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Abstract

This master’s thesis explores the application of a matrix-free GMRES solver for implicit time integration
of unsteady turbulent flows using a high-order DGSEM spatial discretisation. Efficient time-integration
methods remain one of the primary challenges towards enabling industrial use of high-order methods
for scale-resolving simulations. The focus of this study is on the development of such a prototype implicit
solver for the DGSEM solver in the CFD framework TRACE, developed by DLR, which specialises in
internal aerodynamics of turbomachinery components. To gain a fundamental understanding of the
method and have a lightweight experimentation tool, a one-dimensional DGSEM solver that solves the
Burgers equation was first developed from scratch. With this gained knowledge, the implementation of
the solver in TRACE could start. The prototype solver developed in TRACE is capable of using both
finite-difference and forward automatic differentiation techniques to enable the matrix-free GMRES
method. Performance tests show that the automatic differentiation method is approximately twice as
slow as the finite-difference differentiation method when comparing them for an equal number of linear
iterations. However, the finite-difference method produces inaccurate gradient estimations that could
influence the linear solve. Lastly, the solver was applied to perform an LES of a turbulent channel flow.
The implicit solver yielded similar results compared to the time-explicit reference simulations at time
step sizes greater than the explicit limit. Using the finite-difference differentiation method, the implicit
solver was also found to require fewer CPU hours than the explicit reference simulations.

Keywords: DGSEM, JFNK, matrix-free, GMRES, LES, TRACE, CFD, time-implicit, IRK
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1
Introduction

The ability to numerically simulate turbulent flows with a high resolution and accuracy is in increasing
demand by several industries to solve engineering problems related to fluid dynamics. In the context of
turbomachinery engineering for aero engines, this increased demand is driven by the need for improved
engine designs that meet future climate goals.

To enable these developments, numerical modelling approaches in turbomachinery engineering must
be capable of accurately simulating a wide range of flow phenomena in a consistent and reliable
manner. With the continuous refinement in aero engine design, the understanding of complex flow
configurations in turbomachinery components has become a problem of increasing importance. The
current industrial use of computational fluid dynamics (CFD) in turbomachinery design primarily
focuses on solving the steady and unsteady Reynolds-averaged Navier-Stokes (RANS) equations.
Although very efficient solvers have been produced for these equations, they naturally fail to represent
flow features such as separation and turbulent transitions due to their inherent assumptions. Thus,
performing simulations of flows with such features requires extensive modelling. In order to simulate
such flows with more accurate and consistent results, the Navier-Stokes equations must be solved
with higher fidelity. Therefore, the use of scale-resolving simulation (SRS) by means of large eddy
simulation (LES) is becoming of increasing interest for the aero engine design process. SRS have been
proven to produce more consistent and accurate results for the aforementioned flow configurations
[1]. To facilitate the future use of SRS, more efficient numerical methods are sought after. Specifically,
high-order methods have been shown to produce higher accuracy results for equal computational costs
compared to the traditional second-order Finite Volume (FV) method, leading to a higher computational
efficiency of the scheme [2]. The term high-order is generally accepted to be a spatial discretisation of
third-order or higher [3], again stemming from the common usage of second-order FV methods in the
CFD community.

Among the high-order methods, discontinuous Galerkin spectral element methods (DGSEM) have
been found to be particularly well-suited for fluid dynamic simulations. As the name suggests, the
method makes use of a discontinuous Galerkin (DG) formulation, where solutions between elements
are allowed to be discontinuous and a Galerkin method is assumed. This is combined with the spectral
element method (SEM), where nodal-based high-order Lagrange polynomials are often used as basis
functions in combination with collocation of the quadrature and interpolation nodes. The DGSEM
schemes exhibit both properties of a high-order finite element method (elements with internal degrees
of freedom) and a finite volume method due to the allowed discontinuity between elements, resulting in
formulations of fluxes between the element faces. With this method, elements can be assigned arbitrary
spatial orders as they are only coupled through the fluxes at the faces. This allows for the flexible use of
ℎ, 𝑝-refinement strategies. Compared to other DG methods, the DGSEM allows for the simplification of
many numerical operations due to the collocation of quadrature and interpolation nodes combined with
the use of Lagrange polynomials. Furthermore, the DGSEM spatial discretisation has very favourable
dispersion-dissipation relations, which result in the dissipation of the spatial operator being pushed to
high wave numbers. This is a property that is very desirable in SRS, as the resolved scales are thereby
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less influenced by the dissipation of the spatial operator. At the same time, smaller scales are dissipated,
which is desirable when considering implicit LES. Thus, it can be said that the dissipation of the DGSEM
operator possesses desirable properties, making it suitable to act as a built-in sub-grid-scale model [2].

As SRS considers the simulation of unsteady phenomena, time integration must also be considered.
Explicit time-integration methods have been favoured for SRS due to their ease of implementation as
well as their locality, which fits with the good locality of the DGSEM. On the other hand, high-order DG
methods such as DGSEM are characterised by their increased time-step restriction compared to the FV
method. This imposes a stability condition that can be excessively restrictive on the time-integration
scheme, resulting in time-step sizes that are significantly smaller than what is required to resolve
the relevant physical time scales in the SRS accurately. Therefore, possible efficiency gains are being
left on the table due to the usage of an explicit time-integration scheme. Furthermore, there is also
potential in applying implicit-explicit (IMEX) time-integration schemes to SRS cases that suffer from
geometric-induced stiffness [4]. Here, only the stiff part of the domain (e.g. mesh refinement near the
wall) is solved implicitly. To make such advanced time-integration schemes possible, efficient implicit
solvers are required.

This motivates the exploration of implicit time-integration schemes applied to DGSEM for simulating
unsteady turbulent flows. Such methods can lift the time step size constraints, thus enabling time
step sizes that are chosen based on the temporal accuracy required by the solution. A promising
approach to perform the implicit solving is with the use of so-called matrix-free linear solvers. This
class of solver can avoid the explicit formulation and storage of the Jacobian matrix by only making
use of matrix-vector product evaluations of the Jacobian matrix in the linear solve. With this, the
matrix-vector product can be evaluated in a matrix-free manner by, for instance, the usage of finite
differences or automatic differentiation [5]. This approach significantly reduces the memory footprint
and computational overhead typically associated with implicit schemes, making it particularly attractive
for usage in the DGSEM for SRS.

The goal of this work is therefore to explore the application of implicit time-integration schemes
using a matrix-free linear solver with the DGSEM method in the simulation of unsteady turbulent
flows governed by the compressible Navier-Stokes equations. With the overall aim of enabling future
applications of the method in turbomachinery-related contexts. The research in this thesis is focused
on the development of such a method in the Turbomachinery Research Aerodynamic Computational
Environment (TRACE) code developed by DLR. TRACE is a CFD solver that is specialised in the
simulation of internal aerodynamics for turbomachinery design.

1.1. Research Goals of the Thesis
The DGSEM method is envisioned to be an essential design tool in SRS for the future of turbomachinery
engineering. In this thesis, the focus will be on the application of implicit time-integration schemes and
the subsequent implicit solving methods required in combination with the DGSEM spatial discretisation
method. Such methods, due to their greater complexity compared to explicit time-integration schemes,
are still an active area of research. This too is the case for the DGSEM solver developed in TRACE in
recent years [2]. This solver is mostly used together with explicit Runge-Kutta (ERK) time-integration
schemes. Therefore, the research objective of this thesis is formulated as:

"To evaluate and understand the implementation of matrix-free, implicit time-integration schemes to the DGSEM
method for convection-diffusion simulations, and produce a prototype matrix-free implicit solver for the DGSEM

method in the CFD framework TRACE."

To answer this research question, the following research goals were generated:

• Evaluate the usage of matrix-free GMRES for unsteady implicit solving.
• Evaluate the performance of simple preconditioning methods for matrix-free GMRES.
• Compare the usage of automatic differentiation against finite-difference differentiation in matrix-

free GMRES.
• Analyse the effect of temporal resolution on the flow solution in LES of turbulent flows.
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1.2. Structure of the Report
Following the stated goals of the thesis, an overview of the report is given. Firstly, in Chapter 2, the
findings of the literature review performed at the start of the thesis are described. The literature review
serves as a descriptive overview of the state-of-the-art on implicit solving methods for DGSEM, as well
as further motivation for the thesis. After this, in Chapter 3, the derivation of the DGSEM together with
the time-discretisation and the matrix-free GMRES method is presented. With the groundwork laid
out, Chapter 4 covers the implementation and subsequent analysis of the stand-alone one-dimensional
DGSEM solver that was produced in this project. After this, the implementation of the implicit solving
scheme for the DGSEM solver in TRACE and the analysis of this implementation are presented in
Chapter 5. Finally, Chapter 6 will summarise the outcomes of the thesis, answer the initially posed
research questions, and provide a future outlook and recommendations.



2
Literature Review

The research scope of this project is the application of implicit time-integration methods to LES using
high-order spatial discretisation methods. The literature review will first provide an overview of the
state-of-the-art on high-order methods for scale-resolving simulations in Section 2.1. After this, the
focus will shift to implicit time-integration methods applied to scale-resolving simulations in Section 2.2.
Following the formulation of the time-implicit scheme, the research on efficient nonlinear and linear
solver schemes to solve the implicit system emerging from these schemes is covered in Section 2.3.
Finally, the outcomes of the literature review are summarised in Section 2.4.

2.1. High-order Methods for Scale-resolving Simulations
Solving a partial differential equation (PDE) numerically can be done using many different techniques.
The spatial discretisation schemes can be classified into three categories, [6]:

• The finite difference (FD) method, where the domain is discretised into nodes and the approximate
differential form of the system of equations is satisfied at each node. Spatial derivatives are
obtained using truncated Taylor expansions on the nodes.

• The finite volume (FV) method, where the domain is discretised into cells, and the integral form
of the system equations is satisfied in each cell, leading to a cell-average solution. The cell-average
solutions are coupled through numerical fluxes, which result in a globally defined system.

• The finite element (FE) method, where the domain is discretised into sub-domains (elements)
that contain internal degrees of freedom. An approximating function space (e.g. piecewise
polynomials) is used to define the solution on each element. The degrees of freedom correspond
to coefficients obtained from sampling the solution (e.g. nodal or modal sampling) for which
the variational (weak) form of the system of equations is minimised. In order to obtain a unique
solution, a set of linearly independent basis functions spanning the approximating solution space
is chosen accordingly to the choice of degrees of freedom. The solution between elements can
either be continuous or discontinuous. Combining all element local formulations, a global system
of equations is constructed.

All three methods allow the formulation of a spatial scheme of arbitrary order. However, for the FD and
FV method, a direct application of high-order approximations to the method leads to instabilities related
to the Gibbs phenomenon. The most popular class of schemes to overcome these stability issues is the
weighted essentially non-oscillatory (WENO) schemes [7]. These schemes use smaller inner stencils to
reconstruct the solution on the main stencil as a weighted combination of the sub-stencil reconstructions,
where oscillations are suppressed by adjusting the weights of the inner stencils. Although WENO
schemes achieve stable high-order FD and FV schemes, they also require significantly large stencils,
which reduce the parallel scalability of the method and increase the computational cost. Specifically
for implicit methods, the increased stencil size means a denser Jacobian structure, which negatively
affects the performance of the linear solver. High-order FV WENO schemes have been improved upon
in recent years [8], but their problems of a large stencil size and adaptability to complex grid structures
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still remain. For industrial use of (U)RANS and LES, the second-order accurate FV method with the
monotonic upstream-centred scheme for conservation laws (MUSCL) is most common. This is because
the method has a compact stencil and exhibits more predictable dissipation characteristics when limiters
are used. This comes at the cost of reduced efficiency due to the low order of accuracy of the method
and the requirement for grid refinement to increase the solution accuracy. Moreover, WENO schemes
are typically applied only to structured grids, as extensions to unstructured grids are possible only for
certain grid formulations [9].

The FE method, originally developed and still widely used for numerical simulation in structural
mechanics, works differently from the FD and FV methods in that the domain is discretised into elements
that act as sub-domains with internal degrees of freedom. As said, an approximate solution space
is used to construct a solution to the PDE. The solution is formulated within this function space by
sampling it. To achieve a unique solution in accordance with the chosen sampling points, a linearly
independent finite set of basis functions that span the approximate function space is used. Traditionally,
FEM was applied not to satisfy the PDE directly, like the FD or FV method, but to minimise a physical
functional (e.g. potential energy in structural mechanics). In this minimisation process, test functions
naturally arise from a variational analysis, and by performing integration by parts, the weak form of the
system is found. More generally, however, the FE method can be seen as a weighted residual method,
where the PDE is multiplied by test (weight) functions and integrated to minimise the residual over
the element. In structural mechanics, linear piecewise polynomials that are nodally sampled at the
end points of the element are often used, leading to a second-order accurate spatial discretisation. In
this use case of the FE method, spatial accuracy is controlled through mesh refinement (ℎ-FEM) [10].
Nonetheless, the FE method suits the extension to higher orders of accuracy well due to the local element
formulation and inner-element nodes. Due to this, 𝑝-FE and ℎ𝑝-FE methods have been developed,
showcasing spectral convergence rates [11, 12, 11].

The choice of the test function space can be arbitrary in the FE method. However, when the test function
space is chosen to be equal to the solution function space, it is referred to as a Galerkin method. The
Galerkin approach is a common method because it can be shown that if the operator is symmetric and
positive definite, setting the solution and test functions equal to each other leads to a minimum error [13].
In other words, the Galerkin method results in an orthogonal projection of the exact solution onto the
approximate solution space in the case of a symmetric positive definite operator. The Galerkin method
can also be applied to operators without these properties, although this may result in instabilities of the
method. Specifically, these properties do not hold for fluid mechanics [14] due to convection phenomena
not being symmetric. In order to stabilise the solution of these schemes, a different test function space is
required, leading to a Petrov-Galerkin scheme. For instance, the stream upwind Petrov Galerkin (SUPG)
method [15] has been found to stabilise fluid mechanics problems using the FE method.

A class of FE methods that is more suited for convection-dominated problems are discontinuous
Galerkin (DG) finite element methods. Originally developed by Reed and Hill [16] for the neutron
transport equation. With the DG method, the same basis and test function space are assumed, but the
solution is allowed to be discontinuous between element interfaces. In order to still couple the elements,
a Riemann solver is required to determine the fluxes between the elements. This aspect of the method is
very similar to the FV method, where Riemann solvers are also required to deal with the discontinuities
between the cell average values. The method can thus be seen as a combination of the FE and FV
methods, using the most favourable characteristics of both methods for convection-dominated problems.
From this perspective, it could even be said that the FV method is simply a zero-th order DG method.
The first developments on the DGFEM method applied to nonlinear hyperbolic conservation laws were
by Cockburn and Shu [17, 18, 19, 20, 21], who introduced the method in combination with explicit
Runge-Kutta time-integration schemes, naming them Runge-Kutta discontinuous Galerkin (RKDG)
methods. The RKDG method was first applied to the Navier-Stokes equations by Bassi and Rebay
[22], where they introduced methods to treat the viscous terms through the initial BR1 scheme and
subsequent BR2 [23]. The method has been of specific interest for scale-resolving simulations because
of the favourable dispersion-dissipation properties which push dissipation towards high wave numbers
[24]. Not only has the method been increasingly popular for scale-resolving simulations [25, 26, 27], but
it also has gained attention to solve RANS equations [28, 29, 30].

One specific variant of the DG method is when it is combined with a spectral element method (SEM).



2.1. High-order Methods for Scale-resolving Simulations 6

Firstly, the SEM will be covered shortly. The spectral element method is a form of finite element
method where spectral accuracy is achieved, meaning that the convergence rate can be exponential if
the (analytical) solution is sufficiently smooth. Spectral methods achieve this by choosing high-order
orthogonal polynomial basis functions. Such polynomials are, for instance, Chebyshev or Legendre
polynomials. For SEM, besides Galerkin and Petrov-Galerkin approaches, another approach is the
collocation approach. With collocation, the test functions are chosen to be Dirac deltas at specific
collocation points. In practice, Lagrange polynomials are often used for this purpose. This causes
the method to enforce the residual of the strong form to zero at the collocation points [31]. Going
back to the Galerkin approach, the Lagrange polynomials can also be used to evaluate any orthogonal
polynomial basis function in a nodal manner. This means that the polynomial basis functions (e.g.
Legendre polynomials) can be represented in Lagrange form by using the roots of the chosen orthogonal
polynomials [32, 31]. This can thus be described as a nodal spectral Galerkin method. Interestingly,
the Lagrange polynomials are not orthogonal themselves, but because the choice of quadrature and
interpolating nodes corresponds to the roots of orthogonal polynomials, the formulation is orthogonal
in the discrete sense. The method is different from the collocation approach because it enforces the
weak form residual rather than the strong form residual at the nodes. Nonetheless, it can be considered
a collocation approach in the weak sense [31].

Combining the nodal spectral Galerkin method with a DG method, we arrive at the discontinuous
Galerkin spectral element method (DGSEM). This method uses a nodal spectral Galerkin approach,
allowing for discontinuities between element interfaces. Usually, the Legendre polynomials are used
as the underlying interpolating orthogonal polynomial basis. When the exact roots of the Legendre
Polynomials are used, the nodes are typically referred to as the Legendre-Gauss (LG) nodes or LG
quadrature points. Usage of these nodes ensures that the Gauss quadrature is exact for all functions of
polynomial order 2𝑝 + 1 or less. Here 𝑝 is the order of the polynomial approximation. Because, in theory,
the orthogonal Legendre polynomial basis functions can be extended to infinite order of accuracy, the
order 𝑝 is limited by the 𝑁 = 𝑝 + 1 number of interpolating nodes. A downside of using the LG nodes
is that no quadrature points are located on the element boundary (Ω = [−1, 1]). Usually, the solution
at the element interfaces is required for boundary conditions and numerical flux evaluations in the
discontinuous case, and an interpolation of the solution onto the element interface is necessary when
using the LG nodes. The Legendre-Gauss-Lobatto (LGL) quadrature points fix this issue by placing the
two end nodes at the element boundary (when considering a 1D element). The other inner quadrature
points are again based on the roots of the Legendre polynomials. By doing this, the exactness of the
Gauss quadrature is reduced to polynomial orders of 2𝑝−1 [32]. On the other hand, the LGL nodes have
been found to allow for roughly twice the time step sizes compared to LG nodes [33]. This results in the
use of LGL nodes being numerically more efficient, at the cost of non-exact integration, which removes
the spectral accuracy of the method. Nonetheless, the LGL modes result in near spectral accuracy. For
the extension of the method to two- or three-dimensional elements (as is required for practical usage
of the method), a tensor-product approach has to be taken in the construction of the Lagrange basis
functions in order to retain the discrete orthogonality of the method.

The DGSEM has quite a complex theoretical background as described before. However, the resulting
numerical method contains many numerical simplifications due to the choices made. Firstly, because
of the choice of a nodal representation in Lagrange form, the physical variables of interest are directly
available at the interpolation points. Secondly, due to the Galerkin approach with Lagrange polynomials,
the collocation in the weak sense reduces the integrals to pointwise evaluations at the quadrature nodes.
This means that the mass matrix reduces to a diagonal matrix [34] and thus is trivial to invert. Thirdly,
the choice of quadrature nodes enables (near) spectral accuracy of the method. Lastly, because of the
discontinuous formulation of the solution, the method allows for a local high-order spectral formulation
in the element, but the usage of numerical fluxes between elements results in a very compact stencil of
the method. This is particularly attractive for the parallel scalability of the method as shown by [35], as
only the element interface states have to be communicated between neighbouring elements in order to
evaluate the numerical fluxes. The discontinuity also enables the use of Riemann solvers that stabilise
the otherwise unstable Galerkin formulation when asymmetric operators, such as convective terms,
are present. This makes the DGSEM a very computationally efficient method compared to other DG
methods [36].

The DGSEM method, however, does have disadvantages. Namely, although the usage of discontinuity



2.2. Implicit Time-integration Methods in Scale-resolving Simulations 7

between elements stabilises the global solution, the formulation of the solution within an element is still
unstable due to the usage of a Galerkin approach on an asymmetric operator. It must be noted that these
instabilities only arise when the numerical solution is under-resolved. Under-resolving of the solution,
however, is exactly the goal of LES, and steep gradients of the solution, such as pressure waves or shocks,
also would be expensive to completely resolve. Furthermore, the aliasing errors become more apparent
with the use of high-order polynomial approximations due to their lower dissipation [37], and could
even lead to the method becoming unstable and crashing [38]. A computationally efficient and robust
solution to the aliasing problem is to use split form flux formulations, first developed by Gassner et al.
[37] following the work of Carpenter and Fisher [39, 40]. This method utilises the summation-by-parts
(SBP) property of the DGSEM method when LGL nodes are used. In this method, the flux functions are
rewritten into a split formulation, resulting in an equivalent formulation in the continuous space but
with different properties in the discrete formulation. Different split form formulations exist, such as
the one from Kennedy and Gruber [41] or Pirozzoli [42]. These different split-forms are described and
compared in detail by Gassner et al. [37]. Although other methods, such as over-integration, can also be
applied to overcome the aliasing problems, split-form methods have been found to be more efficient
while providing similar stabilisation to the method [2]. Another disadvantage of the DGSEM is that, due
to the tensor-product formulation of the basis functions, the method is restricted to two-dimensional
quadrilateral and three-dimensional hexahedral elements. The tensor-product formulation is a crucial
choice for reducing the numerical operations required. However, for practical usage, it currently limits
the method to such element types only.

To summarise, traditional CFD methods such as the FV method have been found unsuitable for the
realisation of efficient scale-resolving simulations. Finite element methods are much more flexible
in terms of high-order formulations. Specifically, the DGSEM in combination with LGL nodes and a
split form flux formulation is a highly efficient spatial discretisation method that allows for arbitrary
polynomial orders and is robust against aliasing errors. Therefore, the LGL-DGSEM method is analysed
in this project in combination with implicit time-integration methods.

2.2. Implicit Time-integration Methods in Scale-resolving Simula-
tions

For LES simulations using DG methods, explicit Runge-Kutta methods have generally been preferred
for temporal discretisation. The first reason for this choice is that LES simulations are often large-scale,
requiring efficient parallel scalability. A strong point of the DGSEM method is its local formulation
and, therefore, great parallel scalability. Because explicit time-integration methods only perform a
local solve, they are able to exploit the locality of the DGSEM scheme fully and only communicate
face states to neighbouring elements [43] in between Runge-Kutta iterations. Secondly, as unsteady
turbulent structures are required to be resolved both spatially and temporally, an upper limit exists
on the allowable time step to temporally resolve the flow. This means that the leverage that implicit
schemes have over explicit schemes, namely increasing the time-step size, is limited, because a too
large time-step size would cause excessive temporal dissipation. Lastly, the implementation effort of
explicit schemes is generally lower compared to implicit time-integration methods, as no implicit solving
method is required.

On the other hand, high-order methods impose a severe constraint on the time step size when explicit
time-integration methods are used. As shown in [44], in general, for DG schemes, the convective
Courant number scales with (2𝑝 + 1), meaning that the higher the polynomial order, the stricter the
CFL condition. Here 𝑝 again denotes the degree of the polynomial approximation. The efficiency of
time-integration methods has been identified as one of the main issues holding back the performance of
high-order DG schemes [3]. As stated in [45], in industrial applications, the explicit time step restriction
could result in an inefficient overall framework. Thus, it becomes interesting to explore the usage of
implicit methods to overcome this stability constraint. Such methods would then allow the time step to
be chosen based solely on temporal accuracy [46].

For high-order DG schemes, the search for implicit schemes that can compete with explicit counterparts
has been an active area of research. The first usage of implicit schemes to DG formulations of the
unsteady Navier-Stokes equations is from Bassi and Rebay [47], who investigated the use of the backward
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Euler scheme for the two-dimensional compressible Navier-Stokes equations. They used Newton’s
method to linearise the system, which was then solved using a left-preconditioned generalised minimal
residual iterative method (GMRES). Similarly, Persson and Peraire [48] studied the implementation
of the backward differentiation formula of order k (BDF-k), where again emphasis was put on the
preconditioning method. Although the backward Euler (which is BDF1) and BDF-k schemes offer ease
of implementation, they are only A-stable up to second order.

Implicit schemes of higher order accuracy have also been studied on the DG methods applied to the
Navier-Stokes equations. The application of linearly implicit Rosenbrock-type Runge-Kutta schemes [49]
has been extensively researched in [50, 51]. Rosenbrock schemes are a linearised version of the explicit
first stage singly diagonally implicit Runge-Kutta (ESDIRK) schemes, which reduce the Runge-Kutta
stages to only require one linear solve [49]. These methods are of particular interest for high-order
DG methods as they only need one Jacobian formulation per time step. Additionally, only one linear
solve is required per stage. This is attractive for high-order DG, as the Jacobian formulation can often
be costly. Furthermore, if correctly preconditioned, Rosenbrock schemes have been shown to have
greater performance compared to similar ESDIRK schemes, especially when considering stiff systems
of equations and high-order time-integration schemes [52]. In Section 2 of [53], the same authors
compare the usage of the linearly implicit Rosenbrock Runge-Kutta methods with matrix-based and
matrix-free formulations applied with different preconditioning methods and time step adaptation on
the incompressible NSE. In [54], this work was extended to the compressible NSE. It is noted that if an
approximate Jacobian formulation is used, then the choice is restricted to W-methods [49, 55].

Another class of time-integration schemes that have been applied to the DGSEM are the singly diagonally
implicit Runge-Kutta (SDIRK) and explicit first stage SDIRK (ESDIRK) schemes. In Section 3 of [53], a
5-stage SDIRK method is used together with a dual time-stepping approach that utilises a block-Jacobi
preconditioned GMRES method. In this study, the dual-time stepping approach is used to converge
the nonlinear system of equations resulting from the SDIRK formulation. For this dual time-stepping,
the backward Euler scheme is used as accuracy is not required to converge the steady-state solution in
pseudo-time. With this, they demonstrate the efficiency of a well-designed SDIRK scheme through
correct preconditioning. Both [56] and [57] implement ESDIRK schemes to DGSEM and compare them
with the ERK4 scheme. Here, speed-ups are found at sufficient accuracy levels, given the implicit solver
is well designed (good preconditioning and use of Jacobian lagging). In [46], the low-order BDF1 and
BDF2 schemes are compared with an ESDIRK4 scheme, and the fourth-order scheme was found to be
consistently more efficient than the low-order schemes.

Fully implicit schemes are, however, not the only interesting time-integration schemes that have been
applied to DG. Namely, another family of time-integration schemes that was found to show promising
results for simulation of unsteady flows using high-order DG methods are the so-called implicit-explicit
(IMEX) schemes [58]. IMEX schemes allow for only partial implicit time integration on the system of
equations, solving the remaining part explicitly. An IMEX scheme can be applied to split the system of
equations into stiff and non-stiff components, which can be solved implicitly and explicitly, respectively.
In the case of highly local stiff systems, this allows for a significant reduction of the implicit system
size while still alleviating the time-step size restrictions faced in pure explicit time integration. IMEX
can be applied on a source term basis where the hyperbolic (convective) part is treated explicitly and
the parabolic (diffusive) part is treated implicitly. The method was originally designed to handle the
stiffness of a convection-diffusion-reaction operator [58]. However, for the compressible Navier-Stokes
equations, the zonal IMEX method using IMEX-RK schemes, where the computational domain is split
into explicit and implicit parts to combat geometric-induced stiffness, has shown promising results
[59, 60, 4, 61].

Although these methods appear to be more efficient than full implicit time integration for high-order
DG scale-resolving simulations, it must be noted that for these schemes to work properly, efficient
explicit and implicit solver routines need to be available. In the TRACE project, implicit schemes applied
to the DGSEM method have not been researched in depth yet, which motivates the goal of this project.
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2.3. Linear and Nonlinear Solving Methods for Implicit Time Inte-
gration on Unsteady Turbulent Flows

The efficiency of the linear and nonlinear solving methods is an important aspect in developing an
implicit time-integration method that can compete with explicit schemes. In this section, numerical
methods reported in the literature for solving the nonlinear and subsequent linear systems of equations
are reviewed and discussed.

2.3.1. Nonlinear Solver Methods
For solving the nonlinear system of equations, one method is to use Picard iterations to iteratively
solve the system. Picard iterations are globally convergent with a linear convergence rate, and they are
typically used to implicitly solve the steady incompressible Navier-Stokes equations [62]. However, if
the initial guess 𝒖0 is sufficiently close, the iterative Newton method provides quadratic convergence,
thus being faster than Picard iterations [63]. For unsteady problems, the initial guess can be assumed to
be close to the solution. Therefore, Newton’s method and its variants are more popular for unsteady
implicit time advancements. Newton’s method has been used for implicit time integration for the
DGSEM in several ways. The first is the inexact Newton method, which is a modified version of
Newton’s method commonly used when tackling large systems of equations [56, 64]. The inexact
Newton method allows for inexact linear solves at each Newton step that, specifically for large systems
of equations, do not reduce the quadratic convergence of the Newton method. Furthermore, the linear
solver tolerance can be reduced over the subsequent Newton steps as the solution is reached [65]. The
inexact Newton method paired with an adaptive forcing term, such as proposed by [66], has been found
to produce a flexible inexact Newton method that prevents over-solving of the system [56, 66].

Newton’s method also allows for relaxation. Namely, the dual time-stepping method (DTS) is a common
way of adding a relaxation to the Newton solver. This is also referred to as pseudo-transient continuation
[67]. With DTS, the nonlinear problem is treated as a steady-state problem in pseudo-time. This results
in time integration in pseudo-time. Commonly, the backward Euler method is used to integrate in
pseudo-time, as accuracy is not required in pseudo-time. The method becomes the standard Newton
method if the dual time-step size 𝜏 → ∞. Dual time-stepping has been found to be useful when the
standard Newton method does not converge. Therefore, the method has been found to be more popular
for steady flows than unsteady flows, because for unsteady flows the initial guess is much closer to the
solution [68]. In [53], DTS is utilised for implicit time integration with a DG scheme, but the method
was found to be slower than its explicit counterpart. Possibly, DTS was not required for the test case
considered, and a Newton method would have produced better performance. Combining the DTS with
the inexact Newton method is also possible.

2.3.2. Linear Solver Methods
For the linear solver scheme, two types of solvers have been commonly observed to be used for the
implicit solving of high-order DG methods.

The first linear solver that is often used is the LU-SGS method. Although the LU-SGS scheme is a
linear solver, it is often referred to as a complete implicit solver because it is combined with a dual time
stepping approach [69, 70]. Therefore, in practice, the nonlinear solver is a relaxed Newton method
arising from the dual time stepping formulation, and LU-SGS is used as the linear solver. Usually, per
pseudo time step, only one LU-SGS solve, consisting of a forward and backward sweep, is performed.
This solve often reduces the linear residual sufficiently to advance the nonlinear pseudo time step. This
explains why the method is often referred to as a nonlinear solver, as it is an iterative method in the
nonlinear pseudo-time. More LU-SGS iterations can be used to drop the linear residual further. Still,
because of the non-quadratic convergence rate, the LU-SGS solver is most efficient at dropping the
residual fast in a couple of iterations rather than being able to perform very tight linear solves. The
method has a low memory footprint compared to fully implicit matrix-based solvers (e.g. GMRES)
because only diagonal matrices are required to be stored [71]. Due to this, the method is sometimes also
called matrix-free, as no global Jacobian matrix is required. The method has been found to be an efficient
implicit solver for high-order DG methods [71, 72, 73], achieving lower CPU hours than the explicit
reference simulations. The linear solving method has also been successfully applied to GPUs [74]. The
downside of the LU-SGS method is that it is less robust in general and also has limited convergence
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rates compared to the Krylov subspace methods described next. This is why it is combined with a
dual time-stepping approach. When performing unsteady implicit time integration, the linear solve in
general is not required to perform very tight solves, but the system considered can be ill-conditioned,
thus requiring a more robust solver. Moreover, the LU-SGS method has shown limited robustness for
stiff problems, and importantly, cannot be formulated in a fully matrix-free manner. Since the present
work focuses on matrix-free implicit methods, LU-SGS is not considered further in this report.

The second linear solving method found to be commonly used is the generalised minimal residual
(GMRES) method [75]. The GMRES method belongs to the class of Krylov subspace methods and
will be explained in more detail in Subsection 3.4.2. In short, the method works by constructing a
growing sequence of basis vectors that span a Krylov subspace of the image of the Jacobian operator
in which he residual of the equation is minimised. The subspace is built by repeated application of
the Jacobian operator onto the residual vector, which is then orthogonalized against the existing basis
vectors. A very detailed description of the GMRES method is given in [76]. The GMRES method is
a more robust solver because the solution is improved at every iteration by minimising the residual
over an expanding Krylov subspace. While ill-conditioning can still slow convergence, appropriate
preconditioning can mitigate this effect. In contrast to LU-SGS, GMRES does not oscillate and only stalls
in the worst case. The GMRES method formally requires an explicit formulation of the linearised system
operator, more commonly referred to as the Jacobian. However, in GMRES, the Jacobian is only used in a
matrix-vector product manner (i.e. the Jacobian operator is repeatedly multiplied by the residual vector).
Therefore, construction and storage of the matrix can be avoided as only the resulting matrix-vector
product is used in the method. Thus, if an operator can be defined that performs the same operation
as the Jacobian matrix-vector product, the GMRES method can be made completely matrix-free. The
matrix-free GMRES (MF-GMRES) coupled with an outer Newton solver is also commonly referred to as
a Jacobian-free Newton-Krylov (JFNK) [5]. Most implementations found in the literature of high-order
DG schemes paired with GMRES make use of the matrix-free formulation [56, 77, 53, 57]. The other
option is to analytically linearise the equations and explicitly fill a matrix, as for instance shown in [78],
where the matrix is explicitly needed to perform the static condensation. However, these analytical
formulations often result in an approximate linearisation of the system because case-specific terms are
not included (such as the diffusive term linearisation in [78]).

Matrix-free differentiation methods The matrix-vector product can be evaluated in a matrix-free
manner in several ways. The first method is to use a first-order finite-difference (FD) approximation as
described in [5]. The FD method is a common method applied to evaluate the directional derivative
in the JFNK. The method was, for instance, used in [56] to perform implicit time integration on the
DGSEM method applied to the unsteady compressible Navier-Stokes equations. Similarly, the method
was also applied in other related use cases found in literature [77, 53, 57]. In both [79] and [77], the
FD method is applied to a matrix-free GMRES algorithm running on GPU clusters. The reason the
method is favoured is due to its low implementation costs and efficiency. Because the base evaluation
can be stored, each matrix-vector product requires only one evaluation of the residual function. The
commonly used forward finite-difference method does have a significant drawback. Namely, the
result is a first-order approximation. This means that truncation errors are present. Additionally,
if the perturbation size is not chosen correctly, round-off errors could also significantly pollute the
derivative approximation. As stated by [80], the inexactness of finite-difference approximations can
have a considerable negative impact on the convergence of the linear solve for SDIRK methods. The
truncation error can be reduced by using finite-difference approximations of higher order. However,
such methods, such as the second-order central-difference method, are generally not considered due to
the increased evaluation counts that significantly increase the cost of the method [5].

Another method to evaluate the matrix-vector product is by the use of automatic differentiation (AD). AD
methods can provide exact derivatives up to floating point precision, in contrast to the finite-difference
approximation. Further explanation of the method will be given in Subsection 3.4.4. AD has been an
active area of research for adjoint solvers, which make use of reverse AD [81, 82, 83]. In matrix-free
GMRES, the so-called forward AD method is used, as only a forward propagation of derivative data
is required. For JFNK, the use of AD has been less popular. The reason for this can be explained
by the fact that implementing AD in a code base requires a significant amount of implementation
effort. Comparing this to the easy implementation of the FD method and the fact that much of the
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previous literature suggests that the perturbation size can be chosen such that round-off error effects are
minimal, the motivation behind selecting FD is understood. Nevertheless, the fact that AD methods are
capable of providing exact derivatives should mean that they can overcome convergence issues that
FD-based JFNK methods might encounter. Next to this, AD libraries such as CodiPack [84] have been
extensively optimised for the usage of adjoint solvers such that they can be used in large-scale scientific
and industrial simulations [82].

2.3.3. Preconditioning Methods
The GMRES method is often paired with a preconditioning method, which means that the linear system
to be solved is premultiplied by an approximate inverse of the linear operator. This, in turn, reduces the
conditioning number of the system to be solved, making the GMRES solver more efficient. Regarding
preconditioning for matrix-free GMRES methods, using a matrix as a preconditioner indeed means that
the method technically is not matrix-free any more. Matrix-based as well as matrix-free preconditioning
approaches have been used for JFNK applied to DG.

In [53], block-Jacobi, element block-Jacobi, and 𝑝-multigrid preconditioners are applied to a matrix-free
JFNK solver. The study concludes that the 𝑝-multigrid preconditioner offers the best performance
in terms of wall time and memory consumption. The advantage of 𝑝-multigrid methods is that they
naturally suit the DG method rather than ℎ-multigrid methods [85]. They also explore the lagging
of the preconditioner over multiple time steps, resulting in further performance increase. Multigrid
preconditioners based on simplified finite-volume discretisations on the sub-cell level have also been
explored for the LGL-DGSEM method [86, 87]. Overall, the literature has suggested that multigrid
preconditioners are most effective for DG operators. At the same time, these preconditioning methods
require significant implementation effort.

In [56], an analytically derived element block-Jacobi preconditioner is used. Several different inversion
strategies are compared, and in practical use cases, it is concluded that the ILU0 inversion method is most
efficient. Here, it is also noted that when small time-steps are used (that are still well above the explicit
time-step constraint), freezing of the preconditioner is proven to be an effective strategy. In [64], it is
argued that multigrid preconditioners, although promising, often lead to non-optimal preconditioners
due to the complexity of the methods. Furthermore, in this study, a new reduced off-diagonal block
order SGS-type (ROBO-SGS) preconditioner is compared against other preconditioning methods for a
modal DG discretisation. They demonstrate that the ROBO-SGS preconditioner outperforms standard
block-Jacobi or ILU0 preconditioners for the considered test case. However, as noted in [64], the
ROBO-SGS method would require modification to be applied with the DGSEM.

2.4. Outcomes of the Literature Review
In this section, the main outcomes of the literature review are summarised.

Firstly, although all three classes of spatial discretisation methods allow for high-order (third order or
higher) formulations, it was found that specifically discontinuous Galerkin methods have been shown
to be most suitable for high-order spatial discretisation of fluid mechanics problems. This is because
the method allows for an inner-element high-order formulation while keeping the scheme compact
with the discontinuous formulation at the element interfaces. Moreover, the discontinuity allows for
the usage of numerical flux schemes traditionally used in the FV method. Out of the DG methods, the
DGSEM has been found to be particularly attractive due to the many numerical simplifications of the
method that make the scheme significantly more efficient compared to other DG formulations. Next to
this, recent work on the DGSEM has introduced efficient split-form methods to stabilise the Galerkin
approach that otherwise can exhibit instabilities when the solution is under-resolved.

Going over the time-integration schemes paired with the high-order DG methods, literature suggests
that the use of high-order time-integration schemes is most suited for implicit DGSEM of unsteady
turbulent flows. Within this space, the diagonal implicit Runge-Kutta methods (ESDIRK and DIRK) as
well as their linearised version (Rosenbrock-type Runge-Kutta methods) appear to be most attractive.
This outcome follows logically from the fact that the leverage of the implicit scheme is to increase the
time step size, and that with an increase in accuracy of the time-integration method, this time step size
can be further increased without introducing additional dissipation. The fourth-order Runge-Kutta
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schemes have been found to be the most efficient, as for higher orders of accuracy, the increase in
Runge-Kutta stages outweighs the allowed increase in time step size. Furthermore, literature also
showed that IMEX schemes could offer superior performance to both implicit and explicit schemes when
applied to high-order DG scale-resolving simulations. However, as mentioned before, well-designed
and optimised implicit and explicit schemes are required for IMEX. Therefore, this study will focus
solely on the usage of solving methods to perform fully implicit time-integration schemes in TRACE.

Summarising the literature review regarding the implicit solution methods. It was observed that, in
general, two approaches of implicit solving were applied to high-order DG methods. The first being the
usage of a dual time stepping method, which can be seen as a relaxed Newton solver, paired with an
LU-SGS solver that usually only performs one iteration (forward-backwards sweep) per pseudo time
step. Although more linear iterations can also be used if necessary. The second approach that was
found in literature is to pair a Newton solver with a matrix-free GMRES linear solver. This is often
referred to as a Jacobian-free Newton Krylov (JFNK) method. To speed up the Newton solver, an inexact
Newton solver is often used. The usage of the GMRES linear solver results in a more robust scheme that
also does not require a pseudo time approach to relax the Newton solve. Furthermore, GMRES itself
can work entirely matrix-free. The most common matrix-vector product evaluation method is with a
finite-difference approximation, although forward AD could potentially overcome the inaccuracies of
approximating the matrix-vector product with a first-order finite-difference approximation. In this
report, the JFNK approach with an inexact Newton method will be considered. For the matrix-free
GMRES, both the FD and forward AD techniques will be considered, as a direct comparison between
the two methods was not found in the literature reviewed.

The literature review on preconditioning methods for matrix-free GMRES has shown that many
preconditioning methods have been explored. Although multigrid preconditioners are found to be
most suitable for the high-order DG spatial discretisation, the fact that unsteady phenomena are of
interest means that small time-step sizes are solved by the implicit solver. This reduces the overall
requirements of the preconditioning methods, and thus simpler preconditioning methods have also
been found to be efficient. To limit the scope of this project, it was therefore decided to only consider
well-established approaches such as ILU0 or block-Jacobi preconditioners.



3
Numerics and Theoretical Background

This chapter will describe the discretisation of a set of governing equations using the Discontinuous
Galerkin Spectral Element Method (DGSEM). As part of this project, a 1D prototype solver was made
from scratch in order to create a flexible and simple test environment, as well as to completely cover
the basics of a DGSEM implementation. In this chapter, the DGSEM method will be derived for the
three-dimensional case, and simplifications will be made to connect it to the 1D DGSEM method.
Firstly, in Section 3.1, the governing equations considered will be presented. In Section 3.2, the spatial
discretisation of the governing equations using the DGSEM will then be explained. After this, the
semi-discrete formulation is fully discretised with a time discretisation, as explained in Section 3.3.
Finally, the methods to solve the fully discretised nonlinear system in an implicit manner in time will be
explained in Section 3.4.

3.1. Governing Equations
In this study, the focus is on solving hyperbolic-parabolic partial differential equations, such as the
compressible Navier-Stokes equations. A generalised system of hyperbolic-parabolic conservation laws
can be written as

𝜕𝒖
𝜕𝑡

+ ∇𝑥 · F𝑎 (𝒖) − ∇𝑥 · F𝑣 (𝒖 ,∇𝑥𝒖) = 0, (3.1)

𝜕𝒖
𝜕𝑡

+ ∇𝑥 · F (𝒖 ,∇𝑥𝒖) = 0. (3.2)

In this set of equations, the advective flux 𝑭 𝑎(𝑢) represents the hyperbolic terms of the equations, which
are related to transport phenomena such as wave propagation. The diffusive flux 𝑭𝑣 represents the
dissipative effects such as the viscous terms in the Navier-Stokes equations. The total, or the so-called
physical, flux is denoted with 𝑭 and is a combination of the two flux terms. Nonetheless, the terms are
typically treated separately.

Compressible Navier-Stokes equations In the unsteady compressible Navier-Stokes equations the
solution state vector 𝒖 represents the conservative variables 𝒖 = (𝜌, 𝜌𝑢1 , 𝜌𝑢2 , 𝜌𝑢3 , 𝜌𝐸)𝑇 . Where 𝜌 is the
fluid density, (𝑢1 , 𝑢2 , 𝑢3) are the velocity components in Cartesian space and 𝐸 is the total specific energy.
With these state variables, the flux functions are given by

𝑭 𝑎𝑖 (𝒖) =
©­­­­«

𝜌𝑢𝑖
𝜌𝑢1𝑢𝑖 + 𝛿1,𝑖𝑝
𝜌𝑢2𝑢𝑖 + 𝛿2,𝑖𝑝
𝜌𝑢3𝑢𝑖 + 𝛿3,𝑖𝑝

𝜌𝐻𝑢𝑖

ª®®®®¬
, 𝑭𝑣𝑖 (𝒖 ,∇𝑥𝒖) =

©­­­­­«
0
𝜏1,𝑖
𝜏2,𝑖
𝜏3,𝑖∑3

𝑗=1 𝜏𝑖 , 𝑗𝑢𝑗 + 𝜆 𝜕𝑇
𝜕𝑥𝑖

ª®®®®®¬
, 𝑖 = 1, 2, 3. (3.3)
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In the formulation of the flux functions, 𝛿𝑖 , 𝑗 denotes the Kronecker delta product, 𝜏𝑖 , 𝑗 denotes the viscous
stress tensor, and 𝑝 denotes the pressure. The pressure in this case is computed using the ideal gas law

𝑝 = 𝜌𝑅𝑇 = (𝛾 − 1)𝜌
[
𝐸 − 1

2 (𝒖 · 𝒖)
]
. (3.4)

For all test cases considered in this thesis, a specific heat ratio of 𝛾 = 1.4 [-] is assumed. Next to this, the
gas constant is also assumed to be 𝑅 = 287.15 [J K−1kg−1]. The advective flux uses the total enthalpy 𝐻,
which is given by 𝐻 = 𝐸 + 𝑝

𝜌 . The stress tensor 𝝉 is defined as

𝜏𝑖 , 𝑗 = 𝜇

(
𝜕𝑢𝑖
𝜕𝑥 𝑗

+
𝜕𝑢𝑗

𝜕𝑥𝑖
−

3∑
𝑘=1

2
3
𝜕𝑢𝑘
𝜕𝑥𝑘

𝛿𝑖 , 𝑗

)
, 𝑖 , 𝑗 = 1, 2, 3. (3.5)

In the diffusive flux, a heat flux term 𝜆 𝜕𝑇
𝜕𝑥𝑖

is added to the energy equation. Here 𝜆 denotes the
conductivity, which is computed assuming a constant Prandtl number Pr = 0.72 [-] in all test cases
considered in this study

Pr =
𝑐𝑝𝜇

𝜆
. (3.6)

Where 𝑐𝑝 =
𝑅𝛾
𝛾−1 is the specific heat at constant pressure.

In this study, the inviscid compressible Euler equations are also used. When this system of equations is
considered, the diffusive flux is ignored and only the advective fluxes are used. In other words, thermal
and viscous effects are ignored in the case of the inviscid compressible Euler equations.

3.2. Discontinuous Galerkin Spectral Element Method
In this section, the spatial discretisation using the DGSEM will be explained. The derivation will follow
the three-dimensional case, but simplifications will be given to obtain the one-dimensional form of the
derived equations.

3.2.1. Reference Space and Transformation
The first step is to divide the physical domain Ω ⊂ R𝑑 into shape-regular meshes 𝒯ℎ = {𝐾} consisting
of non-overlapping elements K where ℎ denotes a piecewise constant mesh function. Because for
the DGSEM method the tensor-product property is utilised, the element shapes are restricted in
3D to hexahedral, and in 2D to quadrilateral. Each element is transformed into a reference space
𝐾ref = [−1, 1]𝑑 with coordinates 𝝃 ∈ R𝑑. This allows for a generalisation of numerical operations on the
different elements, saving computational storage and effort. In order to do this, the governing equations
themselves have to be transformed from the physical space to the reference element. For this, a mapping
𝑀𝑘 for every element 𝐾 ∈ 𝒯ℎ is defined such that x = 𝑀𝐾(𝝃). Where x = (𝑥1 , ..., 𝑥𝑑) is the physical
coordinate system and 𝝃 = (𝜉1 , ..., 𝜉𝑑) is the reference coordinate system.

In order to transform the governing equations onto the reference element, the gradient and divergence
operators have to be transformed. The gradient of a function 𝑔(x) defined on the reference space can be
computed by means of the chain rule. In the three-dimensional case, this results in

∇𝝃𝑔 = J∇x𝑔, (3.7)

Where J is the Jacobian matrix of the mapping 𝑀𝐾(𝝃). However, the aim of the reference space
transformation is to express physical space derivatives in terms of reference space derivatives (∇𝑥 𝑔 =

𝑱−1∇𝜉𝑔). Therefore, the inverse J−1 of the Jacobian matrix is needed. Following [88], two types of basis
vectors are introduced to represent directions in physical space. Firstly, the covariant basis a𝑖 is defined
as

a𝑖 =
𝜕x
𝜕𝜉𝑖

, 𝑖 = 1, 2, 3. (3.8)
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The covariant basis vectors can be computed from the known mapping function 𝑀𝑘 and are tangent to
the coordinate lines. The second type of basis vector is the contravariant basis vector, which are normal
to the coordinate lines and are defined as

a𝑖 = ∇𝜉𝑖 , 𝑖 = 1, 2, 3. (3.9)

From (3.9) it appears that the inverse of the transformation is required to obtain the contravariant basis
vectors. However, as shown by [88], the contravariant basis vectors can be defined by the covariant basis
as

𝐽a𝑖 = a𝑗 × a𝑘 , 𝑖 = 1, 2, 3; (𝑖 , 𝑗 , 𝑘) cyclic. (3.10)

Cyclic indicates that the indices take the cyclic permutations of (1,2,3), namely (1,2,3), (2,3,1), and (3,1,2).
Here, 𝐽 is the determinant of the Jacobian matrix J given by

𝐽 = a𝑖 ·
(
a𝑗 × a𝑘

)
, (𝑖 , 𝑗 , 𝑘) cyclic. (3.11)

Following the derivation by [88], the conservative form of the gradient of a function 𝑔 and divergence of
a vector-valued function g are given by

∇x𝑔 =
1
𝐽

3∑
𝑖=1

𝜕

𝜕𝜉𝑖

(
𝐽a𝑖 𝑔

)
, (3.12)

∇x · g =
1
𝐽

3∑
𝑖=1

𝜕

𝜕𝜉𝑖

(
𝐽a𝑖 · g

)
. (3.13)

With (3.13), the governing equations (3.2) can be transformed to the reference space. A contravariant
flux 𝓕 is defined based on the covariant flux 𝑭 as

ℱ 𝑖 = 𝐽a𝑖 · 𝑭 , 𝑖 = 1, 2, 3. (3.14)

With this, the divergence form with respect to the reference coordinates can be written

∇𝒙 · 𝑭 =
1
𝐽
∇𝝃 · 𝓕 . (3.15)

And thus the governing equations (3.2) are transformed to the reference space, resulting in

𝐽𝒖𝑡 + ∇𝝃 · 𝓕 (𝒖 ,∇x𝒖) = 0. (3.16)

(3.16) Still contains the gradient ∇x𝑢 that is not transformed. The method used to treat second-order
terms, commonly found in the diffusive flux operator, is explained in Subsection 3.2.4.

Free-stream preservation of discrete metric terms
As explained by [89], the metric terms satisfy three metric identities on a fixed mesh

3∑
𝑖=1

𝜕
(
𝐽𝑎 𝑖𝑛

)
𝜕𝜉𝑖

= 0, 𝑛 = 1, 2, 3. (3.17)

where 𝐽𝑎 𝑖𝑛 = 𝐽a𝑖 · 𝑥𝑛 is the component of 𝐽a𝑖 in the n-th physical coordinate direction. These identities
can be explained by the fact that if a flux is constant in space, the divergence is zero, and the solution
does not change in time. This has to hold under any transformation of the equations. In the context of
fluid dynamics, the identities can thus also be understood as a form of free-stream preservation such that a
uniform flow remains uniform for all time. Consequently, the discrete metric terms that will be used
have to satisfy the metric identities

3∑
𝑖=1

𝜕𝐼𝑁 (𝐽𝑎 𝑖𝑛)
𝜕𝜉𝑖

= 0, 𝑛 = 1, 2, 3, (3.18)
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where 𝐼𝑁 (𝑔) represents the polynomial interpolation of a function 𝑔. Following [89], the discrete metric
identities are adhered to if the discrete metric terms are computed as

𝐽𝑎 𝑖𝑛 = −𝑥̂𝑖 · ∇𝜉 ×
[
𝐼𝑁 (𝑥𝑙∇𝜉𝑥𝑚)

]
, 𝑖 = 1, 2, 3; 𝑛 = 1, 2, 3; (𝑛, 𝑚, 𝑙) cyclic, (3.19)

where 𝑥̂𝑖 = (𝛿𝑖 ,1 , 𝛿𝑖 ,2 , 𝛿𝑖 ,3)𝑇 . An interesting alternative way the metric terms can be constructed is
through the use of mimetic projections, as shown by Bach et al. [90].

Transformation in one-dimensional case
For the 1D-DGSEM method also considered in this project, the transformation from reference space
to physical coordinate space is simplified compared to the two- and three-dimensional cases. Firstly,
considering the physical coordinate 𝑥, each element is mapped onto the reference element 𝐾ref = [−1, 1]
by

𝑥(𝜉) = 𝑥𝑘−1 + Δ𝑥𝑘
𝜉 + 1

2 . (3.20)

where Δ𝑥𝑘 = 𝑥𝑘 − 𝑥𝑘−1 is the width of the element 𝑘. As the Jacobian only has one component, its
inverse is easily calculated, and we can write

𝐽(𝜉) = 𝜕𝑥

𝜕𝜉
=

Δ𝑥

2 , (3.21)

∇𝜉𝑔 = 𝐽∇𝑥 𝑔 → ∇𝑥 𝑔 =
2
Δ𝑥

∇𝜉𝑔. (3.22)

3.2.2. Spatial Discretisation
In this section, the application of the DGSEM approximation to the governing equations will be
explained.

Polynomial approximation and numerical quadrature
To construct the solution, it is approximated by polynomials of degree 𝑁 on every element in the
reference space, i.e. 𝒖 ∈ P𝑁 (𝐾ref). To interpolate the polynomials, a set of (𝑁 + 1) interpolation nodes is
defined as

{𝜉𝑖}𝑁𝑖=0 ⊂ [−1, 1] , (3.23)

on the reference element. In the DGSEM, the basis functions in one direction are defined by the
one-dimensional Lagrange polynomials 𝑙𝑖 of degree 𝑁 given by

𝑙𝑖(𝜉) =
𝑁∏
𝑘=0
𝑘≠𝑖

𝜉 − 𝜉𝑘
𝜉𝑖 − 𝜉𝑘

, 𝑖 = 0, .., 𝑁. (3.24)

A useful property of the Lagrange polynomials is that

𝑙𝑖(𝜉𝑗) = 𝛿𝑖 , 𝑗 , 𝑖 , 𝑗 = 0, ..., 𝑁. (3.25)

Meaning that the polynomial approximation at the i-th interpolation node is fully described by the i-th
interpolation coefficient. Due to this, a scalar function 𝑓 can be approximated using the nodal approach
as

𝑓 (𝜉) ≈
𝑁∑
𝑖=0

𝑓𝑖 𝑙𝑖(𝜉), (3.26)

where 𝑓𝑖 are the nodal coefficients, which store the value of the solution at 𝜉𝑖 as 𝑓𝑖 = 𝑓 (𝜉𝑖) due to the
Lagrange property. This eliminates the need to interpolate the solution using the interpolation modes,
thereby reducing computational complexity and cost. To use this approach in multiple dimensions, the
solution is approximated with a tensor-product fashion construction of Lagrange polynomials

𝒖(𝝃, 𝑡)|𝐾 ≈ 𝒖ℎ(𝝃, 𝑡) =
𝑁∑

𝑖 , 𝑗 ,𝑘=0
𝒖 𝑖 , 𝑗 ,𝑘(𝑡)𝑙𝑖(𝜉)𝑙 𝑗(𝜂)𝑙𝑘(𝜁). (3.27)
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Where 𝒖 𝑖 , 𝑗 ,𝑘 again represents the nodal coefficient of the solution vector in the element 𝐾. One
disadvantage of the tensor-product polynomial approximation is that the method is restricted to
hexahedral elements in three dimensions and quadrilateral elements in two dimensions. Whereas the
high locality of the method implies that it would also be suitable to use on (unstructured) meshes with
differently shaped elements (i.e. triangular elements).

Weak formulation and discontinuous Galerkin approach
With the previous methods defined, the governing equations can be discretised. Following the
DG method, the transformed governing equations given in (3.16) are multiplied by a test function
𝜙 = 𝜙(𝝃) ∈ R and integrated over the reference element 𝐾.∫

𝐾ref

(
𝐽𝒖𝑡 + ∇𝝃 · 𝓕

)
𝜙𝑑𝝃 = 0. (3.28)

This results in the variational form of the equations in the strong form. Strong form here meaning the
solution 𝑢 is assumed to be twice differentiable because 𝓕 = 𝓕 (𝒖 ,∇𝜉𝒖). To reduce the differentiability
requirements of the solution, integration by parts is applied, resulting in the so-called weak form∫

𝐾ref

𝐽
𝜕𝒖
𝜕𝑡

𝜙𝑑𝝃︸          ︷︷          ︸
time integral

−
∫
𝐾ref

𝓕 · ∇𝝃𝜙𝑑𝝃︸             ︷︷             ︸
volume integral

+
∫
𝜕𝐾ref

(𝓕 · 𝒏)𝜙𝑑𝑆︸                ︷︷                ︸
surface integral

= 0. (3.29)

For the surface integral, 𝒏 denotes the outward-pointing surface normal vector and 𝑑𝑆 is the surface
differential of the reference element. As described in Section 2.1, the DGSEM uses a Galerkin approach
with Lagrange polynomials sampled at the roots of the Legendre polynomials. With the Lagrange
polynomials, the assumed solution and test function space thus becomes 𝜙, 𝑢 ∈ P𝑁 (𝐾ref). As a
three-dimensional element is considered, the solution and test function spaces are constructed in a
tensor-product fashion. The solution coefficients, here also referred to as 𝑢, then become the nodal
values of the solution at the quadrature/interpolation nodes. Using these choices for 𝜙 and 𝑢 and
inserting them in (3.29) we obtain∫

𝐾ref

𝐽(𝜉, 𝜂, 𝜁)
(

𝑁∑
𝑚,𝑛,𝑜=0

𝜕𝒖𝑚,𝑛,𝑜
𝜕𝑡

𝑙𝑚(𝜉)𝑙𝑛(𝜂)𝑙𝑜(𝜁)
)
𝑙𝑖(𝜉)𝑙 𝑗(𝜂)𝑙𝑘(𝜁)𝑑𝝃

+
∫
𝜕𝐾ref

(𝓕 · 𝒏)︸ ︷︷ ︸
𝓗 (𝜉,𝜂,𝜁,𝒏)

𝑙𝑖(𝜉)𝑙 𝑗(𝜂)𝑙𝑘(𝜁)𝑑𝑆

−
∫
𝐾ref

(
𝑁∑

𝑚,𝑛,𝑜=0
𝓕 𝑚,𝑛,𝑜 𝑙𝑚(𝜉)𝑙𝑛(𝜂)𝑙𝑜(𝜁)

)
· ∇𝜉

[
𝑙𝑖(𝜉)𝑙 𝑗(𝜂)𝑙𝑘(𝜁)

]
𝑑𝝃 = 0, 𝑖 , 𝑗 , 𝑘 = 0, ..., 𝑁.

(3.30)

For the surface integral in (3.30), because the solution is allowed to be discontinuous across element
interfaces, the flux 𝓕 is not uniquely defined and thus a numerical flux function 𝓗(𝝃, 𝜼, 𝜻, 𝒏) needs to
be used. This flux function can be split up into an advective term 𝓗𝒂 and a viscous term 𝓗𝒗 such that

𝓗 (𝜉, 𝜂, 𝜁, 𝒏) = 𝓗𝒂(𝒖− , 𝒖+ , 𝒏) −𝓗 𝑣(𝒖− ,∇𝑥𝒖− , 𝒖+ ,∇𝑥𝒖+ , 𝒏). (3.31)

As can be seen in (3.31), the viscous flux 𝓗 𝑣 requires the gradient on the inner and outer elements
∇𝑥𝑢±, which has not been formulated yet. The choice of 𝓗 𝑣 will be explained in Subsection 3.2.4.

Numerical integration
To compute the integrals defined in the previous section, Legendre-Gauss or Legendre-Gauss-Lobatto
quadrature can be used. Both methods work by defining a set of (M + 1) nodes 𝜂𝑖 and weights 𝜔𝑖{
𝜂𝑖 , 𝜔𝑖

}𝑀
𝑖=0 on the reference space interval [−1, 1] with which the integral in one dimension can be

approximated as ∫ 1

−1
𝑓 (𝜂)𝑑𝜂 ≈

𝑀∑
𝑖=0

𝑓 (𝜂𝑖)𝜔𝑖 . (3.32)
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(a) LGL-DGSEM (b) LG-DGSEM

Figure 3.1: Visualisation of the computational domain in reference space for an approximation order of 𝑝 = 4 for LGL- and
LG-DGSEM. The blue circles indicate the collocated interpolation and quadrature nodes, the red squares indicate the boundary

quadrature nodes used by the Riemann solver.

In this project, it is chosen to have the same number of integration nodes as interpolation nodes (𝑁 = 𝑀)
and to collocate the quadrature and interpolation nodes, which decreases computational effort while
maintaining spectral accuracy [91]. For the LG nodes, integrals up to a degree of 2𝑝 + 1 can be integrated
exactly, where 𝑝 is the polynomial degree. In contrast, the LGL nodes can only integrate integrals up to
a degree of 2𝑝 − 1. The main difference between the LG and LGL integration nodes is that the LG nodes
are not present on the element boundary. This can be seen in Figure 3.1, where the quadrature and
solution points together with surface points are shown for a two-dimensional grid and 𝑝 = 3 for the
LG and LGL nodes. As will be explained later, the value of the solution on the element boundary is
required for surface flux evaluation. Due to the LG nodes not being readily available at the surface, the
surface flux evaluation is dependent on all other inner element nodes. This affects the simplifications
that can be made for the boundary integral using the LG nodes. In turn, there is also a difference in the
Jacobian matrix sparsity pattern between LG-DGSEM and LGL-DGSEM as shown in [78]. With the
Gauss quadrature rule, the weak form integral formulation shown in (3.30) can be simplified. Firstly,
we start with the time derivative integral∫

𝐾ref

𝐽(𝜉, 𝜂, 𝜁)
(

𝑁∑
𝑚,𝑛,𝑜=0

𝜕𝒖𝑚,𝑛,𝑜
𝜕𝑡

𝑙𝑚(𝜉)𝑙𝑛(𝜂)𝑙𝑜(𝜁)
)
𝑙𝑖(𝜉)𝑙 𝑗(𝜂)𝑙𝑘(𝜁)𝑑𝝃

≈
𝑁∑

𝜇,𝜈,𝜔=0
𝜔𝜇𝜔𝜈𝜔𝜔 𝐽(𝜉𝜇 , 𝜂𝜈 , 𝜁𝜔)

©­­­­«
𝑁∑

𝑚,𝑛,𝑜=0

𝜕𝒖𝑚,𝑛,𝑜
𝜕𝑡

𝑙𝑚(𝜉𝜇)︸ ︷︷ ︸
𝛿𝑚,𝜇

𝑙𝑛(𝜂𝜈)︸︷︷︸
𝛿𝑛,𝜈

𝑙𝑜(𝜁𝜔)︸︷︷︸
𝛿𝑜,𝜔

ª®®®®¬
𝑙𝑖(𝜉𝜇)︸︷︷︸
𝛿𝑖 ,𝜇

𝑙 𝑗(𝜂𝜈)︸︷︷︸
𝛿 𝑗 ,𝜈

𝑙𝑘(𝜁𝜔)︸︷︷︸
𝛿𝑘,𝜔

𝑑𝝃

= 𝑤𝑖𝑤 𝑗𝑤𝑘 𝐽
(
𝜉𝑖 , 𝜂𝑗 , 𝜁𝑘

) 𝜕𝑢𝑖 , 𝑗 ,𝑘
𝜕𝑡

.

(3.33)

As can be seen, due to the collocation of the quadrature and interpolation nodes as well as the Lagrange
property, the sums vanish. This results in a diagonal mass matrix which can be easily inverted.
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For the volume integral, a similar approach can be taken∫
𝐾ref

(
𝑁∑

𝑚,𝑛,𝑜=0
𝓕 𝑚,𝑛,𝑜 𝑙𝑚(𝜉)𝑙𝑛(𝜂)𝑙𝑜(𝜁)

)
· ∇𝜉

[
𝑙𝑖(𝜉)𝑙 𝑗(𝜂)𝑙𝑘(𝜁)

]
𝑑𝝃

≈
𝑁∑

𝜇,𝜈,𝜔=0
𝑤𝜇𝑤𝜈𝑤𝜔

©­­­­«
𝑁∑

𝑚,𝑛,𝑜=0
𝓕 𝑚,𝑛,𝑜 𝑙𝑚(𝜉𝜇)︸ ︷︷ ︸

𝛿𝑚,𝜇

𝑙𝑛(𝜉𝜈)︸︷︷︸
𝛿𝑛,𝜈

𝑙𝑜(𝜉𝜔)︸︷︷︸
𝛿𝑜,𝜔

ª®®®®¬
· ∇𝜉

[
𝑙𝑖(𝜉𝜇)𝑙 𝑗(𝜂𝜈)𝑙𝑘(𝜁𝜔)

]
=

𝑁∑
𝑚,𝑛,𝑜=0

𝑤𝑚𝑤𝑛𝑤𝑜𝓕 𝑚,𝑛,𝑜 · ∇𝜉

[
𝑙𝑖(𝜉𝑚)𝑙 𝑗(𝜂𝑛)𝑙𝑘(𝜁𝑜)

]
.

(3.34)

To further simplify (3.34), the tensor-product fashion construction of the basis test functions can be used.
This results in

𝑁∑
𝑚,𝑛,𝑜=0

𝑤𝑚𝑤𝑛𝑤𝑜𝓕 𝑚,𝑛,𝑜 · ∇𝜉

[
𝑙𝑖(𝜉𝑚)𝑙 𝑗(𝜂𝑛)𝑙𝑘(𝜁𝑜)

]
=

𝑁∑
𝑚,𝑛,𝑜=0

𝑤𝑚𝑤𝑛𝑤𝑜

©­­­­«
(𝓕 1)𝑚,𝑛,𝑜

𝜕𝑙𝑖(𝜉𝑚)
𝜕𝜉

𝑙 𝑗(𝜂𝑛)︸︷︷︸
𝛿 𝑗 ,𝑛

𝑙𝑘(𝜁𝑜)︸︷︷︸
𝛿𝑘,𝑜

+(𝓕 2)𝑚,𝑛,𝑜
𝜕𝑙 𝑗(𝜂𝑛)
𝜕𝜂

𝑙𝑖(𝜉𝑚)︸︷︷︸
𝛿𝑖 ,𝑚

𝑙𝑘(𝜁𝑜)︸︷︷︸
𝛿𝑘,𝑜

+(𝓕 3)𝑚,𝑛,𝑜
𝜕𝑙𝑘(𝜁𝑜)
𝜕𝜁

𝑙𝑖(𝜉𝑚)︸︷︷︸
𝛿𝑖 ,𝑚

𝑙 𝑗(𝜂𝑛)︸︷︷︸
𝛿 𝑗 ,𝑛
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= 𝑤 𝑗𝑤𝑘

𝑁∑
𝑝=0

𝑤𝑝 (𝓕 1)𝑝,𝑗,𝑘 𝐷𝑝,𝑖 + 𝑤𝑖𝑤𝑘

𝑁∑
𝑝=0

𝑤𝑝 (𝓕 2)𝑖 ,𝑝,𝑘 𝐷𝑝,𝑗 + 𝑤𝑖𝑤 𝑗

𝑁∑
𝑝=0

𝑤𝑝 (𝓕 3)𝑖 , 𝑗 ,𝑝 𝐷𝑝,𝑘

(3.35)

Where 𝐷𝑖 , 𝑗 is the differential operator defined as

𝐷𝑖 , 𝑗 =
𝜕𝑙 𝑗

𝜕𝜉

����
𝜉=𝜉𝑖

. (3.36)

The surface integral term contains the sum of the boundary integrals over the element. Which, for
a three-dimensional case, is thus the sum of the six face integrals over the hexahedral element. For
example, on the face in the 𝜂-𝜁 plane at 𝜉 = 0 the boundary integral can be simplified to∫ 𝜂=1

𝜂=−1

∫ 𝜁=1

𝜁=−1
𝓗

(
0, 𝜂, 𝜁, 𝒏

)
𝑙𝑖(0)𝑙 𝑗(𝜂)𝑙𝑘(𝜁)𝑑𝜂𝑑𝜁

≈
𝑁∑

𝑛,𝑜=0
𝑤𝑛𝑤𝑜𝓗

(
0, 𝜂, 𝜁, 𝒏

)
𝑙𝑖(0) 𝑙𝑗(𝜂𝑛)︸︷︷︸

𝜕𝑗 ,𝑛

𝑙𝑘(𝜁𝑜)︸︷︷︸
𝜕𝑘,𝑜

= 𝑤 𝑗𝑤𝑘𝓗
(
0, 𝜂𝑗 , 𝜁𝑘 , 𝒏

)
𝑙𝑖(0).

(3.37)

Here, a difference between the LG and LGL node method can be observed. If LG nodes are used, in
order to evaluate the flux at the element interface, the solution has to be interpolated onto the surface
nodes where the flux is evaluated, as was shown in Figure 3.1b. Because 𝑙𝑖(𝜉𝑏) ≠ 0 ∀𝑖 = 1, ..., 𝑁 , where
𝜉𝑏 denotes the reference element boundary nodes denoted with the red squares in Figure 3.1, the surface
flux integral contributes to the residual of all nodes. If, however, LGL nodes are used, then the surface
integral only contributes to the outer element nodes that are located on the element boundaries 𝜉𝑏 and



3.2. Discontinuous Galerkin Spectral Element Method 20

(3.37) becomes ∫ 𝜂=1

𝜂=−1

∫ 𝜁=1

𝜁=−1
𝓗

(
0, 𝜂, 𝜁, 𝒏

)
𝑙𝑖(0)𝑙 𝑗(𝜂)𝑙𝑘(𝜁)𝑑𝜂𝑑𝜁 ≈ 𝑤 𝑗𝑤𝑘𝓗

(
0, 𝜂𝑗 , 𝜁𝑘

)
𝛿0,1. (3.38)

As mentioned before, this difference between the LG and LGL nodes causes a difference in the
computational cost but also the Jacobian matrix sparsity pattern, as shown by [78], which is important
for the implicit solving methods that are considered in this project.

3.2.3. Semi-discrete Formulation
With the time derivative, volume and surface integral defined, the semi-discrete formulation can be
formulated. Putting (3.33), (3.35) and (3.37) into (3.30) and dividing by 𝑤𝑖𝑤𝑘𝑤𝑘 we obtain

𝐽(𝜉𝑖 , 𝜂𝑗 , 𝜁𝑘)
𝒖 𝑖 , 𝑗 ,𝑘
𝜕𝑡

+(
𝓗 (1, 𝜂𝑗 , 𝜁𝑘 , 𝒏)

𝑙𝑖(1)
𝑤𝑖

+𝓗 (0, 𝜂 𝑗 , 𝜁𝑘 , 𝒏)
𝑙𝑖(0)
𝑤𝑖

)
−

𝑁∑
𝑝=0

𝑤𝑝

𝑤𝑖
(𝓕 1)𝑝,𝑗,𝑘𝐷𝑝,𝑖+(

𝓗 (𝜉𝑖 , 1, 𝜁𝑘 , 𝒏)
𝑙 𝑗(1)
𝑤 𝑗

+𝓗 (𝜉𝑖 , 0, 𝜁𝑘 , 𝒏)
𝑙 𝑗(0)
𝑤 𝑗

)
−

𝑁∑
𝑝=0

𝑤𝑝

𝑤 𝑗
(𝓕 2)𝑖 ,𝑝,𝑘𝐷𝑝,𝑗+(

𝓗 (𝜉𝑖 , 𝜂𝑗 , 1, 𝒏)
𝑙𝑘(1)
𝑤𝑘

+𝓗 (𝜉𝑖 , 𝜂𝑗 , 0, 𝒏)
𝑙𝑘(0)
𝑤𝑘

)
−

𝑁∑
𝑝=0

𝑤𝑝

𝑤𝑘
(𝓕 3)𝑖 , 𝑗 ,𝑝𝐷𝑝,𝑘 = 0.

(3.39)

In the case of LGL-DGSEM, the flux contributions from the surface integrals are purely local, and we
can write

𝐽(𝜉𝑖 , 𝜂𝑗 , 𝜁𝑘)
𝒖 𝑖 , 𝑗 ,𝑘
𝜕𝑡

+(
𝓗 (1, 𝜂𝑗 , 𝜁𝑘 , 𝒏)

𝛿𝑁,𝑖
𝑤𝑖

+𝓗 (0, 𝜂 𝑗 , 𝜁𝑘 , 𝒏)
𝛿0,𝑖

𝑤𝑖

)
−

𝑁∑
𝑝=0

𝑤𝑝

𝑤𝑖
(𝓕 1)𝑝,𝑗,𝑘𝐷𝑝,𝑖+(

𝓗 (𝜉𝑖 , 1, 𝜁𝑘 , 𝒏)
𝛿𝑁,𝑗

𝑤 𝑗
+𝓗 (𝜉𝑖 , 0, 𝜁𝑘 , 𝒏)

𝛿0, 𝑗

𝑤 𝑗

)
−

𝑁∑
𝑝=0

𝑤𝑝

𝑤 𝑗
(𝓕 2)𝑖 ,𝑝,𝑘𝐷𝑝,𝑗+(

𝓗 (𝜉𝑖 , 𝜂𝑗 , 1, 𝒏)
𝛿𝑁,𝑘
𝑤𝑘

+𝓗 (𝜉𝑖 , 𝜂𝑗 , 0, 𝒏)
𝛿0,𝑘

𝑤𝑘

)
−

𝑁∑
𝑝=0

𝑤𝑝

𝑤𝑘
(𝓕 3)𝑖 , 𝑗 ,𝑝𝐷𝑝,𝑘 = 0.

(3.40)

One-dimensional semi-discrete formulation From (3.40), the one-dimensional semi-discrete formula-
tion using LGL quadrature can be written as

𝜕𝒖 𝑖
𝜕𝑡

− 1
𝐽(𝜉𝑖)

𝑁∑
𝑝=0

𝑤𝑝

𝑤𝑖
𝓕 𝑝 · 𝐷𝑝,𝑖 +

1
𝐽(𝜉𝑖)𝑤𝑖

(𝓗 (1, 𝒏)𝜕𝑁,𝑖 +𝓗 (0, 𝒏)𝜕0,𝑖) . (3.41)

Although this formulation is correct. In order to better represent the underlying workings, we revert to
the one-dimensional form of (3.30).∫ 1

−1

Δ𝑥

2

𝑁∑
𝑚=0

𝜕𝒖𝑚
𝜕𝑡

𝑙𝑚(𝜉)𝑙𝑘(𝜉)𝑑𝜉 −
∫ 1

−1

𝑁∑
𝑚=0

𝓕 𝑚 𝑙𝑚(𝜉)𝑙
′
𝑘(𝜉)𝑑𝜉 = − [𝓗 (𝜉)𝑙𝑘(𝜉)]1−1 𝑘 = 0, ..., 𝑁. (3.42)

Where 𝐽(𝜉) = Δ𝑥
2 with Δ𝑥 being the width of the element in physical coordinate space. Applying the

Legendre-Gauss-Lobatto quadrature and using the Lagrange property leads to

Δ𝑥

2 𝑤𝑖
𝜕𝒖 𝑖
𝜕𝑡

−
𝑁∑
𝑚=0

𝑤𝑚𝓕 𝑚 𝑙
′
𝑖 (𝜉𝑚) = − (𝓗 (1, 𝑛̂)𝛿𝑖 ,𝑁 −𝓗 (0, 𝑛̂)𝛿𝑖 ,0) 𝑖 = 0, ..., 𝑁. (3.43)
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Now, we define the following matrix operators

𝑀𝑖 , 𝑗 = 𝜕𝑖 , 𝑗𝑤𝑖 , 𝐷𝑖 , 𝑗 =
𝜕𝑙 𝑗

𝜕𝜉

����
𝜉=𝜉𝑖

, 𝑖 , 𝑗 = 0, ..., 𝑁. (3.44)

𝑩 =

©­­­­­«
−1

0
. . .

0
1

ª®®®®®¬
. (3.45)

And with these operators, (3.43) can be written as

𝜕𝒖
𝜕𝑡

=
2
Δ𝑥

©­­­«𝑴
−1(𝑴𝑫)𝑇𝓕︸           ︷︷           ︸

volume integral

− 𝑴−1𝑩𝓗︸    ︷︷    ︸
boundary integral

ª®®®¬ . (3.46)

Denoting the semi-discrete weak formulation of the 1D LGL-DGSEM formulation. This formulation can
be split into a viscous and advective contribution, leading to

𝜕𝒖
𝜕𝑡

=
2
Δ𝑥

(
𝑴−1(𝑴𝑫)𝑇𝓕 𝑣 − 𝑴−1𝑩𝓗 𝑣

)
) + 2

Δ𝑥

(
𝑴−1(𝑴𝑫)𝑇𝓕 𝑎 − 𝑴−1𝑩𝓗 𝑎

)
). (3.47)

Where 𝓕 𝑣 and 𝓗 𝑣 denote the viscous flux and numerical flux function, respectively. Similarly, for the
advective case, 𝓕 𝑎 and 𝓗 𝑎 denote the advective flux and numerical flux function. This can be further
simplified to a viscous and advective flux contribution 𝓛𝑣 and 𝓛𝑎 .

𝜕𝒖
𝜕𝑡

=
2
Δ𝑥

(𝓛𝑎(𝒖) +𝓛𝑣(𝒖 ,∇𝑥𝒖)) . (3.48)

As can be observed, the viscous flux contribution requires the gradient of the solution ∇𝑥𝒖. Methods to
calculate this gradient will be discussed in the next section.

3.2.4. Second-order Term Approximation
As mentioned before, the viscous flux depends on the solution and its gradient at both sides of the
element interface, i.e. 𝓗 𝑣(𝒖− ,∇𝑥𝒖− , 𝒖+ ,∇𝑥𝒖+ , 𝒏). This poses a problem as second-order derivatives
cannot be accommodated directly in a weak variational formulation using a discontinuous function
space [22]. To handle the second-order terms, the Bassi-Rebay 1 (BR1) [22] and Bassi-Rebay 2 (BR2)
schemes are considered [23]. Other methods have also been created and are summarised in [92]. In this
section, an overview of the two methods will be given.

For the BR1 scheme, the gradient of the conservative variables ∇𝑥𝒖 = 𝜽 is regarded as a set of auxiliary
unknowns defined by the first-order differential equation

𝜽 − ∇𝑥𝒖 = 0. (3.49)

This equation can be discretised in the same manner as was done for the governing equations. Firstly,
the equation is mapped to the reference space using (3.12) and writing it as

𝑱𝜽 =

3∑
𝑖=1

𝐽𝒂 𝑖
𝜕𝒖
𝜕𝜉𝑖

= 𝓜∇𝜉𝒖. (3.50)

Where 𝓜 is a matrix containing the contravariant coordinate vectors as described by [93]. With this,
the same polynomial approximation of degree 𝑁 as for the solution is assumed, and the same steps
taken to discretise the main equation can be applied. Namely, assuming a Galerkin test function space
𝜙 and integrating over the reference element 𝐾ref, the weak form of (3.49) is written as∫

𝐾ref

𝜙𝜽𝑑𝜉 +
∫
𝐾ref

∇𝑥𝜙𝒖𝑑𝜉 =

∫
𝜕𝐾ref

𝜙𝒖̂𝒏𝑑𝑆. (3.51)
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Where, again, due to the discontinuity at the element interfaces a numerical flux function 𝒖̂ is introduced
and set to be 𝒖̂ = 𝒖++𝒖−

2 at internal faces and 𝒖̂ = 𝒖bc at the domain boundary [23]. From the weak
form, integration by parts can be performed again on the volume integral term, just as was done for the
advective flux term in Subsection 3.2.2∫

𝐾ref

𝜙𝜽𝑑𝜉 −
∫
𝐾ref

𝜙∇𝑥𝒖𝑑𝜉 =

∫
𝜕𝐾ref

𝜙 (𝒖̂ − 𝒖) 𝒏𝑑𝑆. (3.52)

Where the boundary integral term now represents the corrections to the strong internal gradient ∇𝑥𝒖
due to the discontinuities of 𝑢 across element interfaces. As suggested by [23], a function 𝑹 can be
introduced defined as ∫

𝐾ref

𝜙𝑹𝑑𝜉 =

∫
𝜕𝐾ref

𝜙(𝒖̂ − 𝒖)𝒏𝑑𝑆. (3.53)

Such that 𝜽 = ∇𝑥𝒖 + 𝑹. Again showing that 𝜽 is a corrected gradient, composed of internal gradient
and boundary discontinuity correction terms.

For the BR1 method, the gradient corrections from all different faces, as denoted by (3.53), are used
in the volume integral and surface integral terms in (3.29). Thus, the viscous flux contribution can be
written in integral form as

𝓛𝑣(𝒖 , 𝜽) =
∫
𝐾ref

∇𝜙 · 𝓕 𝑣 (𝒖 , 𝜽) 𝑑𝜉 +
∫
𝜕𝐾ref

𝜙𝓗 𝑣(𝒖 , 𝜽, 𝒖+ , 𝜽+ , 𝒏)𝑑𝑆, (3.54)

For BR1, the weak form of (3.51) can also be used to compute 𝜽 as formulated in the original paper
by Bassi and Rebay [22]. The viscous flux thus uses the corrected gradient 𝓕 𝑣(𝒖 , 𝜽). For the viscous
numerical flux, a central flux is used

𝓗 𝑣(𝜉, 𝜂, 𝜁, 𝒏) =
1
2 [𝓕 𝑣(𝒖− , 𝜽−) + 𝓕 𝑣(𝒖+ , 𝜽+)] · 𝒏 (3.55)

The BR1 scheme follows directly from the derivation of the auxiliary equation. The scheme, in general,
is considered consistent but unstable. However, recent work from Gassner et al. [93] proved that the
BR1 scheme is stable for the compressible Navier-Stokes equations if LGL quadrature points are used
together with a split-form stabilisation. Because the method depends on the DG discretised gradient
on both sides of the element interface, the method is said to be non-compact. Meaning that elements
may be linked with neighbours of its neighbours [94], leading to a non-compact Jacobian matrix, which
is unfavourable for iterative solving. Furthermore, the method also exhibits non-optimal odd-even
convergence behaviour depending on the polynomial approximation degree used, as shown in [93].

The BR2 method is a modification of the BR1 method, where the gradient correction term 𝑹 in the
surface integral is replaced by a local gradient correction 𝒓 𝑘 defined as∫

𝐾ref

𝜙𝒓 𝑘𝑑𝜉 =

∫
𝑘

𝜙(𝒖̂ − 𝒖)𝒏𝑑𝑆 ∀𝑘 ∈ 𝜕𝐾ref. (3.56)

Where the following property holds

𝑹 =

∑
𝑘∈𝜕𝐾ref

𝒓 𝑘 . (3.57)

Then, the gradient correction for the numerical flux used at an element boundary 𝑘 is written as

𝜽BR2
𝑘 = ∇𝑥𝒖 + 𝜓𝒓 𝑘 (3.58)

This results in the corrected gradient used in the surface integral being only dependent on the local
element interface considered, subsequently resulting in a more compact stencil. The parameter 𝜓 was
considered to be 𝜓 = 1 in the original formulation by Bassi and Rebay [23], but has been shown by [94]
to be stable for 𝜓 ≥ 𝑎, where 𝑎 corresponds to the number of surfaces of the element. That is 𝜓 ≥ 6
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in a three-dimensional case with hexahedral elements and 𝜓 ≥ 2 in a one-dimensional case. The 𝜓
parameter can be seen as a gradient correction term. If 𝜓 is increased, the stability of the scheme is
increased, but also more dissipation is added.

Although lower restrictions have been found to work by [95], in this work 𝜓 = 2 is considered for the
one-dimensional case. Thus, for BR2 we can write (3.54) as

𝓛𝑣(𝒖 , 𝜽) =
∫
𝐾ref

∇𝜙 · 𝓕 𝑣 (𝒖 , 𝜽) 𝑑𝜉 +
∫
𝜕𝐾ref

𝜙𝓗 𝑣(𝒖 ,∇𝑥𝒖 + 𝜓𝒓 𝑘 , 𝒖+ ,∇𝑥𝒖+ + 𝜓𝒓+
𝑘
, 𝒏)𝑑𝑆. (3.59)

Although the BR2 method has commonly been more favoured when used with implicit solving methods
due to the more compact stencil and stability, such as also argued by [56] and in the introduction of
the BR2 [23], when the BR1 method is used together with LGL quadrature the method is equivalent to
the interior penalty method and thus compact [96]. Therefore, if LGL quadrature is used, there is no
difference in the Jacobian matrix sparsity pattern for the BR1 and BR2 methods. Next to this, as already
said, when applied to the compressible Navier-Stokes equations on LGL nodes, the BR1 scheme has
been proven to be stable by Gassner et al. [93]. In this work, it is revealed that the instabilities of the BR1
scheme are caused by an unstable discretisation of the advective terms. By using a stabilising split-form
formulation of the advective terms, they then show that the BR1 scheme is stable and does not add
artificial dissipation. As a last note, as shown by Theorem four in [97], the BR1 and BR2 schemes on
the LGL quadrature nodes with 𝜓 = 1 produce the exact same gradient formulation, meaning that the
schemes are equivalent in the discrete sense.

3.2.5. Stabilisation Techniques for the DGSEM
In the standard DGSEM, the Galerkin approach is known to be unstable when inexact integration is
used on the nonlinear flux functions [14, 37]. These instabilities arise from aliasing errors, which can
introduce artificial energy into the solution of the NSE that could lead to diverging simulations [2].
In this work, the specifics of stabilisation techniques to combat the aliasing errors from the DGSEM
method are not covered. For the LGL-DGSEM in the TRACE solver shown in Chapter 5, the Kennedy-
Gruber (KG) split-form stabilisation scheme [41] is used for all simulations considered. The split-form
framework works on the LGL-DGSEM because the operator belongs to the class of diagonal-norm
summation-by-parts (SBP) operators. For more details on this stabilisation technique, the reader is
referred to [2, 98].

3.3. Time Discretisation
From the spatial discretisation, the semi-discrete form was derived. This semi-discrete form resulted in
the discretisation of the spatial DGSEM operator. Writing this DGSEM operator as 𝑅(𝒖), we can write
the problem of unsteady time integration as the following initial value problem (IVP)

𝜕𝒖
𝜕𝑡

= 𝑹(𝑡 , 𝒖(𝑡)),

𝒖(0) = 𝒖0.
(3.60)

In order to advance the DGSEM discretised equation in time, one-step multistage implicit Runge-Kutta
methods will be used, also referred to as diagonally implicit Runge-Kutta (DIRK) methods [99]. For
these methods, the following Butcher tableau is defined as shown in Table 3.1. From a Taylor series
expansion, it can be shown that the RK method is consistent if

𝑠∑
𝑖=1

𝑏𝑖 = 1. (3.61)
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Table 3.1: General structure of a Butcher tableau.

𝑐1 𝑎1,1 0 · · · 0
𝑐2 𝑎2,1 𝑎2,2 · · · 0
...

...
...

. . .
...

𝑐𝑠 𝑎𝑠,1 𝑎𝑠,2 𝑎𝑠,𝑠−1 𝑎𝑠,𝑠
𝑏1 𝑏2 · · · 𝑏𝑠

With this table and condition defined, solution at time-step 𝑛 is advanced to 𝑛 + 1 through 𝑠 stages as

𝒖𝒏+1 = 𝒖𝑛 + Δ𝑡

𝑠∑
𝑖=1

𝑏𝑖𝒌 𝑖 , (3.62)

𝒌 𝑖 = 𝑹
©­«𝑡𝑛𝑐𝑖 , 𝒖𝑛 + Δ𝑡

𝑖∑
𝑗=1

𝑎𝑖 , 𝑗𝒌 𝑗
ª®¬ 𝑖 = 1, ..., 𝑠. (3.63)

It can already be seen that for every 𝑖-th stage, if 𝑎𝑖 ,𝑖 ≠ 0, the equation is implicit. In the group of
one-step multistage implicit Runge-Kutta methods, the singly diagonally implicit Runge-Kutta (SDIRK)
methods have a fixed diagonal coefficient 𝑎𝑖 ,𝑖 = 𝛼. If the diagonal coefficient 𝑎𝑖 ,𝑖 is nonzero for any stage,
the i-th stage solution 𝒖 𝑖 is defined as

𝒖 𝑖 = 𝒖𝑛 + Δ𝑡

𝑖−1∑
𝑗=1

𝑎𝑖 , 𝑗𝒌 𝑗 + Δ𝑡𝑎𝑖 ,𝑖𝑹(𝑡𝑛 + 𝑐𝑖Δ𝑡 , 𝒖 𝑖) (3.64)

Thus, the SDIRK scheme starting from the previous time-step solution 𝒖𝑛 can be written as

for i = 1,...,s
𝒖 𝑖 = 𝒖𝑛

𝒖𝒊+=Δ𝑡
𝑖−1∑
𝑗=1

𝑎𝑖 , 𝑗𝒌 𝑗

if 𝑎𝑖 ,𝑖 ≠ 0

solve 𝒖𝒊 = 𝒖𝑛 + Δ𝑡

𝑖−1∑
𝑗

𝑎𝑖 , 𝑗𝒌 𝑗 + Δ𝑡𝑎𝑖 ,𝑖𝑹(𝑡𝑛 + 𝑐𝑖Δ𝑡 , 𝒖 𝑖)

𝒌𝒊 = 𝑹(𝑡𝑛 + 𝑐𝑖Δ𝑡 , 𝒖 𝑖)

𝒖𝑛+1 = 𝒖𝑛 +
𝑠∑
𝑖=1

𝑏𝑖𝒌 𝑖

(3.65)

3.3.1. Stability Constraints on Explicit Time Integration with DGSEM
In this thesis, implicit time-integration methods are considered to overcome the stability constraints
faced when using explicit time-integration schemes. A common method to normalise the restriction on
the time-step size is by using the Courant-Friedrichs-Lewy (CFL) condition [100]. The CFL number acts
as a normalisation of the time-step size for a given spatial discretisation and system of equations. Such
that the time step size restrictions of explicit time-integration schemes, which are known in terms of the
CFL number, can be estimated. In general, the CFL number can be formulated as

CFL =
Δ𝑡

max𝑖 𝑗𝑘∈𝐾(𝜆a
𝑖 𝑗𝑘
,𝜆v

𝑖 𝑗𝑘
) . (3.66)
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Where the CFL number is calculated on every node (𝑖 , 𝑗 , 𝑘) on every element 𝐾. Due to the Navier-Stokes
equations being partially hyperbolic, time-step restrictions originating from the advective and diffusive
terms have to be taken into account. The advective eigenvalues are estimated using

𝜆a
𝑖 𝑗𝑘

=
𝑓𝑁

𝐽𝑖 𝑗𝑘

3∑
𝑛=1

[
(𝐽𝒂𝒏)𝑖 𝑗𝑘 · 𝒖 𝑖 𝑗𝑘 + 𝑎𝑖 𝑗𝑘

√
𝐽(𝒂𝒏)𝑖 𝑗𝑘 · (𝒂𝒏)𝑖 𝑗𝑘

]
, (3.67)

which follow from [101]. Here, 𝑎𝑖 𝑗𝑘 represents the local speed of sound at the considered node. The
metric terms 𝐽𝒂 are required to formulate the CFL number on the reference element, and the eigenvalues
are taken from the inviscid flux Jacobian. For DG schemes, usually 𝑓𝑁 = 2𝑁 + 1 is used, because it leads
to a normalisation of the CFL number if the time order 𝑀 is equal to the spatial order 𝑀 = 𝑁 + 1 [33, 44].
However, as shown in [33], when LGL nodes are used, the maximum allowable time-step size is found
to be approximately twice as large as for the LG nodes. The diffusive eigenvalues are estimated using

𝜆v
𝑖 𝑗𝑘

=

(
𝑓𝑁

𝐽𝑖 𝑗𝑘

)2 3∑
𝑛=1

[
(𝐽𝒂𝑛)𝑖 𝑗𝑘 · (𝐽𝒂𝑛)𝑖 𝑗𝑘

]
max

(4𝜇𝑖 𝑗𝑘
3𝜌𝑖 𝑗𝑘

,
𝛾𝜇𝑖 𝑗𝑘

Pr𝜌𝑖 𝑗𝑘

)
. (3.68)

Although differently formulated due to the metric terms, the approximations of the eigenvalues for
the advective and convective terms in the Navier-Stokes equations follow those commonly used for
finite-volume schemes. The difference is in the scaling factor 𝑓𝑁 , leading to a more severe restriction on
the time step size [33].

3.4. Implicit Solver
In the previous section, the time-discretisation resulted in stages requiring an implicit system of
equations to be solved if the stage diagonal coefficient 𝑎𝑖 ,𝑖 is non-zero. In this section, the type of
nonlinear solver and subsequent linear solver to solve such an implicit stage will be discussed.

3.4.1. Inexact Newton Method
The nonlinear equation appearing in the implicit RK scheme in (3.65) can be considered as the root
finding problem

𝒇 (𝒖 𝑖) = 0. (3.69)

Where 𝒇 (𝒖) represents the fully discretised operator resulting from the DG and RK discretisation. In
order to solve the problem, the operator is linearised around the current guess of the solution and
iteratively solved until the convergence criterion 𝜎 is reached

While || 𝑓 (𝒖 𝑗)|| ≥ 𝜎|| 𝑓 (𝒖0)||

solve
𝜕 𝒇 (𝒖)
𝜕𝒖

����
𝒖 𝑗
Δ𝒖 𝑗 = − 𝒇 (𝒖 𝑗)

𝒖 𝑗+1 = 𝒖 𝑗 + Δ𝒖 𝑗 .

(3.70)

For every Newton step, a linear system of equations must be solved to determine the update Δ𝒖 𝑗 . As
will be explained later, the linear solver also solves according to a convergence criterion 𝜎. According to
(3.70), the linear solve has to be solved exactly, or in practice to machine precision, and this is also what
occurs when the exact Newton method is used. However, exact linear solves can be expensive and by
modifying Newton’s method as

While || 𝑓 (𝒖 𝑗)|| ≥ 𝜎|| 𝑓 (𝒖0)||

solve
𝜕 𝒇 (𝒖)
𝜕𝒖

����
𝒖 𝑗
Δ𝒖 𝑗 = − 𝒇 (𝒖 𝑗) + 𝒓 𝑗

𝒖 𝑗+1 = 𝒖 𝑗 + Δ𝒖 𝑗 .,

(3.71)

the restriction to solve the linear system exactly is lifted. Here, the convergence criterion 𝜖 is defined as

𝜖 = ||𝒓 𝑗 || = 𝜂|| 𝒇 (𝒖 𝑗)||. (3.72)
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Where 𝜂 is considered a non-negative forcing term that determines the precision to which the linear
system will be solved. This method is therefore referred to as the inexact Newton method and proven to
be stable if 𝜂 < 1 is chosen [102]. As stated in [65], the forcing term 𝜂 has to be chosen adaptively in
order to avoid oversolving. Oversolving occurs when the Newton guess 𝒖 𝑗 is far away from the solution
of the nonlinear equation, which results in the obtained update being large, meaning that it exceeds the
space in which the local linear approximation is correct. Because of this, beyond a certain reduction in
the linear residual norm, it is not guaranteed that the nonlinear residual norm also decreases further. In
order to determine the forcing term at the 𝑘-th Newton step 𝜂𝑘 , the work from [66] is followed. For this,
we define

𝜂𝐴𝑗 = 𝛾

( || 𝒇 (𝒖 𝑗)||
|| 𝒇 (𝒖 𝑗−1)||

)2

, (3.73)

with 𝛾 ∈ (0, 1]. In this case, 𝛾 = 0.9 was chosen, in order to avoid 𝜂 becoming too large, as well as to
avoid 𝜂 from changing too small too quickly. The following safeguards, as recommended by [66], are
used

𝜂𝑠𝑗 =


𝜂0 , 𝑗 = 0
min{𝜂max , 𝜂𝐴𝑗 }, 𝑗 > 0, 𝛾𝜂2

𝑗−1 ≤ .1
min{𝜂max ,max{𝜂𝐴

𝑗
, 𝛾𝜂2

𝑗−1}}, 𝑗 > 0, 𝛾𝜂2
𝑗−1 > .1.

(3.74)

Where 𝜂0 is the initial forcing term, which can either be set to 𝜂max to avoid over-solving in the initial
linear solve. However, if it is known that the initial solution guess of the Newton method is close to the
final solution, which can occur when unsteady implicit time-stepping is considered (more discussion in
Subsection 4.3.1), then choosing an 𝜂0 lower might be beneficial to avoid under-solving in the initial
linear solve of the inexact Newton method.

Additionally, as argued by [103], in order to avoid that in the final iterations, the linear solve over-solves
past the given convergence criterion of the Newton method, the final choice of 𝜂𝑘 is set to

𝜂𝑘 = min{𝜂max ,max{𝜂𝑠𝑗 , 0.5
𝜏

|| 𝒇 (𝒖 𝑗)||
}}. (3.75)

Which is related to the convergence criterion of Newton’s method because

𝜏 = 𝜎|| 𝒇 (𝒖0)||. (3.76)

3.4.2. Linear Solver Method
In order to solve the linear system of equations appearing in every Newton step, it is common to also
use an iterative solution method. This is because direct solving methods scale poorly with increasing
matrix size and lead to dense matrices, resulting in large memory costs. Furthermore, using an iterative
solving method also allows for inexact linear solves and thus the usage of the inexact Newton method
described in Subsection 3.4.1. In this work, the generalised minimal residual (GMRES) method is used
[75]. Firstly, the linear system of equations to be solved in (3.71) or (3.70) can be written as

𝑨𝒙 = 𝒃. (3.77)

Where

𝑨 :=
𝜕 𝒇 (𝒖)
𝜕𝒖

����
𝒖 𝑗
, (3.78)

𝒙 := Δ𝒖 𝑗 , (3.79)
𝒃 := − 𝒇 (𝒖 𝑗). (3.80)

Following [104], the GMRES is a Krylov subspace method that extracts an approximate solution 𝒙𝑚
from an affine subspace 𝒙0 + 𝒦𝑚 of dimension 𝑚 by imposing the Petrov-Galerkin condition

𝒃 − 𝑨𝒙𝑚 ⊥ ℒ𝑚 . (3.81)
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Here 𝒦𝑚 is the Krylov subspace, and ℒ𝑚 is another subspace of dimension 𝑚. Specifically for GMRES
ℒ𝑚 = 𝑨𝒦𝑚 is used. The Krylov subspace is defined as

𝒦𝑚(𝑨, 𝒓0) = span{𝒓0 ,𝑨𝒓0 ,𝑨2𝒓0 , ...,𝑨𝑚−1𝒓0}, (3.82)

with 𝒓0 = 𝒃 − 𝑨𝒙0. In this work, the restarted GMRES method based on Arnoldi’s method with Givens
rotations is used. In the GMRES algorithm, Arnoldi’s method is used with a modified Gram-Schmidt
orthogonalisation to construct an orthogonal basis {𝒗1 , ..., 𝒗𝑚} of the Krylov subspace 𝒦𝑚 . The Arnoldi
method was first created to reduce a dense matrix into Hessenberg form with a unitary transformation.
However, it was discovered that the eigenvalues of the Hessenberg matrix obtained from a smaller
number of steps than the original matrix size already approximated some eigenvalues of the original
matrix. This led to the method being used in solving large, sparse linear systems of equations because of
its ability to approximate large matrices in the much smaller Hessenberg form. In the Arnoldi-Modified
Gram-Schmidt method, the orthonormal basis vector of the Krylov subspace 𝒦𝑗+1 is computed from the
already constructed orthonormal basis vectors {𝒗1 , ..., 𝒗 𝑗}. This is done by first projecting the previous
basis vector 𝒗 𝑗 onto 𝑨. After this, the newly projected vector 𝒘 𝑗 is used to fill in the Hessenberg matrix
over all previous basis vectors while also applying the modified Gram-Schmidt orthogonalisation. The
full method is shown in Algorithm 1. The algorithm for the restarted GMRES method utilising the

Algorithm 1 Arnolid-Modified Gram-Schmidt
1: procedure Arnoldi_Modified_Gram_Schmidt(j, 𝑨, {𝒗1 , ..., 𝒗 𝑗}, 𝒉, 𝒘 𝑗)
2: 𝒘 𝑗 = 𝑨𝒗 𝑗
3: for 𝑖 = 1 to 𝑗 do
4: ℎ𝑖 , 𝑗 = (𝒗 𝑖 ,𝒘 𝑗)
5: 𝒘 𝑗 = 𝒘 𝑗 − ℎ𝑖 , 𝑗𝒗 𝑗
6: end for
7: ℎ 𝑗+1, 𝑗 = ||𝒘𝒋 ||
8: 𝒗 𝑗+1 =

𝒘 𝑗

ℎ 𝑗1 , 𝑗

9: end procedure

Arnoldi-Modified Gram-Schmidt process is given in Algorithm 2. The input for this algorithm are
the desired maximum Krylov subspace dimension 𝑚, the operator evaluated at the current Newton
step 𝒇 (𝒖 𝑗) as well as a guess for the initial update of the solution vector Δ𝒖 𝑗𝑔 , which can be set to the
null vector 0. As can be seen, the algorithm loops over the Krylov subspace dimensions and calculates
the new basis vector as explained earlier. Then, for every basis vector, a Givens rotation is used to
transform the Hessenberg matrix into an upper triangular matrix. In [105], the usage of Givens rotation
is explained in more detail. As can be seen in line 17 of Algorithm 2, in the construction loop of the
Krylov subspace, the current linear residual is evaluated using

||𝛽𝒗1 − 𝒉𝑚𝑦𝑚 ||. (3.83)

Where 𝛽 = ||𝒓0||, 𝒉𝑚 is the current upper Hessenberg matrix, 𝒗1 is the normalised initial residual vector
and 𝒚𝑚 is the vector that minimises (3.83) [104].

3.4.3. Preconditioned GMRES
Preconditioning of the linear system of equations is a common (if not necessary) approach to accelerate
the convergence behaviour of Krylov subspace methods such as GMRES. Preconditioning aims to modify
the linear system of equations to be solved such that the new system of equations has a matrix-operator
𝑨∗ with a lower condition number than the original matrix-operator 𝑨. The condition number of a
function, or in this case a linear system of equations, is a measure of how sensitive the output of the
function is to small input changes. This also explains intuitively why iterative methods struggle to
converge when the matrix has a high condition number (ill-conditioned) compared to when the matrix
has a low condition number (well-conditioned).

In order to lower the condition number, a preconditioning operator 𝑴 that approximates the Jacobian
operator 𝑨 needs to be found. The inverse of this preconditioning operator is required to be known.
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Algorithm 2 Restarted Generalised Minimal Residual (GMRES) method

1: procedure GMRES_Restarted(m,− 𝒇 (𝒖 𝑗), Δ𝒖 𝑗𝑔)
2: while r ≤ rmax do
3: 𝒓0 = − 𝒇 (𝒖 𝑗), 𝒗1 =

𝒓0
||𝒓0 || , 𝑦1 = ||𝒓0||, Δ𝒖

𝑗

0 = Δ𝒖
𝑗
𝑔

4: for 𝑗 = 1 to 𝑚 do
5: Arnoldi_Modified_Gram_Schmidt(𝑗 ,𝑨, {𝒗1 , ..., 𝒗 𝑗}, 𝒉 ,𝒘 𝑗)
6: if ℎ 𝑗+1, 𝑗 < 𝜖𝑚 then
7: break
8: end if
9: for 𝑖 = 0 to 𝑗 − 1 do

10: /* Apply Previous Givens rotations*/
11: 𝒉̃ = 𝒉
12: ℎ𝑖+1, 𝑗 = 𝑐1(𝑖)ℎ̃𝑖 , 𝑗 − 𝑠1(𝑖)ℎ̃𝑖+1, 𝑗
13: ℎ𝑖+1, 𝑗 = 𝑠1(𝑖)ℎ̃𝑖 , 𝑗 + 𝑐1(𝑖)ℎ̃𝑖+1, 𝑗
14: end for
15: ApplyGivensRotations(ℎ𝑖 , 𝑗 , ℎ𝑖+1, 𝑗 , 𝑐1(𝑗), 𝑠1(𝑗))
16: /* Rotate residual vector*/
17: 𝑦 𝑗+1 = 𝑠1(𝑖)𝑦 𝑗 , 𝑦 𝑗 = 𝑐 𝑗(𝑖)𝑦 𝑗
18: if 𝑦 𝑗+1 < 𝜂|| 𝒇 (𝒖 𝑗)|| or 𝑗 = 𝑚 then
19: for 𝑖 = 𝑗 to 1 do
20: 𝛼𝑖 = 1

ℎ𝑖 ,𝑖

(
𝑦𝑖 −

∑𝑗

𝑘=𝑖+1 ℎ𝑖 ,𝑘𝛼𝑘
)

21: end for
22: Δ𝒖

𝑗

𝑟+1 = Δ𝒖
𝑗
𝑟 +

∑𝑗

𝑖=1 𝒗 𝑖𝛼𝑖
23: if 𝑦 𝑗+1 < 𝜂|| 𝒇 (𝒖 𝑗)|| then
24: return Δ𝒖

𝑗

𝑟+1
25: end if
26: 𝒓0 = − 𝒇 (𝒖 𝑗) − 𝑨Δ𝒖

𝑗

𝑟+1
27: 𝑟 = 𝑟 + 1
28: else
29: Continue
30: end if
31: end for
32: end while
33: end procedure
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The effectiveness of the preconditioner depends on how well 𝑴 approximates 𝑨 while remaining
inexpensive to construct and invert. A perfectly accurate preconditioner, 𝑴 = 𝑨, would lead to
immediate convergence but would be as costly as solving the system directly. On the other hand, a
very cheap preconditioner may offer little improvement in convergence. Therefore, an appropriate
balance must be found between preconditioner quality and computational cost, ensuring that the overall
solution process is more efficient than solving the unpreconditioned system.

With this, the new linear system of equations can be defined in two different ways [106]

𝑴−1𝑨𝒙 = 𝑴−1𝒃, (3.84)
𝑨𝑴−1𝒚 = 𝒃, 𝑴𝒙 = 𝒚 (3.85)

Where the system defined in (3.84) and (3.85) are defined as left preconditioning and right preconditioning,
respectively. For GMRES in combination with inexact Newton’s method, right preconditioning is
preferred because the residual remains identical to the true residual. Therefore, only the right
preconditioning will be considered in this work. In order to use right preconditioning, the matrix-vector
multiplications in line 2 of Algorithm 1 and line 26 in Algorithm 2 have to be pre-multiplied by 𝑴−1.
Furthermore, as the GMRES method now solves for 𝒚 = 𝑴𝒙 and in order to return 𝒙, the resulting
vector out of the GMRES iterations has to be multiplied by 𝑴−1 in order to retrieve Δ𝒖 𝑗 .

3.4.4. Matrix-free GMRES
The previous sections covered the derivation and implementation of the preconditioned restarted
GMRES algorithm that is used to solve the linear system of equations. In this process, it was assumed
that the Jacobian matrix operator 𝑨 is defined as

𝑨 :=
𝜕 𝒇 (𝒖)
𝜕𝒖

����
𝒖 𝑗

= 𝑰 − 𝑎𝑖 ,𝑖Δ𝑡
𝜕𝑹(𝒖)
𝜕𝒖

����
𝒖 𝑗

(3.86)

Where the second formulation comes from differentiating the nonlinear system of equations shown
in (3.65). Formally, this matrix thus has size 𝑛DOF × 𝑛DOF, where 𝑛DOF is the total degrees of freedom.
However, following from Subsection 3.2.2, the LGL-DGSEM operator naturally only considers local
DOF on the element and DOF at the element boundaries of its direct neighbours. This thus naturally
leads to a block-structured matrix pattern that offers significant benefits to the matrix sparsity pattern
and density.

Nonetheless, the cost of storing a sparse matrix also grows with increasing polynomial order and element
count. And when looking at the manner in which the Jacobian is used in the GMRES and Arnoldi
algorithm, it can be noticed that it is only used to evaluate matrix-vector products 𝑨𝒗. Nowhere is 𝑨
explicitly required. Therefore, methods that do not store the matrix explicitly but only apply operators
that evaluate the matrix-vector product 𝑨𝒗 or, more intuitively, evaluate the directional derivative of
the linearised operator, have been developed to overcome the memory issues of storing the Jacobian
matrix explicitly. This class of methods is typically referred to as Jacobian-Free Newton Krylov Methods
(JFNK) or matrix-free GMRES [5].

Intuitively, the matrix-free GMRES method is based on the fact that the traditional GMRES algorithm
only evaluates "directional" derivatives of the form 𝑨𝒗. In this project, two different methods of
evaluating the matrix-vector product will be used.

Finite-difference approximation
The first method considered to approximate the matrix-vector product 𝑨𝒗 is by a first-order finite
difference method

𝑨(𝒖 𝑗)𝒗 ≈ 𝒇 (𝒖 𝑗 + 𝜖𝒗) − 𝒇 (𝒖 𝑗)
𝜖

. (3.87)

Because the finite-difference method only requires a means of evaluating the right-hand side function 𝒇 (𝒖)
with and without the added gradient, its implementation costs are relatively low and straightforward.
The drawback of this method is that the result is inexact. Furthermore, as stated in Subsection 3.4.4,
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the value of 𝜖 chosen is important to prevent the round-off error from polluting the result while also
ensuring that 𝜖 is taken small enough not to introduce large truncation errors from the finite-difference
approximation. Several formulations for 𝜖 are shown in [5]. In this work 𝜖 as proposed by [107] is used

𝜖 =

√
10−16

||𝒗|| . (3.88)

This formulation, as stated by [107], has been proven to produce good results for simulations using
double precision and is simple compared to other methods proposed in [5].

Forward algorithmic differentiation
The second method considered is the use of algorithmic differentiation (AD) in a forward manner. In
contrast to the finite-difference approximation, AD outputs an exact derivative of any input function 𝑓 .
The working principle of AD is the application of the chain rule of differentiation of every operator
evaluation inside 𝑓 . The application of 𝑓 (𝑢) is nothing more than a sequence of mathematical operations
(addition, subtraction, multiplication and other elementary functions) of which the derivative can be
easily calculated [108].

For instance, considering that 𝑓 is composed of 𝑁 operators 𝐿𝑁 , we can write out the evaluation of 𝑓 as
a sequence of operators, each resulting in a temporary result 𝑤

𝑓 (𝑥) = 𝐿𝑁 ◦ 𝐿𝑁−1 ◦ . . . ◦ 𝐿1 = 𝐿𝑁 (𝑤𝑁 ) = 𝐿𝑁 (𝐿𝑁−1(. . . (𝐿1(𝑥)))). (3.89)

Applying the chain rule to evaluate 𝑓
′(𝑥) we get

𝜕 𝑓 (𝑥)
𝜕𝑥

=
𝜕𝐿𝑁 (𝑤𝑁 )
𝜕𝑤𝑁

𝜕𝐿𝑁−1(𝑤𝑁−1)
𝜕 𝑤𝑁−1

. . .
𝜕𝐿1(𝑥)
𝜕𝑥

. (3.90)

The derivative of these elementary operations can be easily defined. For instance, for 𝑓 (𝑥) = sin(𝑥) the
derivative operation is defined as 𝑓 ′(𝑥) = cos(𝑥). To carry this derivative information throughout the
numerical sequences, every real number has to carry an additional derivative number, which is used to
evaluate the derivative of the operation. With this additional "number" attached to every real number,
derivatives can be propagated through the numerical sequences. Denoting the additional number with
the prefix Δ we can write the AD variant of a multiplication operator 𝑓 (𝑥1 , 𝑥2) = 𝑥1𝑥2

𝑓 (𝑥1 , 𝑥2) = 𝑥1𝑥2 , (3.91)
𝑓 ′(𝑥1 , 𝑥2) = 𝑥1Δ𝑥2 + Δ𝑥1𝑥2. (3.92)

By defining all derivative forms of the elementary operators, and enabling the code structure to allow
the usage of the "AD" number types, an input to a function 𝑓 can be seeded with derivative information
by placing it in the secondary derivative number of the input, and be able to evaluate 𝑓

′(𝑥) by reading
the derivative numbers of the output. As a final note, the usage of this AD variable to store the derivative
is closely related to the complex step method, where the imaginary number is used as this storage point.
More details on the complex-step method, which is not considered in this project, and its relation to
forward AD are described in [109].



4
1D Time-implicit DGSEM Solver

This chapter will cover the setup and numerical experiments performed on the 1D time-implicit DGSEM
solver. This solver was developed in order to better understand the workings and structure of a DGSEM
time-implicit solver, as well as to have a light solver that could be used to perform small numerical
experiments that would otherwise be more complex in the TRACE solver. Firstly, in Section 4.1, an
overview of the 1D solver structure and features is given, and the two test cases used to perform
the numerical experiments are described. After this, in Section 4.2, the correct working of the 1D
solver is verified by a spatial and temporal convergence rate test. In Section 4.3, the testing on the
1D solver continues with an analysis of the inexact Newton method and a Jacobian sparsity pattern
analysis. Following this, in Section 4.4, the matrix-free approach applied to the 1D solver is analysed by
a comparison of the matrix-based GMRES method. Here, preconditioning methods are also explored.
Finally, in Section 4.5, a small conclusion regarding the results of the analysis on the 1D solver is given.

4.1. 1D Solver Setup
In this section, an overview of the features of the 1D solver is given. Next to this, the test cases that are
used in the numerical experiments on the 1D solver are described.

4.1.1. Structure and Features of the 1D Solver
The 1D solver was written in C++. For handling matrices and matrix-vector products, the Eigen library
was used1 [110]. The solver is written with an object-oriented approach, and it was chosen not to
implement any parallel capabilities. All test cases in this chapter were run on a single processor. As an
input, the solver must be given an appropriate input.dat ASCII file containing the node locations and
initial solution at each node. Next to this, a cntl.json control file must be given, which specifies the
specifics of the simulation (e.g. equation type to be solved and quadrature nodes used).

For the nonlinear solver, the inexact Newton method as described in Subsection 3.4.1 is used. Both the
fixed and adaptive forcing terms can be used. The solver is able to use the matrix-based and matrix-free
restarted GMRES algorithms that were manually implemented in the solver, as well as the matrix-based
GMRES solver provided by the Eigen library. The matrix-free GMRES method uses the finite-difference
differentiation method as described in Subsection 3.4.4. For the matrix-based GMRES methods, this
same finite-difference approximation is used to explicitly construct the Jacobian matrix. Usage of
colouring algorithms such as described by [111, 112] would be very suitable for matrix generation using
the finite-difference method. However, due to implementation complexities, this was not considered.
Instead, the Jacobian matrix is constructed by finite-difference evaluations for every degree of freedom,
filling the Jacobian matrix column by column. This is most certainly an inefficient approach to the
matrix construction problem. Nonetheless, the main goal of the 1D solver was to understand the usage
of the DGSEM method paired with a matrix-free linear solver.

The solver was applied to solve the linear advection equation as well as the viscous Burgers equation.
1https://eigen.tuxfamily.org
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More information on these equations is in the following subsection. For the viscous terms, both the
BR1 and BR2 viscous approximation schemes were applied. The solver is capable of using either LG-
or LGL-DGSEM. The LG quadrature nodes were only used in the Jacobian sparsity pattern analysis
described in Subsection 4.3.2. In all other cases, the LGL-DGSEM method was used. For the viscous
flux terms, a central flux method is used. For the advective flux terms, an upwind flux method,
as well as a Lax-Friedrich flux scheme, were implemented. For boundary conditions, Dirichlet and
periodic boundary conditions were implemented. These were the boundary conditions required to
perform the test cases of interest. Due to time limitations, no stabilising split-form formulations were
implemented for the 1D solver. The solver did show signs of instability, but these instabilities were
resolved by reducing the element sizes (i.e. increasing the DOF). This was possible because the 1D
solver is lightweight, the test cases considered were not expensive, and simulation times in general were
short. Many aspects of the code written, specifically the parts related to the spatial discretisation, were
inspired by the example algorithm snippets in [113], as well as help from DGSEM experts in the TRACE
development team.

4.1.2. Test Cases and Setup of the 1D Solver
For the analysis and verification of the 1D solver, the following test cases have been used.

Sine wave test case
The sine wave test case consists of a sine wave travelling to the right and periodic boundary conditions.
This test case was made for the linear advection equation. The linear advection equation in 1D is written
as

𝜕𝑢

𝜕𝑡
+ 𝑐 𝜕𝑢

𝜕𝑥
= 0. (4.1)

The equation is trivial, and so are the analytical solutions. This made the test case perfect for debugging
and testing purposes of the 1D solver. For the sine wave, a domain of [0, 1] is used and the analytical
solution is defined as

𝑓 (𝑥, 𝑡) = sin(2𝜋(𝑥 + 𝑐𝑡)). (4.2)

Where the advection speed 𝑐 = 1 is used. The test case was started at 𝑡 = 0 and advanced through
time, where it could be compared with the analytical solution. A numerical domain of [0, 1] was used
with periodic boundary conditions. For this test case, the upwind flux scheme is used, as the wave
propagation is constant. A simulation time of 𝑡 = 1.0 is used, resulting in a full advection of the sine
wave over the domain. Thereby making the initial condition equal to the analytical solution of the test
case.

Travelling Burgers wave test case
To solve diffusive terms with the solver and apply it to a nonlinear equation, the 1D Burgers equation
was implemented in the solver and used in the numerical experiments. The one-dimensional viscous
Burgers equation is defined as

𝜕𝑢

𝜕𝑡
+ 𝑢 𝜕𝑢

𝜕𝑥
− 𝜇

𝜕2𝑢

𝜕𝑥2 = 0. (4.3)

In the Burgers equation, the nonlinearity comes from the hyperbolic 𝑢 𝜕𝑢
𝜕𝑥 term. The Burgers equation

represents a simple 1D equation that mimics the general properties of the Navier-Stokes equations. For
experiments using the Burgers equation, it was decided to use a test case with a moving wave described
by

lim
𝑥→−∞

𝑓 (𝑥) = 2, lim
𝑥→∞

𝑓 (𝑥) = 0, (4.4)

𝑓 (𝑥, 𝑡) = 1 − tanh 𝑥 − 𝑡2𝜇 . (4.5)

This solution is, in fact, a steady solution for the Burgers equation in a frame of reference moving with
the wave, as shown by [114]. In this case, the frame of reference is fixed, and the wave moves towards
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Figure 4.1: Analytical solution to the travelling Burgers wave test case at 𝑡 = 0.0 and 𝑡 = 0.1.

the right side of the boundary over time. Here 𝜇 acts as a parameter to determine the steepness of the
wave, with 𝜇 = 0 resulting in a discontinuity. For this test case, 𝜇 = 1/50. Furthermore, the domain is
chosen to be [−2, 2] and Dirichlet boundary conditions are used. For the convective numerical flux, the
Lax-Friedrichs flux scheme is used. This leads to the initial value problem with the following boundary
conditions and initial solution

𝑢(−2.0) = 2.0, (4.6)
𝑢(2.0) = 0.0, (4.7)

𝑢(𝑥, 0) = 1.0 − tanh
(
𝑥

2 · 50
)
. (4.8)

This will be referred to as the travelling Burgers wave test case. Due to the finite numerical domain, the
exact boundary conditions shown in (4.4) cannot be enforced. Due to this, the solution will deviate from
the analytical solution shown in (4.5) if the travelling wave gets too close to the end points of the domain.
Therefore, this test case was only simulated up until 𝑡 = 0.1. The analytical solutions at 𝑡 = 0 and 0.1
are shown in Figure 4.1. As shown, due to the short simulation time, the imposed Dirichlet boundary
conditions at the end of the finite domain are expected not to influence the numerical solution, and the
analytical solution can be used as a reference solution.

Time-integration schemes for the 1D solver
The implicit time-integration schemes implemented are the backwards Euler (BE) scheme, the SDIRK2-A
method from [115], and the third-order four-stage (ESDIRK3) method as described in [116]. The
ESDIRK2-A is denoted with "-A" because of the usage of a second, different SDIRK2 scheme for the
TRACE solver. Although the solver was developed to investigate implicit time-integration schemes, ERK
time-integration schemes were also implemented for comparison reasons. The explicit time-integration
scheme implemented is "the" fourth-order Runge-Kutta scheme (ERK4) originally proposed by Kutta
[117]. The Butcher tableaus for these schemes are listed in Appendix A.

4.2. Verification of the 1D Solver
This section will cover the numerical experiments performed to verify the proper working of the 1D
implicit DGSEM solver. For this, a spatial and temporal convergence test has been performed.

4.2.1. Spatial Convergence Test
The spatial convergence of the 1D solver was verified using the travelling Burgers wave test case.
Using this test case, simulations were performed with varying polynomial orders. The convergence
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Figure 4.2: 1D Solver LGL-DGSEM spatial convergence rates for BR1 and BR2 viscous schemes on the travelling Burgers wave test
case.

Table 4.1: Spatial convergence rates of LGL-DGSEM 1D solver with BR1 and BR2 viscous approximation schemes.

Scheme 𝑝 = 2 𝑝 = 3 𝑝 = 4 𝑝 = 5 𝑝 = 6

BR1 theor. rate 3.000 3.000 5.000 5.000 7.000
meas. rate 3.040 3.328 4.983 5.367 6.880

BR2 theor. rate 3.000 4.000 5.000 6.000 7.000
meas. rate 3.187 3.907 5.032 5.953 6.919

rate for each polynomial order was tested by increasing the number of elements, thereby refining the
computational grid. In order to minimise temporal error, the ERK4 scheme with a CFL number of 0.01
was used. The L2 norm of the error between the numerical simulation and the analytical solution at
𝑡 = 0.1 was measured by interpolating the numerical DGSEM solution onto a common grid with the
analytical solution. This prevents numerical artefacts coming from the discontinuity between elements
from polluting the error measurements.

This test case was done with both the BR1 and BR2 viscous schemes on the LGL-DGSEM. The results are
shown in Figure 4.2 and the measured convergence rates are summarised in Table 4.1. For the computed
convergence rates shown in this table, only the errors from the three finest grid resolutions for each
polynomial degree are considered, as these correspond to the asymptotic range where the Burgers wave
is well-resolved and the spatial convergence rate can be measured. Analysing the convergence rates, it
can be seen that for the BR2 scheme, the measured convergence rate is 𝑝 + 1 where 𝑝 is the polynomial
order. For the BR1 scheme, the measured convergence rate is 𝑝 + 1 for even-order polynomials, but for
odd-order polynomials, this is not obtained. Rather, the measured convergence rate is approximately 𝑝.
This is in line with the expected behaviour of the BR1 and BR2 scheme as explained in Subsection 3.2.4.

Considering the measured convergence rates listed in Table 4.1, it can be observed that not the exact
theoretical convergence rates are measured. Specifically for 𝑝 = 3 and 𝑝 = 5 on the BR1 scheme, the
measured convergence rates are higher than expected. It is noted that the greater deviations in the
convergence rates for the BR1 scheme could be caused by the instability of the BR1 method when no
split-form stabilisation technique is applied, as shown by Gassner et al. [93]. Nonetheless, the general
behaviour of the convergence rates shows the expected odd-even convergence behaviour.

4.2.2. Temporal Convergence Test
For the temporal convergence test, the linear advection sine wave test case and the travelling Burgers
wave test case were used. For both the sine wave and travelling Burgers wave test cases, the numerical
domain was discretised into 64 elements of polynomial order 2. Because the spatial error for this
configuration dominates the temporal error, a numerical reference solution produced on the same
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Figure 4.3: Temporal convergence rates for varying time discretisation schemes with LGL-DGSEM.

numerical grid with the ERK4 time-integration scheme at CFL = 0.01 was used rather than the analytical
solution. Again, the L2 norm of the error was measured by interpolating both solutions onto a common
grid. The convergence rates for the various time discretisation schemes implemented in the 1D solver
are shown in Figure 4.3. As can be seen, the expected temporal convergence rates for the various implicit
and explicit time discretisation schemes are obtained. Thus, verifying the temporal convergence of the
1D solver.

4.3. Numerical Experiments on the 1D Solver
With the temporal and spatial convergence of the solver verified, the 1D solver was further experimented
with. Namely, an analysis on the inexact Newton method is given in Subsection 4.3.1. After this, in
Subsection 4.3.2, the Jacobian sparsity patterns for the 1D solver on a simplified grid are analysed for
several different configurations of the DGSEM spatial discretisation.

4.3.1. Inexact Newton Method with Adaptive Forcing Term
In this experiment, the effect of the forcing term 𝜂 in the inexact Newton method as explained in
Subsection 3.4.1 was explored. For this, the travelling Burgers test case was used. The test case was
simulated for varying CFL numbers and varying fixed forcing terms 𝜂 as well as the adaptive forcing
term method described in Subsection 3.4.1. CFL numbers of 0.1, 1.0 and 10.0 were considered. For
the forcing terms a range of 𝜂 = [0.1, 1e-9] was considered as well as the adaptive forcing term. The
simulation was performed for one outer solve of the inexact Newton method. Figure 4.4 shows the
total GMRES iterations over the Newton residual || 𝒇 (𝒖)|| that decreases towards the specified tolerance
of 1e-10. Note that the symbols indicate the Newton steps, thus indicating the number of GMRES
iterations per Newton step. From the results shown in Figure 4.4, the following observations were made.
Firstly, for high CFL numbers such as 10.0 the tight 𝜂 cases showed clear over-solving behaviour in the
early Newton steps. This is shown in Figure 4.4a as with decreasing 𝜂, the amount of GMRES iterations
increases, but the Newton residual stays constant for the first two Newton steps. The over-solving is
reduced with decreasing CFL number, agreeing with the previous arguments made in Subsection 3.4.1.
The 𝜂 = 0.1 case for CFL of 10.0 is observed to show better convergence than the tighter tolerances in the
first Newton steps, but worse convergence in later Newton steps. This indicates that the forcing term is
required to become smaller as the Newton residual converges. This is confirmed in the results with
the adaptive forcing term, which show a low amount of total GMRES iterations over the CFL range
considered, as opposed to the fixed 𝜂 terms. A second observation is that the adaptive forcing term is
able to terminate the linear solve when the required Newton tolerance of 1e-10 is reached. This indicates
that the additional modification to the forcing term to prevent over-solving in the final Newton steps
also works as intended.
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(a) CFL = 10.0 (b) CFL = 1.0

(c) CFL = 0.1

Figure 4.4: Newton residual || 𝒇 (𝒖 𝑗)|| over total GMRES iterations for varying CFL numbers.
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Figure 4.5: Newton residual || 𝒇 (𝒖 𝑗)|| over total GMRES iterations for CFL = 0.1. The initial forcing term of the adaptive method
has been set to 𝜂0 = 0.99.

Discussion The numerical experiment of the inexact Newton method showed that the adaptive forcing
term worked as desired and expected from the literature. However, one disadvantage of the adaptive
forcing term method is that an initial forcing term 𝜂0, as explained in Equation 3.71, must be manually
specified. The disadvantage of having a fixed 𝜂0 is that if it is not chosen properly, it will cost additional
Newton steps in order for the method to adjust and reach an optimal 𝜂. If the total amount of Newton
steps required is low, it can cause the adaptive method to be less efficient than the fixed methods. For
the test case considered and other simulations done on the 1D solver in this study, an 𝜂0 of 0.01 was
considered. In Figure 4.5, the same Newton residual norm over GMRES iterations graph is shown for
CFL of 0.1. For this case, 𝜂0 was set to 0.99 for the adaptive forcing term method. What is observed
is that in the initial Newton steps, the forcing term is high. Because the forcing term is only updated
over the Newton steps, the result is that the adaptive forcing term takes a large number of GMRES
iterations compared to the other fixed forcing terms. For the 1D test cases considered in this study, the
initial forcing term of 𝜂0 = 0.01 produced good results and thus was chosen. Nonetheless, this observed
disadvantage of the adaptive forcing term method must be understood when using the method.

4.3.2. Jacobian Matrix Sparsity Pattern analysis
In the derivation of the DGSEM spatial discretisation in Subsection 3.2.4, it was derived that the usage
of the BR1 method for the viscous terms would lead to a widening of the numerical stencil. Therefore,
a preference of the BR2 scheme over the BR1 scheme for implicit solving has been found in literature
due to the more compact stencil of the BR2 method [56, 23]. However, here it is often assumed that
LG-DGSEM is used with Legendre-Gauss quadrature points. In this analysis, the Jacobian sparsity
pattern will be analysed to see the effect of the BR1 and BR2 schemes on the numerical stencil of the
DGSEM operator for both the LGL-DGSEM and LG-DGSEM.

The Jacobian matrix was constructed using the matrix-based GMRES method. The Jacobian matrix
sparsity pattern for the BR1 and BR2 viscous schemes using the LGL nodes is shown in Figure 4.6.
These Jacobian matrices correspond to a DG operator with 6 elements of polynomial order 2. This thus
leads to six elements with three DOF per element. As can be seen in Figure 4.6, a clear structure of the
block-diagonals can be observed in the Jacobian matrix. This is due to the local operating nature of
the DG operator, overlaying the DOF per element indicated with the red outlines this structure is even
better visible. Firstly, Figure 4.6c shows the sparsity pattern for the inviscid Burgers equation, using
an upwind flux. Here the coupling of the upwind flux for the numerical advective flux function is
clearly observed through the off-block-diagonal nonzero elements. Enabling the viscous terms for the
viscous Burgers equation results in the sparsity patterns shown in Figure 4.6a and Figure 4.6b for the
BR1 and BR2 schemes, respectively. Here, a clear change in the sparsity pattern caused by the viscous
operator is observed. Firstly, every interior point now is coupled to the neighbour edge point because of
the corrected gradient being used in the volume integral. The coupling of the edge points with the
neighbouring interior points is caused by the diffusive numerical flux function using the gradient from
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Figure 4.6: Jacobian matrix sparsity pattern for BR1 and BR2 viscous schemes with LGL nodes and inviscid Burgers equation. For
six elements of polynomial order two.

1 2 3 4 5 6

1

2

3

4

5

6

(a) LG-BR1

1 2 3 4 5 6

1

2

3

4

5

6

(b) LG-BR2

Figure 4.7: Jacobian matrix sparsity pattern for BR1 and BR2 viscous schemes with LG nodes and inviscid Burgers equation. For
six elements of polynomial order two.

both sides of the interfaces.

As can also be seen, there is no change in the sparsity pattern for the BR1 and BR2 schemes when
using the LGL nodes. This confirms the results shown by [96], as also explained in Subsection 3.2.4.
However, when using the LG nodes, a difference in Jacobian sparsity pattern can be observed between
the BR1 and BR2 schemes, as is shown in Figure 4.7. What is observed is that the flux evaluations on the
neighbouring elements are now dependent on all inner nodes of the neighbour, as can be seen by the
widened stencil. This, in turn, also causes the predicted and observed difference in Jacobian sparsity
pattern between the BR1 and BR2 methods when the LG nodes are used.

Lastly, the Jacobian matrix was also analysed for the case of a BR2 viscous scheme with LGL nodes and
the 𝜓 parameter as explained in Subsection 3.2.4 set to 1. With 𝜓 = 1 it was found that the Jacobian
matrix of the BR1 and BR2 method match exactly if LGL nodes are used, this aligns with Theorem four
from [97].

4.4. The Matrix-free Approach
In this section, the matrix-free GMRES approach applied to the 1D solver is studied. As explained in
Section 4.1, the matrix-free GMRES was implemented using a finite-difference approximation of the



4.4. The Matrix-free Approach 39

Jacobian operator as described in Subsection 3.4.4. In this section, firstly, preconditioning methods for
the matrix-based and matrix-free methods in the 1D solver will be described. After this, the performance
of the matrix-based and matrix-free methods is analysed in terms of memory consumption and runtime.
For all simulations considered in this section, the LGL-DGSEM method with a BR2 viscous scheme is
used.

4.4.1. Preconditioning Approaches for the 1D Solver
The preconditioning method is a crucial component of solving large, sparse linear systems with the
GMRES algorithm and therefore has to be chosen carefully. On the one hand, the preconditioner must
approximate the Jacobian as well as possible. On the other hand, it must not become too expensive to
construct and invert. Therefore, a balance must be found.

Matrix-based preconditioning approaches
For the matrix-based method, the following preconditioning methods have been considered.

The first matrix-based preconditioner considered was by performing an Incomplete Lower Upper (ILU)
factorisation on the full Jacobian matrix constructed with no fill-in, commonly referred to as ILU(0).
The ILU(0) is a common simple preconditioner that can be applied when the matrix is known. For the
ILU(0) factorisation, the IncompleteLUT2 class from the Eigen library was used. Where the fill factor
has been set to one in order to prevent any additional fill-in.

The second preconditioner used was an element block-Jacobi (EBJ) preconditioner. This preconditioner
follows from the observation that the Jacobian matrix sparsity pattern, analysed in Subsection 4.3.2,
naturally follows a block diagonal pattern. Specifically for the 1D DGSEM operator, this block diagonal
is dense. The idea of the EBJ preconditioner is to invert only the block diagonal elements corresponding
to each element’s DOF (indicated by the red outlines in Figure 4.6) independently. Because the diagonal
blocks in the 1D method are dense, LU decompositions with the Eigen PartialPivLU3 class are used. For
higher-dimensional block-Jacobian matrices, ILU0 or higher fill-in ILU methods could be considered.
With this, the inversions of the small diagonal block Jacobians are cheaper than the ILU0 inversion on
the entire Jacobian matrix. A disadvantage of this method is that the off-diagonal elements are not
included in the preconditioner. This results in a less accurate preconditioning matrix.

Matrix-free preconditioning approach
Preconditioning for matrix-free GMRES is challenging. This is because the matrix-free method aims to
avoid constructing and storing expensive Jacobian matrices, but preconditioning methods often make
use of an explicitly stored Jacobian, as already explained in Subsection 2.3.3.

For the 1D solver, it was decided to implement a matrix-free element block-Jacobi (MF-EBJ) preconditioner.
This preconditioner works as follows. For every element, a local DGSEM operator is used to construct the
diagonal block Jacobian for that element. The computation is done with a finite-difference approximation
for every DOF within the element, just as the global explicit matrix of the MB-GMRES method is
constructed. These block diagonal Jacobian matrices are then inverted using an LU decomposition just
as is done for the MB-EBJ preconditioner. The usage of an MF-EBJ preconditioner is inspired by the
work of Vangelatos [56], who applied a similar technique with an analytical block-Jacobi preconditioner
for the DGSEM.

4.4.2. Comparison Matrix-based and Matrix-free Implicit DGSEM
In this section, the MB-GMRES and MF-GMRES methods are compared against each other in terms of
convergence, simulation time and memory consumption. For the tests performed in this section, the
travelling Burgers wave test case described in Subsection 4.1.2 is used.

Performance matrix-based GMRES and matrix-free GMRES on the 1D solver
Firstly, the performance of the MB-GMRES and MF-GRMES algorithms with no preconditioner was
analysed. For this test case, the LGL-DGSEM was used with 64 elements of polynomial order 5. A
relative tolerance in the Newton solver of 1.0e-8 was used. In Figure 4.8, the convergence of the Newton
residual over the total GMRES iterations is shown for one full Newton solve. The observed behaviour

2https://www.eigen.tuxfamily.org/dox/classEigen_1_1IncompleteLUT.html
3https://www.eigen.tuxfamily.org/dox/classEigen_1_1PartialPivLU.html

https://www.eigen.tuxfamily.org/dox/classEigen_1_1IncompleteLUT.html
https://www.eigen.tuxfamily.org/dox/classEigen_1_1PartialPivLU.html
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(a) CFL = 1.0 (b) CFL = 10.0

Figure 4.8: Convergence behaviour MF- and MB-GMRES for varying CFL number over Newton residual.
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(b) Varying polynomial order, element count fixed at 64.

Figure 4.9: Peak memory consumption of MB- and MF-GMRES solver over varying element count and polynomial order.

is that the MF-GMRES algorithm does not always produce the same convergence as the MB method.
For this test case it is observed that for low CFL numbers, the MF method tends to have a higher total
GMRES iteration count than the MB method. Whereas for higher CFL numbers, the MB and MF appear
to match exactly in terms of Newton tolerance and GMRES iterations.

A possible reason for the difference in convergence behaviour between the MF and MB method, despite
both using FD approximations to form the (either explicit or in matrix-vector product form) Jacobian,
is that with the matrix-free approach, the pollution error is not constant with every GMRES iteration.
Although in the matrix-based method the Jacobian is also constructed with the FD method and contains
FD pollution errors, they are constant over the GMRES linear solve. For the matrix-free method, this
is not the case. Hence, giving a reason for the difference in convergence behaviour between the two
methods.

The peak memory consumption of the MB-GMRES and MF-GMRES methods was also analysed and
compared. For the measurement of the memory consumption the Heaptrack4 program was used. With
this program, the peak memory consumption for an increasing number of elements and an increasing
polynomial order was measured for the MB and MF methods. For the varying element count, a fixed
polynomial order of 5 was used. For the varying polynomial order, a fixed element count of 64 was
used. The results of these measurements are shown in Figure 4.9. From the memory consumption
measurements, a clear pattern was observed. Namely, as expected, the MB method used more memory

4https://github.com/KDE/heaptrack

https://github.com/KDE/heaptrack


4.4. The Matrix-free Approach 41

for all considered cases than the MF method. When analysing the memory usage of the MB method,
it also showed that this increased memory was mostly caused by the (sparse) storage of the Jacobian
matrix. Specifically, what was observed is that the two methods exhibit the same growth rate for
an increasing number of elements. Although the MB-GMRES method approximately uses double
the memory compared to the MF-GMRES method for all element counts considered. Whereas for
an increase in polynomial order, there is a clear difference in growth rate between the two methods.
The MB-GMRES method exhibits quadratic growth, whereas the MF-GMRES method exhibits linear
growth. This is because the number of nonzero elements in the Jacobian matrix approximately grows as
(𝑝 + 1)2𝑁elem. This results in the explicit storage of the Jacobian matrix causing a quadratic growth rate
of the memory consumption with an increase in polynomial order.

The non-preconditioned MB- and MF-GMRES methods were also simulated for CFL = 10.0 and a total
simulation time of 1.0 seconds. The measured CPU runtimes are reported in Table 4.2 and Table 4.3 for
change in element count and change in polynomial order, respectively.

Table 4.2: Total simulation CPU time for travelling Burgers
wave test case over varying number of elements, CFL = 10.0.

Polynomial order is fixed at 5.

CPU time [ms]
𝑁elem 16 32 64
MB 493 2125 15477
MF 191 680 2348

Table 4.3: Total simulation CPU time for travelling Burgers
wave test case over varying polynomial order, CFL = 10.0. The

number of elements is fixed at 64.

CPU time [ms]
𝑝 1 2 4

MB 116 861 4548
MF 44 236 893

From the measured run times, it was observed that both methods, as expected, showed an increase
in runtime with increasing element count or polynomial order. The simulation run time for the MB
method increases at a higher rate than the MF method, agreeing with the observed behaviour for the
memory consumption.

Discussion This analysis showed that the MB-GMRES was significantly slower than the MF-GMRES.
The poor run-time performance of the MB-GMRES method can likely be attributed in part to the
inefficient manner in which the Jacobian matrix is constructed in the MB-GMRES method. Namely,
as said before, the Jacobian matrix is constructed with the finite-difference operator for every DOF
independently, thereby filling the columns of the Jacobian matrix one by one. In other words, every
DOF is perturbed individually, and the linearised gradient is computed with the finite-difference
approximation.

There are several ways this approach could be approved. Firstly, the amount of evaluations required
to construct the Jacobian matrix with the FD operator could be reduced by making use of a colouring
algorithm on the sparsity pattern of the Jacobian as described in [112]. This would preserve the
advantage of using the complete Jacobian operator for the left-hand-side matrix. Secondly, the Jacobian
matrix could be constructed more efficiently by deriving it analytically and filling in the matrix in code.
This method has the lowest construction time, but finding the complete analytical Jacobian matrix is
often impractical or impossible, and simplifying assumptions have to be applied, which makes the
Jacobian inexact and possibly miss certain features of the spatial operator. This, in turn, may reduce the
convergence of the GMRES linear solver.

In this analysis, the inefficient manner in which the MB-GMRES is implemented is acknowledged.
Nonetheless, the observed memory consumption of the method and scaling provided insight into the
comparison of the two methods.

Performance preconditioners
With the performance of the non-preconditioned MB- and MF-GMRES method established. The study
was continued to analyse the effect of the preconditioners considered on the simulation run time,
memory usage and GMRES iterations.

First of all, the convergence of the Newton method over the total GMRES iterations for a full Newton solve
is shown for varying CFL numbers in Figure 4.10. First of all, for CFL = 1.0 and 10.0 the convergence and
total amount of GMRES iterations can be compared to the non-preconditioned case shown in Figure 4.8.
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(a) CFL = 1.0 (b) CFL = 10.0

(c) CFL = 50.0

Figure 4.10: Convergence behaviour MF- and MB-GMRES for varying CFL number over Newton residual.

Here, it was observed that the preconditioners worked as intended and lowered the total number of
GMRES iterations. Comparing the ILU0 and MB-EBJ preconditioners for the MB-GMRES method, the
ILU0 preconditioner provides more effective preconditioning for both CFL numbers. This agrees with
the observed characteristic of the EBJ preconditioner that it did not include off-block-diagonal elements,
and thus provides a worse approximation of the inverse of the Jacobian matrix. Comparing the MF-EBJ
and MB-EBJ preconditioners, it is observed that again the MF-GMRES method (with preconditioner
now) exhibits larger GMRES iterations than the MB-GMRES method. Increasing the CFL number to
50.0, shown in Figure 4.10c, the two methods again reproduce the same GMRES and Newton iterations.
Overall, it can be said that the effect of the MF-EBJ and MB-EBJ preconditioners is similar, and that the
ILU0 preconditioner for the MB-GMRES method produces fewer GMRES iterations than the MB-EBJ
method.

As for the non-preconditioned test case, full simulations with the various preconditioners were
performed, and CPU times and memory consumption were measured. These results are shown in
Table 4.4. Here it was observed that although the preconditioners reduced the GMRES iteration count,
they did not reduce the simulation runtime. This indicates that for this test case considered, the
cost of performing the preconditioning did not outweigh the reduction in GMRES iterations. More
discussion on this observation will be done at the end of this section. Additionally, it was found
that the preconditioning methods increased the peak memory consumption, as shown in Table 4.4.
Specifically, the ILU0 preconditioner significantly increases the memory usage compared to the MB-EBJ
preconditioner and MB-GMRES with no preconditioner. For the MF-GMRES method, it was observed
that the preconditioner significantly increased the runtime for this test case. Although the memory
usage did not increase significantly.
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Figure 4.11: Peak memory consumption of MF-GMRES with no preconditioner and with MF-EBJ preconditioner over varying
element count and polynomial order.

Table 4.4: Total simulation run times for travelling Burgers wave test case for various preconditioners. CFL = 10.0. A
computational grid of 64 elements of polynomial order 5 is used.

MB MF MB_EBJ ILU0 MF_EBJ
CPU time [ms] 15477 2530 15485 15010 5298

peak mem. consumption [kB] 520.1 262.6 546.3 733.2 295.6

In order to analyse the effect of the MF-EBJ preconditioner on the memory usage over varying amounts
of elements, a memory usage analysis was done and the result is shown in Figure 4.11. Here, it was
observed that the cost of storing the local element block Jacobians was not significantly large as the
memory consumption did not increase towards levels observed for the MB-GMRES method, which
were analysed in Figure 4.9.

Preconditioner freezing In order to attempt to reduce the cost of preconditioning, a freezing of
the preconditioners over the Newton solves was considered. Analysing the simulation run time and
memory consumption for this frozen preconditioner test case, the results are shown in Table 4.5.

Table 4.5: Total simulation run times for travelling Burgers wave test case for various frozen preconditioners. CFL = 10.0. A
computational grid of 64 elements of polynomial order 5 is used.

MB_EBJ ILU0 MF_EBJ
CPU time [ms] 15851 15636 2698

peak mem. consumption [kB] 546.3 733.2 295.6

It was observed that, specifically for the MF-GMRES method, freezing the preconditioner resulted
in a significant reduction of the CPU runtime. This, however, was not the case for the MB-GMRES
method. The difference is understood to be caused by the MB-GMRES method only requiring access to
the already computed Jacobian in order to create the block diagonal Jacobian inverses. Hence the hard
work has already been done in computing the Jacobian, which is done in every Newton step. For the
MF-GMRES method, however, the MF-EBJ preconditioner needs to create the diagonal blocks from
scratch.

Discussion
The comparisons of the preconditioners in this section were performed on the travelling Burgers wave
test case. This test case was used to be consistent with the other numerical experiments. However,
as already foreshadowed by the non-preconditioned methods converging and working well, the test
case was found to not necessarily be a representative test case of the more challenging systems to be
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solved in CFD. Namely, preconditioning for GMRES is required due to the system being solved being
ill-conditioned. This is because the solution is smooth, the grid is evenly spaced, and over time, the
solution only travels towards the right side. Printing out the Jacobian of the system for CFL = 10.0,𝑁 = 64
and 𝑝 = 5 and computing the condition number of the Jacobian matrix using the Numpy linear algebra
library5 showed that the condition number was approximately 60 (defined with 2-norm). This showed
that the test case was most probably too well-conditioned to test the power of the preconditioning
methods. Nonetheless, the preconditioning methods did reduce the total GMRES iteration count, and
the study was able to showcase the trade-off between the different preconditioners. As well as the
effectiveness of the matrix-free preconditioning method in terms of CPU time and memory usage.

4.5. Conclusions 1D Solver
In this chapter, the implementation and analysis of a 1D implicit DGSEM solver was described. The
1D solver structure was first explained. After this, the code was verified for spatial and temporal
convergence. Here, the expected convergence rates were obtained. The inexact Newton method was
also analysed and showed that the adaptive forcing term was able to produce low GMRES iterations
and CPU times for varying CFL numbers.

After this, the matrix-free approach was explored for the 1D solver. This started with the exploration of
preconditioning approaches for both the MB-GMRES and MF-GMRES methods. For the MF-GMRES
method, an element block-Jacobi (EBJ) preconditioner was constructed that made use of a local DGSEM
operator.

Comparison of the performance of the 1D solver code for the MB- and MF-GMRES methods showed
that the MB-GMRES method had significantly larger memory consumption compared to MF-GMRES,
resulting in higher CPU run times for the simulations considered. Although it can be argued that the
implementation of the MB-GMRES method was inefficient and that performance improvements are
possible, this makes the comparison somewhat unfair. The preconditioning methods considered for the
MB- and MF-GMRES methods were also analysed for performance. Here, it was found that although
preconditioning lowered the GMRES iterations, the CPU run times did not decrease significantly, for
both MB- and MF-GMRES. The culprit for this is most likely that the travelling Burgers wave test case
considered is too well-conditioned and does not represent the tougher cases faced in industrial CFD
applications.

5https://numpy.org/doc/stable/reference/generated/numpy.linalg.cond.html

https://numpy.org/doc/stable/reference/generated/numpy.linalg.cond.html


5
Matrix-free Implicit Time-integration

Scheme for DGSEM in TRACE

In the previous chapters, implicit time integration with the use of the matrix-free GMRES method was
explored in theory and practice with the stand-alone 1D solver. In this chapter, the implementation
of a prototype matrix-free implicit time-integration scheme for the DGSEM solver in the CFD code
TRACE (Turbomachinery Research Aerodynamic Computational Environment) developed at DLR’s
Institute of Propulsion Technology is covered. TRACE is a CFD solver developed specifically for internal
flow simulations of turbomachinery components, with ongoing development on the solver by DLR,
industrial partners and universities for more than three decades. The solver is written in C/C++ and
is capable of using a wide range of numerical methods to solve problems related to turbomachinery
engineering. The implementation of this prototype solver allowed for the usage of readily available
features in the TRACE code. The specific choices made on the implementation of the method in TRACE
are reported in Section 5.1. Following this, the test cases used to validate and experiment with the solver
are covered in Section 5.2. After this, the numerical experiments performed with these test cases are
reported in Section 5.3. Finally, a discussion on the implementation of the solver in TRACE is given in
Section 5.4.

5.1. Implementation Matrix-free DGSEM in TRACE
In this section, an overview of the implementation process of the matrix-free solver in TRACE is given.
The overview serves to show how the TRACE code was used and modified to produce a working solver.
Next to this, the main features and design choices of the implicit solver are presented and discussed.

5.1.1. Implementation Overview
The TRACE solver is an extensive code base that supports the usage of a wide range of numerical
methods. For implicit schemes, such as (U)RANS or harmonic balance (HB), linear solving schemes
such as LU-SGS or symmetric successive over-relaxation (SSOR) are commonly used paired with a
pseudo-time stepping Newton method. These schemes have been preferred over GMRES as the Jacobian
matrix is analytically built and is an approximation to the real Jacobian operator, as contributions from
boundary conditions are neglected, and other simplifications are made. Nonetheless, GMRES is also
available as a linear solver in TRACE, but as a matrix-based solver. Furthermore, for the DGSEM, only a
matrix-based prototype implicit solver that worked with the inviscid compressible Euler equations was
present. For this project, the goal was to implement an implicit solving scheme for the LGL-DGSEM
using a matrix-free GMRES method. Usage of such a method applied to the DGSEM was not done in
TRACE before. Fortunately, the sparse linear system solver (Spliss) developed by DLR [118] offered
matrix-free operator capabilities and had also been applied to replace the legacy linear solvers in TRACE.
Which meant that code and experience with connecting TRACE to Spliss were already present in the
TRACE community. Therefore, the Spliss linear solver library was chosen.
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Figure 5.1: Overview of implementation of matrix-free GMRES solver logic in TRACE.

The usage of matrix-free GMRES meant that the linear solver must be passed a function that can
evaluate the matrix-vector product of the Jacobian 𝐴 and the "search" vector 𝒗. In order to do this in a
matrix-free manner, using either the FD or AD differentiation techniques described in Subsection 3.4.4,
an operator to evaluate the right-hand side operator 𝑓 (𝒖) must be specified. For implicit time integration,
the existing code in TRACE is based on a stack of functions that perform all operations necessary to
construct the right- and left-hand sides of the system, which are then solved by the linear solver, before
further function calls in the stack update the solution. This stack of functions is then iteratively called
to perform the Newton solve. However, the sequence in which function calls are performed is not
straightforward due to the code being optimised for parallel performance. This causes the different
evaluations required (e.g. volume integrals for DG) to be organised in such a manner that, for instance,
non-blocking communications can be utilised. Furthermore, this code structure also contains many
functionalities which are not of interest for the prototype solver (e.g. combustion modelling, aerolasticity,
mesh deformation).

As the solver was aimed to be a prototype, it was decided not to add the matrix-free solver to the existing
solver logic. But instead, to use the existing functions in a new Newton solver loop. This allowed for
functions not of interest in the project to be ignored, reducing implementation complexity and sources
of possible bugs. A broad overview of how this Newton solver algorithm works, and how the existing
TRACE functions were utilised, is shown in Figure 5.1. It must be noted that the functions displayed
only serve as an example, and do not directly display all functions inside the solver. As the figure
shows, the stack of available functions in TRACE was reorganised to fit into the matrix-free linear solver
structure. Things such as memory allocation remained the same. Similarly, steps in the Newton solver,
such as updating metadata, were also unchanged. Prior to the linear solve, the preconditioner is also
updated if necessary, and these functions also had to be added. Contrary to matrix-based linear solvers,
the linear solver must be passed an operator that can evaluate the matrix-vector product in a matrix-free
manner. This operator is denoted with the matrix-vector product box and requires the specification of an
operator that evaluates the right-hand side of the system. This right-hand side operator was constructed
by piecing together the corresponding existing functions. These functions were also modified to ensure
that they did not change any other variables. The representative function is named computeRHS_DG().
In order to transfer data to and from Spliss, functions were developed that copied the right-hand side to
the linear solver ( 𝑓 (𝒖 𝒋) in Algorithm 2 shown in Subsection 3.4.2) and similarly also copied the solution
of the linear solve from Spliss to TRACE. Functions to control the Newton solver and time integration
from TRACE were also directly used in this solver, and so were the functions regarding the termination
of the TRACE solver.
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Although the overview of the implementation of the matrix-free solver is rather broad, the following
key aspects are noted. Instead of adding to the existing solver logic, pieces of the TRACE solver were
used in a separate Newton loop for prototyping purposes. The Spliss linear solver library is used for the
matrix-free GMRES solving. The largest implementation efforts required were the restructuring of the
TRACE solver functions to fit into the Newton solver loop, as well as coupling Spliss with TRACE for
the DGSEM method.

5.1.2. Solver Method Overview
Here, the choice and features of the nonlinear and linear solving methods will be described.

The first point of attention is the configuration of the spatial DGSEM discretisation. In this project,
the implicit solver was only applied to the LGL-DGSEM paired with the Kennedy-Gruber split-form
stabilisation [41] method with a BR2 method for the viscous terms. Although the LG-DGSEM method
is also implemented in TRACE, it cannot be used together with split-form methods. Furthermore, other
split-form schemes are also available in TRACE, but the implicit solver was not tested on these split-form
schemes due to time limitations. Furthermore, in this project, LES without any sub-grid-scale models is
considered, meaning that the only source of dissipation is from the spatial and time discretisations.
This is commonly referred to as implicit LES, as the sub-grid-scale model is implicitly included in the
equations by the numerical discretisation [119].

For the nonlinear solver, the inexact Newton method is used. In contrast to the inexact Newton method
in the 1D solver, in this case, only fixed Newton tolerances are used rather than the adaptive forcing
term that was explored for the 1D solver. The choice not to include the adaptive forcing term was made
to limit the size of the project. Because the existing Newton solvers in TRACE are all pseudo-transient
Newton solvers, the nonlinear solver is also capable of pseudo-time stepping. However, for all test cases
considered in this project this was not used, and the pseudo-time stepping was turned off.

As explained, the Spliss library [118] was used to perform the linear solve. The tolerance for the linear
solve is imposed by the inexact Newton method. The linear solver used is a matrix-free restarted
GMRES method. For the matrix-vector product operators, both the finite-difference (FD) and (forward)
automatic differentiation (AD) approaches were implemented. For the FD differentiation, the same
choice of perturbation parameter 𝜖 as shown in (3.88) was chosen, and the overall implementation
followed similarly to what was done for the 1D solver.

Forward automatic differentiation in TRACE The decision to implement both the FD and AD methods
was based on the research goals set at the start of the thesis. For the AD method, the CodiPack [84] code
differentiation package was used. It must be stated that the previous development of AD in TRACE
allowed for an easy implementation of a forward AD solver for this project. More details regarding this
implementation can be read in [82, 81]. Without this implementation of AD in TRACE, usage of the
method would not have been possible in this project due to its complexity. In essence, AD is applied to
TRACE and Spliss by using operator overloading, meaning that data types are overloaded with their
AD counterparts (e.g. using codi::RealForward instead of double) and arithmetic operators such as
+,−, / are overloaded to apply the derivative propagation as was explained in Subsection 3.4.4. For
usage of the forward AD method, the gradients originating from the Spliss solver (i.e. the 𝒗 matrix in
the 𝐴𝒗 matrix-vector product) were inserted with use of the .SetGradient() command and similarly
the matrix-vector product was obtained by using the .GetGradient() command after the right-hand
side evaluation was performed. This resulted in a clear and straightforward implementation of the
forward AD matrix-vector product operator.

Preconditioning For the preconditioning method of the GMRES solver, the ILU0 method was used. The
Spliss solver had the ILU(0) preconditioning feature readily available, and the only requirement was that
the preconditioning matrix was fed to the linear solver. In order to construct the preconditioning matrix,
the matrix-free solver probes a Jacobian nonzero pattern of the process local domain(s). Meaning that
contributions from other processors are not considered, this was chosen to avoid parallel communication
during the construction of the preconditioner as a first step in the implementation process. As also said
in the previous analysis of the Jacobian nonzero pattern, this pattern represents a dependency graph of
the operator over the DOF. With this pattern, DOFs that are independent of each other can be identified.
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This leads to grouping of DOF into different colour groups. All DOF in a colour group can be evaluated
within the same function evaluation without affecting other DOF in the same group. The Spliss solver,
in turn, is able to use this colouring to efficiently evaluate or update the preconditioning matrix, which
it then performs an ILU(0) inversion on. In this case, a partial distance-2 colouring is computed using a
greedy algorithm. More information on this method and Jacobian matrix colouring in general can be
found in [111, 112]. A very important note is that the implementation of this colouring algorithm was
already present in TRACE. All credits regarding this work are attributed to Dr. Jan Backhaus. The Spliss
solver also allowed other preconditioning methods to be used. Specifically, ILU(𝑝) preconditioning was
also made available, which used the same Jacobian matrix generator as described before. Next to this,
an inner GMRES preconditioning method was also readily available in the Spliss solver library and
was therefore made available. For the test cases considered in this project, however, only the ILU(0)
preconditioning method was considered. This was chosen because the literature review performed
suggested that an ILU(0) preconditioner would be the most performant preconditioner out of the three
methods available at that point in time, and due to the limited time available.

5.2. Setup and Test Cases TRACE Solver
In this section, the test cases and setup used for the numerical experiments performed on the implicit
DGSEM solver are described.

5.2.1. Isentropic Vortex Advection Test Case
The first test case considered is the advection of an isentropic vortex. This is a 2D test case using the
Euler equations, and enabled an initial verification on the solving scheme before including viscous terms
into the system of equations. The test case involves the advection of a vortex through a rectangular
domain with periodic boundary conditions in all directions. This test case, therefore, tests the ability of
the solver to correctly advect vortical flow structures.

The initial conditions are created with perturbations based on a Gaussian function

Ω = 𝛽𝑒 𝑓 (5.1)

𝑓 = − 1
2𝜎2

[(
𝑥

𝑅

)2
+

( 𝑦
𝑅

)2
]
. (5.2)

This perturbation was then used to construct an initial solution field defined by the functions shown in
(5.3) to (5.10), that correspond to an isentropic vortex moving with a free-stream Mach number in the
x-direction. The parameters chosen are summarised in Table 5.1. These parameters are commonly used
for high-order workshops, such as [3]. Only the size of the vortex relative to the domain was increased
to reduce computational costs. A rectangular domain of 0.1 × 0.1 [m] was used. In [120], a detailed
survey of the different variants of this problem is described. A visualisation of the initial pressure field
is shown in Figure 5.2.

𝛿𝑇 = −𝛾 − 1
2 Ω2 (5.3)

𝑇 = 𝑇∞(1 + 𝛿𝑇) (5.4)

𝜌 = 𝜌∞ (1 + 𝛿𝑇)
1

𝛾−1 (5.5)

𝛿𝑢 =
−𝑦
𝑅

Ω (5.6)

𝛿𝑣 =
𝑥

𝑅
Ω (5.7)

𝑢 = (𝑀∞ + 𝛿𝑢) 𝑎∞ (5.8)
𝑣 = (𝛿𝑣) 𝑎∞ (5.9)

𝑝 =
𝑝∞
𝛾

(1 + 𝛿𝑇)
𝛾

𝛾−1 (5.10)

Table 5.1: Parameters chosen for isentropic vortex
advection test case.

𝛼 0[◦]
𝑀∞ 0.5 [-]
𝑝∞ 100 [kPa]
𝑇∞ 300 [K]
𝑅gas 287.15 [ J

kg·K ]
𝑅 0.01
𝜎 1
𝛽 0.2

For the spatial discretisation in this test case, only one configuration was used. Namely, a two-
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Figure 5.2: Visualisation of initial pressure field for isentropic vortex advection test case.

dimensional mesh consisting of 12 × 12 elements of polynomial order 6, resulting in a total of 84 × 84
DOF1.

5.2.2. Laminar and Turbulent Channel Flow Test Case
In order to verify the working of the implicit solver using the Navier-Stokes equations, a channel flow
simulation was used. For this channel flow, two configurations at different friction Reynolds numbers
were used. The friction Reynolds number is defined as

𝑅𝑒𝜏 =
𝜌̄𝑢̃𝜏
𝜇̄
. (5.11)

Where 𝜌̄ and 𝜇̄ are the bulk density and molecular viscosity, respectively. 𝑢̃𝜏 Is the Favre-averaged
friction velocity as described in (5.17). Periodic boundary conditions are applied in the stream- (x) and
span-wise (z) directions. In the wall-normal direction no-slip wall boundary conditions are used. The
first test case considered was a laminar channel flow test case with 𝑅𝑒𝜏 = 50, and secondly, a turbulent
channel flow test case with 𝑅𝑒𝜏 = 395 was used.

The computational domain is defined as 2𝜋𝛿 × 2𝛿 × 𝜋𝛿 with 𝛿 = 0.006 [m]. The Mach number was
chosen to be M = 0.1 [-]. In the wall normal direction, the element sizes were stretched with relation to
the distance of the wall using

𝑦𝑖 =
1
𝑎

tanh
((

2𝑖
𝑛

− 1
)

arctanh(𝑎)
)
, 𝑖 = 0, 1, ..., 𝑁 , (5.12)

with 𝑎 = 0.995 being used. Equal element spacing was used in the other directions. For this test case,
three computational domains were used. Firstly, the LCF_50 laminar channel flow test case at 𝑅𝑒𝜏 = 50
used a mesh of 8× 8× 8 elements of polynomial order 3, resulting in 323 DOF. For the turbulent channel
flow, two different spatial discretisations were used. Firstly, the TCF_395 case, which consisted of
16 × 16 × 16 elements of polynomial order 3. And secondly, the TCF_395-fine case that consisted of
24 × 24 × 24 elements of polynomial order 3. The properties of the three spatial discretisations are
summarised in Table 5.2.

The simulations were initialised by imposing a 1D solution obtained from a steady RANS simulation
onto the 3D initial flow field. The RANS simulation was performed using the FV solver in TRACE. For
the laminar test case, this RANS simulation had no turbulence model. For the turbulent test case, a

1TRACE is a three-dimensional solver, so a mesh of 12 × 12 × 1 elements results in DGSEM degrees of freedom (DOFs) still
being present in the third dimension. However, because only one element is used in this direction, TRACE effectively behaves as a
two-dimensional solver.
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Table 5.2: Computational domains considered for the channel flow test case.

Name 𝑅𝑒𝜏 𝑝 𝑁elem DOF
LCF_50 50.0 3 83 323

TCF_395 395.0 3 163 643

TCF_395-fine 395.0 3 243 963

RANS simulation with the Menter SST 𝑘-𝜔 [121] turbulence model, as implemented in [122], was used.
Next to this, for the turbulent test case, the initial flow field obtained by RANS was further modified
to add synthetically generated turbulent velocity fluctuations to the flow field, reducing the required
initialisation of the simulations to produce fully developed turbulent flow. In order to drive the flow to
the specified friction Reynolds number, a constant body force source term in the streamwise direction is
added to the momentum equation.

For the laminar test case of 𝑅𝑒𝜏 = 50, an analytical velocity profile could be derived as a reference
solution. Namely, following (7.10) and (7.13) from [123], the streamwise velocity profile over the channel
height,𝑈(𝑦), of a laminar channel flow can be described using

𝑈(𝑦) = 𝜏𝑤𝛿
2𝜌𝜈

𝑦

𝛿

(
2 − 𝑦

𝛿

)
. (5.13)

Where 𝛿 is the half-channel height, 𝜌 is the bulk density, 𝜈 is the kinematic viscosity, and 𝜏𝑤 is the shear
wall stress, which is determined by the pressure gradient enforced

−d𝑝𝑥
d𝑥 =

𝜏𝑤
𝛿
. (5.14)

Writing (5.13) in term of the friction Reynolds number 𝑅𝑒𝜏 = 2𝑢𝜏𝛿/𝜈, friction velocity𝑈+ = 𝑈/𝑢𝜏 and
wall units 𝑦+ = 𝑦𝑢𝜏/𝜈 the following is obtained

𝑈+(𝑦+) = 𝑦+ − (𝑦+)2
2𝑅𝑒𝜏

. (5.15)

5.2.3. Time-integration Schemes for the TRACE Solver
The time-integration schemes that were present in the TRACE solver were used. Namely, for the implicit
solver, the first-order backward Euler (BE), the second-order two-stage SDIRK scheme (SDIRK2-B) from
[124], the third-order three-stage SDIRK scheme (SDIRK3) from [125] and the fourth-order five-stage
ESDIRK scheme (ESDIRK4) from [126] have been used. The first-order, second-order and third-order
implicit schemes are solely used for the temporal convergence order test in Subsection 5.3.1. Only the
ESDIRK4 scheme is considered for the LCF_50 and TCF_395 test cases. This is because of the observed
efficiency of the fourth-order scheme for implicit time integration in literature as discussed in Section 2.2.
Although the fifth-order eight-stage ARK5(4)8L[2]SA-ESDIRK scheme developed by [127] was also
available in TRACE, the increase of stage numbers from five in the fourth-order scheme to eight in the
fifth-order scheme was expected to reduce the numerical efficiency of the method, and therefore it was
not used.

For the explicit solver, the third-order three-stage ERK scheme (ERK3) from [128] and "the" fourth-order
Runge-Kutta scheme (ERK4) [117] were used. The ERK4 scheme was used for the LCF_50 test case
in order to converge to the steady solution faster, although it is expected that the ERK3 scheme also
would have provided the same result. For the unsteady TCF_395 test cases, the ERK3 scheme is used.
This explicit time-integration scheme is the standard for unsteady LES with DGSEM in TRACE. The
time-integration schemes are summarised in Table 5.3. The complete Butcher tableaus of these schemes
are listed in Appendix A.

5.3. Numerical Experiments on Implicit DGSEM Solver in TRACE
In this section, the numerical experiments performed with the previously defined test cases are
reported. In these experiments, the working of the implicit DGSEM solver is tested by comparison with
experimental results and with results from the existing explicit DGSEM solver in TRACE.
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Table 5.3: Time-integration schemes used in the TRACE solver.

Name Type Order Stages
BE Implicit 1 1

SDIRK2-B [124] Implicit 2 2
SDIRK3 [125] Implicit 3 3

ESDIRK4 [126] Implicit 4 5
ERK3 [128] Explicit 3 3
ERK4 [117] Explicit 4 4
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Figure 5.3: Temporal convergence rates of backwards Euler (BE), SDIRK2-B, SDIRK3, and ESDIRK4 as specified in Appendix A
for FD implicit solver (left) and AD implicit solver (right).

5.3.1. Temporal Convergence Rate Test
The first numerical experiment performed was to validate the temporal convergence rates of the implicit
solver applied to existing SDIRK and ESDIRK integration schemes in TRACE. To perform this validation,
the isentropic vortex advection test case described in Subsection 5.2.1 is used.

Although other usages of the isentropic vortex advection considered multiple vortex advections through
the domain [120], for this test case the vortex was only propagated for 10% of a full advection through
the domain. In order to neglect spatial discretisation errors, a solution obtained with the explicit DGSEM
solver in TRACE using the ERK4 scheme was used as a reference solution. A fine time-step size was
chosen for this explicit solution in order to ensure low temporal discretisation error. Next to this, the
relatively fine spatial discretisation also ensured that the spatial discretisation error would not dominate
the measured errors.

The results are shown in Figure 5.3. Both the implicit solver with AD- and FD-based differentiation
show the same convergence results. As can be seen, the expected rates of convergence for the different
temporal schemes are reached. This experiment verified the correct working of the solver with existing
time-integration schemes in TRACE.

5.3.2. Performance Analysis FD and AD Matrix-free Differentiation Methods
With initial verification of the solver performed, the isentropic vortex advection test case described
in Subsection 5.2.1 was again used to analyse the performance differences between the AD and FD
differentiation methods.

The first point of interest was to evaluate the performance of the two methods when they both performed
the same number of numerical operations. The performance of the solvers was measured by simulating
over a fixed number of time steps, with a fixed number of Newton iterations per time step, as well as
a fixed number of GMRES iterations per Newton solve. This test case was then performed using 3,
6, 12, and 24 CPUs to also analyse the scaling of both methods. For these tests, the preconditioning
matrix was evaluated once at the start and frozen over the entire simulation. The tests were repeated,
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Table 5.4: Performance evaluation of FD and AD differentiation methods applied to the 2D inviscid vortex advection test case.
Both methods performed the exact same number of Newton steps and GMRES iterations.

CPU wall time [s] scaling peak mem. per CPU [MB] 𝑡𝑤𝑎𝑙𝑙,𝐴𝐷/𝑡𝑤𝑎𝑙𝑙,𝐹𝐷
Method AD FD AD FD AD FD -

3 351.6 764.3 1.00 1.00 443.4 315.1 2.17
6 188.9 424.1 1.80 1.86 235.2 173.2 2.25
12 109.5 233.3 3.28 3.21 140.0 106.5 2.13
24 72.7 167.5 4.56 4.84 96.7 77.2 2.30

and average wall-clock times and peak memory consumption per CPU were measured. The results
are shown in Table 5.4. The results showed that, on average, for this test case, the AD method was
≈ 2.2 times slower than the FD method. This aligns with the expected factor of approximately ≈ 2.0
that is based on AD variables requiring twice the amount of numerical evaluations due to the operator
overloading. Therefore, if the same amount of numerical operations are performed, this factor should
be expected. Looking at the peak memory consumption, it was found that the AD method consumes
more memory per CPU on average, with the ratio between the AD and FD method being largest for
3 cores and smallest for 24 cores. The decrease in memory consumption relative to the FD method
with increasing core count is understood to be caused by the metadata of the solver being of significant
size compared to matrices and solution vectors. With increasing core count, every processor has to
store a smaller part of the domain. Whereas the metadata for the solver probably does not decrease in
size. This causes the ratio of memory consumption between the FD and AD methods to come closer to
each other. Again, such observations are made with a fixed number of GMRES iterations between both
methods. For example, an increase of the Krylov subspace could mean greater memory consumption
for either of the methods in a practical use case.

Accuracy FD and AD differentiation methods A known disadvantage of the FD method is that the
derivative obtained is a first-order approximation and contains truncation errors and possible round-off
errors. The question remains, however, if this error is significant enough to affect the linear solver to
an extent that more precise differentiation methods, such as forward AD, are necessary. This is a very
broad question that also depends on the test case considered. Here, a small analysis regarding the effect
of the pollution error for the FD method compared to the exact AD method is described.

While experimenting with the solver, it was observed that the FD method exhibited stagnation when
the restarted GMRES was used. As an example, the isentropic vortex advection test case was again used.
Two different GMRES configurations were used. One with a maximum Krylov subspace of 𝑚 = 5 and
a maximum number of GMRES iterations of 100 such that the method was forced to restart every 5
GMRES iterations. The other GMRES method imposed a maximum Krylov subspace of 𝑚 = 100 with a
maximum number of GMRES iterations of 100, such that no GMRES restarts were enforced. In order to
analyse the effect of the FD error on the linear solve, the FD and AD differentiation methods were used.
Next to this, a modified AD method that added a random pollution error that was of a similar size to the
expected FD error was used. The results are shown in Figure 5.4. The modified AD method is denoted
with AD_polluted. Comparing the FD and AD methods, the stagnation that was described before can
clearly be seen for the restarted GMRES shown in Figure 5.4a. The verification that this stagnation is
caused by the truncation error of the FD method is confirmed by the behaviour of the AD_polluted
method, which shows a similar stagnation behaviour as the FD method. Furthermore, the residual value
range at which the stagnation occurred for the AD_polluted method could be controlled by increasing
and decreasing the random noise added to the AD gradient. Interestingly, the observed stagnation is
not observed for non-restarted GMRES as shown in Figure 5.4b. Lastly, it is observed that for the AD
method, the reduced Krylov subspace used by the restarted GMRES influences the convergence of the
method over the 100 linear iterations considered when compared to the non-restarted GMRES. This is
the expected behaviour of the method, as the increased Krylov subspace increases the accuracy of the
GMRES approximation.

The observed stagnation of the restarted GMRES method is explained by the following hypothesis.
When building the Krylov subspace, the GMRES method evaluates the linear residual based on the
projected residual resulting from the Givens rotation (𝑦 𝑗+1 in Algorithm 2 shown in Subsection 3.4.2).



5.3. Numerical Experiments on Implicit DGSEM Solver in TRACE 53

0 20 40 60 80 100
GMRES iterations

10 13

10 11

10 9

10 7

10 5

10 3

10 1
GM

RE
S 

re
sid

ua
l

AD
AD_polluted
FD

(a) Restarted GMRES with 𝑚 = 5 and maximum GMRES iterations of
100.
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(b) GMRES with 𝑚 = 100 and maximum GMRES iterations of 100.

Figure 5.4: GMRES residuals over a single linear solve for restarted GMRES (left) and GMRES with no restart(right) for FD, AD
differentiation methods.

The GMRES algorithm assumes that firstly, the Jacobian 𝐴 is a linear operator and secondly, that 𝐴 does
not change. By using the FD method, both of these assumptions are not strictly adhered to. This means
that the projected residual using the Givens rotation is not equal to the true residual

||𝛽𝒗1 − 𝒉𝑚𝑦𝑚 || ≠ || − 𝑓 (𝒖 𝑗) − 𝐴Δ𝒖 𝑗
𝑟+1||. (5.16)

Indeed, the operator fed to the GMRES 𝐴̃ is an approximation to the actual operator 𝐴 in the case of
the finite-difference method. The Krylov subspace being built uses 𝐴̃ and thus also converges to the
solution for the system of 𝐴̃𝒙 = 𝒃. Interestingly, although the matrix-vector product is not consistent
because the added truncation error is random, the projected residual still converges to machine precision
in the case of non-restarted GMRES. In [129], the convergence of GMRES with an inexact operator
is proven. It is thus understood that the method can converge to the solution until the exactness of
the operator has been reached. Hence, when the restarted GMRES re-evaluates the residual and the
solution is close enough that the round-off error starts to significantly pollute the Jacobian evaluations,
the GMRES method stagnates. It is therefore understood that the solutions of the non-restarted GMRES
with the FD (and also AD_polluted) method are also only correct up until the observed truncation
error for the restarted GMRES. To further support the given hypothesis, when increasing the GMRES
iterations from 100 to 200, the AD method was also observed to hit a stagnation when the drop in linear
residual reached machine precision, as shown in Figure 5.5. This shows that the AD method also has
a random round-off error at machine precision, which causes the projected residual to be unequal to
the real residual. The accuracy analysis clearly shows the disadvantage of the FD method. However,
the question remains whether this flaw actually influences the practical usage of the method. This
mostly depends on how tight the linear solves are required to be to achieve the most efficient Newton
solve, which varies with the conditions of the system being solved, as was shown in Subsection 4.3.1.
For unsteady implicit time integration of turbulent flows, it is known that often loose linear solves are
sufficient. In this work, the linear solver is used inside a nonlinear solver, which means that the worst
outcome is that the Newton method converges non-optimally. However, if linearised time-integration
schemes such as the Rosenbrock methods are used, the stagnation of the GMRES method could mean a
worsening of the solution [130].

5.3.3. DNS of Laminar Channel Flow at 𝑅𝑒𝜏 = 50
With the temporal convergence rates and working of the solver validated for the Euler equations, the
next step was to validate the method for the compressible Navier-Stokes equations. The first numerical
experiment performed to do this was to apply the solver to a laminar channel flow. More specifically,
the LCF_50 test case described in Subsection 5.2.2. For this low friction Reynolds number, the channel
flow is laminar and steady in time [131]. As explained before, the DGSEM simulations were initialised
with a 1D solution obtained from a steady RANS simulation converged to machine precision. With
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Figure 5.5: GMRES residuals over a single linear solver for restarted GMRES. AD is given 200 iterations to showcase stagnation at
machine precision.
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Figure 5.6: Mean friction velocity profile over complete channel height for 𝑅𝑒𝜏 = 50 followed from an analytical solution shown in
(5.15), a 1D FV RANS simulation and 3D unsteady DGSEM simulations using explicit and implicit time-integration schemes.

this, the expected outcome of the unsteady DGSEM solutions is that the flow field remains steady over
time, as the input flow was already a fully developed laminar steady flow. Nonetheless, a setup more
commonly used for turbulent channel flows (3D, unsteady simulation) was opted for to validate the
working of the unsteady solver. For the implicit solver, the ESDIRK4 time-integration scheme was used
with a maximum CFL number of approximately 1000. For the explicit time-integration scheme, the
ERK4 time-integration scheme was used, and a maximum CFL number of approximately 1.0 was used.

The friction velocity profiles of the analytical solution, RANS solution, and the solutions obtained by the
DGSEM solver with time-explicit and time-implicit time-integration methods are shown in Figure 5.6.
For the unsteady DGSEM simulations, the field considered was an instantaneous flow field at the end of
the simulation. As can be seen, the outputs of both the existing time-explicit as well as the time-implicit
scheme for the DGSEM solver agree well with the analytically obtained solution. This test case validated
that the time-implicit solver produced the same results as the time-explicit solver for a steady test case
using the compressible Navier-Stokes equations.

5.3.4. LES of Turbulent Channel Flow at 𝑅𝑒𝜏 = 395
With the basic working of the implicit solver verified for the Navier-Stokes equations, the next step was
to apply the implicit scheme to an unsteady turbulent channel flow with friction Reynolds number
𝑅𝑒𝜏 = 395. The goal of this test case was to further validate the working of the implicit DGSEM solver for
an unsteady LES of the channel flow. Next to this, it was also aimed at understanding the characteristics
of the implicit DGSEM solver applied to such an unsteady test case. Namely, to analyse the effect of the
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(a) Total CFL number (b) Convective CFL number

Figure 5.7: Visualisation of the instantaneous CFL number and convective CFL number as reported by TRACE of the turbulent
channel flow with the explicit time-scheme configuration.

increased time-step size on the accuracy of the solution. Although one of the major driving points for
the usage of implicit schemes in unsteady simulations using DGSEM is to overcome the overly restrictive
constraints for explicit schemes, the limit of the time-step size that can be taken while still resolving
turbulent structures is not well defined. Moreover, this test case also allowed for the identification of
suitable nonlinear and linear solver settings.

As explained in Subsection 5.2.2, the initial flow field was an FV RANS solution with superimposed
synthetically generated turbulence. Nonetheless, the simulations had to be run for a sufficient amount
of physical time in order to properly generate fully turbulent channel flow, and also long enough to
gather statistical data of this flow. Therefore, the simulations were run for 20 eddy turnover times
(= 𝑡𝑢𝜏/𝛿) to develop a fully turbulent flow. Following this, the simulation was continued for another 20
eddy turnover times to record the flow field and reduce statistical errors. For the first tests, the TCF_395
mesh was used as described in Table 5.2.

For the explicit DGSEM case, the ERK3 time-integration scheme is used, and the time-step size is driven
by the maximum CFL number in the domain, being approximately CFL = 1.0. A visualisation of the
CFL number for the explicit configuration over a slice of the domain is presented in Figure 5.7a. What
can be seen from this representation is that for a large portion of the domain, the CFL number is much
lower than the maximum CFL number found inside the domain. Only close to the walls the maximum
is reached. Looking at the convective CFL number on the same slice in Figure 5.7b, it can be seen that
the convective CFL number does not reach its maximum near the walls as the CFL number does. This is
due to the lower flow velocities near the wall. Furthermore, due to the low Mach number chosen in the
simulation, it can also be noticed that the convective CFL number is much lower (maximum of 4.5e-3)
compared to the total CFL number. This is due to the CFL number taking into account the speed of
sound as the solver is compressible. The low Mach number of the test case increases this difference as
acoustic pressure waves move at smaller timescales than the convective waves. As stated before, for the
implicit solver, the ESDIRK4 time-integration scheme is selected. In order to evaluate the effect of the
time-step size, CFL numbers of 100.0 and 200.0 were considered for this test case. This corresponds
to a maximum convective CFL number of approximately 0.45 and 0.9, respectively. For the nonlinear
Newton solver, a relative tolerance of 𝜎 = 10−2 was used. Although lower Newton relative tolerances
(𝜎 = 10−3) were also considered, they did not increase the accuracy of the solution but did increase run
times. For the linear solver, a relative drop of 𝜂 = 0.1 was used.

As a relatively coarse linear solve was allowed, it was decided to use the FD differentiation method paired
with a non-restarted GMRES. This choice was further motivated by the performance of the FD method
compared to the AD method shown in Subsection 5.3.2. For the implicit schemes, the preconditioner
was forced to update whenever it detected that the linear solver was not able to successfully reduce the
residual to the specified limit. However, it was found that the preconditioner was never required to be
updated during the simulations, resulting in a fully frozen preconditioner over the entire simulation.
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Figure 5.8: Q-criterion iso-contours of 4.0e7 coloured with velocity magnitude of an instantaneous flow field of the turbulent
channel flow at 𝑅𝑒𝜏 = 395. Specific flow field generated from time-implicit simulation using ESDIRK4 [132] time-integration

scheme with CFL number of 100.0.

It is hypothesised that the frozen preconditioner remained effective due to the initial solution with
synthetically generated turbulence imposed on the RANS solution being close to the real turbulent
flow, meaning that the global characteristics of the Jacobian operator remained constant over the entire
simulation and were captured in the initial construction of the preconditioner. Full freezing of the
preconditioner was also found to be effective by Vangelatos for a similar turbulent channel flow test case
[56]. A visualisation of the Q-criterion for an instantaneous flow field of the turbulent channel flow is
shown in Figure 5.8.

In order to compare the solutions of the different test case configurations, the Favre-averaged mean
friction velocity profile as well as the Reynolds stress profiles are compared to DNS reference data
generated by [133]. Favre averaging is used due to the flow being compressible. The normalised friction
velocity 𝑢̃+ and Reynolds stresses �𝑢′′

𝑢
′′ are defined as
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The results are presented in Figure 5.9. Firstly, a general observation is made that the numerical results
deviate from the DNS reference data but are in agreement with each other. Therefore, this deviation is
understood to be related to the spatial accuracy and not the temporal resolution. The mean velocity
profiles shown in Figure 5.9a indicate that the explicit and implicit LES cases agree with the DNS
reference in the viscous sublayer (𝑦+ ≤ 5) and start to deviate within the buffer layer (5 ≤ 𝑦+ ≤ 30).
Comparing the explicit case with the CFL100 and CFL200 implicit cases, it is observed that the CFL100
matches the explicit case more closely. The higher mean velocity in the outer layer (𝑦+ ≥ 50) could
indicate that the flow is more laminar due to the greater dissipation provided by the larger time-step size.
Looking at the mean Reynolds stress profiles in Figure 5.9b, the ERK3, CFL100 and CFL200 are observed
to be in greater agreement with each other. What is observed, however, are irregularities in the solution
resulting in a non-smooth behaviour across all three cases for the

√�𝑢′′
𝑢

′′+ and
√�𝑤′′

𝑤
′′+ profiles when

compared to the reference data. This behaviour is understood to be caused by the presence of aliasing
errors due to the flow being underresolved. Nevertheless, the irregularities are present across both the
explicit and implicit cases, indicating that the issue is not caused by the time-integration scheme.

Influence of mesh refinement In order to further investigate the aliasing errors observed, a similar
set of test cases with ERK3 at CFL 1.0, ESDIRK4 at CFL 100.0 and CFL 200.0 was simulated on the
TCF_395-fine mesh with 963 DOF as shown in Table 5.2. The mesh resolutions normalised over the wall
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Figure 5.9: Mean streamwise friction velocity and Reynolds stress profiles for turbulent channel flow at 𝑅𝑒𝜏 = 395 for 643 DOF
DGSEM simulation. DNS data from Iwamoto et al. [133].

Table 5.5: Mesh resolution normalised over wall unit for LES mesh of turbulent channel flow test cases at 𝑅𝑒𝜏 = 395.
Name Δ𝑥+ Δ𝑦+ Δ𝑧+

TCF_395 51.527 0.731 25.764
TCF_395-fine 34.351 0.425 17.176

unit are presented in Table 5.5. This mesh resolution corresponds to the distance between equidistantly
spaced points within a DG element, defined as

Δ𝑦 =
Δ𝑦elem

𝑁
. (5.18)

Although the inner-nodes of the DG element are not equidistantly spaced, as shown in Figure 3.1, the
assumption of equidistant spacing to present mesh resolution is commonly made for DG methods [2].
Again, this test case was simulated for 40 eddy turnover times and statistical data were obtained from
probes inside the channel. Although the CFL 200 case ran for nearly 90% of the specified simulation
time, it eventually crashed at the end. Possibly, increasing the drop in nonlinear residual could prevent
this configuration from crashing, but further analysis could not be performed due to time limitations.
The velocity profiles produced for these test cases are shown in Figure 5.10. The first general observation
that can be made is that the LES results now are in better agreement with the DNS reference data. This
logically follows from the increased spatial resolution. Furthermore, the discontinuities in the mean
Reynolds stress profiles observed for the TCF_395 case are not observed for this TCF_395-fine mesh, as
can be seen in Figure 5.10b. Indicating that the TCF_395 mesh might be too coarse for the 𝑅𝑒𝜏 = 395
channel flow.

For further analysis, the one-dimensional energy spectrum of the streamwise velocity component was
analysed for the explicit and implicit cases on the TCF_395 and TCF_395-fine meshes. In order to
obtain the spectra, the probed streamwise velocity at a channel height of 𝑦+ ≈ 70 is used at multiple
spanwise and streamwise locations in the channel. The probed velocity is then used to compute
velocity fluctuations over time. These velocity fluctuations are then used to compute the power spectral
density of the streamwise velocity component using Welch’s method [134]. The spectra are presented
in Figure 5.11. For the spectra of the TCF_395 mesh cases shown in Figure 5.11a, no difference in the
energy spectra of the ERK3 and CFL100 and CFL200 simulations was observed. A possible explanation
for why the previously observed difference in the mean streamwise velocity profile of the CFL200 and
CFL100 cases is not found here is that the signal has high noise. What was observed, however, is that
the energy corresponding to 𝑓 = 0 [Hz] obtained from the Fourier transform was higher than that of
the CFL100 and ERK3 cases. This observation is in line with the observed higher streamwise mean
velocity observed in Figure 5.9a. The energy spectra for the different time-integration schemes on the
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Figure 5.10: Mean streamwise friction velocity and Reynolds stress profiles for turbulent channel flow at 𝑅𝑒𝜏 = 395 for 963 DOF
DGSEM simulation. DNS data from Iwamoto et al. [133].
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(a) 𝐸𝑢𝑢 energy spectra for TCF_395 643 DOF mesh.
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Figure 5.11: One-dimensional energy spectrum of the streamwise velocity 𝐸𝑢𝑢 in x-direction at 𝑦+ ≈ 70 for different
time-integration schemes and spatial resolution.
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Table 5.6: Wall times of 𝑅𝑒𝜏 = 395 channel flow simulations of 40 eddy turnover times for simulations performed.

Temporal scheme Diff. method CFL Mesh configuration Cores Wall time [hh:mm:ss]
ERK3 - 1.0 TCF_395 256 18:54:04

ESDIRK4 FD 100.0 TCF_395 256 13:49:07
ESDIRK4 FD 200.0 TCF_395 256 10:04:20

ERK3 - 1.0 TCF_395-fine 512 52:34:41
ESDIRK4 FD 100.0 TCF_395-fine 512 44:59:34
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(a) One-dimensional energy spectrum of the streamwise velocity 𝐸𝑢𝑢 in
x-direction at 𝑦+ ≈ 70.
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Figure 5.12: Comparison of ERK3, ESDIRK4 at CFL 100 and 200 against the BE time-integration scheme at CFL 200.

refined TCF_395-fine mesh are shown in Figure 5.11b. Here again, the ERK3 and CFL100 cases were
observed to match well with each other. However, a clear difference is seen when comparing with the
TCF_395 643 DOF ERK3 case, as also shown in this figure. Here, the effect of coarsening the mesh can
clearly be seen, as high-frequency scales are dissipated more strongly. The clear effect of the spatial
dissipation influencing only the small scales also shows the favourable dissipation-dispersion relations
of the DGSEM.

The total wall times of the simulations considered in this experiment are reported in Table 5.6. Compared
to the explicit solver, the implicit scheme produced lower wall times for both the CFL100 and CFL200
cases. This too is the case for the 963 CFL100 case. This result furthermore validates the proper working
of the implicit solver in an HPC setting. However, it must be noted that this performance measurement
of one specific test case cannot be directly assumed to be similar for different test cases. Nonetheless,
the results of the implicit solver showcase that by increasing the time-step size beyond the explicit CFL
limit, and using an efficient matrix-free GMRES solving scheme, the run times of turbulent simulations
can be reduced.

Influence of temporal dissipation As a final experiment, it was decided to investigate the effect of
temporal dissipation on the simulation of the turbulent flow. For this, the TCF_395 mesh paired with the
BE scheme at a CFL number of 200 was used. This simulation was run for 40 eddy turnover times, just
as the previous experiments. Although the simulation crashed at approximately 90% of the specified
simulation time, enough statistical data was gathered to investigate the velocity profiles. The same
relative linear tolerance of 10−1 and nonlinear tolerance of 10−2, with a fully frozen ILU0 preconditioner,
were used in the test case. The results are presented in Figure 5.12. Analysing the energy spectra shown
in Figure 5.12a, it can be seen that the BE scheme introduces significant dissipation into the turbulent
flow across all frequencies. This can be expected from the lower order of accuracy of the backward Euler
method. This is further confirmed by looking at the mean friction velocity profile shown in Figure 5.12b.
Here, it can be clearly seen that the velocity profile differs significantly from the ERK3 and CFL100 and
CFL200 cases. The deviation can logically be explained by the increased dissipation, causing the flow to
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become more laminar. This, in turn, results in the bulk velocity in the channel to increase, resulting in
an equilibrium condition with the enforced pressure gradient.

Interestingly, the increased dissipation of the BE scheme appears to have an influence on all turbulent
scales. In the context of SRS, an ideal time-integration scheme would have dispersion-dissipation
characteristics that are similar to the DGSEM operator, in that they dissipate the high unresolved wave
numbers. Then the time-step size would act as a cut-off filter just as the DGSEM spatial operator does in
space, as is observed in Figure 5.11b. Clearly, the application of the BE scheme in this test case resulted
in too much dissipation originating from the temporal integration. Due to time limitations, the specific
dispersion-dissipation relations of the ESDIRK4 and BE scheme could not be analysed. However, it
is understood that further research into suitable implicit time-integration schemes for high-order DG
methods is required to fully leverage the strengths of the implicit solving method [135].

Discussion The usage of the implicit solver on the turbulent channel flow test case produced some
interesting results. First of all, the test case showed the proper working of the solver in solving an unsteady
turbulent flow. Compared to the explicit solver, the implicit solver produced very similar results, which
further validated the implementation of the solver. Considering the run-time performance of the implicit
solver compared to the explicit solver, the following notes regarding the test case considered must be
kept in mind. Firstly, the turbulent channel flow considered was at a low Mach number. This resulted
in the CFL condition for the explicit solver to be dominated by the speed of the pressure waves. Next to
this, the turbulent channel flow did not exhibit significant pressure waves that affected the flow solution.
Thus, it can be argued that the explicit method was artificially restricted and that such restrictions are
less severe when higher Mach numbers are considered with pressure waves that do influence the flow
field. Such test cases are definitely encountered in turbomachinery CFD. Next to this, the implicit solver
was applied with an aggressive coarse nonlinear and linear solve and a full freezing of the Jacobian
matrix was used. The usage of coarse nonlinear and linear solving is often used for unsteady implicit
time integration. However, the full freezing of the preconditioner might cause issues in future test cases
applied to the solver. If the preconditioner has to be updated within the solving at regular intervals, it
will most definitely influence the performance of the solver negatively. All analyses in this project and
the reviewed literature favour freezing of preconditioners if possible to achieve performance gains.

Another decision that could have influenced the performance of the implicit solver is the decision to use
a fixed linear solver tolerance of 1.0e-1. A better alternative would be to use the adaptive forcing term
explored in Subsection 4.3.1. This possibly could have reduced the total linear iterations required per
Newton solve, and thus reduced run times. However, the usage of this method also brings uncertainty
in that a suitable 𝜂0 has to be applied. Therefore, in this work, it was left out and considered as a possible
point of improvement on the method.

Lastly, for the turbulent channel flow test case CFL numbers of 1, 100 and 200 were considered. The
ERK3 scheme served as an explicit reference, and a time step size corresponding to a maximum CFL
number of 1 in the domain was chosen. With the conservative way the CFL number is estimated by
TRACE (see Subsection 3.3.1), experience with the solver has shown that it sometimes is possible to
increase the CFL number to approximately CFL ≤ 1.5 without the method crashing. Thus, the explicit
reference could be further improved by attempting to increase the time-step size until the real limit is
found. However, similarly for the implicit cases, the true time step size limit where the implicit scheme
started to significantly influence the solution was not fully explored. For the 643 DOF case, a test at CFL
400 with the same solver configuration was attempted, but this crashed at about 80% of the simulation
duration. Possibly, the Newton tolerance should have been tightened for this larger CFL number, or the
Newton method should have been relaxed by using the pseudo-time stepping approach. Similarly, the
963 DOF CFL200 case that crashed at 90% could also be attempted again with adjusted solver settings.
As the increase of the time step size is the main reason implicit schemes were investigated in the scope
of this study, a more thorough analysis of the true limits of the temporal resolution would have been
insightful.
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5.4. Discussion on the Implementation of a Matrix-free Implicit DGSEM
Solver in TRACE

In this chapter, the implementation and analysis of the implicit solver has been described. Here, some
discussion regarding the choices made in the implementation and test cases used will be given.

The first point of discussion is that of the preconditioning methods used for the solver. As said before,
the solver was implemented for the usage of ILU(𝑝), ILU0 and inner GMRES preconditioning. However,
only the ILU0 preconditioner was considered in the analysis of the method. From the literature, it
was suspected that the ILU0 preconditioner would be more efficient than more accurate but also more
expensive ILU(𝑝) methods and therefore was not considered in the analysis. For the nested GMRES
method, it must be noted that the flexible GMRES (FGMRES) algorithm must be used for the outer solve.
This is because the preconditioner is nonlinear in this case, hence the requirement for the FGMRES
method. The FGMRES method allows for a wider range of preconditioning methods but also has
twice the memory costs of the standard GMRES method [136]. A look into the effect of different
preconditioning strategies would have been a useful addition to the analysis of the solver. However,
for the turbulent channel flow test case, the linear solver showed convergence to the specified relative
drop of 10−1 within < 10 linear iterations and < 6 linear iterations for the CFL200 and CFL100 643 DOF
case, respectively. Similarly, for the CFL100 963 DOF case, the GMRES converged in ≈ 6 linear iterations
on average. The low GMRES iterations indicated that the frozen ILU0 preconditioner was sufficient.
Nonetheless, the imposed 10−1 relative drop in linear residual can be considered very coarse. Thus,
perhaps more effective preconditioning strategies are required if tighter linear solves are required or a
more ill-conditioned system is to be solved.

Regarding the accuracy analysis on the FD and AD methods, it was found that the inexactness of the FD
method caused the GMRES method to stagnate. The stagnation was not observed for non-restarted
GMRES, but it is argued that this is because the true residual is never evaluated in non-restarted GMRES.
Again, the coarse linear solve imposed in the turbulent channel flow test case was not influenced by this
stagnation, which occurred at more tight solves. Nonetheless, if an adaptive forcing term is used with
the inexact Newton method such tight solves might be required by the solver, which could result in
FD not producing the desired result. Specifically, for non-restarted GMRES, this issue would not be
reported if the given hypothesis is true. Therefore, this issue observed with the FD method should be
investigated more thoroughly, as it might motivate the use of a different choice of 𝜖, usage of the AD
method, or even a limit on the relative drop the FD method is able to provide, at the cost of more linear
iterations in the Newton method.

Another point of discussion is that in the comparison of the prototype implicit solver with the existing
explicit solver, possibly performance improvements of the method can be realised by optimisation of
the code. Indeed, the project was mostly focused on making the method work within TRACE and doing
a subsequent analysis of its proper working. Although a majority of the functions used by the method
from the TRACE code base are highly optimised, things like the communication with the Spliss solver
should be analysed for performance. For instance, it is speculated that the process of copying inputs
and outputs to and from the Spliss solver to TRACE could be optimised. Moreover, in this project, only
periodic and Dirichlet boundary (non-slip) conditions were used. For real turbomachinery applications,
more complex solver features such as e.g. sliding interfaces [137] are required to be implemented.
Nevertheless, the results and performance shown in this project serve as a preliminary outlook on the
usage of implicit solving methods to the DGSEM method.
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Conclusion and Recommendations for

Future Work

In this master’s thesis project, the usage of a matrix-free implicit solving scheme for implicit time
integration in scale-resolving simulations using the compressible Navier-Stokes equations with a
high-order discontinuous Galerkin spectral element (DGSEM) spatial discretisation is researched. The
motivation to use implicit solving schemes paired with a high-order (spatial accuracy of order three or
higher) DGSEM spatial discretisation comes from the excessive time-step size constraint imposed on
explicit time-integration schemes by the spatial operator. With implicit solving schemes, this constraint
can be overcome, and the time step can be increased to what is required to temporally resolve the
turbulent phenomena occurring in the flow. The main research objective in this thesis was to evaluate
and understand matrix-free solving methods for implicit time integration with the DGSEM method
applied to convection-diffusion equations, and to produce a prototype matrix-free implicit solver for the
DGSEM solver in the CFD framework TRACE.

In the first part of this project, a one-dimensional DGSEM solver for the viscous Burgers equation
written in C++ was developed from scratch. The development of this solver resulted in a fundamental
understanding of the DGSEM, as well as the matrix-free GMRES linear solving algorithm combined with
an inexact Newton method. For the 1D solver, only the finite-difference (FD) differentiation technique
was considered to make the GMRES method matrix-free. The usage of the inexact Newton method
showed that the most optimal linear solving tolerance is dependent on the time-step size, and that
such an optimal solving tolerance can be automatically controlled by the use of an adaptive forcing
term that adjusts the linear solver tolerance based on the nonlinear residual in the Newton solver. The
Jacobian sparsity pattern analysis showed that the Bassi-Rebay 1 (BR1) viscous flux scheme does not
suffer from an increased numerical stencil compared to the BR2 if the Legendre-Gauss-Lobatto (LGL)
quadrature nodes are used. In contrast, when Legendre-Gauss (LG) quadrature nodes are used, the
BR1 scheme does result in an increased numerical stencil. This aligns with the literature reviewed.
Comparing the matrix-free and matrix-based GMRES algorithms developed in the 1D solver, it can be
said that the matrix-based GMRES had a higher peak memory consumption and scaled more poorly
with increasing degrees of freedom. Next to this, the matrix-based GMRES was also found to have
slower run times than the matrix-free GMRES, although the implementation of the matrix-based GMRES
could be considered quite inefficient. Lastly, the Burgers DGSEM solver was used to evaluate simple
preconditioners for the matrix-based and matrix-free GMRES. Here, it was found that an element
block-Jacobi (EBJ) preconditioner limited the memory consumption while still preconditioning the
GMRES for both the matrix-based GMRES and matrix-free GMRES. The ILU0 preconditioner, however,
still provided the least amount of linear iterations for the matrix-based GMRES, at the cost of being a
more expensive preconditioner to compute.

In the second part of the project, the focus was shifted to developing a prototype matrix-free implicit
solver for the DGSEM method in TRACE. The prototype solver makes use of an inexact Newton method
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without an adaptive forcing term, paired with a matrix-free GMRES that can use either the FD or
forward automatic differentiation (AD) methods. The comparison of the FD and AD differentiation
techniques showed that the AD method is ≈ 2.1 times slower per numerical operation, but that the
AD method is able to compute the matrix-vector product with accuracy up to floating point precision,
whereas the FD method produces an approximation containing numerical noise coming from the
truncation error and possible round-off error. The numerical noise from the FD method was observed
to stagnate the restarted GMRES, but it is understood that for non-restarted GMRES, this stagnation is
also present but not displayed because the true residual is never evaluated within the non-restarted
GMRES. Thus, AD was found to be superior for performing tight linear solves. In practice, however,
such tight linear solves have not been observed to be required for unsteady implicit time integration.
This was also shown in the application of the prototype solver to the turbulent channel flow test case,
where a relative linear residual drop of one order of magnitude performed well. Thus, for this test case,
the FD method was chosen. The turbulent channel flow test case confirmed the proper working of
the implicit solver in an academic test case. The solver paired with a fourth-order explicit first stage
singly diagonally implicit Runge-Kutta (ESDIRK4) time-integration scheme produced similar statistical
results as the time-explicit reference simulation, at time-step sizes 100 and 200 times larger than the
explicit limit of the Courant-Friedrichs-Lewis condition (CFL) of CFL = 1.0. Comparing the total wall
times of the simulations considered, the implicit solver was also observed to be faster than the explicit
reference. However, the low Mach number of M = 0.1 and complete freezing of the ILU0 preconditioner
most probably significantly increased the performance of the implicit solver compared to the explicit
reference. The effect of the temporal dissipation error was clearly demonstrated when the first-order
backwards Euler (BE) scheme with CFL = 200 was used, in which a clear laminarisation of the flow
was observed. The temporal dissipation was shown to affect all turbulent scales, which is significantly
different from the spatial dissipation of the DGSEM operator that tends to dissipate only high wave
number scales.

6.1. Recommendations for Future Work
With the knowledge gained and developments made on implicit solving of the DGSEM solver in TRACE,
the following recommendations for future work are given.

For the prototype solver, in this report, only an ILU0 preconditioner that is frozen for the entire
simulation duration was used for the GMRES solver. Because the convergence of the GMRES method
can be very sensitive to the usage of a suitable preconditioner, and because the ILU0 preconditioner
still requires the full construction and storage of the Jacobian matrix, it is recommended to further
investigate different preconditioning techniques that were investigated in the 1D solver and also ones
that were observed to be used in literature. Examples of such preconditioners are the EBJ preconditioner
and multigrid preconditioners.

Furthermore, in this prototype implementation only periodic and Dirichlet boundary conditions
were considered. An unexplored area is the application of this solving method to more complex
turbomachinery test cases. Where, for instance, sliding interfaces or non-local boundary conditions are
considered. The proper working of the solver with such methods is important for the applicability of
the method in industrial CFD cases, and therefore should be analysed in future work.

Regarding the solver settings of the implicit solver. Several recommendations are given. Firstly, when
matrix-free GMRES is used with FD differentiation, the approximation error of the FD method results
in a limit on the reduction of the linear residual that is not reported by the GMRES method itself.
Therefore, it is recommended to find methods that estimate this limit and restrict the GMRES solver from
performing linear residual reductions past what the gradient estimation is capable of. Furthermore, it
is recommended to apply the adaptive forcing term explored in the 1D solver to the prototype solver,
as this removes the need to specify a specific limit by the user and yields an optimal linear tolerance
automatically. It is also recommended to analyse how the nonlinear solver tolerance influences the
temporal accuracy of the solution and overall stability of the method.

In this work and in other literature reviewed, the use of the implicit solver is demonstrated by increasing
the time-step size and showing that the accuracy of the solution is not affected. However, the true
limit of the possible increase in time-step size is generally not discussed or investigated. It is expected
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that this limit is a function of the time-step size, the order of accuracy of the scheme, the nonlinear
solver tolerances set, and the test case investigated. Therefore, it is recommended to investigate the
dissipation-dispersion relation of the time-integration schemes in more detail and also come up with
methods to determine the maximum time-step size that can be used with an implicit time-integration
scheme. This should allow the maximum possible leverage of the implicit solver to increase the
performance of the method.

Lastly, the solver produced in this work is in a prototype state. The usage of the method requires
knowledge of the code base and exists outside of the main solver logic in TRACE. For future use of the
method, an integration of the prototype into the main TRACE solver is recommended.
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A
Time-integration Schemes

Implicit time-integration schemes

Table A.1: Butcher tableau for the backward Euler scheme

1 1
1

Table A.2: Butcher tableau for the SDIRK2-A second-order two-stage scheme [115].

1
4

1
4 0

3
4

1
2

1
4

1
2

1
2

Table A.3: Butcher tableau for the SDIRK2-B second-order two-stage scheme (𝛾 = 1.0 −
√

2
2 ) [116].

0.2928932188 0.2928932188 0
1.0000000000 0.7071067812 0.2928932188

0.7071067812 0.2928932188

Table A.4: Butcher tableau for the ESDIRK3 third-order four-stage scheme (𝛾 = 0.4358665215) [124].

0 0 0 0 0
0.871733043 0.4358665215 0.4358665215 0 0
0.6089666304 0.2648804871 -0.0917803783 0.4358665215 0
1.0000000000 0.1921013556 -0.6181218831 0.990154006 0.4358665215

0.1921013556 -0.6181218831 0.990154006 0.4358665215

Table A.5: Butcher tableau for the SDIRK3 third-order three-stage scheme (𝛾 = 0.4358665215) [125].

0.4358665215 0.4358665215 0 0
0.7179332608 0.2820667392 0.4358665215 0
1.0000000000 1.2084966492 -0.6443631707 0.4358665215

1.2084966492 -0.6443631707 0.4358665215
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Table A.6: Butcher tableau for the ESDIRK4 fourth-order five-stage scheme (𝛾 = 0.4358665215) [126].

0 0 0 0 0 0
0.8717330430 0.4358665215 0.4358665215 0 0 0
0.6461752661 0.3186742960 -0.1083655514 0.4358665215 0 0
1.0000000000 0.1023994006 -0.3768784523 0.8386125302 0.4358665215 0
1.0000000000 0.1570248979 0.1173304414 0.6166780304 -0.3268998911 0.4358665215

0.1570248979 0.1173304414 0.6166780304 -0.3268998911 0.4358665215

Explicit time-integration schemes

Table A.7: Butcher tableau for "the" fourth-order four-stage Runge-Kutta (ERK4) scheme [117].

0 0 0 0 0
1
2

1
2 0 0 0

1
2 0 1

2 0 0
1 0 0 1 0

1
6

1
3

1
3

1
6

Table A.8: Butcher tableau for the third-order ERK3 third-order three-stage scheme used in TRACE [128].

0 0 0 0
1 1 0 0
1
2

1
4

1
4 0

1
6

1
6

2
3
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