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Abstract In this paper, we develop a vibrating string
model to describe the oscillations within a bio-mimetic
movable pulley actuator, where transmission point dis-
turbances can induce resonances, and so jeopardise
system performance. The dynamics of longitudinal
axial vibrations are formulated by a wave equation on
a slowly time-varying spatial domain with a moving
mass and a small harmonic disturbance at the mass-
point. Due to the slow spatial domain variation, a sin-
gular perturbation problem arises. Utilizing the semi-
group method, we establish the existence and unique-
ness of the system’s solution. Through an averaging
technique and an interior layer analysis, we construct
formal asymptotic approximations for the solution.Our
findings reveal that, for specific disturbance frequen-
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cies, many oscillation modes jump up from small order
ε amplitudes to those of order

√
ε. To suppress the

resonances, we introduce viscous damping of varying
orders. By employing multiple time-scales perturba-
tion methods, we demonstrate that different orders of
the viscous damping produce distinct anti-resonance
results. Lastly, numerical simulations validate both the
accuracy of our analytical results and the efficacy of
the anti-resonance strategies employed.

Keywords Resonance · Longitudinal axial vibra-
tions · Time-varying spatial domain · Semigroup ·
Perturbation methods

Mathematics Subject Classification 34C05 · 34C15 ·
34C30 · 34E05 · 34E10

1 Introduction

Bio-mimetic systems have gained widespread appli-
cation in robotics, encompassing military operations,
assistance for individuals handling heavy objects,
and support for those with disabilities [20,28,29].
To address the demands for lightweight, compact
designs, operational safety, and everyday portability,
researchers have incorporated Series Elastic Actua-
tors (SEAs) into their designs. These actuators enable
energy to be stored in a spring, which can then be
released as needed [17,22]. For applications requiring
both high speed and substantial force, a Dual-Motor
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Fig. 1 a Operation
principle of series elastic
actuators in bio-mimetic
systems, b The longitudinal
vibrating string with
time-varying string length
and a mass in a movable
pulley

System utilizing a Movable Pulley with Series Elastic
Actuators (DuMPs) has been proposed, as illustrated
in Fig. 1a. This system comprises a movable pulley,
moving strings, a series of spring connections, and
two motors (denoted as pulley 1 and pulley 2), with
one motor dedicated to generating large forces and the
other to achieving high speeds [18]. Within this config-
uration, the inherent stretchability and contractility of
the moving strings can induce mechanical vibrations.
When these strings are excited by unavoidable exter-
nal disturbances, the vibrations can escalate into reso-
nance, leading to significant deformations and potential
catastrophic failures [1,4,19]. To ensure safe working
conditions, it is imperative to investigate how exter-
nal excitations influence the vibration behaviors of the
strings in DuMPs, as well as how to develop strategies
for mitigating or eliminating the resulting resonances.

The vibration dynamics of the DuMPs, as illustrated
in Fig. 1a, can be characterized as a resonance problem
triggered by external disturbances in an axially moving
system with a time-varying length.

The time-varying length significantly influences the
dynamic characteristics of the compliant string sys-
tems, complicating the analysis of resonance and vibra-
tion suppression. To tackle these challenges, numer-
ous researchers have dedicated their efforts to studying
the transversal displacements of axially moving sys-
tems subject to classical boundary conditions. Sandilo
and van Horssen [21] explored auto-resonance phe-
nomena in a space time-varying mechanical system
with amovingDirichlet boundary condition. Gaiko and
van Horssen [7] investigated transverse vibrations of a

traveling string subjected to a moving Dirichlet bound-
ary condition with boundary damping, and further dis-
cussed resonances and vibrations in an elevator cable
system due to boundary sway in [8]. Chen et al. [3]
analyzed vibration responses of an axially translating
string of fixed length under classical mixed boundary
conditions, and in [2], they studied energy dissipation
and exchange in a traveling string with fixed bound-
aries. Wang et al. [16] proposed a vibration suppres-
sion mechanism by using a nonlinear energy sink in
a cable under harmonic loading. Gugat [9] considered
an optimal control problem in a moving finite string,
subject to homogeneousDirichlet boundary conditions.
Recently, researchers have begun to study longitudi-
nal vibrations of axially moving systems subjected to
moving nonclassical boundary conditions. Wang et al.
[27] presented a coupled dynamic model for a flexi-
ble guiding hoisting system and numerically simulated
the system’s response. Crespo et al. [5] introduced a
numerical simulation of a stationary high-rise elevator
system. Wang et al. [24] investigated axial vibration
suppression in a partial differential equation model for
an ascending mining elevator cable system.

Note that these studies on longitudinal vibrations
mentioned above primarily emphasize numerical sim-
ulations rather than mathematical analyses. Compared
to systems with classical boundary conditions, the ana-
lytical investigation of axially moving systems with
moving nonclassical boundary conditions presents a
significant research challenge. Traditional analytical
methods, such as the method of separation of variables,
the (equivalent) Laplace transformmethod, and pertur-
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bation methods, are usually not straightly applicable
to these problems. Consequently, there is a need to
develop or adapt analytical methods to address these
types of problems from a mathematical perspective.
Wang and van Horssen [25] studied longitudinal oscil-
lations in a vertically moving string subject to non-
classical boundary conditions for a flexible hoisting
system, and further considered resonances of trans-
verse and longitudinal oscillations in a hoisting sys-
tem due to boundary excitations in [26]. Based on
these results, this paper focuses on a longitudinal reso-
nance phenomenon in DuMPs with time-varying non-
classical boundary conditions, particularly emphasiz-
ing the well-posedness of the dynamic solution and
anti-resonance strategies, which have received limited
attention in the literature to date. While our model was
initially motivated by bio-mimetic pulley actuators, its
underlying dynamics governed by the wave equation
with moving boundaries and harmonic disturbances
capture the vibration behavior (resonance) of a broader
class of axially moving elastic transmission systems.
These include: rope driven cranes, tendon-sheath drive
system, linear motor flexible coupling, etc. The key
conclusion arises from the relationship between the
perturbation energy input, the dynamic behavior of the
solution, and the damping dissipation.

The contributions of this paper include:

– The proposed longitudinal vibration dynamics of
the DuMPs in bio-mimetic systems can be for-
mulated as a novel coupled axially moving string
system with a time-varying length and a moving
mass transmission condition. Also, from a practi-
cal point of view, the resonance phenomenonwhich
is caused by external impacts in the mass-point, is
described and analyzed in detail;

– The well-posedness of the solution for the axially
moving string system is proved by a semigroup
method. It can also be a supplement to the well-
posedness theory for time-varying spatial domain
systems;

– We integrate and develop three classic analysis
methods (an adapted version of the method of sep-
aration of variables, the method of averaging, and
singular perturbation techniques) together to per-
form an interior layer analysis of the proposed axi-
ally moving string problem, and construct formal
asymptotic approximations of the solutions (reso-
nance results);

– To the best of our knowledge, there are few results
reported in the literature on how different orders
of viscous damping influence the resonances (and
solution behavior) of axially moving systems.

The rest of this paper is organized as follows. Section
2 presents a dynamic model of movable pulley. Section
3 establishes the well-posedness of the problem. Sec-
tion 4 derives an accurate, analytical approximate solu-
tions of the problem. Section 5 proposes anti-resonance
strategies to eliminate the resonance. Section 6 pro-
vides numerical approximations. Section 7 concludes
the work.

2 Problem formulation and preliminaries

A schematic diagram ofDuMPs is illustrated in Fig. 1a.
The spring is connected to the lower end of themovable
pulley, generating an elastic force. This force propa-
gates through the string to the movable pulley, acting
directly on its rotational axis. To focus on longitudinal
rope vibrations, we simplify this configuration to the
mass-boundary system, i.e., by considering the spring
connection as a mass, we obtain a simplified vibration
model of an axially moving string with a moving mass,
where the small disrurbance e(t) is supposed to be gen-
erated in the mass end, and the string in (0, l(t)) and
(l(t), 2l(t)) lets themass run up and down (see Fig. 1b).
We assume that: (1)The string is inextensible. (2) The
weight of the string and the movable pulley are negligi-
ble compared to the attached mass. Employing Hamil-
ton’s principle and through the derivation and simplifi-
cation, the longitudinal vibration dynamics u(x, t) can
be formulated as:
⎧
⎪⎨

⎪⎩

ρ(utt + 2vuxt + v2uxx ) − E Auxx = 0,

0 < x < l(t), l(t) < x < 2l(t),

u(0, t) = 0, u(2l(t), t) = 0, t > 0,

(1)

where v(x) =
{

v1, 0 < x < l(t),

−v1, l(t) < x < 2 l(t),
the trans-

mission conditions at the mass point x = l(t) with
disturbance are obtained as:
⎧
⎪⎨

⎪⎩

E A
[
ux (l(t)+, t)−ux (l(t)−, t)

]

= [
m(utt +2vuxt +v2uxx )

]

x=l(t) + e(t),

u(l(t)−, t) = u(l(t)+, t), t > 0,

(2)
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and the initial conditions u(x, 0) = u0(x), ut (x, 0) =
u1(x), 0 ≤ x ≤ 2l0. l(t) describes the time-varying
length of the movable pulley, l0 is the initial string
length, v1 denotes the longitudinal velocity of the string
in (0, l(t)), ρ is the mass density of the string, m is
the mass of the object, E A is the longitudinal stiff-
ness, where E is Young’s elasticity modulus, A is the
cross-sectional area of the string, e(t) is the longitudi-
nal fundamental excitation at the middle point of the
string. For the parameter v1,the function e(t) and the
material properties, we make the following reasonable
assumptions:

– The longitudinal velocity v1 = εv0 is constant and

small compared to nominal wave velocity
√

E A
ρ
,

i.e., l(t) = l0 + εv0t ;
– The oscillation amplitude e(t) is O(ε). We aim to
get the resonance results induced by a small exter-
nal force, e(t) = β sin(αt) with β = εβ0;

– The initial conditions are for simplicity the same,
that is, u0(x) = O(ε), and u1(x) = O(ε) for 0 ≤
x ≤ l(t), and for l(t) ≤ x ≤ 2l(t);

– ε is a small parameter with 0 < ε << 1.

To simplify the formulation of the problem, by using
the Buckingham π -theorem [7], the initial-boundary
value problem of the longitudinal motion in non-
dimensional form then becomes:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

utt − uxx = −2vuxt − v2uxx , 0 < x < l(t),

l(t) < x < 2l(t),

u(l(t)−, t) = u(l(t)+, t),
[
utt + 2vuxt + v2uxx

]

x=l(t)
− ρL

m
[
ux (l(t)+, t)

−ux (l(t)−, t)
] = −e(t),

u(0, t) = 0, u(2l(t), t) = 0, t > 0,

u(x, 0) = u0(x), ut (x, 0) = u1(x), 0 ≤ x ≤ l0,

l0 ≤ x ≤ 2l0,

(3)

where m, ρ, α, β, L and l0 are positive constants.
To convert the time-varying spatial domain [0, l(t)]

to a fixed domain [0, 1], we can set ξ = x
l(t) and

ds
dt =

1
l(t) (l(t) = l̂(s) = l0eεv0s), then

u(x, t) =
{
W1(ξ, s), ξ ∈ [0, 1],
W2(2 − ξ, s), ξ ∈ (1, 2], (4)

where W1 satisfy the following equation:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W1,ss−W1,ξξ=ε
[
v0l̂(s)W1,s+2v0(ξ−1)W1,ξs

]

−ε2
[
v20(ξ−1)2W1,ξξ+2v20(ξ−1)W1,ξ

]
,

0 < ξ < 1, s > 0,

W1(0, s) = 0, s > 0,

W1,ss(1, s) + 2ρLl̂(s)
m W1,ξ (1, s) − εv0l̂(s)W1,s(1, s)

= −εl̂2(s)ē(s), s > 0,

W1(ξ, 0) = W1,0(ξ), W1,s(ξ, 0) = W1,1(ξ),

0 ≤ ξ ≤ 1,

(5)

and l̂(s) = l0eεv0s, ē(s) = β0 sin(
αl0
εv0

(eεv0s − 1)).
Since the vibration displacements u(x, t) in (0, l(t))
and (l(t), 2l(t)) are symmetrical, W1 and W2 satisfy
the same equation.

Now the original problem (3) has been simplified
to a more solvable form (5). The presence of a time-
varying coefficient in the boundary condition can lead
to a singular perturbation problem. In the following
sections, our objective is to prove the well-posedness
of the problem (5) and to construct analytical approxi-
mations of the solution of problem (5) on a time-scale
of order 1

ε
.

3 The well-posedness of the problem

This section is devoted to studying the well-posedness
of problem (5), which contains a wave PDE and a
second-order derivative in one of the boundary con-
ditions. To facilitate our analysis, let us introduce a
new variable: X (s) = W1,s(1, s), s > 0. Then, we
rewrite the second-order boundary condition at ξ = 1
in problem (5) as:
⎧
⎪⎨

⎪⎩

Ẋ(s) − εv0l̂(s)X (s) + 2ρLl̂(s)
m W1,ξ (1, s)

= −εl̂2(s)ē(s), s > 0,

W1,s(1, s) = X (s), s > 0, X (0) = W1,0(1).

(6)

Introduce the space H1∗ (0, 1) := { f ∈ H1(0, 1)
| f (0) = 0}, where H1(0, 1) is the usual Sobolev space.
Let the state space be

H =
(
H1∗ (0, 1) × L2(0, 1) × R

)
(7)

equipped with the inner product: for U = (ϕ, ψ, z)T

and Ũ = (ϕ̃, ψ̃, z̃)T inH,

〈U, Ũ 〉H =
∫ 1

0
ϕξ ϕ̃ξdξ +

∫ 1

0
ψψ̃dξ + m

2ρLl̂(s)
zz̃.

(8)

Obviously, (H, 〈·, ·〉H) is a real Hilbert space. Define
the operator A(s) with A(s)U equals to
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⎛

⎜
⎝

ψ

ϕξξ + ε
[
v0l̂(s)ψ + 2v0(ξ − 1)ψξ

]
− ε2

[
v20(ξ − 1)2ϕξξ + 2v20(ξ − 1)ϕξ

]

εv0l̂(s)z − 2ρLl̂(s)
m ϕξ (1)

⎞

⎟
⎠ ,

and

D(A(s)) :=
{

(ϕ, ψ, z)T ∈ H | ϕ ∈ H2(0, 1),
ψ ∈ H1∗ (0, 1), z ∈ R, z = ψ(1)

}

,

for any U = (ϕ, ψ, z)T ∈ D(A(s)). Then, system (5)
and (6) can be written into an evolution equation inH:
{
U̇ (s) = A(s)U (s) + F(s), s > 0,

U (0) = U0 = (
W1,0(ξ),W1,1(ξ),W1,0(1)

)T
,

(9)

where U (s) = (ϕ, ψ, z)T and F(s) =
(
0, 0,−εl̂2(s)

ē(s))T .
The following lemma gives an important result on

the existence and uniqueness of solutions (see [14, The-
orem 1.9] and also [15, Theorem 2.13]), which will be
employed in this work.

Lemma 1 Assume that

1. Y = D (A(0)) is a dense subset of H,
2. D (A(s)) = D (A(0)) , ∀s > 0,
3. for all s ∈ [0, T ],A(s) generates a strongly contin-

uous semigroup onH and the familyA = {A(s)|s ∈
[0, T ]} is stable with stability constants C and r
independent of s (i.e., the semigroup (Ss(ŝ))ŝ≥0 gen-
erated by A(s) satisfies ‖Ss(ŝ)u‖H ≤ Cerŝ‖u‖H,
for all u ∈ H and ŝ ≥ 0),

4. ∂sA(s) belongs to L∞∗ ([0, T ], B(Y,H)), which
is the space of equivalent classes of essentially
bounded, strongly measurable functions from [0, T ]
into the set B(Y,H) of bounded linear operators
from Y into H.

Then, problem
{
U̇ (s) = A(s)U (s), s > 0,

U (0) = U0,
(10)

has a unique U ∈ C ([0, T ],Y ) ∩ C1 ([0, T ],H) for
any initial data in Y .

In order to prove the existence and uniqueness of the
solution to Eq. (9), we first consider the specific case
where F(s) = 0. Introduce the following newoperator:
Ã(s) = A(s) − I, s ≥ 0.

Lemma 2 For any initial data U0 ∈ H, there exists a
unique solution Ũ satisfying Ũ ∈ C([0,+∞),H) for
problem
{ ˙̃U (s) = Ã(s)Ũ (s), s > 0,

Ũ (0) = U0.
(11)

Moreover, if U0 ∈ D (A(0)), then Ũ (s) ∈ C([0,+∞),

D(Ã(0))) ∩ C1 ([0,+∞),H) .

Proof It is sufficient to verify the conditions (1)-(4)
in Lemma 1 for problem (11). It is worth noting that
the conditions (1) and (2) stated in Lemma 1 can be
readily verified for the operator Ã(s), since the domain
of the operator A(s) is not dependent on time s, i.e.,
D(Ã(s)) = D (A(s)) = D (A(0)) , ∀s > 0. In the
following, we divide the proof into two parts to verify
the conditions (3) and (4), respectively.

Part I. Verification of condition (3) in Lemma 1.
Step 1. Ã(s) is dissipative.
Indeed, take U = (ϕ, ψ, z)T ∈ D(Ã(s)), i.e. U ∈

D(A(s)), then

〈A(s)U,U 〉H
=
∫ 1

0
ψξϕξdξ

+
∫ 1

0
ϕξξψdξ−2ρLl̂(s)

m
ϕξ (1)z+O(ε) · ‖U‖H

= O(ε) · ‖U‖H < ‖U‖H, (12)

which means that operator Ã(s) is dissipative.
Step 2. Operator λI − Ã(s) is surjective for any

λ > 0 and s > 0.
Indeed, for any given G = (g1, g2, g3)T ∈ H, we

consider the solvability of equation (λI − A(s))U =
G, U ∈ D(A(s)), i.e.,
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

λϕ − ψ = g1,

λψ − ϕξξ −ε
[
v0l̂ψ +2v0(ξ − 1)ψξ

]

+ε2
[
v20(ξ − 1)2ϕξξ +2v20(ξ − 1)ϕξ

]= g2,

λz − εv0l̂ z + 2ρLl̂(s)
m ϕξ (1) = g3.

By substituting the first equation into the second equa-
tion, we obtain the solution for ϕ, then by substituting
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the solution for ϕ into the third equation, we obtain the
solutionU ∈ D(A(s)). Hence, the operator λI −A(s)
is surjective for any λ > 0 and s > 0. Again, we also
obtain that λI − Ã(s) = (λ + 1)I −A(s) is surjective
for any λ > 0 and s > 0.

Step 3. There exists a positive constant c such that

‖U‖s
‖U‖r ≤ ec|s−r |, ∀s, r ∈ [0, T ], (13)

where U = (ϕ, ψ, z)T . Indeed, for all s, r ∈ [0, T ],
we have

‖U‖2s − ‖U‖2r e2c|s−r |

=
(
1 − e2c|s−r |)

∫ 1

0

(
ϕ2

ξ + ψ2
)
dξ

+ m

2ρLl0

(
e−εv0s − e−εv0r+2c|s−r |) z2. (14)

Note that when c > 0, we get 1 − e2c|s−r | < 0, if
choosing c = εv0

2 , we have eεv0(r−s) ≤ e2c|s−r |, which
proves (13).

Part II. Verification of the condition (4) in Lemma 1.
By direct computation, we obtain that

d

ds
A(s)U =

⎛

⎜
⎝

0
ε2v20 l̂(s)ψ

ε2v20 l̂(s)z − 2ερLv0 l̂(s)
m ϕξ (1)

⎞

⎟
⎠ . (15)

Note that the vector in the right side of equation (15)
is bounded on [0, T ], therefore, d

dsA(s) is bounded on
[0, T ], that is,
d
ds Ã(s) ∈ L∞∗ ([0, T ], B(D(A(0)),H)), in which
L∞∗ ([0, T ], B(D(A(0)),H)) is the space of equivalent
classes of essentially bounded and stronglymeasurable
functions from [0, T ] into the set B(D(A(0)),H) of
bounded linear operators fromD(A(0)) intoH. There-
fore, the conditions (1)-(4) in Theorem 1 for problem
(11) are verified. 
�

Now, we are in the position to prove the existence
and uniqueness of solutions to problem (9). We have
the following result.

Theorem 1 [Well-posedness]For any initial condition
U0 ∈ H, there exists a unique solution U satisfying
U ∈ C([0,+∞),H) for problem (9). Moreover, if
U0 ∈ D(A(0)), then

U (s) ∈ C([0,+∞),D(A(0))) ∩ C1([0,+∞),H).

Proof By Lemma 2, for U0 ∈ H, problem (11) has
a unique solution Ũ (s) ∈ C([0,+∞),D(Ã(0))) ∩

C1([0,+∞),H). Thus, the solution to problem (9)
with F(s) = 0 is given by

U (s) = esŨ (s).

Indeed, we have Us(s) = esŨ (s) + esŨs(s) =
es(I + Ã(s))Ũ (s) = A(s)U (s). Further, since F(s) ∈
C[0, T ], for any initial conditionU0 ∈ D(A(0)), there
exists a unique solution for problem (9):

U (s) = e
∫ s
0 A(s̄)ds̄U (0) +

∫ s

0
e
∫ s
ζ A(s̄)ds̄ F(ζ )dζ, (16)

which belongs to ∈ C([0,+∞),D(A(0))) ∩ C1

([0,+∞),H). 
�

4 Approximate solutions

4.1 The adapted method of separation of variables

In order to make the method of separation of variables
applicable to problem (5), we reformulate the bound-
ary condition at ξ = 1, and use the transformation:

W1(ξ, s) = W̃1(ξ, s) − ε
ml̂(s)
2ρL ξ ē(s), then the problem

for W̃1 can be written as:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W̃1,ss−W̃1,ξξ =ε
[
v0l̂ W̃1,s+2v0(ξ − 1)W̃1,ξs

]

+ε
mα4 l̂3(s)

2ρL ξ ē(s)

+O(ε2), 0 < ξ < 1, s > 0,

W̃1(0, s) = 0, s > 0,

W̃1,ξξ (1, s) + 2ρLl̂(s)
m W̃1,ξ (1, s) = 0, s > 0,

W̃1(ξ, 0) = W̃1,0(ξ), W̃1,s(ξ, 0) = W̃1,1(ξ),

0 ≤ ξ ≤ 1.

(17)

It should be noted that l̂(s) = l0eεv0s . By defin-
ing a slow time variable τ = εs, and by letting
T (s, τ )X (ξ, τ ) be a nontrivial solution of (17), we have
the following lemma:

Lemma 3 Let W̃1(ξ, s) be the solution of problem
(17), then we have

W̃1(ξ, s) =
∞∑

n=1

T̃n(s) sin(λn(τ )ξ), (18)

where τ = εs, λn(τ ) is the n-th positive root of

tan(λn(τ )) = −2ρLl̄(τ )

m

1

λn(τ )
, l̄(τ ) = l0e

v0τ ,

(19)
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and the following initial value problemmust be satisfied
with respect to T̃k(s),
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

T̃k,ss + λ2k(τ )T̃k = εv0l̄ T̃k,s

−2
∑∞

n=1 ε
(
c1n,k(τ )

dλn(τ )
dτ − v0c2n,k(τ )

)
T̃n,s

−εβ0dk(τ ) sin
(

αl0
εv0

(eεv0s − 1)
)

+ O
(
ε2
)
,

T̃k(0) = Fk, T̃k,s(0) = Gk,

(20)

where Fk = O(ε), Gk = O(ε), and

c1n,k(τ ) =
∫ 1
0 σ(τ, ξ)ξ cos(λn(τ )ξ) sin(λk(τ )ξ)dξ

∫ 1
0 σ(τ, ξ) sin2(λk(τ )ξ)dξ

,

c2n,k(τ ) = λn(τ )
∫ 1
0 σ(τ, ξ)(ξ−1) cos(λn(τ )ξ) sin(λk(τ )ξ)dξ

∫ 1
0 σ(τ, ξ) sin2(λk(τ )ξ)dξ

,

dk(τ ) =
∫ 1
0 σ(τ, ξ)

(
1 + ξ2α2 l̄2

2

)
sin(λk(τ )ξ)dξ

∫ 1
0 σ(τ, ξ) sin2(λk(τ )ξ)dξ

, (21)

and σ(τ, ξ) = 1− m
2ρLl̄(τ )

δ(ξ − 1) (with δ(ξ − 1) = 0

for ξ �= 1, and
∫ 1
0 δ(ξ − 1)dξ = 1

2 ).

The solution of the linear ordinary differential equa-
tion (20) with the slowly varying frequencies λk(τ ) as
given by (19) can be approximated by using the averag-
ingmethod in the following subsections. For themotion
resonance described by the ordinary differential equa-
tion subject to periodic excitations, Kandil in [11] pro-
vides the approximate solutions to the coupled blade’s
equations of motion by the multiple time-scales pertur-
bation method, based on which, he analyses response
curves of the system. In [10] he further explores the
effects of beam parameters on the nonlinear dynami-
cal behavior of such beams, and plots different response
curves by themultiple time-scales perturbationmethod
andRouth–Hurwitz criterion. Formore coupled or non-
linear modeling with external excitations we refer to
[6,12,13]. The above literature focuses on constant fre-
quencies in time, whereas time-dependent frequencies
in (19) pose greater challenges. By an interior layer
analysis (including a rescaling and balancing proce-
dure), the slowly varying frequencies λk(τ ) turn out to
lead to many resonance manifolds.

4.2 Resonance time

Let us introduce the following standard Liouville-
Green transformations: φk(s) = ∫ s

0 λk(εs̄)ds̄ and � =

αl0
εv0

(ev0τ − 1), and according to an adapted version of
the Lagrange variation of constantsmethod, we assume
that T̃k(s) and the derivative T̃k,s(s) can be described
by Ak(s), Bk(s) in the following way:

T̃k(s) = Ak(s) sin(φk(s)) + Bk(s) cos(φk(s)),

T̃k,s(s) = λk(τ )Ak(s) cos(φk(s))

−λk(τ )Bk(s) sin(φk(s)). (22)

Then, by substituting (22) into problem (20), we obtain
the following problem (where the dot “·” represents the
differentiation with respect to s):
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Ȧk = Ãk(s) + ε
β0dk (τ )
2λk (τ )

(sin(� + φk) + sin(� − φk)),

Ḃk = B̃k(s) + ε
β0dk (τ )
2λk (τ )

(cos(� + φk)

− cos(� − φk)),

τ̇ = ε, �̇ = αl0ev0τ , φ̇k = λk(τ ),

(23)

where

Ãk(s) = 1

2
εv0l̄

[Ak(s)(cos(2φk(s)) + 1) − Bk(s) sin(2φk(s))]
+ ε

dλk(τ )

dτ

1

2λk(τ )

[Bk(s) sin(2φk(s)) − Ak(s)(cos(2φk(s)) + 1)]
−εηk,k(τ )

[Ak(s)(cos(2φn(s)) + 1) − Bk(s) sin(2φk(s))]
−2ε

∑

n �=k

λn(τ )

λk(τ )
ηn,k(τ )

[An(s) cos(φn(s)) cos(φk(s))

−Bn(s) sin(φn(s)) cos(φk(s))],
B̃k(s) = −1

2
εv0l̄

[Ak(s) sin(2φk(s)) − Bk(s)(1 − cos(2φk(s)))]
+ε

dλk(τ )

dτ

1

2λk(τ )

[Ak(s) sin(2φk(s)) − Bk(s)(1 − cos(2φk(s)))]
+εηk,k(τ )

[Ak(s) sin(2φk(s)) − Bk(s)(1 − cos(2φn(s)))]
+2ε

∑

n �=k

λn(τ )

λk(τ )
ηn,k(τ )

[An(s) cos(φn(s)) sin(φk(s))

−Bn(s) sin(φn(s)) sin(φk(s))],
and ηn,k(τ ) = c1n,k(τ )

dλn(τ )
dτ −v0c2n,k(τ ). Resonance in

(23), can be expected when �̇−φ̇k ≈ 0, or �̇+φ̇k ≈ 0.
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But, since αl0ev0τ and λk(τ ) > 0, resonance only will
occur when

αl0e
v0τ ≈ λk(τ ), τ > 0. (24)

Since λk(τ ) satisfies (19), that is, tan(λk(τ )) =
− 2ρLl0ev0τ

m
1

λk (τ )
, it follows that resonance occurs when

λk ≈ arctan(−2ρL

αm
) + (k − 1)π, k = 1, 2, ..., (25)

corresponding to the manifold τ around τk with

τk = 1

v0
ln

(
arctan(− 2ρL

αm ) + (k − 1)π

αl0

)

,

λk ≥ αl0, k = 1, 2, ... (26)

Thus, from (26) and τk = εsk , we can conclude
that the resonance time of problem (20) is τk

ε
, that is,

resonance occurs around the time τk
ε
, and according

to the expression for τk , we also can conclude that no
matter what the frequency of external force is, there
will be many resonance manifolds.

4.3 Resonance zones and approximate solutions

Theorem 2 [Asymptotic approximations] Let
W1(ξ, s) be the solution of problem (5), then the explicit
approximations of W1(ξ, s) on long time-scales can be
constructed as follows:

W1(ξ, s) =
∞∑

k=1

√
εMk

[(sin( αl0
εv0

(eεv0sk − 1))CFr (s, sk)

+ cos(
αl0
εv0

(eεv0sk − 1))SFr (s, sk))

sin(
∫ s

sk
λk(εs̄)ds̄)

(− cos(
αl0
εv0

(eεv0sk − 1))CFr (s, sk)

+ sin(
αl0
εv0

(eεv0sk − 1))SFr (s, sk))

cos(
∫ s

sk
λk(εs̄)ds̄)] sin(λk(εs)ξ)

+O(ε), 0 < ξ < 1, (27)

where sk = τk

ε
, τk is given by (26), λk(τ ) satisfies (19),

and

Mk = ᾱβ0dk(τk)

2λk(τk)
, ᾱ =

√
2

μ
, β̄ =

√
μ

2
,

μ = mv0λ
3
k(τk)

mλ2k(τk) − ρLl̄(τk) cos2(λk(τk))
�= 0,

CFr (s, sk) =
∫ √

εβ̄(s−sk )

−√
εβ̄sk

cos(u2)du, SFr (s, sk)

=
∫ √

εβ̄(s−sk )

−√
εβ̄sk

sin(u2)du. (28)

Proof Outside the resonance manifold, we can aver-
age the right-hand side of the equations in (23) over
φk and � while keeping Ak and Bk fixed [23]. Note
that Ãk(s) and B̃k(s) are slowly varying, therefore they
will not average out. The last terms of the first and sec-
ond equations in (23) are fast varying terms outside the
resonance manifolds, they will average out. Thus, the
averaged equation for Ak now becomes

Ȧa
k =

[
1

2
εv0l̄ − εc1k,k(τ )

dλk(τ )

dτ

+εv0c
2
k,k(τ ) − ε

dλk(τ )

dτ

1

2λk

]

Aa
k , (29)

where the upper index a indicates that this is the aver-
aged function, and Ba

k satisfies the same equation. We
then obtain

Aa
k (s) = Gk

λk(0)
e− ∫ τ

0 ζ(�)d�, Ba
k (s) = Fke

− ∫ τ
0 ζ(�)d�,

ζ(τ ) = 1

2
v0l̄ − c1k,k(τ )

dλk(τ )

dτ

+v0c
2
k,k(τ ) − dλk(τ )

dτ

1

2λk
, (30)

where the initial conditions Gk = O(ε), Fk = O(ε)

are given in (20). Hence, outside the resonance mani-
fold the solution of system (20) can be obtained as:

T̃k(s) = Gk

λk(0)
e− ∫ εs

0 ζ(�)d� sin(φk(s))

+Fke
− ∫ εs

0 ζ(�)d� cos(φk(s)), (31)

where s = O( 1
ε
), based on which, we observe that

outside the resonance zone T̃k(s) remains order ε.
To study the behavior of the solution in the resonance

zone, we introduce ψ = �(t) − φk(t) and rescale τ −
τk = δ(ε)τ̄ with τ̄ = O(1), and τk is given by (26).
System (23) then becomes:

Ȧak = Ãk(s) + ε
β0dk(τ )

2λk(τ )
(sin(� + φk) + sin(ψ)),

Ḃa
k = B̃k(s) + ε

β0dk(τ )

2λk(τ )
(cos(� + φk) − cos(ψ)), (32)
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combined with the slow/fast variables
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

τ̇ = ε, ˙̄τ = ε
δ(ε)

, �̇ = λk(τk)ev0δ(ε)τ̄ ,

φ̇k = λk(τk + δ(ε)τ̄ ),

ψ̇ = λk(τk)ev0δ(ε)τ̄ − λk(τk + δ(ε)τ̄ )

=
(
v0λk(τk) − dλk

dτ |τ=τk

)
δ(ε)τ̄ + O(δ2(ε)).

(33)

By differentiating (19) with respect to τ , we obtain

dλk(τ )

dτ
= −ρLv0l̄(τ )λk(τ ) cos2(λk(τ ))

mλ2k(τ ) − ρLl̄(τ ) cos2(λk(τ ))
. (34)

This implies for ψ̇ (see (33)) that ψ̇ = μδ(ε)τ̄ +
O(δ2(ε)),whereμ is givenby (28). It now follows from
(33) that a balance occurs by choosing ε

δ(ε)
= δ(ε),

that is, δ(ε) =
√

ε

ε
. This is the size of the resonance

layer. So, together with τ − τk = δ(ε)τ̄ , it follows
from (33) that τ̄ = √

ε(s − sk), sk = τk
ε
, and so

ψ(s) = ψ(sk) + 1
2με(s − sk)2. Hence, in the reso-

nance zone, Aa
k can be written as

Aak (s) = Gk

λk(0)
e−

∫ εs
0 ζ(�)d�

+εβ0dk(τk)

2λk(τk)
∫ s

0
sin

[
1

2
με(s̄ − sk)

2 + αl0
εv0

(
eεv0sk − 1

) − φk(sk)

]

ds̄

+O(ε)

= √
εMk sin

(
αl0
εv0

(
eεv0sk − 1

) − φk(sk)

)

CFr (s, sk)

+√
εMk cos

(
αl0
εv0

(
eεv0sk − 1

) − φk(sk)

)

SFr (s, sk)

+O(ε), (35)

where μ, Mk , CFr (s, sk) and SFr (s, sk) are given by
(28). Ba

k can also be approximated by a similar expres-
sion as for Aa

k . So, in the resonance zone, by using the
transformations (17), (18), (22), and (35), the solution
W1(ξ, s) of problem (5) can be derived and is given by
(27). 
�

It follows from (26) andTheorem2,we can conclude
that:

Remark 1 [Resonance results] For a fixed external dis-
turbance frequency α, the resonance always occurs for
time s near resonance time sk (26). At sk , the k-th res-
onance mode jumps up from O(ε) to O(

√
ε), and the

size of the resonance zone in s is of O( 1√
ε
).

5 Anti-resonance strategies

In this section, we aim to eliminate the longitudinal
resonances present in problem (1)-(2) by introduc-
ing the damping terms c1ut (x, t) in equation (1) and
c2ut (l(t), t) in the transmission condition (2) with pos-
sibly different orders inmagnitude in the damping coef-
ficient. Then, the problem can be reformulated as fol-
lows:

ρ(utt + 2vuxt + v2uxx ) − E Auxx

+c1ut = 0, 0 < x < l(t), l(t) < x < 2l(t). (36)

The transmission conditions at the disturbance point
x = l(t) can be written as:

E A
[
ux (l(t)

+, t) − ux (l(t)
−, t)

]

=
[
m(utt + 2vuxt + v2uxx ) + c2ut

]
|x=l(t) + e(t).

Theorem 3 [Anti-resonance results] Assuming that
the damping parameters c1 and c2 are of the order
O(εα̂) with 0 < ε << 1 , 0 ≤ α̂ < 1, and c1 < c2,
along with the conditions that the string mass ρL and
movable pulley mass m satisfy m < 2ρLl̄(τ ), we have
the following two anti-resonance results:

Case 1: when
1

2
≤ α̂ < 1, resonance suppression is

not achievable;

Case 2: when 0 ≤ α̂ <
1

2
, resonance suppression is

achievable.

Proof In the following, we divide the proof into two
steps. In step 1, we transform the original problem
into different order problems by identifying feasible
timescales. In step 2, we analyze the order problems
for two cases in detail.

Step 1 (Obtain equations up to O(ε
√

ε)). Using the
same hypothesis and following the analysis as given
in (3)-(5) and (17)-(20), that is, u → u∗ → Wi →
W̃1(ξ, s) → T̃k, we can derive the problem for T̃k(s):

T̃k,ss + λ2k(τ )T̃k + c1l̄(τ )T̃k,s +
∞∑

n=1

c3n,k(τ )T̃n,s

= εv0l̄ T̃k,s − 2ε
∞∑

n=1

(

c1n,k(τ )
dλn(τ )

dτ
− v0c

2
n,k(τ )

)

T̃n,s

−εβ0dk(τ ) sin

(
αl0
εv0

(eεv0s − 1)

)

, t, τ > 0, (37)
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where

c3n,k (τ )

= (c2−c1) sin(λn(τ ))[∫ 10 σ(τ, ξ) sin(λk (τ )ξ)(λ2n(τ )ξ2+2)dξ ]
2l̄(τ )

∫ 1
0 σ(τ, ξ) sin2(λk (τ )ξ)dξ

,

c3k,k (τ )

= (c2 − c1) sin2(λk (τ ))

l̄(τ )

(

1 − m

2ρLl̄(τ )

)

.

In the previous section, it was shown that (under
certain conditions on the fundamental excitation fre-
quency α) resonances can occur around times sk , for
k = 1, 2, ..., where sk is given by (26). In order to con-
struct accurate approximations in the neighborhood of
sk , we rescale s with s = s̃ + sk , τ = εs̃ + τk , and set
φk(s) = ∫ s

0 λk(εs̄)ds̄, φk(s) = φk(s̃ + sk) = φ̃k(s̃) =
∫ s̃
−sk

λk(τk + εs̄)ds̄. Introduce three timescales s̃0 = s̃,
s̃1 = √

εs̃, s̃2 = εs̃, τ = s̃2 + τk , and so

φ̃k,0 =
∫ s̃0

a
λk(τk + εs̄)ds̄,

φ̃k,1 =
∫ s̃1

b
λk(τk + √

εs̄)ds̄,

φ̃k,2 =
∫ s̃2

c
λk(τk + s̄)ds̄,

where a = −sk, b = −√
εsk, c = −εsk . These

scalings are based on the size of the resonance zone

O(
1√
ε
) (which has been found in the previous sec-

tion), and on the natural scalings for weakly nonlin-
ear equations. By using the three timescales pertur-
bation method, the function T̃k(s) is supposed to be
a function of time variable φ̃k,0, φ̃k,1, φ̃k,2, that is,
T̃k(s) = wk(φ̃k,0, φ̃k,1, φ̃k,2;√

ε). By substituting it
into (37), we obtain equations up to O(ε

√
ε) (see(63)).

Step 2 (Analyze the order problems for two cases).
By using the three-timescales perturbation method, the
function wk(φ̃k,0, φ̃k,1, φ̃k,2;√

ε) is approximated by
the formal asymptotic expansion:

wk(φ̃k,0, φ̃k,1, φ̃k,2;√
ε)

= √
εwk,0(φ̃k,0, φ̃k,1, φ̃k,2;√

ε)

+εwk,1(φ̃k,0, φ̃k,1, φ̃k,2;√
ε)

+ε
√

εwk,2(φ̃k,0, φ̃k,1, φ̃k,2;√
ε) + O(ε2). (38)

Based on the different orders of damping coefficients,
we analyze the order problems for two cases.

Case 1: c1 = O(εα̂), c2 = O(εα̂), and
1

2
≤ α̂ < 1.

By substituting (38) into problem (63), and after
equating the coefficients of like powers in

√
ε, we

obtain as the O(
√

ε)-problem:

∂2wk,0

∂φ̃2
k,0

+ wk,0 = 0, wk,0(0, 0, 0) = 0,

∂wk,0

∂φ̃k,0
(0, 0, 0) = 0, (39)

as the O(ε)-problem:

∂2wk,1

∂φ̃2
k,0

+ wk,1

= −Pk(τ )
∂wk,0

∂φ̃k,0

−
∑

n �=k

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn,0

∂φ̃n,0

−2
∂2wk,0

∂φ̃k,0∂φ̃k,1
− β0l̄(τ )dk(τ ) sin

(
αl0
εv0

(ev0τ − 1)

)

,

wk,1(0, 0, 0) = F̄k,

∂wk,1

∂φ̃k,0
(0, 0, 0) = −∂wk,0

∂φ̃k,1
(0, 0, 0) + Ḡk

λk(0)
, (40)

where Pk(τ ) = c̄1l̄(τ )

λk(τ )
+ c̄3k,k(τ )

λk(τ )
> 0, c̄1, c̄3k,k =

O

(

ε
α−1

2
)

,

and as the O(ε
√

ε)-problem:

∂2wk,2

∂φ̃2
k,0

+ wk,2

= − c̄1l̄(τ )

λk(τ )

∂wk,1

∂φ̃k,0
− c̄1l̄(τ )

λk(τ )

∂wk,0

∂φ̃k,1

−2
∂2wk,1

∂φ̃k,0∂φ̃k,1

−2
∂2wk,0

∂φ̃k,0∂φ̃k,2
− ∂2wk,0

∂φ̃2
k,1

+
[

v0l̄(τ )λk(τ ) −
∞∑

n=1

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn,0

∂φ̃n,1

−
∞∑

n=1

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn,1

∂φ̃n,0

−dλk(τ )

dτ

]
1

λ2k(τ )

∂wk,0

∂φ̃k,0
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−2
∞∑

n=1

[

c1n,k(τ )
dλn(τ )

dτ
− v0c

2
n,k(τ )

]
1

λn(τ )

∂wn,0

∂φ̃n,0
,

wk,2(0, 0, 0) = 0,
∂wk,2

∂φ̃k,0
(0, 0, 0)

= −∂wk,0

∂φ̃k,2
(0, 0, 0) − ∂wk,1

∂φ̃k,1
(0, 0, 0), (41)

Firstly, the O(
√

ε)− problem has solutions

wk,0(φ̃k,0, φ̃k,1, φ̃k,2;√
ε)

= Ck,1(φ̃k,1, φ̃k,2) sin(φ̃k,0)

+Ck,2(φ̃k,1, φ̃k,2) cos(φ̃k,0), (42)

where Ck,1 and Ck,2 are still unknown functions
depending on the slow variables φ̃k,1 and φ̃k,2, and
they can be determined by avoiding secular terms in the
solutions of the O(ε)− and the O(ε

√
ε)− problems.

By using the initial conditions in Eq.(39), it follows
that Ck,1(0, 0) = Ck,2(0, 0) = 0. Then, the O(ε)−
problem (40) (outside as well as inside the resonance
manifold) can be written as

∂2wk,1

∂φ̃2
k,0

+ wk,1

= −2

[
∂Ck,1

∂φ̃k,1
cos(φ̃k,0) − ∂Ck,2

∂φ̃k,1
sin(φ̃k,0)

]

−Pk(τ )
[
Ck,1 cos(φ̃k,0) − Ck,2 sin(φ̃k,0)

]

−
∑

n �=k

c3n,k(τ )
λn(τ )

λ2k(τ )

[
Cn,1 cos(φ̃n,0) − Cn,2 sin(φ̃n,0)

]

−β0l̄(τ )dk(τ ) sin

(
αl0
εv0

(ev0τ − 1)

)

,

wk,1(0, 0, 0) = F̄k,
∂wk,1

∂φ̃k,0
(0, 0, 0)

= −∂wk,0

∂φ̃k,1
(0, 0, 0) + Ḡk . (43)

Next,wewill calculateCk,1 andCk,2 in (42). In order
to make the solution results more clear, we analyze the
solution for two parts: outside the resonance zone and
inside the resonance zone.

Outside the resonance zone, it should be observed
that the last term in Eq. (43) does not give rise to secular
terms in wk,1. To avoid secular terms, it follows from
(43) that Ck,1 and Ck,2 have to satisfy the following
conditions
∂Ck,i

∂φ̃k,1
+ Pk(τ )

2
Ck,i = 0, i = 1, 2, (44)

which has solutions

Ck,i (φ̃k,1, φ̃k,2) = C̄k,i (φ̃k,2)e
− Pk(τ )

2
φ̃k,1

, i = 1, 2,

(45)

where C̄k,1 and C̄k,2 are still unknown functions of the
slow variable φ̃k,2, which can be deduced by solving
the O(ε

√
ε)− problem (41) later. Since Ck,1(0, 0) =

Ck,2(0, 0) = 0, this implies that C̄k,1(0) = C̄k,2(0) =
0.

Inside the resonance zone, we observe that the last
term in Eq. (43) gives rise to secular terms in wk,1.
According to (35), we can write

sin

(
αl0
εv0

(ev0τ − 1)

)

= sin

(
1

2
μεs̃21 + αl0

εv0
(eεv0sk − 1)−φk(sk)+φ̃k,0

)

.

Then, it follows from Eq. (43) that inside the resonance
zone Ck,1 and Ck,2 have to satisfy

−2
∂Ck,1

∂φ̃k,1
− Pk(τ )Ck,1 − β0l̄(τ )dk(τ )

sin

(
1

2
μεs̃21 + ϑ(sk)

)

= 0,

2
∂Ck,2

∂φ̃k,1
+ Pk(τ )Ck,2 − β0l̄(τ )dk(τ )

cos

(
1

2
μεs̃21 + ϑ(sk)

)

= 0,

where ϑ(sk) = αl0
εv0

(eεv0sk − 1) − φk(sk), which yields
that

Ck,1(φ̃k,1, φ̃k,2)

= C̄k,1(φ̃k,2)e
−Pk (τ )φ̃k,1 − F̃(s̃1, τ ) + h.o.t.,

Ck,2(φ̃k,1, φ̃k,2)

= C̄k,2(φ̃k,2)e
−Pk (τ )φ̃k,1 + G̃(s̃1, τ ) + h.o.t., (46)

where

F̃(s̃1, τ ) = β0l̄(τ )dk(τ )

[sin(ϑ(sk))C̄Fr (s̃1) + cos(ϑ(sk))S̄Fr (s̃1)],
G̃(s̃1, τ ) = β0l̄(τ )dk(τ )

[cos(ϑ(sk))C̄Fr (s̃1) − sin(ϑ(sk))S̄Fr (s̃1)],
C̄Fr (s̃1) =

∫ β̄ s̃1

β̄b
cos(u2)du,

S̄Fr (s̃1) =
∫ β̄ s̃1

β̄b
sin(u2)du,
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C̄k,1 and C̄k,2 are still unknown functions of the slow
variables φ̃k,2, which can be determined by solving the
O
(
ε
√

ε
)− problem (41).

Now, we will calculate the functions C̄k,1 and C̄k,2.
Taking into account the secularity conditions, the gen-
eral solution wk,1 of the O(ε)− problem is given by

wk,1(φ̃k,0, φ̃k,1, φ̃k,2;√
ε)

= Dk,1(φ̃k,0, φ̃k,1, φ̃k,2) sin(φ̃k,0)

+Dk,2(φ̃k,0, φ̃k,1, φ̃k,2) cos(φ̃k,0).

By substitutingwk,0 andwk,1 into O
(
ε
√

ε
)− problem

(41), and by avoiding secular terms in the solution of
wk,2, it follows that C̄k,1, and C̄k,2 have to satisfy the
following conditions inside and outside the resonance
zone:

∂C̄k,1

∂φ̃k,2
− P2

k (τ )

4
C̄k,2 − 1

2
ζ̄ (τ )

1

λk(τ )
C̄k,1 = 0,

∂C̄k,2

∂φ̃k,2
+ P2

k (τ )

4
C̄k,1 − 1

2
ζ̄ (τ )

1

λk(τ )
C̄k,2 = 0, (47)

where ζ̄ (τ ) = v0l̄(τ )− dλk(τ )
dτ

1
λk (τ )

− 2c1k,k(τ )
dλk(τ )
dτ +

2v0c2k,k(τ ).

Since C̄k,1(0) = C̄k,2(0) = 0, and λk(τ ) and l̄(τ )

are bounded and change slowly, it follows from Eq.
(45) and Eq. (47) that outside the resonance zone

Ck,1(φ̃k,1, φ̃k,2) = 0, Ck,2(φ̃k,1, φ̃k,2) = 0. (48)

It follows from Eq. (46) and Eq. (47) that inside the
resonance zone,

Ck,1(φ̃k,1, φ̃k,2)

= −β0l̄(τ )dk(τ )[sin(ϑ(sk))C̄Fr (s̃1)

+ cos(ϑ(sk))S̄Fr (s̃1)],Ck,2(φ̃k,1, φ̃k,2)

= β0l̄(τ )dk(τ )[cos(ϑ(sk))C̄Fr (s̃1)

− sin(ϑ(sk))S̄Fr (s̃1)]. (49)

To obtain more accurate approximations for the solu-
tion of problem (37), the
O(ε

√
ε)− problem and the O(ε2)− problem can also

be solved by using a similar analysis as for theO(
√

ε)−
problem. At this moment, only the first term in the
expansion of the solution for the string problem is
important from the physical point of view. So, to
shorten the paper, we are not interested in the high-
order approximations.

Finally, the solution of problem (37) is given by

T̃k(s) = √
εwk,0(φ̃k,0, φ̃k,1, φ̃k,2;√

ε) + O(ε), (50)

where wk,0 is given by (42), (48) and (49). It turns
out that by introducing the damping terms c1ut (x, t)

and c2ut (l(t), t) with
(
c1, c2 = O(εα̂),

1

2
≤ α̂ < 1

)
,

the resonances can not be eliminated. Outside the reso-
nance zone the oscillation amplitudes may decrease (it
depends on the solution of wn,1 in the O(ε)-problem
(40)), but within the resonance zone the oscillation
amplitudes still increase from initial conditions O(ε)

to O(
√

ε), and the size of the resonance zone in s is of

O
(

1√
ε

)
.

Case 2: c1 = O(εα̂), c2 = O(εα̂), and 0 ≤ α̂ <
1

2
.

By substituting the power series expansion (38) of
the form wk into the problem (63) and equating the
coefficients of like powers of

√
ε, we obtain the fol-

lowing O
(
(
√

ε)n
)− problems to solve for n ∈ N

+.
The O(

√
ε)-problem is given by:

∂2wk,0

∂φ̃2
k,0

+ wk,0 + Qk(τ )
∂wk,0

∂φ̃k,0
= 0, (51)

the O(ε)-problem:

∂2wk,1

∂φ̃2
k,0

+ wk,1 + Qk(τ )
∂wk,1

∂φ̃k,0

+
∑

n �=k

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn,1

∂φ̃n,0

= −Qk(τ )
∂wk,0

∂φ̃k,1

−2
∂2wk,0

∂φ̃k,0∂φ̃k,1
− β0l̄(τ )dik(τ )

sin

(
αl0
εv0

(ev0τ − 1)

)

, (52)

and the O(ε
√

ε)-problem:

∂2wk,2

∂φ̃2
k,0

+ wk,2 + Qk(τ )
∂wk,2

∂φ̃k,0

+
∑

n �=k

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn,2

∂φ̃n,0

= −Qk(τ )
∂wk,1

∂φ̃k,1
− Qk(τ )

∂wk,0

∂φ̃k,2

−2
∂2wk,1

∂φ̃k,0∂φ̃k,1
− 2

∂2wk,0

∂φ̃k,0∂φ̃k,2
− ∂2wk,0

∂φ̃2
k,1
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−
∑

n �=k

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn,1

∂φ̃n,1

−
∑

n �=k

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn,0

∂φ̃n,2
, (53)

where Qk(τ ) = c1l̄(τ ) + c3k,k(τ )

λk(τ )
> 0.

The objective of this subsection is to suppress the
large vibration inside the resonance zone. In the pre-
vious section, it was shown that the size of reso-
nance zone is O

(
1√
ε

)
, and that l̄, λk change slowly

(19). So, for a certain time s̃∗ inside the resonance

zone, within its O
(

1√
ε

)
resonance domain, we have

l̄ = l̄(εφ̃∗
k,0) + O(

√
ε) and λk = λk(εφ̃

∗
k,0) + O(

√
ε),

where the relationship between s̃∗ and φ̃∗
k,0 is given

by (38). Thus, in the resonance zone involving s̃∗, the
O(

√
ε)− problem (51) has solution

wk,0(φ̃k,0, φ̃k,1, φ̃k,2;√
ε)

= Ck,1(φ̃k,1, φ̃k,2)e
α1φ̃k,0

+Ck,2(φ̃k,1, φ̃k,2)e
α2φ̃k,0 , (54)

where

α1 = −Qk(τ
∗)

2
+
√

Q2
k(τ

∗)
4

− 1 + O(
√

ε),

α2 = −Qk(τ
∗)

2
−
√

Q2
k(τ

∗)
4

− 1 + O(
√

ε),

and Ck,1, Ck,2 are still unknown functions depending
on the slow variables φ̃k,1, φ̃k,2, they can be determined
by solving theO(ε)−problemandO(ε

√
ε)−problem.

Since the term−β0l̄(τ )dk(τ ) sin( αl0
εv0

(ev0τ −1)) can not
produce unbounded terms in the solutions of theO(ε)−
problem and the O(ε

√
ε)− problem, we have to set

∂Ck,1

∂φ̃k,1
= ∂Ck,2

∂φ̃k,1
= ∂Ck,1

∂φ̃k,2
= ∂Ck,2

∂φ̃k,2
= 0, (55)

which leads to bounded functionswk,0, wk,1, andwk,2.
By substituting the initial conditions in (54) and (55),
we find the solution of the O(

√
ε)-problem: wk,0 =

0. It turns out that by introducing the damping terms
c1ut (x, t) and c2ut (l(t), t) with

(
c1, c2 = O(εα̂), 0 ≤

α̂ <
1

2

)
, the resonances can be eliminated on long

timescales. 
�

Remark 2 [The threshold for anti-resonance] To sup-
press the resonance, viscous dampings are adopted in
the system. The core function of damping is to dissi-
pate energy, thereby directly reducing the amplitude
of the resonance peak, rather than altering the natu-
ral frequency of the system. It is shown that when
the order of damping coefficient is too small, that is,
smaller than or equal to O(

√
ε), the resonance can not

be eliminated; when the order of damping coefficient is
larger than O(

√
ε), the resonances can be eliminated.

The effectiveness of damping strategies is subject to a
theoretical lower threshold for the damping coefficient
O(

√
ε), below which resonance induced by transmis-

sion point perturbations cannot be effectively elimi-
nated. This discovery reveals inherent limitations in
damping coefficient selection. However, this threshold
O(

√
ε) is not an arbitrary constraint, rather, it is amath-

ematically rigorous result derived frommulti-scale per-
turbation analysis, rooted in the intrinsic dynamic prop-
erties of the system. Physically, this threshold reflects
an energy balance: under the initial set of assumptions,
when damping coefficient (0 < c1, c2 ≤ O(

√
ε)), the

energy input fromperturbations exceeds the energy dis-
sipation capacity of the damping mechanism during
oscillation cycles. This energy imbalance leads to sus-
tained amplitude growth rather than effective resonance
elimination. The threshold’s direct dependence on the
perturbation parameter ε indicates that stronger pertur-
bations require proportionally greater minimum damp-
ing to counteract their effects. This provides engineers
with clear quantitative design objectives, enabling
them to select or design structureswith sufficient damp-
ing.

6 Numerical simulations

In this section, we show that the analytical approxima-
tions of the solution to the problem agree verywell with
numerically obtained approximations.

Since the original problem (1)-(2) has a time
dependent space domain, we proceed to transform
it into the following non-dimensional initial bound-
ary value problem ( ξ = x

l(t) ), and integrate the
so-obtained problem with a numerical method. The
problem becomes:
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Fig. 2 Without damping term: a Displacements at ξ = 0.25 of the cable for times t up to t = 650, b The energy of the cable. The
shadowed bands represent the resonance zones

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ũt t − 1
l2
ũξξ = 2v

l (ξ − 1)ũξ t

− v2

l2
(ξ − 1)2ũξξ + 2v2

l2
(1 − ξ)ũξ ,

0 < ξ < 1, 1 < ξ < 2, t > 0,

ũ(1−, t) = ũ(1+, t),

[ũt t (1, t) + ρL
ml [uξ (1+, t) − uξ (1−, t)]

= −e(t) + O(ε2), t > 0,

ũ(0, t)=0, ũ(2, t) = 0, t > 0,

ũ(ξ, 0)= ũ0(ξ), ũt (ξ, 0)= ũ1(ξ), 0≤ξ ≤2,

(56)

where l = l(t), ũ0(ξ) = u0(ξ l0), and ũ1(ξ) =
u1(ξ l0) − ε

ξv0
l0
uξ (ξ, 0). We first discretize the par-

tial differential equation in (56) in the ξ− coordinate
by using a central finite difference scheme. Then, we
rewrite the so-obtained discretized equation in a matrix
form, and use the numerical time integration method
of Crank-Nicolson [25]. The numerical approach used
(central finite difference + Crank-Nicolson) is a stan-
dard, reliablemethod for problemsof this nature, and its
implementation was rigorously verified through con-
vergence studies. The parameter values utilized in this
process are specified as follows:

ε = 0.01, l0 = 1, v0 = 1, ρ = 1, m = 10,

L = 10, β0 = 1, α = 0.4π, γ = 0.25. (57)

For simplicity, assume that only the initial displacement
is prescribed, so that

ũ0(ξ)=ε sin2(πξ), ũ1(ξ)=ε cos2(πξ), 0 ≤ ξ ≤ 2.

By using (24), we observe that the resonance occurs
around time instants sk satisfying αl0ev0τ = λk, τ =

εs, and by using the Liouville-Green transformation
with ds

dt = 1
l(t) , we obtain αl(t) = λk, l(t) = l0+εv0t ,

which implies that resonance occurs in time at time
instants

tk = λk − αl0
εαv0

, k ∈ N, (58)

where λk is given by (25). From the analysis in section
4, the resonance times depend on the mode numbers k.
Under the aforementioned parameter settings, for the
first, second and third oscillation modes, resonances
emerge for times t1 ≈ 70, t2 ≈ 320, t3 ≈ 570, respec-
tively.

Figure 2 displays the longitudinal displacements
ũ(ξ, t) at ξ = 0.25 and the vibratory energy of the
axially string without damping term over a time period
up to t=650. From the figure one can see that in the res-
onance zones the longitudinal displacements and the
vibratory energy increase and, between these zones,
stay phase-locked. Also, the resonance displacements
jump from O(ε) to O(

√
ε). The shadowed bands rep-

resent the resonance layers which have the size of

O
(

1√
ε

)
as was obtained in Sect. 4 analytically. It is

clearly evident that the numerical simulations depicted
in Fig. 2 align remarkably well with the analytical
results presented in the previous section.

After introducing damping terms c1ut (x, t), c2
ut (l(t), t) (c1 = O(εα̂), c2 = O(εα̂)), Figure 3 depicts
the longitudinal displacements ũ at ξ = 0.25 and

the vibratory energy with damping parameter α̂ = 2

3
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Fig. 3 Damping coefficient c = O(εα̂), α̂ = 2
3 : a Displacements at ξ = 0.25 of the cable for times t up to t = 650, b The energy of the

cable. The shadowed bands represent the resonance zones

Fig. 4 Damping coefficient c = O(εα̂), α̂ = 1
2 : a Displacements at ξ = 0.25 of the cable for times t up to t = 650, b The energy of the

cable. The shadowed bands represent the resonance zones

over a time period up to t = 650. From the fig-
ure one can see that with the damping coefficients

c1, c2 = O(ε

2

3 ) < O(
√

ε), the longitudinal displace-
ments and the energy still increase, and the displace-
ments jump from O(ε) to O(

√
ε) at times t ≈ 70,

t ≈ 320, t ≈ 570. This confirms that resonance per-

sists under the damping condition α̂ = 2

3
. Figure 4

shows the longitudinal displacements ũ at ξ = 0.25

and the vibratory energy for α̂ = 1

2
, corresponding to

damping coefficients c1, c2 = O(
√

ε) over t ≤ 650.
The figure reveal the growth at times t ≈ 70, t ≈ 320,
t ≈ 570 in both longitudinal displacements and energy.
This confirms that resonance persists under the damp-

ing condition α̂ = 1

2
. Furthermore, the numerical sim-

ulations in Figs. 3 and 4 show excellent agreement with
the analytical predictions for Case 1 in Section 5.

Figure 5 displays the longitudinal displacements ũ
at ξ = 0.25 and the vibratory energy with damping

parameter α̂ = 1

4
over a time period up to t=650. Under
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Fig. 5 Damping coefficient c = O(εα̂), α̂ = 1
4 : a Displacements at ξ = 0.25 of the cable for times t up to t = 650, b The energy of the

cable

Fig. 6 Damping coefficient c = O(εα̂), α̂ = 0: a Displacements at ξ = 0.25 of the cable for times t up to t = 650, b The energy of the
cable

the damping parameter condition, damping coefficients

satisfy c1, c2 = O(ε

1

4 ) > O(
√

ε). From the fig-
ure one can see that both the longitudinal displace-
ments and the energy exhibit temporal decay without
resonant response. This demonstrates successful reso-

nance elimination under the damping condition α̂ = 1

4
.

Figure 6 shows the longitudinal displacements ũ at
ξ = 0.25 and the energy for damping parameter α̂ = 0,
and so c1, c2 = O(1) > O(

√
ε) over t ≤ 650. From

the figure one can see that the longitudinal displace-

ments and vibratory energy both decay over time with-
out resonant response, demonstrating effective reso-
nance suppression under the damping condition α̂ = 0.
Furthermore, numerical simulations in Figs. 5 and 6
exhibit excellent agreement with the analytical predic-
tions for Case 2 in Sect. 5.

7 Concluding remarks

In this paper, the longitudinal vibrations and associated
resonances in a movable pulley string actuator due to
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a harmonic excitation have been studied. The problem
is described by a partial differential equation (PDE) on
a time-varying spatial interval with a small harmonic
disturbance and amovingnonclassical boundary condi-
tion. By assuming that the small harmonic disturbance
is of order ε and by assuming that the initial values
are also small and of order ε, it is shown in this paper
that the initial-boundary value problem is well-posed,
and that for a given arbitrary boundary disturbance fre-
quency, many oscillation modes jump up from O(ε) to
O(

√
ε). Furthermore, explicit, and accurate approxi-

mations of the solution are constructed. These approx-
imations are valid on time-scales of order ε−1.

To suppress the resonance, viscous dampings are
adopted in the system. It is shown that when the order
of damping coefficient is too small, that is, smaller
than or equal to O(

√
ε), the resonance can not be

avoided;when the order of damping coefficient is larger
than O(

√
ε), the resonances can be eliminated. Finally,

numerical approximations of the problemare computed
and are in full agreement with the analytically obtained
results.

This study focuses on resonance responses induced
by small amplitude perturbations O(ε). For distur-
bances with amplitudes significantly exceeding O(ε),
we recommend further analysis through higher-order
models or numerical simulations. Nevertheless, the
revealed coupling mechanisms between damping and
perturbation characteristics provide a fundamental the-
oretical basis for suppressing energy within resonance
bands. Future work will explore: higher-order pertur-
bationmodels and nonlinear control strategies for large
disturbances.
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Appendix A: The derivation of motion (1)

To illustrate more clearly, we only consider the longi-
tudial vibration in the interval (0, l(t)). Following the
explanation of the parameters underneath Eq.(2), the
partial differential equation (PDE) can be derived by
Hamilton’s principle:
∫ t2

t1
(δEk(t) − δEp(t))dt = 0. (59)

The Kinetic energy Ek(t) can be represented as
Ek(t) = 1

2ρ
∫ l(t)
0 (DuDt + v)2dx + 1

2m(DuDt + v)2|x=l(t),
the Potential energy Ep(t) can be expressed as Ep(t) =
1
2 E A

∫ l(t)
0 u2xdx + ∫ l(t)

0 Tuxdx + Egs − ∫ l(t)
0 ρgudx −

mgu|x=l(t), where the spatiotemporally varying tension
T (x, t) is given by T (x, t) = [m + ρ(l(t) − x)]g,
0 ≤ x ≤ l(t), g is gravity, and

δEk(t) − δEp(t)

= ρ

∫ l(t)

0
(
Du

Dt
+ v)δ

Du

Dt
dx

+m(
Du

Dt
+ v)δ

Du

Dt
|x=l(t)

−[E A
∫ l(t)

0
uxδuxdx +

∫ l(t)

0
T δuxdx

−
∫ l(t)

0
ρgδudx − mgδu|x=l(t)], (60)

where the operator Du
Dt is defined as

Du
Dt = ∂u

∂t + v ∂u
∂x =

ut + vux .
By substituting the equations (60) into (59), we

obtain
∫ t2

t1

∫ l(t)

0
ρ(

Du

Dt
+ v)δ

Du

Dt
dxdt

+
∫ t2

t1
m(

Du

Dt
+ v)δ

Du

Dt
|x=l(t)dt

−E A
∫ t2

t1

∫ l(t)

0
uxδuxdxdt −

∫ t2

t1

∫ l(t)

0
T δuxdxdt

+
∫ t2

t1

∫ l(t)

0
ρgδudxdt

+
∫ t2

t1
mgδu|x=l(t)dt = 0. (61)
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By integrating by parts, it then follows that (61) can be
rewritten in:
∫ t2

t1

∫ l(t)

0
[−ρ(utt + 2vuxt + v2uxx )

+E Auxx + Tx + ρg]δudxdt
+
∫ t2

t1
[−m(utt + 2vuxt + v2uxx )

−E Aux − T + mg]δu|x=l(t)dt

+
∫ t2

t1
[ρv(ut + vux + v) + E Aux + T ]

δu|x=0dt = 0. (62)

So, the governing equation of the system can be
obtained from (62) as

ρ(utt + 2vuxt + v2uxx ) − E Auxx − Tx − ρg = 0.

T (x, t) is given by (60), it then follows that the gov-
erning equation is given by

ρ(utt + 2vuxt + v2uxx ) − E Auxx = 0,

where 0 ≤ x ≤ l(t) and t > 0.

Appendix B: Equations up to O(ε
√

ε)

In section 5, by substituting time variable φ̃k,0, φ̃k,1,

φ̃k,2 into (37), we obtain the following equations up to
O(ε

√
ε):

∂2wk

∂φ̃2
k,0

+ wk + 2
√

ε
∂2wk

∂φ̃k,0∂φ̃k,1

+ε(2
∂2wk

∂φ̃k,0∂φ̃k,2
+ ∂2wk

∂φ̃2
k,1

)

+2ε
√

ε
∂2wk

∂φ̃k,1∂φ̃k,2
+ c1l̄(τ )

λk(τ )

∂wk

∂φ̃k,0

+
∞∑

n=1

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn

∂φ̃n,0

= −√
ε

[
c1l̄(τ )

λk(τ )

∂wk

∂φ̃k,1
+

∞∑

n=1

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn

∂φ̃n,1

]

+ε

[

− c1l̄(τ )

λk(τ )

∂wk

∂φ̃k,2
−

∞∑

n=1

c3n,k(τ )
λn(τ )

λ2k(τ )

∂wn

∂φ̃n,2

−dλk(τ )

dτ

1

λ2k(τ )

∂wk

∂φ̃k,0
+ v0l̄(τ )

λk(τ )

∂wk

∂φ̃k,0

−β0d
i
k(τ ) sin(

αl0
εv0

(ev0τ − 1))

−2
∞∑

n=1

(c1n,k(τ )
dλn(τ )

dτ
− v0c

2
n,k(τ ))

λn(τ )

λ2k(τ )

∂wn

∂φ̃n,0

]

+ε
√

ε

[

− dλk(τ )

dτ

1

λ2k(τ )

∂wk

∂φ̃k,1
+ v0l̄(τ )

λk(τ )

∂wk

∂φ̃k,1

−2
∞∑

n=1

(c1n,k(τ )
dλn(τ )

dτ
− v0c

2
n,k(τ ))

λn(τ )

λ2k(τ )

∂wn

∂φ̃n,1

]

,

(63)

where wk(0, 0, 0;√
ε) = Fk = ε F̄k and ∂wk

∂φ̃k,0

(0, 0, 0;√
ε) + √

ε
∂wk

∂φ̃k,1
(0, 0, 0;√

ε) + ε
∂wk

∂φ̃k,2
(0, 0, 0;

√
ε) = Gk

λk (0)
= εḠk are O(ε), and where τ is the

function of φ̃k,2.
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