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A B S T R A C T

Nonzero transverse energy flow, which describes phenomenon in which the energy flux of localized light
propagates in a plane perpendicular to the optical axis, has attracted enormous interest recently due to its
useful application in micromanipulation. We show that the appearance of transverse energy flow in the focal
plane of an aplanatic high numerical aperture focusing system is possible. We demonstrate our approach
by specially tailoring the input state of polarization. Calculations reveal that number of transverse energy
flow rings is controllable and depend on azimuthal index of the input field, thereby giving rise to tunable
manipulating locations in optical trapping.
. Introduction

The energy flow of the optical field is always interesting and im-
ortant, since it can be widely used in optical tweezers. In 1959,
ichards and Wolf found that a linearly polarized plane wave can
roduce a region of negative propagation of light when focusing in an
planatic high numerical aperture (NA) objective system, where a small
egative magnitude for the longitudinal projection of the Poynting
ector appears [1]. For the superposition of two Bessel beams with
ransverse electric (TE) and transverse magnetic (TM) polarizations,
he expression for the Poynting vector indicates that under special
onditions, light beam can propagate in the opposite direction of the
ptical axis [2]. For a tightly focused circularly polarized Laguerre-
aussian beam, it has been demonstrated that negative values of the

ongitudinal component of the Poynting vector can be found near the
ocus [3]. Using the Richards–Wolf formulas for an arbitrary circularly
olarized optical vortex with an integer topological charge m, Kotlyar
t al. built explicit expressions for all components of the electric and
agnetic field strength vectors near the focus, as well as expressions

or the energy density and for the components of the Poynting vector
n the focal plane. When 𝑚 = 2, they found that the energy flux
ear the optical axis propagates in the reversed direction, rotating
long a spiral around the optical axis [4]. Vector properties of light
re also considered in the formation of a negative energy flux, such
s cylindrical vector beams [5,6], which have locally linear states of
olarization and exhibit perfect circular symmetry in the beam cross
ection [7,8].

∗ Corresponding author at: School of Physics and Optoelectronic Engineering, Shandong University of Technology, Zibo 255000, China.
E-mail addresses: zsman@sdut.edu.cn (Z. Man), fushenggui@sdut.edu.cn (S. Fu).

In addition, there is current substantial interest in the transverse
energy flow that is, generating customized energy flux that suit specific
needs in practical applications [9–21]. As is known, the transverse
energy flows in the focal plane of the tightly focused linearly and cylin-
drically polarized plane waves are always zero [9,11–13,17], hence the
additional amplitude modulations should be introduced to generate and
redistribute the transverse Poynting vector [9]. In addition, the vortex
phase is also considered to manipulate the transverse components of the
Poynting vector [10,20,21]. A recent development in the field explored
the relation between transverse backflow and superoscillation [18].
Superoscillation is the phenomenon in which a band-limited signal
locally oscillates faster than its fastest Fourier component. Based on
a spectrally shifted suboscillatory function, Eliezer et al. constructed
a light beam made of the superposition of modes having negative
transverse momentum relative to a chosen axis of propagation and
observed transverse optical backflow [18].

In this work, we theoretically explore the hybrid polarization in-
duced transverse energy flow in the focal plane of a high NA focusing
system. We introduce a family of vector optical fields with local state
of polarization (SoP) exhibiting azimuthally-variant ellipticity. With
the help of vectorical diffraction method, we present the electric and
magnetic fields distributions of these beams focused by an aplanatic
high NA objective lens then analyze the transverse energy flow of the
focused field. It is shown that dark flower-like patterns on the axis
for both electric and magnetic fields can be obtained. Furthermore,
transverse energy flow appears in the focal plane, which is much
different from that of the optical fields with locally linear SoP such as
linearly and cylindrically polarized beams.
ttps://doi.org/10.1016/j.optcom.2020.126704
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2. Light beams with hybrid SoP and corresponding tight-focusing
analytical model

Polarization, as an intrinsic nature of light, plays an important role
in the interaction of light with matter. Poincaré sphere (PS) shown
in Fig. 1(a) is a simple and convenient geometric representation to
describe all possible fundamental SoPs of a light beam, where 𝑠1, 𝑠2
and 𝑠3 are the Stokes parameters of a point on PS in Cartesian coor-
dinate system while 2𝛩 and 2𝛷 denote, respectively, the latitude and
longitude angles of the point in spherical coordinate system. The poles
of the PS represent the optical spin angular momentum eigenstates,
i.e., the circular polarization. The equator denotes linear polarization,
and any intermediate point between the poles and equator is elliptical
polarization [22].

Apart from the homogeneous SoP, it is now known that light
also support spatially-variant SoP, such as radially and azimuthally
polarized beams. Theoretically, the SoP of any given polarized beam
can be described using a linear combination of a pair of orthogonal
base vectors with opposite phases. When referring to a light beam
with hybrid SoP, it can be represented in terms of orthogonal linearly
polarized unit vectors {𝐞̂1, 𝐞̂2} as [23–25]

𝑬 = 𝐴
[

exp (𝑖𝛿) 𝐞̂1 + exp (−𝑖𝛿) 𝐞̂2
]

, (1)

where A is the relative amplitude distribution; 𝛿 represents the relative
phase distributions of the unit vector that determines the polarization
distributions of the light 𝐄; the unit vectors 𝐞̂1 and 𝐞̂2 can be written as

𝐞̂1 = cos𝛷𝐞̂𝑥 + sin𝛷𝐞̂𝑦, (2)

𝐞̂2 = − sin𝛷𝐞̂𝑥 + cos𝛷𝐞̂𝑦, (3)

where 𝐞̂𝑥 and 𝐞̂𝑦 are the unit vectors along x and y axis, respectively.
Eqs. (2) and (3) represent a pair of orthogonal base vectors since
⟨𝐞̂1|𝐞̂2⟩ = 0, and the value of 𝛷 determines the pair of orthogonal
linear polarizations that act as the base vectors. Eq. (1) describes a
linear combination of orthogonal linearly polarized optical vortexes of
opposite topological charge. Factually, the function 𝛿 in Eq. (1) can
have all kinds of distributions in theory. Here, the most fundamental
case of 𝛿 = 𝑎𝜑 + 𝑐 is specially studied throughout this work, where a is
the azimuthal index of the variable 𝜑 and c is a constant. As examples,
igs. 1(b)–1(c) depict three kinds of hybridly polarized (HP) beams
ith (a, c) = (1, 0), (1, 𝜋/2), and (5, 0) when 𝛷 = −𝜋/4, respectively.
pparently, all these beams exhibit quite different polarization distri-
utions when compared with homogeneously polarized beams. First,
ny given point has a different SoP when located in different azimuthal
irections. Second, linear, circular, and elliptical SoPs are mixed in the
eam cross section.

Tight focusing is highly desirable, ranging from optical manipula-
ion to imaging, as well as optical storage, and so on. When the input
ield is described by Eq. (1), the electromagnetic field at any point P(𝑟𝑃 ,
𝜙𝑃 , 𝑧𝑃 ) near focus of an aplanatic high NA system can be expressed
as [1,26]
[

𝑬𝑃

𝑯𝑃

]

= −
𝑖𝑘𝑓
2𝜋 ∫

𝛼

0 ∫

2𝜋

0

√

cos 𝜃𝑙0(𝜃)𝐾(𝜑, 𝜃)

[

𝐕𝐸

𝐕𝐻

]

sin 𝜃𝑑𝜑𝑑𝜃, (4)

where k is the wavenumber and equals to 2𝜋∕𝜆, 𝜆 being the wavelength
in the image space; 𝛼 represents the semi-aperture angle and equals to
arcsin(NA/n), NA being the numerical aperture of the objective lens
and n the refractive index in the image space; 𝜑 and 𝜃 are, respectively,
azimuthal angle with respect to x axis in the objective space and polar
angle with respect to z axis; the function 𝑙0(𝜃), which denotes the
incident distribution, is considered as

𝑙0(𝜃) = exp
[

−𝛽2
( sin 𝜃
sin 𝛼

)2]

𝐽1
(

2𝛽 sin 𝜃
sin 𝛼

)

. (5)

ere, 𝛽 is the ratio of the pupil radius to the beam waist, 𝐽1 is the first
rder Bessel function of the first kind, and K(𝜑, 𝜃) is the propagation
actor in the image space given by

(𝜑, 𝜃) = exp
{

𝑖𝑘
[

−𝑟 sin 𝜃 cos
(

𝜑 − 𝜙
)

+ 𝑧 cos 𝜃
]}

. (6)
𝑃 𝑃 𝑃

2

n Eq. (2), 𝐕𝐸 and 𝐕𝐻 represent, respectively, the electric and magnetic
olarization vector in the tightly focused field, which derive from the
ontribution of polarization of the input beam. When the incident SoP
s described by Eq. (1), the corresponding focusing electromagnetic
olarization vectors are

𝐸 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑉 𝑥
𝐸

𝑉 𝑦
𝐸

𝑉 𝑧
𝐸

⎤

⎥

⎥

⎥

⎥

⎦

, (7)

𝑉 𝑥
𝐸 = [cos (𝛷 − 𝜑) cos 𝜃 cos𝜑 − sin (𝛷 − 𝜑) sin𝜑] exp [𝑖 (𝑎𝜑 + 𝑐)]

− [sin (𝛷 − 𝜑) cos 𝜃 cos𝜑 + cos (𝛷 − 𝜑) sin𝜑] exp [−𝑖 (𝑎𝜑 + 𝑐)]
, (8)

𝑉 𝑦
𝐸 = [cos (𝛷 − 𝜑) cos 𝜃 sin𝜑 + sin (𝛷 − 𝜑) cos𝜑] exp [𝑖 (𝑎𝜑 + 𝑐)]

− [sin (𝛷 − 𝜑) cos 𝜃 sin𝜑 − cos (𝛷 − 𝜑) cos𝜑] exp [−𝑖 (𝑎𝜑 + 𝑐)]
, (9)

𝑉 𝑧
𝐸 = [cos (𝛷 − 𝜑) sin 𝜃] exp [𝑖 (𝑎𝜑 + 𝑐)]

− [sin (𝛷 − 𝜑) sin 𝜃] exp [−𝑖 (𝑎𝜑 + 𝑐)]
, (10)

𝐻 =
√

𝜀
𝜇

⎡

⎢

⎢

⎢

⎢

⎣

𝑉 𝑥
𝐻

𝑉 𝑦
𝐻

𝑉 𝑧
𝐻

⎤

⎥

⎥

⎥

⎥

⎦

, (11)

𝑉 𝑥
𝐻 = [− sin (𝛷 − 𝜑) cos 𝜃 cos𝜑 − cos (𝛷 − 𝜑) sin𝜑] exp [𝑖 (𝑎𝜑 + 𝑐)]

− [cos (𝛷 − 𝜑) cos 𝜃 cos𝜑 − sin (𝛷 − 𝜑) sin𝜑] exp [−𝑖 (𝑎𝜑 + 𝑐)]
, (12)

𝑉 𝑦
𝐻 = [− sin (𝛷 − 𝜑) cos 𝜃 sin𝜑 + cos (𝛷 − 𝜑) cos𝜑] exp [𝑖 (𝑎𝜑 + 𝑐)]

− [cos (𝛷 − 𝜑) cos 𝜃 sin𝜑 + sin (𝛷 − 𝜑) cos𝜑] exp [−𝑖 (𝑎𝜑 + 𝑐)]
, (13)

𝑉 𝑧
𝐻 = [− sin (𝛷 − 𝜑) sin 𝜃] exp [𝑖 (𝑎𝜑 + 𝑐)]

− [cos (𝛷 − 𝜑) sin 𝜃] exp [−𝑖 (𝑎𝜑 + 𝑐)]
, (14)

here 𝜀 and 𝜇 are the electric permittivity and magnetic permeability,
espectively.

. Energy flow

In terms of the 3D electric and magnetic fields expressed by Eqs.
7)–(10) and (11)–(14), we now investigate the energy flow, which is
btained from a determination of the time-averaged Poynting vector [1,
7–29]

∝ Re
(

𝑬𝑃 ×𝑯∗
𝑃
)

, (15)

here the asterisk represents complex conjugation. Now, we can cal-
ulate the energy flux using Eqs. (1)–(15). For our focusing system, we
hose NA = 0.95, 𝑛 = 1, 𝜆 = 532 nm, 𝑓 = 1.6 mm, and 𝛽 = 1 in the

following calculations.
We first examine the focal distributions of the electromagnetic

fields. Fig. 2 gives normalized electric field intensity distributions in the
focal plane of two input HP beams with (a, c) = (1, 0) and (1, 𝜋/2), re-
spectively. Strangely, both these HP beams can generate square-shaped
patterns for the total fields, which are of course the vector sum of the
x, y and longitudinal components. In the case 𝑐 = 0, the longitudinal
component primarily contributes to the on-axis field, which results in
a flat-topped pattern for the total field. In the case c = 𝜋/2, however,
the distribution has multiple foci, with an on-axis null intensity for the
longitudinal component, which leads to an optical hollow distribution
for the total field. Fig. 3 depicts the corresponding magnetic field
intensity distributions in the focal plane for the aforementioned two

input beams. Interestingly, the magnetic fields for (a, c) = (1, 0) and
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Fig. 1. (a) Poincaré sphere representation for plane waves with arbitrary fundamental SoPs. (b) Polarization distributions of three HP beams with (a, c) = (1, 0), (1, 𝜋/2), and
(5, 0), respectively.
Fig. 2. Calculated electric field intensity distributions in the focal plane of tightly focused input fields with (a, c) = (1, 0) and (1, 𝜋/2) (upper and lower rows, respectively). From
left to right, the four columns show the x, y, and z components and the total field. The insets for each image depict the normalized intensity profiles along the x (green curve)
and the y axes (red curve), respectively. All intensity distributions are normalized to the maximum intensity in the focal plane for each input light mode.. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 3. Calculated magnetic fields intensity distributions in the focal plane of tightly focused input fields with (a, c) = (1, 0) and (1, 𝜋/2) (upper and lower rows, respectively).
From left to right, the four columns show the x, y, and z components and the total field. The insets for each image depict the normalized intensity profiles along the x (green
urve) and the y axes (red curve), respectively. All intensity distributions are normalized to the maximum intensity in the focal plane for each input light mode.. (For interpretation
f the references to color in this figure legend, the reader is referred to the web version of this article.)
1, 𝜋/2) are similar to the electric fields of input beam with (a, c) = (1,
/2) and (1, 0), respectively.
 t

3

Now we discuss the energy flow of the HP beams, in particular the
ransverse energy flow, which is useful in manipulating the absorptive
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Fig. 4. Energy flow distributions of the tightly focused input optical fields with (a,
c) = (1, 0) and (1, 𝜋/2) (left and right columns, respectively). The upper and lower
rows depict, respectively, the transverse and longitudinal energy flows. The direction of
the transverse energy flow is indicated by black arrows. The insets for the longitudinal
energy flow distributions depict the profiles along the x (green curve) and the y axes
(red curve), respectively. All energy flow distributions are normalized by the maximum
energy flow in the focal plane for each input light mode.. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

particle in optical tweezers. By calculations, we find that the transverse
energy flow always exists for the proposed HP beams, in contrast to
incident fields with locally linear SoP. The Poynting vectors of the
tightly focused fields in the focal plane when (a, c) = (1, 𝜋/2) and
(1, 0) are shown in Fig. 4. We can see in Figs. 4(a) and 4(c) that
when 𝑎 = 1, there are four transverse energy flow rings arising from
spin–orbit conversion [30,31], two of them are clockwise while the
other two are anticlockwise. Finally, the energy flows to two fixed
locations marked by green points, implying the absorptive particles can
be transported to different locations along different routes. In addition,
4

the polarization handedness changes 4 times per round when a = 1
shown in Fig. 1. And in Fig. 4, four respective singularity points are
depicted, around which the transverse energy flow rotates in different
directions. We can see from Figs. 4(b) and 4(d) that this method does
not allow obtaining a negative longitudinal component of the Poynting
vector [32].

The above investigations focus on the cases when the azimuthal
index of the HP beams equals to 1, and two fixed manipulating loca-
tions can be obtained. The SoP of the HP beams with a higher-order
azimuthal index of variable 𝜑 becomes more complicated. Fig. 5 shows
the calculated focal distributions of the total electric and magnetic
fields of tightly focused input fields with 𝑎 = 2, 3, 4, and 5 when 𝑐 = 0.
Obviously, they are non-uniform hollow intensity distributions with
dark flower-like patterns for both the electric and magnetic fields for all
the four higher-order HP incident beams. The corresponding transverse
and longitudinal components of the Poynting vectors for the above four
input fields are depicted in Fig. 6. It can be seen from the transverse
energy flow that the number of energy flow rings increases with the
increase of the azimuthal index a, which can be used to trap and
transport multiple absorptive particles in different routes. The number
of transverse energy flow rings is equal to 4a, and the number of fixed
manipulating locations (green points) is 2a, as shown in the upper row
in Fig. 6. By contrary, the longitudinal energy flow always exhibits a
single ring distribution, and the size of the longitudinal energy flow
ring will gradually increase as a increases.

As a increases, the transverse component of the Poynting vector
becomes stronger than the longitudinal component. This trend is shown
in Fig. 7, which show the ratio of the maximums of the transverse and
longitudinal components of the Poynting vector versus the azimuthal
index a when c = 0.

In addition to the wide range of academic interest and huge poten-
tial applications, the experimental realization of the proposed approach
is vital. In this method, the key is that the input field has a hybrid
state of polarization. Fortunately, great success has been achieved in
the creation of vector beams [33,34], in particular HP beams [23,35],
which provides a strong guarantee for the generation of transverse
energy flow.

4. Conclusions

To summarize, we demonstrated the appearance of the transverse
energy flow within the tightly focused field of HP beams. The proposed
Fig. 5. Calculated electric and magnetic fields intensity distributions in the focal plane of the total of tightly focused input fields with (a, c) = (2, 0), (3, 0), (4, 0), and (5,
0) (from left to right column, respectively). The upper and lower rows depict, respectively, the total electric and magnetic fields. The insets for each image are the normalized
intensity profiles along the x (green curve) and the y axes (red curve), respectively. All intensity distributions are normalized to the maximum intensity in the focal plane for each
input light mode.. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 6. Energy flow distributions of the tightly focused input optical fields with (a, c) = (2, 0), (3, 0), (4, 0), and (5, 0) (from left to right column, respectively). The upper
and lower rows depict, respectively, the transverse and longitudinal energy flows. The direction of the transverse energy flow is indicated by black arrows. The insets for the
longitudinal energy flow distributions depict the profiles along the x (green curve) and the y axes (red curve), respectively. All energy flow distributions are normalized by the
maximum energy flow in the focal plane for each input light mode.. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)
Fig. 7. Ratio of the maximums of the transverse and longitudinal components of the
Poynting vector versus the azimuthal index a when c = 0.

ethod require that the input beam has a hybrid state of polarization,
hich is more complexed compared with other polarization beams,
owever, no other additional amplitude or phase modulations are
eeded. With the help of Richards–Wolf vectorial method, we presented
n analytical model for the high NA focusing system to evaluate all
hree components of the electric and magnetic field strengths and
oynting vector in the focal region. By numerically calculating the
nergy density and energy flux in the focal plane of an aplanatic optical
ystem based on our theoretical model, we demonstrated that dark
lower-like patterns on the axis for both electric and magnetic fields
an be obtained. Furthermore, there is obvious transverse energy flow
or the input HP beams, which is much different from that of the optical
ield with locally linear SoP such as linearly and cylindrically polarized
eams, where no transverse energy flow can be found. This work
ot only broadens the structured optical fields, but also has potential
pplications including optical fabrication and micromanipulation.
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