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Recent models of intensional type theory have been constructed in algebraic weak factorization systems
(AWFSs). AWFSs give rise to comprehension categories that feature non-trivial morphisms between types;
these morphisms are not used in the standard interpretation of Martin-L6f type theory in comprehension
categories.

We develop a type theory that internalizes morphisms between types, reflecting this semantic feature back
into syntax. Our type theory comes with II-, 2-, and identity types. We discuss how it can be viewed as an
extension of Martin-Lof type theory with coercive subtyping, as sketched by Coraglia and Emmenegger. We
furthermore define semantic structure that interprets our type theory and prove a soundness result. Finally,
we exhibit many examples of the semantic structure, yielding a plethora of interpretations.
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1 Introduction

There is a fruitful synergy between programming languages and mathematics, and more precisely
between the study of dependent type theories and category theory. Category theory provides ways
to give semantics to type theory, enabling proofs of consistency, normalization, and other desirable
properties [28, 36]. On the other hand, type theories provide internal languages for categories,
paving the way for concise and computer-verifiable reasoning about the mathematics in a category
[16, 20, 23, 29, 46]. In summary, type theory can distill the salient features of semantic structures,
and categorical structure can help in the study and development of type theories.

In this paper, we extend the synergy between type theory and category theory by giving a
syntax for comprehension categories [34, 35] — one of the most common categorical structures for
interpreting Martin-Lof type theory [43]. This syntax adds structure to Martin-Lof type theory.

Furthermore, we give a full analysis of the categorical structure that underlies subtyping, and
we recognize this structure in many intensional models of Martin-L6f type theory.
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1.1 Interpretation of Type Theories in Comprehension Categories

We sketch the interpretation of type theories in categorical structures, contrasting that of MLTT
with that of other type theories.

1.1.1  Interpretation of MLTT. Martin-Lof type theory (MLTT), and variations thereof, are typically
given semantics in categories with structure, such as categories with families [21], contextual
categories [12, 13], and type categories [47]. All of these categorical structures can be viewed as a
full (or discrete) comprehension category [4].

A comprehension category consists (among other things) of two categories: one whose objects
interpret the contexts of the type theory and one which interprets its types. Thus, at first glance, a
comprehension category can express both morphisms between contexts and morphisms between
types. In MLTT, however, there is only one such notion in the sense that the morphisms between
both contexts and types are generated by the terms of the theory. Hence, morphisms between types
can in turn be recovered from the context morphisms. The requirements that a comprehension
category is discrete or that it is full then represent the two universal ways of deriving the type
morphisms from the context morphisms: discreteness assumes that there are as few type morphisms
as possible, whereas fullness assumes there are as many type morphisms as possible. Thus, both the
requirements of discreteness and fullness are used to ‘kill off” this ‘extra dimension’ of morphisms.

1.1.2  Interpretation of Intensional Type Theories. To give semantics to intensional type theories,
such as homotopy type theory [52] and cubical type theories [16], one generally uses more refined
ideas, in particular from higher category theory and homotopy theory. Specifically, such type
theories are often given semantics in an algebraic weak factorization system (or AWFS for short) [24,
32]. These AWFSs are usually interesting in their own right, and they endow the category with
higher dimensional structure that we can understand synthetically via the identity type. Just like
other categorical structures such as categories with families, AWFSs give rise to comprehension
categories. However, these comprehension categories are typically neither full nor discrete, nor are
they split!. In other words, these comprehension categories have morphisms between types that do
not arise from context morphisms, and their substitution structure is more intricate than that of
Martin-Lof type theory itself. We argue that this extra structure in the semantics should not be
ignored, and it is captured by the type theory presented here.

1.2 New Type Theories: Reflecting Semantic Features Into the Syntax

We develop a type theory that allows for synthetic reasoning about the comprehension categories
arising from AWFSs— thus, in particular, about morphisms of types and about non-split substitution.
To this end, we develop a new type theory, which we call comprehension category type theory or
CCTT for short. This type theory is obtained by “reflecting” some semantic features back into
traditional type theory.

We are not the first to develop type theory by reflecting semantic features back into the syntax.
For instance, a type theory for non-split substitution has been developed by Curien et al. [20], who
developed a type theory with explicit substitutions to reflect the non-split substitution structure
of comprehension categories into type theory. Similarly, Coraglia and Emmenegger [19] studied
generalized categories with families for the semantics of type theory; they discovered that, syn-
tactically, such generalized structures give rise to a notion of coercive subtyping. In our work,
we encounter both of these syntactic features, and, in particular, give a systematic and extensive
account of the syntax and semantics of subtyping sketched by Coraglia and Emmenegger [19].

1A comprehension category is split if the chosen lifts of identities are identities and the chosen lift of any composite is the
composition of the individual lifts (see Definition 2.3).
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Specifically, by not imposing the restrictions of discreteness or fullness, our syntax and semantics
can capture coercive subtyping [19]. As argued there, every comprehension category is equipped
with a notion of subtyping, which is given by morphisms between types. Fullness expresses that
coercions and terms are the same, making the subtyping, in one sense, trivial. Discreteness expresses
that all coercions arise from identities of types, making the subtyping, in another sense, trivial.
To faithfully model coercive subtyping, one thus need to use comprehension categories that are
neither full nor discrete.

Moreover, from a practical point of view, having both terms and type morphisms in a type theory
allows for tight control over definitional equalities. Specifically, when considering semantics of type
theory in AWFSs, types and type morphisms are interpreted as algebras for some monad, where
the algebra structure models the transport, (a = a’) — B(a) — B(a’), of structure along a term
of an identity type, and morphisms of algebras preserve such transport strictly, up to definitional
equality; see also Section 2.3. Semantics in AWFSs justify adding syntactic rules expressing such
definitional equalities, which only hold up to propositional identity in MLTT.

1.3 Contributions and Synopsis

The present paper is organized as follows.

(1) In Section 3, we design judgements and structural rules for CCTT, our language for com-
prehension categories. We prove soundness for our rules with respect to comprehension
categories. We show how our rules can be interpreted as the rules for a type theory with
subtyping, extending a sketch by Coraglia and Emmenegger [19].

(2) In Section 4, we design rules for type formers — dependent pairs, dependent functions, and
identity types — for our structural rules. We prove soundness for these rules in suitably
structured comprehension categories. We show our type formers can be interpreted with
respect to subtyping, again extending a sketch by Coraglia and Emmenegger [19].

(3) In Section 5, we discuss a variant of CCTT with strictly functorial substitution that integrates
splitness. This syntax is easier to work with, at the cost of having fewer models.

(4) In Section 6, we discuss related work.

2 Review: Comprehension Categories from Algebraic Weak Factorization Systems

In this section we briefly review the categorical notions used in the remainder of the paper.

2.1 Fibrations

Fibrations can model dependent types in contexts, and substitutions. Intuitively, a fibration consists
of a category C of contexts and context morphisms, a category D of types depending on contexts,
and a substitution operation on types. As a reference on fibrations, see the notes by Streicher [49].

Definition 2.1. Let p : D — C be a functor. A morphism ¢ : Y — X in D is called cartesian
ifand only if forallv : ® - AinC and 0 : Z — X with p(6) = p(¢) o v there exists a unique
morphism ¢ : Z — Y with p(¢) =vand 0 = p o ¢.

Z 0

/

Sy X

@
I
Q(T®
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A morphism « is called vertical if and only if p(«) is an identity morphism in C. For I' € C, we
write Dr for the subcategory of D consisting of objects X with p(X) =T and morphisms a with
p(a) = Idr. The category Dr is called the fiber of p overT.

Definition 2.2. A functor p : D — C is called a (cloven) Grothendieck fibration if and only if
forallu : A — T'in C and X € Dr we have a chosen cartesian arrow ¢ : Y — X with p(¢) = u
called a cartesian lifting of u to X.

The adjective “cloven” in Definition 2.2 refers to the fact that we assume the cartesian lifts to be
chosen rather than merely existing, as in some other sources. Throughout this paper, all fibrations
will be cloven. For brevity, we omit both “cloven” and “Grothendieck” when referring to fibrations.

Definition 2.3. A fibration p : D — C is split if the chosen lifts of identities are identities; and
the chosen lift of any composite is the composite of the individual lifts.

Definition 2.4. Given a category C, its arrow category C~ has, as objects, morphisms of C. A
morphism in C~ from f : a — bto g : ¢ — d is given by a pair (k,[) of morphisms in C, with
k:a—candl:b—d, suchthatlo f=gok.

Example 2.5. Let C be a category.

o The forgetful functor dom : C~ — C sending a morphism to its domain is a fibration.
e The forgetful functor cod : C~ — C sending a morphism to its codomain is a fibration if
and only if the category C has chosen pullbacks.

2.2 Comprehension Categories
In this section we recall the definition of comprehension categories.

Definition 2.6 ([34, Definition 4.1]). A comprehension category consists of a category C, a
fibration p : 7 — C, and a functor y : 7 — C~ preserving cartesian arrows, such that the
following diagram commutes.

T —X s

Here, y is called the comprehension and dom o x is denoted by yo.
A comprehension category is called full if y : 7~ — C7 is fully faithful and is called split if
p: T — C is asplit fibration.

Jacobs [34, 35] uses full split comprehension categories to model type dependency. In the follow-
ing example, we build intuition about the interpretation of dependent type theories in comprehen-
sion categories.

Example 2.7 ([35, Section 10.3],[40, Example 2.1.2]). In the syntactic comprehension category
built from MLTT, the base category C is the category of contexts where objects are contexts and
morphisms are substitutions between contexts. The fiber 7r over a context I is the category of types
in context I'. The morphisms in the fibers are such that y is fully faithful, i.e. the comprehension
category is full. The cloven fibration p : 7~ — C maps each type to its context and the chosen lifts
are determined such that reindexing gives type substitution. In particular, for a context morphism
(substitution) s : I' — A and A € 7, (type A in context A), s*A is substitution by s in A. Since
substitution in MLTT is strictly functorial, the resulting comprehension category is split. The
functor y maps A € 7x (type A in context A) to the projection from an extended context to the
original context 74 : I''A — I'. In this example, the sections of such projections are the terms of
type A in context I'.
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2.3 Comprehension Categories from Algebraic Weak Factorization Systems

As discussed in Example 2.7, in a comprehension category, we have a notion of morphism between
types, namely morphisms in 7, and we have a notion of terms, which are sections of projections
x(A) : T.A — T. Often, the comprehension y is fully faithful, and thus (up to equivalence) the
inclusion of a full subcategory. In this case, the objects of 7~ can be seen as objects of C7, i.e.,
morphisms of C, with some property. This is also the case for Example 2.7. One might want,
however, to consider a category of morphisms of C, each equipped with some kind of structure, not
just property.

That is, one could consider a monad R on C™ and take its Eilenberg-Moore category EM(R)
together with the forgetful functor U : EM(R) — C~.

EM(R) ——L—— ¢~

N

The composition EM(R) Y, C™ —> C (also denoted by cod above) is a fibration if C has all

pullbacks (so that C™ <o, C is a fibration) and U is a discrete pullback-fibration [11]. The functor
U is a discrete pullback-fibration [11] if the pullback of the underlying morphism of an R-algebra
can itself uniquely be given the structure of an R-algebra making the pullback square an R-algebra
morphism. Bourke and Garner [11, Prop. 8] show that U is a discrete pullback-fibration if and only

if R is isomorphic to a monad over cod, meaning that R lifts to a monad on C™ o, C in the slice
Cat/C.

Given such a monad, the components of its unit assemble into an endofunctor on C™ with a
counit — in fact it is a copointed endofunctor on C™ over dom : C~ — C.

There are many examples of such monads coming from an algebraic weak factorization system
(AWFS)Z2. In brief, an AWFS [26, 27] is a monad on C™ over cod : C~ — C together with structure
making the associated copointed endofunctor on C™ a comonad (and sometimes a distributive law
of the comonad over the monad).

AWFSs are fundamental when constructively studying the semantics of intensional type theory.
They have been applied to construct models of both homotopy and cubical type theory [8-10, 14,
22, 24, 51]. Very roughly, the algebras of the constituent monad of one of these AWFSs are objects
with transport and associated structure, in the terminology of homotopy type theory. Morphisms of
algebras, which are morphisms of types in the associated comprehension category, are morphisms
that preserve the transport strictly, commuting with the transport up to definitional equality.

Example 2.8 ([11, Ex. 29], cf. [32, 46]). There is a monad on the category of groupoids whose
algebras are groupoids I' together with a split (iso)fibration T : & — TI'. Morphisms from (I}, Ty) to
(I, T) consist of functors F: I} — I, and G : & — &; such that T, o F = G o T; and such that G
preserves the chosen lifts up to equality. The comprehension y is given by taking the underlying
functor. In the resulting comprehension category, C is the category of groupoids, the objects in the
fiber over a groupoid I' are split (iso)fibrations, and y is an inclusion. This comprehension category
is not full because functors do not preserve chosen lifts in general.

We can restrict the AWFS on categories to one on the full subcategory of groupoids. Again, the
resulting comprehension category is not full.

Note that not all non-full comprehension categories arise from AWFSs. In particular, comprehension categories where y is
not faithful do not arise from AWEFSs as described above.
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The groupoid model is fundamental in the semantics of type theory, because it refutes the
uniqueness of identity proofs [32]. Currently, the groupoid model is being formalized in Lean [33].

Next we look at a different class of examples, where types are interpreted as formulas. These
examples are in nature closer to refinement types than to dependent types. Whereas dependent
types generally are used in proof relevant settings, refinement types are used in proof irrelevant
settings. In our first example, we look at formulas as subobjects.

Example 2.9. Let & be a topos with subobject classifier Q. Every topos can be equipped with an
orthogonal factorization system whose left class is given by the epimorphisms and whose right class
is given by the monomorphisms. Since every orthogonal factorization system also is an algebraic
factorization system, we get a comprehension category where C is & and where objects of 7~ are
given by an object x € & with a morphism p : x — Q. The functor y sends a morphism p : x — Q
to the subobject classified by p. The resulting comprehension category is not full in general [18, 35].

Next we specialize Example 2.9 to get a comprehension category whose contexts are sets and
whose types are predicates valued in a given Heyting algebra.

Example 2.10. Let H be a Heyting algebra. Note that we have a topos & of sheaves over H, which
can equivalently be described as partial equivalence relations valued in H [30]. We have a fully
faithful functor F from Set to & sending every set X to the partial equivalence relation given by
equality. Objects in the image of F are called discrete. From this topos we obtain a comprehension
category, which we restrict to the contexts that are discrete. In the resulting comprehension
category, C is the category of sets and objects of 7 consist of a set I together withamap p : I' — H.
Morphisms in 7 from (I3, p1) to (I, p2) are given by functions f : IT — I3 such that for each
x € I} we have p;(x) < p2(f(x)). The functor y maps every (I, p) totheset{x € ' | T < p(x)}.
This comprehension category is not full in general. In fact, if H is the collection of open subsets of
some topological space X, then this comprehension category only is full if X is indiscrete.

3 Syntax from Comprehension Categories

We present the judgements and structural rules of a type theory with explicit substitution corre-
sponding to a comprehension category. To be clear, we do not impose any requirements of fullness
or splitness on the comprehension category.

For brevity, we leave out certain rules that express coherences and functoriality conditions. For
the full list of structural rules, see Appendix A of the preprint of this work [45].

3.1 Judgements
The judgements of the type theory are as follows:

(1) T ctx, which is read as T is a context’;

2) T + s : A, which is read as ‘s is a substitution from I to A’, where T, A ctx;

3) T +s=s": A, whichis read as ‘s is equal to s”’, where T + s,s" : A;

4) T + A type, which is read as ‘A is a type in context I, where T ctx;

5 T | A+ t: B, which is read as ‘t is a type morphism from A to B in context I, where
I'+ A, Btype;

(6) T|Art=t':B,whichreads as ‘t and ¢’ are equal’, where T | A+ t,¢' : B.

(
(
(
(

The judgement I' + s : A can also be read as ‘s is a context morphism from I to A’, since this
judgement is interpreted as a morphism [[s] : [T]] — [A] in the category of contexts C (see
Section 3.5). Similarly, the judgement I' | A + ¢ : B is read as ‘t is a type morphism from A to B’,
since ¢ is interpreted as a morphism from [A] to [[B] in 7]} (see Section 3.5).
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Unlike Martin-Lof type theory, this type theory has explicit substitution in the sense of Abadi
et al. [1]. Another difference between this type theory and Martin-Lof type theory is the terms.
As we will see in Section 3.5, the terms of this type theory, which correspond to judgements of
the form T | A + t : B, are interpreted as morphisms in 7. The terms of Martin-L6f type theory,
however, are interpreted as certain morphisms in C — in particular, as sections of the projection
context morphisms. We will refer to these sections as MLTT terms. In Notation 3.4, we define a
notation for MLTT terms.

Related Work 3.1 (Ahrens et al. [5]). Judgements 1, 2, 4 and 5 are the same as the corresponding
judgements in the type theory for comprehension bicategories in the work of Ahrens et al. [5].
They read Judgement 5 as ‘t is a term of type B depending on A in context I'"’. In the present work,
we read Judgement 5 as ‘t is a type morphism from A to B in context I’ for generality.

3.2 Rules for Context and Type Morphisms
We want contexts and substitutions (context morphisms) to form a category — the category C in a
comprehension category (C, 7, p, x). Hence, the rules of the type theory concerning substitution
follow the usual axioms for a category.

T ctx Frs:A Ars:0

ctx-mor-id ctx-mor-comp

F'rip:T F'ts’os:©

Lrs:A cxidunit T'Fs:A ArFs’:©@ OFs”:0
[rsolr=s:A F'rs”o(s"os)=(s"0s")os:d cocompssec
T'rlpos=s:A
Similarly, we want types and type morphisms to form a category — the category 7 in a com-
prehension category (C, 7T, p, x). Hence, we postulate the following rules, which follow the usual

axioms for a category.

T+ Atype  T|Avrt:B T|Brt:C
—————— ty-mor-id ty-mor-comp
T|Ar14:A TNArt'ot:C

T|Art:B

TTA N Bty-id—unit I'NAvrt:B T|B+rt':C 1"|CI—t”:Dt
Ftolg=t: ~ 5 — , - y-comp-assoc
T|Av1got=t:B T'NArt"o(t'ot)=(t"ot')ot:D

Notation 3.2. Similar to Ahrens et al. [5, Section 8], we define the following notations, which
each stand for four judgements.

(1) T F s : A stands for the following four (2) T| A F t: B stands for the following four

judgements. judgements.

eTks:A el |A+t:B

e Ars':T e'|Brt':A

e Arsos =1p:A el'|Brtot' =1g:B
elrs’os=1r:T e |Art'ot=1,:A

GivenT F s: A, we write A + s™! : T for the inverse of s. Similarly, ~! denotes the inverse of t.

Remark 3.3. We can postulate an empty context and a unique substitution from each context to
it, which corresponds to having a terminal object in the category C. For this, the following rules
can be added to the type theory. We do not discuss this further in this paper.

empty-ctx & empty-ctx-mor M empty-ctx-mor-unique

o ctx Tr(r:o Trs=(r:o
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3.3 Rules for Context Extension

The rules for context extension mirror the action of the comprehension functor y : 77 — C” ina
comprehension category (C, T, p, y). Particularly, the rules correspond to the functoriality of y
restricted to 7 — C/T for each T € C.

T+ Atype I'|Art:B IF'NA+rt:B T|Brt':C
ext-t ext-tm ext-comp
T.A ctx IF'A+T.t:T.B IF'A+T.(t' ot)=T.t'olt:T.B
T+ Atype T+ Atype ' IF'NAvrt:B
ext-id ext-proj ext-c
TArT1y=1r4:T.A T Arma: T FArngolt=my:T

Before moving on to the rules for substitution, we introduce the following notation for MLTT
terms.

Notation 3.4. We define the notationI' + a : A for MLTT terms, which stands for two judgements
Tta:TAandT rmgo0a=1r:T.

3.4 Rules for Substitution

Unlike standard Martin-Lof type theory, this type theory features explicit substitution in the syntax.
By the Grothendieck construction, we know that the fibration p : 7 — C, in a comprehension
category (C, 7, p, x), can be thought of as a pseudofunctor of the form C® — Cat. The rules
regarding substitution will be interpreted by this pseudofunctor. Specifically, the fibration p :
7 — C gives rise to reindexing functors of the form s* : 74 — 7r foreachs: I' — Ain C, and
two natural isomorphisms corresponding to composition of reindexing functors and reindexing
along identity morphisms. Namely, for each s : T — A ands’ : A — © in C, we have a natural
isomorphism i®™P : (s’ 0 5)* = s* 0 s’*, and for each A € 91 we have an isomorphism if t1fA = A
The rules for substitution are as follows.
F'rs:A AFr Atype by F'rs:A A|Art:B

su sub-tm
T+ Als] type T | A[s] F t[s] : B[s] ‘
F'ks:A ArAtype boreid F'ts:A A|A+t:B A|Brt' :C .
Sub-prs-1 Sub-prs-comj
T A[s]F 1als] = 1aps t Als] 0 TA[s]F (£ ot)[s] = t'[s]otls] : C[s] "
I'+ Atype b F'rs:A Ars:© ©OFr Atype .
N Sub-1 sub-comp
I'|A[1r] F if e\ T'|A[s’os] F i;of,]i s A[s"][s]
FT'|Art:B
sub-tm-id

T Altr] - t[1r] =i otoid: Blir]
F'ts:A A+rs:©® O©O|A+t:B

-1
T|A[s"os] Ft[s'os] = i;osr?g ot[s"][s] o izojz : B[s” os]

sub-tm-comp

Remark 3.5. In our rules for substitution, composition and identity of context morphisms are
only preserved up to isomorphism rather than up to equality. The reason behind this choice is that
in many comprehension categories, in particular those arising from AWFSs, substitution laws only
hold up to isomorphism. To guarantee that our syntax can be interpreted in such comprehension
categories, it is necessary to relax the substitution laws. In Section 5 we present a split variant of
our syntax, where we consider these rules up to equality.

In a comprehension category (C, T, p, x), the comprehension of each cartesian lift s4 : s*A — A
is a pullback square in C, since y preserves cartesian morphisms. This means that for each morphism
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s:T'— Ain C, morphisms s” : I' — (ypA) in C such that y(A) o s’ = s correspond to sections ¢ of
x(s*A) such that yo(sa) ot =s".

. (sa)
xO(s A) 2220 ( )
A 2(4)
' '
————A

The following rules capture the idea that context morphisms are built out of MLTT style terms,
that is sections of projection context morphisms I'. A + 74 : T

ArAtype Trs:A Trt:A[s] Trs:AA )
sub-ext sub-proj
Tr(st):AA I+ pa(s) : Alma os]
AFAt T'rs:A Trt:A
ype S — [S] sub-beta F'rs:AA sub-eta
Trrao(st)=s:A Tr(maos,pa(s) =s:AA

T pa(s,t) =t :T.A[s]
We also have rules for functoriality of p,(—) (see Rules sub-proj-id and sub-proj-comp in the
preprint of this work [45, Appendix A]).
Before concluding the rules, we discuss the following derived rule which is frequently used in
the rest of the paper.

PROPOSITION 3.6. From the above-mentioned rules, we can derive the following rule.
ArAtype Trs:A
T A[s]+sA:AA

ctx-mor-lift

Proor. The context morphism s.A is (s o w4, T (lAS Tt [7a[s1]) © p2(1r.afs))) and Rule ctx-

mor-lift can be derived using Rules ctx—mor—comp, ext-proj, sub-comp, sub-tm, ext-tm, sub-proj
and sub-ext. O

Lastly, we have the following rule which characterizes the behavior of I'.ts]. In this rule, we use
the notation introduced in Proposition 3.6.

A|A+rt:B Trs:A
T A[s]+Fs.BoTl.t[s] =Atos.A: A.B

In addition to these rules, we also have the rules related to = being a congruence for all the
judgements. For a complete list of the rules, see Appendix A of the preprint [45].

tm-sub-coh

Remark 3.7. In a comprehension category (C, 7, p, x), for each object A in C and equal mor-
phisms s and s” in C, we have s*A = (s")*A. As we do not have a judgement for equality of types,
particularly a judgement of the form I' - A[s] = A[s], we can not express this idea syntactically.
Instead, we add Rule sub-cong (see [45, Figure 5]) to the type theory.

ArAtype Trs=s:A

E b ’
T|A[s] F 1154”35 cA[s7]

sub-cong

This rule states that given a type A in context A and two equal context morphisms s and s” from
T to A, types A[s] and A[s’] are isomorphic in the sense that there are two context morphism
zzufs, : A[s] — A[s’] and lj‘“? s A[s’] — A[s] and their compositions are equal to the identity
context morphisms.

The coherence rules regarding 15”'0

are stated in the preprint [45, Figure 5].
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Definition 3.8. We define CCTT to be the judgements described in Section 3.1 together with the
rules in Figure 4 and 5 in Appendix A of the preprint [45].

Remark 3.9. Note that our syntax does not contain any coherence rules that express the commu-
tativity of diagrams built out of ijf::iz and if. While it is possible to add such coherence equations,
we refrain from doing so. This aﬁpioach is similar to the work by Curien, Garner, and Hofmann
who also consider a non-split syntax for type theory [20]. In their syntax, there is an additional
operation on terms, which they call explicit coercion. This operation is used to apply the morphisms
iif:zz and if to terms. Instead of adding coherence rules to syntax, they show that every diagram
built out of if::l’;z and if commutes in every model, and that whenever two terms are equal after
removing all coercions, they have the same denotation in every model. We conjecture that their

methods can be applied to our setting; hence, we do not dicsuss the coherence rules in this paper.

3.5 Soundness: Interpretation in a Comprehension Category

We establish soundness of the rules of the type theory by giving an interpretation of the type
theory in every comprehension category. Note that there is no assumption of fullness or splitness
on the comprehension category.

THEOREM 3.10 (SOUNDNESS OF STRUCTURAL RULES). Every comprehension category models the
rules of CCTT.

Let (C, 7, p, x) be a comprehension category. The judgements are interpreted as follows:

(1) T ctx is interpreted as an object [T]] in C;

(2) T F s : A is interpreted as a morphism [[s] : [T] — [A] in C;

(3) T +s=s":Aisinterpreted as [s] = [s'];

(4) T + A type is interpreted as an object [A] in 7jry;

(5) T | A+t : Bis interpreted as a morphism [[¢] : [A] — [B] in 7ry;
(6) T| A+t =t:Bisinterpreted as [t] = [¢'].

The interpretation of the rules can be found in the preprint [45, Appendix B].

3.6 Subtyping

One can regard type morphisms as witnesses of coercive subtyping. Coraglia and Emmenegger
explore this in generalized categories with families, a structure equivalent to (not necessarily
full) comprehension categories [19]. In this view, a judgement I | A + t : B can be seen as
expressing that ¢ is a witness for A being a subtype of B. In Coraglia and Emmenegger’s notation,
this is expressed as I - A <; B. We focus exclusively on proof-relevant subtyping. A comparison
between proof-relevant and proof-irrelevant subtyping is given by Coraglia and Emmenegger [19,
Section 2.3].

PROPOSITION 3.11 (SUBSUMPTION RULE). From the rules of CCTT, we can derive the following rule.

I'NArt:B Ttra:A
I'tT.toa:B

Proor. The rule can be derived using Rules ext-tm, ctx-mor-comp and ext-c. m]

Proposition 3.11 corresponds to subsumption in coercive subtyping. The rule states that if A is a
subtype of B, then a (MLTT) term of type A can be coerced to a term of type B.
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PROPOSITION 3.12 (COERCIONS COMMUTE WITH SUBSTITUTION). From the rules of CCTT, we can
derive the following rule.
A|Art:B Ara:A Trs:A
I'+(Atoa)[s] =T.(t[s]) ca[s] : T.B[s]

where a[s] = p,(s o a).

Proposition 3.12 expresses that substitution and coercion commute. In practice, it allows us to
compute substitutions in terms that contain coercions.

Table 1. Meaning of the rules of CCTT when the judgement I' | A + ¢t : B expresses subtyping and relation to
the rules by Coraglia and Emmenegger [19].

Rule of CCTT  Meaning under Subtyping Rule in [19]
ty-mor-id Reflexivity of subtyping witnessed by 14 -

ty-mor-comp A<y Band B <, C give A <01 C. Trans and Sbsm
ty-id-unit Each 14 is an identity for witness composition. -
ty-comp-assoc Composition of witnesses is associative. -

ext-tm A <; B gives a context morphism I'"A+T.t : T'B. -

ext-id Context morphism I'.14 is equal to the identity. -

ext-comp For witnesses f and g, T.go fisequaltoT.foT.g. -

sub-tm Substitution preserves subtyping. Wkn and Sbst
sub-prs-id Substitution preserves the identity witness. -

sub-prs-comp  Substitution preserves composition of witnesses. -

In Table 1, we discuss the meaning of the rules of CCTT that involve a judgement of the form
I' | A+ t: Bfrom the subtyping perspective. We also show how these rules relate to the rules
discussed by Coraglia and Emmenegger [19].

We now discuss the interpretation of CCTT and the subtyping structure for some of the examples
from Section 2.3.

Example 3.13 (Example 2.8 ctd.). In this example, a context I is interpreted as a groupoid [[T]. A
type A in context I is interpreted as a split isofibration [A] : [T.A]] — [T]. Type morphisms from
Ato A’ in context I, i.e. witnesses for a subtyping relation A < A’, are interpreted as morphisms
of split fibrations of the form [A] — [A’]] preserving the chosen lifts up to equality. A context
morphism I + s : A is interpreted as a functor of the form [s] : [T — [A]. Given A + A type and
T+ s: A, the type A[s] in context I is interpreted as the pullback of [ A] along [s].

Example 3.14 (Example 2.10 ctd.). Let H be a Heyting algebra. A context T’ is interpreted as
a set [T]. A type A in context T is interpreted as an H-values predicate [A] : [T] — H. We
have a type morphism from A to A’ in context T if [ A] entails [A’], i.e. for all x € T we have
[A](x) < [A’]|(x). The subtyping relation interpreted in this example is proof-irrelevant in the
sense that each hom-set in the fibers has at most one element. Given A + Atype and I' F s : A,
the type A[s] in context I is interpreted as [A] o [s]. Context extension I'.A is interpreted as
comprehension of [A].

4 Extending CCTT with Type Formers

In this section, we develop syntactic rules — on top of CCTT— and semantic structures for inter-
preting these rules — on top of non-full comprehension categories—, for II-, -, and identity types,
respectively.
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In detail, we define the semantic structures for these type formers in Definitions 4.2, 4.16 and 4.29.
We then discuss functoriality conditions on those structures that allow us to use type morphisms to
interpret subtyping (Definitions 4.6, 4.19 and 4.31). Subsequently, we extend CCTT with functorial
I1-, 3- and identity types (Definitions 4.12, 4.25 and 4.35). We also prove soundness by giving an
interpretation of the rules in any comprehension category with suitable structure for each case
(Theorems 4.13, 4.26 and 4.36). Finally, we briefly discuss how CCTT with functorial IT-, - and
identity types supports subtyping (Related Work 4.15 and 4.28 and Remark 4.37).

See the preprint [45, Appendix B] for the proofs of the soundness theorems (Theorems 4.13, 4.26
and 4.36).

Notation 4.1. In the remainder of this paper, we also use the following notations in comprehension
categories to highlight how the syntax relates to the semantics.

(1) We use 74 to denote yA for A € Tr.

(2) We use I'.A to denote ypAforT' € C and A € Tr

(3) We use A[s] to denote s*"Afors:T — Aand A € 7a.

(4) We use t[s] to denote the morphism given by the universal property of the following pullback

square:
F s*A —) A A
(s A) )(A

F—)A
for a sectiont of yYA,A€ Tpands: T — A.

4.1 Functorial II-Types

In this section, we define semantic structure for II-types in non-full comprehension categories.
We then discuss the necessary functoriality conditions that allow us to use type morphisms to
interpret subtyping. We extend CCTT with functorial II-types and prove soundness by giving an
interpretation of the rules in any comprehension category with functorial IT-types. We also discuss
how CCTT with functorial II-types supports subtyping.

Definition 4.2 ([39, Definition 3.2.2.3]). Let (C, T, p, x) be a comprehension category. GivenT € C,
A € It and B € Tr 4, a dependent product for I, A and B consists of:

(1) an object II(A, B) € Tr;

(2) a morphism appyy(4 gy : T.A.II(A, B)[ra] — I'.A.B making the following diagram commute;

apPr1(A,B)

T.AI(AB)[m4] ———22 s T AB

m (‘“m A

rA

(3) a function A4 gy giving for each section b : T.A — T.A.B of 7, a section A4 p)(b) :
I' = I'TI(A, B) of 7y(a,p) such that A4 p)(—) and appy4 ) © (—) [74] establish a bijection
between sections of 7 and sections of (4 p).

We briefly draw the connection between Definition 4.2 and II-types in syntax. The object
I1(A, B) in It corresponds to a type in context I' and is the dependent product of types A and B.
The morphism appyy(4 ) : ['AII(A, B)[m4] — I'.A.B in C gives the application of a dependent
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function . The function A4 p) is the usual A-abstraction. The bijection between sections of 7p
and sections of 74 p) given by appyy( ) and Ap(,) corresponds to the usual - and n-conversion for
dependent products.

Related Work 4.3 (Jacobs [34]). Jacobs interprets II-types in a full comprehension category with
right adjoints to weakening functors and an extra condition that the comprehension preserves
products [34, Subsection 5.1]. In a full comprehension category, Definition 4.2 gives structure
equivalent to Jacobs’ definition.

In a full comprehension category, morphisms in 7r can be conflated with morphisms in C/T,
for each I'. We, however, do not assume fullness. Hence, it is particularly important to make a
distinction between the structure added to C and the structure added to 7. In Jacobs’ definition,
the structure of app and lam is added to the category 7 in a comprehension category (C, 7, p, x).
Since we work with non-full comprehension categories and since we do not want app and lam to
be type morphisms, we add them as a morphism in C and a function on terms respectively. The
structure related to subtyping is added to 7. This is why we use Definition 4.2.

Related Work 4.4 (Lumsdaine and Warren [40]). Lumsdaine and Warren define dependent products
ina full comprehension category and take appyy (4 p) to be a morphism appyy 4 g : II(A, B)[7a] — B
in 71 4 [40, Definition 3.4.2.1]. In Definition 4.2, appyy (4 g) is @ morphism from I A.II(4, B)[74] to
I''A.B in C, as we do not assume fullness (see Related Work 4.3). In a full comprehension category,
Definition 4.2 is equivalent to the definition of Lumsdaine and Warren.

Related Work 4.5 (Lindgren [39]). Lindgren uses the term strong dependent products to refer to
what we call dependent products [39, Definition 3.2.2.3]. We do not make this distinction, as we
only consider the strong case.

Lindgren shows that Definition 4.2 can equivalently be expressed in terms of relative adjoints
[39, Propositions 3.2.4.2 and 3.2.4.4].

To be able to use type morphisms to interpret subtyping, we need to add certain functoriality
conditions which formalize the intuition that II-types act contravariantly on the first argument,
and covariantly on the second in the context of subtyping. In particular, given subtyping relations
A" <g Aand B[T'.f] <4 B’ we expect to have IT1(A, B) <r(y4) II(A’, B’), since IT acts contravariantly
on the first argument, and covariantly on the second one. The coercion function for IT(A, B) <pi(r)
II(A’, B’) acts as follows. Given a dependent function ¢ : II(A, B), the coerced dependent function
t' : TI(A’, B’) takes a term a’ : A’, coerces it to a term a : A using f, applies t to a to get a term of
type B, coerces it to a term of type B’ using g, and finally applies a A-abstraction to get a term of
type II(A’, B').

Now we define what it means for a comprehension category to have functorial II-types. For
this, we add the structure defined in Definition 4.2 to a comprehension category, postulate a Beck-
Chevalley condition, i.e. that this structure is preserved under substitution, and postulate suitable
functoriality conditions.

Definition 4.6. A comprehension category (C, T, p, x) has functorial II-types if it is equipped
with a function giving for each I' € C, A € Tt and B € Tr 4, II(A, B), appp4 5y and Ani(a 5 as
Definition 4.2 such that:

(1) for each s : T — A we have an isomorphism if(4,p),s : II(A[s], B[s.A]) = II(A, B)[s] in 7Tr;
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(2) for each section b : I''A — T.A.B of xp the following diagrams commute

s.II(sa,sB)

T.I(A[s], B[s.A]) ——21y ATI(A, B)

Arcars),Bls.a]) (b[s.A]) AcaB) (b)
|
T > A

where s.II(s4, sg) = s.IL(A, B) o I'.ir(a,B).s;

(3) the comprehension category is equipped with a function giving for each f : A” — Ain Ir
and g : B[T.f] — B’ in 9t 4/, a morphism II(f, g) : II(A, B) — II(A’, B’) in Tr;

(4) T.II(f, g) is the following composition in C;

A(T.A.glapppap) [T-f11)

II(A',B
S TIL(A,B) LA, B) [ a5y ] — 22

T.II(A, B)

s T.II(A", B)

(see the preprint [45, Appendix C] for more detail);

(5) II(—, —) preserves identity, i.e. we have I1(14, i};i) = 1i(a,B) for each suitable A and B, where
jid . ~ R.
lB : B[lr.A] = B,

(6) TI(—, —) preserves composition, i.e. we have II(f o f’,¢g’ o g[I'.f']) =TI(f",g’) o II(f, g) for
each suitable f’ and ¢’;

(7) ima,),- is functorial in that it preserves i’ and i°™P (see [45, Appendix D] for more detail).

Items 1 and 2 of Definition 4.6 state that IT and A are preserved under substitution respectively.
Consequently, app is also preserved under substitution. Items 3 to 7 give the functoriality condi-
tions which formalize the variance of II-types on the arguments for subtyping. Item 4 expresses
compatibility of the type morphism structure on the category 7~ with the type former structure on
the category C.

The following proposition states that Definition 4.6 is compatible with Jacobs’ definition of
comprehension categories with products.

ProposITION 4.7 (RELATION TO JacoBs [35]). Every full comprehension category with products
where the comprehension functor preserves products in the sense of Jacobs [34, Section 5.1] has functorial
II-types in the sense of Definition 4.6.

Related Work 4.8 (Coraglia and Emmenegger [19] and Coraglia and Di Liberti [17]). Coraglia and
Emmenegger [19] define II-types for generalized categories with families, a structure equivalent
to comprehension categories [18]. This definition is similar to Definition 4.6 regarding variance
on the first and the second argument. In another work, Coraglia and Di Liberti [17] present an
alternative definition for II-types in generalized categories with families (there called DTT), which
is covariant in both arguments.

Related Work 4.9 (Gambino and Larrea [24]). Gambino and Larrea [24] also define II-types for
comprehension categories, and there are a couple of differences to note. First, Gambino and Larrea
[24] do not require their I1-types to be functorial, whereas we do (Items 3 to 6 in Definition 4.6).
Second, while Gambino and Larrea [24] phrase (pseudo) stability under substitution by postulating
suitable Cartesian morphisms, we use explicit isomorphisms. These different ways of phrasing
preservation are equivalent, and the advantage of our way is that it directly gives us a derivation
rule in type theory.

We now discuss examples of comprehension categories with functorial II-types, including those
that arise from AWFSs (see Section 2.3). In a large class of AWFSs, II-types can be interpreted.
More specifically, if an AWFS satisfies the exponentiability property and comes equipped with a
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functorial Frobenius structure, then its associated comprehension category has II-types [24,
Proposition 4.6]. The functoriality condition discussed in Definition 4.6 is satisfied by the universal
property of exponentials. These conditions are satisfied, for instance, by models of cubical type
theory. They are also satisfied by the examples in Section 2.3. In what follows, we discuss functorial
II-types in the these examples.

Example 4.10 (Examples 2.8 and 3.13 ctd.). As explained in Example 3.13, in this example, a type A
in context I is interpreted as a split isofibration [A] : [T.A]] — [T]]. For each groupoid I and split
isofibrations A : T.A — I' and B : T.A.B — T".A, we have a split isofibration IT1(A, B) : T.II(A, B) —
T, where for each x € T, the set of objects in the fiber over x is II(x” : Ay), By, i.e. the elements
in the fibers are dependent functions. The functor app is dom(«), where « : II(A, B)[74] — Bis
the morphism of split fibrations in the fiber over I'.A that maps (x € I',a € A, f € II(x” : Ay), By)
to (x € I,a € Ay, f(a) € B,) for each x,a and f. For a section b : I.A — T'.A.B of the fibration B
over I'.A that maps (x € T,a € Ay) to (x € T,a € Ay, b(a) € B,) for each x and a, Ab is a section of
the fibration I1(A, B) over I that maps x € T to (x € T, A(x" : Ay).b(x")).

Now for the functoriality condition, let f : A” — A be a morphism of split fibrations in
the fiber over I' that maps (x € I',a’ € A,) to (x € T, f(a’) € A) for each x and a’ and let
g : B[f] — B’ be a morphism of split fibrations over I A’ that maps (x € T, a" € A}, b € Br(a)) to
(x €T,a’ € A}, g(b)B],) for each x, a’ and b. The morphism II(f, g) : II(A, B) — II(A’, B’) maps
(x € T,e II(x" : Ay),By) to (x € T,II(x" : A),ghf(x")). It is easy to see that this assignation
satisfies the functoriality conditions discussed in Definition 4.6.

Example 4.11 (Examples 2.10 and 3.14 ctd.). As explained in Example 3.14, in this example, a type
A in context T is interpreted as an H-valued predicate [A] : [T']] — H and T'.A is interpreted as the
comprehension. This example has IT-types. For each set T and predicates A: T — Hand B: T.A —
H, where I'.A is the comprehension of A, the predicate II(A, B) : ' — H is defined to be B(x) if
T < A(x) and T otherwise. We have I A.II(A,B)[74] =T.AB={x € T|T < A(x) AT < B(x)}
and the function app : T.AII(A, B) [na] — T.A.B is identity.

Now for the functoriality condition, recall that in this example the hom-sets in the fibers have at
most one element. Let ' be a set,and A, A’ : T — H be two H-valued predicates. We have a morphism
in the fiber over I of the form A’ — A. This means that for all x € T we have A’(x) < A(x). Hence,
I''A” C T.A. We have a morphism in the fiber over I'".A” of the form B(x) — B’(x), which means
that for all x € T such that T < A’(x) we have B(x) < B’(x). Now we verify that there is a
morphism in the fiber over I' of the form I1(A, B) — II(A’, B’). For this we need that for each
x € I,II(A,B)(x) < II(A,B"). If T < A’(x), then we have T < A(x) and II(A, B)(x) = B(x).
Since T < A’(x), we have II(A,B)(x) = B(x) < B'(x) = II(A", B’ )(x). If A’(x) < T, then
II(A’, B")(x) = T and we have I1(A, B)(x) < II(A’, B’) trivially.

Note that in Example 4.11, II-types do not give universal quantification the way that one would
expect in first-order predicate logic. The derivation rules for universal quantification are expressed
using proofs, whereas the derivation rules for II-types in this example are expressed using terms.
In this example, proofs are represented by morphisms in the fiber categories, whereas terms are
represented as sections of projections, which explains the discrepancy.

Definition 4.12. We define the extension of CCTT by functorial II-types to consist of the
rules in Fig. 1.

THEOREM 4.13 (SOUNDNESS OF RULES FOR II-TYPES). Any comprehension category with functorial
II-types models the rules of CCTT and the rules for functorial II-types in Fig. 1.

We now see how elimination and computation rules for II-types similar to those in MLTT can
be derived from the rules in Fig. 1.
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T+ Atype T. A+ Btype . T Avrb:B ..
pi-form pi-intro
T + II(A, B) type T+ Ab:II(A, B)
I'+Atype T.AF Btype
I.AII(A B)[7a] + apppy(a p) : T-A.B
T.AII(A,B)[7ma] F g © appry(a,B) = MM(AB) [ry] : A
T'Avrb:B . T'r f:1I(A B) )
pi-beta pi-eta
T A+ apprap) opy(Abomy) =b:T.A.B T+ /l(appn(A’B) opa(foma))=f:T.II(AB)
ArAtype AArBtype Trs:A
| II(A[s], B[s.A]) F incap),s : II(A B)[s]
Trs:A Trb:II(AB)
T+ Ara,B) (b) o s = s.II(A, B) o T.ify(a,B),s © A(A[s],B[s.A]) (P2(b 0 5.A)) : AII(A, B)
T.A+Btype T.A'+Btype T|A'vrf:A T.A|B[l.flrtg:B
I'|II(A B) +1I(f,g) : II(A’, B)
I'II(A,B) F III(f,g) =T.A".g 0 A(p2(T.A".g © (7r1(a,B) [, 1-BIT-f1 © p2(apppa 3)°
.comp -sub . ’
() -IUA B)[7al © iy gy ey o grp © llS'Iu(A,B)|7rA|,7rA/,7erF.f)))) TIA, BY)
I'+Atype T.AF Btype
I |II(AB) FII(14, i) = 1n(ap) : [1(A, B)
T.ArBtype T.A'rB'type T|A'Ff:A
T.A|B[T.flrg:B T|A”rf :A T.A|B[T.f]l+g :B"
I'|I(A,B) FII(f o f'.g o g[L.f']) =I1(f".g") o I1(f.g) : TI(A”, B")
I'+Atype T.Ar Btype

pi-elim

pi-sub

sub-lam

subt-pi

subt-pi-id

subt-pi-comp

: pi-sub-id
id . — 17¢sid™1 id  ssub -comp™ .

T |I(A[1r], B[1.A]) + inap) © M(AB)Ir = Oy i o lB aor e . o lBerr iid‘l) :I1(A, B)
Ip. Aoy I, Ip AT.ilg

©OFrAtype ©.ArBtype Trs':A Ars:0

comp pi-sub-comp
T |II(A[sos’],B[(sos").A]) + I1(AB)ss © T(AB).sos” = (im(a,B).s) [5"] © inqars,B[s’.A])©

1 -1
.comp .comp -sub .comp . ,
WG,y »ipsasaps 0 comp=1 oi mmp_l) :II(A,B) [s][s"]
s, 5. A, , ) , S
B,(sos ).Aor.lA’sys, ,5.Aos’ A[s]  B,(sos )'A’rJA,s,s’

Fig. 1. Rules for functorial II-types. Rules pi-sub, sub-lam,p-sub-id and p-sub-comp use the notation intro-
duced in Proposition 3.6.

PROPOSITION 4.14. From the rules of CCTT and the rules in Fig. 1, we can derive the following rules.

'+f:II(AB) Tra:A IT'Avrb:B Ttra:A
I'+appyyap) (f.a) : Bla] '+ appry(ap)(Ab,a) = pa(boa) : T.Bla]

Proor. The context morphism appy 4 g (f, @) is p2(appr(a gy © p2(f © 7a) © a). O

Related Work 4.15 (Coraglia and Emmenegger [19]). Rule subt-pi corresponds to the rules in
Proposition 20 of Coraglia and Emmenegger’s paper [19]. Under the subtyping point of view, this
rule states that A” <y A and B[T.f] <, B’ give II(A, B) <r(f,4) II(A’, B’). They do not however,
explicitly present rules corresponding to Rules subt-pi-id and subt-pi-comp, which state that IT(—, —)
preserves identity and composition of subtyping witnesses, respectively. Note that Coraglia and
Emmenegger write the rules in [19, Proposition 20] as if the fibrations involved were split, for
simplicity. In our case, this equates to removing the i®™, i'é and i*"® terms from the rules.

4.2 Functorial Z-Types

In this section, we define semantic structure for 2-types in non-full comprehension categories.
We then discuss the necessary functoriality conditions that allow us to use type morphisms to
interpret subtyping. We extend CCTT with functorial 3-types and prove soundness by giving an
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interpretation of the rules in any comprehension category with functorial 3-types. We also discuss
how CCTT with functorial X-types supports subtyping.

Definition 4.16. Let (C, T, p, y) be a comprehension category. Given T € C, A € It and B € Tt 4,
a (strong) dependent sum for I', A and B consists of:

(1) an object X(A, B) € Tr;
(2) an isomorphism pairy 4 5y : I.A.B — I'Z(A, B) in C with inverse projy 4 p) making the
following diagram commute.

pairs 4 p)

rAB — 2% 4 T'5(A B)

ﬂA% A} B)
r

Just as in the case of II-types, Definition 4.16 is closely connected to the syntactic representation
of 2-types. The object %(A, B) in 7t corresponds to the dependent sum of types A and B in context I'.
The morphism pairy, 4 5) : I.A.B — I2(A, B) in C corresponds to pairing of a term of type A with
a term of type B that depends on A. The morphism projs, 4 ) : I.2(A, B) — I'.A.B corresponds to
the second projection and 75 © projs, 4 g gives the first projection. projy 4 gy being an inverse of
pairs 4 p) gives the §- and n-rules.

Related Work 4.17 (Jacobs [34]). Jacobs defines dependent sums in a (full) comprehension category
as left adjoints to certain reindexing functors — the weakening functors of the form 7, [34,
Definition 3.10 (i)]. In a full comprehension category, this definition is equivalent to Definition 4.16.

As explained in Related Work 4.3, we do not assume fullness; hence, we make a distinction
between the structure added to C and the structure added to 7. In particular, we are interested in
having the structure of pair and proj on C and the structure related to subtyping on 7. We use
Definition 4.16, where the structure of pair and proj is on the category C. In Jacobs’ definition this
structure is on the category 7.

Related Work 4.18 (Lumsdaine and Warren [40]). Lumsdaine and Warren define -types with
an induction rule [40, Definition 3.4.4.1]. In contrast, we describe 3-types via projections, as this
description is simpler.

To be able to use type morphisms to interpret subtyping, we need to add certain functoriality
conditions which formalize the intuition that 3-types act covariantly on both arguments in the
context of subtyping. In particular, given subtyping relations A <y A" and B <, B'[T.f] we have
%(A,B) <s5(rg) 2(A’,B’), since ¥ acts covariantly on both the first and the second arguments.
The coercion function for X(A, B) <s(r4) 2(A’, B') takes a dependent pair (a,b) : (A, B) to the
coerced dependent pair (a’,b") : II(A’, B’) as follows. The term a’ : A’ is obtained by coercing a to
A’ using f, and the term b’ : B’ is obtained by coercing b to B'[I".f] using g.

Now we define what it means for a comprehension category to have functorial X-types. For
this, we add the structure defined in Definition 4.16 to a comprehension category, postulate a
Beck-Chevalley condition, i.e. that this structure is preserved under substitution, and postulate
suitable functoriality conditions.

Definition 4.19. A comprehension category (C, 7, p, x) has functorial Z-types if it is equipped
with a function giving (A, B), pairy,, g and projs, 4 g for each suitable I', A, B such that:

(1) for each s : T — Ain C we have iz gy s : 2(A[s], B[s.A]) = £(A, B)[s] in Tr;

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 83. Publication date: January 2026.



83:18 Niyousha Najmaei, Niels van der Weide, Benedikt Ahrens, and Paige Randall North

(2) for each A € Ta, B € Ta 4 the following diagram commutes
T3(A[s], B[s.A]) 225288 A 54, B)

pairZ(A[s]‘B[s.A])T TpairE(A,B)

where 5.5(s4, sB) = $.2(A, B) o T.ix(aB).s;

(3) the comprehension category is equipped with a function giving for each f : A — A’ in It
and g : B — B’;[T.f] in Ir 4, a morphism 2(f, g) : (A, B) — %(A’, B’) in Ir;

(4) T.2(f, g) is the following composite,

T5(AB) ~248 p ap I s paprf) L2 rarp BN 4B

(see [45, Appendix C] for more detail);

(5) Z(—, —) preserves identities, i.e. we have 2 (14, igil) = 15(a,) for each suitable A and B,
where i}‘; : B[1r.4] = B;

(6) =(—, —) preserves composition, i.e. we have Z(f" o f,¢'[T.f] o g) = Z(f",g") o Z(f,g) for
each suitable f’ and ¢’;

(7) is(ap),- is functorial in that it preserves i"*® and i°®™ (see [45, Appendix D] for more detail).

Items 1 and 2 of Definition 4.19 state that X and pair are preserved under substitution respectively.
Consequently, proj is also preserves under substitution. Items 3 to 7 give the functoriality condi-
tions which formalize the variance of Z-types on the arguments for subtyping. Item 4 expresses
compatibility of the type morphism structure on the category 7~ with the type former structure on
the category C.

The following proposition states that Definition 4.19 is compatible with Jacobs’ definition of
comprehension categories with sums.

PROPOSITION 4.20 (RELATION TO JACOBS [35]). Every full comprehension category with sums in
the sense of Jacobs [34] has functorial E-types in the sense of Definition 4.19.

Related Work 4.21 (Coraglia and Emmenegger [19]). Coraglia and Emmenegger [19] define X-types
for generalized categories with families, a structure equivalent to comprehension categories [18].
This definition is similar to Definition 4.6 regarding variance on the arguments.

Related Work 4.22 (Gambino and Larrea [24]). Gambino and Larrea [24] also define 2-types for
comprehension categories, but in a different way than we do. As with II-types, we require -types
to be functorial, while they do not, and we phrase stability using isomorphisms instead of Cartesian
morphisms. A more notable difference lies in the fact that Gambino and Larrea [24] express 2-types
by giving the usual introduction and elimination rule (i.e., 2-induction), whereas we express 2-types
equivalently via pairing and projections.

We now discuss examples of comprehension categories with functorial 2-types, including those
that arise from AWFSs (see Section 2.3). Whereas for II-types we need to require additional
assumptions, every AWFS supports 2-types [24, Proposition 4.3]. This is because the right class of
maps is closed under composition. Since 2-types are interpreted using composition, the functoriality
condition of Definition 4.19 is also satisfied. This means that in particular, the examples in Section 2.3
have functorial 2-types. In what follows, we discuss functorial 3-types in the these examples.

Example 4.23 (Examples 2.8 and 3.13 ctd.). As explained in Example 3.13, in this example, a
type A in context I is interpreted as a split isofibration [A] : [T.A] — [I]. This example has
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S-types. For each groupoid I' and split isofibrations A : T'A — T'and B : T'A.B — T'.A, we
have a split isofibration (A, B) : I.3(A,B) — T, where for each x € T, the set of objects in
the fiber over x is 3(x’ : Ay), By, i.e. the elements in the fibers are dependent pairs. The functor
pair : T.A.B — I'.3(A, B) is dom(«), where & : (AoB) — Z(A, B) is the morphism of split fibrations
over I that maps (x € T,a € Ay,b € By) to (x €T, (a,b) € 3(x’ : Ay), By).

Now for the functoriality condition, let f : A — A’ be a morphism of split fibrations in the fiber
over I' that maps (x € I,a € Ay) to (x € I, f(a) € A) and let g : B — B’[f] be a morphism
of split fibrations over I'.A that maps (x € T',a € A,,b € B,) to (x € T, f(a) € AL, g(b) : B}(a)).
The morphism X(f,g) : 2(A,B) — Z(A’,B’) maps (x € T, (hy,hy) € 2(x" : Ax),By) to (x €
T, (f(h1),g(h2)) € Z(x" : AL), B,). It is easy to see that this assignation satisfies the properties
from Definition 4.19.

Example 4.24 (Examples 2.10 and 3.14 ctd.). As explained in Example 3.14, in this example, a
type A in context I is interpreted as an H-valued predicate [[A] : [T] — H and T'.A is interpreted
as the comprehension. This example has >-types. For each set I' and predicates A : I' — H and
B:T.A — H, where I'.A is the comprehension of A, the predicate 3(A, B) : I' — H is defined to be
B(x) if A(x) = T and L otherwise. We have T'A.B =T.2(A,B) = {x € T|T < A(x) AT < B(x)}
and the function pair : I.A.B — I'.Z(A, B) is identity.

Now for the functoriality condition, recall that in this example the hom-sets in the fibers have at
most one element. Let ' be a set,and A, A’ : T — H be two H-valued predicates. We have a morphism
in the fiber over I of the form A — A’. This means that for all x € T we have A(x) < A’(x). Hence,
I''A C T.A’. We have a morphism in the fiber over I'.A of the form B(x) — B’(x), which means that
for all x € T such that T < A(x) we have B(x) < B’(x). Now we verify that there is a morphism in
the fiber over I of the form % (A, B) — X(A’, B’). For this we need that for each x € T, (A, B)(x) <
3(A,B'). If T < A(x), then we have T < A’(x). Hence, 2(A, B)(x) = B(x) < B'(x) =X(A’,B’). If
A(x) < T, then X(A, B)(x) = L and we have %(A, B)(x) < X(A’, B') trivially.

Recall that II-types in Example 4.11 do not correspond to universal quantification. For the same

reason, 2-types in Example 4.24 do not correspond to existential quantification.

Definition 4.25. We define the extension of CCTT by functorial =-types to consist of the
rules in Fig. 2.

THEOREM 4.26 (SOUNDNESS OF RULES FOR X-TYPES). Any comprehension category with functorial
3-types models the rules of CCTT and the rules for functorial E-types in Fig. 2.

In the following proposition, we see that we can derive first and second projection rules similar
to those of Martin-Lof type theory from the rules in Fig. 2.
PROPOSITION 4.27. From the rules of CCTT and the rules in Fig. 2, we can derive the following rules.
Ttp:3(AB)
I'tproj,p: A
T + proj,p : B[proj,p]
Proor. The context morphism proj,p is 75 © projs 4 ) © p and proj,p is p2(projg a5y ©p)- O

Related Work 4.28 (Coraglia and Emmenegger [19]). Rule subt-sigma corresponds to the rules
in Proposition 21 of Coraglia and Emmenegger’s paper [19]. Under the subtyping point of view,
this rule states that A <y A” and B <, B'[T.f] give £(A, B) <5(s,4) (A", B’). They do not however,
explicitly present rules corresponding to Rules subt-sigma-id and subt-sigma-comp, which state
that X(—, —) preserves identity and composition subtyping witnesses, respectively. Note that
Coraglia and Emmenegger write the rules in [19, Proposition 21] as if the fibrations involved were
split, for simplicity. In our case, this equates to removing the i and i from the rules.

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 83. Publication date: January 2026.



83:20 Niyousha Najmaei, Niels van der Weide, Benedikt Ahrens, and Paige Randall North

T'+Atype T.AFr Btype

I'rAtype T.ArBtype P AL - TS(AB sigma-intro
sigma-form A.BF :T.
T+ %(A B) type & pairs .z : [2(A.B)
Ik 75(a,B) © pairgapy =aconp: T
I'-Atype T.Ar Btype . . I'+Atype T.AF Btype i
- sigma-elim - - sigma-beta
Ir.2(AB)+ Projs(ap) T.A.B T.AB+ Projs(ap) © Pairsap) = lr.aB : T.A.B

I'+Atype T.AFr Btype
I'2(AB) + pairs 4 gy © Projs(ap) = Irx(AB) : T.2(A B)
ArAtype AArBtype TFrs:A
T | Z(A[s], B[s.A]) F iscaB),s : 2(A B)[s]
ArAtype AArBtype TFrs:A
A[s].B[s.A] + s.2(A, B) oT.ix(a,B),s © Pairy a[s],B[s.4]) = Pair5(ap) ©S-A.B: A.E(A B)
T.A+rBtype T.A'vrB'type T|Arf:A T.A|Brg:B[I.f]
I'|2(A,B) F2(f.9) : 2(A", B')
I.Z(A B) rT.Z(f,g) = pairyus gy © ([.f).B" oT.A.g o projs 4 gy : I.Z(A", B')
I'+Atype T.AFr Btype

sigma-eta

sigma-sub

sub-pair

subt-sigma

— subt-sigma-id
I'|2(AB) F2(1a, i ) = 15a) : 2(A B)
A+ Btype T.A'+B'type T|Arf:A
T'A|Brg:B[I.f] T|A+f :A” TA |B+g :B’[l.f]
TIZ(AB)FE(f o f,g'[T.fl1og) =2(f".g') 0 2(f.9) : 2(A”, B”)
I'+Atype T.AF Btype

subt-sigma-comp

sigma-sub-id

-1
i isub ;comp
T12(Al1r], B[1.A]) v IZ(AB) oisamy = Z(i4ij o lB,lr,Aor,iig,lr.A °'p, 1r.AT.i 'd) Z(4.B)

OFrAtype ©.ArBtype Trs':A Ars:0 .
sigma-sub-comp

['|2(A[sos’],B[(sos").A]) - l;ZB)H i5(A,B),s0s’ = (ix(aB).s)[5'] o ixa[s'1.Bs".A])©

-1
3 (§°MP jeomp o jsub o jEOmP %(AB)[s
(s s als) B(sos')Aor H, s.Aes” Als]  Bl(sos").ALI T, ) (A B)[s]ls']

Fig. 2. Rules for functorial 2-types. Rules sigma-sub, sub-pair,sigma-sub-id and sigma-sub-comp use the
notation introduced in Proposition 3.6. For example, in Rule sigma-sub, s.A is (s o 4[4, T (ZAMA[ [7afs1]) ©

p2(1r.a[51))-

4.3 Functorial Id-Types

In this section, we define semantic structure for Id-types in non-full comprehension categories.
We then discuss the necessary functoriality conditions that allow us to use type morphisms to
interpret subtyping. We extend CCTT with functorial Id-types and prove soundness by giving an
interpretation of the rules in any comprehension category with functorial Id-types. We also discuss
how CCTT with functorial 1d-types supports subtyping.

Definition 4.29 ([40, Definition 2.3.1]). Let (C, T, p, x) be a comprehension category. GivenT € C,
A € Jt, an identity type for I' and A consists of:

(1) an object Ids € Tt a.A[x4];
(2) amorphismry : I''A — I''A.A[m4].1d4 in C making the following diagram commute,

A

T.A S T.AA[r4].1d4

TIAA[7m4]

where A4 is the diagonal morphism of the form I'A — T A A[7m4];
(3) foreachC € Tr 4 a[s,].14, andd : T.A — I"'A.A[74].Id 4.C making the outer square commute,
asection jacg : T A.A[ma].ldg — T A.A[74].1d4.C of 7c making the following two triangles
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commute.

TA—2% ST AA[r4].1dsC

| e |
rA Jjacd e
/

F.A.A[HIA].ICIA _— F.A.A[ﬂ,’A].ldA

Similar to the case of II- and 3-types, we tie Definition 4.29 to identity types in syntax. The
object Id4 in 7t corresponds the identity type for terms of type A in context I'.A.A. The morphism
r:T.A — T.A.A[n4].ld4 in C gives the reflexivity proof. The morphism jap.I.A.A[74].1da —
I A.A[74].1d4.C in C gives the elimination rule for identity types. This rule states that to construct
a term of type C in the context I'.A.A.ldy, it suffices to provide a term of type C when the second
and third variables are replaced by the first one and the reflexivity proof, in the context I'.A.

Related Work 4.30 (Facobs [35]). Jacobs defines identity types in a (full) comprehension category
as left adjoints to certain reindexing functors — the contraction functors of the form A’;, where A4 :
I''A — I'.A.A is a diagonal morphism [35, Definition 10.5.1]. This definition gives an extensional
identity type, whereas Definition 4.29 gives an intensional identity type.

To be able to use type morphisms to interpret subtyping, we need to add certain functoriality
conditions which formalize the intuition of how Id-types interact with subtyping. In particular,
given a subtyping relation A <; B we have ld4 <4, Idg[I'.t.t], since Id-types preserve subtyping.
In the semantics, this means that for each morphism t : A — B in 71, we have a morphism
t':1dg — Idg[T.t.t] in Tt 4 a[z,]> Which is equivalent to having a morphism Id; : Id4 — Idg in 7
with p(Id;) = T.t.t.

Now we define what it means for a comprehension category to have functorial Id-types. For
this, we add the structure defined in Definition 4.29 to a comprehension category, postulate a
Beck-Chevalley condition, i.e. that this structure is preserved under substitution, and postulate
suitable functoriality conditions.

Definition 4.31. A comprehension category (C, 7, p, y) has functorial identity types if it is
equipped with a function giving ld4, r4 and ja c 4 for each suitable I', A, C, d such that:
(1) for each s : ' — A in C, we have an isomorphism i, s : Ida[s] = lda[s.A.A[7a] © )(Oizomp]
i Tr.afs).Als] 415 » Where 5777« A[s][7ags)] = Almal [s.Al;
(2) for each A € T5, C € Tpaa(n, and d : AAA[7s] — AAA[7s].1ds.C, the following

diagram commutes;

((s-AA[7a)oxoiy™) 1d a0 xolid 4.6)-C
T.A[s].A[s][7a[s))1daps)-CL(s.A.Ala] © xoiy ") .Ada © xoitd,s] —> AA.A[mallds.C

4 0 T
JA|s],c|(s.A.A[nA]oXOif:m")JdA oXOimA;],d|s.A.A|nA|oXOiZ)mP| jA,lc,d
|
T A[s].A[s][7a[s1]-1dafs) > N AA[ma].lda

(s.A.A[zmaloxoiyy ™) 1dao xoiid s 4

TAls] TA

I |
T.A[s].A[s] [7ags]] s AAA[74]

s.AA[maloxoiy""

(3) the comprehension category is equipped with a function giving for eacht: A —» Bin Tr, a
morphism Id; : ldg — Idg  with p(ld;) =T.t.t,;

(4) 1d(-) preserves identities, i.e. Id;, = 1,4, for each A € Tr;

(5) Id(-) preserves composition, i.e. Id;o; = Idy o Id; for each suitable ¢ and t’;
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(6) the following diagrams commute for each ¢t : A — Bin Tr,

TAAld, —% 5 T BBIdg T AAldsC[T.tt] 295 T B BIds.C
rAT TrB jA,C[l",t.t].d[l".t,t]T TjB,c,d
F.AT)F.B FAAIdAT)FBBIdB
where T'.t.t and d[I'.t.t] are given by the universal property of the following pullback square:
TAA[m] —22 5 1A ra—>=* 18 )
T.t.t]

N Xot
”A[”A]\L I'.t.t\$ \

\ns l l@ w0 e

(7) 4, is functorial in that it preserves i'*® and i°®™ (see [45, Appendix D] for more detail).

Items 1 and 2 of Definition 4.31 state that Id, r and j are preserved under substitution. Items 3
to 7 give the functoriality conditions for expressing the interaction of Id-types with subtyping.
Item 6 expresses compatibility of the type morphism structure on the category 7~ with the type
former structure on the category C.

Related Work 4.32 (Gambino and Larrea [24]). Gambino and Larrea [24] also define identity types
for comprehension categories. Their introduction and elimination rules are the same as ours. The
only difference is that, just like for II- and 2-types, we require identity types to be functorial and
we phrase stability using isomorphisms instead of Cartesian morphisms.

Related Work 4.33 (Coraglia and Di Liberti [17]). Coraglia and Di Liberti [17] study generalized
categories with families, which are equivalent to (non-full) comprehension categories. In that
setting, they define extensional identity types. Our identity types of Definition 4.31 are intensional.

We now discuss examples of comprehension categories with functorial Id-types, including those
that arise from AWFSs (see Section 2.3). To interpret identity types in a comprehension category
induced by an AWFSs, we need to assume additional structure, namely a stable functorial choice
of path objects [24, Definition 4.8]. Path objects give us a factorization of the diagonal morphism,
and hence, we obtain an interpretation of the identity type [24, Propositon 4.9]. Since the choice of
the path object is required to be functorial, comprehension categories induced by weak factorization
systems support the functoriality condition in Definition 4.31. These conditions are satisfied by the
examples in Section 2.3. In what follows, we discuss functorial Id-types in the these examples.

Example 4.34 (Examples 2.8 and 3.13 ctd.). In the AWEFS of groupoids, a type A in context I' is
interpreted as a split isofibration [A]] : [T.A]] — [T']- This example has Id-types. For each groupoid
I and split isofibration A : T.A — T, we have a split isofibration Id4 : T.A.A[7m4].1d4 — . A.A[7z4],
where for each x € T and a,b € A,, the set of objects in the fiber over (x, a, b) is hom(a, b), i.e.
isomorphisms from a to b. Reflexivity is given by the functor r4 : I'A — TI'.A.A.ld4 mapping
(x €eT,ae Ay)to (x € T,a € Ay,a € Ay, 1d, - a = a). For the elimination rule, for each split
isofibration A : T.A — T, we have a morphism in T.A.A[714].l1d4 as follows:

t(@eafebp) =(aecap(P)eald).
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For each split isofibration C : T.A.A[z4].1d4.C — I'.A.A[m4].1d4 and functor d as follows,
d:T.A—>T.AA[na].1da.C
(xeT,acA) = (xel,ac Ay, b: Ay ldg 1 a=a,d(a) € Cagud,)s
we have the eliminator jc 4:
jea :T-AA[a)ldg — T.A.A[m4].1da.C
(xeT,acA,beA,p:a=b)—> (xeT,acA,beA,p:a=bt'(d(a)) € Cupp).

Since C is split, we have j(a,a,1d;) =d(a) forall x € T and a € A,.
For functoriality, let ¢ : A — B be a morphism of split fibrations over I" that maps (x € I',a € Ay)
to (x € I, t(a) € By). We take Id; : Id4 — Idp to be the following functor over I'.t.t:

Id; : T.A.A[n4].1d4 — T.B.B[x5].1d5
(xeT,aeA,beAy,p:a=b)— (x el t(a) € By, t(b) € By, t(p) : t(a) = t(b)).

For the comprehension category built from categories, instead of from groupoids, the set of
objects in the fiber over (x, a, b) is iso(a, b) instead of hom(a, b), for each x € T and a,b € A,.

The identity type on the example of Heyting algebras (cf. Examples 2.10 and 3.14) is trivial: it
denotes equality between proofs, hence gives the singleton type.

Definition 4.35. We define the extension of CCTT by functorial Id-types to consist of the
rules in Fig. 3.

THEOREM 4.36 (SOUNDNESS OF RULES FOR |d-TYPES). Any comprehension category with functorial
identities models the rules of CCTT and the rules for functorial 1d-types in Fig. 3.

Remark 4.37. Under the subtyping point of view Rule subt-id states that A <; B gives Id4 <q,
(Idg[I'.t.t]). Rules subt-id-i and subt-id-c states that Id(_) preserves identity and composition of
subtyping witnesses, respectively.

Coraglia and Emmenegger [19] do not discuss Id-types.

5 Strictly Functorial Substitution: CCTTjj

As discussed in Remark 3.5, substitution in CCTT is functorial only up to isomorphism, whereas in
many type theories, substitution is functorial up to equality. While this makes the type theory easier
to use, it comes at a cost; the notion of model of such type theories is more restricted, which makes
finding such models more challenging. In comprehension categories, functoriality of substitution is
interpreted as splitness of the fibration p : 7~ — C. For example, MLTT is interpreted in full split
comprehension categories.

By replacing those isomorphisms that reflect non-splitness of the fibration in the syntax with
equalities, we obtain CCTTpjit, a split version of CCTT with substitution that is functorial up to
equality. For this, one needs to also add a judgement I' + A = B for equality of types.

The split version of the judgements and the rules is presented in the preprint [45, Appendix E].
The judgements and rules of CCTTgpj;x compare to CCTT precisely as follows.

(1) There is a judgement I' + A = B for equality of types in CCTTgpj;;, whereas CCTT does not
feature such a judgement.

(2) Isomorphisms of types in the following rules of CCTT are equality of types in CCTTgpj;:
sub-id, sub-comp, sub-cong, pi-sub, sigma-sub, id-sub.

(3) The isomorphism terms in the following rules of CCTT are not present in CCT Tgpjj¢: sub-tm-id,
sub-tm-comp, tm-sub-coh, sub-lam, subt-pi, sub-pair, sub-refl, sub-j.
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I+ Atype
T'r Atype id-form T. AR T A)zlﬁp[ ].1d id-intro
- . ra:l1.A. JTA |10
[AAlza] F1da type TAFmg, ora = pa(ira) : TAA[A]

T.AA[zallds - Ctype T.Ard:T.AA[mallda.C T.Armecod=ra:T.AAldy
T.AA[7mallda F jaca: C
T.AA[ms)ldaFCtype T.Ard:T.AA[mallda.C T.Armecod=rs:T.AAlds
T.Av jacaora=d:T.AA[na]lda.C
ArAtype Trs:A
T.Als].Als][7a(s)] | 1dajs) F ilay,s - 1dals.A.A[a] o T.A[s].is.a]
A+Atype Trs:A
T Als].Als][ma(s)] + (s-A.A[7a] o T.A[s].is.a).1da o T.A[s].Als][7a[s)]-i1d 4.5 © Ta[s]
=rq0s.AA[ma] oT.Als].is.a: AAA[ma].lda
ArAtype TFrs:A
T.A[s].A[s][mas)]Mdafs) - ((s.A.A[a] o T.A[s].is.a).1da o T.A[s].A[s][7a[s) ].i|dA»s).Co
jAIs],CI(s.A.A[;rA]oI‘.A[s].is_A).IdAOF.Als].A[s][nA[s] lit 451 d1s-AAlm gl Als]is 4] = JjAC,d®
(s.A.-A[ma) o T.Als].is.a).1da o T.A[s].A[s][ma[s) ] -itd 5.5 : D-A.A[7a].1dA.C

id-elim

id-beta

id-sub

sub-refl

sub-j

T|Art:B beid T+ Atype bid
subt-i subt-id-i
T.AA[za] | 1da F Idy - ldp[L.t.0] TAA[zalddA ¥ 1di , = Lig, s TAA[TA LA [Ir A A )
T|A+t:B T|Brt :C i
t-id-
TAA[za] |1da F1d,/ [T.t.8] 0 ld; = ldpro, < [T £ 1[Tbt] oo e
T|Avt:B
subt-id-refl
TAF (T.t.1)ldg oT.AAld, orpa=rgol.z:[.B.Bldg
T|Avrt:B
subt-id-j
T.A.Alda + ((T.t.t).ldg o T.A.Ald;).C © JACIT.t.t1d[T.t.t] = JB.C.d © (T.t.t).ldg oT.A.A.ld; : T.B.B.Idg.C
T+ Atype
i id-sub-id

sub

1d 4,17 A.A[7 g JoT.i_g.1p
OrAtype Trs':A Ars:0

comp °

1d 4,5 A AL 1o g 45" Als]Als| [ [s) 1T i _a[g]

. . _ sid7t o
F|IdA[1r] ki Ohidgy =g, Oldiﬁ sldallr]

id-sub-comp

T [ 1dajsos] F i

ssub
lldA.sos’,A,A[ﬂA]OF,i(sos/)'A,sAAAA[nA]or.is.Aos’.A[s]AA[s] [”A[s] ]orAis/‘A[s]

il 4.5 [ Als].Als][ags)] o Tigr afs)] 0 lid 45757 © |d,»i:)mp/ sldaps)[s"Als].A[s][mafs)] o Tuig aps)]
,S,S'

° iIdA,sos’

-1
In Rules id-sub, sub-refl, sub-j,id-sub-id and id-sub-comp, is 4 = if:,:z,s.A o if‘;lvl;"”Ap]v”A"S-A ) if:?;Als] . In Rule subt-id-j,

I.t.t = (T.to ALyl ).Blng] o p2(T.t o mpa.A).

Fig. 3. Rules for functorial Id-types. Rules id-sub, sub-refl, sub-j, id-sub-id and id-sub-comp use the notation
introduced in Proposition 3.6. For example, in Rule id-sub, s.A is (s o ma[s], F.(i;o?};[ ' [7ars1]) © p2(1r.afs)))-

(4) Isomorphisms in the following rules of CCTT are identity morphisms in CCT Tspjt: sub-proj-id,
sub-proj-comp, subt-pi-id, subt-sigma-id
(5) The following coherence rules of CCTT, explained in Remark 3.7, are not in CCT Typ;¢: second
conclusion of sub-cong, sub-cong-id, sub-cong-comp-1, sub-cong-comp-2. In addition, the
following coherence rules are not in CCTTpjit: pi-sub-id,pi-sub-comp, sigma-sub-id, sigma-
sub-comp, id-sub-id and id-sub-comp.
THEOREM 5.1 (SOUNDNESS FOR CCT T r). Every split comprehension category models CCT Ty
Remark 5.2 (About Implicit Substitution). We could also consider a strict syntax with implicit
substitution rather than with explicit substitution. Such an implicit substition is automatically
functorial up to equality. Gambino and Larrea [24] provide a splitting construction that can be used

to turn models of CCTT into models of a variant with implicit substitution. Lumsdaine and Warren
[40] also provide a splitting construction, but only for full comprehension categories.
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6 Related Work

In this section, we discuss related work and the precise relationship to our work.

6.1 Work on Type Formers

Comprehension categories, and semantic structures for the interpretation of type theory, were
defined by Jacobs, first in a seminal paper [34] and, later, in a comprehensive book [35]. Jacobs
assumes comprehension categories to be full throughout. We give precise comparisons between
our work and that of Jacobs throughout this paper, in dedicated environments (Related Work 4.3,
4.17 and 4.30 and Propositions 4.7 and 4.20).

Lindgren [39] defines a semantic structure on non-full comprehension categories suitable for the
interpretation of dependent product types; we give more detail in Related Work 4.5.

Lumsdaine and Warren [40] discuss a splitting construction for full comprehension categories.
They define different versions of categorical structures for the interpretation of type formers
suitable for full comprehension categories. For a comparison of our and their structures for type
formers, see Related Work 4.4 and 4.18.

Gambino and Larrea [24] shows that splitting construction by Hofmann [31] extends to non-full
comprehension categories. They consider comprehension categories arising from AWEFSs, and
suitable structure for type formers. For a comparison of our and their structures for type formers,
see Related Work 4.9, 4.22 and 4.32.

Ahrens, North, and Van der Weide [5] develop a syntax for comprehension bicategories, with
the goal of developing a notion of directed type theory. They do not study type formers, but only
structural rules.

Curien, Garner, and Hofmann [20] develop a type theory with explicit substitution to more
accurately reflect the intended categorical semantics: explicit substitution is not necessarily strict,
and thus better aligns with the interpretation of substitution as pullback. They give an interpreta-
tion of their type theory in comprehension categories; this interpretation does not make use of
morphisms between types, and the authors note that “[i]t is therefore natural to limit attention to
full comprehension categories”. Like [20] we have an explicit substitution operation in the rules we
develop; however, regarding morphisms between types, we take a different approach by extending
the syntax by a corresponding judgement for such morphisms.

6.2 Work on Subtyping

Subtyping in type theory has been studied extensively, from both semantic and syntactic angles.
We discuss what seems to us the most closely related work to ours; the overview below is by no
means claimed to be exhaustive.

We first discuss work studying the semantics of subtyping.

Firstly, Zeilberger and Mellies [44] give a fibrational view of subsumptive subtyping, unlike
this paper where we discuss coercive subtyping. They interpret type systems as functors from a
category of type derivations to a category of underlying terms. In this setting, subtyping derivations
are interpreted as vertical morphisms, i.e. the derivations mapped to the identity morphism of the
underlying term.

Secondly, Coraglia and Emmenegger [19] study “generalized categories with families”, a notion
that they show is equivalent to the (non-full) comprehension categories discussed in the present
paper [18]. Taking a semantic viewpoint on subtyping, they sketch [19] how generalized categories
with families interpret some rules related to coercive subtyping, notably the rules of transitivity,
subsumption, weakening, substitution, and rules related to the type formers IT and ¥ — for details,
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see Table 1 and Related Work 4.15 and 4.28. We develop that work further, by presenting more
structural rules, and analyzing identity types as well.

We point out one potential source of confusion when comparing the type-theoretic rules pre-
sented in the present work with the rules shown by Coraglia and Emmenegger [19, Propositions
20 and 21]. Specifically, “[I]n writing the rules above in Propositions 20 and 21, [Coraglia and
Emmenegger] have written the action of reindexing as if the fibrations involved were split” That is,
even though Coraglia and Emmenegger study comprehension categories that are not necessarily
split, they present a simplified versions of their rules which can be interpreted only in split com-
prehension categories. In our work, we present type-theoretic rules suitable for interpretation in
any comprehension category, not necessarily split. As a consequence, some of our rules contain
more coherence isomorphisms.

Next, we discuss work studying subtyping from a syntactic point of view.

Firstly, Luo and Adams [41] study structural coercive subtyping for inductive data types. They
propose functoriality of type formers and prove desirable properties, such as admissibility of
transitivity of subtyping, of the resulting theory.

Secondly, Laurent et al. [38] extend MLTT to a type theory with definitionally functorial type
formers. They use this functoriality to extend MLTT to two type theories with coercive and
subsumptive subtyping, respectively. They show that the functoriality of type formers is sufficient
to establish back-and-forth translations between the two type theories, resulting in an equivalence
between them. They also study meta-theoretic properties of their systems, e.g. showing that their
functorial system is normalizing and has decidable type checking.

A rough comparison of the type theory from Laurent et al. [38] with coercive subtyping, called
MLTTe, to ours is as follows. The syntax of MLT T, supports at most one coercion between any
two types. This corresponds to considering a thin category of types in our semantics. Furthermore,
the syntax of MLT T, comes with substitution which is strictly functorial. This corresponds to
considering a split fibration in our semantics. The split version of our syntax is discussed in Section 5.
If we assume splitness and thinness in our syntax, our rules for II- and -types imply theirs. A
more notable difference is that the identity type of MLTT,,. does not have a counterpart to our
Rule subt-id-j which expresses that the eliminator of identity type is preserved by coercion. As the
authors explain in Section 3.3 of another version of their work [37], they make a design choice to
not include such a rule as it is not necessary for having their desired functorial equations.

Thirdly, Adjedj et al. [2] develop a type theory they call AdapTT that captures type casting and
coercive subtyping. They show that AdapTT is modelled by NatModpo, a structure equivalent
to split generalized categories with families. Similar to CCTTgpj;t, substitution in their syntax is
strictly functorial. Furthermore, they provide a general framework, called AdapTT,, for defining
type formers that are automatically functorial, including general inductive types specified by a
notion of signature.

Fourthly, Aspinall and Compagnoni [7] study syntactic properties of dependent type theory
with subtyping; in particular, they prove subject reduction and decidability of type-checking for a
theory with dependent types and subtyping.

Fifthly, Luo et al. [42] study coercive subtyping, the form of subtyping analyzed semantically in
this paper. They show that coercive subtyping provides a conservative extension of a type theory.

7 Conclusion

We have presented the judgements and rules of CCTT which reflect the structure of comprehension
categories. Specifically, we have presented structural rules, and rules for type and term formers
for dependent pairs, dependent functions, and identity types. We have also presented categorical
structures on comprehension categories that are suitable for the interpretation of the type and term
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formers, and we have given a sound interpretation of our rules in such comprehension categories.
Furthermore, we have explained how our rules are a form of proof-relevant subtyping, extending
work by Coraglia and Emmenegger [19]. We have given an interpretation of the rules in models
arising from algebraic weak factorization systems.

We have not touched on the question of whether our syntax is complete for comprehension
categories. We conjecture that it is, although we have not yet established this rigorously. One could
follow Garner in his development of 2-dimensional models of type theory [25]. Garner constructs
an equivalence between, on the one hand, a category of suitable generalized algebraic theories and,
on the other hand, the category of models he is studying.

What does this work buy us? From a semantic point of view, the rules of CCTT distill the essence
of non-full comprehension categories, a semantic structure arising from AWFSs, which in turn
are frequently used for the interpretation of type theories. From a syntactic point of view, CCTT
provides a framework for theories with coercive subtyping.

Additionally, CCTT provides a basis for strictifying type theory with additional definitional
equalities, in the following sense. As discussed in Section 2.3, in homotopy-theoretic models of
Martin-Lof type theory that arise from AWFSs (e.g., Example 2.8), type morphisms are morphisms of
algebras: that is, they preserve the algebra structure of types. In other words — using the language of
homotopy type theory — in these models, type morphisms are morphisms which preserve transport
strictly. Thus, one could add rules to CCTT expressing that type morphisms preserve transport
strictly, and these rules would be validated by such models. Additionally, many commonly used
functions in Martin-Lof type theory are algebra morphisms in these models, and thus could be
asserted to be type morphisms in rules added to CCTT. For instance, both the first projection from
a X-type and constant functions are type morphisms in arbitrary AWFSs; thus one can add rules
to CCTT expressing that these functions commute strictly with transport. The value of having
such rules comes from the prevalence of calculations with transport in type theory (often that the
first projection preserves transport strictly). Indeed, while such calculations are mathematically
straightforward and often omitted from accounts in published papers of formalized mathematics (as
done, for instance, by Ahrens and Lumsdaine [3]), they “pollute” computer-checked libraries. See
Sojakova [48] for an account of a piece of synthetic homotopy theory that explicitly describes the
many instances of such calculations. Additional definitional equalities simplify such calculations,
because the proof assistants can take over more work from the user. As such, CCTT integrates into
recent research in type theory aimed at justifying and implementing more definitional equalities in
type theory [6, 15, 16, 38, 50].

We conclude with a question we have left open: How does the subtyping point of view carry over
to the bicategorical type theory and its interpretation in comprehension bicategories as studied by
Ahrens et al. [5]?
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