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Abstract

Turbulence is a commonly encountered state of fluid dynamics. Unsteady turbulent flows in pipes are

present in many engineering applications and also in biological flows. However, the various processes

active in such flows are not well understood. The present work employs stereo-PIV to investigate the

effects of a sinusoidal pressure gradient on the various turbulence parameters, including the terms of

the turbulent kinetic energy budget equation. The bulk flow rate was oscillated with a frequency of 0.5

Hz with a mean 𝑅𝑒ፃ 26,000 and an amplitude of modulation, 0.23 times the mean value. It is seen

that there is a delay in the response of turbulence to the oscillations of the bulk flow and the delay

increases with increasing distance from the wall. The axial and the in-plane turbulence parameters

show a difference in the delay of their responses. This delay extends into the small scales responsible

for the dissipation of turbulent kinetic energy. Changes are also observed in azimuthal length scales

when the flow oscillates.The effects of oscillation on the streaks of low momentum are also discussed

and the structural organization in unsteady pipe flows are found to be different from that in steady pipe

flows.
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1
Introduction

1.1. Motivation
Turbulent flows are ubiquitous in nature and are encountered in many engineering applications. Statis-

tically unsteady turbulent flows, commonly referred to as unsteady turbulent flows, are encountered in

fields like turbomachinery [1], aerodynamics [2], biological flows [3], [4], etc. A thorough understanding

of such flows would not only facilitate the development of such fields but would also foster a greater

understanding of the various mechanisms active in turbulent flows in general. The unsteady nature of

the flow reveals several aspects of turbulence which are difficult to isolate in steady turbulent flows [5].

Pulsatile flows in a pipe are a class of unsteady flows where the pressure difference across the ends

of the pipe is varied in a periodic manner. These flows are found in engineering applications like

combustion engines [6], heat exchangers [7], reciprocatory pumps [8],etc. In biological studies these

flows are present in the respiratory track of land animals, in blood vessels [9], etc. If the rate of change

of pressure is high enough, the behaviour of these flows deviates from that of a steady flow with the

same flow rate. Research on pulsatile flows has been going on since the second half of the 20፭፡

century, yet the processes responsible for the deviation of their behaviour from steady pipe flows are

not well understood.

The present work aims to investigate the effects of sinusoidally varying pressure on the terms of the

turbulent kinetic energy budget equation. The flow rate in the pipe varies sinusoidally about a mean

flow rate. The processes responsible for creating, distributing and ultimately destroying turbulence in

such flows are decoupled from one another and studying how the terms vary in an oscillation will aid

in understanding the physics involved in these flows.

1
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1.2. Literature Review
The early investigators of pulsatile flows in pipes (Brown et al. (1969) [10]; Ohmi & Usui (1976)

[11]) have analyzed pulsatile flows with a constant eddy viscosity (the eddy viscosity being that of

the Reynolds number of the mean flow rate) and predicted the velocity profile using finite difference

techniques. They observed that the results are in close agreement with experimental results only at

high oscillation frequencies.

Ohmi et al.(1978) [12] repeated the calculations using a time dependent eddy viscosity (eddy viscosity

of the flow at a specific phase of oscillation was assumed to be that of the instantaneous flowrate at

that phase. i.e. a quasi-steady eddy viscosity was assumed ). It was found that the results matched

experimental results only at low oscillation frequencies.

Mizushina, et al. (1973)[13] took measurements of pulsatile flows in a pipe using an electrochemical

method. They observed that if the frequency of pulsation is comparable to the mean bursting frequency

of turbulence of the steady mean flow rate, significant changes in the turbulence parameters are ob-

served. They also showed that the eddy viscosity changes throughout the time period of pulsation

indicating that standard eddy viscosity models cannot be applied in the case of pulsatile flows.

Mizushina,et al. (1975)[14] extended their previous work and studied the generation and propagation

of turbulence in pulsatile flows. The temporal characteristics of the propagation of ‘turbulence’ gener-

ated near the wall was presented. The average time delay of the turbulence, in reaching the centerline,

was observed to be same as the mean bursting period of turbulence of the steady mean flow rate,

therefore, if the period of pulsation is less than the bursting period, the intensity of turbulence is local-

ized near the wall. Hence, the authors arrived at an approach to characterize pulsatile flows based on

the time period of bursting of the steady mean flow rate.

Shermer,et al. (1982)[15] studied the structure of turbulence in a pipe using a rake of 9 hot wires.

They studied the effect of oscillations on the time mean profiles of various turbulence parameters.

Their measurements, however, were confined to the low frequency quasi-steady regime of a fairly low

Reynolds number (based on bulk velocity). In this regime, the time mean properties of the flow showed

no difference with the corresponding steady values.

Ramaprian & Tu (Part 1) (1983)[16] investigated the effects of pulsation in a pipe flow, on the time

mean properties of the flow and also the structure of turbulence, using a single channel Laser Doppler

Anemometry and direct wall shear stress wasmeasured using a flushmounted film gauge. Experiments

were performed at a fairly high Reynolds number 50,000 (based on bulk velocity). Two frequencies of

oscillations- 0.5Hz (65% amplitude) and 3.6 Hz (15% amplitude) were studied.

A time-mean velocity profile of a quasi steady flow was obtained by averaging the velocity profiles of

steady flows within the range of the amplitude of modulation of the pulsating flow. It was then compared

with the time averaged velocity of the pulsating flow. Differences were detected in the time mean
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profile of the flow with the higher frequency. These findings were contradictory to those of previous

investigators.

At the higher frequency the ensemble averaged velocity profile looked similar to one another. At the

lower frequency the ensemble averaged velocity profiles showed differences from each other and even

inflection points were found in the velocity profiles. The ensemble averaged velocity profiles did not

follow the ‘log law’.

For the higher frequency studied, the ensemble averaged turbulence intensities did not show any mod-

ulation near the central region, while for the lower frequency it varied significantly throughout the pipe.

The authors described the turbulence to be ‘frozen’ in the central region at the higher frequencies. As

the lower frequency was at a higher amplitude of oscillation the authors inferred that the amplitude

plays a weaker role than the frequency of oscillation in causing changes to the flow parameters.

Ramaprian & Tu (Part 2) (1983) [17] continued their previous work and repeated the experiments with

a constant amplitude (25%) and different frequencies ranging from 0.5 Hz to 3.0 Hz.

On comparing the modulation amplitude of the ensemble averaged velocity profile (normalized by the

modulation amplitude of the cross sectional averaged velocity) along different points in the radius it was

seen that the overshoot of the amplitude is more diffused in turbulent flows than those of oscillating

laminar flows. The overshoot for the turbulent flow occurs much further away from the wall than for the

laminar flow. Thus, showing the Stokes number which is used to characterize oscillating laminar flow

cannot be used as a relevant parameter in turbulent flows.

The ‘frozen’ turbulence observed at the center was explained in terms of the time taken for the turbu-

lence to reach the center of the pipe from its production near the wall being higher relative to the time

period of the imposed oscillations.

Mizushina et al.[14] reported that this delay period was comparable to the time period of bursting of the

mean flow rate and they also produces a histogram of the time between bursts for different Reynolds

numbers . Using the highest measured bursting frequency (𝜔፛ፔ), the mean bursting frequency (𝜔፛)
and the lowest measured bursting frequency (𝜔፛ፋ) of bursting of the mean flowrate; five regimes of

pulsatile flows were defined as, (here Ꭶፃ
፮፭

refers to the Strouhal number of the mean steady flow, D is

the diameter of the pipe, 𝜔 is the circular frequency of oscillation and 𝑢፭ is the friction velocity of the

mean flow rate.)

1፬፭ regime (Ꭶፃ፮፭ ≤ 0.1)-The flow will behave as a quasi steady flow.

2፧፝ regime (0.1 ≤ Ꭶፃ
፮፭
≤ 10)- The oscillations will not affect the structure of turbulence but will not be

completely quasi steady in nature.

3፫፝ regime (Ꭶ፛ፋፃ፮፭ ≤ Ꭶፃ
፮፭

≤ Ꭶ፛ፃ
፮፭

)-The structure of turbulence will start interacting with the imposed

oscillations.

4፭፡ regime (Ꭶ፛ፃ፮፭ ≤ Ꭶፃ
፮፭
≤ Ꭶ፛ፔፃ

፮፭
)-The effects of oscillation will be confined to a thin region (0.1D) near

the wall.
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5፭፡ regime (Ꭶ፛ፔፃ፮፭
≤ Ꭶፃ

፮፭
)-The flow will behave as a plug flow with effects of oscillations confined to

around 0.01D.

Mao & Hanratty et. al. (1984)[18] investigated the effects of the imposed oscillations on the wall shear

stress in a pipe. Tardu et al. (1991)[19] investigated the logarithmic region and near wall region in a

channel with high frequency and high amplitude oscillating flow. It was reported in both these studies

that the time mean properties of the flow did not show any difference from that of the steady flow and

a phase difference existed between the oscillation and the turbulence parameters.

He & Jackson et al. (1997)[5] performed experiments on unsteady flows in a pipe with ramp-up

and ramp-down velocity changes, using double channel Laser Dopppler Anemometry. The param-

eter ፃ
፮Ꭱ፨
( ኻ
ፔ፛፨

፝ፔ፛
፝፭ , where 𝑈፛ is the bulk velocity, 𝑢Ꭱ፨ and 𝑈፛፨ are the friction velocity and bulk velocity

respectively of the initial Reynolds number in the transient) was used to characterize the flows. This

parameter is the ratio of the time scale of diffusion to the time scale of the transient. Observations in-

cluded a delay period in the response of the axial component of turbulence in reaching the center during

the transient and a longer delay in the response of the non-axial components. This can be explained

with the longer time scales of the processes distributing energy to the non-axial velocity components .

Reynolds stress showed a behavior similar to the non-axial components.

In the experiments conducted two types of delays in the response of turbulence were detected- delays

in diffusion and delays in redistribution (for non-axial components). A third type delay in production

was hypothesized to be present for faster transients.In the experiments conducted by the authors, the

delay in diffusion in the outer layer dominates the lag in turbulence response and hence ፃ
፮Ꭱ፨

is used as

the time scale for characterization. For faster transients the delay in production caused by change in

the velocity gradient of the buffer region dominates the entire delay and the inner layers variables ᎚
፮ኼᎡ፨

(𝜈 is the kinematic viscosity) would be used to scale time.

Scotti & Piomelli (2000)[20] used Direct numerical Simulation (DNS) and Large-Eddy Simulation (LES)

data to study pulsatile flows in a channel over a range of imposed oscillating frequencies. In order to

facilitate their study and classify the flows, the authors introduced the concept of turbulent Stokes

layer thickness (𝑙፭). The Stokes layer thickness is given as, 𝑙፬ = √ኼ᎚
Ꭶ . Motivated by the laminar

version, the turbulent Stokes layer thickness in wall units is given as 𝑙ዄ፭ =
፮፭
᎚ √

ኼ(᎚ዄ᎚፭)
Ꭶ , (𝜈፭ is the eddy

viscosity) , replacing 𝜈፭ = 𝜅𝜈፭𝑙፭, where 𝜅 is the Von Karman constant, the following is derived 𝑙ዄ፭ =
𝑙ዄ፬ [

᎗፥ዄ፬
ኼ +√1 + (᎗፥

ዄ፬
ኼ )

ኼ] ,

The turbulent Stokes layer thickness in wall units was presented as a parameter to determine how

far the oscillations generated near the wall would penetrate into the flow. For 𝑙ዄ፭ >> ℎዄ(ℎዄ is the

channel half-width in wall units) the turbulence has enough time to adjust to the modulation and a quasi

steady flow will be obtained. On increasing the frequency, in the regime 𝑙ዄ፭ <
፡ዄ
ኼ the central region

of the channel would not show any changes due to the imposed oscillations and there would be a

phase difference between the turbulence parameters in the region towards the wall where changes are



1.3. Outline of the thesis 5

observed. For 𝑙ዄ፭ << ℎዄ the changes due to oscillations would be confined to a very thin region near

the wall.

The literature on fully turbulent pulsatile flow is vast as this class of flows has been actively investigated

over the past years. For a detailed literature review of fully turbulent pulsatile flows, the reader is

referred to Gundogdu & Carpinlioglu (1992)[21]. Only the works that are relevant to the present

project have been reviewed in the present report.

It is seen from the review of literature that a major hurdle in the study of pulsatile flows is their char-

acterization. This arises from the fact that two additional parameters- the frequency of modulation and

the amplitude of modulation appear in pulsatile flows. Therefore three non-dimensional parameters are

required to fully characterize the system (unlike only one parameter, the Reynolds number in steady

flows). Most authors have reported the modulation amplitude of the flowrate to be a non-significant

parameter ( as long it is less than the mean flow rate itself) and the number of non-dimensional param-

eters reduces to two. The choice of these parameters have varied with authors and a consensus on

the parameters to be used is yet to be arrived at. Moreover, the physical mechanisms responsible for

causing a delay of the flow variables with respect to the bulk flowrate are not well understood.

1.3. Outline of the thesis
The report has the following outline. Chapter 1 gives an introduction to pulsatile flows and gives a

description of the existing work. Chapter 2 describes the experiment test setup used in measuring the

data, the design of experiment and the validation of the data obtained. Chapter 3 shows the statistical

results obtained. It includes the effects of oscillation on the terms of the Navier Stokes equation, the

turbulent kinetic energy equations and the various turbulence parameters- Eddy viscosity, Reynolds

stress, Wall shear stress, etc. Chapter 4 describes the effects of oscillations on the regions of low

momentum which are seen in wall turbulence and finally Chapter 5 gives the conclusion and the rec-

ommendations for future work.





2
Measurement Technique

2.1. Experimental Setup
The experimental setup used for the present work is represented schematically in Figure 2.1. It consists

of a rigid Perspex pipe 9.1 m in length, 40 mm inner diameter and 5mm thickness. A gear pump (Liquiflo

Rotogear Sealed Pump 37 F) is used to generate pulsatile flow in the pipe. A settling chamber with

grids and a contraction is used to terminate any swirls that arise due to the motion of the pump. The

flow rate is monitored using a ultrasound flow meter (Krohne UFC 500).

Figure 2.1: Layout of the experimental setup; A- Discharge Tank; B- Test section; C-Settling Chamber; D- Gear Pump; E-

Ultrasound Flowmeter; a- Pressure port 1; b-Pressure port 2; c-Pressure port 3; d- Measurement plane; e- End of

pipe

In order to investigate the terms of the energy budget equation, three components of the velocity field

7
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over the entire cross section of the pipe are required. Thus, Stereo PIV (S-PIV) was used with the laser

sheet cutting across the pipe. Two cameras (Phantom VEO-640L) were used to record the images and

a Nd:YLF laser system (Pegasus-PIV) was used to generate the light sheet for the measurements.

Scheimpflug adapters were used to obtain uniform focusing of the measurement plane on the image

plane (See figure 2.2). 10-12 um hollow glass spheres with a bulk density of 1.1 (± 0.5) g/cc (Sphericell

110P8, Potters Industries) are used as tracer particles. The laser and cameras were synchronized with

the oscillating flow using a Programmable Timing Unit (PTU), allowing the capturing of images at a

specific phase of oscillation. The vector fields are obtained using the commercial software Davis 8.4.0.

The measurement section is 8.4m (210D) downstream of the inlet. In the measurement section the

Perspex pipe section is replaced with a glass pipe with the same inner diameter but a reduced thickness

of 1.6mm. The glass pipe itself is within a glass-walled rectangular cuboid box filled with water (Test

Section). This reduces the optical distortions due to the curvature of the pipe. Two water-filled prisms

are on the side of the Test Section facing the cameras, in order to reduce the extent of refraction at the

interface and also avoid Total Internal Reflection.

Figure 2.2: Schematic showing the action of prisms and Scheimpflug adapters
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(a) (b)

Figure 2.3: Figure (a) the experimental setup near the measurement section. Figure (b) the generation of the light sheet is

shown

Pressure measurements were made to confirm that the flow is ‘fully developed’ in the measurement

section. As the measurement section was very close to the end of the pipe, the pressure measure-

ments would also be used to inspect whether the exit length which is not significant for steady turbulent

flows would play any role in the measurement of fully turbulent pulsatile flows. The pressure data was

recorded using a differential pressure transducer (Validyne Engineering Corp., Model DP15-26).Static

pressure holes in the pipe were made at distances 2.2m (point a), 5.1m (point b)and 8.8 m (point c)

from the entrance plane (Figure 2.1). The measurement plane was present between the holes at point

b and point c. The Darcy–Weisbach friction factor calculated from the pressure drop between points b

and c in steady flows were compared with the theoretical friction factor in a smooth pipe predicted by

the Blasius correlation (See Figure 2.4)

The pressure drop (for pulsatile flow) between points a and b was compared with that between b and c

to establish if the exit length would influence the S-PIV measurements. The differences observed were

within 2% of the measured values, which is within the accuracy range. (See Table 2.1).The pressure

drop (ጂፏፋ ) is related to the wall shear stress (𝜏) as follows, (here, 𝜌 is the density of the fluid and L is
the length of the pipe section)

Δ𝑃
𝐿 = 𝜌𝑑𝑈፛𝑑𝑡 + 4

𝜏
𝐷 (2.1)

As the term 𝜌፝ፔ፛፝፭ remains the same in all sections of the pipe (due to mass conservation), Table 2.1

shows that the wall shear stress does not vary spatially in the pipe section. Hence, the pulsatile flow is

‘fully developed’ in the measurement plane.
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Figure 2.4: Figure (a) Comparison of the measured pressure drop between pressure ports at points b and c. Figure (b) the

error between the theoretical and calculated values of the Darcy–Weisbach friction factor are shown, the present

project deals with Reynolds numbers between the two red lines

P.D. across points a and b P.D. across points b and c Error percentage
Frequency (Hz) (ጂፏፋ )ፌ፞ፚ፧ (ጂፏፋ )ፀ፦፩ (ጂፏፋ )ፌ፞ፚ፧ (ጂፏፋ )ፀ፦፩ (ጂፏፋ )ፌ፞ፚ፧ (ጂፏፋ )ፀ፦፩

0.32 152.3 292.46 149.78 294.31 1.65 % 0.62 %
0.4 152.2 397.94 150.17 402.48 1.32 % 1.12 %
0.5 152 526.67 149.97 537.246 1.32 % 1.96 %

Table 2.1: Comparisons of unsteady pressure drop (P.D.) measurements between points a and b; b and c (The flow has a

mean flowrate bulk Reynolds number 26000 and amplitude (0.23%); P.D has the units Pa/m)

A brief descritption of PIV and S-PIV is presented in Appendix 2, however for a detailed review of

the techniques the following are to be referred to - Adrian and Westerweel[22], Prasad[23], Soloff,et

al.[24]. The laser sheet thickness for the S-PIV measurements was measured to be ≈ 0.5 mm using

the technique described in Wieneke[25].



2.1. Experimental Setup 11

Figure 2.5: Sample vector field of pipe cross section (Arrows represent in-plane velocity vectors)
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2.2. Design of experiments

Data is collected at a mean Reynolds number, 𝑅𝑒ፃ (=
ፔ፛ፃ
᎚ ) ≡ 26,000 with an oscillating frequency,

𝑓፨፬፜ ≡ 0.5 Hz. The pusatile flow is in the data is taken in the ‘third regime’ as defined by Ramaprian

& Tu (Part 2) [17] and has a Womersley number, 𝛼 (= 𝑅√Ꭶ
᎚ ) ≡ 36. This is done to ensure that the

effects of flow oscillations are visible in the ‘outer layer’ of the pipe. The amplitude of modulation of

the flowrate is 0.23 times the mean flowrate. Steady flow measurements were taken at 𝑅𝑒ፃ 25,900

which is nearly the same as the mean flowrate and also at 𝑅𝑒ፃ 20,495 and 𝑅𝑒ፃ 30,947. The multi-

pass interrogation scheme was used. An interogation window size of 64x64 pixels with 50% overlap

was reduced to 24x24 pixels with 75% overlap. The FoV of the cameras were 45x33 mm. The in-

plane resolution obtained is 8.5𝜂 and the vector spacing is 2.12𝜂, (𝜂 = 5.86 x 10ዅ኿m is the Kolmogorov

length scale of the measured steady flow). The temperature during the measurements was 20.2፨C.
The friction velocities (𝑢Ꭱ) measured for steady flows at 𝑅𝑒ፃ 30,947, 𝑅𝑒ፃ 25,900 and 𝑅𝑒ፃ 20,495 were
0.0422 m/s, 0.0359 m/s and 0.0292 m/s respectively. These values were higher by 2.9 %, 2.5 % and

2.0 % of the theoretical values calculated by using the Blasius correlation for steady flows at the current

temperature.

2.2.1. Statistical data
Ensemble averaging was used to measure the statistical data. PIV vector fields were obtained at spe-

cific phase points in repeating oscillations. The quantities obtained at a specific phase of unsteady

flows are decomposed as, 𝜓 = ⟨𝜓⟩ + 𝜓ᖣ + ℰᎥ, here ⟨𝜓⟩ denotes an ensemble average over the im-

ages captured at the same phase in different oscillation cycles, 𝜓ᖣ denotes the fluctuating part and ℰᎥ
represents measurement error.

⟨𝜓⟩ =
∑ፍ፧዆ኻ 𝜓
𝑁 (2.2)

N is the number of oscillations over which images are captured. In the present experiments N=1077.

The fluctuating terms are calculated as 𝜓ᖣ + ℰᎥ = 𝜓 − ⟨𝜓⟩, random measurement errors are included

in fluctuating terms and as the fluctuating terms are themselves subjected to further averaging ( ⟨�́�ኼ፳ ⟩,
⟨�́�፳�́�፫⟩, ⟨�́�ኼ፳ �́�፫⟩ etc.), the effect of random errors in the measurements will reduce. Moreover, filtering is

applied to the velocity fields to reduce random errors.

The phase averaged velocity may be further decomposed as ⟨𝜓⟩ = 𝜓 + 𝜓፨፬፜, where 𝜓 refers to the

time averaged part, i.e. an average of all images captured at different phase points within a time period

and 𝜓፨፬፜ refers to the modulating part of the quantity. For statiscally steady flows, 𝜓፨፬፜ = 0.

𝜓 =
∑ፌ፧዆ኻ⟨𝜓⟩
𝑀 (2.3)

M is the number of phases over which images are captured within one oscillation. In the present

experiments M=4 which is a small number, making the time averaged parameter susceptible to errors.
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Hence, time averaging has been avoided in the present report.

Images were intended to be captured at the 4 phase points ( the two mean positions, the crest and

the trough) as shown in Fig.2.6a. However, there was a delay of 0.2s in the trigger mechanism and

the images are obtained at points shown in Fig. 2.6b. The bulk velocity measured using PIV images

at these specific phases had a standard deviation of 0.004 m/s, 0.007 m/s, 0.005 m/s and 0.004 m/s

which is 0.5%, 0.9%, 0.8% and 0.7% respectively of the average bulk velocity of all the vector fields at

that particular phase, indicating that the same phase points were captured in every oscillation.

(a) (b)

Figure 2.6: In Figure (a) Points at which images were planned to be captured at for ፨፟፬፜ ዆ ኺ.኿ Hz (marked in red, Re # - 26,000
(mean); 31,860 (crest) & 19,970 (trough)). In Figure (b) Points at which images were obtained for ፨፟፬፜ ዆ ኺ.኿ Hz
(marked in green, Re # - 29,649; 31,000; 22,510 & 21,165.)

The commercial software Davis 8.4.0 generates the vector fields in Cartesian coordinates (X,Y) and as

the polar coordinates is a natural choice for pipe geometry, the data was linearly interpolated into Polar

coordinates (r, 𝜃) using MATLAB. All axial gradient terms in the energy budget equations [for instance,
⟨( Ꭷ⋅Ꭷ፳ )

ኼ⟩], have been obtained using Taylor’s hypothesis of frozen turbulence, ⟨( Ꭷ⋅Ꭷ፳ )
ኼ⟩ = ⟨(− Ꭷ⋅

ፔ፜Ꭷ፭
)ኼ⟩. To

facilitate this, 5 vector fields were obtained around a specific point in a phase with a sampling rate of

859 Hz. The local phase averaged axial velocity ⟨𝑢፳⟩ has been used as the convective velocity 𝑈፜.
Though the flow is statistically unsteady it is assumed that the changes to the turbulence parameters

within such a small time interval ( ኻ
ዂ኿ዃ s=10

ዅኽ s) will be negligible and the turbulence will thus be ‘frozen’.

A smoothing spline was applied to data to calculate derivatives.

A 3-D Gaussian smoothing kernel with standard deviation of 1.1 and a kernel size of 3x3x3 is used for

filtering the data at 3 images using the 5 images collected at a phase point. All gradients are calculated

using the central difference scheme of finite differences.
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2.2.2. Time series data

In order to capture the low speed streaks, time series data was captured with a sampling rate of 859

Hz. 10 sets of 1799 images were recorded for 2.04 seconds each, which would encompass the entire

oscillation. As the bulk flow rate changes over the oscillation cycle, the average displacement of the

seeding particles in the cross-section, changes with time in the same recording. The time interval

between the laser pulses was chosen such that, when the bulk flow rate was high, the displacement

was small enough to avoid loss of particles in the interrogation window and when the the bulk flow

was low, the displacements would be large enough to produce good correlation peaks. This would not

be possible in pulsatile flows with large amplitudes of oscillations, but it was a sufficient remedy in the

present case.

2.3. Data Validation

The data from steady flow measurements are compared with the data measured by Toonder and

Nieuwstadt[26] in order to check the quality of the present measurements.

The following parameters are used - y, the distance from the wall; 𝑢Ꭱ, the friction velocity ; 𝑢ዄ(=
፮
፮Ꭱ
), the

dimensionless velocity; 𝑦ዄ(= ፲፮Ꭱ
᎚ ), the distance from the wall made dimensionless by inner parameters

and 𝑟,the distance from the center.

(a) (b)

Figure 2.7: Figure (a) Average axial velocity scaled on outer variables. Figure (b) Average axial velocity scaled on inner

variables, showing a detailed view of the log-layer

The mean velocity profile is lower than that measured by Toonder and Nieuwstadt[26] by 2.1% at the

center and 1.6% at r=0.42D (𝑦ዄ = 104).
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(a) (b)

Figure 2.8: Figure (a) RMS profile of the axial velocity profile scaled on outer variables. Figure (b) RMS profile of the axial

velocity scaled on inner variables

The RMS profiles have a higher error, the RMS profile of the axial velocity is lower by 14.36% close to

the centre and the error reduces to 6.2% at r=0.42D.

(a) (b)

Figure 2.9: Figure (a) RMS profile of the radial velocity scaled on outer variables. Figure (b) RMS profile of the radial velocity

profile scaled on inner variables

The RMS profile of the radial velocity has a lower error (3.2%) close to the centre and the error increases

to 6.1% at r=0.42D.
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Figure 2.10: Reynolds shear stress scaled on outer variables

TheReynolds stress profile is close to that measured by Toonder and Nieuwstadt[26] towards the centre

but the error increases to 9.4% at r=0.42D. It is noticeable that although there is a negative offset in

the acquired data sets with respect to the reference data but the trend of the former matches the latter.

Moreover, PIV accuracy near the wall has long being an issue and the measurements near the wall are

not reliable due to various causes like distortion due to the pipe, reflection of laser light from the pipe,

strong velocity gradients, etc.

To further assess the measurement quality a histogram of the divergence error and a scatter plot of -

(Ꭷ፮፳Ꭷ፳ ).△𝑡 versus (
Ꭷ፮፫
Ꭷ፫ +

Ꭷ፮᎕
፫Ꭷ᎕+

፮፫
፫ ).△𝑡 is shown in Fig 2.11. A gaussian distribution fitting the histogram has

a standard deviation of 0.015. The ellipse describing the scatter plot has an aspect ratio of ኻ
ኼ.ዂኻኾ . The

scatter plot should be elongated along the line representing the divergence free condition ((∇.𝑢) = 0).
However it is seen that the axial gradients are underestimated. Increasing the strength of the filter did

not improve the scatter plot significantly (See Appendix 3) and in order to preserve the small scale

motions needed to quantify the rate of dissipation, the present filter strength is chosen.



2.3. Data Validation 17
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Figure 2.11: Figure (a) Histogram of divergence error. Figure (b) Scatter plot of -( Ꭷ፮ᑫᎧ፳ ). △ ፭ vs (
Ꭷ፮ᑣ
Ꭷ፫ ዄ

Ꭷ፮ᒍ
፫Ꭷ᎕ ዄ

፮ᑣ
፫ ). △ ፭ for 1000

images. Red lines represents the divergence free ((∇.፮) ዆ ኺ) condition.

It is conjectured that the quantities might be underestimated as the laser sheet thickness was higher

than the optimum, leading to a loss of resolution. This could not be checked and the experiment could

not be repeated due to high demand of the experimental setup for other running projects in the lab.





3
Results (Phase averaged)

In this chapter, the effects of oscillation on the statistical properties of the flow are discussed. The

effects of oscillation on the phase averaged velocity profile, the turbulence parameters like Eddy vis-

cosity, Reynolds stress, Turbulent kinetic energy, the terms of the Navier-Stokes Equation and the

Turbulent Kinetic Energy Budget equation are discussed. As energy in turbulent flows is transferred

from the mean velocity field to the turbulent velocity field and the turbulent flow field is responsible for

the transport of momentum which ultimately influences the mean flow field, it is relevant to investigate

the effects of oscillation on this interaction between the mean flow field and turbulent flow field. In the

figures shown in this chapter the distance from the center ‘𝑟’ is non-dimensionalized with the radius

R=0.02m and time ‘𝑡’ is non-dimensionalized with with the time period of oscillation, 𝑇፨፬፜=2s.

19
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3.1. Phase averaged velocity profile

Re# 20,495
Re# 25,900
Re# 30,947

(a) Steady flow measurements. Here and in all following figures, R is

the radius of the pipe and r is the distance from the centre.
(b) Linear dependency of velocity on bulk Re #. Dashed lines represent

fitted curve and marked points represent the actual data measured

Figure 3.1: Curve fitting to obtain steady flow profiles

In order to analyze the effects of oscillation on averaged axial velocity profiles, the phase averaged

axial velocity profiles are compared with the mean axial velocity profiles of the corresponding steady

flow. The data for steady flows were acquired at bulk flow 𝑅𝑒ፃ 25,900, 30,947 and 20,465. These were
the Reynolds numbers at which the data for the unsteady flow was planned to be acquired. However,

as the trigger was delayed, steady velocity profiles at 𝑅𝑒ፃ 29,649, 31,000, 22,510 and 21,165 were

required for comparison.

The velocity profiles for 𝑅𝑒ፃ 25,900, 30,947 and 20,465 are shown in Fig 3.1a. It is seen that the mean
velocity at a radial point is linearly dependent of the on bulk flow 𝑅𝑒ፃ (Fig 3.1b). This trend may be

justified using the power law velocity profiles of turbulent flows. It is given as,

𝑢 = 𝑈፦ፚ፱(1 −
𝑟
𝑅)

ኻ
፧ (3.1)

Here, n is an exponent that depends on the 𝑅𝑒ፃ, 𝑈፦ፚ፱ depends on the bulk velocity (𝑈፛) as follows,

𝑈፦ፚ፱ = 𝑈፛(
2𝑛ኼ + 3𝑛 + 1

2𝑛ኼ ) (3.2)

The exponent n changes negligibly with changing 𝑅𝑒ፃ and in most cases n=7 gives an accurate repre-
sentation of the velocity profile [27]. It is seen that the velocity at a particular radial location is a linear

function of the bulk velocity and hence a linear function of the 𝑅𝑒ፃ (at constant temperature). This trend
may exist only for a small range of 𝑅𝑒ፃ (where n is constant), however, for the present study it is suffi-
cient to perform a curve fitting with a linear polynomial to obtain the local mean velocity at each radial

point for the 𝑅𝑒ፃ required. The velocity profiles generated using this method follow the ’log law’. ( Fig

3.2 and Fig 3.3). Moreover, as the data measured is offset to a certain extent, in order to remove bias,

the phase averaged velocity profiles of the unsteady flows are compared with the profiles obtained by

interpolation rather than that obtained by using the power law.
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(a) Mean velocity profile when the bulk flow rate starts to accelerate

(Inset image shows phase point at which velocity profile is

measured).

(b) Logarithmic velocity profile at the start of acceleration.

(c) Mean velocity profile towards the end of acceleration of the bulk

flow.Circle represents the region with ᒟ⟨ᑦᑫ⟩
ᒟᑣ higher than steady flow.

(d) Logarithmic velocity profile at the end of acceleration (Vertical lines

represent the extent of the log layer for the different profiles).

Figure 3.2: Comparison of phase averaged velocity profile with steady velocity profiles during acceleration.

In Fig 3.2 and Fig 3.3 the profiles of the unsteady flow at different phases are compared with the

corresponding steady flow velocity profiles. In these figures and in all following figures of this chapter,

in order to non-dimensionalize the statistical quantities, the frictional velocity of the steady flow of the

mean 𝑅𝑒ፃ 26,000 (𝑢Ꭱ) is used. In order to compare the logarithmic velocity profile the mean flow is

non-dimensionalized using the frictional velocity of the steady flow of the instantaneous 𝑅𝑒ፃ (𝑢∗Ꭱ).

It is seen that in the beginning of acceleration the velocity gradient (Ꭷ⟨፮፳⟩Ꭷ፫ ) in the unsteady flow is similar

to that of the corresponding steady flow and the logarithmic velocity profiles are similar.

However, at the end of acceleration the velocity gradient of the unsteady flow in the region 𝑟 < 0.85𝑅
is lower than that of the corresponding steady flow with the same 𝑅𝑒ፃ, but it is higher near the wall

(denoted by in circle in Fig 3.2c).The log velocity profile for the unsteady flow is displaced ‘upwards’

and the extent of the ‘log layer’ is increased (as shown by the vertical lines in Fig 3.2d).
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(a) Mean velocity profile when the bulk flow rate starts to deceleration (b) Logarithmic velocity profile at the start of deceleration

(c) Mean velocity profile towards the end of deceleration of the bulk

flow. Velocity gradient in the unsteady flow is higher than that of the

corresponding steady flow in the wake region.

(d) Logarithmic velocity profile at the end of deceleration.(Vertical lines

represent the extent of the log layer for the different profiles)

Figure 3.3: Comparison of phase averaged velocity profile with steady velocity profiles during deceleration.

As the bulk flow rate starts to decrease, the fluid in the central region of the pipe retains a higher

momentum than that in the central region of the corresponding steady flow. Towards the end of decel-

eration, the velocity gradient is higher than that of the corresponding steady flow throughout 𝑟 < 0.85𝑅
(Fig 3.3c) but lower towards the wall. The logarithmic velocity profile for the unsteady flow is lowered

and the extent of the ‘log layer’ is decreased (Fig 3.3d).

As energy in turbulent flow is transferred from the mean flow field, in quasi-steady pulsatile flows the tur-

bulence characteristics in an oscillation are the same as that of the steady flow with the same Reynolds

number. However, as the rate of change of velocity is increased, the difference in the mean velocity

gradient between pulsatile and the steady flows is responsible for the difference in turbulence charac-

teristics created.

3.2. Effect of oscillation on phase averaged parameters
The phase averaged turbulence parameters can be described as a Fourier series of the form:
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⟨𝜓⟩ = 𝜓 +
ጼ

∑
፧዆ኻ

𝐴፧𝑠𝑖𝑛(𝑛𝜔𝑡 + 𝜙) (3.3)

Here, 𝐴፧ is the amplitude of the 𝑛፭፡ node. It has been mentioned in previous literature ([15], [16], [19])
that the parameters can be described by using the fundamental mode of frequency, as the higher modes

are comparatively very small. This has been used in the present project to examine the behaviour of

the parameters during one period of oscillation.

3.3. Effect of oscillation on Wall shear stress

Figure 3.4: ⟨Ꭱᑨ⟩Ꭱᑨ
is the phase averaged wall shear stress scaled by the wall shear stress of the steady flow. Bulk flow is

decelerating between the two vertical lines. Here and in all following figures ፭ is time and ፓ፨፬፜ ዆ ኼs is the time period
of oscillation. Marked points represent actual data measured and the solid line represents the fitted sine wave.

The phase averaged wall shear stress is calculated indirectly using the integral momentum balance

equation 2.1. It reaches its lowest value at the 𝑡 = 0.48𝑇፨፬፜ and highest value at 𝑡 = 0.97𝑇፨፬፜. The time
averaged wall shear stress as well as the pressure drop is obtained to be 1.14 times that of the steady

flow.

3.4. Effect of oscillation on the terms of the Navier Stokes Equation
The Reynolds Averaged Navier Stokes (RANS) equation for the phase averaged axial velocity for pipe

flow is given as,

𝜕⟨𝑢፳⟩
𝜕𝑡 = −1𝜌

𝜕⟨𝑝⟩
𝜕𝑧 + 𝜐(1𝑟

𝜕
𝜕𝑟 (𝑟

𝜕⟨𝑢፳⟩
𝜕𝑟 )) − 1𝑟

𝜕𝑟⟨𝑢ᖣ፳𝑢ᖣ፫⟩
𝜕𝑟 (3.4)

Calculating the unsteady term (Ꭷ⟨፮፳⟩Ꭷ፭ )

The phase averaged axial velocity displays sinusoidal behaviour with time at different radial points

(Fig 3.4). The time derivative of this sinusoidal curve provides the term Ꭷ⟨፮፳⟩
Ꭷ፭ . This term can also be

measured by applying the central difference technique to the vector fields captured at a high sampling

rate around a phase point. However, as the term ⟨𝑢፳⟩ is calculated from the statistical averaging of
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data from a finite sample size there might be a scattering of the value calculated around the‘true’ mean

value, leading to a noisy derivative being calculated.(Fig 3.4). Thus, for further analysis the derivative

obtained by taking a derivative of the fitted curve is utilized.

The terms of the RANS equation at different radial points are shown in Fig.3.5. A phase shift is observed

in the terms- ኻ፫
Ꭷ፫⟨ዅ፮ᖣ፳፮ᖣ፫⟩

Ꭷ፫ and Ꭷ⟨፮፳⟩
Ꭷ፭ at different radial locations. The term 𝜐(ኻ፫

Ꭷ
Ꭷ፫ (𝑟

Ꭷ⟨፮፳⟩
Ꭷ፫ )) is negligible on

being compared to the other terms.
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(a) (b)

(c) (d)

Figure 3.5: Comparison of terms of the NS equation at different phase points. Bulk flow is decelerating between vertical lines.

The marked points represents the measured data and the dashed line represents a curve fitted using the

fundamental mode of oscillation. The pressure gradient has been calculated by applying the fitted curves to the NS

equation and directly measured by the pressure transducer as well. The phase of the measured pressure gradient

has been shifted to match the pressure gradient calculated from the NS equation. The shift is the same in all the

radial points and the shifted pressure gradient agrees well with the calculated pressure gradient in all radial

positions. The phase shift can be justified in that there there might be a lag in the data captured by the pressure

transducer.

During deceleration of the bulk flow, in the region r=0.2R the term −ኻ
፫
Ꭷ፫⟨፮ᖣ፳፮ᖣ፫⟩

Ꭷ፫ , which represents the

retarding force per unit volume produced by the Reynolds stress, has a lower magnitude towards the

onset of deceleration and increases as the bulk flow continues to decelerate. In the region around

r=0.8R the term shows the opposite behaviour, resulting in a delay in the response of the fluid near the

centre to the adverse pressure gradient during deceleration.

This delay deforms the mean velocity profile such that during deceleration, the term Ꭷ⟨፮፳⟩
Ꭷ፫ in the wake

region of the pipe is higher than the that of the corresponding steady flow at the same Reynolds num-

ber. Hence excess turbulence is generated in the wake region due to the excess shear created by

deceleration.
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During the onset of acceleration of the bulk flow, the term −ኻ
፫
Ꭷ፫⟨፮ᖣ፳፮ᖣ፫⟩

Ꭷ፫ has a higher magnitude at r=0.2R

and as the bulk flowrate increases, the value of the term the decreases. Hence, velocity during the

favourable pressure gradient is more uniform in the wake region leading to a lower value of Ꭷ⟨፮፳⟩Ꭷ፫ .

However, the ’no-slip’ constraint on the wall surface leads to a higher vale of Ꭷ⟨፮፳⟩Ꭷ፫ in the region near the

wall towards the end of acceleration (shown by circle in Fig. 3.2c). Mathematically, the term ⟨𝑢ᖣ፳𝑢ᖣ፫⟩
Ꭷ⟨፮፳⟩
Ꭷ፫

gives a measure of the transfer of mean kinetic energy of the flow to the turbulent kinetic energy.

3.4.1. Effect of oscillation on Eddy Viscosity

(a) Eddy viscosity profiles. Inset shows phase points (shown in same

colour) at which eddy viscosity is measured.

(b) Change of eddy viscosity with time at different radial points. Bulk

flow is decelerating between vertical lines.

Figure 3.6: Comparison of eddy viscosity profiles

Fig.3.6a shows the eddy viscosity (𝜈Ꭱ) profiles at different phase points. It is seen that the eddy vis-

cosity values change during an oscillation cycle indicating that standard eddy viscosity models will be

unable to model pulsatile flows. Fig.3.6b shows that the eddy viscosity at different radial points can be

represented as a sinusoidal function of time.

3.4.2. Effect of oscillation on the Reynolds stress

The phase averaged Reynolds stress terms are shown in Fig 3.7. As seen in fig 3.7b, the measured

data at particular phase point can be fitted with a sinusoidal function of time. There is a delay in the

response of the Reynolds stress to the oscillating flow rate. This is manifested as a phase difference in

the fitted curve with respect to the oscillation of the flow rate. This delay or phase difference increases

with increasing distance from the wall.
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Steady Mean Flow (Re# 25,900)
Steady Flow (Re# 30,947)
Steady Flow (Re# 20,465)

(a) Phase averaged Reynolds Stress profiles at different radial

locations.Inset shows phase points (shown in same colour) at

which values are measured.

(b) Marked points represent points at which data is measured and

dashed line represents the fitted curve.

Figure 3.7: Reynolds stress.

3.4.3. Effect of oscillation on the intensities of turbulence

The terms (⟨ ́𝑢፳ኼ⟩ and ⟨ ́𝑢፫ኼ⟩), which represent twice the phase averaged axial and radial turbulence

kinetic energies respectively are shown in Fig. 3.8. As seen in the Reynolds stress there is a delay in

the response of the turbulence to the oscillation of the bulk flow rate, which is expressed as a phase lag

in the fitted curve.This is in agreement with the results of Ramaprian and Tu[16], He and Jackson[5],

Brereton,et al.[28].

Steady Mean Flow (Re# 25,900)
Steady Flow (Re# 30,947)
Steady Flow (Re# 20,465)

(a) Phase averaged axial Velocity turbulence intensity profiles. Inset

shows phase points (shown in same colour) at which values

measured.

(b) Phase averaged axial turbulence intensity at different radial

location.Bulk flow is decelerating between vertical lines.

Figure 3.8: Comparison of phase averaged turbulence intensity profiles
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Steady Mean Flow (Re # 25,900)
Steady Flow (Re # 30,947)
Steady Flow (Re # 20,465)

(a) Phase averaged radial Velocity turbulence intensity profiles. Inset

shows phase points (shown in same colour) at which values

measured.

(b) Radial turbulence intensity at different radial location.Bulk flow is

decelerating between vertical lines.

Figure 3.9: Turbulence at radial locations.

The axial (⟨ ́𝑢፳ኼ⟩) and in-plane turbulence (⟨ ́𝑢፫ኼ⟩ & ⟨ ́𝑢᎕ኼ⟩) display different responses to the oscillating

flow rate. Towards the wall there is a greater difference between the delay in the response of the in-

plane turbulence and the axial turbulence and the difference decreases towards the centre. (See Fig

3.13a). The radial and azimuthal turbulence did not display any phase difference between them. This

is in agreement with the results of He and Jackson[29]. The time derivative of the curves fitted to these

terms are used to measure the unsteady terms of the turbulent kinetic energy budget equation used

subsequently in this work.

3.5. Effect of oscillation on the terms of Turbulent Kinetic Energy

Equation
The Turbulent Kinetic Energy (TKE) Equation for pipe flows are given as, (for complete derivation refer

to Appendix 1)

In the axial direction,

1
2
𝜕⟨ ́𝑢፳ኼ⟩
𝜕𝑡 + 12

𝜕⟨ ́𝑢፳ኼ ́𝑢፫⟩
𝜕𝑟 + ⟨ ́𝑢፳ ́𝑢፫⟩

𝜕⟨𝑢፳⟩
𝜕𝑟 + ⟨ ́𝑢፳

ኼ ́𝑢፫⟩
2𝑟

= ⟨ �́�𝜌
𝜕 ́𝑢፳
𝜕𝑧 ⟩ + 2𝜐(

𝜕⟨𝑟 ́𝑢፳ ́𝑠፫፳⟩
𝑟𝜕𝑟 + 𝜕⟨ ́𝑢፳ ́𝑠፳᎕⟩

𝑟𝜕𝜃 + 𝜕⟨ ́𝑢፳ ́𝑠፳፳⟩
𝜕𝑧

− ⟨ ́𝑠፫፳
𝜕 ́𝑢፳
𝜕𝑟 ⟩ − ⟨ ́𝑠፳᎕

𝜕 ́𝑢፳
𝑟𝜕𝜃 ⟩ − ⟨ ́𝑠፳፳

𝜕 ́𝑢፳
𝜕𝑧 ⟩)

(3.5)

In the azimuthal direction,
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1
2
𝜕⟨ ́𝑢᎕ኼ⟩
𝜕𝑡 + 12

𝜕⟨ ́𝑢᎕ኼ ́𝑢፫⟩
𝜕𝑟 + ⟨3 ́𝑢᎕ኼ ́𝑢፫⟩

2𝑟
= ⟨ �́�𝑟𝜌

𝜕 ́𝑢᎕
𝜕𝜃 ⟩ + 2𝜐(

𝜕⟨𝑟 ́𝑢᎕ ́𝑠፫᎕⟩
𝑟𝜕𝑟 + 𝜕⟨ ́𝑢᎕ ́𝑠᎕᎕⟩

𝑟𝜕𝜃 + 𝜕⟨ ́𝑢᎕ ́𝑠፳᎕⟩
𝜕𝑧

− ⟨ ́𝑠፫᎕
𝜕 ́𝑢᎕
𝜕𝑟 ⟩ − ⟨ ́𝑠᎕᎕

𝜕 ́𝑢᎕
𝑟𝜕𝜃 ⟩ − ⟨ ́𝑠፳᎕

𝜕 ́𝑢᎕
𝜕𝑧 ⟩ + ⟨

́𝑢᎕ ́𝑠፫᎕
𝑟 ⟩)

(3.6)

In the radial direction,

1
2
𝜕⟨ ́𝑢፫ኼ⟩
𝜕𝑡 + 12

𝜕⟨ ́𝑢፫ኽ⟩
𝜕𝑟 + ⟨ ́𝑢፫

ኽ⟩
2𝑟 − ⟨ ́𝑢᎕

ኼ ́𝑢፫⟩
𝑟

= ⟨ �́�𝜌
𝜕 ́𝑢፫
𝜕𝑟 ⟩ −

1
𝜌
𝜕⟨ ́𝑢፫�́�⟩
𝜕𝑟 + 2𝜐(𝜕⟨𝑟 ́𝑢፫ ́𝑠፫፫⟩

𝑟𝜕𝑟 + 𝜕⟨ ́𝑢፫ ́𝑠፫᎕⟩
𝑟𝜕𝜃 + 𝜕⟨ ́𝑢፫ ́𝑠፫፳⟩

𝜕𝑧

− ⟨ ́𝑠፫፫
𝜕 ́𝑢፫
𝜕𝑟 ⟩ − ⟨ ́𝑠፫᎕

𝜕 ́𝑢፫
𝑟𝜕𝜃 ⟩ − ⟨ ́𝑠፫፳

𝜕 ́𝑢፫
𝜕𝑧 ⟩ − ⟨

́𝑢፫ ́𝑠᎕᎕
𝑟 ⟩)

(3.7)

The TKE is given as,

𝜕⟨𝑞⟩
𝜕𝑡 = −⟨1𝑟

𝜕𝑟 ́𝑢፫(
፩́
᎞ + 𝑞)
𝜕𝑟 ⟩ − ⟨ ́𝑢፳ ́𝑢፫⟩

𝜕⟨𝑢፳⟩
𝜕𝑟

+ 2𝜐(𝜕⟨𝑟 ́𝑢፳ ́𝑠፫፳⟩
𝑟𝜕𝑟 + 𝜕⟨ ́𝑢፳ ́𝑠፳᎕⟩

𝑟𝜕𝜃 + 𝜕⟨ ́𝑢፳ ́𝑠፳፳⟩
𝜕𝑧

𝜕⟨𝑟 ́𝑢᎕ ́𝑠፫᎕⟩
𝑟𝜕𝑟 + 𝜕⟨ ́𝑢᎕ ́𝑠᎕᎕⟩

𝑟𝜕𝜃 + 𝜕⟨ ́𝑢᎕ ́𝑠፳᎕⟩
𝜕𝑧

𝜕⟨𝑟 ́𝑢፫ ́𝑠፫፫⟩
𝑟𝜕𝑟 + 𝜕⟨ ́𝑢፫ ́𝑠፫᎕⟩

𝑟𝜕𝜃 + 𝜕⟨ ́𝑢፫ ́𝑠፫፳⟩
𝜕𝑧

− ⟨ ́𝑠፫፳
𝜕 ́𝑢፳
𝜕𝑟 ⟩ − ⟨ ́𝑠፳᎕

𝜕 ́𝑢፳
𝑟𝜕𝜃 ⟩ − ⟨ ́𝑠፳፳

𝜕 ́𝑢፳
𝜕𝑧 ⟩

− ⟨ ́𝑠፫᎕
𝜕 ́𝑢᎕
𝜕𝑟 ⟩ − ⟨ ́𝑠᎕᎕

𝜕 ́𝑢᎕
𝑟𝜕𝜃 ⟩ − ⟨ ́𝑠፳᎕

𝜕 ́𝑢᎕
𝜕𝑧 ⟩ + ⟨

́𝑢᎕ ́𝑠፫᎕
𝑟 ⟩

− ⟨ ́𝑠፫፫
𝜕 ́𝑢፫
𝜕𝑟 ⟩ − ⟨ ́𝑠፫᎕

𝜕 ́𝑢፫
𝑟𝜕𝜃 ⟩ − ⟨ ́𝑠፫፳

𝜕 ́𝑢፫
𝜕𝑧 ⟩ − ⟨

́𝑢፫ ́𝑠᎕᎕
𝑟 ⟩)

(3.8)

The terms can be classified as-

Unsteady term-
𝜕⟨𝑞⟩
𝜕𝑡 (3.9)

Pressure Diffusion Term-

− ⟨ 1𝜌𝑟
𝜕𝑟 ́𝑢፫�́�)
𝜕𝑟 ⟩ (3.10)

Production Term-

− ⟨ ́𝑢፳ ́𝑢፫⟩
𝜕⟨𝑢፳⟩
𝜕𝑟 (3.11)

Turbulent Diffusion Term-

− ⟨ 1𝜌𝑟
𝜕(𝑟 ́𝑢፫𝑞)
𝜕𝑟 ⟩ (3.12)
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Viscous Diffusion Term-

2𝜐(𝜕⟨𝑟 ́𝑢፳ ́𝑠፫፳⟩
𝑟𝜕𝑟 + 𝜕⟨ ́𝑢፳ ́𝑠፳᎕⟩

𝑟𝜕𝜃 + 𝜕⟨ ́𝑢፳ ́𝑠፳፳⟩
𝜕𝑧

𝜕⟨𝑟 ́𝑢᎕ ́𝑠፫᎕⟩
𝑟𝜕𝑟 + 𝜕⟨ ́𝑢᎕ ́𝑠᎕᎕⟩

𝑟𝜕𝜃 + 𝜕⟨ ́𝑢᎕ ́𝑠፳᎕⟩
𝜕𝑧

𝜕⟨𝑟 ́𝑢፫ ́𝑠፫፫⟩
𝑟𝜕𝑟 + 𝜕⟨ ́𝑢፫ ́𝑠፫᎕⟩

𝑟𝜕𝜃 + 𝜕⟨ ́𝑢፫ ́𝑠፫፳⟩
𝜕𝑧 )

(3.13)

Viscous Dissipation Term-

− 2𝜐⟨ ́𝑠።፣ ́𝑠።፣⟩ (3.14)

The viscous diffusion term is known to be negligible in the outer region of the pipe and has been omitted

from the subsequent results.

The pressure diffusion term measured by using the other terms of the total kinetic energy equation and

balancing them.

The pressure strain term in each components are measured by using the other terms of the kinetic

energy equation in the respective components and balancing them.

3.5.1. Effect of oscillation on the Production Term
The phase averaged production term (⟨𝑢፳ ́𝑢፫⟩

Ꭷ⟨፮፳⟩
Ꭷ፫ ) profiles and the curves fitted to the points measured

at different phase points is shown Fig 3.10.

(a) Phase averaged production term at different phase points.Inset

shows phase points (shown in same colour) at which values

measured.

(b) Curves fitted to production terms measured at phase points.Bulk

flow is decelerating between vertical lines.

Figure 3.10: Production term

3.5.2. Measuring the rate of dissipation
The dissipation rate is measured using the large eddy approach [30]. This is done to measure dissipa-

tion in the sub-grid scales as the resolution of the data is not enough to measure the true dissipation
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using the velocity gradients in the small scales. The Smagorinsky model is used with the value of the

Smagorinsky constant as 0.17. The value of this constant is expected to change at different filter lengths

and finite difference schemes [31]. However, the consequences of the change of the constant on the

dissipation rates measured are assumed to be too small to cause any change in the interpretation of

results.

Fig 3.11a shows the measured dissipation rate of the steady mean flow along with the dissipation after

adding the contribution of the sub-grid scales. The Production term is also shown for comparison.Fig

3.11b shows the convergence of the dissipation term. The dissipation rate obtained is qualitatively

similar to that obtained by Laufer[32] and Lawn[33] (See Appendix 3). The average dissipation rate

for the mean steady flow (𝜖 = ጂፏፔ፳
᎞ፋ ) is 0.0771 𝑚ኼ/𝑠ኽ. The resolved dissipation rate averaged over the

cross-section from r=0.02R to r=0.86R (y+=100) is 0.0033 𝑚ኼ/𝑠ኽ and after adding the dissipation rate
in the sub-grid scale, it is 0.0079 𝑚ኼ/𝑠ኽ. The inconsistency with the theoretical dissipation rate arises
from the fact that the dissipation rate close to the wall has not been taken into account.

(a) Resolved dissipation rates and the dissipation rates obtained by

large eddy PIV method

(b) Convergence of dissipation rates measured at various radial

locations

Figure 3.11: Measuring the rate of dissipation

3.5.3. Effect of oscillations on the rate of dissipation

Fig 3.12a shows the dissipation at different points of the oscillation. The curves fitted to the measured

point is also shown in Fig 3.12.
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(a) Phase averaged dissipation rates at different phases. Inset shows

phase points (shown in same colour) at which values measured.
(b) Curves fitted to dissipation rates measured.Bulk flow is decelerating

between vertical lines.

Figure 3.12: Dissipation term

The phase difference in the response of the dissipation rates to the production rates at different locations

are the same (See Fig. 3.13b). This implies that the difference between the time lag in the response of

the large scales and the small scales at the present rate of oscillations are negligibly small. A difference

is noticed at r=0.2R , however as towards the centre of the pipe the amplitude of the sinusoidal function

is small, a small scatter of data around the true phase average may increase the error of the phase

lag. Thus, data at more data points are required to reach a definitive conclusion. There is a difference

in the response of the in-plane and axial dissipation rates (Fig. 3.14).

(a) Comparison in the delay of the response of axial turbulence

intensity (⟨ ́፮ᑫᎴ⟩) and in-plane turbulence intensities (⟨ ́፮ᑣᎴ⟩ & ⟨ ́፮ᒍᎴ⟩).
(b) Comparison of the phase delay of the prodution term and

dissipation terms in response to the imposed oscillations.

Figure 3.13: Delay in the response of different turbulence parameters.ጂጓ denotes the phase lag with bulk flow oscillation. The

time lag is scaled with ፃ
ፔᑓ
዆ ኺ.ኺዀኽኾ፬
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(a) (b)

(c)
(d)

Figure 3.14: Delay in the response of in-plane dissipation rates and axial dissipation rate.Bulk flow is decelerating between

vertical lines.

The delay in the response of the in-plane dissipation rates indicates that the delay in the distribution

of turbulence from the axial components to the in-plane components, extends to the small scales.

However at r=0.2R, it is seen that the axial and in-plane dissipation rates show the same delay. Though

the magnitude of dissipation in the axial component remains higher, this can be seen as a tendency of

the small scales to move towards isotropy towards the centre of the pipe.
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3.5.4. Distribution of TKE at different radial points

(a) (b)

(c) (d)

Figure 3.15: Comparison of the terms of the TKE at different radial points. Bulk flow is decelerating between vertical lines.

At r=0.8R (fig 3.15a) both production and dissipation are highest at the beginning of deceleration, while

at r=0.2R (fig 3.15d) both these terms are highest towards the end of deceleration.

During deceleration, the diffusion term (which includes transport by both pressure fluctuations and

velocity fluctuations) at r=0.8R tends to distribute turbulence from the region close to the wall to the

region towards the centre.

The unsteady term is a measure of accumulation of TKE at a point. Hence at r=0.8R there is accu-

mulation of TKE starting at 𝑡 ≈ 0.9𝑇፨፬፜ which is while the bulk flow is accelerating and continues to

accumulate till 𝑡 ≈ 0.45𝑇፨፬፜ while the flow is deceleration, while towards the centre of the pipe r=0.2R

the accumulation occurs during the beginning of deceleration and continues to do so till its end of de-

celeration. The accumulation of turbulence seen during deceleration of the bulk flow in the outer region

of the pipe towards the end of deceleration ( See Fig 3.8), is a combination of excess production as
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well as transport from the region towards the wall to the centre of the pipe. A drop in the magnitude of

production is responsible for the decrease of turbulence during acceleration.

By definition, the transfer of energy from the mean flow field to the turbulent flow field in steady flow is

same throughout all times. In pulsatile flows, the transfer of energy from the phase averaged flow field

to the turbulent flow field has different magnitudes at different phase points of the oscillation. At r=0.8R

the transfer of energy is highest in the beginning of deceleration and decreases while the bulk flow is

decelerating, this implies that the magnitude of the gradient of Reynolds stress in the region towards

the wall of the pipe has the highest magnitude around the end of acceleration (as shown in Fig. 3.5a).

As the phase difference of the production term with respect to the bulk flow oscillation increases on

moving closer to the centre, at r=0.2R, the transfer is maximum around the end of deceleration and

decreases till the end of acceleration. This causes the magnitude of the gradient of the Reynolds stress

near the centre of the pipe to be higher in magnitude towards the end of deceleration (Fig. 3.5d). This

change in the gradient of the Reynolds stress at different regions, in turn deforms the phase averaged

velocity (Fig. 3.5) to repeat the cycle in every oscillation.
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Fig 3.16 shows the terms of the total TKE equations as well as those obtained for different components

in a steady flow.

(a) TKE

(b) Axial Kinetic Energy Budget

(c) Radial Kinetic Energy Budget

(d) Azimuthal Kinetic Energy Budget

Figure 3.16: Energy Budget Equations for steady flow (Re # 25,900) are shown for reference.
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Fig 3.17 shows the terms of the total TKE equations for pulsatile flows.

(a)

(b)

(c)

(d)

Figure 3.17: Comparison of the terms of the TKE at different phase points
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Fig 3.18,Fig 3.19 and Fig 3.20, shows the terms of the total kinetic energy equations for the radial, axial

and azimuthal components of pulsatile flows respectively.

(a)

(b)

(c)

(d)

Figure 3.18: Comparison of the terms of the Radial Kinetic Energy Budget at different phase points
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(a)

(b)

(c)

(d)

Figure 3.19: Comparison of the terms of the Axial Kinetic Energy Budget at different phase points
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(a)

(b)

(c)

(d)

Figure 3.20: Comparison of the terms of the Azimuthal Kinetic Energy Budget at different phase points

The terms of all the components of the energy budget display a delay in the response to the oscillating

flows, resulting in a phase shift in the response of the turbulence, which increases on moving from the

wall to the centre.
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3.6. Effect of oscillations azimuthal correlations

(a)

Figure 3.21: Figure (a) Azimuthal correlations at r=0.86R.

(a) (b)

Figure 3.22: Variation of azimuthal length scale (፥፳) with distance from the center, for different correlation coefficient thresholds.

Figure (a) �᎕᎕ ዆ ኺ.ኺ኿Figure (b)᎞᎕᎕ ዆ ኺ.኿

The azimuthal correlation coeffcient is defined as,

𝜌᎕᎕ =
́𝑢፳(𝑟, 0, 𝑧) ́𝑢፳(𝑟, 𝜃, 𝑧)

√ ́𝑢፳ኼ(𝑟, 0, 𝑧)√ ́𝑢፳ኼ(𝑟, 𝜃, 𝑧)
(3.15)

Here, the overline represents both ensemble and spatial averaging. The quantity 𝑙፳ is the distance

at which the correlation coefficient is at a certain threshold value, it represents the average width of

structures at a particular radial location [34]. Fig 3.22a and Fig 3.22b shows the value of 𝑙፳ at thresholds
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of 𝜌᎕᎕ = 0.05 and 𝜌᎕᎕ = 0.5 respectively. Though a threshold of 𝜌᎕᎕ = 0.05 is closer to the true

azimuthal length scale, the trend of the variations do not change at 𝜌᎕᎕ = 0.5. It is seen that 𝑙፳ for the
threshold 𝜌᎕᎕ = 0.05 increases with increasing distance from the wall. This trend is consistent with the

observations of Monty et al.[34], Bailey et al.[35],etc. for steady flows. Moreover, 𝑙፳ for steady flows
shown are quantitatively similar to each other. As expected, the average width of structures in a pipe

at a certain radial location changes with the phase of oscillation. In the logarithmic region (r=0.85R), 𝑙፳
is maximum at the trough of oscillation and minimum at the crest. On moving towards the center, this

trend changes and for a major portion of the wake region, 𝑙፳ is higher when the flow is accelerating and

lower when it is decelerating.



4
Results (Time Series)

Low speed streaks are a characteristic feature in near-wall turbulence flows and in this chapter the

implications of the imposed oscillations on these low speed streaks have been shown.

In order to detect regions of low momentum, the velocity field is traditionally compared to the local

mean velocity. As 10 time series data sets were recorded, an averaging was done with these to obtain

the local mean. However, PIV involves gathering a large amount of data, and it was not feasible to

measure enough samples to obtain a statistically unbiased average velocity field from the time series

data. In order to overcome this limitation, the ensemble averaged axial velocity of the pulsatile flow at

each radial location is curve fitted with a sinusoidal function of time and the fitted velocity is used as a

reference velocity (𝑈፫፞፟) (Fig 4.1b). A similar scheme is used for detecting regions of low momentum

in steady flows, which are shown for comparison.
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Data set #

(a) Convergence of ensemble averaging at y+=104;r=0.85R

Mean
Fitter Curve

(b) For pulsatile flow

Figure 4.1: Cure fitting at y+=104; r=0.85R.

Let 𝑣፳ = 𝑢፳−𝑈፫፞፟, 𝑣፳ is compared with 𝑈፫፞፟ and regions with values less than −0.05𝑈፫፞፟ are shown as
low momentum regions. Changing this criteria will cause changes in the regions defined, but that will

not change the inference. At every radial location, the plane surrounding the pipe may be unwrapped

in the azimuthal sense to visualize these regions. Moreover, many small ‘patches’ of low momentum

regions are detected that do not fit the definition of a ’streak’ (Fig 4.2b). Using an algorithm, these

patches are removed for clarity and also for the purpose of facilitating further analysis (Fig 4.2). The

algorithm fails to remove patches at the very beginning (𝑡 < 0.0093𝑇፨፬፜) and the extreme end of the

time series (𝑡 > 1.137𝑇፨፬፜), leading to patches being present in these regions. In pulsatile flows, as

the turbulence characteristics are changing throughout the time series, the Taylor hypothesis of ‘frozen’

turbulence has not been applied, and data is presented as a time series.



45

-5

0

5

(a) Raw velocity field ፯ᑫ. Velocities are scaled with the friction velocity ፮ᒙ of the mean flow rate.

(b) ፯ᑫ ጺ ዅኺ.ኺ኿ፔᑣᑖᑗ is shown in blue, otherwise the velocities are shown in yellow.

(c) Velocity field after removing small ‘patches’ of blue.

Figure 4.2: Velocity field for steady flow at y+=104. (᎑፯ ዆
᎚
፮ᒙ
, depicts viscous wall units)

Fig 4.3 shows the different radial locations for steady flows for comparison with pulsatile flows shown

in Fig 4.4. On moving away from the wall these low speed streaks are replaced by ’blobs’ of low

momentum.
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(a)

(b)

(c)

(d)

Figure 4.3: Velocity field for steady flow at different radial locations.
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(a)

(b)

(c)

(d)

(e)

Figure 4.4: Velocity field for pulsatile flow at different radial locations. Bulk flow is decelerating between vertical lines
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Calculated
Fitted curve

(a) Pulsatile flow; r=0.2R; y+=577

Calculated
Fitted curve

(b) Steady flow; r=0.2R; y+=577

Calculated
Fitted curve

(c) Pulsatile flow; r=0.4R; y+=433

Calculated
Fitted curve

(d) Steady flow; r=0.4R; y+=433

Calculated
Fitted curve

(e) Pulsatile flow; r=0.6R; y+=288

Calculated
Fitted curve

(f) Pulsatile flow; r=0.6R; y+=288

Calculated
Fitted curve

(g) Pulsatile flow; r=0.8R; y+=144

Calculated
Fitted curve

(h) Steady flow; r=0.8R; y+=144

Calculated
Fitted curve

(i) Pulsatile flow; r=0.86R; y+=104

Calculated
Fitted curve

(j) Steady flow; r=0.86R; y+=104

Figure 4.5: Fraction of low momentum fluid at different radial locations. Steady flow measurements are shown in right for

comparison with pulsatile flows in the left.

In Fig 4.5, the fraction of span wise length occupied by the lowmomentum is shown. The increase at the
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extreme end and beginning of the time series is due to the patches not being removed in these regions.

the plots were obtained by using the data from 10 data sets of the time series for pulsatile flow and 5

data sets for steady flow. As, the number of samples were low, these fractions are not mathematical

averages but display a general trend. In pulsatile flows, when the bulk flow is decelerating the fraction

of the span wise length occupied by the low speed momentum regions increases, while it decreases as

the flow starts to accelerate. Visually from Fig. 4.4 it is seen that width of these low momentum zones

decreases as the bulk flow accelerates and increases when the flow decelerates. It is also seen that

the number of streaks increases when the flow decelerates and decreases when the flow accelerates.

These lowmomentum regions are associated with the back induction caused by vortex packets . Adrian

et. al [36] proposed that the burst phenomenon as depicted by Kline et. al [37] is a manifestation of

the passage of a hairpin packet. Hence the resonance of the bursting frequency and the oscillating

frequency as reported by Mizushina et. al [14] is likely to be due an increase in the frequency of

appearance of low momentum regions during the deceleration of the flow and as such causing the

mean bursting period to be that of the time period of oscillation.

Themonotonic increase of the lowmomentum regions during deceleration/acceleration across all radial

locations is different from the phase difference the parameters shown in Chapter 3. The increase/de-

crease in turbulence during oscillation is likely due to the effects of vortex stretching/compression. This

would also explain the delay in the transfer of energy from the axial components to the in-plane com-

ponents as a stretched non in-plane vortex would have more energy in the axial component of velocity.

However, further analysis is required to reach a definitive conclusion.

In Fig 4.6 and Fig 4.7 the turbulence kinetic energies (TKE) at r=0.8R and r=0.2R respectively averaged

over 10 data sets. The values are obtained are qualitatively similar to that shown in Chapter 3 which are

calculated by ensemble averaging a large number of velocity fields. A notable feature from the velocity

field at r=0.8R is that even though the fraction of span wise length occupied by the low momentum fluid

is maximum at 𝑡 = 0.75𝑇፨፬፜, the maximum turbulent kinetic energy is contained in the regions around

𝑡 = 0.35𝑇፨፬፜, indicating that the turbulence generated towards the wall while the bulk flow is accelerating

has a much higher intensity. However, at r=0.2R the ’blobs’ of low momentum at 𝑡 = 0.35𝑇፨፬፜ have
a greater TKE, which contribute to the turbulence generated when the flow is decelerating. These

regions are in turn visually different from that in steady flows indicating that the structural organization

in unsteady flows will be different from that in steady flows. Further analysis of these structures are left

for future work.
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(a) Velocity field after removing patches

(b) Velocity field before removing patches

(c) Turbulent kinetic energy obtained by averaging 10 sets of time series

Figure 4.6: Turbulent kinetic energy (TKE) at r=0.8R
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(a) Velocity field after removing patches

(b) Velocity field before removing patches

(c) Turbulent kinetic energy obtained from time series

Figure 4.7: Turbulent kinetic energy (TKE) at r=0.2R





5
Conclusions and Recommendations

5.0.1. Conclusions
The main objective of this thesis was to experimentally analyze the terms of the turbulent kinetic en-

ergy budget equation in an unsteady flow using PIV. This was done to understand the cause of the

increase/decrease of turbulence during the acceleration/deceleration of unsteady flows.

The turbulence parameters are seen to be oscillating in a sinusoidal manner with the same oscillating

frequency as that of the bulk flow. The time delay in the response of these turbulence parameters in-

creases with increasing distance from the pipe wall. This time delay is expressed as a phase difference

between the sinusoidal functions describing these turbulence parameters and the bulk flow.

It has been observed that turbulence in the log region of the pipe increases during acceleration while it

decreases during deceleration. On moving towards the centre, there is a time lag in the response of the

turbulence, leading to the increase of turbulence during deceleration and decrease during acceleration.

Due to the effects of the delayed response of the Reynolds stress, the mean velocity profiles deforms

in unalike ways when the flow decelerates and accelerates, facilitating the transfer of energy to repeat

the cycle in every oscillation.

The delay in the response of the production term and the dissipation term of the turbulent kinetic energy

budget equation is the same, indicating that for the present rate of oscillation the large and small scales

respond to the oscillations of the bulk flow in a similar way.

In the log region as the flow accelerates, the turbulence increases both due to increase in production as

well as diffusion. The excess turbulence generated in the wake region of the pipe during deceleration

is due to an increase in the production of turbulence as well as diffusing of turbulence transported from
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the region towards the wall and the turbulence decreases due to the decrease of the production term

during acceleration.

There is a greater delay in the response of the in-plane turbulence components as compared to the

axial turbulence components, which decreases on moving away from the wall. This difference is also

seen in the dissipation rates of these components indicating that the delay extends to the small scales.

However, towards the centre the difference in the delays is not present indicating the tendency of the

small scales to be isotropic.

The low momentum streaks in the outer log region of the pipe increase/decrease in frequency of oc-

currence during deceleration/acceleration of the bulk flow. Moreover, it was seen that the structural

organization of unsteady flows will be different from steady flows.

5.0.2. Recommendations for future work
As there is a time delay in the response of the turbulence, the effects of varying the frequencies and

amplitude of oscillations on the delay of the response of turbulence can be analyzed. This will also aid

in characterizing the flows using a physical basis.

In the present rate of oscillation the large scale and the small scales are not decoupled. On using a

higher frequency of oscillation the scales might be decoupled. Moreover, ’frozen’ turbulence might be

detected near the centre of the pipe. The dynamics of turbulence need to be analyzed in this state.

The role of vortex dynamics can be analyzed and the processes responsible for creating a difference

in the delay of the response of the axial and in-plane turbulence need to be analyzed.
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A
Appendix 1

Let 𝑢፳,𝑢፫ and 𝑢᎕ be the projections of velocity in the axial, radial and tangential directions respectively,
and 𝑝 be the pressure.𝜐 is the kinematic viscosity of the fluid.
The continuity equation is given as,

𝜕𝑢፳
𝜕𝑧 +

𝜕𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢᎕
𝜕𝜃 = −𝑢፫𝑟 (A.1)

The Navier Stokes equation for the three velocity components are as follows,

𝜕𝑢፳
𝜕𝑡 + 𝑢፳

𝜕𝑢፳
𝜕𝑧 + 𝑢፫

𝜕𝑢፳
𝜕𝑟 +

𝑢᎕
𝑟
𝜕𝑢፳
𝜕𝜃 = −1𝜌

𝜕𝑝
𝜕𝑧+

2𝜐[𝜕𝑆፳፳𝜕𝑧 + 𝜕(𝑟𝑆፫፳)𝑟𝜕𝑟 + 1𝑟
𝜕𝑆፳᎕
𝜕𝜃 ]

(A.2)

𝜕𝑢፫
𝜕𝑡 + 𝑢፳

𝜕𝑢፫
𝜕𝑧 + 𝑢፫

𝜕𝑢፫
𝜕𝑟 +

𝑢᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢

ኼ
᎕
𝑟 = −1𝜌

𝜕𝑝
𝜕𝑟+

2𝜐[𝜕𝑆፳፫𝜕𝑧 + 𝜕(𝑟𝑆፫፫)𝑟𝜕𝑟 + 1𝑟
𝜕𝑆፫᎕
𝜕𝜃 − 𝑆᎕᎕𝑟 ]

(A.3)

𝜕𝑢᎕
𝜕𝑡 + 𝑢፳

𝜕𝑢᎕
𝜕𝑧 + 𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 𝑢᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕𝑢፫𝑟 = − 1

𝜌𝑟
𝜕𝑝
𝜕𝜃+

2𝜐[𝜕𝑆፳᎕𝜕𝑧 + 𝜕(𝑟𝑆፫᎕)𝑟𝜕𝑟 + 1𝑟
𝜕𝑆᎕᎕
𝜕𝜃 + 𝑆፫᎕𝑟 ]

(A.4)

On dividing the velocity components and pressure into their ensemble mean and fluctuating parts,

we have 𝑢፳ = 𝑢፳ + ́𝑢፳, 𝑢፫ = 𝑢፫ + ́𝑢፫, 𝑢᎕ = 𝑢᎕ + ́𝑢᎕ and 𝑝 = 𝑝 + �́�. Here the overline symbol is used

to denote an ensemble mean. In the report brackets (⟨⟩) are used to denote a phase average.
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For the mean flow, the continuity equation is,

𝜕𝑢፳
𝜕𝑧 +

𝜕𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢᎕
𝜕𝜃 = −𝑢፫𝑟 (A.5)

For the fluctuating component, the continuity equation is ,

𝜕 ́𝑢፳
𝜕𝑧 +

𝜕 ́𝑢፫
𝜕𝑟 +

1
𝑟
𝜕 ́𝑢᎕
𝜕𝜃 = − ́𝑢፫

𝑟 (A.6)

Replacing the mean and fluctuating velocity components and pressure into equation (2) and aver-

aging we have,

𝜕𝑢፳
𝜕𝑡 + 𝑢፳

𝜕𝑢፳
𝜕𝑧 + ́𝑢፳

𝜕 ́𝑢፳
𝜕𝑧 + 𝑢፫

𝜕𝑢፳
𝜕𝑟 + ́𝑢፫

𝜕 ́𝑢፳
𝜕𝑟 + 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 + ́𝑢᎕

𝜕 ́𝑢፳
𝑟𝜕𝜃

= −1𝜌
𝜕𝑝
𝜕𝑧 + 2𝜐(

𝜕𝑆፳፳
𝜕𝑧 + 𝜕𝑟𝑆፫፳𝑟𝜕𝑟 + 1𝑟

𝜕𝑆፳᎕
𝜕𝜃 )

(A.7)

Multiplying equation (7) with 𝑢፳ we have,

𝑢፳
𝜕𝑢፳
𝜕𝑡 + 𝑢፳

ኼ 𝜕𝑢፳
𝜕𝑧 + 𝑢፳ ⋅ 𝑢፫

𝜕𝑢፳
𝜕𝑟 + 𝑢፳ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 + 𝑢፳( ́𝑢፳

𝜕 ́𝑢፳
𝜕𝑧 + ́𝑢፫

𝜕 ́𝑢፳
𝜕𝑟 +

́𝑢᎕
𝑟
𝜕 ́𝑢፳
𝜕𝜃 )

= −𝑢፳𝜌
𝜕𝑝
𝜕𝑧 + 2𝜐(𝑢፳

𝜕𝑆፳፳
𝜕𝑧 + 𝑢፳

𝜕𝑟𝑆፳፫
𝑟𝜕𝑟 + 𝑢፳𝑟

𝜕𝑆፳᎕
𝜕𝜃 )

The terms in red are expanded using the product rule of differentiation,

𝑢፳
𝜕𝑢፳
𝜕𝑡 + 𝑢፳

ኼ 𝜕𝑢፳
𝜕𝑧 + 𝑢፳ ⋅ 𝑢፫

𝜕𝑢፳
𝜕𝑟 + 𝑢፳ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢፳ ⋅ ́𝑢፳ ́𝑢፳
𝜕𝑧 − ́𝑢፳ኼ

𝜕𝑢፳
𝜕𝑧 − 𝑢፳ ́𝑢፳

𝜕 ́𝑢፳
𝜕𝑧

+ 𝜕𝑢፳ ́𝑢፳ ́𝑢፫
𝜕𝑟 − ́𝑢፳ ́𝑢፫

𝜕𝑢፳
𝜕𝑟 − 𝑢፳ ́𝑢፳

𝜕 ́𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢፳ ́𝑢፳ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢፳ ́𝑢᎕

𝜕𝑢፳
𝜕𝜃 − 1𝑟 𝑢፳ ́𝑢፳

𝜕 ́𝑢᎕
𝜕𝜃

= −𝑢፳𝜌
𝜕𝑝
𝜕𝑧 + 2𝜐(

𝜕𝑢፳𝑆፳፳
𝜕𝑧 + 𝜕𝑟𝑢፳𝑆፳፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፳𝑆፳᎕
𝜕𝜃 − 𝑆፳፳

𝜕𝑢፳
𝜕𝑧 − 𝑆፳፫

𝜕𝑢፳
𝜕𝑟 −

𝑆፳᎕
𝑟
𝜕𝑢፳
𝜕𝜃 )

(A.8)

The terms in green can be changed into the following using the continuity equation,

𝑢፳
𝜕𝑢፳
𝜕𝑡 + 𝑢፳

ኼ 𝜕𝑢፳
𝜕𝑧 + 𝑢፳ ⋅ 𝑢፫

𝜕𝑢፳
𝜕𝑟 + 𝑢፳ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢፳ ⋅ ́𝑢፳ ́𝑢፳
𝜕𝑧 − ́𝑢፳ኼ

𝜕𝑢፳
𝜕𝑧 + 𝑢፳ ́𝑢፳

́𝑢፫
𝑟

+ 𝜕𝑢፳ ́𝑢፳ ́𝑢፫
𝜕𝑟 − ́𝑢፳ ́𝑢፫

𝜕𝑢፳
𝜕𝑟 +

1
𝑟
𝜕𝑢፳ ́𝑢፳ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢፳ ́𝑢᎕

𝜕𝑢፳
𝜕𝜃 = −𝑢፳𝜌

𝜕𝑝
𝜕𝑧 + 2𝜐(

𝜕𝑢፳𝑆፳፳
𝜕𝑧 + 𝜕𝑟𝑢፳𝑆፳፫𝑟𝜕𝑟 +

1
𝑟
𝜕𝑢፳𝑆፳᎕
𝜕𝜃 − 𝑆፳፳

𝜕𝑢፳
𝜕𝑧 − 𝑆፳፫

𝜕𝑢፳
𝜕𝑟 −

𝑆፳᎕
𝑟
𝜕𝑢፳
𝜕𝜃 )

(A.9)

𝑢፳
𝜕𝑢፳
𝜕𝑡 + 𝑢፳

ኼ 𝜕𝑢፳
𝜕𝑧 + 𝑢፳ ⋅ 𝑢፫

𝜕𝑢፳
𝜕𝑟 + 𝑢፳ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢፳ ⋅ ́𝑢፳ ́𝑢፳
𝜕𝑧 − ́𝑢፳ኼ

𝜕𝑢፳
𝜕𝑧 +

1
𝑟
𝜕𝑟(𝑢፳ ́𝑢፳ ́𝑢፫)

𝜕𝑟

− ́𝑢፳ ́𝑢፫
𝜕𝑢፳
𝜕𝑟 +

1
𝑟
𝜕𝑢፳ ́𝑢፳ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢፳ ́𝑢᎕

𝜕𝑢፳
𝜕𝜃 = −𝑢፳𝜌

𝜕𝑝
𝜕𝑧 + 2𝜐(

𝜕𝑢፳𝑆፳፳
𝜕𝑧 + 𝜕𝑟𝑢፳𝑆፳፫𝑟𝜕𝑟 +

1
𝑟
𝜕𝑢፳𝑆፳᎕
𝜕𝜃 − 𝑆፳፳

𝜕𝑢፳
𝜕𝑧 − 𝑆፳፫

𝜕𝑢፳
𝜕𝑟 −

𝑆፳᎕
𝑟
𝜕𝑢፳
𝜕𝜃 )

(A.10)
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Replacing the velocity components and pressure into equation (3) and averaging we have,

𝜕𝑢፫
𝜕𝑡 + 𝑢፳

𝜕𝑢፫
𝜕𝑧 + ́𝑢፳

𝜕 ́𝑢፫
𝜕𝑧 + 𝑢፫

𝜕𝑢፫
𝜕𝑟 + ́𝑢፫

𝜕 ́𝑢፫
𝜕𝑟 + 𝑢᎕

𝜕𝑢፫
𝑟𝜕𝜃 + ́𝑢᎕

𝜕 ́𝑢፫
𝑟𝜕𝜃 −

𝑢᎕
ኼ

𝑟 − ́𝑢᎕ኼ

𝑟

= −1𝜌
𝜕𝑝
𝜕𝑟 + 2𝜐(

𝜕𝑆፫፳
𝜕𝑧 + 𝜕𝑟𝑆፫፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑆፫᎕
𝜕𝜃 − 𝑆᎕᎕𝑟 )

(A.11)

Multiplying equation (11) with 𝑢፫ we have,

𝑢፫
𝜕𝑢፫
𝜕𝑡 + 𝑢፫ ⋅ 𝑢፳

𝜕𝑢፫
𝜕𝑧 + 𝑢፫

ኼ 𝜕𝑢፫
𝜕𝑟 + 𝑢፫ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 + 𝑢፫( ́𝑢፳

𝜕 ́𝑢፫
𝜕𝑧 + ́𝑢፫

𝜕 ́𝑢፫
𝜕𝑟 +

́𝑢᎕
𝑟
𝜕 ́𝑢፫
𝜕𝜃 ) −

𝑢፫ ⋅ 𝑢᎕
ኼ

𝑟 − 𝑢፫ ́𝑢᎕ኼ

𝑟

= −𝑢፫𝜌
𝜕𝑝
𝜕𝑟 + 2𝜐(𝑢፫

𝜕𝑆፫፳
𝜕𝑧 + 𝑢፫

𝜕𝑟𝑆፫፫
𝑟𝜕𝑟 + 𝑢፫𝑟

𝜕𝑆፫᎕
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 )

𝑢፫
𝜕𝑢፫
𝜕𝑡 + 𝑢፫ ⋅ 𝑢፳

𝜕𝑢፫
𝜕𝑧 + 𝑢፫

ኼ 𝜕𝑢፫
𝜕𝑟 + 𝑢፫ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢፫ ⋅ ́𝑢፳ ́𝑢፫
𝜕𝑧 − ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧 − 𝑢፫ ́𝑢፫

𝜕 ́𝑢፳
𝜕𝑧

+ 𝜕𝑢፫ ́𝑢፫ ́𝑢፫
𝜕𝑟 − ́𝑢፫ ́𝑢፫

𝜕𝑢፫
𝜕𝑟 − 𝑢፫ ́𝑢፫

𝜕 ́𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢፫ ́𝑢፫ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 − 1𝑟 𝑢፫ ́𝑢፫

𝜕 ́𝑢᎕
𝜕𝜃 − 𝑢፫ ⋅ 𝑢᎕

ኼ

𝑟 − 𝑢፫ ́𝑢᎕ኼ

𝑟

= −𝑢፫𝜌
𝜕𝑝
𝜕𝑟 + 2𝜐(

𝜕𝑢፫𝑆፫፳
𝜕𝑧 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፫𝑆፫᎕
𝜕𝜃 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 −

𝑆፫᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 )

(A.12)

𝑢፫
𝜕𝑢፫
𝜕𝑡 + 𝑢፫ ⋅ 𝑢፳

𝜕𝑢፫
𝜕𝑧 + 𝑢፫

ኼ 𝜕𝑢፫
𝜕𝑟 + 𝑢፫ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢፫ ⋅ ́𝑢፳ ́𝑢፫
𝜕𝑧 − ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧 + 𝑢፫ ́𝑢፫

́𝑢፫
𝑟

+ 𝜕𝑢፫ ́𝑢፫ ́𝑢፫
𝜕𝑟 − ́𝑢፫ ́𝑢፫

𝜕𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢፫ ́𝑢፫ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 − 𝑢፫ ⋅ 𝑢᎕

ኼ

𝑟 − 𝑢፫ ́𝑢᎕ኼ

𝑟

= −𝑢፫𝜌
𝜕𝑝
𝜕𝑟 + 2𝜐(

𝜕𝑢፫𝑆፫፳
𝜕𝑧 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፫𝑆፫᎕
𝜕𝜃 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 −

𝑆፫᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 )

(A.13)

𝑢፫
𝜕𝑢፫
𝜕𝑡 + 𝑢፫ ⋅ 𝑢፳

𝜕𝑢፫
𝜕𝑧 + 𝑢፫

ኼ 𝜕𝑢፫
𝜕𝑟 + 𝑢፫ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢፫ ⋅ ́𝑢፳ ́𝑢፫
𝜕𝑧 − ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧

+ 1𝑟
𝜕𝑟(𝑢፫ ́𝑢፫ ́𝑢፫)

𝜕𝑟 − ́𝑢፫ ́𝑢፫
𝜕𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢፫ ́𝑢፫ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 − 𝑢፫ ⋅ 𝑢᎕

ኼ

𝑟 − 𝑢፫ ́𝑢᎕ኼ

𝑟 = −𝑢፫𝜌
𝜕𝑝
𝜕𝑟

+ 2𝜐(𝜕𝑢፫𝑆፫፳𝜕𝑧 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 1𝑟
𝜕𝑢፫𝑆፫᎕
𝜕𝜃 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 −

𝑆፫᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 )

(A.14)

Replacing the velocity components and pressure into equation (3) and averaging we have,

𝜕𝑢᎕
𝜕𝑡 + 𝑢፳

𝜕𝑢᎕
𝜕𝑧 + ́𝑢፳

𝜕 ́𝑢᎕
𝜕𝑧 + 𝑢፫

𝜕𝑢᎕
𝜕𝑟 + ́𝑢፫

𝜕 ́𝑢᎕
𝜕𝑟 + 𝑢᎕

𝜕𝑢᎕
𝑟𝜕𝜃 + ́𝑢᎕

𝜕 ́𝑢᎕
𝑟𝜕𝜃 +

𝑢᎕ ⋅ 𝑢፫
𝑟 + ́𝑢᎕ ́𝑢፫

𝑟

= − 1
𝑟𝜌
𝜕𝑝
𝜕𝜃 + 2𝜐(

𝜕𝑆᎕፳
𝜕𝑧 + 𝜕𝑟𝑆፫᎕𝑟𝜕𝑟 + 1𝑟

𝜕𝑆᎕᎕
𝜕𝜃 + 𝑆፫᎕𝑟 )

(A.15)

Multiplying equation (12) with 𝑢᎕ we have,
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𝑢᎕
𝜕𝑢᎕
𝜕𝑡 + 𝑢᎕ ⋅ 𝑢፳

𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕ ⋅ 𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 𝑢᎕

ኼ 𝜕𝑢፳
𝑟𝜕𝜃 + 𝑢᎕( ́𝑢፳

𝜕 ́𝑢᎕
𝜕𝑧 + ́𝑢፫

𝜕 ́𝑢᎕
𝜕𝑟 + ́𝑢᎕

𝑟
𝜕 ́𝑢᎕
𝜕𝜃 ) +

𝑢፫ ⋅ 𝑢᎕
ኼ

𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟

= −𝑢᎕𝑟𝜌
𝜕𝑝
𝜕𝜃 + 2𝜐(𝑢᎕

𝜕𝑆᎕፳
𝜕𝑧 + 𝑢᎕

𝜕𝑟𝑆፫᎕
𝑟𝜕𝑟 + 𝑢᎕𝑟

𝜕𝑆᎕᎕
𝜕𝜃 + 𝑢᎕𝑆፫᎕𝑟 )

𝑢᎕
𝜕𝑢᎕
𝜕𝑡 + 𝑢᎕ ⋅ 𝑢፳

𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕ ⋅ 𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 𝑢᎕

ኼ 𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢᎕ ⋅ ́𝑢፳ ́𝑢᎕
𝜕𝑧 − ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧 − 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢፳
𝜕𝑧

+ 𝜕𝑢᎕ ́𝑢፫ ́𝑢᎕
𝜕𝑟 − ́𝑢፫ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢᎕ ́𝑢᎕ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢᎕ ́𝑢᎕

𝜕𝑢᎕
𝜕𝜃 − 1𝑟 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢᎕
𝜕𝜃 + 𝑢፫ ⋅ 𝑢᎕

ኼ

𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟

= −𝑢᎕𝑟𝜌
𝜕𝑝
𝜕𝜃 + 2𝜐(

𝜕𝑢᎕𝑆᎕፳
𝜕𝑧 + 𝜕𝑟𝑢᎕𝑆፫᎕𝑟𝜕𝑟 + 1𝑟

𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃 − 𝑆᎕፳

𝜕𝑢᎕
𝜕𝑧 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕𝑆፫᎕𝑟 )

(A.16)

𝑢᎕
𝜕𝑢᎕
𝜕𝑡 + 𝑢᎕ ⋅ 𝑢፳

𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕ ⋅ 𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 𝑢᎕

ኼ 𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢᎕ ⋅ ́𝑢፳ ́𝑢᎕
𝜕𝑧 − ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕ ́𝑢᎕

́𝑢፫
𝑟

+ 𝜕𝑢᎕ ́𝑢፫ ́𝑢᎕
𝜕𝑟 − ́𝑢፫ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑟 + 1𝑟

𝜕𝑢᎕ ́𝑢᎕ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢᎕ ́𝑢᎕

𝜕𝑢᎕
𝜕𝜃 + 𝑢፫ ⋅ 𝑢᎕

ኼ

𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟

= −𝑢᎕𝑟𝜌
𝜕𝑝
𝜕𝜃 + 2𝜐(

𝜕𝑢᎕𝑆᎕፳
𝜕𝑧 + 𝜕𝑟𝑢᎕𝑆፫᎕𝑟𝜕𝑟 + 1𝑟

𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃 − 𝑆᎕፳

𝜕𝑢᎕
𝜕𝑧 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕𝑆፫᎕𝑟 )

(A.17)

𝑢᎕
𝜕𝑢᎕
𝜕𝑡 + 𝑢᎕ ⋅ 𝑢፳

𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕ ⋅ 𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 𝑢᎕

ኼ 𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢᎕ ⋅ ́𝑢፳ ́𝑢᎕
𝜕𝑧 − ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧

+ 1𝑟
𝜕𝑟(𝑢᎕ ́𝑢፫ ́𝑢᎕)

𝜕𝑟 − ́𝑢፫ ́𝑢᎕
𝜕𝑢᎕
𝜕𝑟 + 1𝑟

𝜕𝑢᎕ ́𝑢᎕ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢᎕ ́𝑢᎕

𝜕𝑢᎕
𝜕𝜃 + 𝑢፫ ⋅ 𝑢᎕

ኼ

𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟

= −𝑢᎕𝑟𝜌
𝜕𝑝
𝜕𝜃 + 2𝜐(

𝜕𝑢᎕𝑆᎕፳
𝜕𝑧 + 𝜕𝑟𝑢᎕𝑆፫᎕𝑟𝜕𝑟 + 1𝑟

𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃 − 𝑆᎕፳

𝜕𝑢᎕
𝜕𝑧 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕𝑆፫᎕𝑟 )

(A.18)

Adding equation (10), (14) and (18) we have,

(1st terms of LHS)

𝑢፳
𝜕𝑢፳
𝜕𝑡 + 𝑢፫

𝜕𝑢፫
𝜕𝑡 + 𝑢᎕

𝜕𝑢᎕
𝜕𝑡

(2nd terms of LHS)

+ 𝑢፳(𝑢፳
𝜕𝑢፳
𝜕𝑧 + 𝑢፫

𝜕𝑢፫
𝜕𝑧 + 𝑢᎕

𝜕𝑢᎕
𝜕𝑧 )

(3rd terms of LHS)

+ 𝑢፫(𝑢፳
𝜕𝑢፳
𝜕𝑟 + 𝑢፫

𝜕𝑢፫
𝜕𝑟 + 𝑢᎕

𝜕𝑢᎕
𝜕𝑟 )
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(4th terms of LHS)

+ 𝑢᎕(𝑢፳
𝜕𝑢፳
𝑟𝜕𝜃 + 𝑢፫

𝜕𝑢፳
𝑟𝜕𝜃 + 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 )

(5th terms of LHS)

+ 𝜕(𝑢፳ ⋅ ́𝑢፳ ́𝑢፳ + 𝑢፫ ⋅ ́𝑢፳ ́𝑢፫ + 𝑢᎕ ⋅ ́𝑢፳ ́𝑢᎕)
𝜕𝑧

(6th terms of LHS)

− ́𝑢፳ኼ
𝜕𝑢፳
𝜕𝑧 − ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧 − ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧

(7th terms of LHS)

+ 1𝑟
𝜕[𝑟(𝑢፳ ́𝑢፳ ́𝑢፫ + 𝑢፫ ́𝑢፫ ́𝑢፫ + 𝑢᎕ ́𝑢፫ ́𝑢᎕)]

𝜕𝑟
(8th terms of LHS)

− ́𝑢፳ ́𝑢፫
𝜕𝑢፳
𝜕𝑟 − ́𝑢፫ ́𝑢፫

𝜕𝑢፫
𝜕𝑟 − ́𝑢፫ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑟

(9th terms of LHS)

+ 1𝑟
𝜕(𝑢፳ ́𝑢፳ ́𝑢᎕ + 𝑢፫ ́𝑢፫ ́𝑢᎕ + 𝑢᎕ ́𝑢᎕ ́𝑢᎕)

𝜕𝜃
(10th terms of LHS of eqn 2 and 3)

− 1𝑟 ́𝑢፳ ́𝑢᎕
𝜕𝑢፳
𝜕𝜃 − 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 − 1𝑟 ́𝑢᎕ ́𝑢᎕

𝜕𝑢᎕
𝜕𝜃

(Last terms from LHS of equations)

− 𝑢፫ ́𝑢᎕ኼ

𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟 =

(1st terms of RHS)

− 1𝜌(
𝜕𝑢፳ ⋅ 𝑝
𝜕𝑧 + 1𝑟

𝜕(𝑟𝑢፫ ⋅ 𝑝)
𝜕𝑟 + 1𝑟

𝜕𝑢᎕ ⋅ 𝑝
𝜕𝜃 )

(2nd terms of RHS)

+ 2𝜐(𝜕𝑢፳𝑆፳፳𝜕𝑧 + 𝜕𝑢፫𝑆፫፳𝜕𝑧 + 𝜕𝑢᎕𝑆᎕፳𝜕𝑧
(3rd terms of RHS)

+ 𝜕𝑟𝑢፳𝑆፳፫𝑟𝜕𝑟 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 𝜕𝑟𝑢᎕𝑆᎕፫𝑟𝜕𝑟
(4th terms of RHS)

+ 1𝑟
𝜕𝑢፳𝑆፳᎕
𝜕𝜃 + 1𝑟

𝜕𝑢፫𝑆፫᎕
𝜕𝜃 + 1𝑟

𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃

(5th terms of RHS)

− 𝑆፳፳
𝜕𝑢፳
𝜕𝑧 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፳᎕

𝜕𝑢᎕
𝜕𝑧

(6th terms of RHS)

− 𝑆፳፫
𝜕𝑢፳
𝜕𝑟 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟
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(7th terms of RHS)

− 𝑆፳᎕𝑟
𝜕𝑢፳
𝜕𝜃 − 𝑆፫᎕𝑟

𝜕𝑢፫
𝜕𝜃 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 )

(8th terms of RHS)

− 𝑢፫𝑆᎕᎕𝑟 + 𝑢᎕𝑆፫᎕𝑟

(A.19)

Rearranging the terms we have,

𝜕𝑄
𝜕𝑡 + 𝑢፳

𝜕𝑄
𝜕𝑧 + 𝑢፫

𝜕𝑄
𝜕𝑟 +

𝑢᎕
𝑟
𝜕𝑄
𝜕𝜃

= −1𝜌(
𝜕𝑢፳ ⋅ 𝑝
𝜕𝑧 + 1𝑟

𝜕(𝑟𝑢፫ ⋅ 𝑝)
𝜕𝑟 + 1𝑟

𝜕𝑢᎕ ⋅ 𝑝
𝜕𝜃 )

− 𝜕(𝑢፳ ⋅ ́𝑢፳ ́𝑢፳ + 𝑢፫ ⋅ ́𝑢፳ ́𝑢፫ + 𝑢᎕ ⋅ ́𝑢፳ ́𝑢᎕)
𝜕𝑧

+ ́𝑢፳ኼ
𝜕𝑢፳
𝜕𝑧 + ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧 + ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧

− 1𝑟
𝜕[𝑟(𝑢፳ ́𝑢፳ ́𝑢፫ + 𝑢፫ ́𝑢፫ ́𝑢፫ + 𝑢᎕ ́𝑢፫ ́𝑢᎕)]

𝜕𝑟

+ ́𝑢፳ ́𝑢፫
𝜕𝑢፳
𝜕𝑟 + ́𝑢፫ ́𝑢፫

𝜕𝑢፫
𝜕𝑟 + ́𝑢፫ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑟

− 1𝑟
𝜕(𝑢፳ ́𝑢፳ ́𝑢᎕ + 𝑢፫ ́𝑢፫ ́𝑢᎕ + 𝑢᎕ ́𝑢᎕ ́𝑢᎕)

𝜕𝜃

+ 1𝑟 ́𝑢፳ ́𝑢᎕
𝜕𝑢፳
𝜕𝜃 + 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 + 1𝑟 ́𝑢᎕ ́𝑢᎕

𝜕𝑢᎕
𝜕𝜃

+ 𝑢፫ ́𝑢᎕ኼ

𝑟 − 𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟

+ 2𝜐(𝜕𝑢፳𝑆፳፳𝜕𝑧 + 𝜕𝑢፫𝑆፫፳𝜕𝑧 + 𝜕𝑢᎕𝑆᎕፳𝜕𝑧

+ 𝜕𝑟𝑢፳𝑆፳፫𝑟𝜕𝑟 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 𝜕𝑟𝑢᎕𝑆᎕፫𝑟𝜕𝑟

+ 1𝑟
𝜕𝑢፳𝑆፳᎕
𝜕𝜃 + 1𝑟

𝜕𝑢፫𝑆፫᎕
𝜕𝜃 + 1𝑟

𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃

− 𝑆፳፳
𝜕𝑢፳
𝜕𝑧 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፳᎕

𝜕𝑢᎕
𝜕𝑧

− 𝑆፳፫
𝜕𝑢፳
𝜕𝑟 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟

− 𝑆፳᎕𝑟
𝜕𝑢፳
𝜕𝜃 − 𝑆፫᎕𝑟

𝜕𝑢፫
𝜕𝜃 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃

− 𝑢፫𝑆᎕᎕𝑟 + 𝑢᎕𝑆፫᎕𝑟 )

where, Q=(𝑢፳
ኼ + 𝑢፫

ኼ + 𝑢᎕
ኼ)/2

Multiplying equations (2),(3) and (4) with 𝑢፳,𝑢፫ and 𝑢᎕ respectively, we have
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Along the 3 directions-

Axial direction

𝑢፳
𝜕𝑢፳
𝜕𝑡 + 𝑢፳𝑢፳

𝜕𝑢፳
𝜕𝑧 + 𝑢፳𝑢፫

𝜕𝑢፳
𝜕𝑟 +

𝑢፳𝑢᎕
𝑟

𝜕𝑢፳
𝜕𝜃 = −𝑢፳

1
𝜌
𝜕𝑝
𝜕𝑧+

2𝜐[𝑢፳
𝜕𝑆፳፳
𝜕𝑧 + 𝑢፳

𝜕(𝑟𝑆፫፳)
𝑟𝜕𝑟 + 𝑢፳𝑟

𝜕𝑆፳᎕
𝜕𝜃 ]

The terms in red add to 0 due to the continuity equation,

𝑢፳
𝜕𝑢፳
𝜕𝑡 +

1
2(2𝑢፳𝑢፳

𝜕𝑢፳
𝜕𝑧 + 2𝑢፳𝑢፫

𝜕𝑢፳
𝜕𝑟 +

2𝑢፳𝑢᎕
𝑟

𝜕𝑢፳
𝜕𝜃 )

+ 𝑢
ኼ
፳
2 (
𝜕𝑢፳
𝜕𝑧 +

𝜕𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢᎕
𝜕𝜃 + 𝑢፫𝑟 ) = −𝑢፳

1
𝜌
𝜕𝑝
𝜕𝑧

2𝜐[𝜕𝑢፳𝑆፳፳𝜕𝑧 + 𝜕(𝑟𝑢፳𝑆፫፳)𝑟𝜕𝑟 + 1𝑟
𝜕𝑢፳𝑆፳᎕
𝜕𝜃 − 𝑆፳፳

𝜕𝑢፳
𝜕𝑧 − 𝑆፳፫

𝜕𝑢፳
𝜕𝑟 −

𝑆፳᎕
𝑟
𝜕𝑢፳
𝜕𝜃 ]

𝑢፳
𝜕𝑢፳
𝜕𝑡 +

1
2(2𝑢፳𝑢፳

𝜕𝑢፳
𝜕𝑧 + 𝑢

ኼ
፳
𝜕𝑢፳
𝜕𝑧 + 2𝑢፳𝑢፫

𝜕𝑢፳
𝜕𝑟 + 𝑢

ኼ
፳
𝜕𝑢፫
𝜕𝑟 +

2𝑢፳𝑢᎕
𝑟

𝜕𝑢፳
𝜕𝜃 + 𝑢

ኼ
፳
𝑟
𝜕𝑢᎕
𝜕𝜃 + 𝑢ኼ፳

𝑢፫
𝑟 ) =

− 𝑢፳
1
𝜌
𝜕𝑝
𝜕𝑧 + 2𝜐[

𝜕𝑢፳𝑆፳፳
𝜕𝑧 + 𝜕(𝑟𝑢፳𝑆፫፳)𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፳𝑆፳᎕
𝜕𝜃 − 𝑆፳፳

𝜕𝑢፳
𝜕𝑧 − 𝑆፳፫

𝜕𝑢፳
𝜕𝑟 −

𝑆፳᎕
𝑟
𝜕𝑢፳
𝜕𝜃 ]

1
2(
𝜕𝑢ኼ፳
𝜕𝑡 +

𝜕𝑢ኼ፳𝑢፳
𝜕𝑧 + 𝜕𝑢

ኼ
፳𝑢፫
𝜕𝑟 + 1𝑟

𝜕𝑢ኼ፳𝑢᎕
𝜕𝜃 + 𝑢ኼ፳

𝑢፫
𝑟 ) = −𝑢፳

1
𝜌
𝜕𝑝
𝜕𝑧+

2𝜐[𝜕𝑢፳𝑆፳፳𝜕𝑧 + 𝜕(𝑟𝑢፳𝑆፫፳)𝑟𝜕𝑟 + 1𝑟
𝜕𝑢፳𝑆፳᎕
𝜕𝜃 − 𝑆፳፳

𝜕𝑢፳
𝜕𝑧 − 𝑆፳፫

𝜕𝑢፳
𝜕𝑟 −

𝑆፳᎕
𝑟
𝜕𝑢፳
𝜕𝜃 ]

(A.20)

Radial Direction

𝑢፫
𝜕𝑢፫
𝜕𝑡 + 𝑢፫𝑢፳

𝜕𝑢፫
𝜕𝑥 + 𝑢፫𝑢፫

𝜕𝑢፫
𝜕𝑟 +

𝑢፫𝑢᎕
𝑟

𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑢

ኼ
᎕

𝑟 = −𝑢፫𝜌
𝜕𝑝
𝜕𝑟+

2𝜐[𝑢፫
𝜕𝑆፳፫
𝜕𝑧 + 𝑢፫

𝜕(𝑟𝑆፫፫)
𝑟𝜕𝑟 + 𝑢፫𝑟

𝜕𝑆፫᎕
𝜕𝜃 − 𝑢፫

𝑆᎕᎕
𝑟 ]

𝑢፫
𝜕𝑢፫
𝜕𝑡 +

1
2(2𝑢፫𝑢፳

𝜕𝑢፫
𝜕𝑥 + 2𝑢፫𝑢፫

𝜕𝑢፫
𝜕𝑟 +

2𝑢፫𝑢᎕
𝑟

𝜕𝑢፫
𝜕𝜃 − 2𝑢፫𝑢

ኼ
᎕

𝑟 ) + 𝑢
ኼ
፫
2 (
𝜕𝑢፳
𝜕𝑧 +

𝜕𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢᎕
𝜕𝜃 + 𝑢፫𝑟 )

= −𝑢፫𝜌
𝜕𝑝
𝜕𝑟 + 2𝜐[

𝜕𝑢፫𝑆፫፳
𝜕𝑧 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፫𝑆፫᎕
𝜕𝜃 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 −

𝑆፫᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 ]

𝑢፫
𝜕𝑢፫
𝜕𝑡 +

1
2(2𝑢፫𝑢፳

𝜕𝑢፫
𝜕𝑧 + 𝑢

ኼ
፫
𝜕𝑢፳
𝜕𝑧 + 2𝑢፫𝑢፫

𝜕𝑢፫
𝜕𝑟 + 𝑢

ኼ
፫
𝜕𝑢፫
𝜕𝑟 +

2𝑢፫𝑢᎕
𝑟

𝜕𝑢፫
𝜕𝜃 + 𝑢

ኼ
፫
𝑟
𝜕𝑢᎕
𝜕𝜃 − 2𝑢፫𝑢

ኼ
᎕

𝑟 + 𝑢ኼ፫
𝑢፫
𝑟 )

= −𝑢፫𝜌
𝜕𝑝
𝜕𝑟 + 2𝜐[

𝜕𝑢፫𝑆፫፳
𝜕𝑧 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፫𝑆፫᎕
𝜕𝜃 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 −

𝑆፫᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 ]

1
2(
𝜕𝑢ኼ፫
𝜕𝑡 +

𝜕𝑢ኼ፫𝑢፳
𝜕𝑧 + 𝜕𝑢

ኼ
ኼ𝑢ኼ
𝜕𝑟 + 1𝑟

𝜕𝑢ኼ፫𝑢᎕
𝜕𝜃 + 𝑢፫(𝑢

ኼ
፫ − 2𝑢ኼ᎕)
𝑟 ) = −𝑢፫𝜌

𝜕𝑝
𝜕𝑟+

2𝜐[𝜕𝑢፫𝑆፫፳𝜕𝑧 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 1𝑟
𝜕𝑢፫𝑆፫᎕
𝜕𝜃 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 −

𝑆፫᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 ]

(A.21)
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𝑢᎕
𝜕𝑢᎕
𝜕𝑡 + 𝑢᎕𝑢፳

𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 𝑢᎕𝑢᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢፫𝑢

ኼ
᎕

𝑟 = −𝑢᎕𝜌𝑟
𝜕𝑝
𝜕𝜃+

2𝜐[𝑢᎕
𝜕𝑆፳᎕
𝜕𝑧 + 𝑢᎕

𝜕(𝑟𝑆፫᎕)
𝑟𝜕𝑟 + 𝑢᎕𝑟

𝜕𝑆᎕᎕
𝜕𝜃 + 𝑢᎕

𝑆፫᎕
𝑟 ]

𝑢᎕
𝜕𝑢᎕
𝜕𝑡 +

1
2(2𝑢᎕𝑢፳

𝜕𝑢᎕
𝜕𝑧 + 2𝑢᎕𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 2𝑢᎕𝑢᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 2𝑢፫𝑢

ኼ
᎕

𝑟 ) + 𝑢
ኼ
᎕
2 (
𝜕𝑢፳
𝜕𝑧 +

𝜕𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢᎕
𝜕𝜃 + 𝑢፫𝑟 )

= −𝑢᎕𝜌𝑟
𝜕𝑝
𝜕𝜃 + 2𝜐[

𝜕𝑢᎕𝑆᎕፳
𝜕𝑧 + 𝜕𝑟𝑢᎕𝑆፫᎕𝑟𝜕𝑟 + 1𝑟

𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃 − 𝑆᎕፳

𝜕𝑢᎕
𝜕𝑧 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕𝑆፫᎕𝑟 ]

𝑢᎕
𝜕𝑢᎕
𝜕𝑡 +

1
2(2𝑢᎕𝑢፳

𝜕𝑢᎕
𝜕𝑧 + 𝑢ኼ᎕

𝜕𝑢፳
𝜕𝑧 + 2𝑢᎕𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 𝑢ኼ᎕

𝜕𝑢፫
𝜕𝑟 +

2𝑢᎕𝑢᎕
𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢

ኼ
᎕
𝑟
𝜕𝑢᎕
𝜕𝜃 + 3𝑢፫𝑢

ኼ
᎕

𝑟 ) =

− 𝑢᎕𝜌𝑟
𝜕𝑝
𝜕𝜃 + 2𝜐[

𝜕𝑢᎕𝑆᎕፳
𝜕𝑧 + 𝜕𝑟𝑢᎕𝑆፫᎕𝑟𝜕𝑟 + 1𝑟

𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃 − 𝑆᎕፳

𝜕𝑢᎕
𝜕𝑧 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕𝑆፫᎕𝑟 ]

1
2(
𝜕𝑢ኼ᎕
𝜕𝑡 +

𝜕𝑢፳𝑢ኼ᎕
𝜕𝑧 + 𝜕𝑢፫𝑢

ኼ
᎕

𝜕𝑟 + 1𝑟
𝜕𝑢᎕𝑢ኼ᎕
𝜕𝜃 + 3𝑢፫𝑢

ኼ
᎕

𝑟 ) = −𝑢᎕𝜌𝑟
𝜕𝑝
𝜕𝜃+

2𝜐[𝜕𝑢᎕𝑆᎕፳𝜕𝑧 + 𝜕𝑟𝑢᎕𝑆፫᎕𝑟𝜕𝑟 + 1𝑟
𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃 − 𝑆᎕፳

𝜕𝑢᎕
𝜕𝑧 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕𝑆፫᎕𝑟 ]

(A.22)

Replacing the mean and fluctuating velocity components and pressure into equation (20),(21) and

(22) and averaging we have,

The total energy equation in the axial direction is,

1
2
𝜕𝑢፳

ኼ

𝜕𝑡 + 12
𝜕 ́𝑢፳ኼ

𝜕𝑡 + 3𝑢፳
ኼ

2
𝜕𝑢፳
𝜕𝑧 +

3
2
𝜕 ́𝑢፳ኼ𝑢፳
𝜕𝑧 + 12

𝜕 ́𝑢፳ኽ

𝜕𝑧 + 𝑢፳ ⋅ 𝑢፫
𝜕𝑢፳
𝜕𝑟 +

𝑢፳
ኼ

2
𝜕𝑢፫
𝜕𝑟 +

1
2
𝜕 ́𝑢፳ኼ𝑢፫
𝜕𝑟

+ 𝜕𝑢፳ ́𝑢፳ ́𝑢፫
𝜕𝑟 + 12

𝜕 ́𝑢፳ኼ ́𝑢፫
𝜕𝑟 + 𝑢፳ ⋅ 𝑢᎕𝑟

𝜕𝑢፳
𝜕𝜃 + 𝑢፳

ኼ

2𝑟
𝜕𝑢᎕
𝜕𝜃 + 12

𝜕 ́𝑢፳ኼ𝑢᎕
𝑟𝜕𝜃 + 𝜕𝑢፳ ́𝑢፳ ́𝑢᎕

𝑟𝜕𝜃 + 12
𝜕 ́𝑢፳ኼ ́𝑢᎕
𝑟𝜕𝜃

+ 𝑢፳
ኼ𝑢፫
2𝑟 + ́𝑢፳ኼ𝑢፫

2𝑟 + 𝑢፳ ́𝑢፳ ́𝑢፫
𝑟 + ́𝑢፳ኼ ́𝑢፫

2𝑟 = −𝑢፳𝜌
𝜕𝑝
𝜕𝑧 −

́𝑢፳
𝜌
𝜕�́�
𝜕𝑧 + 2𝜐[

𝜕𝑢፳𝑆፳፳
𝜕𝑧 + 𝜕𝑟𝑢፳𝑆፳፫𝑟𝜕𝑟 +

1
𝑟
𝜕𝑢፳𝑆፳᎕
𝜕𝜃 − 𝑆፳፳

𝜕𝑢፳
𝜕𝑧 − 𝑆፳፫

𝜕𝑢፳
𝜕𝑟 −

𝑆፳᎕
𝑟
𝜕𝑢፳
𝜕𝜃 + 𝜕 ́𝑢፳ ́𝑆፳፳

𝜕𝑧 + 𝜕𝑟 ́𝑢፳ ́𝑆፳፫
𝑟𝜕𝑟 +

1
𝑟
𝜕 ́𝑢፳ ́𝑆፳᎕
𝜕𝜃 − ́𝑆፳፳

𝜕 ́𝑢፳
𝜕𝑧 −

́𝑆፳፫
𝜕 ́𝑢፳
𝜕𝑟 −

́𝑆፳᎕
𝑟
𝜕 ́𝑢፳
𝜕𝜃 ]

(A.23)

From equation (8), we have

𝑢፳
𝜕𝑢፳
𝜕𝑡 + 𝑢፳

ኼ 𝜕𝑢፳
𝜕𝑧 + 𝑢፳ ⋅ 𝑢፫

𝜕𝑢፳
𝜕𝑟 + 𝑢፳ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢፳ ⋅ ́𝑢፳ ́𝑢፳
𝜕𝑧 − ́𝑢፳ኼ

𝜕𝑢፳
𝜕𝑧 − 𝑢፳ ́𝑢፳

𝜕 ́𝑢፳
𝜕𝑧

+ 𝜕𝑢፳ ́𝑢፳ ́𝑢፫
𝜕𝑟 − ́𝑢፳ ́𝑢፫

𝜕𝑢፳
𝜕𝑟 − 𝑢፳ ́𝑢፳

𝜕 ́𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢፳ ́𝑢፳ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢፳ ́𝑢᎕

𝜕𝑢፳
𝜕𝜃 − 1𝑟 𝑢፳ ́𝑢፳

𝜕 ́𝑢᎕
𝜕𝜃

= −𝑢፳𝜌
𝜕𝑝
𝜕𝑧 + 2𝜐(

𝜕𝑢፳𝑆፳፳
𝜕𝑧 + 𝜕𝑟𝑢፳𝑆፳፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፳𝑆፳᎕
𝜕𝜃 − 𝑆፳፳

𝜕𝑢፳
𝜕𝑧 − 𝑆፳፫

𝜕𝑢፳
𝜕𝑟 −

𝑆፳᎕
𝑟
𝜕𝑢፳
𝜕𝜃 )

On subtracting eqn (8) from (23), we have
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( The terms in red, green and blue each add to 0 due to the continuity equation)

1
2
𝜕 ́𝑢፳ኼ

𝜕𝑡 + 𝑢፳
ኼ

2
𝜕𝑢፳
𝜕𝑧 +

́𝑢፳ኼ

2
𝜕𝑢፳
𝜕𝑧 +

𝑢፳
2
𝜕 ́𝑢፳ኼ

𝜕𝑧 + 12
𝜕 ́𝑢፳ኽ

𝜕𝑧 + ́𝑢፳ኼ
𝜕𝑢፳
𝜕𝑧 + 𝑢፳ ́𝑢፳

𝜕 ́𝑢፳
𝜕𝑧 +

𝑢፳
ኼ

2
𝜕𝑢፫
𝜕𝑟 +

́𝑢፳ኼ

2
𝜕𝑢፫
𝜕𝑟 +

𝑢፫
2
𝜕 ́𝑢፳ኼ

𝜕𝑟

+ 12
𝜕 ́𝑢፳ኼ ́𝑢፫
𝜕𝑟 + ́𝑢፳ ́𝑢፫

𝜕𝑢፳
𝜕𝑟 + 𝑢፳ ́𝑢፳

𝜕 ́𝑢፫
𝜕𝑟 +

𝑢፳
ኼ

2𝑟
𝜕𝑢᎕
𝜕𝜃 + ́𝑢፳ኼ

2
𝜕𝑢᎕
𝑟𝜕𝜃 +

𝑢᎕
2
𝜕 ́𝑢፳ኼ

𝑟𝜕𝜃 + 12
𝜕 ́𝑢፳ኼ ́𝑢᎕
𝑟𝜕𝜃 + 1𝑟 ́𝑢፳ ́𝑢᎕

𝜕𝑢፳
𝜕𝜃

+ 1𝑟 𝑢፳ ́𝑢፳
𝜕 ́𝑢᎕
𝜕𝜃 + 𝑢፳

ኼ𝑢፫
2𝑟 + ́𝑢፳ኼ𝑢፫

2𝑟 + 𝑢፳ ́𝑢፳ ́𝑢፫
𝑟 + ́𝑢፳ኼ ́𝑢፫

2𝑟 = − ́𝑢፳
𝜌
𝜕�́�
𝜕𝑧 + 2𝜐[

𝜕 ́𝑢፳ ́𝑆፳፳
𝜕𝑧 + 𝜕𝑟 ́𝑢፳ ́𝑆፳፫

𝑟𝜕𝑟 +

1
𝑟
𝜕 ́𝑢፳ ́𝑆፳᎕
𝜕𝜃 − ́𝑆፳፳

𝜕 ́𝑢፳
𝜕𝑧 −

́𝑆፳፫
𝜕 ́𝑢፳
𝜕𝑟 −

́𝑆፳᎕
𝑟
𝜕 ́𝑢፳
𝜕𝜃 ]

(A.24)

1
2
𝜕 ́𝑢፳ኼ

𝜕𝑡 + 𝑢፳2
𝜕 ́𝑢፳ኼ

𝜕𝑧 + 12
𝜕 ́𝑢፳ኽ

𝜕𝑧 + ́𝑢፳ኼ
𝜕𝑢፳
𝜕𝑧 +

𝑢፫
2
𝜕 ́𝑢፳ኼ

𝜕𝑟 + 12
𝜕 ́𝑢፳ኼ ́𝑢፫
𝜕𝑟 + ́𝑢፳ ́𝑢፫

𝜕𝑢፳
𝜕𝑟

+ 𝑢᎕2
𝜕 ́𝑢፳ኼ

𝑟𝜕𝜃 + 12
𝜕 ́𝑢፳ኼ ́𝑢᎕
𝑟𝜕𝜃 + 1𝑟 ́𝑢፳ ́𝑢᎕

𝜕𝑢፳
𝜕𝜃 + ́𝑢፳ኼ ́𝑢፫

2𝑟 = �́�
𝜌
𝜕 ́𝑢፳
𝜕𝑧 −

1
𝜌
𝜕 ́𝑢፳�́�
𝜕𝑧 + 2𝜐[𝜕 ́𝑢፳ ́𝑆፳፳

𝜕𝑧 + 𝜕𝑟 ́𝑢፳ ́𝑆፳፫
𝑟𝜕𝑟 +

1
𝑟
𝜕 ́𝑢፳ ́𝑆፳᎕
𝜕𝜃 − ́𝑆፳፳

𝜕 ́𝑢፳
𝜕𝑧 −

́𝑆፳፫
𝜕 ́𝑢፳
𝜕𝑟 −

́𝑆፳᎕
𝑟
𝜕 ́𝑢፳
𝜕𝜃 ]

(A.25)

The total energy equation in the radial direction is as follows,

1
2
𝜕𝑢፫

ኼ

𝜕𝑡 + 12
𝜕 ́𝑢፫ኼ

𝜕𝑡 + 𝑢፫ ⋅ 𝑢፳
𝜕𝑢፫
𝜕𝑧 +

𝑢፫
ኼ

2
𝜕𝑢፳
𝜕𝑧 +

1
2
𝜕 ́𝑢፫ኼ𝑢፳
𝜕𝑧 + 𝜕𝑢፫ ́𝑢፫ ́𝑢፳

𝜕𝑧 + 12
𝜕 ́𝑢፫ኼ ́𝑢፳
𝜕𝑧

+ 3𝑢፫
ኼ

2
𝜕𝑢፫
𝜕𝑟 +

3
2
𝜕 ́𝑢፫ኼ𝑢፫
𝜕𝑟 + 12

𝜕 ́𝑢፫ኽ

𝜕𝑟 + 𝑢፫ ⋅ 𝑢᎕𝑟
𝜕𝑢፫
𝜕𝜃 + 𝑢፫

ኼ

2𝑟
𝜕𝑢᎕
𝜕𝜃 + 12

𝜕 ́𝑢፫ኼ𝑢᎕
𝑟𝜕𝜃

+ 𝜕𝑢፫ ́𝑢፫ ́𝑢᎕
𝑟𝜕𝜃 + 12

𝜕 ́𝑢፫ኼ ́𝑢᎕
𝑟𝜕𝜃 + 𝑢፫

ኽ

2𝑟 +
𝑢፫ ́𝑢፫ኼ

2𝑟 − 𝑢፫ ⋅ 𝑢᎕
ኼ

𝑟 − 𝑢፫ ⋅ ́𝑢᎕ኼ

𝑟 + ́𝑢፫ኽ

2𝑟 +
𝑢፫ ́𝑢፫ኼ

𝑟

−
́𝑢᎕ኼ ́𝑢፫
𝑟 − 2𝑢᎕ ́𝑢᎕ ́𝑢፫

𝑟 = −𝑢፫𝜌
𝜕𝑝
𝜕𝑟 −

́𝑢፫
𝜌
𝜕�́�
𝜕𝑟 + 2𝜐[

𝜕𝑢፫𝑆፫፳
𝜕𝑧 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፫𝑆፫᎕
𝜕𝜃

− 𝑆፫፳
𝜕𝑢፫
𝜕𝑧 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 −

𝑆፫᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 + 𝜕 ́𝑢፫ ́𝑆፫፳

𝜕𝑧 + 𝜕𝑟 ́𝑢፫ ́𝑆፫፫
𝑟𝜕𝑟 + 1𝑟

𝜕 ́𝑢፫ ́𝑆፫᎕
𝜕𝜃

− ́𝑆፫፳
𝜕 ́𝑢፫
𝜕𝑧 −

́𝑆፫፫
𝜕 ́𝑢፫
𝜕𝑟 −

́𝑆፫᎕
𝑟
𝜕 ́𝑢፫
𝜕𝜃 − ́𝑢፫ ́𝑆᎕᎕

𝑟 ]

(A.26)

From equation (12) we have

1
2
𝜕𝑢፫

ኼ

𝜕𝑡 + 𝑢፫ ⋅ 𝑢፳
𝜕𝑢፫
𝜕𝑧 + 𝑢፫

ኼ 𝜕𝑢፫
𝜕𝑟 + 𝑢፫ ⋅ 𝑢᎕

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢፫ ⋅ ́𝑢፳ ́𝑢፫
𝜕𝑧 − ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧 − 𝑢፫ ́𝑢፫

𝜕 ́𝑢፳
𝜕𝑧

+ 𝜕𝑢፫ ́𝑢፫ ́𝑢፫
𝜕𝑟 − ́𝑢፫ ́𝑢፫

𝜕𝑢፫
𝜕𝑟 − 𝑢፫ ́𝑢፫

𝜕 ́𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢፫ ́𝑢፫ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 − 1𝑟 𝑢፫ ́𝑢፫

𝜕 ́𝑢᎕
𝜕𝜃 − 𝑢፫ ⋅ 𝑢᎕

ኼ

𝑟 − 𝑢፫ ́𝑢᎕ኼ

𝑟

= −𝑢፫𝜌
𝜕𝑝
𝜕𝑟 + 2𝜐(

𝜕𝑢፫𝑆፫፳
𝜕𝑧 + 𝜕𝑟𝑢፫𝑆፫፫𝑟𝜕𝑟 + 1𝑟

𝜕𝑢፫𝑆፫᎕
𝜕𝜃 − 𝑆፫፳

𝜕𝑢፫
𝜕𝑧 − 𝑆፫፫

𝜕𝑢፫
𝜕𝑟 −

𝑆፫᎕
𝑟
𝜕𝑢፫
𝜕𝜃 − 𝑢፫𝑆᎕᎕𝑟 )

On subtracting eqn (12) from eqn (26), we have

(The red, blue and green terms each add to 0)
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1
2
𝜕 ́𝑢፫ኼ

𝜕𝑡 + 𝑢፫
ኼ

2
𝜕𝑢፳
𝜕𝑧 +

́𝑢፫ኼ

2
𝜕𝑢፳
𝜕𝑧 +

𝑢፳
2
𝜕 ́𝑢፫ኼ

𝜕𝑧 + 12
𝜕 ́𝑢፫ኼ ́𝑢፳
𝜕𝑧 + ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧 + 𝑢፫ ́𝑢፫

𝜕 ́𝑢፳
𝜕𝑧

+ 𝑢፫
ኼ

2
𝜕𝑢፫
𝜕𝑟 +

́𝑢፫ኼ

2
𝜕𝑢፫
𝜕𝑟 +

𝑢፫
2
𝜕 ́𝑢፫ኼ

𝜕𝑟 + 12
𝜕 ́𝑢፫ኽ

𝜕𝑟 + ́𝑢፫ ́𝑢፫
𝜕𝑢፫
𝜕𝑟 + 𝑢፫ ́𝑢፫

𝜕 ́𝑢፫
𝜕𝑟

+ 𝑢፫
ኼ

2𝑟
𝜕𝑢᎕
𝜕𝜃 + ́𝑢፫ኼ

2
𝜕𝑢᎕
𝑟𝜕𝜃 +

𝑢᎕
2
𝜕 ́𝑢፫ኼ

𝑟𝜕𝜃 + 12
𝜕 ́𝑢፫ኼ ́𝑢᎕
𝑟𝜕𝜃 + 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 + 1𝑟 𝑢፫ ́𝑢፫

𝜕 ́𝑢᎕
𝜕𝜃

+ 𝑢፫
ኽ

2𝑟 +
𝑢፫ ́𝑢፫ኼ

2𝑟 + ́𝑢፫ኽ

2𝑟 +
𝑢፫ ́𝑢፫ኼ

𝑟 −
́𝑢᎕ኼ ́𝑢፫
𝑟 − 2𝑢᎕ ́𝑢᎕ ́𝑢፫

𝑟 = − ́𝑢፫
𝜌
𝜕�́�
𝜕𝑟

+ 2𝜐[𝜕 ́𝑢፫ ́𝑆፫፳
𝜕𝑧 + 𝜕𝑟 ́𝑢፫ ́𝑆፫፫

𝑟𝜕𝑟 + 1𝑟
𝜕 ́𝑢፫ ́𝑆፫᎕
𝜕𝜃 − ́𝑆፫፳

𝜕 ́𝑢፫
𝜕𝑧 −

́𝑆፫፫
𝜕 ́𝑢፫
𝜕𝑟 −

́𝑆፫᎕
𝑟
𝜕 ́𝑢፫
𝜕𝜃 − ́𝑢፫ ́𝑆᎕᎕

𝑟 ]

(A.27)

1
2
𝜕 ́𝑢፫ኼ

𝜕𝑡 + 𝑢፳2
𝜕 ́𝑢፫ኼ

𝜕𝑧 + 12
𝜕 ́𝑢፫ኼ ́𝑢፳
𝜕𝑧 + ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧 +

𝑢፫
2
𝜕 ́𝑢፫ኼ

𝜕𝑟 + 12
𝜕 ́𝑢፫ኽ

𝜕𝑟 + ́𝑢፫ ́𝑢፫
𝜕𝑢፫
𝜕𝑟

+ 𝑢᎕2
𝜕 ́𝑢፫ኼ

𝑟𝜕𝜃 + 12
𝜕 ́𝑢፫ኼ ́𝑢᎕
𝑟𝜕𝜃 + 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 + ́𝑢፫ኽ

2𝑟 −
́𝑢᎕ኼ ́𝑢፫
𝑟 − 2𝑢᎕ ́𝑢᎕ ́𝑢፫

𝑟 = �́�
𝜌
𝜕 ́𝑢፫
𝜕𝑟

− 1𝜌
𝜕 ́𝑢፫�́�
𝜕𝑟 + 2𝜐[𝜕 ́𝑢፫ ́𝑆፫፳

𝜕𝑧 + 𝜕𝑟 ́𝑢፫ ́𝑆፫፫
𝑟𝜕𝑟 + 1𝑟

𝜕 ́𝑢፫ ́𝑆፫᎕
𝜕𝜃 − ́𝑆፫፳

𝜕 ́𝑢፫
𝜕𝑧 −

́𝑆፫፫
𝜕 ́𝑢፫
𝜕𝑟

−
́𝑆፫᎕
𝑟
𝜕 ́𝑢፫
𝜕𝜃 − ́𝑢፫ ́𝑆᎕᎕

𝑟 ]

(A.28)

The total energy equation in the tangential direction is as follows,

1
2
𝜕𝑢᎕

ኼ

𝜕𝑡 + 12
𝜕 ́𝑢᎕ኼ

𝜕𝑡 + 𝑢᎕ ⋅ 𝑢፳
𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕

ኼ

2
𝜕𝑢፳
𝜕𝑧 +

1
2
𝜕 ́𝑢᎕ኼ𝑢፳
𝜕𝑧 + 𝜕𝑢᎕ ́𝑢᎕ ́𝑢፳

𝜕𝑧 + 12
𝜕 ́𝑢᎕ኼ ́𝑢፳
𝜕𝑧 + 𝑢፫ ⋅ 𝑢᎕

𝜕𝑢᎕
𝜕𝑟

+ 𝑢᎕
ኼ 𝜕𝑢፫
𝜕𝑟 +

1
2
𝜕 ́𝑢᎕ኼ𝑢፫
𝜕𝑟 + 𝜕𝑢᎕ ́𝑢᎕ ́𝑢፫

𝜕𝑟 + 12
𝜕 ́𝑢᎕ኼ ́𝑢፫
𝜕𝑟 + 3𝑢᎕

ኼ

2
𝜕𝑢᎕
𝑟𝜕𝜃 +

3
2
𝜕 ́𝑢᎕ኼ𝑢᎕
𝑟𝜕𝜃 + 12

𝜕 ́𝑢᎕ኽ

𝑟𝜕𝜃

+ 3𝑢፫ ⋅ 𝑢᎕
ኼ

2𝑟 + 3𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟 + 3𝑢፫ ́𝑢᎕ኼ

2𝑟 + 3
́𝑢ኼ᎕ ́𝑢፫
2𝑟 = −𝑢᎕𝑟𝜌

𝜕𝑝
𝜕𝜃 −

́𝑢᎕
𝑟𝜌
𝜕�́�
𝜕𝜃 + 2𝜐[

𝜕𝑢᎕𝑆᎕፳
𝜕𝑧 + 𝜕𝑟𝑢᎕𝑆፫᎕𝑟𝜕𝑟

+ 1𝑟
𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃 − 𝑆᎕፳

𝜕𝑢᎕
𝜕𝑧 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕𝑆፫᎕𝑟 + 𝜕 ́𝑢᎕ ́𝑆᎕፳

𝜕𝑧 + 𝜕𝑟 ́𝑢᎕ ́𝑆፫᎕
𝑟𝜕𝑟

+ 1𝑟
𝜕 ́𝑢᎕ ́𝑆᎕᎕
𝜕𝜃 − ́𝑆᎕፳

𝜕 ́𝑢᎕
𝜕𝑧 − ́𝑆፫᎕

𝜕 ́𝑢᎕
𝜕𝑟 −

́𝑆᎕᎕
𝑟
𝜕 ́𝑢᎕
𝜕𝜃 + ́𝑢᎕ ́𝑆፫᎕

𝑟 ]

(A.29)

From equation (16) we have

1
2
𝜕𝑢᎕

ኼ

𝜕𝑡 + 𝑢᎕ ⋅ 𝑢፳
𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕ ⋅ 𝑢፫

𝜕𝑢᎕
𝜕𝑟 + 𝑢᎕

ኼ 𝜕𝑢᎕
𝑟𝜕𝜃 +

𝜕𝑢᎕ ⋅ ́𝑢፳ ́𝑢᎕
𝜕𝑧 − ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧 − 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢፳
𝜕𝑧

+ 𝜕𝑢᎕ ́𝑢፫ ́𝑢᎕
𝜕𝑟 − ́𝑢፫ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢፫
𝜕𝑟 +

1
𝑟
𝜕𝑢᎕ ́𝑢᎕ ́𝑢᎕
𝜕𝜃 − 1𝑟 ́𝑢᎕ ́𝑢᎕

𝜕𝑢᎕
𝜕𝜃 − 1𝑟 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢᎕
𝜕𝜃 + 𝑢፫ ⋅ 𝑢᎕

ኼ

𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟

= −𝑢᎕𝑟𝜌
𝜕𝑝
𝜕𝜃 + 2𝜐[

𝜕𝑢᎕𝑆᎕፳
𝜕𝑧 + 𝜕𝑟𝑢᎕𝑆፫᎕𝑟𝜕𝑟 + 1𝑟

𝜕𝑢᎕𝑆᎕᎕
𝜕𝜃 − 𝑆᎕፳

𝜕𝑢᎕
𝜕𝑧 − 𝑆፫᎕

𝜕𝑢᎕
𝜕𝑟 − 𝑆᎕᎕𝑟

𝜕𝑢᎕
𝜕𝜃 +

𝑢᎕𝑆፫᎕
𝑟 + 𝜕 ́𝑢᎕ ́𝑆᎕፳

𝜕𝑧 + 𝜕𝑟 ́𝑢᎕ ́𝑆፫᎕
𝑟𝜕𝑟 + 1𝑟

𝜕 ́𝑢᎕ ́𝑆᎕᎕
𝜕𝜃 − ́𝑆᎕፳

𝜕 ́𝑢᎕
𝜕𝑧 − ́𝑆፫᎕

𝜕 ́𝑢᎕
𝜕𝑟 −

́𝑆᎕᎕
𝑟
𝜕 ́𝑢᎕
𝜕𝜃 + ́𝑢᎕ ́𝑆፫᎕

𝑟 ]
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On subtracting (16) from (28) we have,

( The red, blue and green term add to 0)

1
2
𝜕 ́𝑢᎕ኼ

𝜕𝑡 + 𝑢᎕
ኼ

2
𝜕𝑢፳
𝜕𝑧 +

́𝑢᎕ኼ

2
𝜕𝑢፳
𝜕𝑧 +

𝑢፳
2
𝜕 ́𝑢᎕ኼ

𝜕𝑧 + 12
𝜕 ́𝑢᎕ኼ ́𝑢፳
𝜕𝑧 + ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧 + 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢፳
𝜕𝑧

+ 𝑢᎕
ኼ

2
𝜕𝑢፫
𝜕𝑟 +

́𝑢᎕ኼ

2
𝜕𝑢፫
𝜕𝑟 +

𝑢፫
2
𝜕 ́𝑢᎕ኼ

𝜕𝑟 + 12
𝜕 ́𝑢᎕ኼ ́𝑢፫
𝜕𝑟 + ́𝑢፫ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑟 + 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢፫
𝜕𝑟

+ 𝑢᎕
ኼ

2
𝜕𝑢᎕
𝑟𝜕𝜃 +

́𝑢᎕ኼ

2
𝜕𝑢᎕
𝑟𝜕𝜃 +

𝑢᎕
2
𝜕 ́𝑢᎕ኼ

𝑟𝜕𝜃 + 12
𝜕 ́𝑢᎕ኽ

𝑟𝜕𝜃 + 1𝑟 ́𝑢᎕ ́𝑢᎕
𝜕𝑢᎕
𝜕𝜃 + 1𝑟 𝑢᎕ ́𝑢᎕

𝜕 ́𝑢᎕
𝜕𝜃

+ 𝑢፫ ⋅ 𝑢᎕
ኼ

2𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫

𝑟 + 𝑢፫ ́𝑢᎕ኼ

𝑟 + 𝑢፫ ́𝑢᎕ኼ

2𝑟 + 3
́𝑢ኼ᎕ ́𝑢፫
2𝑟 = �́�

𝑟𝜌
𝜕 ́𝑢᎕
𝜕𝜃 − 1

𝑟𝜌
𝜕�́� ́𝑢᎕
𝜕𝜃 + 2𝜐[𝜕 ́𝑢᎕ ́𝑆᎕፳

𝜕𝑧

+ 𝜕𝑟 ́𝑢᎕ ́𝑆፫᎕
𝑟𝜕𝑟 + 1𝑟

𝜕 ́𝑢᎕ ́𝑆᎕᎕
𝜕𝜃 − ́𝑆᎕፳

𝜕 ́𝑢᎕
𝜕𝑧 − ́𝑆፫᎕

𝜕 ́𝑢᎕
𝜕𝑟 −

́𝑆᎕᎕
𝑟
𝜕 ́𝑢᎕
𝜕𝜃 + ́𝑢᎕ ́𝑆፫᎕

𝑟 ]

(A.30)

1
2
𝜕 ́𝑢᎕ኼ

𝜕𝑡 + 𝑢፳2
𝜕 ́𝑢᎕ኼ

𝜕𝑧 + 12
𝜕 ́𝑢᎕ኼ ́𝑢፳
𝜕𝑧 + ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧 + 𝑢፫2

𝜕 ́𝑢᎕ኼ

𝜕𝑟 + 12
𝜕 ́𝑢᎕ኼ ́𝑢፫
𝜕𝑟 + ́𝑢፫ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑟

+ 𝑢᎕2
𝜕 ́𝑢᎕ኼ

𝑟𝜕𝜃 + 12
𝜕 ́𝑢᎕ኽ

𝑟𝜕𝜃 + 1𝑟 ́𝑢᎕ ́𝑢᎕
𝜕𝑢᎕
𝜕𝜃 + 𝑢᎕ ́𝑢᎕ ́𝑢፫

𝑟 + 𝑢፫ ́𝑢᎕ኼ

𝑟 + 3
́𝑢ኼ᎕ ́𝑢፫
2𝑟

= �́�
𝑟𝜌
𝜕 ́𝑢᎕
𝜕𝜃 − 1

𝑟𝜌
𝜕�́� ́𝑢᎕
𝜕𝜃 + 2𝜐[𝜕 ́𝑢᎕ ́𝑆᎕፳

𝜕𝑧 + 𝜕𝑟 ́𝑢᎕ ́𝑆፫᎕
𝑟𝜕𝑟 + 1𝑟

𝜕 ́𝑢᎕ ́𝑆᎕᎕
𝜕𝜃 − ́𝑆᎕፳

𝜕 ́𝑢᎕
𝜕𝑧

− ́𝑆፫᎕
𝜕 ́𝑢᎕
𝜕𝑟 −

́𝑆᎕᎕
𝑟
𝜕 ́𝑢᎕
𝜕𝜃 + ́𝑢᎕ ́𝑆፫᎕

𝑟 ]

(A.31)

On adding equations (25), (28) and (31), we have

(1st terms of LHS)

1
2
𝜕 ́𝑢፳ኼ

𝜕𝑡 + 12
𝜕 ́𝑢፫ኼ

𝜕𝑡 + 12
𝜕 ́𝑢᎕ኼ

𝜕𝑡
(2nd terms of LHS)

+ 𝑢፳2
𝜕 ́𝑢፳ኼ

𝜕𝑧 + 𝑢፳2
𝜕 ́𝑢፫ኼ

𝜕𝑧 + 𝑢፳2
𝜕 ́𝑢᎕ኼ

𝜕𝑧
(3rd terms of LHS)

+ 12
𝜕 ́𝑢፳ኽ

𝜕𝑧 + 12
𝜕 ́𝑢፫ኼ ́𝑢፳
𝜕𝑧 + 12

𝜕 ́𝑢᎕ኼ ́𝑢፳
𝜕𝑧
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(4th terms of LHS)

+ ́𝑢፳ኼ
𝜕𝑢፳
𝜕𝑧 + ́𝑢፳ ́𝑢፫

𝜕𝑢፫
𝜕𝑧 + ́𝑢፳ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑧

(5th terms of LHS)

+ 𝑢፫2
𝜕 ́𝑢፳ኼ

𝜕𝑟 + 𝑢፫2
𝜕 ́𝑢፫ኼ

𝜕𝑟 + 𝑢፫2
𝜕 ́𝑢᎕ኼ

𝜕𝑟
(6th terms of LHS)

+ 12
𝜕 ́𝑢፳ኼ ́𝑢፫
𝜕𝑟 + 12

𝜕 ́𝑢፫ኽ

𝜕𝑟 + 12
𝜕 ́𝑢᎕ኼ ́𝑢፫
𝜕𝑟

(7th terms of LHS)

+ ́𝑢፳ ́𝑢፫
𝜕𝑢፳
𝜕𝑟 + ́𝑢፫ ́𝑢፫

𝜕𝑢፫
𝜕𝑟 + ́𝑢፫ ́𝑢᎕

𝜕𝑢᎕
𝜕𝑟

(8th terms of LHS)

+ 𝑢᎕2
𝜕 ́𝑢፳ኼ

𝑟𝜕𝜃 + 𝑢᎕2
𝜕 ́𝑢፫ኼ

𝑟𝜕𝜃 + 𝑢᎕2
𝜕 ́𝑢᎕ኼ

𝑟𝜕𝜃
(9th terms of LHS)

+ 12
𝜕 ́𝑢፳ኼ ́𝑢᎕
𝑟𝜕𝜃 + 12

𝜕 ́𝑢፫ኼ ́𝑢᎕
𝑟𝜕𝜃 + 12

𝜕 ́𝑢᎕ኽ

𝑟𝜕𝜃
(10th terms of LHS)

+ 1𝑟 ́𝑢፳ ́𝑢᎕
𝜕𝑢፳
𝜕𝜃 + 1𝑟 ́𝑢፫ ́𝑢᎕

𝜕𝑢፫
𝜕𝜃 + 1𝑟 ́𝑢᎕ ́𝑢᎕

𝜕𝑢᎕
𝜕𝜃

(Remaining terms of LHS)

+ ́𝑢፳ኼ ́𝑢፫
2𝑟 + ́𝑢፫ኽ

2𝑟 −
́𝑢᎕ኼ ́𝑢፫
𝑟 + 3

́𝑢ኼ᎕ ́𝑢፫
2𝑟

− 2𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟 + 𝑢᎕ ́𝑢᎕ ́𝑢፫

𝑟 + 𝑢፫ ́𝑢᎕ኼ

𝑟
(1st and 2nd terms of RHS)

= −1𝜌(
𝜕 ́𝑢፳�́�
𝜕𝑧 + 1𝑟

𝜕𝑟 ́𝑢፫�́�
𝜕𝑟 + 1𝑟

𝜕 ́𝑢᎕�́�
𝜕𝜃 )

(3rd terms of RHS)

+ 2𝜐(𝜕 ́𝑢፳ ́𝑆፳፳
𝜕𝑧 + 𝜕 ́𝑢፫ ́𝑆፫፳

𝜕𝑧 + 𝜕 ́𝑢᎕ ́𝑆᎕፳
𝜕𝑧

(4th terms of RHS)

+ 𝜕𝑟 ́𝑢፳ ́𝑆፳፫
𝑟𝜕𝑟 + 𝜕𝑟 ́𝑢፫ ́𝑆፫፫

𝑟𝜕𝑟 + 𝜕𝑟 ́𝑢᎕ ́𝑆፫᎕
𝑟𝜕𝑟
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(5th terms of RHS)

+ 1𝑟
𝜕 ́𝑢፳ ́𝑆፳᎕
𝜕𝜃 + 1𝑟

𝜕 ́𝑢፫ ́𝑆፫᎕
𝜕𝜃 + 1𝑟

𝜕 ́𝑢᎕ ́𝑆᎕᎕
𝜕𝜃

(6th terms of RHS)

− ́𝑆፳፳
𝜕 ́𝑢፳
𝜕𝑧 −

́𝑆፳፫
𝜕 ́𝑢፫
𝜕𝑧 −

́𝑆፳᎕
𝜕 ́𝑢᎕
𝜕𝑧

(7th terms of RHS)

́𝑆፫፳
𝜕 ́𝑢፳
𝜕𝑟 −

́𝑆፫፫
𝜕 ́𝑢፫
𝜕𝑟 −

́𝑆፫᎕
𝜕 ́𝑢᎕
𝜕𝑟

(8th terms of RHS)

́𝑆᎕፳
𝜕 ́𝑢፳
𝜕𝜃 − ́𝑆᎕፫

𝜕 ́𝑢፫
𝜕𝜃 − ́𝑆᎕᎕

𝜕 ́𝑢᎕
𝜕𝜃

(Remaining terms of RHS)

− ́𝑢፫ ́𝑆᎕᎕
𝑟 + ́𝑢᎕ ́𝑆፫᎕

𝑟 )

(A.32)
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On rearranging the terms we have

𝜕𝑞
𝜕𝑡 + 𝑢፳

𝜕𝑞
𝜕𝑧 + 𝑢፫

𝜕𝑞
𝜕𝑟 + 𝑢᎕

𝜕𝑞
𝑟𝜕𝜃

= −1𝜌(
𝜕 ́𝑢፳�́�
𝜕𝑧 + 1𝑟

𝜕𝑟 ́𝑢፫�́�
𝜕𝑟 + 1𝑟

𝜕 ́𝑢᎕�́�
𝜕𝜃 )

− 𝜕 ́𝑢፳𝑞
𝜕𝑧 − 1𝑟

𝜕𝑟 ́𝑢፫𝑞
𝜕𝑟 − 1𝑟

𝜕 ́𝑢᎕𝑞
𝜕𝜃

− ́𝑢፳ኼ
𝜕𝑢፳
𝜕𝑧 − ́𝑢፫ ́𝑢፫

𝜕𝑢፫
𝜕𝑟 −

1
𝑟 ́𝑢᎕ ́𝑢᎕

𝜕𝑢᎕
𝜕𝜃

− ́𝑢፳ ́𝑢፫(
𝜕𝑢፳
𝜕𝑟 +

𝜕𝑢፫
𝜕𝑧 ) − ́𝑢፳ ́𝑢᎕(

𝜕𝑢፳
𝑟𝜕𝜃 +

𝜕𝑢᎕
𝜕𝑧 )

− ́𝑢፫ ́𝑢᎕(
𝜕𝑢᎕
𝜕𝑟 + 𝜕𝑢፫𝑟𝜕𝜃 ) +

𝑢᎕ ́𝑢᎕ ́𝑢፫
𝑟 − 𝑢፫ ́𝑢᎕ኼ

𝑟

+ 2𝜐(𝜕 ́𝑢፳ ́𝑆፳፳
𝜕𝑧 + 𝜕 ́𝑢፫ ́𝑆፫፳

𝜕𝑧 + 𝜕 ́𝑢᎕ ́𝑆᎕፳
𝜕𝑧

+ 𝜕𝑟 ́𝑢፳ ́𝑆፳፫
𝑟𝜕𝑟 + 𝜕𝑟 ́𝑢፫ ́𝑆፫፫

𝑟𝜕𝑟 + 𝜕𝑟 ́𝑢᎕ ́𝑆፫᎕
𝑟𝜕𝑟

+ 1𝑟
𝜕 ́𝑢፳ ́𝑆፳᎕
𝜕𝜃 + 1𝑟

𝜕 ́𝑢፫ ́𝑆፫᎕
𝜕𝜃 + 1𝑟

𝜕 ́𝑢᎕ ́𝑆᎕᎕
𝜕𝜃

− ́𝑆፳፳
𝜕 ́𝑢፳
𝜕𝑧 −

́𝑆፳፫
𝜕 ́𝑢፫
𝜕𝑧 −

́𝑆፳᎕
𝜕 ́𝑢᎕
𝜕𝑧

́𝑆፫፳
𝜕 ́𝑢፳
𝜕𝑟 −

́𝑆፫፫
𝜕 ́𝑢፫
𝜕𝑟 −

́𝑆፫᎕
𝜕 ́𝑢᎕
𝜕𝑟

́𝑆᎕፳
𝜕 ́𝑢፳
𝜕𝜃 − ́𝑆᎕፫

𝜕 ́𝑢፫
𝜕𝜃 − ́𝑆᎕᎕

𝜕 ́𝑢᎕
𝜕𝜃

− ́𝑢፫ ́𝑆᎕᎕
𝑟 + ́𝑢᎕ ́𝑆፫᎕

𝑟 )

(A.33)

where, 𝑞 = ኻ
ኼ(𝑢

ኼ፫ + 𝑢ኼ᎕ + 𝑢ኼ፳).
The terms can be classified as-

Unsteady term- Ꭷ፪Ꭷ፭
Convective Term- 𝑢፳

Ꭷ፪
Ꭷ፳ + 𝑢፫

Ꭷ፪
Ꭷ፫ + 𝑢᎕

Ꭷ፪
፫Ꭷ᎕

Pressure Diffusion Term- − ኻ
᎞ (

Ꭷ ́፮፳፩́
Ꭷ፳ + ኻ

፫
Ꭷ፫ ́፮፫ ፩́
Ꭷ፫ + ኻ

፫
Ꭷ ́፮᎕፩́
Ꭷ᎕ )

Production Term-− ́𝑢፳ኼ
Ꭷ፮፳
Ꭷ፳ − ́𝑢፫ ́𝑢፫

Ꭷ፮፫
Ꭷ፫ −

ኻ
፫ ́𝑢᎕ ́𝑢᎕

Ꭷ፮᎕
Ꭷ᎕ − ́𝑢፳ ́𝑢፫(

Ꭷ፮፳
Ꭷ፫ +

Ꭷ፮፫
Ꭷ፳ )− ́𝑢፳ ́𝑢᎕(

Ꭷ፮፳
፫Ꭷ᎕+

Ꭷ፮᎕
Ꭷ፳ )− ́𝑢፫ ́𝑢᎕(

Ꭷ፮᎕
Ꭷ፫ +

Ꭷ፮፫
፫Ꭷ᎕ ) +

፮᎕ ́፮᎕ ́፮፫
፫ − ፮፫ ́፮᎕ኼ

፫

Turbulent Diffusion Term- −Ꭷ ́፮፳፪
Ꭷ፳ − ኻ

፫
Ꭷ፫ ́፮፫፪
Ꭷ፫ − ኻ

፫
Ꭷ ́፮᎕፪
Ꭷ᎕

Viscous Diffusion Term-

2𝜐(Ꭷ ́፮፳ ́ፒ፳፳
Ꭷ፳ + Ꭷ ́፮፫ ́ፒ፫፳

Ꭷ፳ + Ꭷ ́፮᎕ ́ፒ᎕፳
Ꭷ፳

+ Ꭷ፫ ́፮፳ ́ፒ፳፫
፫Ꭷ፫ + Ꭷ፫ ́፮፫ ́ፒ፫፫

፫Ꭷ፫ + Ꭷ፫ ́፮᎕ ́ፒ፫᎕
፫Ꭷ፫

+ ኻ
፫
Ꭷ ́፮፳ ́ፒ፳᎕
Ꭷ᎕ + ኻ

፫
Ꭷ ́፮፫ ́ፒ፫᎕
Ꭷ᎕ + ኻ

፫
Ꭷ ́፮᎕ ́ፒ᎕᎕
Ꭷ᎕ )
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Viscous Dissipation Term-

2𝜐(− ́𝑆፳፳
Ꭷ ́፮፳
Ꭷ፳ − ́𝑆፳፫

Ꭷ ́፮፫
Ꭷ፳ − ́𝑆፳᎕

Ꭷ ́፮᎕
Ꭷ፳

́𝑆፫፳
Ꭷ ́፮፳
Ꭷ፫ − ́𝑆፫፫

Ꭷ ́፮፫
Ꭷ፫ − ́𝑆፫᎕

Ꭷ ́፮᎕
Ꭷ፫

́𝑆᎕፳
Ꭷ ́፮፳
Ꭷ᎕ − ́𝑆᎕፫

Ꭷ ́፮፫
Ꭷ᎕ − ́𝑆᎕᎕

Ꭷ ́፮᎕
Ꭷ᎕

− ́፮፫ ́ፒ᎕᎕
፫ + ́፮᎕ ́ፒ፫᎕

፫ )
Assuming homogeneity along the z-diection and smmetry along the azimuthal direction, we have

𝑢፫ = 𝑢᎕ = 0 and derivatives of statistical quantities along z-direction are 0.
Hence, we have

𝜕𝑞
𝜕𝑡 = −

1
𝜌(
1
𝑟
𝜕𝑟 ́𝑢፫�́�
𝜕𝑟 ) − 1𝑟

𝜕𝑟 ́𝑢፫𝑞
𝜕𝑟 − ́𝑢፳ ́𝑢፫(

𝜕𝑢፳
𝜕𝑟 ) + 2𝜐(

𝜕 ́𝑢፳ ́𝑆፳፳
𝜕𝑧 + 𝜕 ́𝑢፫ ́𝑆፫፳

𝜕𝑧 + 𝜕 ́𝑢᎕ ́𝑆᎕፳
𝜕𝑧 + 𝜕𝑟 ́𝑢፳ ́𝑆፳፫

𝑟𝜕𝑟

+ 𝜕𝑟 ́𝑢፫ ́𝑆፫፫
𝑟𝜕𝑟 + 𝜕𝑟 ́𝑢᎕ ́𝑆፫᎕

𝑟𝜕𝑟 + 1𝑟
𝜕 ́𝑢፳ ́𝑆፳᎕
𝜕𝜃 + 1𝑟

𝜕 ́𝑢፫ ́𝑆፫᎕
𝜕𝜃 + 1𝑟

𝜕 ́𝑢᎕ ́𝑆᎕᎕
𝜕𝜃 − ́𝑆፳፳

𝜕 ́𝑢፳
𝜕𝑧 −

́𝑆፳፫
𝜕 ́𝑢፫
𝜕𝑧 −

́𝑆፳᎕
𝜕 ́𝑢᎕
𝜕𝑧

− ́𝑆፫፳
𝜕 ́𝑢፳
𝜕𝑟 −

́𝑆፫፫
𝜕 ́𝑢፫
𝜕𝑟 −

́𝑆፫᎕
𝜕 ́𝑢᎕
𝜕𝑟 − ́𝑆᎕፳

𝜕 ́𝑢፳
𝜕𝜃 − ́𝑆᎕፫

𝜕 ́𝑢፫
𝜕𝜃 − ́𝑆᎕᎕

𝜕 ́𝑢᎕
𝜕𝜃 − ́𝑢፫ ́𝑆᎕᎕

𝑟 + ́𝑢᎕ ́𝑆፫᎕
𝑟 )

(A.34)

The terms can be classified as-

Unsteady term- Ꭷ፪Ꭷ፭
Pressure Diffusion Term- − ኻ

᎞ (
ኻ
፫
Ꭷ፫ ́፮፫ ፩́
Ꭷ፫ )

Production Term- − ́𝑢፳ ́𝑢፫(
Ꭷ፮፳
Ꭷ፫ )

Turbulent Diffusion Term- −ኻ
፫
Ꭷ፫ ́፮፫፪
Ꭷ፫

Viscous Diffusion Term-

2𝜐(Ꭷ ́፮፳ ́ፒ፳፳
Ꭷ፳ + Ꭷ ́፮፫ ́ፒ፫፳

Ꭷ፳ + Ꭷ ́፮᎕ ́ፒ᎕፳
Ꭷ፳

+ Ꭷ፫ ́፮፳ ́ፒ፳፫
፫Ꭷ፫ + Ꭷ፫ ́፮፫ ́ፒ፫፫

፫Ꭷ፫ + Ꭷ፫ ́፮᎕ ́ፒ፫᎕
፫Ꭷ፫

+ ኻ
፫
Ꭷ ́፮፳ ́ፒ፳᎕
Ꭷ᎕ + ኻ

፫
Ꭷ ́፮፫ ́ፒ፫᎕
Ꭷ᎕ + ኻ

፫
Ꭷ ́፮᎕ ́ፒ᎕᎕
Ꭷ᎕ )

Viscous Dissipation Term-

2𝜐(− ́𝑆፳፳
Ꭷ ́፮፳
Ꭷ፳ − ́𝑆፳፫

Ꭷ ́፮፫
Ꭷ፳ − ́𝑆፳᎕

Ꭷ ́፮᎕
Ꭷ፳

́𝑆፫፳
Ꭷ ́፮፳
Ꭷ፫ − ́𝑆፫፫

Ꭷ ́፮፫
Ꭷ፫ − ́𝑆፫᎕

Ꭷ ́፮᎕
Ꭷ፫

́𝑆᎕፳
Ꭷ ́፮፳
Ꭷ᎕ − ́𝑆᎕፫

Ꭷ ́፮፫
Ꭷ᎕ − ́𝑆᎕᎕

Ꭷ ́፮᎕
Ꭷ᎕

− ́፮፫ ́ፒ᎕᎕
፫ + ́፮᎕ ́ፒ፫᎕

፫ )
On scaling these terms,

Unsteady term- 𝒪(𝒰/𝒯)
Pressure Diffusion Term- 𝒪(𝒰ኽ/ℒ)
Production Term-𝒪(𝒰ኽ/ℒ)
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Turbulent Diffusion Term- 𝒪(𝒰ኽ/ℒ)
Viscous Diffusion Term- 𝒪(𝜐𝒰ኼ/ℒኼ)
Viscous Dissipation Term- 𝒪(𝜐 𝑢ኼ/𝜂ኼ)
Here, 𝒰 and ℒ refer to the velocity and length scale respectively of large scale eddies; 𝑢 and 𝜂

refer to the velocity and length scale respectively of small scale eddies
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PIV is a non-intrusive optical flow measurement technique in which tracer particles are added to the

fluid and quick consecutive images of the laser illuminated flow field are taken. The displacement of

the particles over a time interval Δt between the images provides the velocity of the flow field. Unlike

other ‘point’ measurement techniques, it is a ‘whole field’ flow measurement technique in which the

entire image is divided into ‘interrogation windows’. The image intensity of an interrogation window

is cross-correlated with that of the interrogation window of successive images to obtain a correlation

function. The peak of this cross-correlation function is approximated to sub-pixel accuracy to obtain

the displacement of particles in the interrogation window.The displacement divided by the time interval

Δt is the velocity of the particle. This time interval Δt needs to be small for the obtained velocity to be
the ’true’ velocity. In this manner information about the velocity of the particles over the entire flow field

is obtained. In an ideal case the particles would have the same velocity as the flow, would not interact

with each other and would not distort the flow field. However in the constraints of the ‘real’ world some

errors do persist, but they are often negligible.The velocity of the fluid is then deduced to be equal to

the velocity of the particles. Techniques like Interrogation window overlap, Multi-grid interrogation is

used to further improve the accuracy of the estimation of the velocity field.

In standard 2D PIV the light sheet is perpendicular to the optical axis of the camera, hence the 2D

velocity field of the plane illuminated by the laser sheet can be obtained. In S-PIVmore than one camera

with different viewing angles are used to obtain 3 components of the spatial velocity field. Standard

2D-PIV algorithms are used to construct velocity fields from images at different angles using multiple

cameras (quite often it is two cameras). Davis 8.3.1 uses a 3D calibration method to reconstruct a

3-component velocity field using these velocity fields. A non-linear mapping function is used to project

the coordinates from the image plane of the cameras x = (𝑥(ኻ)ኻ , 𝑥(ኻ)ኼ , 𝑥(ኼ)ኻ , 𝑥(ኼ)ኼ ) (superscript 1 and 2
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denotes cameras 1 and 2 respectively) into the the measurement plane X = (𝑋ኻ, 𝑋ኼ, 𝑋ኽ) (subscript
3 denotes the out -of-plane coordinate). This non-linear function F takes into account the effects of

perspective and distortions due to the various optical media between the image plane and the object

plane. The mapping is as follows.

x = F(X) (B.1)

F is generally approximated by a polynomial function which is cubic in 𝑋ኻ and 𝑋ኼ and quadratic in 𝑋ኽ.
It is given as,

F =a0 + a1𝑋ኻ + a2𝑋ኼ + a3𝑋ኽ + a4𝑋ኼኻ + a5𝑋ኻ𝑋ኼ + a6𝑋ኼኼ + a7𝑋ኻ𝑋ኽ + a8𝑋ኼ𝑋ኽ
+ a9𝑋ኼኽ + a10𝑋ኽኻ + a11𝑋ኼኻ𝑋ኼ + a12𝑋ኻ𝑋ኼኼ + a13𝑋ኽኼ + a14𝑋ኼኻ𝑋ኽ + a15𝑋ኻ𝑋ኼ𝑋ኽ
+ a16𝑋ኼኼ𝑋ኽ + a17𝑋ኼኻ𝑋ኽ + a18𝑋ኼ𝑋ኼኽ

(B.2)

The coefficients ai have 4 values for 4 equations ( 2 displacement coordinates from 2 cameras) and

are obtained via a calibration process in which a calibration plate is placed in the measurement plane

(𝑋ኽ = 0)within a pipe. The calibration plate consists of markers printed on a surface at precisely known
locations. (See Fig 1.3). Hence, the coordinates of the markers in the measurement plane are known.

Images of the calibration plate are then recorded using both the cameras to obtain the coordinates

of the markers in the image plane. The coefficients of equation 1.2 are then obtained using a least

squares approach. The calibration plate needs to be traversed with a known displacement along the

out of plane coordinate twice, to use three 𝑋ኽ planes to satisfy the quadratic dependence on 𝑋ኽ. Hence,
three sets of images from both the cameras are used to obtain the aforementioned coefficients.

Displacements in the coordinates in the image plane are given by,

𝑥 + Δ𝑥 = 𝐹(𝑋 + Δ𝑋) − 𝐹(𝑋) (B.3)

Using taylor expansion and neglecting higher order terms we get a mapping of the displacements of

the measurement plane into the image plane

Δ𝑥 = ∇𝐹Δ𝑋 (B.4)

where, (∇𝐹)።፣ =
Ꭷፅ።
Ꭷፗ፣

The displacements of the measurement plane are obtained from the displacements of cameras 1 and

2 as,

Δ𝑋 = (∇𝐹)ዅኻΔ𝑥 (B.5)
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Figure B.1: Calibration plate used in the experiments

(a) (b)

Figure B.2: In Figure (a) Image of the calibration plate inside the pipe captured by a camera In Figure (b) the markers

detected by Davis software are indicated with green boxes
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Figure B.3: Schematic showing the image of the measurement plane reconstructed using the images of the calibration plate in

the pipe obtained from both the cameras
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Figure B.4: Schematic showing the reconstruction of the velocity field of the measurement plane using vector field obtained

from both the cameras





C
Appendix 3

Fig C.1 shows the dissipation rate in comparison with the Production term for different Gaussian Filter

strengths (𝜎 = 0.65, 𝜎 = 1.1 and 𝜎 = 1.65. The value of 𝜎 = 1.1 was chosen in this present work as it
qualitatively matches the dissipation rates shown in Lawn (1971) and Laufer (1953).

Figure C.1: Comparison of results from different filter strengths.
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(a)
(b)

Figure C.2: Figure (a) Results from Lawn (1971) Figure (b) Results from Laufer (1953)

Fig C.2a shows the dissipation rate are shown in Lawn (1971). The values are measured using the

Energy spectrum and using the Kolmogorov’s hypothesis. C.2b shows the dissipation rate presented

by Laufer (1953), the data is calculated using isotropic relations.
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