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ABSTRACT

This work addresses the importance of considering the co-
herent organization of turbulence structures when predict-
ing the noise from serrated trailing edges. Turbulent flow
is the source of broadband trailing-edge noise. The ex-
istence of coherence in the turbulent flow departs from
the state-of-the-art assumption for noise prediction based
on the sum of the different wavenumbers excitations in
an incoherent manner. This study addresses whether the
latter hypothesis is the underlying cause of the noise un-
derestimation observed from theoretical models for ser-
rated trailing edges at high frequencies. A simplified hair-
pin model in the form of a bounded vortex filament is
used as input to the scattering solution. The vortex fila-
ment is used to compute the turbulent velocity and wall-
pressure fluctuations induced by the modelled coherent
structure. This coherent wall-pressure structure is given
as input to a numerical acoustic solver of the diffraction
problem, yielding the scattered acoustic field. Results fo-
cus on the differences between coherent and incoherent
assumptions. It is demonstrated that the acoustic scatter-
ing of coherent structures differs from the incoherent sum
of the wavenumber spectrum of such structures, showing
more consistent results with experimental evidences. The
results indicates that modelling of the noise from serrated
trailing edges can be improved with a detailed description
of the turbulent flow.
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1. INTRODUCTION

The prediction of noise generated by the advecting tur-
bulent structures inside a boundary layer near the trailing
edge of a wing is based on the solution of the diffraction
problem described in [1-4]. This solution is obtained for
an advecting gust described as a purely advecting sinu-
soidal wave excitation, where the streamwise wavenum-
ber is related to the frequency and the gust convective
speed (k, = w/U,).

For straight [1] and slanted [5] trailing edges, this
procedure results in a dominant cut-on wavenumber-
frequency mode, i.e. the one where the wave crests are
aligned with the trailing-edge direction. Nevertheless, the
noise scattered by more complex geometries, e.g. serrated
trailing edges, depends on the contribution of several cut-
on modes, as described in [6]. To account for these mul-
tiple contributions, the modes are considered uncorrelated
from one-another. This assumption yields good compar-
isons against experimental data available at low frequen-
cies [6,7] for serrated trailing edges. However, at high fre-
quencies, the methodology often predicts an asymptotic
behaviour of the noise reduction. The latter contrasts with
experimental [8,9] and numerical [10, 11] evidences.

In this work, an alternative for the modelled incon-
sistencies is explored, i.e. the presence of coherent struc-
tures inside the turbulent flow. Based on this hypothe-
sis, the coherent interaction of the different wavenumber
wall-pressure modes affects the total noise. To account for
the presence of coherence, a modelled turbulent coherent
structure, in the form of a simplified hairpin, is used as in-
put to a numerical solver of the acoustic scattering diffrac-
tion problem. The results are confronted against the inco-
herent sum of the modes to demonstrate the differences
between both assumptions.
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2. METHODOLOGY

This study requires a representative model for a coherent
turbulent structure inside a turbulent boundary layer and a
method to predict the acoustic scattering from this incom-
ing structure. The following sections describe, respec-
tively, the coherent structure modelled and the method-
ology used to assess the acoustic scattering at the trailing
edge due to the turbulent structures.

2.1 Model of a hairpin coherent structure

The model chosen for the wall-pressure fluctuations in-
duced by a coherent structure is based on an advecting
hairpin inside a boundary-layer flow, following the work
of [12]. This approach considers a simplified geometry
of a finite vortex line to emulate a turbulent hairpin, as il-
lustrated in Figure 1. The geometry of the vortex line is
used to predict the velocity and, lately, the wall-pressure
fluctuations induced by the hairpin structure. A simplified
description of the procedure is provided hereafter. More
details can be found in the work of [12].

Figure 1. Geometric representation of a hairpin vor-
tex line (in grey) on a turbulent boundary layer flow.
The dashed lines represent the mirrored hairpin used
in the mathematical description of the wall effects.

The model is based on an idealized hairpin structure
consisting of two slanted legs of length L placed at an
angle ¢ with respect to the flow, and a straight head of
spanwise extent b. This geometric structure represents a
horseshoe vortex of uniform vorticity I', and radius r..

The velocity fluctuation induced by the presence of
the horseshoe structure is computed from the Bio-Savart
integral using the Rankine vortex model and the approx-
imation of slender vortex streaks [12]. The proposed ap-
proximation is used to compute the velocity field induced
by each of the legs and the hairpin’s head.
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The fluctuating velocity field is combined with the
mean boundary-layer velocity profile to compute the in-
duced wall-pressure fluctuations. For that, the mean
boundary-layer velocity profile (U) and the wall-normal
velocity fluctuation field (w) created by the hairpin vortex
and its mirrored vortex below the wall are used as input to
the solutions of the pressure Poisson equation, obtained
from the Green’s function formulation for the pressure

(eq. 1).
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The latter integral is computed numerically using a
trapezoidal approach. The derivatives are predicted using
a second-order finite differences scheme. Figure 2 illus-
trates the process with the streamlines induced by the pres-
ence of a hairpin on a mean uniform flow and the induced
wall pressure due to the presence of the hairpin structure.

P /Prae
1
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Figure 2. Example streamlines induced by the pres-
ence of a hairpin in the mean flow and the wall-
pressure induced by the hairpin.

2.1.1 Physical quantities

The model discussed requires a description of the mean
boundary-layer flow above the wall and a geometrical de-
scription of the hairpin structures.
The former is obtained from a Spalding boundary
layer model [13] added to the wake model of Coles [14].
The size of the hairpin structures follows [12] and is
based on a stochastic distribution of possible hairpin sizes.
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Table 1. Parameters chosen for the 6 hairpins ge-
ometries selected for the study.

2/6 (b)) L[5 (V2b/6) 2zt () ¢[°] re/b
0.10 0.14 40 45 0.05
0.13 0.18 50 45 0.05
0.17 0.25 60 45 0.05
0.23 0.32 80 45 0.05
0.30 0.43 110 45 0.05
0.40 0.57 140 45 0.05

It is assumed that these coherent structures happen at ev-
ery possible size within the turbulent flow. For each pos-
sible hairpin head size (b) an occurrence density (1) is
associated. According to [12], the occurrence density is
related to the hairpin size following eq. 2.

1

R 2
From the distribution of hairpins, the wavenumber

spectrum of a single hairpin can be estimated by inte-

grating the wavenumber spectrum of the obtained coher-

ent structures times the occurrence density of all possible

hairpin sizes (eq. 3).

Ne X

bmax
Doy (ko k) = / e (0) [Spp (ko By, B)ldb. (3)

bmin

To reduce the computational costs required for the nu-
merical integral, the solution is truncated by considering
only 6 possible hairpin sizes (defined by b). The low accu-
racy from the small number of points is avoided by assum-
ing self-similarity and scaling the wall pressure computed
for hairpin sizes (b) outside the 6 values chosen, i.e. the
estimation of eq. 3 uses an scaled value of S}, for values
of b between the chosen ones.

Table 1 summarizes the 6 possible hairpin sizes se-
lected. Following the literature, all the hairpins have an
angle 9 equivalent to 45°, a leg size of L = 1/2b, and a
vortex core radius of 0.05b [12].

The boundary layer and geometry of the sawtooth
trailing-edge serration chosen for the study are based on
the benchmark model presented in the work of [15]. The
2D NACA 633-018 airfoil model is a benchmark air-
foil for validating acoustic measurements under differ-
ent facilities and scales [15]. Table 2 describes the main
boundary-layer and serration geometric parameters re-
quired for the study.
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Table 2. Boundary-layer parameters and geometry
of the sawtooth trailing-edge serration.

Parameter Symbol | Value

Flow speed Us 20 m/s
Boundary layer thickness é 10 mm
Friction velocity Ur 0.6 m/s
Wake parameter II 2.0
Serration height 2h 20 mm
Serration wavelength A 10 mm

2.2 Scattering solver

The scattering at the trailing edge can be modelled by the
diffraction problem shown in the work of [2], based on
the work of [1]. The solution is based on an infinitely
long plate with a trailing-edge geometry described by the
function ¢ (y). The scattered acoustic waves are to com-
ply with the homogeneous wave equation (eq. 4). To the
equation, a Neumann boundary condition is applied in the
wall and a Dirichlet one is applied downstream from the
trailing edge, following equation 5.

1/0 9\
v2p(8t+Uooaw> p=0. 4)

=, ifz <g(y)
pzfpi(taxay)a 1fx>g(y)

2.2.1 Numerical method

&)

A numerical solution of the scattered acoustic field is car-
ried out using the solver COMSOL Multiphysics for both
a wavenumber input and a coherent input based on an ad-
vecting wall-pressure structure past a hairpin. The solver
is based on the wave equation with boundary conditions
that follow the ones proposed in [2]. The equation is
solved on a half C-shaped domain as shown in Figure 3.
The trailing edge represents a transition region between
the wall boundary and the wake boundary.

The results of the wavenumber excitations with k,, =
0 are shown in Figure 4 for validation purposes. The nu-
merical solutions are compared against predictions from
Ayton’s model [3] for the same wavenumber and with
Howe’s model [16] for the sum of all wavenumbers. The
comparisons indicate that the numerical simulations agree
well with the predicted noise reduction from the theory.
Still, discrepancies exist at the highest frequency tested
(f = 1000 Hz).
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Figure 3. Geometry of the centre of the simulation
domain used for the software COMSOL. The blue
areas represents acoustically absorbing walls.
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Figure 4. Comparison between the numeric and
the analytical prediction of the variation of sound
pressure level between the serrated and the straight
trailing-edge geometry for an incoming wave of k3 =
0. The markers show the numerical results. Solid
lines represent Howe’s prediction and dashed-lines
the results from Ayton’s model [3].

For the coherent structures, a detailed study of the
noise also depends on the relative position between the
passing coherent structures and the serration location. For
that, 3 different spanwise positions of the hairpin cen-
tre with respect to the serration location are selected,
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namely root, centre, and tip conditions. Figure 5 illus-
trates these locations with the largest hairpin structure
tested (bu,/v = 140). The numerical results from all
the locations are combined with the assumption that the
distribution of hairpin locations along the spanwise is uni-
form.
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Figure 5. Adopted spanwise locations of the hairpin
centre with respect to the serrations for the simula-
tions.

3. RESULTS

3.1 The wall-pressure fluctuations beneath a hairpin
structure

Figure 6 demonstrates the character of the wall pressure
excited by the different hairpin structures tested. Down-
stream from the hairpin, a negative pressure region is
created, following the accelerated flow above the hairpin
head. Upstream of it, the low-speed streaks are respon-
sible for generating a high-pressure region, as discussed
in [17]. The profiles obtained for the different hairpin
heights are very similar and appear to have their relative
footprint reduced as the hairpin grows larger.
Nevertheless, differences exist in the wall pressure in-
duced on the sides of the hairpin structures. Most notably,
aside from the legs of the hairpin, secondary wall-pressure
structures are observed. A negative pressure fluctuation
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Figure 6. Computed wall-pressure fluctuations ex-
cited by the different hairpin sizes.

is captured on the side of the hairpin’s leg. Just down-
stream from this low-pressure region, a small region of
positive pressure is also seen. The extent of this latter re-
gion depends on the height of the hairpin. For the smallest
structure tested (bu,/b = 40) the positive induced wall
pressure is significantly smaller than for the highest one
(bu, /b = 140).

The importance of these secondary structures lies in
the presence of high k,, wavenumbers, as depicted by the
average wavenumber spectrum obtained for each of the
coherent structures (Figure 7). For the smallest of the
hairpin sizes, the high-level excitation is mostly concen-
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trated on the k£, = 0 region. This is in agreement with the
measured wavenumber spectrum of the average turbulent
flow, as seen in many references [16, 18-20]. However,
the larger coherent structures seem to also create a high
energy content for k, # 0, as it can be seen, for example
in Figure 7f.
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Figure 7. Wavenumber spectrum obtained from the
wall-pressure fluctuations excited by the different

hairpin sizes.

The contribution of each different structure to the av-
erage wall-pressure spectrum is shown in Figure 8. From
the figure, it is clear that the smallest coherent structures,
the ones closer to the wall, are the ones that influence
the wall-pressure fluctuations the most. Nevertheless, the
larger structures still have a non-negligible contribution,
only a few dBs below the smallest hairpins. By summing
all the contributions from the different hairpins, the av-
erage wall-pressure spectrum can be estimated (shown in
black in the figure). It is important to reinstate here that
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the spectrum obtained from the wall-pressure spectrum
must be scaled as the absolute intensity of the hairpin vor-
ticity is not defined but rather the relative one with respect
to its size. The resulting spectrum shape compares well
with the morel of Goody [21] for the wall-pressure spec-
trum past a turbulent boundary layer under zero-pressure
gradient. The figure also shows some of the important
trends expected for the wall-pressure spectrum on a zero-
pressure gradient turbulent boundary layer, i.e. the scaling
with w7 at mid frequencies, and with w=> at high fre-
quencies. The agreement indicates the suitability of the
methodology and assumptions proposed in [12] for repre-
senting the structures governing the wall-pressure fluctu-
ations.
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0:1: _80 | bu, /v = 60
& bu, /v =80
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-110

10° 10!
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Figure 8. Frequency spectrum of the wall-pressure
fluctuations excited by different hairpin sizes. The
solid black line shows the combination from all hair-
pin sizes and the dashed-dotted line the predicted
spectrum using Goody model [21].

The discussion regarding the energy content of the
large structures and the &, # 0 wavenumbers is an impor-
tant one concerning the noise scattered by serrated trailing
edges. This is because the non-straight geometry of the
serrations increases the noise scattered for &k, # 0 modes
while reducing the noise from the &, = 0 ones. This is the
underlying phenomenon behind the noise reduction pro-
moted by non-straight trailing edges as the spectral levels
of the turbulent flow are much higher around &, = 0.

The findings from Figure 7 indicate that the small-
scale structures, the ones with high energy around k,, = 0,
might indeed scatter less noise when passing through a
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serrated trailing edge when compared to a straight one.
However, the large-scale ones, with high energy around
k, # 0, might have the opposite effect, i.e. they scat-
ter more noise for the serrated trailing edge. This would
indicate that the individual contribution of structures of
different length scales needs to be evaluated to assess the
total noise produced by a serrated trailing edge.

Besides, the wall-pressure structures in Figure 6 em-
phasize the existence of a phase relationship between the
different wavenumbers shown in Figure 7. This means
that contributions from different wavenumbers might in-
teract constructively or destructively, differently from the
incoherent sum hypothesis commonly assumed.

3.2 The scattering properties of a coherent structure

This section is dedicated to the resulting acoustic field
scattered by the advecting hairpin structures. Figure 9(a)
demonstrates the resulting temporal evolution of the pres-
sure for an observer at (Z,,¥o,%,) = (0,1,0) meters
with respect to the trailing edge. The graph shows the
time history of the wall pressure due to the hairpin of
size bu, /v = 140 for all three spanwise locations along
the serrations against the one of the straight trailing edge
(black line). Observing from the centre and tip, it is clear
the influence of the serrations. The serrated trailing edges
make the acoustic field weaker but also more spread in
time, which consequently translates to lower noise levels.
Interestingly, this is not the case for the structure passing
through the root of the serrations. At this location, the
teeth align with only the positive or negative fluctuations
from the hairpin, which causes the stronger scattering cap-
tured (observed in Figure 5a). The resulting noise reduc-
tion spectrum from the different hairpin sizes is shown in
Figure 9(b) where the position at the centre of the ser-
ration is shown. First, it is evident that the noise reduc-
tion does not reach the predicted levels from the uncor-
related assumption, indicating a first incompatibility with
the hypothesis. As discussed, the scattering of the larger
structures produces higher noise levels than the ones of
the smaller hairpin structures. Second, the scattering at
the centre of the serration is the weakest one, and along
the root, noise increase is captured. The overall sum in-
dicates that the noise reduction predicted from the several
hairpins is smaller than the one of the incoherent assump-
tions. Results encourage the idea that the discrepancies
between analytical models and measured noise reduction
can be also related to the coherent relations within the tur-
bulent boundary layer.
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Figure 9. Temporal evolution of the wall pressure
due to the passing of a hairpin of size bu. /v = 140
at different spanwise locations (a) and noise reduc-
tion spectrum of pressure fluctuations from all dif-
ferent haipin sizes (b). Observer location is set to
(x1,z2,23) = (0,1,0) meters.

4. CONCLUSIONS

This work explores the role of coherent structures on the
noise scattered by non-serrated trailing edges. To conduct
the study, a hairpin model, based on the work of [12] is
selected. 6 different hairpin heights are used and, from
those, the wall-pressure fluctuations induced by these co-
herent structures are estimated. The wall-pressure fluctu-
ations from each hairpin structure modelled are used as
input for a solver of the acoustic diffraction at the trail-
ing edge. The resulting acoustic field is compared against
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the standard incoherent wavenumber assumption to ver-
ify whether the latter is responsible for the inaccuracies
observed in the prediction of noise from serrated trailing
edges at high frequencies. Results indicate that the coher-
ent input in the form of idealized hairpin structures does
modify the noise reduction spectrum obtained. The spec-
trum of the noise reduction from a coherent structure is
highly dependent on the size of the hairpin and on the
spanwise location with respect to the serration. For hair-
pins centred with the centre and tip of the serration wedge,
it is shown that the scattered acoustic field is weakened,
pointing to noise reduction. For structures centred with
the serration root, the noise is increased. It is shown that
the scattering of the large hairpin structures at the root of
the serration causes an increase in noise with respect to
the straight trailing edge. The spectrum of noise reduc-
tion from the combination of the hairpin structures points
to a much lower noise reduction compared to the inco-
herent hypothesis. The results, when confronted with the
evidence of lower measured noise reduction from serrated
trailing edges, suggest that the assumption of uncorrelated
noise sources can be inaccurate to describe the physics of
turbulent scattering of non-straight trailing edges.
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