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Abstract In this paper, we develop a vibrating string
model to describe the oscillations within a bio-mimetic
movable pulley actuator, where transmission point dis-
turbances can induce resonances, and so jeopardise
system performance. The dynamics of longitudinal
axial vibrations are formulated by a wave equation on
a slowly time-varying spatial domain with a moving
mass and a small harmonic disturbance at the mass-
point. Due to the slow spatial domain variation, a sin-
gular perturbation problem arises. Utilizing the semi-
group method, we establish the existence and unique-
ness of the system’s solution. Through an averaging
technique and an interior layer analysis, we construct
formal asymptotic approximations for the solution. Our
findings reveal that, for specific disturbance frequen-
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cies, many oscillation modes jump up from small order
& amplitudes to those of order /. To suppress the
resonances, we introduce viscous damping of varying
orders. By employing multiple time-scales perturba-
tion methods, we demonstrate that different orders of
the viscous damping produce distinct anti-resonance
results. Lastly, numerical simulations validate both the
accuracy of our analytical results and the efficacy of
the anti-resonance strategies employed.

Keywords Resonance - Longitudinal axial vibra-
tions - Time-varying spatial domain - Semigroup -
Perturbation methods

Mathematics Subject Classification 34C05 - 34C15 -
34C30 - 34E05 - 34E10

1 Introduction

Bio-mimetic systems have gained widespread appli-
cation in robotics, encompassing military operations,
assistance for individuals handling heavy objects,
and support for those with disabilities [20,28,29].
To address the demands for lightweight, compact
designs, operational safety, and everyday portability,
researchers have incorporated Series Elastic Actua-
tors (SEAs) into their designs. These actuators enable
energy to be stored in a spring, which can then be
released as needed [17,22]. For applications requiring
both high speed and substantial force, a Dual-Motor
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Fig. 1 a Operation

principle of series elastic
actuators in bio-mimetic
systems, b The longitudinal
vibrating string with
time-varying string length
and a mass in a movable
pulley

Pulley 1, 2

Movable| Pulley

(a)

System utilizing a Movable Pulley with Series Elastic
Actuators (DuMPs) has been proposed, as illustrated
in Fig. la. This system comprises a movable pulley,
moving strings, a series of spring connections, and
two motors (denoted as pulley 1 and pulley 2), with
one motor dedicated to generating large forces and the
other to achieving high speeds [18]. Within this config-
uration, the inherent stretchability and contractility of
the moving strings can induce mechanical vibrations.
When these strings are excited by unavoidable exter-
nal disturbances, the vibrations can escalate into reso-
nance, leading to significant deformations and potential
catastrophic failures [1,4,19]. To ensure safe working
conditions, it is imperative to investigate how exter-
nal excitations influence the vibration behaviors of the
strings in DuMPs, as well as how to develop strategies
for mitigating or eliminating the resulting resonances.

The vibration dynamics of the DuMPs, as illustrated
in Fig. 1a, can be characterized as a resonance problem
triggered by external disturbances in an axially moving
system with a time-varying length.

The time-varying length significantly influences the
dynamic characteristics of the compliant string sys-
tems, complicating the analysis of resonance and vibra-
tion suppression. To tackle these challenges, numer-
ous researchers have dedicated their efforts to studying
the transversal displacements of axially moving sys-
tems subject to classical boundary conditions. Sandilo
and van Horssen [21] explored auto-resonance phe-
nomena in a space time-varying mechanical system
with a moving Dirichlet boundary condition. Gaiko and
van Horssen [7] investigated transverse vibrations of a
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disturbance

traveling string subjected to a moving Dirichlet bound-
ary condition with boundary damping, and further dis-
cussed resonances and vibrations in an elevator cable
system due to boundary sway in [8]. Chen et al. [3]
analyzed vibration responses of an axially translating
string of fixed length under classical mixed boundary
conditions, and in [2], they studied energy dissipation
and exchange in a traveling string with fixed bound-
aries. Wang et al. [16] proposed a vibration suppres-
sion mechanism by using a nonlinear energy sink in
a cable under harmonic loading. Gugat [9] considered
an optimal control problem in a moving finite string,
subject to homogeneous Dirichlet boundary conditions.
Recently, researchers have begun to study longitudi-
nal vibrations of axially moving systems subjected to
moving nonclassical boundary conditions. Wang et al.
[27] presented a coupled dynamic model for a flexi-
ble guiding hoisting system and numerically simulated
the system’s response. Crespo et al. [5] introduced a
numerical simulation of a stationary high-rise elevator
system. Wang et al. [24] investigated axial vibration
suppression in a partial differential equation model for
an ascending mining elevator cable system.

Note that these studies on longitudinal vibrations
mentioned above primarily emphasize numerical sim-
ulations rather than mathematical analyses. Compared
to systems with classical boundary conditions, the ana-
lytical investigation of axially moving systems with
moving nonclassical boundary conditions presents a
significant research challenge. Traditional analytical
methods, such as the method of separation of variables,
the (equivalent) Laplace transform method, and pertur-
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bation methods, are usually not straightly applicable
to these problems. Consequently, there is a need to
develop or adapt analytical methods to address these
types of problems from a mathematical perspective.
Wang and van Horssen [25] studied longitudinal oscil-
lations in a vertically moving string subject to non-
classical boundary conditions for a flexible hoisting
system, and further considered resonances of trans-
verse and longitudinal oscillations in a hoisting sys-
tem due to boundary excitations in [26]. Based on
these results, this paper focuses on a longitudinal reso-
nance phenomenon in DuMPs with time-varying non-
classical boundary conditions, particularly emphasiz-
ing the well-posedness of the dynamic solution and
anti-resonance strategies, which have received limited
attention in the literature to date. While our model was
initially motivated by bio-mimetic pulley actuators, its
underlying dynamics governed by the wave equation
with moving boundaries and harmonic disturbances
capture the vibration behavior (resonance) of a broader
class of axially moving elastic transmission systems.
These include: rope driven cranes, tendon-sheath drive
system, linear motor flexible coupling, etc. The key
conclusion arises from the relationship between the
perturbation energy input, the dynamic behavior of the
solution, and the damping dissipation.
The contributions of this paper include:

— The proposed longitudinal vibration dynamics of
the DuMPs in bio-mimetic systems can be for-
mulated as a novel coupled axially moving string
system with a time-varying length and a moving
mass transmission condition. Also, from a practi-
cal point of view, the resonance phenomenon which
is caused by external impacts in the mass-point, is
described and analyzed in detail;

— The well-posedness of the solution for the axially
moving string system is proved by a semigroup
method. It can also be a supplement to the well-
posedness theory for time-varying spatial domain
systems;

— We integrate and develop three classic analysis
methods (an adapted version of the method of sep-
aration of variables, the method of averaging, and
singular perturbation techniques) together to per-
form an interior layer analysis of the proposed axi-
ally moving string problem, and construct formal
asymptotic approximations of the solutions (reso-
nance results);

— To the best of our knowledge, there are few results
reported in the literature on how different orders
of viscous damping influence the resonances (and
solution behavior) of axially moving systems.

The rest of this paper is organized as follows. Section
2 presents a dynamic model of movable pulley. Section
3 establishes the well-posedness of the problem. Sec-
tion 4 derives an accurate, analytical approximate solu-
tions of the problem. Section 5 proposes anti-resonance
strategies to eliminate the resonance. Section 6 pro-
vides numerical approximations. Section 7 concludes
the work.

2 Problem formulation and preliminaries

A schematic diagram of DuMPs is illustrated in Fig. 1a.
The spring is connected to the lower end of the movable
pulley, generating an elastic force. This force propa-
gates through the string to the movable pulley, acting
directly on its rotational axis. To focus on longitudinal
rope vibrations, we simplify this configuration to the
mass-boundary system, i.e., by considering the spring
connection as a mass, we obtain a simplified vibration
model of an axially moving string with a moving mass,
where the small disrurbance e(#) is supposed to be gen-
erated in the mass end, and the string in (0, /(z)) and
(I(1), 21(t)) lets the mass run up and down (see Fig. 1b).
We assume that: (1)The string is inextensible. (2) The
weight of the string and the movable pulley are negligi-
ble compared to the attached mass. Employing Hamil-
ton’s principle and through the derivation and simplifi-
cation, the longitudinal vibration dynamics u(x, f) can
be formulated as:

oy + 2vuy + Uz“xx) — EAu,, =0,
0<x<I@®), I(t) <x <2I(), (D)
u(,t) =0, ul(),t)=0, t>0,

vy, 0 <x < I(1),

—vy, L) < x < 21(1),
mission conditions at the mass point x = [(¢) with
disturbance are obtained as:

EA[u ()", 1) —ux(I()", 1)]
= [m(utt +2U“xt + vzuxx)]x:l(t) +6([), (2)
ul@)~, ) =uld@®)*, 1), t >0,

where v(x) = the trans-
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and the initial conditions u(x, 0) = ug(x), u;(x,0) =
u1(x), 0 < x < 2ly. I(¢) describes the time-varying
length of the movable pulley, /o is the initial string
length, v| denotes the longitudinal velocity of the string
in (0,1(?)), p is the mass density of the string, m is
the mass of the object, EA is the longitudinal stiff-
ness, where E is Young’s elasticity modulus, A is the
cross-sectional area of the string, e(?) is the longitudi-
nal fundamental excitation at the middle point of the
string. For the parameter vy,the function e(¢) and the
material properties, we make the following reasonable
assumptions:

— The longitudinal velocity vi = evg is constant and

small compared to nominal wave velocity EpA,

ie., l(t) = lyp + evot;

— The oscillation amplitude e(z) is O(¢). We aim to
get the resonance results induced by a small exter-
nal force, e(t) = B sin(at) with 8 = &f;

— The initial conditions are for simplicity the same,

that is, ug(x) = O(g), and u;(x) = O(e) for 0 <

x <I(t),and for I(t) < x < 2I(1);

¢ is a small parameter with 0 < ¢ << 1.

To simplify the formulation of the problem, by using
the Buckingham m-theorem [7], the initial-boundary
value problem of the longitudinal motion in non-
dimensional form then becomes:

Ut — Uxy = —2VUy; — vzu“, 0<x<I(t),
1(t) < x <2I(t),

ud@®) ", 0 =uld®), 1),

I:utt + 2vuyr + U2uxxi|x:l( "
—ux ()7, 0] = —e(),

u(,t) =0, ul(t),t) =0, t>0,

u(x,0) =up(x), ur(x,0)=uy(x),
lp < x < 2l,

— L ucamtn

0<x <l

3

where m, p, «, B, L and [y are positive constants.
To convert the time-varying spatial domain [0, /(#)]
to a fixed domain [0, 1], we can set & = lf_z) and g—i =

ity (0) = [(s) = Ipe"™*), then

ety = | W9, £ €l01], "

W2(2_$ss)a é € (172]1

where W satisfy the following equation:
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Wi ss—Wiee=¢ [voi(S)Wl,s+2vo($—1)W1,ss]
_g2 [ug(g—1)2W1,55+2u§(g—1)wl,5] ,
0<&<1, s5s>0,
W1(0,s) =0, s >0, 5)
Wi (1) + 2Z2E Oy, o (1,5) — evpl () Wy 5(1, )
= —&l2(s)e(s), s > 0,

Wi, 0) =W &), Wis6,0)=
0<&<1,

and I(s) = lpet™s, &(s) = Po sin(%(e‘”‘” —1).
Since the vibration displacements u(x, t) in (0, /()
and (I(t), 2/(t)) are symmetrical, W; and W, satisfy
the same equation.

Now the original problem (3) has been simplified
to a more solvable form (5). The presence of a time-
varying coefficient in the boundary condition can lead
to a singular perturbation problem. In the following
sections, our objective is to prove the well-posedness
of the problem (5) and to construct analytical approxi-
mations of the solution of problem (5) on a time-scale
of order é

Wi1(8),

3 The well-posedness of the problem

This section is devoted to studying the well-posedness
of problem (5), which contains a wave PDE and a
second-order derivative in one of the boundary con-
ditions. To facilitate our analysis, let us introduce a
new variable: X (s) = Wi (1,s), s > 0. Then, we
rewrite the second-order boundary condition at § = 1
in problem (5) as:

X(s) — evol (5)X (s) + ZHO w1, 5)
= —el2(s)é(s), s >0, (6)
Wis(l,s) = X(s), s >0, X(0)= Wi o(l).
Introduce the space HJ O, 1 {f ¢ H 1(0, 1)

| f(0) = 0}, where H'(0, 1) is the usual Sobolev space.
Let the state space be

H= <H1(0, 1) x L2(0, 1) x R) %

equipped with the inner product: for U = (¢, ¥, 7
and U = (@, 9,27 inH,

W, 0)n =/0 wsfﬂsdéJr/ Yids +

2,0Ll(s)

3)
Obviously, (H, (-, -)7¢) is a real Hilbert space. Define
the operator A(s) with A(s)U equals to
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4

ose + ¢ [0l ()Y +200(E — DY | - 6 [0 (€ — DPse + 203 — Dee] |

evol(s)z — 22O 4 (1)

and

T 2
D(A(s)) := { (p.¥,2)" e H|gpe H (0, 1), }

Ve HI(0,1),ze R, z=vy(1)

for any U = (¢, ¥, z)7 € D(A(s)). Then, system (5)
and (6) can be written into an evolution equation in H:

{U(s) = A)U(s) + F(s), s> 0, o)

U0) = Uy = (W10(8), W11 (€), Wi o),

where U(s) = (¢, ¥, 2)T and F(s) = (o, 0, —el2(s)
e(s)HT.

The following lemma gives an important result on
the existence and uniqueness of solutions (see [14, The-
orem 1.9] and also [15, Theorem 2.13]), which will be
employed in this work.

Lemma 1 Assume that

1. Y =D (A(0)) is a dense subset of 'H,

2. D(A(s)) =D (A0)), Vs=>0,

3. foralls € [0, T), A(s) generates a strongly contin-
uous semigroup on 'H and the family A = {A(s)|s €
[0, T1} is stable with stability constants C and r
independent of s (i.e., the semigroup (Ss(5));0 gen-
erated by A(s) satisfies || Sy(Sully < Ce’§||u||H,
forallu € Hands > 0),

4. 3, A(s) belongs to L ([0, T], B(Y,H)), which
is the space of equivalent classes of essentially
bounded, strongly measurable functions from [0, T']
into the set B(Y, H) of bounded linear operators
fromY into 'H.

Then, problem

U(s) = A(s)U(s), s >0,

10
U(0) = Vo, 1o

has a unique U € C ([0, T],Y) N C! ([0, T1, H) for
any initial data in 'Y .

In order to prove the existence and uniqueness of the
solution to Eq. (9), we first consider the specific case
where F (s) = 0. Introduce the following new operator:
A(s) = A(s) — 1, s>0.

Lemma 2 For any initial data Uy € H, there exists a
unique solution U satisfying U € C([0, +00), H) for
problem

{ﬁ(s) = /I(s)f](s), s >0,

. 11
7(0) = Up. (b

Moreover, if Uy € D (A(0)), then U (s) € C([0, +00),
D(A(0))) N C! ([0, +00), H).

Proof 1t is sufficient to verify the conditions (1)-(4)
in Lemma 1 for problem (11). It is worth noting that
the conditions (1) and (2) stated in Lemma 1 can be
readily verified for the operator A(s), since the domain
of the operator A(s) is not dependent on time s, i.e.,
D(A(s)) = D (A(s)) = D(A0)), Vs > 0. In the
following, we divide the proof into two parts to verify
the conditions (3) and (4), respectively.

Part I. Verification of condition (3) in Lemma 1.

Step 1. A(s) is dissipative.

Indeed, take U = (¢, ¥, 2)7 € D(A(s)),ie. U €
D(A(s)), then

(AU, U)yg
-/ eoeds
+/01 wsswds—zpl;f(s)ws<1>z+o<s> Ul
= 0() - Ul < Ul (12)

which means that operator A(s) is dissipative.

Step 2. Operator Al — A(s) is surjective for any
A>0ands > 0.

Indeed, for any given G = (g1, g2, g3)! € H, we
consider the solvability of equation (A1 — A(s))U =
G, U € D(A(s)), i.e.,

Ao — Y =2g1,
A — gz —¢ [vofl/f+2vo(€ - 1)‘#5]

+e2 [V (€ — 1)%ee +205 (6 — Do | =g,
Az — evolz + %ﬂs)wg(l) = g3.

By substituting the first equation into the second equa-
tion, we obtain the solution for ¢, then by substituting
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the solution for ¢ into the third equation, we obtain the
solution U € D(A(s)). Hence, the operator 1 — A(s)
is surjective for any A > 0 and s > 0. Again, we also
obtain that A1 — A(s) = (A4 1)1 — A(s) is surjective
forany A > 0 and s > 0.

Step 3. There exists a positive constant ¢ such that

WUls _ e

1Ull- —

where U = (¢, ¥, z)T. Indeed, for all s,r € [0, T],
we have

, Vs,rel0,T], (13)

2 2 2c|s—
IU|IZ — |U||Ze* 5]

= (1) [ (g3 v7)a

(e—svos _ e—£v0r+2c|s—r|) ZZ‘ (14)

2pLly

Note that when ¢ > 0, we get 1 — e2ls—rl < 0, if
choosing ¢ = 8% we have ef0 =) < p2¢ls—rl which
proves (13).
Part I1. Verification of the condition (4) in Lemma 1.
By direct computation, we obtain that

0
203l (s)y . (15)

d
aA(S)U = )
e2021(5)z — ZLLWS) (1)

Note that the vector in the right side of equation (15)
is bounded on [0, T'], therefore, %A(s) is bounded on
[0, T'], that is,

L A(s) e LX([0,T], B(D(A(0)), H)), in which
L3°([0, T1, B(D(A(0)), H)) is the space of equivalent
classes of essentially bounded and strongly measurable
functions from [0, T'] into the set B(D(A(0)), H) of
bounded linear operators from D(A(0)) into H. There-
fore, the conditions (1)-(4) in Theorem 1 for problem
(11) are verified. O

Now, we are in the position to prove the existence
and uniqueness of solutions to problem (9). We have
the following result.

Theorem 1 [Well-posedness] For any initial condition
Uy € 'H, there exists a unique solution U satisfying
U € C([0,4+00), H) for problem (9). Moreover; if
Uy € D(A(0)), then

U(s) € C([0, +00), D(A(0))) N C' ([0, +00), H).
Proof By Lemma 2, for Uy € H, problem gll) has
a unique solution U(s) € C([0, +00), D(A(0))) N
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CL([0, +00), H). Thus, the solution to problem (9)
with F(s) = 0 is given by

U(s) = e U(s).

Indeed, we have Us(s) = e U(s) + ¢ Us(s) =
ef (I + .,Zl(s))ﬁ(s) = A(s)U ((s). Further, since F(s) €
C10, T1], for any initial condition Uy € D(A(0)), there
exists a unique solution for problem (9):

U(s) = eng(s)dsU(O) n /A‘ ef; A(E)dEF(C)dé,’ (16)
0

which belongs to € C([0, +00), D(A(0))) N C!
([0, +00), H). i

4 Approximate solutions
4.1 The adapted method of separation of variables

In order to make the method of separation of variables
applicable to problem (5), we reformulate the bound-

ary condition at £ = 1, and use the transformation:
Wi(E, s) = Wi, s) — 8%%’5(5), then the problem

for Wl can be written as:
Wigs—Wige=e [vom’l,s +2v(§ — 1)W1,ss]
473 _
+e et W ea(s)
+0(?), 0<&<1,s>0,
Wi(0,5) =0, s > 0, (17)
Wiee(1,5) + 2L, (1,5) =0, 5 >0,

Wi(,0) = Wi o(8), Wi 0) =W (&),
0<g<l.

It should be noted that [(s) = [pet". By defin-
ing a slow time variable T = ¢s, and by letting
T (s, T) X (&, t) be anontrivial solution of (17), we have
the following lemma:

Lemma 3 Ler W, (&,5) be the solution of problem
(17), then we have

Wi, s) =Y Tu(s) sin(n (D)), (18)

n=1
where T = €8, A, (T) is the n-th positive root of

2pLI(t) 1
m An(T)

tan(2,, (7)) = — . () = 1oe™T,

19)
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and the following initial value problem must be satisfied
with respect to Ty(s),

Tk,ss + )»%(‘L’)Tk = 8vol_7~“k,s
232, s(cé)k(t)% - vocik(r)> s
—&Body (1) sin (% (efvos — 1)) + 0 (%),
Tc(0) = Fr, Tis(0) = Gy,
(20)
where Fy, = O(¢), G = O(¢), and

Jo 0(T,£) cos(hy(0)E) sin(u (7)§)dE

cl (o) =
. Jo o (. €) sin O (0)8)dE
, (D) [ o (2, 8)(E—1) cos(u (1)E) sin (g (7)€)dE
()= i ,
‘ i o (2, &) sin O (0))d&
Lo (r.8) (14 228 ) sin(u (1)8)de
) = (1+ 557 sintis L@

Jo oz, &) sin® O (0)€)dg
and o (t,§) =1 — 5-B—8(E = 1) (with 8(§ —1) = 0
forg # 1, and [} 8¢ — 1)dg = 1).

The solution of the linear ordinary differential equa-
tion (20) with the slowly varying frequencies A (7) as
given by (19) can be approximated by using the averag-
ing method in the following subsections. For the motion
resonance described by the ordinary differential equa-
tion subject to periodic excitations, Kandil in [11] pro-
vides the approximate solutions to the coupled blade’s
equations of motion by the multiple time-scales pertur-
bation method, based on which, he analyses response
curves of the system. In [10] he further explores the
effects of beam parameters on the nonlinear dynami-
cal behavior of such beams, and plots different response
curves by the multiple time-scales perturbation method
and Routh—Hurwitz criterion. For more coupled or non-
linear modeling with external excitations we refer to
[6,12,13]. The above literature focuses on constant fre-
quencies in time, whereas time-dependent frequencies
in (19) pose greater challenges. By an interior layer
analysis (including a rescaling and balancing proce-
dure), the slowly varying frequencies Ay (t) turn out to
lead to many resonance manifolds.

4.2 Resonance time

Let us introduce the following standard Liouville-
Green transformations: ¢ (s) = fg M (e5)ds and & =

%(evof — 1), and according to an adapted version of
the Lagrange variation of constants method, we assume
that 7y (s) and the derivative Ty (s) can be described

by Ax(s), Bx(s) in the following way:
Ti(s) = Ax(s) sin(¢r(s)) + Bi(s) cos(¢(s)),
Ti s (5) = 2 (1) Ax(s) cos(¢x (5))
— Ak (7) Bi () sin(gx (5)). (22)
Then, by substituting (22) into problem (20), we obtain

the following problem (where the dot ““-” represents the
differentiation with respect to s):

Ak = Ak (S) + 81320)ik((_:))

(sin(® + ¢) + sin(P — ¢y)),

B = Bi(s) + 8’32%"((;) (cos(® + ¢) (23)

—cos(® — @),
d = alge™”, ¢ = A(7),

T = &,
where
Ar(s) = —1 l
N EV
k ) 0

[Ak(s)(cos2er(s)) + 1) — Bi(s) sin(2¢x (s))]
dir(z) 1

dr  2Xxi(7)
[ By (s) sin(2epy (s)) — Ap(s)(cos2ey (s)) + 1)]
— &Nk (T)
[Ak(s)(cos2epn(s)) + 1) — Br(s) sin(2¢ (s))]
An(T)
) N
8%}2 /\k(r)n &(T)

[An(s) cos(@n(s)) cos(di(s))
=By, (s) sin(y, (s)) cos(Pr ()],
Bk(s) = —%svol_
[Ax(s) sin(2¢y (s)) — Bi(s)(1 — cos(2¢px(s)))]
dig(r) 1
dt  2xr(7)
[Ax(s) sin(2¢y (s)) — Bi(s)(1 — cos(2¢px(s)))]
+enk k(T)
[Ak(s) sin(2¢r (s)) — Br(s)(1 — cos(2¢n (s)))]

12 Y 0 o
n#k

Ak(T)

[An(s) cos(Pn(s)) sin(Pr(s))

— By (s) sin(¢y (s)) sin(¢x (s))],
and 17, 4 (1) = ¢ (7) ha(r) _ voc; (7). Resonance in
(23), can be expected when ® — ¢ =~ 0, or D+ ¢ =~ 0.
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But, since alpe™" and Ax(tr) > 0, resonance only will
occur when

alpe™" ~ A (7)), 1T >0. (24)
Since Ak(r) satisfies (19), that is, tan(Ag(t)) =

vo
— % p (I) , it follows that resonance occurs when

A A arctan(——) +*k—-Dm, k=1,2,.., (25
am

corresponding to the manifold t around t; with

L (arctan(—%)ﬂk—l)n)

T = — In
Vo C(l()

M >aly, k=1,2,.. (26)

Thus, from (26) and 7, = es;, we can conclude

that the resonance time of problem (20) is =, that is,
resonance occurs around the time %" and accordlng
to the expression for 7, we also can conclude that no
matter what the frequency of external force is, there

will be many resonance manifolds.

4.3 Resonance zones and approximate solutions

Theorem 2 [Asymptotic approximations | Let
W1 (&, s) be the solution of problem (5), then the explicit
approximations of W1 (&, s) on long time-scales can be
constructed as follows:

Z VeMy

Wi, s) =
k=1
[(sin(—~ o O 0% — 1)Cry (s, 51)
0
+COS( (68“"5" 1) SFr (s, sk))
sin(/ M (e5)ds)
(—cos( ll) (€% — 1)Crr (s, sk)
+sm( (e‘”OS" D)SFr(s, k)
cos(f A (e5)ds)] sin(Ag (es)&)
Sk
+0(), 0<& <1, 27
where s = Z—k Tk is given by (26), My (t) satisfies (19),
and
_ %Podk(ni) \/>
2w
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mvoh} (ti)
pLI(ty) cos?(Ax (1))

mAZ (t) —

VeB(s—sk)
Crrtsos = [* T costudidu S, 5.0)
—ePBsk

VeB(s—si)
= / ) sin(u?)du. (28)
—ePBsk

Proof Outside the resonance manifold, we can aver-
age the right-hand side of the equations in (23) over
¢r and ® while keeping Ay and By fixed [23]. Note
that Ay (s) and By (s) are slowly varying, therefore they
will not average out. The last terms of the first and sec-
ond equations in (23) are fast varying terms outside the
resonance manifolds, they will average out. Thus, the
averaged equation for A; now becomes

. 1 - dx
AZ = |:§SU()I — 86];]((‘[) ;‘L(_T)
dig(r) 1
+evocy (7)) — e — _2/\;(} A, (29)

where the upper index a indicates that this is the aver-
aged function, and B} satisfies the same equation. We
then obtain

Al(s) = )\ (O) e~ Jo s@de BY(s) = Fre~ o s@de
dii(T)
t(r) = —vol — (0=
2 Ao 1
+UOCk’k(f) dr 2)\’]( ) (30)

where the initial conditions G = O(¢), Fr = O(e)
are given in (20). Hence, outside the resonance mani-
fold the solution of system (20) can be obtained as:

~ Gk _res d .
Ti(s) = ——e™Jo €@ in(gy (5))

A (0)

+Fre™ 0" €% cos(gy (5)), 31)
where s = 0(%), based on which, we observe that

outside the resonance zone fk (s) remains order .

To study the behavior of the solution in the resonance
zone, we introduce ¥ = ®(t) — ¢ (¢) and rescale T —
7 = 6(e)T with T = O(1), and i is given by (26).
System (23) then becomes:

Bo k()
2Ax

Bod (t
22 (7)

Al = Ag(s) + e S (SIn(® + i) +sin()),

B{ = By(s) +¢ ) (cos(® + ¢k) —cos(y)),  (32)
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combined with the slow/fast variables

t=e T= g &= a(m)e O,
O = hi (T +8(e)7T),

¥ = M(1)e™ T — dy (g + 8(e)T)

= (0r(m) = $lr=y ) 3()F + 0(6(®)).

(33)

By differentiating (19) with respect to 7, we obtain

dAe(r) _ —pLuol (1)ak (1) cos® (i (1)
dr  mAZ(v) — pLI(r) cos?(hi(7))

(34)

This implies for w (see (33)) that w = udé(e)T +
0(82(¢)), where ju is given by (28). It now follows from
(33) that a balance occurs by choosing % = 4(e),

that is, §(e) = \/Tg This is the size of the resonance
layer. So, together with t — 7, = §(¢)7, it follows
from (33) that 7 = /e(s — sx), sk = %, and so
v(s) = ¥visy) + %,us(s — sk)z. Hence, in the reso-
nance zone, AZ can be written as

_ Js tlo)de
k() (O)e 0

eBody (ty)
20k (i)

/sin [lus(i — 5% + alo (e°P0%k — 1) — ¢k(sk)i| ds

0 2 0]

+0(e)

= \/EM]{ sin (% (esv()Sk — 1) - ¢k(sk)) CFr(ss Sk)
0

++/& My cos (% (e®P0%k —1) — ¢k(Sk)> SFr(s, sk)
0
+0(e), (35)

where @, My, Cr,(s, sx) and Sf,(s, sx) are given by
(28). By can also be approximated by a similar expres-
sion as for Ay. So, in the resonance zone, by using the
transformations (17), (18), (22), and (35), the solution
Wi (&, s) of problem (5) can be derived and is given by
27). O

It follows from (26) and Theorem 2, we can conclude
that:

Remark 1 [Resonance results] For a fixed external dis-
turbance frequency «, the resonance always occurs for
time s near resonance time s; (26). At s, the k-th res-
onance mode jumps up from O (&) to O(/¢), and the
size of the resonance zone in s is of 0(\%).

5 Anti-resonance strategies

In this section, we aim to eliminate the longitudinal
resonances present in problem (1)-(2) by introduc-
ing the damping terms cju,(x, t) in equation (1) and
cauy(I(t), t) in the transmission condition (2) with pos-
sibly different orders in magnitude in the damping coef-
ficient. Then, the problem can be reformulated as fol-
lows:

oty + 20y, + V2 ury) — EAuyy
+ciu; =0, 0 <x <I(t), I(t) <x <2[(t). (36)

The transmission conditions at the disturbance point
x = [(t) can be written as:

EA[u ()", 1) —u ()", 1)]
=[m (trr + 20uys + V7uyy) + C2’4t] lx=i(r) +e(®).

Theorem 3 [Anti-resonance results] Assuming that
the damping parameters c; and cy are of the order
0(£&)with0 <eg<<1,0<a <1, andcy < c,
along with the conditions that the string mass pL and
movable pulley mass m satisfy m < 2pLI(t), we have
the following two anti-resonance results:

Case 1: when — < & < 1, resonance suppression is

not achievable;

R 1
Case 2: when 0 < @ < > resonance suppression is

achievable.

Proof In the following, we divide the proof into two
steps. In step 1, we transform the original problem
into different order problems by identifying feasible
timescales. In step 2, we analyze the order problems
for two cases in detail.

Step 1 (Obtain equations up to O (e4/¢)). Using the
same hypothesis and following the analysis as given
in (3)-(5) and (17)-(20), that is, u — u*™ — Wl
Wi &,s) > Tk, we can derive the problem for Ti(s):

o0
Trss + 2@ Tk + cll(OTis + Y 6p 1 (D Ts

n=1

= gvolTk s — 282( Cy, k( )dA n(®) - UOCik(T)> Tn N

—eﬁodk(t)mn( - (eV05 — 1)) ,t,t >0, (37)
0
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where

e (0
_ (2= e1)sinGu ()L oz, 5)sln(/\k(r>§)</\2(r)€2+2>d$]
20(1) [y o (z.8) sin? Gy (1)E)dE

Cz,k(f)
_ (2 —cpsin® (e ()) (1 _oom )
I(7) 2pLI(T)

In the previous section, it was shown that (under
certain conditions on the fundamental excitation fre-
quency «) resonances can occur around times s, for
k =1,2, ..., where sy is given by (26). In order to con-
struct accurate approximations in the neighborhood of
sk, we rescale s with s = § + s, T = &5 + 1%, and set
$(s) = fo M (e5)dS, P(s) = G +51) = Pe(5) =

fivk M (T + €5)ds. Introduce three timescales 5o = §,

51 = 4/€5,5 = &5, T = 5 + 1, and so

~ 50
dr,0 = / Ak (T + €5)ds,
a

Pr,1 = / M (tk 4+ V/€5)d5,
b

~ 52
Dr2 = / Ak (T + 5)ds,
C

where a = —sy, —/esk, ¢ = —esi. These
scalings are based on the size of the resonance zone

0(7) (which has been found in the previous sec-
€

tion), and on the natural scalings for weakly nonlin-
ear equations. By using the three timescales pertur-
bation method, the function Tk (s) is supposed to be
a function of time variable ¢I< 0, ¢k 1,¢k 2, that is,

Te(s) = wg (¢k,0, ¢k,1, ér.2: /). By substituting it
into (37), we obtain equations up to O (g4/¢) (see(63)).

Step 2 (Analyze the order problems for two cases).
By using the three-timescales perturbation method, the

function wk(¢~>k,o, ¢~>k,1, q~5k72; J/€) is approximated by
the formal asymptotic expansion:
Wi (Pr.0. Br.1. Pi.25 /&)

= Vw00, Pr.1. Pr.2: VE)

+ewk, 1 (Br.0- Pr.1. Pr.2: VE)

+evEwe 2 (Gr.0. i1, Pr2s VE) + O(e%).  (38)
Based on the different orders of damping coefficients,
we analyze the order problems for two cases.
Case 1: c; = 0(e%), ¢y = 0(e%), and% <& < 1.

@ Springer

By substituting (38) into problem (63), and after
equating the coefficients of like powers in /e, we
obtain as the O (/¢)-problem:

2wio
— +wro0=0, wgo(0,0,0)=0,
%0
0
P50 0,0,0) = 0, 39)
k.0
as the O (e)-problem:
9w
~2k’1 + wg,1
%0
d
— _py(r) 2kO
k.0
An(T) dwp 0
_ch’k(r)kg ~n
nk k(f) aCbn,O
_p Pwro Bol(T)dy (7) sm( (€7 — 1))
0Pr,000k,1 vo '
wi,1(0,0,0) = Fy,
] ow G
Prl0,0,0) = — 22500, 0, . (40)
90k,0 3r.1 A (0)
. 3
] (D
where Px(t) = al kk 0,c1, ¢z, =

Ak(T) Ak(T)

1
O(a 2),

and as the O (g4/¢)-problem:

m + wi 2
0L
Al owey  @l(x) dwgo
Ak(T) 8(,5/(,0 B Ak(T) 8¢~5k,1
32u}k,1
dPi,00x.1
32u)k,() 32wk,()

dk,00k 2 3¢~>f,1
An(T) 8wn,O
AL(T) 3,1

+[voi<r>xk(r) =Y e
n=1

N 5 An(T) dwy g
_ch,k(f) 2 ~
n=1 )Vk(r) 3¢n,0

d)\k(l’)i| 1 dwko
dr JA3(0) d¢ro
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i dAr, (1) 1 dwno
-2 2 (D) —v,%(r)]
; [c TG T ® 90
dwy 2
wr2(0,0,0) =0, ——=(0,0,0)
¢>k0
8
= (0 0,0) — (O 0,0), 41
3¢k 2 ¢>k 1

Firstly, the O (y/¢)— problem has solutions
we,0(Pr.0, B 1 Pr25 V/E)
= Ck1(@k.1, Px.2) sin(¢x,0)
+Cr,2(Pr.15 Pi.2) c08(Pr.0), (42)
where Cy 1 and Cy are still unknown functions
depending on the slow variables ¢y 1 and ¢ 2, and
they can be determined by avoiding secular terms in the
solutions of the O(e)— and the O(s+/¢)— problems.
By using the initial conditions in Eq.(39), it follows
that C¢.1(0,0) = Ck2(0,0) = 0. Then, the O(¢e)—
problem (40) (outside as well as inside the resonance
manifold) can be written as

Bzwk,l
LT

——2[8C cos(q) ) —
a k.1 w0

+ Wk, 1

Slﬂ(¢k 0)}

D1
—Pi(7) [Ck,l COS(¢~>/<,0) —Ci2 Sin(cl;k,o)]

. 3 An(T)
gcn,km—ki(ﬂ

[Cn,l Cos(én,O) - Cn,2 Sin(d;n,O)]

—Bol (r)dk(7) sin <a—lo(evof - 1)) ;
)

= Wi, 1
wg,1(0,0,0) = Fy, ——(0,0,0)
k,0
OWkO 6 0.0)+ G (43)
- T = s Uy k-
0Pi.1

Next, we will calculate Cy 1 and Cy 2 in (42). In order
to make the solution results more clear, we analyze the
solution for two parts: outside the resonance zone and
inside the resonance zone.

Outside the resonance zone, it should be observed
that the last term in Eq. (43) does not give rise to secular
terms in wy 1. To avoid secular terms, it follows from
(43) that Cy,1 and Cy 2 have to satisfy the following
conditions
0Cki " Py (1)

dx1 2

Cri=0, i=12, (44)

which has solutions
Pr(7) .

k.1

Crilde)e 2 . i=12,
(45)

Cri (P, Pro) =

where Cy 1 and Cy ; are still unknown functions of the
slow variable ¢y », which can be deduced by solving
the O(g4/¢)— problem (41) later. Since Cy 1(0,0) =
Cy.2(0,0) = 0, this implies that Cy.1(0) = Cy.2(0) =
0.

Inside the resonance zone, we observe that the last
term in Eq. (43) gives rise to secular terms in wy i.
According to (35), we can write

l
sin <ﬂ(e”0f - 1))
gV
. 1 aly £v0s g
= sin 2,u8s1 + ( 0% — 1) =i (sk)+dr0)-

Then, it follows from Eq. (43) that inside the resonance
zone Cy 1 and Cy 2 have to satisfy

0Ck -
2L )Gt — Bol(D)di ()
0P, 1
(1,
sin §u851+19(sk) =0
0Ck 2

2

+ Pr(t)Cr2 — Bol (v)dk(T)
br1

L
0s §u8s1+0(sk) =

e (30 = £ -
Cr1 Bre1. br.2)
= C_‘k’l((ﬁk’z)e_Pk(f)(zk,l
Cr2@Pr1. br.2)
= ék,2(<131<,2)€_Pk(r)‘1;"*1 +G@Gr, 1)+ hot., (46)

1) — ¢k (sx), which yields

— F(51,7) + ho.t.,

where
F(31,7) = Bol(1)dk(7)
[sin(® (s¢))C rr (51) + cos(P (s0)) Sk (1)1,
G 1, 1) = Bol(v)dy(T)

[cos(? (5))Crr(51) — sin(@ (sx) - (31)],

_ Bs1
Cr,(51) = / cos(u?)du,
Bb

_ B51
Srr(51) = / sin(u?)du,

Bb
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Cy.1 and Cy, are still unknown functions of the slow
variables (]31(,2, which can be determined by solving the
O (g4/€) — problem (41).

Now, we will calculate the functions C¢,1 and Cy 2.
Taking into account the secularity conditions, the gen-
eral solution w1 of the O (g)— problem is given by

Wi 1 (k.05 Pr.15 P23 V/E)
= Dy 1(Pk.0, Pr.15 Pr.2) sin(g o)
+ Dy 2(Pk.05 i 1> Pr.2) COS(Pk 0)-

By substituting wy ¢ and wy | into O (eﬁ) — problem
(41), and by avoiding secular terms in the solution of
Wk,2, it follows that C_'k,l, and C_‘k,z have to satisfy the
following conditions inside and outside the resonance
zone:

3Cr1 PO - 1- )
— — ——Cx 2——{(1) Cr1 =0,

Aok 2 4 2 ( )

0z K@, Lz ) Cia =0, @)
= k1= 5¢(T k2 =0,

k2 4 2 ( )

where £ (t) = vol(7) — Y0 Akl(r) 2¢) ()0

2v0c,%, (D).

Since Ci.1(0) = C2(0) = 0, and A (7) and (1)
are bounded and change slowly, it follows from Eq.
(45) and Eq. (47) that outside the resonance zone

Ci1(Pr1, Pen) =0, Cra(brr, dea) =0.  (48)

It follows from Eq. (46) and Eq. (47) that inside the
resonance zone,

Ci1(br1, Pr2)
= —Bol (v)dy (T)[sin(? (sx)) CFr (51)
+cos(W (i) Spr G, Cr2(Bk, 1, Pre.2)
= Bol (v)dy (v)[cos(® (s:))Cr(51)
— sin(® (%)) Skr (5] (49)

To obtain more accurate approximations for the solu-
tion of problem (37), the

O (g+/€)— problem and the 0(H)— problem can also
be solved by using a similar analysis as for the O (,/¢)—
problem. At this moment, only the first term in the
expansion of the solution for the string problem is
important from the physical point of view. So, to
shorten the paper, we are not interested in the high-
order approximations.

@ Springer

Finally, the solution of problem (37) is given by

Ti(s) = Vewk.0(Pr.0, Pr.1, P23 v/E) + O(e),  (50)

where wg o is given by (42), (48) and (49). It turns
out that by introducing the damping terms cju;(x, t)
and cou; (I(1), 1) with (c1, 2 = 0(8&),% <a<1l),
the resonances can not be eliminated. Outside the reso-
nance zone the oscillation amplitudes may decrease (it
depends on the solution of w, 1 in the O(¢)-problem
(40)), but within the resonance zone the oscillation
amplitudes still increase from initial conditions O (g)
to O(4/¢), and the size of the resonance zone in s is of
o (%)
Case 2:¢; = 0(e%),¢c2 = O(e%),and 0 < & < %
By substituting the power series expansion (38) of
the form wy into the problem (63) and equating the
coefficients of like powers of /e, we obtain the fol-
lowing O ((\/E)”) — problems to solve for n € N7,
The O(4/¢)-problem is given by:

2w o Qw0
+ wi,0 + Ok (1) —
995 o .0

=0, (51)
the O (¢)-problem:

9wy w1
57— T w1+ k() —
99; o .0

An(T) 0wy 1

3 n n,

+Y e e ol
oM@ 0o

_ dWk.0
= Qk(f)8~

k,1

32w 0 =
o TWRO g nydi (1)
00,000, 1 ¢

I}
sin (ﬂ(evor - 1)) , (52)
EVQ
and the O (¢4/¢)-problem:
3w
i + w2 + Qk(T)
k 0 k,O

An(T) 0wy 2
+) (= il
ntk A (f) 3¢n,0

= —Qk(t)

0
— Qi) k0

D1 0Pi,2
Bzwk,o

dbr,00¢k 2 35;%,1

3211)](,1 82wk,0

dBr.09k.1
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3 An () Qwp,1
=2 i@ 52 P
Vl;ék k(T) 8¢n,l

An(T) Qwp 0
=) i =, (53)
n; 3@ 0

I(T) + ¢, (T)
where Q (1) = %

The objective of this subsection is to suppress the

large vibration inside the resonance zone. In the pre-
vious section, it was shown that the size of reso-

nance zone is O (\/LE), and that [, Ak change slowly
(19). So, for a certain time s* inside the resonance
zone, within its O (\%) resonance domain, we have
[ =1(edf o) + O(Ve) and A = hi(edf o) + O(Ve),
where the relationship between §* and &,’(‘0 is given

by (38). Thus, in the resonance zone involving §*, the
O (/¢)— problem (51) has solution

W0 (B0, Pr.15 P23 V/E)
= Cr.1(Pr.1, Pr)e®1Peo

+Cha(Brt Bra)e™ P, (54)
where
* 2/ %
@ = —Q";’ ) 4 Q"ff U ING)

* 2%
N RG]

and Cy 1, Ck 2 are still unknown functions depending
on the slow variables <f;k,1 , qgk,z, they can be determined
by solving the O (¢) — problem and O (¢4/€)— problem.
Since the term —ﬂol_(r)dk (1) sin(% (e"°T —1)) can not
produce unbounded terms in the solutions of the O (¢)—
problem and the O (¢+/¢)— problem, we have to set

0Cr 1 . 0Cx 2 _ 0Cx 1 _ 0Ck 2 _
k1 k1 ddkn ko

which leads to bounded functions wy o, wk,1, and wi 2.
By substituting the initial conditions in (54) and (55),
we find the solution of the O(y/¢)-problem: wy o =

0. It turns out that by introducing the damping terms
cius(x, t) and cou(I(¢), t) with (cl ,e0=0(e%),0<

0, (55)

A

1 -
a < E)’ the resonances can be eliminated on long

timescales. a

Remark 2 [The threshold for anti-resonance] To sup-
press the resonance, viscous dampings are adopted in
the system. The core function of damping is to dissi-
pate energy, thereby directly reducing the amplitude
of the resonance peak, rather than altering the natu-
ral frequency of the system. It is shown that when
the order of damping coefficient is too small, that is,
smaller than or equal to O (/¢), the resonance can not
be eliminated; when the order of damping coefficient is
larger than O (4/¢), the resonances can be eliminated.
The effectiveness of damping strategies is subject to a
theoretical lower threshold for the damping coefficient
O(4/¢), below which resonance induced by transmis-
sion point perturbations cannot be effectively elimi-
nated. This discovery reveals inherent limitations in
damping coefficient selection. However, this threshold
O (y/¢) is not an arbitrary constraint, rather, it is a math-
ematically rigorous result derived from multi-scale per-
turbation analysis, rooted in the intrinsic dynamic prop-
erties of the system. Physically, this threshold reflects
an energy balance: under the initial set of assumptions,
when damping coefficient (0 < ¢y, ¢z < O(/¢)), the
energy input from perturbations exceeds the energy dis-
sipation capacity of the damping mechanism during
oscillation cycles. This energy imbalance leads to sus-
tained amplitude growth rather than effective resonance
elimination. The threshold’s direct dependence on the
perturbation parameter € indicates that stronger pertur-
bations require proportionally greater minimum damp-
ing to counteract their effects. This provides engineers
with clear quantitative design objectives, enabling
them to select or design structures with sufficient damp-

ing.

6 Numerical simulations

In this section, we show that the analytical approxima-
tions of the solution to the problem agree very well with
numerically obtained approximations.

Since the original problem (1)-(2) has a time
dependent space domain, we proceed to transform
it into the following non-dimensional initial bound-
ary value problem ( & = lé‘—t)), and integrate the
so-obtained problem with a numerical method. The
problem becomes:
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Fig. 2 Without damping term: a Displacements at & = 0.25 of the cable for times t up to t = 650, b The energy of the cable. The

shadowed bands represent the resonance zones

iy — 121288 = v(g - l)ﬁSt

— V(€ — Dige + 2 (1 - §)i.

0<é<1, 1 <&E<2,t>0,
u(l=,1) = zZ(lJr 1),
[t (1, 1) + 25 [ue (17, 1) —ug (17, )]

=—dn+0@%,t>a

u(0,1)=0, u(2,t) =0, t>0,
where [ = (1), uo(§) = uo(§lo), and u1(§) =
ui(&ly) — s‘fvo ug(§,0). We first discretize the par-
tial d1fferentlal equation in (56) in the £ — coordinate
by using a central finite difference scheme. Then, we
rewrite the so-obtained discretized equation in a matrix
form, and use the numerical time integration method
of Crank-Nicolson [25]. The numerical approach used
(central finite difference + Crank-Nicolson) is a stan-
dard, reliable method for problems of this nature, and its
implementation was rigorously verified through con-
vergence studies. The parameter values utilized in this
process are specified as follows:

e=001,lp=1, vo=1, p=1, m =10,
L=10, pp=1, a =0.4m, y =0.25. (57)
For simplicity, assume that only the initial displacement
is prescribed, so that
(€)= sin(w§), i1 (§)=¢cos’(m€), 0 <§ <2.
By using (24), we observe that the resonance occurs
around time instants sy satisfying algpe™" = A, 7 =

(56)
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es, and by using the Liouville-Green transformation
with Z; = l(lt),we obtainal(t) = Ay, 1(t) = lp+evot,
which implies that resonance occurs in time at time
instants

=T e, (58)

eavg

where Ay is given by (25). From the analysis in section
4, the resonance times depend on the mode numbers k.
Under the aforementioned parameter settings, for the
first, second and third oscillation modes, resonances
emerge for times 1 ~ 70, o & 320, t3 &~ 570, respec-
tively.

Figure 2 displays the longitudinal displacements
u(g,t) at & = 0.25 and the vibratory energy of the
axially string without damping term over a time period
up to t=650. From the figure one can see that in the res-
onance zones the longitudinal displacements and the
vibratory energy increase and, between these zones,
stay phase-locked. Also, the resonance displacements
jump from O (¢) to O(4/¢). The shadowed bands rep-
resent the resonance layers which have the size of
o (\/Lg) as was obtained in Sect. 4 analytically. It is
clearly evident that the numerical simulations depicted
in Fig. 2 align remarkably well with the analytical
results presented in the previous section.

After introducing damping terms ciu,(x,1t), c2
ur(1(2), 1) (c1 = 0(%), c» = 0(e%)), Figure 3 depicts
the longitudinal displacements u at £ = 0.25 and

the vibratory energy with damping parameter @ = 5
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Fig. 3 Damping coefficient c = O(e%), & = %: a Displacements at £ = 0.25 of the cable for times t up to t = 650, b The energy of the

cable. The shadowed bands represent the resonance zones
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Fig. 4 Damping coefficient c = 0(e%), & = %: a Displacements at £ = 0.25 of the cable for times t up to t = 650, b The energy of the

cable. The shadowed bands represent the resonance zones

over a time period up to t = 650. From the fig-

ure one can see that with the damping coefficients
2

cl,cy = 0(83) < O(4/¢), the longitudinal displace-

ments and the energy still increase, and the displace-

ments jump from O(g) to O(y/¢) at times t ~ 70,

t &~ 320, t ~ 570. This confirms that resonance per-
2

sists under the damping condition & = —. Figure 4

shows the longitudinal displacements # at & = 0.25

and the vibratory energy for & = o corresponding to

damping coefficients ¢y, c; = O(/¢) over t < 650.
The figure reveal the growth at times & 70, t ~ 320,
t ~ 570 1in both longitudinal displacements and energy.
This confirms that resonance persists under the damp-

. N L
ing condition @« = —. Furthermore, the numerical sim-

ulations in Figs. 3 and 4 show excellent agreement with

the analytical predictions for Case 1 in Section 5.
Figure 5 displays the longitudinal displacements i

at £ = 0.25 and the vibratory energy with damping

1
parameter & = 7 over a time period up to t=650. Under

@ Springer
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Fig. 5 Damping coefficient ¢ = O(¢%), & = %: a Displacements at £ = 0.25 of the cable for times t up to t = 650, b The energy of the

cable
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Fig. 6 Damping coefficient c = O(¢%), & = 0: a Displacements at £ = 0.25 of the cable for times t up to t = 650, b The energy of the

cable

the damping parameter condition, damping coefficients

satisfy ¢j,co = O(e4) > O(/¢). From the fig-
ure one can see that both the longitudinal displace-
ments and the energy exhibit temporal decay without
resonant response. This demonstrates successful reso-

S . U |
nance elimination under the damping conditiona = .

Figure 6 shows the longitudinal displacements i at
& = 0.25 and the energy for damping parameter & = 0,
and so ¢y, c3 = O(1) > O(/¢) over t < 650. From
the figure one can see that the longitudinal displace-

@ Springer

ments and vibratory energy both decay over time with-
out resonant response, demonstrating effective reso-
nance suppression under the damping condition & = 0.
Furthermore, numerical simulations in Figs. 5 and 6
exhibit excellent agreement with the analytical predic-
tions for Case 2 in Sect. 5.

7 Concluding remarks

In this paper, the longitudinal vibrations and associated
resonances in a movable pulley string actuator due to
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a harmonic excitation have been studied. The problem
is described by a partial differential equation (PDE) on
a time-varying spatial interval with a small harmonic
disturbance and a moving nonclassical boundary condi-
tion. By assuming that the small harmonic disturbance
is of order ¢ and by assuming that the initial values
are also small and of order ¢, it is shown in this paper
that the initial-boundary value problem is well-posed,
and that for a given arbitrary boundary disturbance fre-
quency, many oscillation modes jump up from O (¢) to
O (4/¢). Furthermore, explicit, and accurate approxi-
mations of the solution are constructed. These approx-
imations are valid on time-scales of order ¢!

To suppress the resonance, viscous dampings are
adopted in the system. It is shown that when the order
of damping coefficient is too small, that is, smaller
than or equal to O(4/¢), the resonance can not be
avoided; when the order of damping coefficient is larger
than O (4/¢), the resonances can be eliminated. Finally,
numerical approximations of the problem are computed
and are in full agreement with the analytically obtained
results.

This study focuses on resonance responses induced
by small amplitude perturbations O(g). For distur-
bances with amplitudes significantly exceeding O (¢),
we recommend further analysis through higher-order
models or numerical simulations. Nevertheless, the
revealed coupling mechanisms between damping and
perturbation characteristics provide a fundamental the-
oretical basis for suppressing energy within resonance
bands. Future work will explore: higher-order pertur-
bation models and nonlinear control strategies for large
disturbances.
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Appendix A: The derivation of motion (1)

To illustrate more clearly, we only consider the longi-
tudial vibration in the interval (0, [(z)). Following the
explanation of the parameters underneath Eq.(2), the
partial differential equation (PDE) can be derived by
Hamilton’s principle:

t
/ 2(8Ek(t) —8E,(t))dt = 0. (59)
n

The Kinetic energy Ex(t) can be represented as
Ex(0) = 5[5 (B + v)2dx + Jm(BY + v) i),
the Potential energy E p(t) canbeexpressedas £, (1) =
1EA fo(t) u2dx + f[(t) Tuydx + Egs — fo(t) pgudx —
mgu|y— (), where the spatiotemporally varying tension
T(x,t) is given by T(x,t) = [m + p((t) — x)]g,
0 <x <I(t), g is gravity, and

SEx(t) — SE (1)

+Wl(— + v)5 |x =I(t)
1(r) 1(1)
—[EA/ Uyduydx + / Tdou,dx
0 0
(1)
—/ pgdudx — mgduly—in], (60)
0

where the operator
Ur + vy

By substituting the equations (60) into (59), we
obtain

1(t)
f / p(— + v)8—dxdt

+/ m(—+v)6 |x 1(0ydt

t pl(t) 1(t)
—EA// UyOu,dxdt — / / Tdu,dxdt
1(t)
+/ / pgdudxdr
1 0

n
+ / mgduly—indt = 0. (61)
1

Du __ du du __
L is defined as =% = 5 T V5 =

@ Springer
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By integrating by parts, it then follows that (61) can be
rewritten in:

th  pl(t) 5
/ / [—o(usy + 2vux + v7Uxx)
1 0

+EAuyy + Ty + pgloudxdt
4]

+ | [=muy + 20y + v2ury)

n

—EAuy — T +mgléuly—;dt
4]
—i—/ [pv(uy + vuy +v) + EAuy + T
4]

Suly—odr = 0. (62)

So, the governing equation of the system can be
obtained from (62) as

oy + 2vuy + vzuxx) — EAuy, — T, — pg =0.

T (x,t) is given by (60), it then follows that the gov-
erning equation is given by

o + 2vuy + Uzuxx) — EAuy, =0,

where 0 < x <[(t) and r > 0.

Appendix B: Equations up to O (e./¢)

In section 5, by substituting time variable qgk‘o, ¢~3k,1,
¢k.2 into (37), we obtain the following equations up to

O (e /¢):

32 02w
TR AL
3¢k,o 0k, 000k,1
92w 92w
ek -
Ok, 03¢k 2 0,
I(t) 9
+2e./¢ cl(@) Wk
dx, 13¢k 2 Ak(T) Ao

o
An(T) dwy,
+> e (D3 ) Buon
n=1 )“k(T) a¢n,0

el dw Sl An(T) awn]
- S[Ak(r) dr.1 +;C"”‘(”x§(f> .1

_ C]l_('L') 8wk _ > 3 )Ln(T) awn
+8[ M (T) Ay ,;Cn'k(t)k%(f) 3 2

da(r) 1w wol(T) dwy
At A2(0) ddro M (T) a0

—Bod, (t) sin(‘)‘—l%”or - 1)
£V
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) 2 An(T) Jwy
—2 - ~
Z( w0k (320 a¢n,o]
dig(r) 1 dwr  wvol(r) dwy
+ - N _
8\/E|: At AZ(0) dk,1  Mk(T) 3
n( ) ) A (T) dwp,
-2 — ,
Z( 1G] — e 1 (7)) e %’J
(63)
where w;(0,0,0; /&) = F. = eF; and %

. dwy . dwy .

0,0, 0; Jf) + ﬁ_3¢k,l 0,0, 0; ﬁ) + 8_3¢7k,2 0,0, 0;
_ k

Vo) = 1y

function of ¢ ».

= &Gy are O(g), and where 7 is the
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