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Confidence-Adaptive Lipschitz-Managed Control
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Pieter-Jan van Dolderen

Abstract—Ensuring safety for dynamic systems in the pres-
ence of state estimation errors is challenging because safety
guarantees must hold for the unknown true state while only an
uncertain estimate is available. Control Barrier Function (CBF)
based safety filters can become overly conservative under state
estimation uncertainty, leading to deadlocks in narrow passages
even when a safe path exists. We present Confidence-Adaptive
Lipschitz-Managed Control Barrier Functions (CALM–CBFs) to
reduce this conservatism, guaranteeing safety while improving
the robot’s overall performance. CALM–CBF adapts the safety
margin to both local estimation confidence and how sensitive
the safety constraint is in the current part of the state space,
rather than using a single worst-case margin everywhere. A
risk-aware supervisor then trades off allowed speed against
conservatism, relaxing the margin when progress stalls near tight
gaps and restoring stricter behavior when clearance improves.
In simulation, our method reduces the conservatism up to 68.5%
compared to a measurement-robust CBF baseline, while still
avoiding collisions and resolving deadlocks in narrow passages.

I. INTRODUCTION

As autonomous systems move from structured labs to
crowded, dynamic environments, controllers must guarantee
that system trajectories remain within defined safe sets while
still achieving their task objectives. A promising architectural
pattern is the safety filter: a lightweight, real-time module
that minimally adjusts a nominal controller’s proposed input
only when a safety constraint is at risk of violation, thereby
preserving performance whenever possible [1]. Within this
paradigm, Control Barrier Functions (CBFs) stand out because
they provide a mathematical, optimization-friendly route to
guarantee forward invariance: the filter enforces an inequality
(often via a quadratic program) that keeps the state inside a
prescribed safe set while deviating as little as needed from
the nominal action [2]. These safety guarantees and real-

time implementability make CBFs a promising mechanism for
robot safety.

In theory, CBF-based safety guarantees are derived under
the ideal assumption that the controller has access to the true
state x. On real robotic systems, however, we only have noisy,
delayed, and partial measurements, from which an estimator
reconstructs a state estimate x̂. This means that, in deployment,
the safety constraints are evaluated on x̂ instead of x. If we
replace x by x̂ in the CBF condition, the original invariance
proof no longer holds, because the estimation error ϵ = x− x̂
is ignored. A common way to recover guarantees is to assume
that this error is bounded by ϵmax, i.e., ∥x− x̂∥ ≤ ϵmax, and
to inflate the obstacles or shrink the safe set by an uncertainty
margin that covers the maximum error. We call this the robust
or worst-case approach. In CBF implementations, this appears
as an additional safety term in the constraint, chosen such
that if the inequality holds for x̂ with this margin, then the
true state remains safe. The downside is visible in Figure 1a:
when the assumed error bounds are large or conservative,
the inflated obstacles block narrow passages, so the safety
filter intervenes too aggressively and the robot gets stuck even
though a collision-free path exists.

Instead of inflating all obstacles by the same worst-case, i.e.,
maximum, amount (Figure 1a), our method lets the inflation
depend on where the robot is and how confident the estimator
is in that region. As a result, the inflated unsafe set can shrink,
opening the narrow passage in Figure 1b while still keeping
the true state safe.

Concretely, this leads to the following contributions:
1) Confidence-Adaptive Lipschitz-Managed CBFs (CALM–

CBFs). We extend Measurement-Robust CBFs [3] with
two ingredients that make the margin adaptive: (i) a

(a) Without CALM–CBFs (b) With CALM–CBFs

Fig. 1: (a) A fixed maximum inflation overestimates risk, blocks the passage, and the robot cannot complete the task. (b) The
robot can change the inflation to safely pass through the gap and reach the goal.



state-dependent error bound provided by a perception
module, so that well-observed areas are inflated less
than poorly observed ones, and (ii) precomputed, local
sensitivity bounds (Lipschitz envelopes) on a grid, which
avoid using a single pessimistic constant everywhere. On
top of this, a lightweight risk-aware supervisor adjusts a
tunable risk level together with a speed limit: higher risk
levels correspond to a conservative, worst-case margin
and higher speeds in open space, while lower risk levels
reject extreme outliers, reduce the margin in tight gaps,
and simultaneously slow the robot down. Together, these
components produce locally adaptive safety margins with
controlled risk, as illustrated in Figure 1b.

2) Experimental validation. We evaluate CALM–CBFs in
simulation on two environments (a narrow Gap and a
Cluttered world) with identical dynamics, planner, and
nominal controller. The results show that our method
consistently decreases the conservatism compared to the
Measurement-Robust CBF baseline.

II. RELATED WORK

There are multiple approaches for CBFs with
state–estimation uncertainty. One common line of work
is the worst–case or robust approach [3–15], which augments
the CBF condition with an explicit uncertainty margin
based on the maximum estimation error ϵmax. Intuitively,
the safety is achieved by inflating the unsafe set with a
worst-case margin, see Figure 2 (left). Measurement-robust
CBFs (MR–CBFs) make this concrete by adding extra terms
to the CBF inequality that scale with Lipschitz bounds on
the CBF and the size of the error set [3, 5]. In the QP,
this appears as an offset that tightens the constraint, or
equivalently, as inflating the obstacles. The same idea is
extended to higher-relative-degree systems via High-Order
Measurement-Robust CBFs [12]. The strength of worst-case
approaches is their strict safety guarantee: as long as the
estimation error stays within the assumed bound, the true
state will remain safe. However, they typically rely on global
worst-case error bounds, so all regions of the state space are
treated with the same conservatism, which can drastically
shrink the usable safe set and induce conservative behavior.

In contrast to the worst-case approach, probabilistic ap-
proaches handle state estimation uncertainty by requiring
safety with high probability, rather than absolute certainty
[16–20]. These methods assume a statistical model of the
estimation error and then impose CBF conditions that must
hold except for a small risk δ of violation. Intuitively, this
possible violation makes it possible for the CBF to relax
the inflated unsafe region, see Figure 2 (right). Probabilistic
approaches are less conservative, but the drawback is that
they do not have the strict safety guarantees, and they rely
on accurate uncertainty models or assumed error distributions.

Existing methods tend to choose between strict robustness
with uniform conservatism or reduced conservatism at the
price of probabilistic safety and stronger modeling assump-
tions. In this work, we aim to combine desirable aspects of

Unsafe set Unsafe set

Robust approach Probabilistic approach

Inflated
unsafe set

Possible safety
violation

Planned
trajectory

Region where
   may lie

Fig. 2: Left: a robust CBF inflates the unsafe set by a worst-
case margin ϵ = ϵmax. Right: a probabilistic CBF uses a
probabilistic margin, e.g., ϵ = 2σ. The region labeled safe is
larger than in the robust case, at the cost of a small probability
of violation where the confidence tube intersects the unsafe set.

both. We retain the measurement-robust CBF structure and
its worst-case guarantee as a reference point, but make the
uncertainty margin state-dependent and introduce a tunable
risk level that can locally relax the margin (and simultane-
ously slow the robot down) when progress is blocked, while
recovering conservative behavior when required.

III. PRELIMINARIES

We first review safety-critical control via Control Barrier
Functions (CBFs) following [2]. Then, we extend CBFs with
state estimation uncertainty via the concept of MR–CBFs [3].

A. Control Barrier Functions

Consider a continuous-time, control-affine nonlinear system
of the form:

ẋ = f(x) + g(x)u, (1)

where x ∈ Rn is the state, u ∈ Rm is the control input, and
the vector fields f : Rn → Rn and g : Rn → Rn×m are
locally Lipschitz continuous.

To formalize safety, we define a set C (the safe set) as the
superlevel set of a continuously differentiable function h :
Rn → R:

C ≜ {x ∈ Rn | h(x) ≥ 0}. (2)

Intuitively, h(x) ≥ 0 defines the safe region and h(x) < 0
the unsafe region. A set C is forward invariant for system (1)
if, whenever x(0) ∈ C, all subsequent states satisfy x(t) ∈ C
for all t ≥ 0. In other words, if the system starts safely, it
remains safe for all time. The system is safe with respect to
C if C is forward invariant. Ensuring forward invariance of C
is the central goal of safety-critical control.

Control Barrier Functions (CBFs) are a way to guarantee
forward invariance of C for the closed-loop system. We
first introduce an extended class-K function α which is a
continuous function α : R → R that is strictly increasing



and satisfies α(0) = 0. Typically, α is chosen as a linear
function α(s) = γs where γ > 0. C is forward invariant if
there exists an extended class-K function α such that for all
x in the domain C,

sup
u∈Rm

[Lfh(x) + Lgh(x)u] ≥ −α(h(x)), (3)

where Lfh and Lgh denote the Lie derivatives of h along f
and g, respectively.

Given a nominal controller unom = k(x), the following
Quadratic Program (QP) finds the minimum perturbation on
unom to guarantee safety:

uCBF = argmin
u∈Rm

1

2
∥u− unom∥2 (CBF-QP)

s.t. Lfh(x) + Lgh(x)u ≥ −α(h(x)).

B. Measurement-Robust Control Barrier Functions

The CBF formulation in III-A assumes perfect knowledge
of the state, which is unrealistic in real-world applications.
The MR–CBF formulation is a general way to let the CBF
deal with state estimation uncertainty. It does not assume
a particular observer structure; instead, it assumes that the
measurement error ϵ(x) comes from a known measurement-
dependent, compact pointwise set E(y), where y = p(x),
p(x) : Rn → Rk, is the state-dependent sensor measurement.
The error set can be conservatively characterized via the
function ϵ: Rk → R≥0 defined as:

ϵ(y) ≜ max
e∈E(y)

∥e∥2. (4)

Based on the measurements, an estimate of the state x̂ ≜
q̂(y) = x + e(x) can be constructed. This results in the
following closed-loop system:

ẋ = f(x) + g(x)k(y, x̂). (5)

This altogether leads to the main theorem of [3]:
Theorem 1: Given a safe set C ⊂ Rn, assume that Lfh,

Lgh, and α ◦ h are Lipschitz continuous on C with Lips-
chitz constants LLfh,LLgh, and Lα◦h ∈ R≥0, respectively.
Define the function ϵ : Rk → R≥0 as in (4), and define the
functions a, b : Rk → R≥0 as a(y) = (LLfh + Lα◦h)ϵ(y) and
b(y) = LLghϵ(y). If k : Rk × Rn → Rm is a Lipschitz
continuous controller satisfying:

Lfh(x̂)+Lgh(x̂)k(y, x̂)

− (a(y) + b(y)∥k(y, x̂)∥2) ≥ −α(h(x̂)) (6)

for all x ∈ C, with y = p(x) and x̂ = q̂(y), then the system
(5) is safe with respect to C.

Intuitively, this theorem says the following. Because we
only know x̂, the true state x may lie anywhere inside an
error ball around x̂, whose radius is given by ϵ(y). The
terms a(y) and b(y) are Lipschitz-based buffers: they upper-
bound how much the barrier function h and its derivatives can
change when x moves within that error ball. By subtracting
a(y) + b(y)∥k(y, x̂)∥2 in (6), we tighten the CBF constraint
on the estimated state so that, for every possible true state

in the error ball, the original CBF inequality still holds.
Geometrically, this is equivalent to inflating the unsafe set by
a measurement-dependent margin; any trajectory that satisfies
the tightened inequality at x̂ is then guaranteed to keep the
true state x inside the safe set C. As long as we can bound
the worst-case estimation error for each measurement, the
MR–CBF construction yields a safety guarantee that is in-
dependent of how the estimate x̂ is obtained. In the remainder
of the paper, we will refer to the quantity

M(y, x̂) ≜ a(y) + b(y)
∥∥k(y, x̂)∥∥

2
, (7)

as the (MR–CBF) safety margin, and focus on how to con-
struct this margin less conservatively. When unambiguous, we
write M(x̂), understanding that a and b are evaluated at the
associated estimated state x̂.

IV. PROBLEM STATEMENT

We study a mobile robot that must reach a goal position
in an environment with static obstacles and state–estimation
uncertainty. Our primary safety objective is to ensure that,
under the MR–CBF assumptions on the estimation error,
the true state remains inside a prescribed safe set C for all
time (forward invariance). In addition, we care about task
performance: the robot should still make progress toward
its goal and avoid artificial deadlocks that arise purely from
conservative safety margins, for example, in narrow openings
that are in principle traversable. Our goal is therefore to design
a safety filter that preserves the MR–CBF forward–invariance
guarantee while constructing the uncertainty margin less con-
servatively.

Running example: We focus on a 2D holonomic (omni-
wheel) mobile robot that can command velocities directly in
the x and y directions (relative degree 1). The robot transports
packages through a factory hall. In this running example, we
zoom in on the robot passing a narrow passage, see Figure 1.

V. CONFIDENCE-ADAPTIVE LIPSCHITZ-MANAGED
CONTROL BARRIER FUNCTIONS

This section develops our CALM–CBF safety filter. Before
going into the details, we first give a high-level overview of
the architecture in Fig. 3. Starting from a nominal controller
and a perception module that provides an estimated state x̂
and a measure of estimation error ϵ̂, we construct a safety
margin M that adapts to where the robot is and how well it is
observed. The perception module supplies a state-dependent
error bound ϵ̂, which replaces the single global error bound
ϵmax used in classical MR–CBFs. A grid-based Lipschitz
estimator precomputes the sensitivity of the barrier function
across different parts of the state space. On top of this, a simple
risk-aware supervisor switches between a small number of risk
levels: conservative, higher levels use larger margins and allow
higher speeds in open space, while permissive, lower levels
reduce the margin and simultaneously cap the speed in tight
areas. All of these components feed into the same MR–CBF
equation (6).



Fig. 3: High-level overview of the CALM–CBF pipeline.
Orange blocks indicate components that are modified with
respect to a standard MR–CBF pipeline; green blocks are
newly introduced in CALM–CBF.

We assume that the perception module is provided by the
user. A perception module provides an estimated state x̂ and
the estimated error of the estimated state ϵ̂(x̂).

A. Redefining the Error Function

Classical MR–CBF formulations use a global error bound
ϵmax, which is simple but conservative. In our setting, a per-
ception module provides a state estimate and a state–dependent
error bound. We keep the construction of this bound as an
implementation detail and only impose abstract properties that
are sufficient to retain the MR–CBF safety guarantee. For
simplicity, we define ϵ̂(x̂) instead of ϵ̂(y), this is not a problem
because x̂ = q̂(y). We first need to define the admissible
perception module:

Definition 1 (Admissible Perception Module): A percep-
tion/estimation module is admissible if it produces (x̂, ϵ̂(x̂))
satisfying:
P1. Over-approximation: ∥x− x̂∥ ≤ ϵ̂(x̂).
P2. Boundedness: 0 ≤ ϵ̂(x̂) ≤ ϵmax.
P3. Regularity: ϵ̂ is locally Lipschitz.

The next proposition shows that these conditions are suffi-
cient to retain the MR–CBF safety guarantee.

Proposition 1 (Safety under admissible perception): Sup-
pose the perception module is admissible in the sense of
Definition 1. Then the MR–CBF inequality (6), with a(·) and
b(·) constructed from ϵ̂(x̂), guarantees safety with respect to
C for the closed-loop system (5).

Proof sketch. Let B(x̂) = {x : ∥x − x̂∥ ≤ ϵ̂(x̂)}. By
property P1, the true state lies in B(x̂). For any x ∈ B(x̂),
local Lipschitz bounds give

Lfh(x) ≥ Lfh(x̂)− LLfh ϵ̂(x̂),

Lgh(x)u ≥ Lgh(x̂)u− LLghϵ̂(x̂)∥u∥2, (8)
α(h(x)) ≤ α(h(x̂)) + Lα◦hϵ̂(x̂).

Substituting these into the nominal CBF inequality yields
exactly the MR–CBF constraint with parameters

a(x̂) = (LLfh + Lα◦h)ϵ̂(x̂), (9)
b(x̂) = LLghϵ̂(x̂).

Thus, if the filter enforces the robust inequality at (y, x̂),
then Lfh(x) + Lgh(x)u ≥ −α(h(x)) for all x ∈ B(x̂), and
forward invariance of C follows from Theorem 1. □

Intuitively, an admissible perception module allows the
safety margin to follow the estimator’s reported error instead
of a fixed worst-case error. In regions where the robot is well
observed, ϵ̂(x̂) is smaller than ϵmax, so the error ball and
thus the inflated unsafe set are smaller; in poorly observed
regions, ϵ̂(x̂) grows again and the inflated obstacles become
bigger. Figure 4 illustrates this in the running example: using
a global bound ϵmax (blue) inflates the two circular obstacles
so much that the passage between them almost disappears,
whereas using the state-dependent radius ϵ̂(x̂) (pink) yields a
smaller inflated layer that still covers all states consistent with
the estimated error.

Fig. 4: Effect of replacing a global error bound ϵmax (blue)
by the perception-driven radius ϵ̂(x̂) (pink) on the running
example.

Because Definition 1 only requires over-approximation,
boundedness, and regularity, we do not commit to a specific
formula for ϵ̂(·); any estimator that satisfies these properties
can be plugged into (9), allowing the same MR–CBF structure
to be used with different perception modules.

B. Grid-based Percentile Lipschitz Estimator
The robot in Figure 4 is still unable to traverse the narrow

passage, even with the perception-driven error radius. The



safety margin remains conservative because it is based on
global Lipschitz constants that reflect worst-case behavior
over the entire workspace. To reduce this conservatism, we
introduce a grid-based Lipschitz estimator that makes these
sensitivity bounds local and context-aware.

The key idea is that, at any given time, the robot can only
move to a limited neighborhood of states in the next few
control steps—its reachable set [21]. We therefore partition
the state space into grid cells and, offline, estimate how fast
the CBF terms (Lfh, Lgh, and α ◦ h) can change inside
each cell by sampling pairs of points and computing finite-
difference slopes. Online, we then look only at the cells that
intersect the current reachable set and take a percentile of
the sampled slopes in those cells. This yields local percentile
Lipschitz bounds that ignore far-away extremes and filter
outliers, producing smaller, situation-dependent margin terms
while preserving the MR–CBF structure. We now formalize
this construction.

Definition 2 (Grid-based Percentile Lipschitz Estimator):
Let X ⊂ Rn be a compact region of interest (i.e., the working
domain of the robot) and let {Gij}(i,j)∈I be a partition of X
into axis-aligned cells. For each cell Gij and each quantity
m ∈ {Lfh, Lgh, α ◦ h }, define the local slope set by
sampling pairs (zp, zq) ∈ Gij ×Gij :

Sm(Gij) ≜{
∥m(zp)−m(zq)∥

∥zp − zq∥
: zp ̸= zq, zp, zq ∈ Gij

}
.

(10)

Each element of Sm(Gij) is the finite-difference slope of m
between two points in the same cell; see Fig. 5.

Fig. 5: Illustration of a local slope for Lfh in the grid. Two
sample states z1 and z2 inside one cell G22 are used to
calculate the finite-difference slope.

Given a percentile level β ∈ (0, 100], the cellwise percentile
Lipschitz bound is

L̂(ij)
m (β) ≜ Percentileβ

(
Sm(Gij)

)
. (11)

At time t, let R(2)(t) denote the two-step reachable set
under admissible inputs. Let the index set of active cells be

I(t) ≜
{
(i, j) ∈ I : Gij ∩R(2)(t) ̸= ∅

}
. (12)

The runtime local Lipschitz envelope used in the safety
margin is then

L̃m(β, t) ≜ max
(i,j)∈I(t)

L̂(ij)
m (β) (13)

with m ∈ {Lfh, Lgh, α◦ h}.
After the definition, it is helpful to visualize how these

ingredients are combined online. Starting from the current
state and control limits, we compute the two-step reachable
set R(2)(t). Then we mark all cells that intersect this set, as
the active cells I(t). Finally, we take the maximum cellwise
percentile Lipschitz bound over the active cells I(t), yielding
the runtime envelope L̃m(β, t) in (13), which is used in the
safety margin. This pipeline is summarized in Fig. 6.

Fig. 6: Overview of the grid-based Lipschitz estimator for
L̃Lfh at runtime. Since, L̂(32)

Lfh
(β) is the maximum Lipschitz

constant over the current active cells, L̃Lfh(β, t) = L̂
(32)
Lfh

(β).

Proposition 2 (Worst-case safety guarantee for β = 100):
Let L̂(ij)

m (β) and L̃m(β, t) be defined as in (11) and (13). Set
β = 100 and let U(t) ≜

⋃
(i,j)∈I(t) Gij be the union state

spaces of the active cells. If the coverage condition B(x̂) ∪
R(2)(t) ⊆ U(t) holds, then for every m ∈ {Lfh, Lgh, α◦ h}
the envelope L̃m(β, t) is an upper bound on the true local
Lipschitz constant of m over B(x̂) ∪ R(2)(t). Consequently,
the MR–CBF parameters

a(y) = (L̃Lfh(100, t) + L̃α◦h(100, t))ϵ̂(x̂) (14)

b(y) = L̃Lgh(100, t)ϵ̂(x̂),

are robust for all x ∈ B(x̂), and substituting them into the
MR–CBF constraint of (6) recovers the worst-case safety
guarantee of Theorem 1.

Proof sketch. Setting β = 100 in (11) makes each cellwise
bound L̂

(ij)
m (100) the worst-case finite-difference slope of m

on Gij . The runtime envelope (13) then ensures that, for every
point z in the union U(t) =

⋃
(i,j)∈I(t) Gij , the true local

Lipschitz constant of m is upper-bounded by L̃m(100, t).
Under the coverage condition B(x̂) ∪ R(2)(t) ⊆ U(t), the

MR–CBF parameters constructed from these envelopes are
therefore valid Lipschitz-based buffers for all x ∈ B(x̂).
Substituting them into the robust barrier inequality yields
exactly the MR–CBF condition (6), so forward invariance of
C follows from Theorem 1. □



The construction satisfies

β1 < β2 ⇒ L̃m(β1, t) ≤ L̃m(β2, t), (15)

i.e., increasing the percentile level (15) cannot reduce the
selected bound. Hence, the mechanism does not produce
optimistic underestimates.

Intuitively, β = 100 recovers the worst-case intra-cell
Lipschitz constants, and the active-cell max in (13) ensures no
“far-field” extreme influences the margin unless it is reachable.
Decreasing β allows the robot to manage its risk behavior.

C. Risk-aware Percentile Logic

Building on the grid-based percentile Lipschitz estimator,
we now introduce a supervisory policy that adapts the per-
centile level β and an associated velocity cap vmax online.
The goal is to trade conservatism for progress in a controlled
way: when progress stalls, the supervisor relaxes the envelope
(smaller β) while simultaneously reducing control authority
(smaller vmax) to keep risk bounded; when clearance and
progress are ample, it tightens the envelope (larger β) and
increases vmax to recover efficiency and safety.

Figure 7 illustrates this on the running example. Near the
bottleneck, the supervisor lowers the level β: more outliers
in the Lipschitz estimates are ignored, and the inflated unsafe
sets become smaller so that a safe corridor opens. Once the
robot exits the narrow region and progress improves with
more clearance, the supervisor climbs back to higher levels,
restoring a larger margin and higher velocity. We formalize
this switching logic as the Risk-aware Percentile Supervisor.

Fig. 7: In the narrow passage, the supervisor drops to a lower
level (smaller βi, smaller vmax,i), producing a smaller inflated
unsafe set that still covers the estimator’s confidence ball but
leaves a traversable corridor.

Definition 3 (Risk-aware Percentile Supervisor): Let L ∈ N
be the number of risk levels. Choose sequences of percentile
levels (βi)

L
i=1 and maximum velocities (vmax,i)

L
i=1 such that

0 < β1 ≤ β2 ≤ · · · ≤ βL ≤ 100, and 0 < vmax,1 ≤ vmax,2 ≤
· · · ≤ vmax,L.

Let ĥ ∈ RNobstacles be the vector of estimated barrier values
and define ĥmin ≜ minℓ ĥℓ. Let ΠT be a scalar progress metric
computed over a sliding time window of length T > 0.

Choose safety and progress thresholds hrel < hup and
ηrel < ηup (hysteresis). Introduce a hold time Thold > 0, the
minimum time the supervisor must remain at a level before

another switch is allowed. Let τ(t) ≥ 0 denote the elapsed
time since the last level change.

Define the logical conditions

relax ≜ (ΠT < ηrel) ∧ (ĥmin < hrel) ∧ (τ(t) ≥ Thold),

up ≜ (ΠT > ηup) ∧ (ĥmin > hup) ∧ (τ(t) ≥ Thold).

Given the current level i ∈ {1, . . . , L}, the supervisor
updates the level according to

i+(t) =


max{1, i− 1}, if relax,

min{L, i+ 1}, if up,

i, otherwise.

At level i, the safety filter uses the percentile envelope
L̃m(βi, t) in the MR–CBF margin and enforces the velocity
cap vmax,i as an additional constraint in the CBF–QP.

Each level induces a different safety margin in the MR-
CBF constraint, and hence a different set of states for which
the QP can still find an admissible input. To reason about
what happens when the supervisor switches between levels,
it is useful to understand how these induced safe sets are
related. The next proposition shows that, under monotonicity
assumptions on the envelopes, the safe sets are nested: moving
to a higher level can only make the set of safe states smaller.

Proposition 3 (Measured safe set nesting): For each su-
pervisor level i ∈ {1, . . . , L}, let Ci denote the safe set
induced at that level, i.e., the MR–CBF constraint (6) evaluated
with the runtime envelopes L̃m(βi, t). Assume the envelope is
monotone in the percentile as defined by (15). Then the level-
wise safe sets satisfy

C1 ⊇ C2 ⊇ · · · ⊇ CL. (16)

Proof sketch. Moving from level i to i+1 increases β and in-
creases vmax; by (15), the selected envelope for the MR–CBF
margin cannot decrease. Hence, the tightened inequality at
level i+1 implies a subset of the feasible (y,u) pairs relative
to level i, yielding Ci+1 ⊆ Ci. □

VI. EXPERIMENTAL RESULTS

We evaluate CALM-CBFs in simulation across two canon-
ical environments—a narrow Gap and a Cluttered environ-
ment—using three CBF variants (R0–R2) under identical
dynamics, planner, and nominal controller. The goals are to
(E1) quantify conservatism and intervention statistics, (E2)
study the sensitivity of the risk-aware supervisor, and (E3)
investigate the effect of estimator noise on the method.

A. Perception Module

To focus on the effect of the safety margin rather than
on a specific estimator design, we use a simple, geometric
sensor model that still captures the key feature we care about:
spatially varying estimation quality. Concretely, we assume
fixed beacons placed in the workspace. Near multiple beacons,
the position estimate is accurate (low noise), whereas in poorly
covered regions, it is noisy. This yields a tunable, interpretable



noise field that can be visualized and reasoned about (see
Fig. 8), while remaining rich enough to test CALM–CBF in
both well- and poorly-observed areas.

We model each sensor’s spatial influence as a clipped,
distance-based magnitude. For a sensor with center scenter and
maximum range smax, its magnitude at position x ∈ R2 is

s(x) = clip

(
1− ∥x− scenter∥2

smax
, 0, 1

)
,

and the aggregate magnitude is the sum over all sensors,

S(x) =

Ns∑
r=1

sr(x).

We map S to a scalar noise level σ : R2 → R≥0 using two
plateaus σmin ≤ σmax and a threshold Sthres (set to 2 in our
experiments):

σ(x)=

σmax+
1

Sthres

(
σmin−σmax

)
S(x), S(x) ≤ Sthres,

σmin, S(x) > Sthres.

Because the true state is unknown, we compute a worst-case
noise over the estimator’s confidence ball

B(x̂, ϵmax) ≜ {z ∈ R2 : ∥z− x̂∥2 ≤ ϵmax},

via
σ⋆(x̂, ϵmax) ≜ max

z∈B(x̂,ϵmax)
σ(z). (17)

For efficient evaluation, we use an interior and boundary ring
discretization with radii {rj}Jj=1 ⊂ (0, 1] and angles θi = 2πi

N :

σ̃⋆(x̂, ϵmax) ≜ max
j=1,...,J

i=0,...,N−1

σ
(
x̂+ rj ϵmax [cos θi, sin θi]

⊤).
(18)

An example calculation for σ̃⋆(x̂, ϵmax) is shown in Figure
8. The confidence ball B(x̂, ϵmax) around the estimated state x̂
is discretized by interior and boundary rings. The sensor model
evaluates σ(·) on these samples and returns the maximum
value σ̃⋆(x̂, ϵmax). In this case, σ̃⋆(x̂, ϵmax) = σmax since
σmax is part of B(x̂, ϵmax).

Assuming zero-mean Gaussian measurement noise, we
adopt a 99.7% confidence bound (±3σ) and define the
perception-driven error radius fed to the MR–CBF margin as

ϵ̂(x̂) = 3 σ̃⋆(x̂, ϵmax). (19)

Each sensor has a finite range smax and a piecewise-linear
magnitude sr(·); the induced noise map σ(·) is locally Lips-
chitz and bounded in the workspace. The ring approximation
σ̃⋆(x̂, ϵmax) is chosen dense enough so that σ̃⋆ ≥ σ(x) on the
confidence ball. Thus ϵ̂(x̂) = 3 σ̃⋆(x̂, ϵmax) satisfies (P1)–(P3)
in Definition 1, making it an admissible perception module.
If the 3σ interpretation is adopted, the resulting guarantee is
high-probability (99.7%).

B. Experimental Setup
We evaluate three CBF variants in two canonical 2D worlds

designed to isolate (i) conservatism in narrow passages and (ii)
behavior in clutter.

Fig. 8: Illustration of the perception-driven noise bound at one
pose. The confidence ball B(x̂, ϵmax) around the estimated
state x̂ is discretized by interior and boundary rings. The
sensor model evaluates σ(·) on these samples and returns the
maximum value σ̃⋆(x̂, ϵmax), which serves as a worst-case
noise level for all states consistent with the estimate.

a) Environments: Each environment has its own
start/goal poses shown in Figure 9.

Gap environment. A 1-D bottleneck with six openings of
widths w ∈ {1.75, 1.90, 2.05, 2.20, 2.35, 2.50} m, see Fig.
9a. This yields evenly spaced maximum admissible inflation
Mmax = {0.168, 0.243, 0.318, 0.393, 0.468, 0.543} m. This
environment makes the safety margin M(x̂) the dominant
limiting factor and allows comparisons across robots.

Cluttered environment. A dense field of static obstacles is
used to demonstrate behavior in complex scenes (see Fig.
9b). Planning difficulty is greater, but the aim is qualitative
validation that the method scales beyond the bottleneck case.

b) Robots (CBF strategies): All robots are square with
wrobot = hrobot = 1.0m, leading to an effective diagonal
clearance drobot = 1.414m in the CBF model. Each robot has
the same dynamics, estimator, controller, and sample time (50
Hz); only the construction of the CBF safety margin differs.
This choice isolates the effect of the different margin designs:
R0 acts as a pure MR–CBF baseline, R1 shows what can be
gained by redefining only the error function, and R2 adds the
full CALM–CBF machinery on top of the same underlying
system. The estimated state is calculated as

x̂ = x+N (0, σ(x)). (20)

The following CBF strategies are examined during the exper-
iments:
R0. Baseline MR–CBF: uses a global error bound ϵ(x̂) =

ϵmax and global Lipschitz constants: LLfh,LLgh, and
Lα◦h.

R1. MR–CBF + Local error: replaces the global bound by
the perception-driven ϵ(x̂) = ϵ̂(x̂) ≤ ϵmax but still uses
global Lipschitz constants (LLfh,LLgh, and Lα◦h).

R2. CALM–CBF: uses ϵ(x̂) = ϵ̂(x̂) and the grid-local, per-
centile Lipschitz envelopes with the risk-aware switching
supervisor: L̃Lfh(β, t), L̃Lgh(β, t) and L̃α◦h(β, t). The
default parameters for the supervisor are T = 0.1 s,
Thold = 0.1 s, ηrel = 0.02m, ηup = 0.05m, hrel =
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Fig. 9: Overview of the two simulated environments used for evaluation. Obstacles are shown in gray; the start and goal are
marked by green and red dots. The cyan line indicates the planned trajectory. White contour lines denote the CBF boundary
h(x) = 0, separating safe and unsafe regions. The black dots mark sensor locations; their spatial coverage induces the noise
field σ(x), visualized as a color map.



0.02m, and hup = 0.06m. The supervisor hyperparame-
ters were selected after preliminary sweeps over reason-
able ranges to obtain trajectories with clear but bounded
switching behavior. This makes the sensitivity of CALM–
CBF to each parameter visible in the hyperparameter
study.
c) Effective clearance ceff as a conservatism metric:

To quantify how conservative a CBF strategy is in a narrow
passage, we define the effective clearance

ceff ≜ wmin − drobot, (21)

where drobot is the robot’s effective diagonal size and wmin is
the minimal geometric opening between the two closest obsta-
cles at the stuck pose. Thus ceff measures how much extra free
space the safety filter requires beyond the minimum physical
clearance needed for the robot to pass. In the experiments,
we use the average ceff over runs as our main measure of
conservatism for each CBF strategy.

d) Computation of the minimal opening wmin: To report
the local opening at the stuck pose, we measure the gap along
the vector between the two circles that passes through the
robot. The obstacles have center ci and radius ri, ∀i ∈ {1, 2}.
Let the robot position be p = (x, y)⊤ and define the nonzero
direction between the circles as v = c2 − c1. Parameterize
the line as ℓ(t) = p+ t v̂, with v̂ = v/∥v∥. The intersection
of ℓ with the circles is an interval in t:

Ii = [ ti − si, ti + si ],

ti = v̂⊤(ci − p),

si =
√

max
{
r2i − ∥(I− v̂v̂⊤)(ci − p)∥22, 0

}
.

The possible openings are the distance between the two
intersection intervals w1 = (t1 − s1) − (t2 + s2) and w2 =
(t2 − s2) − (t1 + s1). The minimal gap is the nonnegative
opening:

wmin = max
{
0, max

{
w1, w2

}}
, (22)

which is 0 when the intervals overlap or touch.

C. Experiments

Each paragraph starts with a short overview of the experi-
ment, followed by the results of the specific experiment.

E1 – Overall performance
Short overview:

• Goal: quantify conservatism of the different robots in the
gap world and demonstrate behavior in clutter.

• Design: Each robot runs three seeds per environment (3
seeds×3 robots×2 envs = 18 runs).

• Metrics: ceff , safety margin M(x̂), CBF activation and
average norm (∥uCBF − unom∥2/Ninterventions).

• Expectation: cR2
eff < cR1

eff < cR0
eff ; R2 reduces conservatism

by tightening margins locally and adapting percentiles,
R1 improves over R0 by using local error only.

The average ceff over three seeds is smallest for R2 and
largest for R0 in both environments: in the Gap world

{0.97, 0.45, 0.34}m for {R0, R1, R2}, and in Cluttered
{1.08, 0.41, 0.34}m (Table I). This confirms that the rede-
fined error function and the Lipschitz envelopes effectively
reduce conservatism by 65.2% and 68.5% for the gap and
cluttered environment, respectively. Moreover, R0 and R1 are
not able to reach the goal locations in both environments. The
safety–margin traces support this interpretation: R2 tightens
where clearance and progress allow but relaxes in tight pas-
sages, whereas R0 maintains a uniformly inflated margin; R1
sits in between, see Figure 10. Intervention statistics further
show that R0 intervenes most often and most strongly in the
Gap world, while R1 and R2 reduce the average intervention
magnitude to 0.47; in the Cluttered world, R2 attains both a
lower intervention rate (77.4% vs. 83.3%/83.1% for R0/R1)
and the smallest mean intervention (0.30), indicating that
percentile Lipschitzing not only opens narrower gaps but
also yields milder corrections. Overall, these results validate
CALM–CBFs: by holding planning and dynamics fixed and
varying only margin construction, we observe consistent,
setup-aligned improvements from R0→R1→R2 in both ceff
and intervention characteristics.

TABLE I: E1 – Overall performance across the Gap and
Cluttered environments. Reported are the effective clearance
ceff (m), the fraction of time the CBF is active (% CBF), and
the mean intervention magnitude |∆u| per intervention. Values
are averaged over three seeds for each robot variant R0–R2.

Gap environment Cluttered environment

Robot R0 R1 R2 R0 R1 R2

ceff [m] 0.97 0.45 0.34 1.08 0.41 0.34
% CBF 55.7 30.6 36.5 83.3 83.1 77.4
|∆u|/Ninterventions 0.56 0.47 0.47 0.46 0.34 0.30

E2 – Sensitivity of the supervisor to hyperparameters
Short overview:

• Goal: sensitivity of the risk-aware supervisor.
• Design: R2 runs in the gap environment. One hyperpa-

rameter is changed at a time, while keeping the other
hyperparameters constant with the default parameters.
The used hyperparameters are:

T ∈ {1, 5, 25, 50, 75, 100},
Thold ∈ {1, 5, 25, 50, 75, 100},
hrel ∈ {0.01, 0.02, 0.03, 0.04, 0.05},
hup ∈ {0.04, 0.06, 0.08, 0.10, 0.12},
ηrel ∈ {0.01, 0.02, 0.03, 0.04, 0.05},
ηup ∈ {0.03, 0.05, 0.07, 0.09, 0.11}.

Each run is done once with the same seed. This leads to
a total of 32 runs.

• Metrics: average percentile, switch count, and time-to-
goal.

• Expectation: larger T and Thold reduce jitter but slow
reactions (longer time-to-goal); lower hrel, hup, ηrel or
ηup bias toward tighter (more conservative) operation.
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This sensitivity study varies one switching parameter at a
time in the Gap world to probe how the supervisor’s design
(Sec. V-C) trades responsiveness, conservatism, and speed.
Longer progress windows T smooth the metric ΠT and reduce
chattering (from 23 to 8 switches), but they also delay level
changes and lengthen time-to-goal (35.0 → 40.5 s); interest-
ingly, the mean percentile β̄ increases slightly (toward tighter
envelopes) because the smoothed progress more easily satisfies
the “up” condition, although too slowly to offset the latency
cost (Table II). A larger hold time Thold likewise suppresses
switching (56 → 5) and increases tgoal (35.0 → 43.7 s), but
here β̄ decreases markedly (93.6 → 85.5): with smoothness,
the policy often remains at lower levels (smaller β and smaller
vmax), which explains the slowdown despite less conservative
margins (Table III). The safety hysteresis thresholds mainly
tune how often relax/up is allowed. Progress thresholds ηrel
and ηup show small, monotone effects: higher ηup reduces
switches and nudges β̄ downward (harder to move up), while
ηrel barely affects timing in this setup (Tables IV-V). Raising
hrel makes relaxation easier, increasing switch count (to 31)
and yielding modestly shorter tgoal in our runs (down to
34.4 s) with little effect on β̄ (Table VI). Making hup bigger
lowers both switches and β̄ (it takes more time for the system
to switch to a higher level) with negligible impact on tgoal
(Table VII). Overall, the results align with the supervisor
design: (i) temporal smoothing (large T , Thold) decrease
switching but risks slower completion; (ii) level thresholds
(hrel, hup, ηrel, ηup) primarily bias where the system spends
time in the level ladder, shifting the balance between envelope
tightness (β) and velocity cap vmax, with measurable but
secondary impact on tgoal in this environment.

TABLE II: E2 – Sensitivity of the risk-aware supervisor to the
progress-window length T .

T 1 5 25 50 75 100

tgoal 35.02 35.02 36.72 39.36 39.40 40.48
Nswitches 23 23 10 8 8 8
β̄ 91.29 92.88 94.79 94.82 94.69 93.90

TABLE III: E2 – Sensitivity of the risk-aware supervisor to
the hold time Thold.

Thold 1 5 25 50 75 100

tgoal 35.02 35.02 38.52 42.42 42.90 43.68
Nswitches 56 23 13 8 5 5
β̄ 93.63 92.88 89.38 88.86 86.78 85.50

TABLE IV: E2 – Sensitivity of the risk-aware supervisor to
the relax progress threshold ηrel.

ηrel 0.01 0.02 0.03 0.04 0.05

tgoal 35.74 35.02 35.02 35.02 35.02
Nswitches 21 23 23 25 24
β̄ 92.88 92.88 92.71 92.63 92.54

TABLE V: E2 – Sensitivity of the risk-aware supervisor to the
up progress threshold ηup.

ηup 0.03 0.05 0.07 0.09 0.11

tgoal 35.74 35.02 35.74 35.74 35.74
Nswitches 23 23 19 18 18
β̄ 93.06 92.88 92.67 91.99 91.72

TABLE VI: E2 – Sensitivity of the risk-aware supervisor to
the relax safety threshold hrel.

hrel 0.01 0.02 0.03 0.04 0.05

tgoal 35.02 35.02 35.74 34.40 34.40
Nswitches 21 23 21 31 31
β̄ 92.94 92.88 92.79 92.90 92.69

TABLE VII: E2 – Sensitivity of the risk-aware supervisor to
the up safety threshold hup.

hup 0.04 0.06 0.08 0.10 0.12

tgoal 35.74 35.02 35.74 35.02 35.02
Nswitches 23 23 13 11 11
β̄ 93.01 92.88 92.69 92.47 92.32

E3 – Effect of estimator noise
Short overview:

• Goal: effect of estimator noise magnitude on CALM-
CBFs.

• Design: R2 runs in the gap environment. The noise
is varied as σmax ∈ {0.1, 0.15, 0.2} (i.e. ϵmax ∈
{0.3, 0.45, 0.6}). Each run is done for the same seed,
leading to 3 runs.

• Metrics: ceff , M(x̂), true vs. estimated noise.
• Expectation: higher σmax increases ϵ̂, hence M , thus

increasing ceff (more conservative).
This experiment isolates how the estimator’s noise ceiling

σmax propagates into the safety margin and influences the
required effective clearance ceff . The results match the design:
larger σmax inflates M(x̂) over the entire trajectory (Fig. 12),
which increases ceff from 0.34 to 0.51 to 0.65m (Table VIII).
The noise traces (Fig. 11) show that the estimated noise σ̃⋆(x̂)
is bigger than σ(x) and shifts upward with σmax. Importantly,
only for σmax = 0.1 the robot reaches the goal; at 0.15 and
0.2, the obstacles are inflated too much, leading to a deadlock
even though the nominal path remains collision-free. Overall,
this experiment confirms that conservatism rises predictably
with estimator noise, but high σmax can eliminate traversability
in narrow gaps.

TABLE VIII: E3 – Effect of maximum noise σmax on required
effective clearance ceff . In these runs, the robot only reaches
the goal for σmax = 0.1.

σmax 0.10 0.15 0.20

ceff [m] 0.34 0.51 0.65



VII. DISCUSSION

Our original goal was to retain the measurement-robust CBF
(MR–CBF) safety guarantee while reducing the conservatism
that can cause deadlocks in traversable narrow passages. The
experimental results support this goal. In E1, localizing both
the error bound and the Lipschitz envelopes enables CALM–
CBF (R2) to pass significantly tighter gaps than the MR–CBF
baseline (R0), reducing the required effective clearance ceff
by 65.2% in the Gap environment and 68.5% in the Cluttered
environment, while remaining collision-free in all runs. At
the same time, intervention statistics show that R2 not only
opens narrower gaps but also yields milder and less frequent
corrections than R0.

From the perspective of the broader field, CALM–CBF can
be seen as a step toward combining the advantages of robust
and probabilistic CBF approaches. Classical robust methods
inflate the unsafe set with a global worst-case margin, ensuring
strict safety but often at the cost of conservatism. Probabilistic
methods relax this by allowing a small violation probability,
but rely on accurate distributional models and abandon worst-
case guarantees. Our framework keeps the robust MR–CBF
semantics as a reference point and introduces spatially adaptive
margins and a tunable risk level on top. The admissible
perception interface decouples the safety filter from a specific
estimator implementation, and the grid-based envelopes can
be precomputed as costmaps, making the method compatible
with existing planning and control modules.

At the same time, several limitations remain. First, all
experiments are conducted on 2D, holonomic, relative-degree-
one dynamics with static obstacles. This choice isolates the
effect of the margin mechanism, but many robotic sys-
tems are higher-order or nonholonomic. Extending the grid-
local/percentile idea to high-relative-degree CBFs and dy-
namic environments will require bounding additional deriva-
tive terms and accounting for admissible velocity and accel-
eration sets. Second, the perception model is synthetic and
Gaussian, with an engineered noise field; in practice, real
sensors may exhibit non-Gaussian errors, biases, or unmodeled
correlations. E3 highlights that large noise ceilings (σmax)
can remove traversability in narrow gaps, so the benefits of
CALM–CBF are constrained by estimator quality.

VIII. CONCLUSION

The main takeaway of this work is that MR–CBFs do
not have to rely on a single global worst-case margin: by
combining perception-driven error bounds, grid-local Lipschitz
envelopes, and a simple risk-aware supervisor, the MR–CBF
safety margin can be made spatially adaptive and tunable while
keeping the original CBF–QP structure. In our narrow-gap
and cluttered environments, this design allows CALM–CBF to
resolve deadlocks and maintain collision-free behavior. Con-
ceptually, this turns the safety margin from a fixed conservative
constant into a design knob that trades off caution against
speed in a controlled way.

A first direction of future work is to extend CALM–CBFs to
higher-order (r ≥ 2). For higher order systems, the envelopes

must bound terms such as Lfh, L2
fh, and LgLfh. Their

Lipschitz constants (e.g., LLfh, LL2
fh

, LLgLfh) depend on
admissible velocity/acceleration sets, not only position. A nat-
ural extension is to co-design the supervisor so that, in addition
to (β, vmax), it also selects dynamics-aware limits (e.g., amax)
and scales the corresponding constants consistently, preserving
feasibility without over-inflating margins. A second direction
could be to transfer CALM–CBFs to real-world systems.
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