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ABSTRACT
Computational efficiency of vortex particle methods (VPMs) is hindered by the particle count increasing in simulation time. To
reduce the number of computational elements, two algorithms are presented that downsample the discretized vorticity field rep-
resentation in two-dimensional variable-core-size VPMs. The two methods are based on existing schemes of particle merging and
regridding, and are adapted to follow a compression parameter set a priori. The effectiveness of the schemes is demonstrated on
two benchmark cases of external flow: A stationary Lamb-Oseen vortex and an advecting vortex dipole. In both cases, compression
is associated with a drastic reduction in particle count and computation time at a cost of diffusive errors in the vorticity field. Cru-
cially, for gentle compression steps applied at appropriate intervals, the immediate errors in the vorticity field are comparable to
reference cases despite great improvements in computational time. To examine the long-term impact of compression on accuracy
and performance, it is recommended that repeated compressive steps be tested on more complex cases of bluff-body wakes, with
a focus on the impact of downsampling on surface forces.

1 | Introduction

Lagrangian methods in computational fluid dynamics (CFD)
serve as an alternative approach to the more conventional Eule-
rian solvers such as finite volume (FVM) or finite element (FEM).
In the Lagrangian framework, the behavior of fluid is described
in the inertial reference frame of a fluid element as it moves
and deforms in space and time. Accordingly, Lagrangian CFD
methods model fluid flow as a number of advecting volumes or
particles associated with some solution quantity. In the case of
incompressible viscous flows, Lagrangian vortex particle meth-
ods (VPMs) represent the vorticity field as a number of discrete
vortex particles, each carrying some finite circulation.

Abbreviations: AMR, adaptive mesh refinement; (A)VRM, (adaptive) vortex redistribution method; CFD, computational fluid dynamics; CR, compression ratio; FEM,
finite element method; FVM, finite volume method; VPM, vortex particle method(s).
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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The most significant advantages of VPMs stand out as the short-
comings of Eulerian CFD methods, and include simple descrip-
tion of advection, low numerical dissipation, and trivial han-
dling of boundary conditions at infinity [1]. Additionally, by
nature of vortex elements, VPMs only resolve regions of sufficient
vorticity, eliminating the need to model computationally irrele-
vant domains. These features make VPMs particularly fit for the
description of external aerodynamics and modeling of wakes, and
have historically been used extensively in that context [2–4].

Combining the strengths of both Eulerian and Lagrangian
approaches, hybrid methods [5–7] have emerged as highly effi-
cient and versatile tools for flow modeling. These methods
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approach CFD by splitting the computational domain into Eule-
rian and Lagrangian sub-domains, with an interface between the
two regions. The coupling of the two methods, motivated by their
complementary nature, aims to utilize each model at its most effi-
cient, which usually entails using an Eulerian solver near solid
boundaries and particle methods in the wake.

In both pure-Lagrangian and hybrid methods, the particle count
is often a factor limiting the computational efficiency of the
solver. Modeling the particles’ evolution in time requires the com-
putation of pair-wise influence between all vortices, which results
in a drastic increase in complexity with the number of particles
𝑁 , most commonly scaling as𝑂(𝑁2)when using direct pair-wise
computations, or as 𝑂(𝑁 log𝑁), using multipole methods [8, 9].
This poor scaling is a significant limitation of VPMs, as the num-
ber of particles 𝑁 can increase during a simulation run due to
diffusion [10] and vorticity generation at solid boundaries [1]. As
a result, the computational complexity of VPMs tends to steadily
increase in simulation time, making long simulation runs expen-
sive to resolve. This limitation is a particular concern in hybrid
methods, where the Lagrangian domain can hold back an other-
wise highly efficient solver.

To combat this issue, the current contribution aims to introduce
and verify a number of algorithms that reduce the particle count
in VPM simulations (here referred to as compression or downsam-
pling methods), with a focus on downsampling vortices in the far
wakes of solid bodies. This is achieved by analyzing a number of
existing approaches and making adjustments to fit the current
problem. As a secondary goal, the compression step is set out to
act independently from other parts of the solver, such as advec-
tion or diffusion functions, so as to assure compatibility with var-
ious implementations of VPM. As a benchmark for verification,
two test cases are considered: A pure-diffusion analytical case
of the Lamb-Oseen Vortex [11] and an advecting vortex dipole,
both chosen as simplified representations of wake structures.

In the past, various attempts have been made to address the
growing particle count in VPMs. Rossi [12] presented a merg-
ing function, where multiple close-by particles are combined
into one equivalent particle that conserves the 0th, 1st, and 2nd
moments of vorticity. The moment-preserving approach is partic-
ularly suitable for flow problems focusing on computing surface
forces induced by the vortex structures, such as the (aeroelastic)
cylinder flow problem [13–15]. Indeed, conserving low vorticity
moments assures that the global contribution of a downsampled
vortex structure remains well-approximated, provided the struc-
tures are far enough away from the domain of interest [16].

This merging scheme was later improved by Stock [17], who
incorporated particle merging as part of a solution-responsive
diffusion scheme. This adaptive diffusion can in itself be
treated as a downsampling approach, combining the concepts of
core-spreading [18] and redistribution methods [10] to achieve
local resolution coarsening near regions of low vorticity. How-
ever, the adaptive diffusion scheme does not answer the current
problem as is; it does not, for instance, allow for artificial, forced
downsampling in regions of high vorticity.

Aside from particle merging, remeshing methods, such as the
one presented by Palha et al. [7], appear to be a promising

prospect for compression schemes, allowing for easy manipula-
tion of particle count via the mesh spacing parameter. However,
the need to resolve the circulation of the new, meshed particles
presents a challenge and a possible source for inaccuracies for
the scheme in the context of downsampling.

Finally, various implementations of mesh-adaptivity have been
historically proven efficient and reliable at limiting the resolution
of irrelevant computational regions [8]. These include analogues
to Eulerian r-adaptivity schemes [19] and adaptive mesh refine-
ment (AMR) [20] that utilize various features of the vorticity and
velocity fields as refinement conditions [21–26]. These methods,
while efficient, are inherently tied to the advection process, as the
particles can advect over boundaries of mesh resolution. Resolv-
ing such boundaries requires the use of a separate solver as part
of the advection time step, which makes the schemes unfit for
independent compression functions. Without such a boundary
solver, adjacent regions of varying resolution cannot easily repre-
sent a smooth vorticity field, as the vastly different particle cores
do not overlap sufficiently at the boundary. Nevertheless, various
concepts of mesh-adaptivity, such as the conditions for resolution
adjustment, can be noted.

The remainder of the paper is structured as follows. Firstly,
the Lagrangian approach to flow modeling is introduced in
Section 2, including the vorticity formulation of the Navier-Stokes
equations and the description of the vorticity field discretization.
Afterwards, the proposed compression methods are introduced
and examined in Sections 3–5. The methods are then tested
and their performance verified with the help of two benchmark
cases in Sections 6 and 7. Finally, the conclusions are drawn in
Section 8, focusing on the potential, limitations, and possible
improvements to the examined schemes.

2 | Vortex Particle Methods

The Navier-Stokes (N-S) equations governing fluid flow can be
expressed in terms of vorticity 𝝎, defined as the curl of velocity.
In the case of incompressible flow, the N-S equation(s) in vorticity
form can be expressed as follows:

𝜕𝝎

𝜕𝑡
+ (𝒖 ⋅ 𝛁)𝝎 = (𝝎 ⋅ 𝛁)𝒖 + 1

Re
𝛁2
𝝎 (1)

A fluid flow problem is then modeled with additional equations
representing, in order: Flow continuity, vorticity-velocity rela-
tion, initial conditions, and boundary conditions:

𝛁 ⋅ 𝒖 = 0 (2)

𝛁 × 𝒖 = 𝝎 (3)

𝝎(𝒙, 0) = 𝝎0 (4)

lim
|𝒙|→∞

𝒖(𝒙) = 𝒖∞ (5)

where 𝝎0 represents some initial vorticity field, and 𝒖∞ is the
free-stream velocity away from any perturbations.

In the case of two-dimensional VPMs, a number of simplifica-
tions can be applied to the flow equations. In 2D, the vorticity
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vector will always be perpendicular to the computational domain,
which allows it to be modeled as a scalar according to: 𝝎 = 𝜔 ⋅ 𝒛̂.
Additionally, the term (𝝎 ⋅ 𝛁)𝒖, corresponding to vortex stretch-
ing [1], reduces to zero in 2D. The simplified N-S equation takes
the following form:

𝜕𝜔

𝜕𝑡
+ (𝒖 ⋅ 𝛁)𝜔 = 𝜈𝛁2

𝜔 (6)

Vortex particle methods approach solving Equation (6) by dis-
cretizing the vorticity field into a number of mollified particles,
such that:

𝜔(𝒙, 𝑡) ≈ 𝜔
ℎ
(𝒙, 𝑡) =

𝑁−1∑

𝑝=0
𝑔
𝑝
⋅ 𝜁
𝜎
𝑝

(𝒙 − 𝒙
𝒑
(𝑡)) (7)

where 𝑔
𝑝

and 𝜎
𝑝

represent, in order, the circulation (“strength”)
and core size of vortex 𝑝, and 𝜁

𝜎
is a mollified, homogeneous ker-

nel function, satisfying the following conditions:

𝜁
𝜎
(𝒙) = 1

𝜎𝑛
𝜁1

(
𝒙

𝜎

)

(8)

∫Ω 𝜁𝜎(𝒙)𝑑Ω = 1 (9)

for 𝑛 = 2, 3 being the dimension of the examined problem.

The velocity induced by each vortex particle can be derived by
solving the Poission equation relating the vorticity and velocity
field:

− 𝛁2
𝒖 = 𝛁𝜔 (10)

resulting in a general solution in the form:

𝒖 = 𝒖∞ +𝑲 ∗ 𝜔 (11)

𝑲(𝒙) =

[
0 1
− 1 0

]

𝒙

2𝜋|𝒙|2
(12)

where ∗ represents the convolution operation.

For a discretized vorticity field with variable-core-size particles,
the velocity formulation can then be expressed in the follow-
ing form:

𝒖 ≈ 𝒖
ℎ
= 𝒖∞ +

∑

𝑝

𝑔
𝑝
𝑲
𝜎
𝑝

(𝒙 − 𝒙
𝒑
) (13)

where𝑲
𝜎
= 𝑲 ∗ 𝜁

𝜎
is the velocity kernel associated with the mol-

lified vorticity kernel 𝜁
𝜎
. In the context of this paper, 𝜁

𝜎
is the

Gaussian kernel in 2D:

𝜁
𝜎
(𝒙) = 1

2𝜋𝜎2 exp{−|𝒙|
2

2𝜎2 } (14)

with the associated velocity kernel in the form:

𝐾
𝜎
=

[
0 1
− 1 0

]

𝒙

|𝒙|2

(

1 − exp{ |𝒙|
2)

2𝜎2 }
)

(15)

Note the arbitrary core size convention 𝜎, which can differ from
related literature [12, 17]. The kernel 𝜁

𝜎
and (the magnitude of)

its associated velocity kernel 𝐾
𝜎

are presented in Figure 1.

The evolution of each particle in time follows from Equation (6).
It is common to separate the advection and diffusion processes
into their own sub-problems [8]. This is achieved by splitting
Equation (6) into pure-advection and pure-diffusion problems
as such:

𝜕𝜔

𝜕𝑡
+ (𝒖 ⋅ 𝛁)𝜔 = 0 (advection) (16)

𝜕𝜔

𝜕𝑡
= 𝜈𝛁2

𝜔, (diffusion) (17)

Each of the sub-problems can then be rewritten for the discretized
vorticity field in accordance with Equations (7) and (13).

Advection step:

𝑑𝒙
𝒑

𝑑𝑡
= 𝒖(𝒙

𝒑
)

𝑑𝑔
𝑝

𝑑𝑡
= 0 (18)

As per Equation (18), particles move according to the total veloc-
ity induced at their location, which is a sum of contributions from
all other particles and the free-stream. This operation is com-
monly resolved either directly in 𝑂(𝑁2) computations, or using
a Fast Multipole Method (FMM) in 𝑂(𝑁 log𝑁) computations
[9]. Throughout this paper, direct computations are used with a
fourth-order Runge-Kutta scheme to resolve the time derivative.

Diffusion step:

𝑑𝒙
𝒑

𝑑𝑡
= 0

𝑑𝜔(𝒙
𝒑
)

𝑑𝑡
= 𝜈𝛁2

𝜔(𝒙
𝒑
) (19)

FIGURE 1 | The Gaussian vorticity kernel 𝜁
𝜎

(in blue) and (the mag-
nitude of) its associated velocity kernel |𝑲

𝜎
| (in orange). Both func-

tions are non-dimensionalized by multiplying by 𝜎2 and 𝜎, respectively.
[Colour figure can be viewed at wileyonlinelibrary.com]

1412 International Journal for Numerical Methods in Fluids, 2025

 10970363, 2025, 11, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/fld.70002, W

iley O
nline L

ibrary on [20/10/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://wileyonlinelibrary.com


The diffusion of vorticity can be modeled in a variety of meth-
ods, including probabilistic random-walk schemes [27], particle
core-spreading [18], and redistribution methods [10, 28]. In this
paper, a combination of deterministic methods is considered,
and, in particular, Stock’s adaptive vortex redistribution method
(AVRM) [17], which combines the concepts of core-spreading
and vortex redistribution with a particle merging scheme [12] for
a solution-adaptive diffusion method with uniformly varying par-
ticle cores.

For implementation purposes, the pHyFlow solver [7, 29],
developed by Palha et al., is used throughout the remainder
of the paper. PHyFlow is a hybrid-method solver combining
the Eulerian Finite Element Method with Lagrangian Vortex
Particles. The Lagrangian portion of the solver is based on
Python 3.9 (although originally developed in Python 2), with
efficiency-critical code written in lower-level languages, such as
C++, C, Cython, and CUDA. The solver incorporates all rele-
vant methods examined throughout this section, and additionally
includes various acceleration methods, such as GPU paralleliza-
tion for pair-wise operations.

3 | Methods

The main objective of any considered compression function is to
reduce the number of vortex particles representing the vorticity
field. Naturally, each application of such a process will lead to
increased representation errors, turning any implementation of
compression into an optimization problem with a goal of mini-
mizing vorticity errors subject to some desired particle count, or,
oppositely, minimizing the number of vortex particles subject to
some error bounds.

In this paper, the former option is considered. That is, the num-
ber of particles desired after the compression step is specified
a priori via the compression ratio parameter CR, defined in
Equation (20):

𝐶𝑅 ∶=
𝑁1

𝑁0
(20)

where 𝑁0 and 𝑁1 represent, in order, the particle counts before
and after the compression step.

Importantly, in order for the new particle distribution to approxi-
mate the same vorticity field, the post-compression particles have
to be, on average, wider than the pre-compression ones. The
growth of particle cores makes any compressive step inherently
diffusive in a process analogous to core-spreading [18].

The introduction of spatial variation in particle cores is yet
another source of representation errors, as the overlap between
any two particles will vary from the expected value of 𝜆 ∶= 𝜎

ℎ

(in the range of 0.5–2.0). To assure smoothness of the vortic-
ity field, the variation of 𝜎 is limited in space by a lapse rate
parameter [17]:

𝜎1 − 𝜎2

|𝒙1 − 𝒙2|
≤ |𝛁𝜎|max (21)

where indices 1, 2 represent any two particles. The considered
lapse ratio is in the order of 0.001–0.1𝑚∕𝑚.

Additional concerns arise when considering the repeated
application of downsampling, as any additional step will likely
amplify the vorticity errors and lead to further, potentially
excessive, particle count reductions. Thus, in case of repeated
downsampling, the compression period should be carefully
chosen in unison with the compression ratio, so as not to induce
excessive resolution loss. One could also consider a responsive
implementation of downsampling, with each compression event
triggering only after the particle count reaches a certain thresh-
old 𝑁 ≥ 𝑁TH. Within the scope of this paper, only the simple,
periodic implementation is considered, with a compression
period based on problem size growth of the base case, which is
assumed to be known a priori.

If the compression is performed far away from any relevant sim-
ulation regions, as is set out in this paper, the most significant
influence of the downsampled domain can be approximated by its
lowest-order features [16], quantified as vorticity moments 𝑚

𝑘,𝑖
:

𝑚
𝑘,𝑖
(𝜔, 𝑥

𝑚
, 𝑦
𝑚
) ∶= ∫Ω 𝜔(𝑥, 𝑦)(𝑥 − 𝑥𝑚)

𝑖(𝑦 − 𝑦
𝑚
)𝑘−𝑖𝑑Ω (22)

where 𝑘 ∈ {0, 1, 2, 3, . . . }, 𝑖 ∈ {0, 1, . . . , 𝑘} are double-indices of
the moment, and (𝑥

𝑚
, 𝑦
𝑚
) represents the evaluation point, usually

taken as the center of mass of the particle distribution.

In order for the post-compression vorticity and velocity fields to
approximate the previous ones in the global sense, the solution
should conserve (or approximate) the lowest moments of vorticity
(here chosen as𝑘 = 0, 1, 2), such that the most significant features
of the vorticity field are preserved. This is also particularly impor-
tant if surface forces are of interest, as the lowest-order features
will have the highest impact on the surface integrals, provided
the physical distance between the surface and vortex structure is
large [30–32]. This can be seen, for instance, by expanding the
(2D) Fourier series of 𝜔(𝒙) in terms of its moments [16]:

𝜔(𝒙)(𝝃) = ∫ℝ2
𝜔(𝒙) exp(−𝑖𝝃 ⋅ 𝒙)𝑑𝒙

=
∞∑

𝑛

∞∑

𝑚

(−𝑖𝜉
𝑥
)𝑛(−𝑖𝜉

𝑦
)𝑚

𝑛!𝑚! ∫ℝ2
𝜔(𝒙)𝑥𝑛𝑦𝑚𝑑𝑥𝑑𝑦

=
∞∑

𝑛

∞∑

𝑚

(−𝑖𝜉
𝑥
)𝑛(−𝑖𝜉

𝑦
)𝑚

𝑛!𝑚!
𝑚
𝑛+𝑚,𝑛(𝜔, 0, 0)

It is clear that for high-scale (low frequency) modes 𝜉
𝑥
, 𝜉
𝑦
<< 1,

the Fourier transform of 𝜔 is well-approximated by the lowest
powers of 𝜉

𝑥
, 𝜉
𝑦
, corresponding to the contributions of low vor-

ticity moments.

For a discretized vorticity field𝜔
ℎ
, the relevant moments simplify

to a sum of moments of individual vortex particles:

𝑚0,0 =
∑

𝑝

𝑔
𝑝

𝑚1,1 =
∑

𝑝

𝑔
𝑝
(𝑥
𝑝
− 𝑥

𝑚
)

𝑚1,0 =
∑

𝑝

𝑔
𝑝
(𝑦
𝑝
− 𝑦

𝑚
)

𝑚2,2 =
∑

𝑝

𝑔
𝑝
(𝑥
𝑝
− 𝑥

𝑚
)2 + 𝑔

𝑝
𝜎

2
𝑝
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𝑚2,1 =
∑

𝑝

𝑔
𝑝
(𝑥
𝑝
− 𝑥

𝑚
)(𝑦

𝑝
− 𝑦

𝑚
)

𝑚2,0 =
∑

𝑝

𝑔
𝑝
(𝑦
𝑝
− 𝑦

𝑚
)2 + 𝑔

𝑝
𝜎

2
𝑝

(23)

where 𝑔
𝑝
𝜎

2
𝑝

is the second moment of the particle core in one direc-
tion 𝑥 or 𝑦 (mind the convention used for the core size 𝜎).

The compression methods examined in this paper are inherently
based on the conservation (or, at least, approximation) of the
lowest-order features as presented in Equation (23). In an anal-
ogous way, additional moment conservation restrictions can be
added to produce a higher-order compression scheme.

With the implementation of conservation laws presented in
Equation (23), a compression algorithm aims to achieve a par-
ticle distribution matching a desired CR. The following sections
present contrasting approaches to this problem.

4 | Particle Merging

The merging scheme introduced by Rossi [12] attempts to down-
sample the vorticity field by replacing a number of excessively
overlapping particles by a single, merged particle. The position,
strength, and core size of the merged particle can be easily
determined by the moment conservation equations, similar to
Equation (23):

𝑔 =
∑

𝑖

𝑔
𝑖

(24)

𝑔 ⋅ 𝒙 =
∑

𝑖

𝑔
𝑖
⋅ 𝒙

𝑖
(25)

2𝑔 ⋅ 𝜎2 =
∑

𝑖

𝑔
𝑖

(
2𝜎2

𝑖
+ |𝒙

𝑖
− 𝒙|2

)
(26)

where the indices 𝑖 denote all particles participating in the merg-
ing event, and (𝒙, 𝑔, 𝜎) are the position, strength, and core size of
the resulting merged particle.

The merging problem thus reduces to finding a set of poten-
tial merge candidates which, when merged, do not induce exces-
sive error in the vorticity field. In Rossi’s approach, a num-
ber of candidate sets 𝐶 are constructed by searching for neigh-
bors of each particle 𝑝 within some radius 𝑅; each neighbor is
then accepted or rejected from the candidate set based on an
estimate of error induced by the potential merging event. The
process is then repeated until all merge possibilities have been
exhausted. Crucially, the merging step only considers particles
that overlap excessively (in Rossi’s case, 𝑅 ≤ 0.1 𝜎

𝜆
). Indeed, the

merge-induced vorticity error will increase drastically for higher
values of 𝑅, up to a maximum of ≈ 𝑔

2𝜋𝜎2 when merging two
far-away particles.

An altered implementation of the merging scheme was intro-
duced by Stock [17], who incorporated merging to remove excess
particles during a VRM diffusion step. This implementation
replaces the core-size computation of Equation (26) by a simpli-
fied relation presented in Equation (27), which no longer guaran-
tees moment conservation.

𝜎 =

√
|𝑔1|

|𝑔1| + |𝑔2|
𝜎

2
1 +

|𝑔2|

|𝑔1| + |𝑔2|
𝜎

2
2 (27)

Crucially, in this implementation, the merging step is treated as
a (repeated) pair-wise computation between two participating
particles, negating the need to pre-compute the candidate set 𝐶 .
Additional advantages of this scheme include better stability for
extreme values and the ability to handle oppositely-signed parti-
cles. For these reasons, Stock’s approach to merging is preferred
in the context of this paper.

For the purposes of this paper, neither of the two implementa-
tions is compatible as a compression function as is, as a top-down
compression step has to be able to include particles that are not
overlapping excessively. This raises two critical concerns for the
current implementation: The strict radius bound𝑅, and the error
estimation argument.

To address the former, we propose preceding the merging step
by artificial coarsening (core growth) of all participating parti-
cles. This step is designed to increase the particle density in the
core-size-normalized neighborhoods of all vortices, resulting in
excessive overlap of particles throughout the domain. The coars-
ening is achieved by scaling the particle size by a constant factor
dependent on the desired compression ratio:

𝜎
𝑖,1 = 𝜎𝑖,0 ⋅

√
1
𝐶𝑅

(28)

This pre-coarsening step is designed to force an adequate num-
ber of merging events to achieve the desired particle count of
𝑁1 = CR ⋅𝑁0. By design of the methods of Rossi and Stock, merg-
ing events will cease when the coarsened particle distribution
is no longer excessively overlapping, or, equivalently, when the
post-merging particles occupy (approximately) the same area as
the pre-merge particles, accounting for overlap:

𝐴0 ≈
1
𝜆2

𝑁0∑
𝜎

2
𝑝,0 = 𝑁0

𝜎
2
0

𝜆2 =
𝑁1

CR
𝜎

2
0

⋅𝜆2

≈ 𝑁1
𝜎

2
1

𝜆2 =
1
𝜆2

𝑁1∑
𝜎

2
𝑝,1 ≈ 𝐴1 (29)

The area equivalency presented above is approximate in nature
and will likely result in deviations from the expected compression
ratio, which is deemed acceptable for the purpose of this paper.
Nevertheless, the intermediate steps of Equation (29) present
opportunities for a more elaborate core-scaling approach, or even
a solution-responsive scheme for localized compression. In the
context of this paper, only the simple scaling of Equation (28) is
considered.

The pre-coarsening step is yet to address the issue of error esti-
mation, which is likely to influence the efficiency of the scheme.
Indeed, the maximum error of a single merging event will likely
be comparable to the particle’s vorticity peak of 𝑔

2𝜋𝜎
, while the

combined total error of the procedure is expected to be much
lower (assuming that the post-compression vorticity field is a
good approximation of the original). Basing the merging step on
an error estimation is thus likely to reject valid merging events,
drastically reducing the efficiency of the scheme. The current
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FIGURE 2 | Flowchart of the merge compression algorithm. [Colour
figure can be viewed at wileyonlinelibrary.com]

implementation neglects any error estimation and instead bases
merging solely on the (core-normalized) distance between parti-
cles. Here, we use an arbitrary distance bound based on Stock’s
implementation:

𝑅
𝑖,𝑗
= 0.5 ⋅

min
(
𝜎
𝑖,0, 𝜎𝑗,0

)

𝜆
⋅

√
1

CR
(30)

The algorithmic description of the current implementation of
merging is presented in Figure 2, with all merging events per-
formed according to Equations (24, 25), and (27).

5 | Remeshing

Aside from particle merging, existing remeshing schemes are a
natural candidate for simple and efficient compression methods,
as in this case, controlling the compression level is trivialized by
varying the mesh spacing ℎ. In addition, the core size of all new
particles can be conveniently assigned based on the mesh spacing
and the required overlap criterion 𝜆:

𝜎1,𝑝 = 𝜆 ⋅ ℎ (31)

The mesh spacing ℎ is to be chosen such that the desired com-
pression ratio CR is followed. Similarly to the previous case, it is
assumed that the pre-compression particle distribution satisfies
the overlap criterion (at least, approximately), in which case, the
required post-compression spacing is approximated in the same
manner as in Equation (29) by way of area equivalency:

𝐴1 =
1
𝜆2

∑

𝑝

𝜎
2
𝑝,1 = 𝑁1ℎ

2 ≈ 1
𝜆2

∑

𝑝

𝜎
2
𝑝,0 ≈ 𝐴0

⇒ ℎ ≈

√
𝐴0

CR ⋅𝑁0
≈ 1
𝜆

√ ∑
𝑝
𝜎

2
𝑝,0

CR ⋅𝑁0
(32)

The above approximation is exact if the initial particle distribu-
tion satisfies the overlap criterion (e.g., if the initial distribution

is also a regular mesh with overlap 𝜆). In any other situation, the
post-compression particle count will likely vary from its expected
value of𝑁1 = CR ⋅𝑁0. Other approximations forℎ can be consid-
ered to assure stricter adherence to the desired compression ratio.
For instance, the area 𝐴0 occupied by the pre-compression parti-
cles can be estimated empirically using cell-counting methods.

The final step of remeshing is to assign the circulation of each
new particle. A method presented by Palha et al., relying on the
calculation of induced vorticity, assigns the circulation of each
particle as:

𝑔
𝑝
= 𝜔(𝑥

𝑝
, 𝑦
𝑝
) ⋅ ℎ2 (33)

This scheme can be shown to approximate the low moments of
vorticity and converge to the original vorticity field as ℎ→ 0. It
is also simple to implement and parallelize, and has been proven
reliable in the context of the pHyFlow solver. However, the need
to compute the induced vorticity at each particle location makes it
inefficient in a variable-core-size setting. The circulation assign-
ment can also be shown to have a relatively poor𝑂(ℎ2) scaling in
the pointwise representation error of the vorticity field.

A natural alternative to the induced-vorticity assignment would
be to directly use the moment conservation equations, in a man-
ner similar to Stock [17]. In a constant-core-size setting, moment
conservation (up to an arbitrary order) can be enforced with the
use of interpolation kernels [8], such as the commonly used 𝑀 ′

4
kernel. However, in the current case of variable-core particles,
these kernels no longer guarantee moment conservation. Despite
this, the error introduced by remeshing with the use of an inter-
polation kernel is expected to be small, as the spatial variation of
particle core sizes is limited by Equation (21).

Throughout the remainder of this paper, the remeshing scheme
is utilized with the𝑀 ′

4 kernel for particle circulation assignment.
The kernel is defined as follows:

𝑀
′
4(𝑧) =

⎧
⎪
⎨
⎪
⎩

1 − 5
2
|𝑧|2 + 3

2
|𝑧|3 if |𝑧| ≤ 1

1
2
(1 − |𝑧|)(2 − |𝑧|)2 if 1 < |𝑧| ≤ 2

0 if |𝑧| > 2
(34)

The circulation of each particle is then assigned as a tensor prod-
uct of two kernel functions, taking into account the contributions
of all surrounding pre-compression particles:

𝑔
𝑗
=
∑

𝑖

𝑀
′
4

(
|𝑥
𝑗
− 𝑥

𝑖
|

ℎ

)

⋅𝑀 ′
4

(
|𝑦
𝑗
− 𝑦

𝑖
|

ℎ

)

⋅ 𝑔
𝑖

(35)

where 𝑖, 𝑗 are the indices of the pre- and post-compression par-
ticles respectively. The overview of the entire meshing process is
presented in Figure 3.

Unlike the merging method examined in Section 4, remeshing
has no way of adapting to the pre-compression solution. In par-
ticular, the remeshing step results in a constant-core-size parti-
cle patch, even if the pre-compression field already introduced
core-size variation. In that case, simple remeshing would result
in averaging the core sizes of the particles over the entire com-
pression domain, possibly causing excessive or insufficient com-
pression in some regions.
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FIGURE 3 | Flowchart of the remesh compression algorithm.
[Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 4 | Flowchart of a domain decomposition wrapper with
an arbitrary compression function. [Colour figure can be viewed at
wileyonlinelibrary.com]

To address this issue, the remeshing scheme is to be utilized
locally on some subdomains of the computational domain: Ω′ ⊆
Ω, each subject to its own remeshing scheme (possibly even with
compression ratio varying per region). In the design case of flow
around a cylinder, the far wake can be coarsened in strips along
the downstream direction, assuring a gradually decreasing parti-
cle count away from the solid boundary.

This procedure can be achieved by preceding the compres-
sion step by decomposing the computational domain Ω into
smaller subdomains Ω′

𝑖
, fed into the compression function,

and the residue set Ω
𝑟𝑒𝑠

—the particles exempt from com-
pression. Depending on the modeled problem, a number of
domain decomposition functions can be considered, including
directional, annular, or even cluster-based splitting. In such
an implementation, the domain decomposition is compatible
with an arbitrary compression function, including both meth-
ods examined in this paper. The general description of domain
decomposition is presented in Figure 4.

6 | Results

The methods examined in Sections 4 and 5 have been imple-
mented in the Lagrangian solver of the pHyFlow software,
serving as a base for verification with the use of two benchmark
cases: A stationary diffusing point vortex and an advecting vortex
dipole. Crucially, the design case of a cylinder wake problem
is not considered in this paper due to the limitations of the
current solver implementation. This means that the impact of
compression on large-scale wake structures, and the subsequent
impact on unsteady surface forces are not studied here, and are
instead referred to as potential directions for future work.

In both test cases, the simulations were performed with the use
of hardware of the DelftBlue supercomputer [33], with each run
using a single GPU type-A node comprising of four NVidia Tesla
A100 32GB GPU’s, two AMD EPYC 7402 24C CPU’s, and a total
of 256GB of available CPU memory. However, the hardware was
limited to only 16 CPU cores and 64GB of CPU memory during
each run. The inputs, description, and immediate results of each
test case are presented in the following subsections.

6.1 | Choice of Parameters

Recalling the design case of a cylinder flow problem, the verifica-
tion cases are designed to act as a representative simplification of
the wake of a bluff body. Accordingly, the compression parame-
ters are chosen to resemble the application of compression on a
more complex problem of bluff-body wakes.

As reasoned in Section 3, the main parameter influencing the
impact of compression is the ratio CR, which will have a dras-
tic effect on the accuracy of the post-compression vorticity
field, with representation errors likely to increase drastically for
extreme downsampling cases of CR < 20%. Of additional con-
cern is the compression period, which could lead to further error
amplification.

Based on the design case, focus is put on gentle compression
steps (CR ≥ 80%), with a compression interval allowing for over-
all gradual reduction of particle count in simulation time. More
extreme cases of CR = 30%, 50% are also considered for compari-
son. The compression interval is tuned on a per-case basis, depen-
dent on the problem growth rate of the base case.

In the context of the two (relatively simple) benchmark cases,
no domain decomposition is used, resulting in the compression
encapsulating the entire computational domain. The cases are
treated as representing a single sub-domain of a larger wake
problem.

6.2 | Stationary Lamb-Oseen Vortex

The Lamb-Oseen Vortex is an idealized case of a stationary dif-
fusing point vortex [11] with a known analytical solution. For a
vortex of strength Γ modeled as a 𝛿-function at time 𝑡 = 0, the
vorticity field at time 𝑡 will be the Gaussian distribution:
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𝜔(𝑟, 𝑡) = Γ
4𝜋𝜈𝑡

exp
(
−𝑟2

4𝜈𝑡

)

(36)

The numerical solver was initialized at time 𝑡 = 4Δ𝑡 as a single
particle at (0, 0) of strength 1.0 and size

√
8𝜈Δ𝑡 to account for the

diffusion of the 𝛿-function. The simulation was run for a total of
20 s, in increments of 0.02 for a total of 1000 time steps. Additional
simulation parameters are presented in Table 1.

Both of the examined methods were tested, with a single com-
pression step at time 𝑡 = 10s (time step 500). As a reference,
the base case of AVRM diffusion with no compression is con-
sidered. Additional diffusion implementations are also tested for
comparison, including scattered and mesh-based redistribution
methods (VRM [10]/Tutty [28]). All cases utilize direct advection
calculations with a fourth-order Runge-Kutta scheme to resolve
Equation (18).

Qualitatively, the results of the compression runs match their ref-
erence counterparts, with the vortex diffusing at more or less the

same pace. The contours of an example compression case can be
seen on Figure 5 compared to a reference case of remeshing redis-
tribution (Tutty). Immediate impact of compression can also be
observed in the particle distribution directly after the compres-
sion step at time 𝑡 = 10𝑠, presented in Figure 6.

6.3 | Vortex Dipole

The case of an advecting vortex dipole presents an opportunity
to compare the performance of the compression methods with
previous results of the pHyFlow solver [7, 29] and test their per-
formance against advection errors.

The initial vorticity field in this case is set as a sum of two diffused
point vortices:

𝜔(𝒙, 0) = 𝜔0

(

1 −
𝑟

2
1

𝑅2

)

𝑒
−(𝑟2

1∕𝑅
2) − 𝜔0

(

1 −
𝑟

2
2

𝑅2

)

𝑒
−(𝑟2

2∕𝑅
2) (37)

TABLE 1 | Simulation parameters for the Lamb-Oseen vortex case.

Parameter Symbol Value Dimension

Diffusion and advection time step Δ𝑡
𝑎
= Δ𝑡

𝑑
2 ⋅ 10−2

𝑠

Kinematic viscosity 𝜈 10−3
𝑚

2∕𝑠
Overlap ratio 𝜆 1.41 —
AVRM thresholds (Ignore/Adapt/Merge) (Γ

𝐼
, Γ

𝐴
, Γ

𝑀
) (10−6, 10−3, 10−3) 𝑚

2∕𝑠
AVRM Lapse Rate |𝛁𝜎|max 0.1 —
Population control thresholds (Local/Global) (Γ

𝑙𝑜𝑐
, Γ

𝑔𝑙𝑜𝑏
) (10−12, 10−12) 𝑚

2∕𝑠
Compression time step Δ𝑡

𝑐𝑜𝑚𝑝
10.0 𝑠

FIGURE 5 | The evolution of the vorticity field of the Lamb-Oseen vortex at time 𝑡 = [8.0, 12.0, 16.0, 20.0]𝑠 for the reference case (upper half) and
a merge compression run with CR = 50% (lower half). The contours are in accordance with the analytical reference [11]. [Colour figure can be viewed
at wileyonlinelibrary.com]
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FIGURE 6 | Particle distribution of the Lamb-Oseen vortex case immediately after a compression step at time step 500 for different compression
methods and reference cases. The total particle counts at this time step are: 9, 504 (AVRM), 10, 093 (Tutty), 4, 796 (remesh, CR = 50%), 4, 066 (merge,
CR = 50%).

TABLE 2 | Simulation parameters for the vortex dipole case.

Parameter Symbol Value Dimension

Diffusion and advection time step Δ𝑡
𝑎
= Δ𝑡

𝑑
2.5 ⋅ 10−4

𝑠

Kinematic viscosity 𝜈 1.6 ⋅ 10−3
𝑚

2∕𝑠
Overlap ratio 𝜆 1.0 —
AVRM thresholds (Ignore/Adapt/Merge) (Γ

𝐼
, Γ

𝐴
, Γ

𝑀
) (10−6, 10−3, 10−3) 𝑚

2∕𝑠
AVRM Lapse Rate |𝛁𝜎|max 0.1 —
Population control thresholds (Local/Global) (Γ

𝑙𝑜𝑐
, Γ

𝑔𝑙𝑜𝑏
) (10−8, 10−8) 𝑚

2∕𝑠
Compression time step Δ𝑡

𝑐𝑜𝑚𝑝
0.25 𝑠

where 𝑅 = 0.1 is the radius of each vortex, 𝜔0 =
299.528385375𝑠−1 is the characteristic vorticity of the dipole
[29], and 𝑟1, 𝑟2 are the distances to the center of each vortex:

𝑟
2
𝑖
= (𝑥 − 𝑥

𝑖
)2 + (𝑦 − 𝑦

𝑖
)2 (38)

The initial vortex positions are set to: (𝑥1, 𝑦1) = (−1.0, 0.1), and
(𝑥2, 𝑦2) = (−1.0,−0.1).

The solver was initialized by creating a mesh of particles in
a rectangle bounded by: −1.5 ≤ 𝑥 < 0.5, −0.6 ≤ 𝑦 < 0.6, with
an initial spacing of ℎ0 = 𝜎0∕𝜆 =

√
12𝜈Δ𝑡

𝑑
. The circulation of

each particle was initialized with the use of Equation (37), such
that: 𝑔

𝑝,0 = 𝜔(𝒙𝑝, 0) ⋅ ℎ2
0. Any particles with negligible circulation

(𝑔
𝑝
< Γ

𝑔𝑙𝑜𝑏
) were subsequently removed during the first time

step using a population control function [7]. The simulation was
run for a total of 1 s, in 4000 steps of size Δ𝑡

𝑎
= Δ𝑡

𝑑
= 2.5 ⋅ 10−4.

Additional simulation parameters are presented in Table 2.

Similarly to the previous case, both merging and remeshing
compression methods were considered with compression ratios
between 30% and 100%. In this case, multiple compression steps
were performed during the simulation run, with a compression
interval of 0.25𝑠, or 1000 time steps, chosen to induce overall
particle reduction in simulation time. The same set of refer-
ence cases is considered, including implementations of vorticity
redistribution (VRM, Tutty) and Stock’s AVRM, all with direct
advection.
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FIGURE 7 | The evolution of the vorticity field of the vortex dipole at 𝑡 = [0.0, 0.2, 0.4, 0.6]𝑠 for the reference case (upper half), and a merge com-
pression run with CR = 50% (lower half). The contours are in accordance with the corresponding plots in the work of Palha & Pasolari [7, 29]. [Colour
figure can be viewed at wileyonlinelibrary.com]

The immediate simulation result shows adequate behavior of the
compression functions, with even a highly compressed case of
CR = 30% not inducing noticeable advection errors. The vortic-
ity contour plots of an example compression case can be seen on
Figure 7 compared to a reference case.

7 | Discussion

The two tested methods have been found to, predictably, have a
significant impact on the total particle count and computation
time at a cost of accuracy in the vorticity field. The impact of com-
pression on various aspects of simulation performance is exam-
ined in detail in the following subsections.

7.1 | Output Noise Filtering

Preceding the discussion of results, a note on data processing
is due. The AVRM diffusion scheme used throughout the com-
pression runs has been observed to suffer from high-amplitude
high-frequency errors in the vorticity field, likely introduced by
a non-negative least-squares solver used in the vorticity redis-
tribution step [17]. To ease the analysis of simulation results,
data ranges affected by noise are treated with a second-order
Savitzky-Golay filter [34] with a window size of 201 samples/time
steps. Examples of data filtering can be seen on Figures 8,9
and 11.

7.2 | Impact on Diffusion

As introduced in Section 3, the coarsening of vortex particles
during compression can be treated as artificial diffusion via
core-spreading [18]. The examined benchmark cases show that
compressing the vorticity distribution indeed results in acceler-
ated diffusion, with each compression step resulting in a step
error in the vorticity field. The introduced error naturally varies
per compression level, with the highest errors present in the
high-compression cases.

The diffusive effect can be seen, for instance, in the study of peak
vorticity of the vortex dipole case (Figure 8). Comparing the evo-
lution of peak vorticity with a high-resolution Eulerian reference,
taken from Palha et al. [7], a clear step-wise shift can be seen
immediately after each compression step. To highlight the error
magnitude, Figure 9 presents the relative error of the shift com-
pared to the Eulerian reference. The error presented in the figure
is defined as follows:

𝜖
𝑟𝑒𝑙
=
𝜔
𝑚𝑎𝑥

− 𝜔
𝑟𝑒𝑓,𝑚𝑎𝑥

𝜔
𝑟𝑒𝑓 ,𝑚𝑎𝑥

(39)

It is clear that both methods introduce measurable errors in peak
vorticity, with the high-compression cases of CR ≤ 50% resulting
in peak vorticity shift in the order of 5% of the true peak. Cru-
cially, a number of gentle compression runs of CR = 80%, 90%
can be observed to not induce significant diffusive errors when
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(a) Merge compression (b) Remesh compression

FIGURE 8 | The evolution of the peak vorticity of the vortex dipole case for different compression levels, compared to base cases and a
high-resolution Eulerian reference [7]. All data ranges are subject to a Savitzky-Golay filter [34].

(a) Merge compression (b) Remesh compression

FIGURE 9 | The error in peak vorticity of the vortex dipole case relative to a high-resolution Eulerian reference [7]. All data ranges are subject to a
Savitzky-Golay filter [34].

compared to the base case. Note also the non-zero initialization
error at time 𝑡 = 0 for all simulation runs utilizing VRM/AVRM
diffusion. The “noisy” errors of scatter-based VRM methods are
also visible when comparing the different diffusion functions
(AVRM/VRM/Tutty).

The error study highlights the differences in performance
between merge and remesh compression methods. In general,
merging tends to result in lower diffusive shifts for a given
compression target, with gentle compression cases not inducing
errors beyond the noise amplitude of AVRM. On the other hand,
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all examined remesh compression levels introduce significant dif-
fusive effects. The differences in performance of the two meth-
ods can be attributed to several factors. As noted in Section 5,
the remeshing method has no way of adapting to the solution,
resulting in a constant-core-size particle patch, as seen in the
Lamb-Oseen case in Figure 6. This top-down approach to down-
sampling results in a much larger loss of resolution than in the
case of merging, especially in regions of high vorticity, where the
particle cores are much smaller than the domain average. Addi-
tionally, differences in performance likely stem from the devia-
tions in the overall particle count (𝑁1), which can vary from the
expected compression target (𝑁0 ⋅ CR). This point is examined
further in a later subsection.

In the Lamb-Oseen vortex case, the artificial diffusion can be
examined on the entirety of the vorticity field by comparison to
the analytical reference. The vorticity field error can be observed
to form a rough (noisy) annular pattern indicative of excessive dif-
fusion. Example contours of relative point-wise error for the case
of 70% compression can be seen on Figure 10 compared to a refer-
ence case. The relative point-wise error of the figure is normalized
as follows:

𝜖
𝑟𝑒𝑙
(𝒙) =

𝜔(𝒙) − 𝜔ref(𝒙)
max(𝜔ref)

(40)

The vorticity field errors can also be measured in the global sense
with the use of the 𝐿2 integral norm, here taken on a uniform
Cartesian grid of spacing ℎ as [17]:

𝜖
𝐿2 = ℎ2

√∑

𝑖

|𝜔(𝒙
𝑖
) − 𝜔

𝑟𝑒𝑓
(𝒙
𝑖
)|2 (41)

where the sum is taken over all nodes of the grid. Note that the
unit of the result is 𝑚2∕𝑠, representing a circulation error.

The 𝐿2 error was computed in a lattice of 40, 000 = 2002 points
in−8

√
4𝜈𝑡 ≤ 𝑥, 𝑦 ≤ 8

√
4𝜈𝑡using Equations (7) and (36) to resolve

the vorticity components. Note the variation of lattice size in sim-
ulation time, matching the rate of diffusion of the point vortex.
The plot of the𝐿2 error in simulation time for an example case of
CR = 70% can be seen on Figure 11 and is generally in agreement
with [17]. It is clear that the𝐿2-error experiences a sharp increase
immediately after a compression step and stabilizes shortly after
the jump. The integral error in both cases is comparable to the
numerical reference counterparts, although some error propaga-
tion is visible at 𝑡 = 20s, suggesting a possible long-term influence
of compression on accuracy.

7.3 | Adherence to Compression Target

Both of the examined methods rely on estimating the
post-compression core size to adhere to the desired compression
ratio CR, which predictably results in some deviation from the
target. The performance of the two methods can be examined
by analyzing the particle count over simulation time. Presented
on Figure 12 is the comparison of problem size growth between
merging and remeshing compression applied at the same
(expected) compression ratio of CR = 80%. It is clear that both
methods tend to excessively compress the vorticity field, with
remeshing compression being generally much less accurate than
merging, with as much as 20% error in the effective compression
ratio, compared to merging’s < 3% error.

The inaccuracy of the remeshing scheme can be traced back
to Equation (32), which introduced the estimation for the
post-compression mesh spacing ℎ. As seen in Figure 12, the
approximated spacing is too large, which is likely the result of
the particle overlap assumption. As has been reported in the

FIGURE 10 | Relative error contours of the Lamb-Oseen vortex case at times 𝑡 = [4.0, 8.0, 12.0, 16.0]𝑠 with a single merge compression step of
𝐶𝑅 = 70% at time 𝑡 = 10𝑠 compared to a reference case. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 11 | The 𝐿
2-measure error of the vorticity field of the

Lamb-Oseen vortex compressed to CR = 70% at 𝑡 = 10𝑠 compared to ref-
erence cases.

FIGURE 12 | Particle count in simulation time for the vortex dipole
case compressed to CR = 80% at times 𝑡 = 0.25, 0.50, 0.75, 1.00 s. Dashed
horizontal lines represent the expected particle count immediately after
the compression steps, color-coded per case.

simulation results, the scattered vortex particles in the AVRM
diffusion scheme seldom maintain the desired overlap ratio,
and instead can overlap excessively up to a certain threshold. In
the current implementation of AVRM, particles are allowed to
overlap as much as 𝜎

ℎ
= 2.0 before a merging function is intro-

duced to reduce the overlap. As a result, a substantial amount of
particles is allowed excessive overlap, making the approximation
from Equation (32) inaccurate. For better compressive accuracy,

the mesh spacing equation should be adjusted with a correction
factor in the range 0.5–1.0. Crucially, the same inaccuracy does
not affect the merge case, despite using a similar approximation
in Equation (29). In this case, the original overlap properties are
preserved by the nature of the merging function using the same
overlap limits as AVRM.

The inaccuracy of the compression level also explains the vast
difference in vorticity-representation accuracy between merging
and remeshing schemes. Indeed, the effective compression level
of remeshing is, in general, around 20% lower than merging.
Within the scope of this paper, the examined errors are compared
based on the expected compression ratio, which can serve as an a
priori prediction for the expected accuracy. Nevertheless, a more
representative assessment could be achieved by analyzing cases
with comparable effective compression.

7.4 | Impact on Computation Time

As designed, the examined downsampling methods achieved
significant particle count reductions in both benchmark cases,
which, in turn, drastically reduce the total computation time of
the simulation runs. Of particular interest is the case of merg-
ing with gentle compression CR ≥ 80%, which has been shown
not to induce significant errors in the vorticity field in the short
term, despite an immense reduction in particle count. Signifi-
cant results can be seen in the vortex dipole case, where an 80%
merge-based compression applied at an interval of 1000 time
steps was able to nearly halve the total number of particles after
just four applications of compression, with appropriate reduc-
tions in total computation time of around 40%. A summary of the
results of the vortex dipole case is presented in Table 3, including
the absolute error in the zeroth vorticity moment (total circula-
tion) at the final time step.

The impact on computation time is presented in Figures 13 and
14, showing, respectively, the evolution time of a single timestep
and the cumulative computation time as functions of simulation
time. The effect of compression schemes can be seen clearly in the
evolution time, where the typical behavior of gradually increasing
time per timestep is reversed, and a significant reduction is visible
compared to all reference cases. The time taken by the compres-
sion step can also be clearly visible as spikes in evolution time,
reaching as high as 40𝑠 per timestep on the current hardware.
Despite the lack of optimization measures in the current imple-
mentation of compression, the time taken by the downsampling
routine is small when compared to the cumulative computation
time (in the cases of𝐶𝑅 = 80%, compression accounted for< 3%
of the cumulative computation time). Further attempts at mem-
ory optimization and parallelization of the scheme would likely
make the computational cost of the compression step negligible
when compared to other solver routines.

In the cumulative sense, the compression can also be seen to
significantly reduce the scaling of total computation time in
Figure 14. Compared to the reference cases, showing a scaling
with simulation time 𝑇 clearly higher than 𝑂(𝑇 ), repeated com-
pression allows for an arbitrarily strict scaling, here clearly lower
than𝑂(𝑇 ). This improvement naturally comes at a cost of increas-
ingly coarse vorticity distribution and representation errors. An

1422 International Journal for Numerical Methods in Fluids, 2025
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TABLE 3 | Results of the vortex dipole case for different compression methods and reference cases.

Diffusion, Advection Compression, CR 𝑻tot [s] 𝑵final 𝚫𝒎0,0 [m2/s]

VRM, Direct N/A, 100% 36,192 549,292 −6.0428 × 10−9

Tutty, Direct N/A, 100% 23,077 432,778 −3.1086 × 10−8

AVRM, Direct N/A, 100% 9,265 200,636 1.1343 × 10−7

AVRM, Direct merge, 90% 6,341 120,856 2.1545 × 10−7

—, 80% 5,496 86,699 2.6187 × 10−7

—, 70% 4,369 58,669 −1.5211 × 10−6

—, 50% 3,089 21,258 8.5583 × 10−8

—, 30% 2,339 4,285 −9.4309 × 10−6

AVRM, Direct remesh, 90% 4,759 72,564 −4.0154 × 10−6

—, 80% 3,902 50,224 −3.0548 × 10−7

—, 70% 3,304 32,862 −6.1200 × 10−7

—, 50% 2,546 11,226 2.6676 × 10−7

—, 30% 2,120 2,043 1.3910 × 10−4

FIGURE 13 | Computation time (per timestep) in simulation time
for the vortex dipole case compressed to CR = 80% at times 𝑡 =
0.25, 0.5, 0.75s compared to reference cases.

example of this effect can be seen immediately following each
compression step, where the curve stabilizes at a slope lower
than before the compression timestep. This matches the previ-
ous observations of persistent effects of downsampling on the
solution, as the problem growth rate is reduced following each
application of compression.

The impact on performance can be extrapolated to more complex
cases, where the effect of compression would likely be even more
pronounced due to high particle counts. In particular, similar
methods applied to cases of bluff-body wakes show the potential
for great performance yields, with periodic compression in the
far wake drastically reducing the particle count, and possibly

FIGURE 14 | Cumulative computation time in simulation time
for the vortex dipole case compressed to CR = 80% at times 𝑡 =
0.25, 0.5, 0.75s compared to reference cases.

imposing a limit to problem growth altogether. Provided that
compression is introduced only in the far wake, the vorticity field
errors introduced by these schemes will have a limited effect on
the upstream region, allowing for simulation of wake problems
with accurately resolved near-body regions, medium-to-low
resolution wakes, and more attractive problem-size scaling in
simulation time.

8 | Conclusions

Based on VPMs’ inherent difficulty in handling a growing
problem size, two compression methods have been proposed to
downsample the discrete representation of the vorticity field.
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The two methods, inspired by existing schemes of regridding
and particle merging, are designed with a focus on preserving
the lowest-order features of the vorticity field while achieving a
desired compression level, here tuned via a parameter CR.

The examined methods have been tested with the use of two
benchmark cases of a stationary Lamb-Oseen vortex and an
advecting vortex dipole. Compression has been demonstrated to
drastically reduce the particle count of both VPM simulations, at
a cost of diffusive errors in the vorticity field, with errors in peak
vorticity in the range of ≤ 5% for even highly-compressed cases.
Of particular interest is compression via merging with compres-
sion ratios of at least 80%, in which case the error induced by the
merging step is negligible in the short term when compared to
other error sources. On the other hand, the remeshing method
has been observed to suffer from comparably higher errors and
inaccuracies in the effective compression level.

A number of improvements to the examined methods are
recommended for effective implementation. Importantly, com-
pression examined in this paper has yet to employ any
solution-adaptivity, which could drastically improve the accuracy
of the post-compression solution representation. A detailed error
study is recommended to relate the problem resolution to the
expected representation errors.

Finally, both of the examined methods are yet to be tested in a
practical setting, including their design case of a cylinder flow
problem. Further study into the use of compression functions
in the context of bluff-body wakes and their impact on surface
forces is advisable to examine any long-term effects of repeated
application of downsampling.

Nomenclature

Symbols:

A Area

C Merging candidate set

g Circulation

h Mesh spacing, particle nominal separation

m Moment (of vorticity)

N No. of particles

Re Reynolds number

t Time

u Velocity

x Position

𝒛̂ Unit vector in the z-direction

Γ Circulation

𝜆 Particle overlap ratio

𝜈 Kinematic viscosity

𝜎 Particle core size

𝝎 Vorticity

⋅̂ The Fourier transform

Subscripts:

p particle

h discrete, discretized

∞ free-stream
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