (left)
and upgraded model (right)

Figure 5.9: Influence of initial effective mean pressure on pore pressure accumulation in isotropically
consolidated sand. Test/simulation settings: performed with an initial drained loading cycle, 𝑝𝑖𝑛 = 100
kPa (𝑒𝑖𝑛 = 0.798 ), 200 kPa (𝑒𝑖𝑛 = 0.813) and 300 kPa (𝑒𝑖𝑛 = 0.808), 𝜂𝑎𝑚𝑝𝑙 = 0.25. Comparison
between experimental data (Wichtmann & Triantafyllidis, 2016) and SANISAND­MS simulations.
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(a) Experimental results: q­p response for 𝜂𝑎𝑚𝑝𝑙=0.2, 0.25, 0.3 (from left to right)
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(b) Upgraded SANISAND­MS results: q­p response for 𝜂𝑎𝑚𝑝𝑙=0.2, 0.25, 0.3 (from left to right)
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(c) Experimental results: q­𝜀𝑎 response for 𝜂𝑎𝑚𝑝𝑙=0.2, 0.25, 0.3 (from left to right)
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(d) Upgraded SANISAND­MS results: q­𝜀𝑎 response for 𝜂𝑎𝑚𝑝𝑙=0.2, 0.25, 0.3 (from left to right)
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Figure 5.10: Influence of cyclic amplitude ratio 𝜂𝑎𝑚𝑝𝑙 on undrained cyclic behaviour of isotropically
consolidated sand. Test/simulation settings: performed with an initial drained loading cycle, 𝑒𝑖𝑛 =
0.821, 0.798, 0.825 for 𝜂𝑎𝑚𝑝𝑙 = 0.2, 0.25 and 0.3, respectively; 𝑝𝑖𝑛 = 100 kPa. Comparison between
experimental data (Wichtmann & Triantafyllidis, 2016) and SANISAND­MS simulations.
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titative pore pressure predictions owing to the new material parameter 𝑤2, which
scales cyclic amplitude effects with respect to the void ratio (see Eq. (5.12) and Fig.
5.7) – compare experimental data and upgraded model predictions in Figs. 5.11a
to 5.11b). The new model, however, seems to reproduce the influence on strain
accumulation of the initial relative density (Figs. 5.11c to 5.11d) less accurately
than of other input factors (Figs. 5.9 ­ 5.10).

5.3.2. Response of anisotropically consolidated sand
SANISAND­MS was further challenged to reproduce the undrained response of
anisotropically consolidated sand specimens. Useful insight in this respect can be
obtained from the comparison in Fig. 5.12 between effective stress paths from
experimental results (Wichtmann and Triantafyllidis, 2016) and SANISAND­MS sim­
ulations. In particular, cases with cyclic stress amplitude ratio (𝜂𝑎𝑚𝑝𝑙 = 𝑞𝑎𝑚𝑝𝑙/𝑝𝑖𝑛)
smaller or larger than the initial average stress ratio (𝜂𝑎𝑣𝑒 = 𝑞𝑎𝑣𝑒/𝑝𝑖𝑛) were con­
sidered in both experiments and simulations – Figs. 5.12a, 5.12b. Fig. 5.12 sug­
gests that, when 𝜂𝑎𝑚𝑝𝑙 < 𝜂𝑎𝑣𝑒 (i.e., with no compression­to­extension reversals
in terms of current cyclic stress ratio, Fig. 5.12a), effective stress paths evolve
towards steady loops after a few loading cycles – with no liquefaction triggering
(𝑢𝑎𝑐𝑐/𝑝𝑖𝑛 < 1). This occurrence corresponds with the attainment of a pore pres­
sure plateau in 𝑢𝑎𝑐𝑐/𝑝𝑖𝑛 −𝑁 plots (Fig. 5.12c). Further, the characteristic butterfly
shape of the steady stress path is well captured for 𝜂𝑎𝑚𝑝𝑙 > 𝜂𝑎𝑣𝑒 (see Fig. 5.12b).
When compared to laboratory data, SANISAND­MS simulations reproduce quite well
such experimental evidence, including reasonable timing of effective mean pressure
reduction against the number of cycles (Fig. 5.12c), especially for 𝜂𝑎𝑚𝑝𝑙 > 𝜂𝑎𝑣𝑒.

Table 5.4: Upgraded SANISAND­MS parameters for the quartz sand tested by Wichtmann (2005)

Elasticity Critical state Yield Plastic modulus
𝐺0 𝜈 𝑀 𝑐 𝜆𝑐 𝑒0 𝜉 𝑚 ℎ0 𝑐ℎ 𝑛𝑏
110 0.05 1.27 0.712 0.049 0.845 0.27 0.01 5.95 1.01 2

Dilatancy Memory surface
𝐴0 𝑛𝑑 𝛽1 𝛽2 𝑘 𝜇0 𝜁 𝑤1 𝑤2
1.06 1.17 1.9 2.1 1 260 0.0001 2 0

5.3.3. Influence of drained cyclic pre­loading
It is well­known that previous loading history affects the hydro­mechanical response
of sands to undrained cyclic loading, including their susceptibility to liquefaction. In
this section the impact of drained cyclic pre­loading on subsequent undrained pore
pressure build­up is explored. To this end, results from a different experimental
database were considered. Fig. 5.13 shows SANISAND­MS simulation results for
the quartz sand tested by Wichtmann (2005) (𝐷50 = 0.55 mm, 𝐷10 = 0.29 mm,
𝐶𝑢 = 𝐷60/𝐷10 = 1.8, 𝑒𝑚𝑎𝑥 = 0.874, 𝑒𝑚𝑖𝑛 = 0.577), corresponding with 𝑝𝑖𝑛 = 100
kPa, 𝑒𝑖𝑛 = 0.684, undrained cyclic stress amplitude 𝑞𝑝𝑟𝑒𝑎𝑚𝑝𝑙 = 45 kPa. The model
parameters calibrated for this second sand are reported in Table 5.4. Monotonic
parameters and 𝜇0 (i.e., from 𝐺0 to 𝜇0 in Table 5.4) coincide with those calibrated
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(a) Experimental results: q­p response for 𝑒𝑖𝑛 =0.825 (left) and 𝑒𝑖𝑛 =0.759 (right)
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(b) Upgraded SANISAND­MS results: q­p response for 𝑒𝑖𝑛 =0.825 (left) and 𝑒𝑖𝑛 =0.759 (right)
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(c) Experimental results: q­𝜀𝑎 response for 𝑒𝑖𝑛 =0.825 (left) and 𝑒𝑖𝑛 =0.759 (right)
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(d) Upgraded SANISAND­MS results: q­𝜀𝑎 response for 𝑒𝑖𝑛 =0.825 (left) and 𝑒𝑖𝑛 =0.759 (right)
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Figure 5.11: Influence of initial relative density on pore pressure accumulation in isotropically consol­
idated sand. Test/simulation settings: performed with an initial drained loading cycle, medium­dense
sand (𝑒𝑖𝑛 = 0.825) and dense sand (𝑒𝑖𝑛 = 0.759), 𝑝𝑖𝑛 = 100 kPa, 𝜂𝑎𝑚𝑝𝑙 = 0.3. Comparison between
experimental data (Wichtmann & Triantafyllidis, 2016) and SANISAND­MS simulations.
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(b) 𝜂𝑎𝑚𝑝𝑙 = 0.3 > 𝜂𝑎𝑣𝑒 = 0.25, 𝑒𝑖𝑛 = 0.843
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Figure 5.12: Relative effect of cyclic stress amplitude ratio 𝜂𝑎𝑚𝑝𝑙 and initial average stress ratio 𝜂𝑎𝑣𝑒
on the undrained effective stress path in anisotropically consolidated sand. Test/simulation settings:
performed with an initial drained loading cycle, 𝑝𝑖𝑛 = 200 kPa, 𝑞𝑎𝑚𝑝𝑙 = 60 kPa. Experimental data
from (Wichtmann and Triantafyllidis, 2016)).
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(e) Dependence of 𝑁𝑖𝑛𝑖 on 𝑞𝑝𝑟𝑒𝑎𝑚𝑝𝑙

Figure 5.13: Effect of drained cyclic pre­loading on the undrained cyclic triaxial response of the quartz
sand (Wichtmann, 2005) – isotropically consolidated sand. Test/simulation settings: 𝑒𝑖𝑛 = 0.678, 𝑝𝑖𝑛 =
100 kPa, cyclic stress amplitude during undrained loading: 𝑞𝑎𝑚𝑝𝑙 = 45 kPa.
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by Liu et al. (2018) and presented in Chapter 3, while the aforementioned default
values 𝑤1 = 2 and 𝑤2 = 0 were assumed; 𝛽1, 𝛽2, 𝑘 and 𝜁 were calibrated against
the deviatoric stress­axial strain response from only one stress­controlled triaxial
test at constant cyclic amplitude.

Upgraded SANISAND­MS simulations were carried out for three different cases:
(1) without drained pre­loading cycles; (2) with 10 drained pre­cycles of amplitude
𝑞𝑝𝑟𝑒𝑎𝑚𝑝𝑙 = 30 kPa, followed by undrained cyclic loading; (3) with 10 drained pre­cycles
of amplitude 𝑞𝑝𝑟𝑒𝑎𝑚𝑝𝑙 = 50 kPa, followed by undrained cyclic loading. It is generally
observed that drained cyclic pre­loading under the phase­transformation line tends
to delay the onset of liquefaction (i.e., to increase 𝑁𝑖𝑛𝑖, see 𝑞 − 𝑝 stress paths in
Figs. 5.13a–5.13c).

Simulation results in Fig. 5.13d (red lines) are in very good agreement with
experimental measurements (black lines) in terms of pore water pressure accumu­
lation, and support the suitability of the adopted memory surface framework. In
essence, applying drained cyclic pre­loading contributes to the “reinforcement” of
sand fabric. This aspect is phenomenologically tracked by the model through the
corresponding evolution of the memory surface size/location, and thus exploited to
re­tune soil stiffness and dilatancy. The evolution of the memory surface prior to
the undrained cycles is given in Figure 5.14 – higher drained pre­loading amplitude
(in compressive regime) results in larger 𝑚𝑀. The larger 𝑚𝑀, the higher the resis­
tance to liquefaction, i.e., the larger 𝑁𝑖𝑛𝑖 (compare Figure 5.13b with Figure 5.13c).
As highlighted in Fig. 5.13e, accurate simulation of effective stress paths enables
the dependence of 𝑁𝑖𝑛𝑖 on the amplitude of drained pre­cycles to be reliably pre­
dicted. It is finally worth noting that the parent SANISAND04 model (Dafalias and
Manzari, 2004) would be practically insensitive to drained cyclic pre­loading, except
for the effect of a slightly different void ratio at the beginning of undrained cycling.
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pre­loading with 𝑞𝑎𝑚𝑝𝑙𝑝𝑟𝑒 = 50kPa (red circle). The yield surface is presented using dashed purple circle.
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5.4. Concluding remarks
The SANISAND­MS formulation introduced in Chapter 3, has been improved to re­
produce essential features of the hydro­mechanical response of sands to undrained
cyclic loading. The previous mathematical formulation has been upgraded by: (i)
modifying memory surface evolution laws to better reflect fabric effects at larger
strains; (ii) enhancing the description of sand dilatancy through new terms account­
ing for fabric evolution history, and stress state/path; (iii) incorporating a deviatoric
stress ratio term into the hardening modulus. A few aspects of the proposed con­
stitutive model will require further research in the near future, for instance to: (a)
avoid discontinuities in the dilatancy formulation; (b) more flexibly model deviatoric
strain accumulation during cyclic mobility, e.g., by allowing for strain saturation lim­
its if observed in experimental data; (c) investigate the evolution of fabric history
effects through varying drainage conditions.

The above modifications have produced substantial improvement in the simu­
lation of pore pressure build­up and cyclic mobility. After parameter calibration,
the model has been thoroughly validated against published results of undrained
cyclic triaxial tests. Further qualitative insight into the effect of different loading
conditions (e.g., under simple shear loading) has also been provided.



6
SANISAND­MS: 3D FE

Modelling of Cyclic Monopile
Tilt

The contents of this chapter have been submitted for publication (Liu et al., 2020b).
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6.1. Introduction
It has been noted in Chapter 1 that most offshore wind turbines (OWTs) are to date
founded on monopiles, tubular steel piles of large diameter (∼ 5 − 10 m) and low
embedment ratio (embedded length/diameter, ∼ 3 − 6). Due to very high material
and installation costs, optimisation of foundation design is crucial for cost­effective
offshore wind developments. In this respect, it has been also underlined how a con­
cern for designers is to avoid excessive accumulation of monopile rotation/deflection
(tilt) under repeated loading. Specifically, OWT manufacturers prescribe that per­
manent OWT­monopile tilt should not exceed ∼ 0.5∘ over the whole operational life,
also including imperfect verticality after installation (Arany et al., 2015). Relevant
small­scale experimental work has been devoted in the past decade to the study
of monopile tilt under high­cyclic lateral loading, mostly for the case of sandy soils
under drained conditions (i.e., disregarding pore pressure effects) – see for instance
LeBlanc et al. (2010); Klinkvort and Hededal (2013); Rudolph et al. (2014); Nico­
lai and Ibsen (2014); Li et al. (2015); Albiker et al. (2017); Abadie et al. (2019);
Truong et al. (2019); Richards et al. (2019). As for numerical modelling research,
it is worth recalling here the approaches for tilt analysis that have been most fre­
quently considered – see also Chapter 2:

– methods based on ‘0D’ modelling of soil­monopile interaction. In this ap­
proach, distributed/continuum geotechnical mechanisms are lumped into a
single macro­element formulated in terms of only a few pairs (six at most) of
generalised static (forces/moments) and kinematic (displacement/rotations)
variables (Houlsby et al., 2017; Abadie et al., 2019). Non­linear monopile
macro­elements have also been used to account for soil­foundation interac­
tion effects in the dynamic analysis of OWTs (Page et al., 2019);

– methods based on well­known ‘1D’ 𝑝 − 𝑦 modelling, in which the monopile is
idealised as an Winkler beam interacting with compliant soil springs of given
one­dimensional behaviour (Bhattacharya, 2019). The recent PISA project
has rivisited the application of p­y modelling to the case of short/stiff piles,
although cyclic loading conditions have not been addressed yet within the
proposed framework (Byrne et al., 2019);

– methods based on ‘explicit’ 3D soil­foundation modelling, in which empiri­
cal strain accumulation laws are integrated over the soil domain to calculate
monopile deformations against the number of loading cycles (Achmus et al.,
2009; Jostad et al., 2015; Wichtmann et al., 2017; Chong, 2017). While
relevant field equations are usually solved after finite element (FE) discretisa­
tion of the 3D domain, good computational efficiency is achieved by avoiding
step­by­step simulation of cyclic soil response (‘implicit modelling’, in the ter­
minology used by Niemunis et al. (2005)).

To date, the above numerical approaches have proven computationally more con­
venient than implicit 3D simulations – so far only rarely applied to monopile tilt
problems (Barari et al., 2017). Nonetheless, implicit 3D FE modelling appears to
possess high potential to explain/predict governing geo­mechanisms (Pisanò et al.,
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2019), and is being increasingly adopted to study the cyclic/dynamic performance
of OWT­monopile­soil systems (Cuéllar et al., 2014; Kementzetzidis et al., 2018,
2019, 2020). The soundness of implicit 3D FE calculations is largely influenced by
the following two aspects: (i) accumulation of numerical errors under prolonged
high­cyclic loading (Niemunis et al., 2005); (ii) constitutive modelling of cyclic soil
behaviour.

This chapter focuses on applying, for the very first time, the SANISAND­MS
model developed so far to the 3D FE analysis of cyclic monopile tilt in sand. The main
goal is gain general insight into the predictive potential of the constitutive model in
relation to cyclic soil­structure interaction problems. For this purpose, qualitative
comparison to small­scale pile test results from the literature is presented, though
with no attempt to pursue a complete calibration­validation­prediction exercise –
future work on this subject will be carried in the near future. As this preliminary
study is exclusively concerned with monopiles in dry sand, the first SANISAND­MS
version described in Chapter 3 (model formulation based on the back stress variable,
see Appendix B) is adopted. This choice will not alter general conclusions about
the suitability of the modelling platform for soil­structure interaction problems not
involving hydro­mechanical effects (drained conditions).

6.2. SANISAND­MSmodelling of multi­amplitude cyclic
tests on sand

The calibration and validation of SANISAND­MS has been conducted in previous
chapters with exclusive reference to single­amplitude cyclic loading – as most usu­
ally done in geotechnical research and practice. However, soils under offshore
foundations are normally subjected to highly irregular, non­stationary cyclic loads,
whose impact on the interpretation and modelling of cyclic soil behaviour is still an
open research question (Andersen, 2015; Zografou et al., 2019). Before exploring
3D FE monopile tilt predictions, this section adds evidence about the performance of
SANISAND­MS under multi­amplitude cyclic loading. In particular, compliance with
so­called ‘Miner’s rule’ is verified to boost more general confidence about strain
accumulation predictions.

Miner’s rule is an empirical postulate originally conceived to describe cyclic fa­
tigue mechanisms in metals (Miner et al., 1945; Wilkins, 1956), whose validity was
later extended to cyclic straining in soils (Kaggwa et al., 1991; Wichtmann et al.,
2010a). The essence of Miner’s rule in relation to sand’s cyclic behaviour can be
summarised by the following two statements:

1. accumulation of irreversible plastic strains is only possible when the current
cyclic load amplitude is the highest ever experienced by the material;

2. given a cyclic loading history formed by segments (or packages) of different
amplitude, the specific sequence of such packages has only minor influence
on the plastic strains finally accumulated (residual strains).

In order to validate SANISAND­MS from a Miner’s rule standpoint, the results of
multi­amplitude, high­cyclic triaxial tests reported by Wichtmann et al. (2010a) have
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been numerically simulated. Laboratory tests were performed on dry, medium­
coarse quartz sand (sand properties see Chapter 3), whose SANISAND­MS model
parameters have been already identified in Chapter 3 with respect to single­amplitude
cyclic loading (see Table 3.2). However, 𝜇0 has been reduced from 260 to 200 for
better simulation of longer loading histories (𝑁 = 105 instead of 𝑁 = 104).

All experimental/numerical results reported herein correspond with the following
triaxial test settings: 𝑝𝑖𝑛 = 200 kPa (mean stress at the beginning of, and during,
cyclic loading), 𝑞𝑎𝑣𝑒 = 150 kPa (average deviatoric stress during cyclic loading),
and initial, pre­cyclic relative density set to 𝐷𝑟 = 59% (𝑒𝑖𝑛 = 0.698, initial void
ratio) in numerical simulations to represent the experimental range of 58%−63%.
Cyclic packages of four different deviatoric stress amplitude (𝑞𝑎𝑚𝑝𝑙 = 20, 40, 60, 80
kPa) have been applied according to the following load sequences (Fig. 6.1):

a) 20 kPa → 40 kPa → 60 kPa → 80 kPa;

b) 20 kPa → 60 kPa → 40 kPa → 80 kPa;

c) 60 kPa → 20 kPa → 40 kPa → 80 kPa;

d) 80 kPa → 60 kPa → 40 kPa → 20 kPa.

For each sequence, the accumulated total strain 𝜀𝑎𝑐𝑐 has been recorded at the end
of each cycle when 𝑞 = 𝑞𝑎𝑣𝑒, without accounting for the very first cycle (see Eq.
(3.22))
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(d) 80 kPa → 60 kPa → 40 kPa → 20 kPa

Figure 6.1: Strain accumulation patterns under different cyclic load sequences. Triaxial test settings:
𝑞𝑎𝑣𝑒 = 150 kPa, 𝑝𝑖𝑛 = 200 kPa, 𝑒𝑖𝑛 = 0.698 (𝐷𝑟 = 59%). Comparison between experimental data
from Wichtmann et al. (2010a) (dotted black lines) and SANISAND­MS results (solid lines in colour).

Fig. 6.1 shows generally good agreement between experimental and SANISAND­
MS results over the 105 cycles considered in the testing programme (4 packages
comprising 25000 cycles each). In particular, Fig. 6.1a displays gradual monotonic
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increase in 𝜀𝑎𝑐𝑐 with the number of cycles 𝑁, at a rate depending on the current
cyclic load amplitude. In Fig. 6.1b obvious strain accumulation occurs during the
second package (𝑞𝑎𝑚𝑝𝑙 = 60 kPa), at a rate faster than observed during the first
segment of lower amplitude (𝑞𝑎𝑚𝑝𝑙 = 20 kPa); the lower cyclic load in the third
stage leads to practically no ratcheting, finally re­activated by the highest load am­
plitude in the fourth package. Strain accumulation patterns fully consistent with
Miner’s rule/statement 1 can also be observed for the third (Fig. 6.1c) and fourth
(Fig. 6.1d) load sequences. The last case in Fig. 6.1d corroborates the idea of cyclic
strain accumulation being dominated by highest load amplitudes as experienced by
the soil for the first time.

At the same time, the results in Fig. 6.1 are also open to a reflection on the
validity of Miner’s rule/statement 2. While individual 𝜀𝑎𝑐𝑐 −𝑁 trends are specific to
the considered load sequence, the residual strain 𝜀𝑎𝑐𝑐 (𝑁 = 105) lies in all cases in
a narrow range, namely 1.7 ∼ 2.0%. It may thus be concluded that the specific ar­
rangement of cyclic packages has only a weak impact on 𝜀𝑎𝑐𝑐 (𝑁 = 105), i.e., only a
few, high­amplitude packages affect ratcheting in the longest term. On this ground,
the results in Fig. 6.1 would seem to confirm the validity of Miner’s rule/statement
2. However, note also the seeming tendency of the largest accumulated strain level
to occur when the loading package of largest amplitude is applied first –the accu­
mulated strain in Fig. 6.1c and 6.1d is around 2.0% after 105 cycles, larger than
1.7% in Fig. 6.1a and 6.1b. Such a difference, confirmed both by experimental and
numerical results, may be exacerbated by a larger number of loading cycles, in a
way that could lead to question the validity of Miner’s rule.

The successful ‘Miner’s rule performance’ of SANISAND­MS (particularly about
statement 1) is mainly enabled by the memory surface hardening mechanism de­
scribed in Chapter 3. As the load sequence transits from higher to lower cyclic
amplitude, the relatively large size of the memory surface results in significant
distance between the memory surface and yield back­stresses, high soil stiffness
through Eqs. (3.8)–(3.11), and therefore limited or negligible strain accumulation.
Conversely, an increase in load amplitude implies at its onset ‘virgin loading’ condi­
tions (yield locus tangent to the memory surface at the current stress point), which
gives rise to lower cyclic stiffness and visible ratcheting (until larger memory­to­
yield­surface distance is eventually re­established by prolonged repeated loading).
Fig. 6.1 adds confidence about applying SANISAND­MS to soil­structure interaction
problems involving irregular cyclic loading, with soil parameters calibrated against
data from common single­amplitude tests.

6.3. 3D FEmodelling of monopiles under lateral cyclic
loading

Adequate modelling of soil ratcheting is considered key to numerically reproduc­
ing geotechnical mechanisms underlying monopile tilting under lateral cyclic load­
ing (Abadie et al., 2019). For this purpose, sand constitutive modelling based on
SANISAND­MS has been combined with 3D FE modelling capabilities offered by the
OpenSees FE platform (McKenna, 2011). This section covers relevant information
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regarding setup and verification of the 3D FE sand­monopile model. Additional gen­
eral details in this respect can be found in Corciulo et al. (2017) and Taborda et al.
(2019).

6.3.1. Soil and monopile

(a) 2300 elements

H

w
1

w
2
=35m

CB

D E

(b) 4100 elements – mesh finally selected

(c) 5400 elements

Figure 6.2: FE model domain and mesh sensitivity study.

Fig. 6.2b illustrates the soil­monopile model set up for the parametric studies
discussed in the following. The 3D FE model features:

– elastic tubular monopile,initially ‘wished­in­place’. Diameter, embedded length
and wall thickness of the pile equal to 𝐷 = 5 m, 𝐿 = 20 m, and 𝑡 = 10 cm,
respectively, and are representative of average full­scale monopiles;

– soil domain size characterised by [𝑊1,𝑊2, 𝐿 + 𝐵] = [30m, 35m, 30m] (Fig.
6.2b). As the following discussion concerns mono­directional lateral loading,
only half domain was modelled/discretised for computational convenience;

– lateral loading applied with eccentricity 𝑒𝑒𝑐𝑐 = 20 m above the soil surface.
The load application point was connected to the 3D pile head at the mudline
through an elastic Timoshenko beam.

Both soil and embedded monopile were discretised using 8­node, one­phase SSP
brick elements, whose stabilised, single­point formulation has proven effective against
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shear/volumetric locking issues in the FE analysis of elasto­plastic media (McGann
et al., 2015). Non­linear static simulations of cyclic pile loading were performed us­
ing implicit, backward Euler integration, with the iterative solution of each step
based on the Krylov–Newton algorithm described by Scott and Fenves (2003).
SANISAND­MS constitutive equations were integrated at each stress point by means
of the explicit 4th­order Runge­Kutta method with sub­stepping and automatic er­
ror control (Sloan et al., 2001). Soil boundary conditions were set to obtain a fully
fixed bottom surface, free upper surface, and no horizontal displacement along the
direction perpendicular to the lateral surface.

All FE results were obtained using the reference SANISAND­MS parameters in Ta­
ble 3.2, calibrated in Chapter 3 for the quartz sand most often tested by Wichtmann
and co­workers under high­cyclic loading conditions (Wichtmann, 2005; Wichtmann
et al., 2010a). Typical values of Young’s modulus (𝐸𝑠𝑡𝑒𝑒𝑙 = 221GPa) and Poisson’s
ratio (𝜈𝑠𝑡𝑒𝑒𝑙 = 0.3) were set for the elastic steel monopile.

Following the simplified approach by Griffiths (1985), the pile­sand interface
was modelled by introducing around the pile a thin layer of soil bricks with different
mechanical properties. Accordingly, ‘degraded’ interface properties were selected to
reproduce possible effects of pile installation, though without attempting to model
interface gapping during cyclic loading (Day and Potts, 1994; Cerfontaine et al.,
2015). The interface layer in the final model is as thick as ∽ 2% of the monopile
diameter, and characterised by perfectly elasto­plastic behaviour (Drucker­Prager
model). The following interface material properties were selected: Young’s modulus
𝐸𝑖𝑛𝑡 = 257 MPa, Poisson’s ratio 𝜈𝑖𝑛𝑡 = 0.3, cohesion 𝑐𝑖𝑛𝑡 = 0 kPa, friction angle
𝜙𝑖𝑛𝑡 = 23.5∘ (triaxial compression), dilatancy angle 𝜓𝑖𝑛𝑡 = 0∘.

6.3.2. Numerical simulation programme
Although non­stationary and multi­directional in reality (LeBlanc et al., 2010; Rudolph
et al., 2014; Richards et al., 2019), only mono­directional lateral loading applied in
single­amplitude cycles was considered for simplicity. Numerical parametric studies
were performed according to the simulation programme in Table 6.1, encompassing
two values of initial relative density in the sand domain, 𝐷𝑟 = 30% and 70%. Such
values were selected as representative of generally loose and dense sand, though
without trying to match specific soil conditions in the reference small­scale exper­
iments (see next section). In all cases, the total number of cycles was limited to
𝑁 = 100, which made less concerning the aforementioned issue of numerical error
accumulation.

The simulation programme in Table 6.1 has been conceived to study in a 3D FE
environment the influence of different load settings on cyclic monopile tilt. In partic­
ular, minimum/maximum lateral load values (𝐻 in Fig. 6.2b) were set up to modify
the amplitude and form of cyclic loading according to the following dimensionless
groups defined by LeBlanc et al. (2010):

𝜁𝑏 =
𝐻𝑚𝑎𝑥
𝐻𝑟𝑒𝑓

= 𝑀𝑚𝑎𝑥
𝑀𝑟𝑒𝑓

𝜁𝑐 =
𝐻𝑚𝑖𝑛
𝐻𝑚𝑎𝑥

= 𝑀𝑚𝑖𝑛
𝑀𝑚𝑎𝑥

(6.1)

where 𝐻𝑚𝑎𝑥 (𝑀𝑚𝑎𝑥) and 𝐻𝑚𝑖𝑛 (𝑀𝑚𝑖𝑛) (as illustrated in Fig. 6.5) stand for maximum
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Table 6.1: Numerical simulation programme.

Test label 𝐷𝑟 𝜁𝑏 𝜁𝑐 Test label 𝐷𝑟 𝜁𝑏 𝜁𝑐
L1 30% 0.8 0 D1 70% 0.8 0
L2 30% 0.5 0 D2 70% 0.5 0
L3 30% 0.3 0 D3 70% 0.3 0
L4 30% 0.5 0.8 D4 70% 0.5 0.8
L5 30% 0.5 0.5 D5 70% 0.5 0.4
L6 30% 0.5 0.3 D6 70% 0.5 0.2
L7 30% 0.5 ­0.3 D7 70% 0.5 ­0.2
L8 30% 0.5 ­0.5 D8 70% 0.5 ­0.5
L9 30% 0.5 ­0.7 D9 70% 0.5 ­0.8

and minimum horizontal load (moment) at mud line, respectively. 𝐻𝑟𝑒𝑓 (𝑀𝑟𝑒𝑓) is
the reference horizontal force (moment) that causes a given reference displacement
(or rotation) at the soil surface. Based on typical serviceability arguments, 𝐻𝑟𝑒𝑓
(𝑀𝑟𝑒𝑓) has been associated with a rotation of the pile equal to 𝜃𝑟𝑒𝑓 = 0.5∘, and
quantified through 3D FE calculations to be 5600 kN and 4400 kN for 𝐷𝑟 = 70%
and 𝐷𝑟 = 30%, respectively. Both one­way loading (𝜁𝑐 ≥ 0, positive 𝐻𝑚𝑎𝑥 and
𝐻𝑟𝑒𝑓) and (biased) two­way loading (−1 < 𝜁𝑐 < 0, positive 𝐻𝑚𝑎𝑥 and negative
𝐻𝑚𝑖𝑛) have been considered in the simulations, with cyclic loading applied in the
form of sinusoidal load histories.

6.3.3. Sensitivity of FE results to space discretisation
After following tested guidelines for sizing the soil domain (Fig. 6.2b, cf. to Corciulo
et al. (2017)), the sensitivity of FE results to space discretisation was investigated.
To this end, results from the three different FE meshes in Fig. 6.2 were compared for
the L6 case in Table 6.1 – total SSP element number equal to 2300, 4100 and 5400 in
Figs. 6.2a, 6.2b, 6.2c, respectively. Fig. 6.3 illustrates simulated pile responses at
varying number of elements, namely in terms of force­displacement behaviour (Fig.
6.3a, pile displacement recorded at soil surface) and accumulated pile displacement
against the number of loading cycles (Fig. 6.3b). Finer FE discretisation results in
higher displacement accumulation at the soil surface. However, since a converging
trend was observed upon mesh refinement, the intermediate mesh in Fig. 6.2b
(4100 elements) was finally selected as a trade­off between accuracy and efficiency.
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Figure 6.3: Monopile response to lateral cyclic loading loading predicted through SANISAND­MS (𝐷𝑟 =
30%). Influence of FE discretization.
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6.4. Cyclic monopile tilt simulations
There is wide evidence in recent experimental literature that cyclic monopile tilt in
dry sand is mostly affected by (i) soil type/behaviour, (ii) pile geometry/properties,
and (iii) lateral loading conditions – including amplitude and asymmetry of load cy­
cles, spatial orientation, eccentricity with respect to soil surface (Houlsby, 2016). In
this section, general features of 3D FE results (Table 6.1) are inspected by qualita­
tive comparison to 1g small­scale test results from the literature. As already stated
above, the following 3D FE results are no attempt to reproduce the response of a
specific pile­sand system, but rather to verify general compliance with established
experimental knowledge. Special consideration is given to the data reported by
LeBlanc et al. (2010) and Richards et al. (2019):

– LeBlanc et al. (2010): Yellow Leighton Buzzard 14/25 sand (𝐷50 = 0.81
mm, 𝐷10 = 0.56 mm, maximum (dry) unit weight 𝛾𝑚𝑎𝑥 = 17.64 kN/m3,
minimum (dry) unit weight 𝛾𝑚𝑖𝑛 = 14.43 kN/m3, coefficient of uniformity
𝐶𝑢 = 𝐷60/𝐷10 = 1.55, critical friction angle 𝜙𝑐𝑟 = 34.3∘), embedded pile
length 𝐿 = 360 mm, diameter 𝐷 = 80 mm (𝐷/𝐿 = 0.22), wall thickness 𝑡 = 2
mm (𝑡/𝐷 = 0.025), load eccentricity 𝑒𝑒𝑐𝑐 = 430 mm (𝑒𝑒𝑐𝑐/𝐿 = 1.19).

– Richards et al. (2019): Yellow Leighton Buzzard sand (𝐷50 = 0.8 mm, 𝐷10 =
0.63 mm, maximum (dry) unit weight 𝛾𝑚𝑎𝑥 = 17.58 kN/m3, minimum (dry)
unit weight 𝛾𝑚𝑖𝑛 = 14.65 kN/m3, coefficient of uniformity 𝐶𝑢 = 𝐷60/𝐷10 =
1.35, critical friction angle 𝜙𝑐𝑟 = 34.3∘), embedded pile length 𝐿 = 320 mm,
diameter 𝐷 = 80 mm (𝐷/𝐿 = 0.25), wall thickness 𝑡 = 5 mm (𝑡/𝐷 = 0.0625),
load eccentricity 𝑒𝑒𝑐𝑐 = 800 mm (𝑒𝑒𝑐𝑐/𝐿 = 2.5).

As different soil/pile/loading settings were considered in numerical simulations and
reference experiments, emphasis is on verifying that SANISAND­MS can reproduce
general features of cyclic soil­monopile interaction in loose and dense sand. In what
follows, the term ‘pile head’ refers to pile response at the level of soil surface.

6.4.1. Cyclic tilt accumulation
Typical cyclic responses recorded at the pile head are plotted in Fig. 6.4 for the
example cases D2 and L2 in Table 6.1. Figs. 6.4a and 6.4c clearly show that the
pile head displacement induced by the first monotonic loading (i.e., up to point 𝑃
in the figures) is significantly larger than the displacement generated within each
of the subsequent loading cycles. Displacement accumulation can be observed to
progress under cyclic loading at a gradually decreasing rate. This kind of ratcheting
behaviour at the pile scale appears fully related to the cyclic ratcheting of sand
samples tested in the laboratory (Wichtmann, 2005; Liu et al., 2019). Alternative
visualisation of pile head ratcheting is provided in Figs. 6.4b and 6.4d in terms
of accumulated displacement/rotation against the number of cycles 𝑁. Under the
same load settings and drained conditions, the relative density has a quantitative
impact on soil­pile deformation, though not on qualitative features of behaviour. Fig.
6.4 is overall encouraging about the performance of SANISAND­MS when compared
with typical pile behaviour emerging from experimental studies (Houlsby, 2016).
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(b) Pile head displacement/rotation vs number of cycles
(𝐷𝑟 = 70%)
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(c) Lateral force vs pile head displacement (𝐷𝑟 = 30%)
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(d) Pile head displacement/rotation vs number of cycles
(𝐷𝑟 = 30%)

Figure 6.4: Cyclic pile head response associated with the use of SANISAND­MS in 3D FE simulations –
example cases D2 and L2 in Table 6.1.

For a clearer interpretation of cyclic lateral behaviour, it is common to present
pile rotation outputs after normalisation with respect to a reference rotation 𝜃𝑠.
Numerical results regarding monopile tilt accumulation are provided in the following
in the normalised form Δ𝜃/𝜃𝑠, where Δ𝜃 = 𝜃𝑁−𝜃0 is the difference between rotation
accumulated after 𝑁 cycles (𝜃𝑁) and rotation at the end of monotonic loading (𝜃0)
(see Fig. 6.5), and 𝜃𝑠 is assumed to coincide with 𝜃0.
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Figure 6.5: Definition of relevant pile rotation values.

Lin and Liao (1999) suggested that normalised pile head rotation, Δ𝜃/𝜃𝑠, accu­
mulates linearly with ln(𝑁), in a way found to gradually diverge from experimental
data at large 𝑁. Conversely, LeBlanc et al. (2010) proposed to use a bi­logarithmic
relationship in the form log(Δ𝜃/𝜃𝑠) ∝ log(𝑁). In light of experimental results, for
instance from LeBlanc et al. (2010) and Truong et al. (2019), the latter approach
seems preferable for short/stiff monopiles.

Pseudo­colour plots of 𝐷𝑟 evolution in the soil are displayed in Fig. 6.6 for the
same tests 𝐿2 (𝐷𝑟 = 30%) and 𝐷2 (𝐷𝑟 = 70%). In particular, 𝐷𝑟 distributions
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after 10 and 100 cycles are illustrated at longitudinal/vertical (along pile diameter
parallel to loading direction) and transverse/horizontal (2.5𝑚 below soil surface)
cross­sections.

(a) Longitudinal section, initial 𝐷𝑟 = 30%, 10th cycle. (b) Longitudinal section, initial 𝐷𝑟 = 30%, 100th cycle

(c) Transverse section, initial 𝐷𝑟 = 30%, 10th cycle (d) Transverse section, initial 𝐷𝑟 = 30%, 100th cycle

(e) Longitudinal section, initial 𝐷𝑟 = 70%, 10th cycle (f) Longitudinal section, initial 𝐷𝑟 = 70%, 100th cycle

(g) Transverse section, initial 𝐷𝑟 = 70%, 10th cycle. (h) Transverse section, initial 𝐷𝑟 = 70%, 100th cycle

Figure 6.6: Distribution of sand relative density (𝐷𝑟) after 10 and 100 loading cycles – example cases
L2 (a­d) and D2 (e­h) in Table 6.1.

𝐷𝑟 pseudo­colour plots in Fig. 6.6 confirm available evidence about cyclic den­
sification from the literature (Cuéllar et al., 2009). It is generally observed that 𝐷𝑟
variations are more pronounced in loose sand than in dense sand. As the selected
FE results concern pure one­way loading (𝜁𝑏 = 0.5, 𝜁𝑐 = 0), asymmetric sand densi­
fication is predicted on the opposite sides of the pile, most severely in the shallowest
soil. Unsurprisingly, transverse cross­sections show asymmetric distributions along
horizontal radii of different orientation. Occurrence of some sand loosening is also
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visible along the upper shaft on the back­side with respect to the loading direction
(Fig. 6.2b), due to compression relief and, in dense sand, shear­induced dilation.

Implicit 3D FE analyses return a wealth of information regarding the local re­
sponse of the soil while the pile is cyclically loaded. Illustrative examples are
provided hereafter with reference to the same cases 𝐿2 (𝐷𝑟 = 30%) and 𝐷2
(𝐷𝑟 = 70%) discussed so far. Figs. 6.7 ­ 6.10 display the cyclic response of the
soil at four specific locations, spanning shallow (elements B and C in Fig. 6.2b)
and deeper depths (elements D and E) on two opposite sides of the symmetry
plane with respect to the pile at the centre. The first monotonic branch is excluded
from the soil response plots, while focus is on the cyclic results following the first
occurrence of 𝐻 = 𝐻𝑎𝑣𝑒 (= (𝐻𝑀𝑎𝑥 + 𝐻𝑚𝑖𝑛)/2) at the monopile head.

The cyclic evolution of volumetric (𝜀𝑣𝑜𝑙) and deviatoric (𝜀𝑑𝑒𝑣) strain invariants is
illustrated in Fig. 6.7 for the four elements B, C, D, and E. The shallowest elements
(element B and C are placed about 1.8 m below the soil surface) seem to be more
prone to strain accumulation, both volumetric and deviatoric, than elements D and
E located at about 15 m depths. For a given depth, there is an asymmetry in
response promoted by the applied load bias 𝐻𝑎𝑣𝑒, so that elements B and D (on the
side of compressed by 𝐻𝑎𝑣𝑒) tend to experience weaker deviatoric straining than
elements C and E on the opposite side of the pile. As expected, strain accumulation
is substantially affected by the initial relative density, with more pronounced volume
changes (especially at shallow locations) observed in the case of looser sand (𝐷𝑟 =
30%). In contrast, 𝐷𝑟 has limited influence on the ‘cyclic flow rule’, i.e., on the ratio
between accumulated volumetric and deviatoric strains.

0 0.5 1 1.5

dev
 [%]

0
1
2
3

vo
l [%

] Element B
D

r
=30%

D
r
=70%

0 0.5 1 1.5

dev
 [%]

0
1
2
3

vo
l [%

] Element CD
r
=30%

D
r
=70%

0 0.5 1 1.5

dev
 [%]

0
1
2
3

vo
l [%

] Element D
D

r
=30%

D
r
=70%

0 0.5 1 1.5

dev
 [%]

0
1
2
3

vo
l [%

] Element E
D

r
=30%

D
r
=70%

Figure 6.7: Cyclic evolution of volumetric and deviatoric strains at elements B ­ E in Fig. 6.2b.

The evolution of the effective mean stress 𝑝 in elements B ­ E against the volu­
metric strain 𝜀𝑣𝑜𝑙 is illustrated in Fig. 6.8. It is interesting to note a substantial cyclic
reduction in 𝑝 for the case 𝐷𝑟 = 30%, especially at the shallowest soil locations.
Conversely, the case with denser sand (𝐷𝑟 = 70%) shows different 𝑝­trends on the
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two sides of the pile, probably due to different triggering and evolution of dilative
deformations. The soil response at element C is characterised by 𝑝 approaching
zero for both 𝐷𝑟 = 30% and 70%, in a way that would be more normally expected
under undrained conditions (it is worth recalling that only dry sand is considered in
this chapter). Variations in 𝑝 are much lower at deeper soil locations, which leads
to confirm the general belief that variations in lateral pile stiffness are more strongly
affected by the sand mass closer to the free surface.
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Figure 6.8: Cyclic p ­ 𝜀𝑣𝑜𝑙 response at elements B ­ E in Fig. 6.2b.

Additional information is provided by the soil 𝑞 − 𝑝1 stress paths in Fig. 6.9.
Deeper soil elements (D and E) experience a drastic reduction in deviatoric loading,
even though the corresponding changes in 𝑝 are relatively small. Reversals in the
sign of 𝑞 are only observed for elements B and C, which therefore are subjected
to both compressive and extensive type of loading. The vanishing of 𝑝 already
shown in Fig. 6.8 is complemented in Fig. 6.9 by the ‘butterfly’ shape of the
stress paths at elements B (for the loose sand case) and C (for both L2 and D2
simulations). Such a behaviour resembles the undrained cyclic mobility response
widely discussed in Chapter 5. A plausible explanation of such occurrence lies in
the action of ‘spontaneous’ volumetric constraints due to current boundary/loading
conditions, which may in turn pose a limit on cyclic volume changes even with no
pore fluid – in a way similar to the experimental results shown by Tsuha et al. (2012)
for piles under cyclic axial loading. This conjecture is confirmed by Fig. 6.10, where
the evolution of the volumetric strain at element C is plotted against the number of
loading cycles 𝑁. Indeed, Fig. 6.10 shows negligible cyclic compaction after about
20 cycles both in loose and dense sand, and therefore confirms the establishment
of nearly ‘isochoric’ conditions – hence, the peculiar undrained­like shape of the
reference stress path in Fig. 6.9.

1Under general multiaxial conditions, the deviatoric stress 𝑞 is defined as √3𝐽2 cos3𝜃, with cos3𝜃 =
(3√3𝐽3)/(2𝐽1.52 ). 𝐽2 and 𝐽3 are the second and the third stress invariant, respectively
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Figure 6.9: Cyclic stress paths at elements B ­ E in Fig. 6.2b.
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Figure 6.10: Volumetric strain accumulations against the number of cycles at element C.

Overall, Figs. 6.6 ­ 6.10 give an impression of the valuable information that
one can infer from 3D FE simulation results to investigate governing soil­foundation
interaction mechanisms. In the following, further evidence of the suitability of the
SANISAND­MS model is provided by qualitatively comparing simulated pile tilting to
the results of selected small­scale tests.

6.4.2. Response to single­amplitude, one­way cyclic loading
Experimental and numerical results regarding monopile tilt are qualitatively com­
pared in Fig. 6.11 for cyclic loading of varying amplitude ratio 𝜁𝑏 and nil 𝜁𝑐 (pure one­
way cyclic loading, Eq. (6.1)). 1𝑔 small­scale experimental results from Richards
et al. (2019) (Fig. 6.11a – 𝐷𝑟 = 1%, and Fig. 6.11b – 𝐷𝑟 = 60%) and LeBlanc
et al. (2010) (Fig. 6.11c – 𝐷𝑟 = 4%, and Fig. 6.11d – 𝐷𝑟 = 38%) were selected
for comparison. As noted by Richards et al. (2019), relative densities from very
low to low were used in the reference 1g tests ‘to better approximate dilation and
friction angles at full scale, where the stress level is higher’ (Bolton, 1986; Altaee
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and Fellenius, 1994) – and therefore to mimic full­scale pile behaviour in loose and
dense sand. Out of the simulation programme in Table 6.1, 3D FE results from cases
L1–L3 and D1–D3 are illustrated in Fig. 6.11e (𝐷𝑟 = 30%) and 6.11f (𝐷𝑟 = 70%)
as being mostcomparable to the experimental data under consideration.
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(2019)
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(d) 𝐷𝑟 = 38%, experimental data from LeBlanc et al.
(2010)
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Figure 6.11: Influence of cyclic load amplitude ratio (𝜁𝑏) on normalised pile tilt (Δ𝜃/𝜃𝑠) against the
number of loading cycles (𝑁). Experimental and 3D FE results correspond with pure one­way cyclic
loading (𝜁𝑐 = 0).

Both experimental and simulation results indicate that, under pure one­way
cyclic loading, higher 𝜁𝑏 values lead to accumulation of larger pile rotation. In
particular, all Δ𝜃/𝜃𝑠 − 𝑁 log­log trends seem to approach linearity after about ten
cycles. Such occurrence can be observed both in loose and dense sand, and gives
confidence that sound conclusions about tilting trends may be inferred from nu­
merical calculations limited to hundreds of cycles – at least in the case of regular,
single­amplitude cyclic loading.

From a quantitative standpoint, 3D FE simulations predict Δ𝜃/𝜃𝑠 values in the
order of 100 after 100 cycles. Such values are consistent with experimental data
from LeBlanc et al. (2010), where normalised rotation values of about 7 ∼ 8×10−1
are reported. Conversely, Richards et al.’s work shows after 100 cycles Δ𝜃/𝜃𝑠 − 𝑁
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(2010)
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(b) 𝐷𝑟 = 38%, experimental data from LeBlanc et al.
(2010)
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Figure 6.12: Influence of positive cyclic load asymmetry ratio (𝜁𝑐) on normalised pile tilt (Δ𝜃/𝜃𝑠) against
the number of loading cycles (𝑁) – 𝜁𝑏 = 0.5.

values in the range of 10−3 ∼ 10−2, i.e., about one order of magnitude smaller.
Both datasets from LeBlanc et al. (2010) and Richards et al. (2019) suggest that,
for given 𝜁𝑏, more pile rotation accumulates when sand is denser. This outcome,
however, is confirmed by numerical simulations only for high 𝜁𝑏 values. It is argued
that significant quantitative differences may be attributed to, among other factors,
difference in sand type and size scaling (Klinkvort et al., 2018). More research in
this area is certainly needed to further investigate scaling effects across different
modelling approaches, both physical and numerical.

Fig. 6.12 concerns the influence of 𝜁𝑐 (asymmetry of cyclic load) on monopile
tilting under biased one­way loading (i.e., 𝜁𝑐 ≥ 0, no change in the sign of the
load). SANISAND­MS 3D FE results (Fig. 6.12c – 𝐷𝑟 = 30%, and Fig. 6.12d – and
70%; simulations L2, L4, L5 and D2, D4, D5 in Table 6.1) and experimental results
from LeBlanc et al. (2010) (Fig. 6.12a – 𝐷𝑟 = 4%, and Fig. 6.12b – 𝐷𝑟 = 38%)
are compared in the figure. It can be readily noticed that both experiments and
numerical simulations support the following general conclusions:

1. nearly linear tilt accumulation trends in bi­logarithmic plots;

2. accumulated rotation after 100 cycles lying in the 100 − 10−1 range;

3. lower accumulated rotation at increasing 𝜁𝑐 when 𝜁𝑐 ≥ 0.

6.4.3. Response to single­amplitude, two­way cyclic loading
Differences in pile response as cyclic loading shifts from one­way (positive 𝜁𝑐) to
two­way (negative 𝜁𝑐) are examined in this sub­section. Richards et al.’s test results
in Fig. 6.13a show that, for 𝜁𝑏 = 0.2, highest Δ𝜃/𝜃𝑠 values emerge at given 𝑁 as
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𝜁𝑐 = −0.6 . More clearly, evidence of non­monotonic dependence on 𝜁𝑐 is visible in
LeBlanc et al.’s test results (Fig. 6.13b): for the given 𝜁𝑏 = 0.4, the accumulated
rotation associated with 𝜁𝑐 = −0.67 is larger than in the cases with 𝜁𝑐 = −0.34 and
𝜁𝑐 = −0.98. Fig. 6.13c–6.13d illustrate SANISAND­MS 3D FE results associated, for
completeness, both with nil and negative 𝜁𝑐 values and 𝜁𝑏 = 0.5. Similarly to what
suggested by experimental data, the largest rotation is predicted for intermediate
negative values of 𝜁𝑐, i.e., 𝜁𝑐 = −0.3 for 𝐷𝑟 = 30% and 𝜁𝑐 = −0.2 for 𝐷𝑟 = 70%.
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Figure 6.13: Influence of negative cyclic load asymmetry ratio (𝜁𝑐) on normalised pile tilt (Δ𝜃/𝜃𝑠) against
the number of loading cycles (𝑁) – 𝜁𝑏 = 0.5.

Regarding more quantitative aspects, Fig. 6.13 confirms conclusions similar to
those inspired by Fig. 6.11:

1. Richards et al.’s data show accumulated rotations about one order of magni­
tude smaller than LeBlanc et al.’s data and 3D FE results;

2. for the same sand type, the accumulated rotation after the considered number
of loading cycles stays within the same order of magnitude, regardless of the
sand relative densities and 𝜁𝑐 levels;

3. Richards et al.’s data show converging Δ𝜃/𝜃𝑠 −𝑁 trends in the medium­high
𝑁 range, i.e., similar values of monopile rotation evolving with practically the
same rate (cf. black, blue, and red solid lines in Fig. 6.13a).

6.5. FE­based assessment of empirical laws for tilt
prediction

Recent experimental studies have boosted consensus around the use of the follow­
ing empirical relationship to quantify monopile tilt accumulation under lateral cyclic
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loading (LeBlanc et al., 2010):

Δ𝜃
𝜃𝑠
= 𝑇𝑏 (𝜁𝑏) 𝑇𝑐 (𝜁𝑐)𝑁𝛼 (6.2)

where 𝑇𝑏 and 𝑇𝑐 are dimensionless functions separately accounting for the influence
of 𝜁𝑏 and 𝜁𝑐, respectively. 𝑇𝑐 is defined such that 𝑇𝑐(𝜁𝑐 = 0) = 1, 𝑇𝑐(𝜁𝑐 = ±1) = 0.
As for the ratcheting exponent 𝛼, different conclusions regarding its range have
been drawn on the basis of 1g (LeBlanc et al., 2010) and centrifuge (Truong et al.,
2019) small­scale test data. 3D FE results are further inspected in this section to
gain more insight into the relationship between geotechnical/loading conditions and
the validity/calibration of Eq. (6.2).

6.5.1. Assumption 1: unique ratcheting exponent
LeBlanc et al. (2010) suggested 𝑇𝑏 to be a monotonically increasing function of 𝜁𝑏
influenced by 𝐷𝑟, whereas 𝑇𝑐 was found to be 𝐷𝑟­insensitive and non­monotonically
varying with 𝜁𝑐; a unique value of the ratcheting exponent, 𝛼 = 0.31, was proposed,
unaffected by 𝐷𝑟/𝜁𝑏/𝜁𝑐. Curve­fitting of experimental data based on Eq. (6.2) led
the authors to identify a linear relationship between 𝑇𝑏 and 𝜁𝑏, with a higher slope
for dense sand than for loose sand.

As shown in Fig. 6.11 (dash lines), Eq. (6.2) with constant 𝛼 was also used
to fit 3D FE results associated with varying 𝜁𝑏 and 𝜁𝑐 = 0 (𝑇𝑐 = 1). Best­fitting 𝑇𝑏
values are reported in the legends of Figs. 6.11e–6.11f, along with the identified
ratcheting exponent 𝛼 = 0.5. Empirical extrapolations fit 3D FE tilt trends well,
especially after a few initial cycles. 𝑇𝑏 − 𝜁𝑏 relationships inferred from SANISAND­
MS 3D FE simulations are reported in Fig 6.14 both for loose and dense sand. In
agreement with LeBlanc et al.’s findings, 𝑇𝑏 −𝜁𝑏 trends are practically linear, with a
steeper slope for 𝐷𝑟 = 70% than for 𝐷𝑟 = 30%.
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Figure 6.14: 𝑇𝑏−𝜁𝑏 trends for loose and dense sands inferred from SANISAND­MS 3D FE results – pure
one one­way cyclic loading (𝜁𝑐 = 0).

Numerical 𝑇𝑐−𝜁𝑐 trends were extracted in a similar manner for the 3D FE results
plotted in Figs. 6.12–6.13. Using the same exponent 𝛼 = 0.5, identified 𝑇𝑐 values
are reported in the legends of relevant sub­plots, and re­plotted in Fig. 6.15 against
𝜁𝑐 for 𝜁𝑏 = 0.5 and 𝐷𝑟 = 30% (𝑇𝑏 = 0.25), 70% (𝑇𝑏 = 0.2). Fig. 6.15 also allows
comparison to data from previous experimental studies, represented by different
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grey markers (LeBlanc et al., 2010; Zhu et al., 2012; Nicolai and Ibsen, 2014; Albiker
et al., 2017; Richards et al., 2019).
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Figure 6.15: 𝑇𝑐 − 𝜁𝑐 trends for loose/dense sands and 𝜁𝑏 = 0.5 inferred from SANISAND­MS 3D FE
results and compared to experimental data from the literature.

The following conclusions can be drawn based on Fig. 6.15 – integrated with
3D FE results after the initial data survey by Richards et al. (2019):

(1) while LeBlanc et al. (2010) observed 𝐷𝑟­insensitive 𝑇𝑐 values, numerical sim­
ulations show some (slight) influence of sand relative density, in closer agree­
ment with Richards et al.’s findings;

(2) LeBlanc et al. (2010) indicated a peak 𝑇𝑐 value of about 4. This seems to
overestimate the outcomes of other test programmes, according to which
the maximum 𝑇𝑐 would lie in the range from 1 to 2.5. Albiker et al. (2017)
attributed this aspect to differences in load eccentricity 𝑒𝑒𝑐𝑐 among different
studies – they argued that larger eccentricity would result in a lower 𝑇𝑐 peak.
However, this explanation does not justify the differences in peak 𝑇𝑐 values
obtained, for instance, by LeBlanc et al. (2010) (𝑒𝑒𝑐𝑐/𝐿 = 1.2) and Richards
et al. (2019) (𝑒𝑒𝑐𝑐/𝐿 = 2.5). Grasping the influence of other factors, such as
pile slenderness and flexibility, will require additional research;

(3) LeBlanc et al.’s data show peak 𝑇𝑐 corresponding with 𝜁𝑐 ≈ −0.6, i.e., with
biased two­way cyclic loading. The set of available 3D FE results indicate
somewhat higher 𝜁𝑐, around −0.25, which is more in line with Albiker et al.’s
results. Other experimental data in Fig. 6.15 show that 𝑇𝑐 tends to peak over
a certain 𝜁𝑐 range, namely in between ­0.6 and ­0.3. It may be concluded that
𝜁𝑐 values that maximise 𝑇𝑐 are likely sensitive to loading conditions, geometry,
and soil characteristics.
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(c) 𝐷𝑟 = 30%, 𝜁𝑐 < 0
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(d) 𝐷𝑟 = 70%, 𝜁𝑐 < 0

Figure 6.16: Enhanced fitting of SANISAND­MS 3D FE results (solid lines) using Eq. (6.2) with 𝜁𝑐/𝐷𝑟­
dependent 𝛼 (dashed lines). All numerical results relate to lateral cyclic loading with 𝜁𝑏 = 0.5.

6.5.2. Assumption 2: Loading type and relative density depen­
dent ratcheting exponent

Although relatively satisfactory, fitting tilting trends with a constant ratcheting ex­
ponent (Figs. 6.12–Fig. 6.13) does not seem to be the most accurate option.
Truong et al. (2019) suggested that a better match can be obtained by including
the dependence of 𝛼 (in Eq. (6.2)) on 𝜁𝑐 and 𝐷𝑟 – the symbol 𝛼𝑐 is henceforth used
to indicate the 𝜁𝑐/𝐷𝑟­dependent ratcheting exponent. The suitability of such an ap­
proach was later confirmed by Richards et al. (2019), and is here further assessed
in light of SANISAND­MS 3D FE results.

Dashed lines in Fig. 6.16 fit simulated tilting trends with case­specific 𝑇𝑐 and
𝛼𝑐 values, all reported in relevant legends. As expected, flexibility in the ratcheting
exponent results, case by case, in a higher quality­of­fit. Fig. 6.17b overviews the
influence of 𝜁𝑐 and 𝐷𝑟 on the 𝛼𝑐/𝛼 ratio (with 𝛼 = 0.5) for the 3D FE results taken
into consideration. Numerical simulations hint that 𝛼𝑐/𝛼 decreases linearly with 𝜁𝑐
both for loose (𝐷𝑟 = 30%) and dense (𝐷𝑟 = 70%) sand conditions, with a higher
decreasing rate in the latter case. The value of 𝛼𝑐/𝛼 for pure one­way cyclic loading
(𝜁𝑐 = 0) is approximately 1 regardless of the relative density.

The conclusions drawn after 3D FE modelling are in excellent agreement with
the experiment­based findings of Richards et al. (2019) in Fig. 6.17a – although
limited to two­way cyclic loading (𝜁𝑐 < 0). Both numerical and experimental results
support the use of 𝜁𝑐­𝐷𝑟­dependent 𝛼 values for the empirical prediction of monopile
tilt under lateral cyclic loading.
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Figure 6.17: Dependence of 𝛼𝑐/𝛼 ratio on 𝜁𝑐 and 𝐷𝑟, as proposed by Truong et al. (2019).

6.5.3. Upscaling of Miner’s rule
It has been previously shown that SANISAND­MS can predict the ratcheting of sand
samples under multi­amplitude cyclic loading, at the applied loading cycle level (𝑁
up to 105). In particular, the validity of the empirical Miner’s rule (mainly the state­
ment 1) has been numerically confirmed, for the considered cases, at the scale
of the laboratory soil samples (Fig. 6.1). Observations from recent experimental
studies support the idea of upscaling Miner’s rule to describe ratcheting phenom­
ena in monopile­soil systems subjected to cyclic loading (Li et al., 2015; Truong
et al., 2019; Abadie et al., 2019). Additional support to such evidence is provided
hereafter on the basis of SANISAND­MS 3D FE results. For this purpose, numerical
simulations were performed using the same FE model in Fig. 6.2b to study the
effect on monopile tilting of different sequences of uni­directional, multi­amplitude
cyclic loading – initial 𝐷𝑟 = 30%. All simulation cases feature three different load
packages of 100 cycles each – see sub­captions in Figs. 6.18 – 6.19.
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(a) 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 = 0.375, 𝜁𝑐 = 0.2 → 𝜁𝑏 =
0.45, 𝜁𝑐 = 0
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(b) 𝜁𝑏 = 0.375, 𝜁𝑐 = 0.2 → 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 =
0.45, 𝜁𝑐 = 0

0 5 10 15

Pile head displacement [mm]

0

1000

2000

3000

4000

5000

A
p

p
li

e
d

 f
o

rc
e

 [
k

N
]

(c) 𝜁𝑏 = 0.45, 𝜁𝑐 = 0 → 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 =
0.375, 𝜁𝑐 = 0.2

Figure 6.18: Influence of cyclic loading sequence on the monopile tilt – force against pile head displace­
ment (𝐷𝑟 = 30%).
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(a) 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 = 0.375, 𝜁𝑐 = 0.2 → 𝜁𝑏 =
0.45, 𝜁𝑐 = 0
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(b) 𝜁𝑏 = 0.375, 𝜁𝑐 = 0.2 → 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 =
0.45, 𝜁𝑐 = 0
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(c) 𝜁𝑏 = 0.45, 𝜁𝑐 = 0 → 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 =
0.375, 𝜁𝑐 = 0.2

Figure 6.19: Influence of cyclic loading sequence on the evolution of monopile tilt – pile head rotation
against loading cycles (𝐷𝑟 = 30%).

3D FE results indicate that monopile tilt evolves at a significant rate when the
current load amplitude is the highest experienced until that moment. This is clearly
visible in Figs. 6.18a – 6.19a, where the increasing cyclic amplitude of subsequent
load packages induces progressively higher tilt accumulation rates. Conversely,
negligible tilt is observed in Figs. 6.18c – 6.19c for the second and third packages,
which are both weaker than the first. The intermediate case in Figs. 6.18b – 6.19b
also shows tilting trends in agreement with an upscaled Miner’s rule. The validity of
such a rule seems to be confirmed by the final rotation of about 0.4∘ predicted after
300 cycles in all three cases. Obviously, a caveat similar to that mentioned with
respect to Fig. 6.1 (meso­scale) could be extended here to the upscaled Miner’s
rule, whose validity will require further research to be ascertained.

3D FE results also give insight into the ‘meso­scale’ origin of macro­Miner’s rule.
Indeed, the considered postulate does not only seem to be obeyed by global tilting
trends, but also by the local response of the soil around the foundation. Local
response consistent with Miner’s rule is exemplified in Fig. 6.20 regarding 𝐷𝑟 − 𝑁
trends recorded at element A in Fig. 6.2b. These observations lead to regard
macro­Miner’s rule as a direct consequence of sand ratcheting behaviour. Using
advanced constitutive models in 3D FE simulations allows one to study in detail
geotechnical mechanisms that force­resultant macro­models can only incorporate
as a priori constitutive assumptions (Abadie et al., 2019). Similar considerations
apply to the ‘meso­scale’ SANISAND­MS model, whose formulation and calibration
could be supported by parallel micro­mechanical studies (Alonso­Marroquin and
Herrmann, 2004; Kawamoto et al., 2018).
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(a) 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 = 0.375, 𝜁𝑐 = 0.2 → 𝜁𝑏 =
0.45, 𝜁𝑐 = 0
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(b) 𝜁𝑏 = 0.375, 𝜁𝑐 = 0.2 → 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 =
0.45, 𝜁𝑐 = 0
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(c) 𝜁𝑏 = 0.45, 𝜁𝑐 = 0 → 𝜁𝑏 = 0.3, 𝜁𝑐 = 0.5 → 𝜁𝑏 =
0.375, 𝜁𝑐 = 0.2

Figure 6.20: Influence of cyclic loading sequence on the evolution of sand relative density at element A
in Figure 6.2b (𝐷𝑟 = 30%).

6.6. Concluding remarks
In this chapter, implicit 3D FE modelling has been combined with the SANISAND­MS
model to numerically analyse monopile tilt in dry sand under lateral cyclic loading.
Preliminarily, SANISAND­MS has been confirmed to correctly capture the high­cyclic
ratcheting behaviour of dry sand, including the case involving multi­amplitude cyclic
loading. Parametric studies have been carried out to numerically investigate the
influence of cyclic load settings and sand relative density on cyclic monopile tilt.

Qualitative comparison with experimental evidence has confirmed the suitability
of the adopted modelling approach. It has been possible to confirm usual as­
sumptions associated with empirical tilt prediction methods, mostly regarding the
relationship between tilting trends and magnitude/asymmetry of (single­amplitude)
cyclic loading. The well­known Miner’s rule for multi­amplitude loading sequences
has also been upscaled from meso­scale (soil stress points) to macro­scale (whole
soil­pile system), with numerical results confirming the close link between cyclic soil
behaviour and monopile tilting response. It is self­apparent, however, that addi­
tional numerical work on the subject will have to clarify the role of relevant geo­
metrical/geotechnical/loading factors, including load multi­directionality and hydro­
mechanical effects.

From a more fundamental standpoint, the energy analysis of 3D FE pile simu­
lations will require further consideration. As discussed in Chapter 2, the inclusion
of a hyperelastic law in SANISAND­MS seems particularly relevant to properly deal
with the arbitrary stress paths that different points in the soil can experience during
pile loading. Regarding the compliance with the Second Law of Thermodynamics,
assessing the evolution of entropy in the soil­pile system (and particularly the rate
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of mechanical dissipation) is still a challenging task for constitutive models not di­
rectly derived from thermodynamic principles – for instance, in the framework of
hyperplasticity. It may be possible, though, to develop suitable indices for the a
posteriori analysis of energy dissipation, revealing whether the different stages of a
3D FE implicit simulation have been completed without violating established Laws
of Physics.

Overall, the results presented in this chapter encourage further use of 3D FE
modelling and SANISAND­MS for cyclically loaded foundations. In the presence
of extremely long loading histories, however, it is still not realistic to envisage a
direct (implicit) solution through traditional time­domain analysis. While the gen­
eral increase in computational power will make demanding simulations increasingly
feasible, it seems appropriate to regard the tools presented in this dissertation as
means to (i) gain insight into the problem in hand, (ii) identify fundamental relation­
ships among governing factors, and (iii) support the conception of ‘lighter’ methods
(e.g., explicit models) for the lifetime analysis of OWT­foundation­soil systems.
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The offshore wind industry has been steadily growing since the 1990s, with
a tendency towards OWTs installed in increasingly deep waters, farther from the
shore. This has allowed rapid expansion of the global offshore wind capacity, but
has also led to higher costs for the fabrication and installation of support struc­
tures. To make offshore wind power competitive in the energy market, serious cost
optimisation has been pursued in the past decade, also through – among other
aspects – the improvement of geotechnical design. Particularly, the problem of de­
signing OWT foundations to cope with cyclic environmental loading has promoted
numerous studies, both experimental and numerical. Several approaches have been
considered for the analysis of cyclic soil­foundation interaction, and especially for
the prediction of permanent cyclic deformations. Among the available approaches,
implicit/step­by­step 3D FE analysis, although computationally demanding, are be­
lieved by the Author to possess the highest potential to shed light on governing
geotechnical mechanisms, and therefore support design optimisation. It is self­
apparent, however, that implicit 3D FE predictions can only be reliable on condi­
tion that sound constitutive modelling of cyclic soil behaviour is incorporated in the
structure­foundation­soil model.

This work has contributed to the constitutive modelling of sandy soils under
(high­)cyclic loading conditions, with emphasis on its use in 3D FE OWT­foundation­
soil simulations. The phenomenological modelling of so­called ‘fabric effects’ (i.e.,
the impact of microstructural properties on a soil’s stiffness and strength), and
associated load­induced anisotropy, has been centre stage of all theoretical devel­
opments. Such fabric effects and the stress history can severely influence a sand’s
cyclic behaviour, for instance, in terms of strain accumulation response (ratchet­
ing) and/or cyclic pore pressure build­up. Their numerical simulation at the level
of a soil element has been achieved by incorporating a ‘memory surface’ into the
bounding surface plasticity model SANISAND04 by Dafalias and Manzari (2004),
and giving rise to the new, ‘memory­enhanced’, SANISAND­MS model. The pro­
posed model has been validated against a wealth of laboratory test results from
the literature, spanning a variety of initial, loading, and drainage conditions. Fol­
lowing thorough validation of the constitutive equations, SANISAND­MS has been
then applied to the 3D FE analysis of a cyclically loaded monopile in dry sand, in
order to qualitatively assess the ‘implicit’ performance of the constitutive model in a
relevant boundary value problem. Overall, the model appears capable of capturing
cyclic soil behaviour and soil­structure interaction at the scale of a soil element and
monopile foundation, respectively.

7.1. SANISAND­MS: model features
In Chapter 3, SANISAND­MS has been formulated in the framework of bounding
surface plasticity (Dafalias, 1986), in order to reproduce a sand’s high­cyclic ratch­
eting under drained loading conditions. Similar to the SANISAND04 parent model,
SANISAND­MS incorporates kinematic hardening and critical state soil mechanics
concepts along with the so­called ‘state parameter’, which is used to define evo­
lution laws for the bounding and dilatancy surfaces. In more detail, the bounding
surface sets a limit to admissible/pre­failure stress states, while the dilatancy locus
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marks the transition from contractive to dilative soil response (non­associated plas­
tic flow rule). An additional locus, named ‘memory surface’, has been cast into the
SANISAND framework to phenomenologically capture sand fabric effects (Stalle­
brass and Taylor, 1997; Jafarzadeh et al., 2008; Maleki et al., 2009; Corti et al.,
2016). The memory surface and related isotropic­kinematic evolution laws fulfil the
following requirements during stages of elasto­plastic straining: (1) the memory
surface can only be larger than the yield surface, or at most coincident; (2) the
stress state on the yield surface can never lies outside the memory surface; (3)
the yield surface always lie inside the memory surface. Expansion of the memory
surface size is generated by soil contraction, while dilation is conversely associated
with a shrinkage of the memory locus. Together with the bounding surface, the
memory locus tunes soil stiffness through the distance between the current stress
state (on the yield surface) and its ‘memory projection’, while the history of load­
induced fabric variations is tracked through the size and location of the memory
surface. Further, the memory surface is also used to enhance a soil’s contractiv­
ity (or proneness to pore pressure build­up, in undrained conditions) upon load
reversals following stages of dilation.

An upgraded version of the SANISAND­MS model has been presented in Chapter
5, to achieve higher accuracy in the simulation of cyclic pore pressure build­up. For
this purpose, some additional ingredients have been cast into the constitutive for­
mulation: (1) a hardening coefficient (ℎ) dependent on the current deviatoric stress
ratio; (2) a new fabric history factor in the laws governing memory surface shrinkage
and dilatancy; (3) a modified dilatancy coefficient (𝐴𝑑) to better capture the devi­
atoric strain accumulation associated with ‘cyclic mobility’ in medium­dense/dense
sand. It should be noted that these additional ingredients do not compromise any
of the model features presented in Chapter 3 in relation to drained cyclic loading
conditions. Also, the model formulation presented in Chapter 5 can always be re­
duced to the initial, and ‘lighter’, version by properly setting relevant constitutive
parameters.

7.2. SANISAND­MS: validation against element tests
The SANISAND­MS model as presented in Chapter 3 has been first validated against
laboratory test results concerning drained high­cyclic behaviour (see Chapters 3, 4).
To this end, literature results of cyclic triaxial, simple shear, and oedometer drained
tests have been considered. Specifically:

1. Drained triaxial cyclic loading. Simulation results based on the first ver­
sion of SANISAND­MS formulation exhibit very satisfactory performance. In
particular, it was possible to simulate and predict strain accumulation pat­
terns as observed in standard triaxial tests at varying initial confining pres­
sure (𝑝𝑖𝑛), initial void ratio (𝑒𝑖𝑛), average shear stress level (𝜂𝑎𝑣𝑒), and cyclic
stress amplitude (𝑞𝑎𝑚𝑝𝑙), for a number of loading cycles 𝑁 up to 104. For 𝜂𝑎𝑣𝑒
values close to the critical stress ratio (𝑀), however, the model was found to
overestimate the sand ratcheting due to weaker effectiveness of the memory
surface mechanism. Under ‘non­standard’ triaxial loading (i.e., with both axial
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and radial stresses cyclically varying during the test as per Wichtmann et al.
(2005)), sand specimens experienced, and SANISAND­MS reproduced, faster
strain accumulation than at constant radial stress. In Chapter 6, the model
was shown to successfully simulate the response of the soil to multi­amplitude
cyclic loading histories for 𝑁 = 105, confirming on the constitutive modelling
side the validity of the ‘Miner’s rule’ (Wichtmann et al., 2010a) about loading
sequences including load parcels of different cyclic amplitude.

2. Drained cyclic simple shear tests. SANISAND­MS captured well the ul­
timate accumulated shear strain measured after 2000 loading cycles in both
single­direction and multi­directional (CMDSS) cyclic simple shear tests. CMDSS
tests were performed in the reference study by varying the direction of hor­
izontal shear by an angle of 90 degrees. Regarding CMDSS test results, the
model proved able to predict the acceleration in shear strain accumulation
induced by a sudden change in the shear loading direction.

3. Cyclic oedometer tests. Under repetitive vertical loading with prevented
lateral deformation (oedometer conditions), the void ratio of sand specimens
tends towards an asymptotic value, also referred to as the ‘terminal den­
sity’(i.e., no further volume changes occur thereafter). SANISAND­MS results
were compared with experimental results and corresponding empirical inter­
polations, showing comforting predictive capability.

SANISAND­MS’ performance under undrained cyclic loading has been investi­
gated in Chapter 5. Therein, the upgraded version of the model has been validated
against undrained triaxial test results spanning cyclic loading at different 𝑝𝑖𝑛, 𝑒𝑖𝑛,
and 𝑞𝑎𝑚𝑝𝑙. The enhanced model appears able to accurately predict: (1) liquefac­
tion triggering; (2) cycle­by­cycle pore pressure build­up under symmetric/two­way
deviatoric loading; (3) increase in soil liquefaction resistance as a consequence of
drained pre­loading cycles. At the same time, the model is well equipped to repro­
duce the cyclic mobility mechanism, and the associated accumulation of deviatoric
strains under either triaxial or simple shear cyclic loading.

7.3. SANISAND­MS: application to the implicit 3D
FE analysis of a laterally loaded monopile

The first version of SANISAND­MS (Chapter 3) has been implemented into open­
source FE software to perform implicit 3D FE analyses of monopile tilting under
lateral cyclic loading – see Chapter 6. 3D FE simulation results have been qualita­
tively evaluated against small­scale, 1g test data from the literature. The reference
simulation cases concerned a tubular monopile subjected to lateral loading in ho­
mogeneous sand, either loose or dense. Cyclic loading histories featuring different
maximum amplitudes and degrees of asymmetry have been considered in the para­
metric studies.

3D FE results have confirmed the suitability of SANISAND­MS, particularly re­
garding the general simulation of monopile tilting trends against the number of
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cycles. More quantitatively, the proposed modelling framework seems to comply
with, and can potentially add to, established empirical relationships describing the
permanent rotation of rigid piles under a variety of (single­amplitude) lateral loading
histories – for instance, according to the formulation of LeBlanc et al. (2010). The
validity of an ‘upscaled’ Miner’s rule for monopile tilt under multi­amplitude cyclic
loading has also been investigated within the set of considered simulation settings.

Additionally, implicit 3D FE analysis has allowed the inspection of governing
soil­pile interaction mechanisms, for instance in relation to relative density changes
(therefore, stiffness variations) around the pile. Typically observed sand densifica­
tion patterns have been reproduced, together with their impact on monopile tilting
– all in excellent agreement with previous experimental observations (Cuéllar et al.,
2009). Overall, the 3D FE modelling thread of this research has boosted confidence
about the quality and applicability of the proposed SANISAND­MS formulation, par­
ticularly with respect to cyclic loading problems in offshore geotechnics.

This dissertation encourages further use of 3D FE modelling and SANISAND­MS
for cyclically loaded foundations. In presence of extremely long loading histories,
however, it is still not realistic to envisage direct (implicit) solution through tradi­
tional time­domain analysis. It seems appropriate to regard the achievements of
this work as means to (i) gain insight into the problem in hand, (ii) identify funda­
mental relationships among governing factors, and (iii) support the conception of
‘lighter’ methods (e.g., explicit models) for the lifetime analysis of OWT­foundation­
soil systems.

7.4. Recommendations for future research
The SANISAND­MS model has been developed having in mind fundamental prob­
lems related to the constitutive modelling of cyclic sand behaviour, including high­
cyclic ratcheting, cycle­by­cycle pore water pressure build­up, and different modes
of cyclic soil failure (or loss of serviceability). Despite the positive achievements
pointed out above, there is certainly room for future improvements of the constitu­
tive formulation:

– The deviatoric component of the incremental plastic strain tensor is defined
along the normal to the critical state surface at the image point of the stress
state, as inherited from the SANISAND2004 parent model. This assumption
does not exactly agree with the flow direction (ratio between plastic volumetric
and deviatoric strain increments) observed in laboratory tests. Allowing for
more flexibility in the flow rule could in the future remedy this issue.

– The concept of ‘memory surface’ has been shown to phenomenologically cap­
ture fabric effects in sand’s cyclic behaviour at a relatively large number of
loading cycles. Inevitably, less accuracy has been found when comparing
single stress­strain cycles from laboratory tests and numerical simulations.
Improvements in this area could be brought about by more detailed (memory
surface) modelling of fabric effects at the level of a single cycle.

– Rapid shrinkage of the memory surface size upon soil dilation has been for­
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mulated as a way to represent fabric ‘weakening’. This feature guarantees the
ability to trigger cyclic liquefaction under undrained loading, albeit with some
control ‘lost’ on pore pressure build­up right after the end of dilative defor­
mation. In this respect, fabric evolving mechanisms upon soil dilation require
further, in­depth consideration, for instance inspired by micromechanical DEM
studies.

– Under undrained conditions, the model appears less accurate in the presence
of a significant static pre­shear, i.e., under non­symmetric cyclic loading. The
influence of static pre­shear, both on pore pressure build­up and strain accu­
mulation, will receive further attention in future developments of this work.

– A term representing fabric­evolution history has been introduced into the up­
graded SANISAND­MS model formulation for better simulation of sand strain
development in the cyclic mobility regime. Such a (non­decreasing) term also
has an influence on the post­cyclic response. Therefore, the model should be
more carefully evaluated for applications involving (very) variable drainage
conditions, as well as distinct stages of consolidation. A counter­balancing
(erasing) mechanism for the fabric­changing history term could be added to
the model. It should also be noted, however, that experimental evidence
in support of such a development is hardly available in the literature at the
moment.

– SANISAND­MS has been mainly validated with respect to cyclic loading con­
ditions most commonly considered in laboratory tests (triaxial, simple shear,
and oedometer loading). Further validation efforts should concern more com­
plex loading programmes and stress paths – such as those produced by hollow
cylinder tests. In relation to the same matter, the inclusion of a hyperelastic
law seems to be a natural step forward, in order to avoid energy conservation
issues under arbitrary small­strain loading cycles (Zytynski et al., 1978; Einav
and Puzrin, 2004a).

– The suitability of SANISAND­MS for the implicit 3D FE analysis of cyclically
loaded monopiles has been successfully tested. The proposed modelling ap­
proach has shown promising potential to accurately reproduce complex soil­
structure interaction mechanisms during cyclic loading events. Further work
will be carried out to investigate the merits and drawbacks of the upgraded
SANISAND­MS formulation in coupled 3D FE problems, i.e., in the presence of
varying drainage conditions and pore pressure effects. Regarding the general
compliance with thermodynamic principles, it might be possible to develop
suitable indices for the a posteriori analysis of energy dissipation, revealing
whether different stages of a 3D FE implicit simulations have been completed
without violating established Laws of Physics (Houlsby and Puzrin, 2006; Yang
et al., 2018).

A significant thread of future research will be dedicated to expanding the ap­
plicability of SANISAND­MS beyond its original conception in the field of offshore
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wind geotechnics. A number of relevant applications in civil engineering demand
accurate modelling of cyclic soil behaviour, under a variety of loading/drainage con­
ditions and geometrical configurations. Relevant instances of such applications re­
late, to the fields of transportation geotechnics and earthquake engineering – e.g.,
analysis of cyclic settlements under railways and pavements, dynamic performance
of earth slopes, and seismic soil­foundation interaction in liquefiable soils.
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This appendix collects relevant analytical derivations, skipped in Chapter 3 for
better readability.

A.1. Memory surface expansion
The expansion law for the memory surface is derived through the consistency con­
dition in Equation (3.14) applied to the stress point A (Figure 3.2). Importantly, the
partial derivative 𝜕𝑓𝑀/𝜕𝛼𝛼𝛼𝑀 at point 𝐴 can be expressed as follows:

𝜕𝑓𝑀
𝜕𝛼𝛼𝛼𝑀

|
𝐴
= −𝑝 𝑟𝑟𝑟𝑀𝐴 −𝛼𝛼𝛼𝑀

√(𝑟𝑟𝑟𝑀𝐴 −𝛼𝛼𝛼𝑀) ∶ (𝑟𝑟𝑟𝑀𝐴 −𝛼𝛼𝛼𝑀)
= 𝑝𝑛𝑛𝑛 (A.1)

due to the position of 𝐴 taken diametrically opposed to the projection of the stress
point on the memory surface (see Figure 3.2, along −𝑛𝑛𝑛). After computing the
derivative 𝜕𝑓𝑀/𝜕𝑚𝑀 and setting 𝑑𝜎𝜎𝜎𝑀𝐴 = 0, the evolution law (3.15) results from
Equation (3.14).

Memory surface contraction
The geometrical factor 𝑓𝑠ℎ𝑟 in Equation 3.16 is evaluated to prevent the memory
surface from shrinking smaller than the elastic domain.

It is assumed that the shrinkage of the memory surface occurs at fixed image
stress ratio 𝑟𝑟𝑟𝑀, along the direction of the unit tensor 𝑛𝑛𝑛𝑀:

𝑛𝑛𝑛𝑀 = 𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟
√(𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟) ∶ (𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟)

(A.2)

The following segments along the 𝑛𝑛𝑛𝑀 directions are defined in agreement with
in Figure A.1:
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Figure A.1: Geometrical contraction mechanism of the memory surface.
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𝑥1 = 𝑛𝑛𝑛𝑀 ∶ (𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟)
𝑥2 = 𝑛𝑛𝑛𝑀 ∶ (𝑟𝑟𝑟 − 𝑟𝑟𝑟𝐷) = 𝑛𝑛𝑛𝑀 ∶ (𝑟𝑟𝑟 − �̃�𝑟𝑟)
𝑥3 = 𝑛𝑛𝑛𝑀 ∶ (𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟𝐶) = 𝑛𝑛𝑛𝑀 ∶ (𝑟𝑟𝑟𝑀 − �̃�𝑟𝑟𝑀)

(A.3)

where
�̃�𝑟𝑟 = 𝛼𝛼𝛼 − √2/3𝑚𝑛𝑛𝑛 �̃�𝑟𝑟𝑀 = 𝛼𝛼𝛼𝑀 −√2/3𝑚𝑀𝑛𝑛𝑛 (A.4)

It should be recalled that, during virgin loading, 𝑟𝑟𝑟𝑀 = 𝑟𝑟𝑟 and 𝑛𝑛𝑛𝑀 = 𝑛𝑛𝑛. To avoid
undesired intersections, the contraction of the memory surface is gradually decel­
erated as the yield­memory tangency is approached. For this purpose, the factor
𝑓𝑠ℎ𝑟 in Equation 3.16 is defined as per Corti (2016):

𝑓𝑠ℎ𝑟 = 1 −
𝑥1 + 𝑥2
𝑥3

(A.5)

Under general conditions, points 𝐶 and 𝐷 do not coincide, so that the segment
𝑥3 is longer than segment 𝑥1 +𝑥2. Therefore, (𝑥1 +𝑥2)/𝑥3 < 1 ⇒ 𝑓𝑠ℎ𝑟 > 0 and the
contraction mechanism is carried on until the segment 𝐶𝐷 vanishes.

Memory surface translation
As postulated in the relevant section, it assumed that during virgin loading (𝜎𝜎𝜎 ≡ 𝜎𝜎𝜎𝑀)
the same magnitude of the incremental plastic strain can be derived by using the
yield or memory loci indifferently:

‖𝑑𝜀𝜀𝜀𝑝‖
‖𝑅𝑅𝑅‖ = 𝐿 = ( 1𝐾𝑝

𝜕𝑓
𝜕𝜎𝜎𝜎 ∶ 𝑑𝜎𝜎𝜎) = (

1
𝐾𝑀𝑝

𝜕𝑓𝑀
𝜕𝜎𝜎𝜎𝑀 ∶ 𝑑𝜎𝜎𝜎𝑀) = 𝐿𝑀 (A.6)

where 𝑅𝑅𝑅 = 𝑅𝑅𝑅′+𝐷𝐼𝐼𝐼/3 (see Equation (3.6)). Under virgin loading conditions, 𝐿𝑀 = 𝐿
and 𝐾𝑀𝑝 = 𝐾𝑝 hold rigorously.

By enforcing plastic consistency on the memory surface, it can be found that:

𝜕𝑓𝑀
𝜕𝜎𝜎𝜎𝑀 ∶ 𝑑𝜎𝜎𝜎𝑀 = −(𝜕𝑓

𝑀

𝜕𝛼𝛼𝛼𝑀 ∶ 𝑑𝛼𝛼𝛼𝑀 + 𝜕𝑓𝑀
𝜕𝑚𝑀 𝑑𝑚

𝑀) = 𝐿𝑀𝐾𝑀𝑝 (A.7)

After setting 𝐿 = 𝐿𝑀 and substituting the partial derivatives of the memory function
𝑓𝑀 with respect to 𝛼𝛼𝛼𝑀 and 𝑚𝑀, Equation A.7 can be rewritten as:

𝐿𝐾𝑀𝑝 = 𝑝𝑛𝑛𝑛 ∶ 𝑑𝛼𝛼𝛼𝑀 +√
2
3𝑝𝑑𝑚

𝑀 (A.8)

Introducing Equation (3.17) into the above equation leads to:

𝐾𝑀𝑝 =
2
3𝑝 [ℎ

𝑀(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛 + √
3
2
1
𝐿𝑑𝑚

𝑀] (A.9)
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Imposing virgin loading (𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑀) into Equation (3.8) yields:

𝐾𝑝 =
2
3𝑝ℎ(𝑟𝑟𝑟

𝑏
𝜃 −𝑟𝑟𝑟) ∶ 𝑛𝑛𝑛 =

2
3𝑝ℎ̃(𝑟𝑟𝑟

𝑏
𝜃 −𝑟𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛 (A.10)

with

ℎ̃ = 𝑏0
(𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟𝑖𝑛) ∶ 𝑛𝑛𝑛

(A.11)

Under virgin loading conditions, 𝐾𝑀𝑝 = 𝐾𝑝. Combining Equation A.9 with A.10 results
in:

ℎ̃(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛 = ℎ𝑀(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛 + √
3
2
1
𝐿𝑑𝑚

𝑀 (A.12)

The combination of Equations (3.6), (3.16) (A.11) and (A.12) leads to the final
Equation (3.18).



B
SANISAND­MS formulation
based on the back stress

variable

137



B

138 B. SANISAND­MS formulation based on the back stress variable

SANISAND­MS formulations based on the use of deviatoric stress ratio and back
stress ratio are compared in Table B.1. The two sets of equations produce negligible
differences in the simulation results presented in this thesis.While using the stress
ratio leads to a ”neater” formulation of the memory surface evolution, the adoption
of the back stress avoids possible issues associated with artificial softening at low
confinement (see discussion in Section 3.3.1).

Table B.1: Constitutive equations based on the use of the stress ratio and back stress ratio.

Constitutive equations (stress ratio) Constitutive equations (back stress ratio)
Elastic moduli 𝐺 = 𝐺0𝑝𝑎𝑡𝑚[(2.97 − 𝑒)2/(1 + 𝑒)](𝑝/𝑝𝑎𝑡𝑚)1/2 [/] (unchanged)

𝐾 = 2(1 + 𝜈)𝐺/[3(1 − 2𝜈)] [/]
Critical state
line

𝑒𝑐 = 𝑒0 − 𝜆𝑐(𝑝𝑐/𝑝𝑎𝑡𝑚)𝜉 [/]

Yield function 𝑓 = √(𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼) ∶ (𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼) − √2/3𝑝𝑚 [/]
Memory func­
tion

𝑓𝑀 = √(𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼𝑀) ∶ (𝑠𝑠𝑠 − 𝑝𝛼𝛼𝛼𝑀) − √2/3𝑝𝑚𝑀 [/]

Deviatoric
plastic

𝑑𝑒𝑒𝑒𝑝 = ⟨𝐿⟩𝑅𝑅𝑅′ [/]

flow 𝑅𝑅𝑅′ = 𝐵𝑛𝑛𝑛 − 𝐶 [𝑛𝑛𝑛2 − (1/3)𝐼𝐼𝐼] [/]
𝑛𝑛𝑛 = (𝑟𝑟𝑟 −𝛼𝛼𝛼)/√2/3𝑚 [/]
𝐵 = 1 + 3(1 − 𝑐)/(2𝑐)𝑔(𝜃) cos3𝜃 [/]
𝐶 = 3√3/2(1 − 𝑐)𝑔(𝜃)/𝑐 [/]
𝑔(𝜃) = 2𝑐/[(1 + 𝑐) − (1 − 𝑐) cos3𝜃] [/]

Volumetric
plastic

𝑑𝜀𝑝𝑣𝑜𝑙 = ⟨𝐿⟩𝐷 [/]

flow 𝐷 = [𝐴0 exp (𝛽⟨�̃�𝑀𝑑 ⟩/𝑏𝑟𝑒𝑓)] (𝑟𝑟𝑟𝑑𝜃 −𝑟𝑟𝑟) ∶ 𝑛𝑛𝑛 𝐷 = [𝐴0 exp (𝛽⟨�̃�𝑀𝑑 ⟩/𝑏𝑟𝑒𝑓)] (𝛼𝛼𝛼𝑑𝜃 −𝛼𝛼𝛼) ∶ 𝑛𝑛𝑛
𝑟𝑟𝑟𝑑𝜃 = √2/3𝑔(𝜃)𝑀 exp(𝑛𝑑Ψ)𝑛𝑛𝑛 𝛼𝛼𝛼𝑑𝜃 = √2/3[𝑔(𝜃)𝑀 exp(𝑛𝑑Ψ) −𝑚]𝑛𝑛𝑛
�̃�𝑀𝑑 = (�̃�𝑟𝑟

𝑑
𝜃 − �̃�𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛 �̃�𝑀𝑑 = (�̃�𝛼𝛼

𝑑
𝜃 − �̃�𝑟𝑟𝑀𝛼 ) ∶ 𝑛𝑛𝑛

𝑏𝑟𝑒𝑓 = (𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑏𝜃+𝜋) ∶ 𝑛𝑛𝑛 𝑏𝑟𝑒𝑓 = (𝛼𝛼𝛼𝑏𝜃 −𝛼𝛼𝛼𝑏𝜃+𝜋) ∶ 𝑛𝑛𝑛
𝑟𝑟𝑟𝑏𝜃+𝜋 = √2/3𝑔(𝜃 + 𝜋)𝑀 exp(𝑛𝑑Ψ)(−𝑛𝑛𝑛) 𝛼𝛼𝛼𝑏𝜃+𝜋 = √2/3[𝑔(𝜃 + 𝜋)𝑀 exp(𝑛𝑑Ψ) −𝑚](−𝑛𝑛𝑛)

Yield surface 𝑑𝛼𝛼𝛼 = (2/3) ⟨𝐿⟩ ℎ(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟) 𝑑𝛼𝛼𝛼 = (2/3) ⟨𝐿⟩ ℎ(𝛼𝛼𝛼𝑏𝜃 −𝛼𝛼𝛼)
evolution 𝑟𝑟𝑟𝑏𝜃 = √2/3𝑔(𝜃)𝑀 exp(−𝑛𝑏Ψ)]𝑛𝑛𝑛 𝛼𝛼𝛼𝑏𝜃 = √2/3[𝑔(𝜃)𝑀 exp(−𝑛𝑏Ψ) −𝑚]𝑛𝑛𝑛

ℎ = 𝑏0
(𝑟𝑟𝑟 − 𝑟𝑟𝑟𝑖𝑛) ∶ 𝑛𝑛𝑛

exp [𝜇0 (
𝑝

𝑝𝑎𝑡𝑚
)
0.5

( 𝑏
𝑀

𝑏𝑟𝑒𝑓
)
2

] ℎ = 𝑏0
(𝛼𝛼𝛼 −𝛼𝛼𝛼𝑖𝑛) ∶ 𝑛𝑛𝑛

exp [𝜇0 (
𝑝

𝑝𝑎𝑡𝑚
)
0.5

( 𝑏
𝑀

𝑏𝑟𝑒𝑓
)
2

]

𝑏0 = 𝐺0ℎ0(1 − 𝑐ℎ𝑒)/√(𝑝/𝑝𝑎𝑡𝑚) [/]

𝑏𝑀 = (𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟) ∶ 𝑛𝑛𝑛 𝑏𝑀 = (𝑟𝑟𝑟𝑀𝛼 −𝛼𝛼𝛼) ∶ 𝑛𝑛𝑛
with 𝑟𝑟𝑟𝑀𝛼 = 𝛼𝛼𝛼𝑀 + √2/3(𝑚𝑀 −𝑚)𝑛𝑛𝑛

Memory sur­
face

𝑑𝑚𝑀 = √3/2𝑑𝛼𝛼𝛼𝑀 ∶ 𝑛𝑛𝑛 − (𝑚𝑀/𝜁)𝑓𝑠ℎ𝑟 ⟨−𝑑𝜀𝑝𝑣𝑜𝑙⟩ [/]

evolution 𝑑𝛼𝛼𝛼𝑀 = (2/3) ⟨𝐿𝑀⟩ ℎ𝑀(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀) 𝑑𝛼𝛼𝛼𝑀 = (2/3) ⟨𝐿𝑀⟩ ℎ𝑀(𝛼𝛼𝛼𝑏𝜃 −𝑟𝑟𝑟𝑀𝛼 )

ℎ𝑀 = 1
2 [

𝑏0
(𝑟𝑟𝑟𝑀 −𝑟𝑟𝑟𝑖𝑛) ∶ 𝑛𝑛𝑛

+ √32
𝑚𝑀𝑓𝑠ℎ𝑟 ⟨−𝐷⟩
𝜁(𝑟𝑟𝑟𝑏𝜃 −𝑟𝑟𝑟𝑀) ∶ 𝑛𝑛𝑛

] ℎ𝑀 = 1
2 [

𝑏0
(𝛼𝛼𝛼𝑀𝛼 −𝛼𝛼𝛼𝑖𝑛) ∶ 𝑛𝑛𝑛

+ √32
𝑚𝑀𝑓𝑠ℎ𝑟 ⟨−𝐷⟩
𝜁(𝛼𝛼𝛼𝑏𝜃 −𝑟𝑟𝑟𝑀𝛼 ) ∶ 𝑛𝑛𝑛

]
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