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Accurate methods to solve the Reynolds-Averaged Navier-Stokes (RANS) equations coupled to turbulence
models are still of great interest, as this is often the only computationally feasible approach to simulate
complex turbulent flows in large engineering applications. In this work, we present a novel discontinuous
Galerkin (DG) solver for the RANS equations coupled to the k — € model (in logarithmic form, to ensure
positivity of the turbulence quantities). We investigate the possibility of modeling walls with a wall func-
tion approach in combination with DG. The solver features an algebraic pressure correction scheme to
solve the coupled RANS system, implicit backward differentiation formulae for time discretization, and
adopts the Symmetric Interior Penalty method and the Lax-Friedrichs flux to discretize diffusive and con-
vective terms respectively. We pay special attention to the choice of polynomial order for any transported
scalar quantity and show it has to be the same as the pressure order to avoid numerical instability. A
manufactured solution is used to verify that the solution converges with the expected order of accuracy
in space and time. We then simulate a stationary flow over a backward-facing step and a Von Kdrman

vortex street in the wake of a square cylinder to validate our approach.

© 2020 The Author(s). Published by Elsevier Ltd.

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

Engineering applications often require the simulation of com-
plex turbulent flows via accurate Computational Fluid Dynamics
(CFD) methods. Direct Numerical Simulation (DNS) and Large Eddy
Simulation (LES) constitute superior approaches in this regard, as
they are able to resolve the stochastic fluctuations (though only
the large-scale ones in case of LES) of any turbulent flow quan-
tity [1]. However, nowadays they are still very computationally ex-
pensive and often unaffordable for large engineering applications.
For this reason, the Reynolds-Averaged Navier-Stokes (RANS) equa-
tions coupled to turbulence closure models often remain the pre-
ferred approach, even if it only allows for the modeling of the
time-averaged flow quantities [2]. Accurate and efficient numerical
methods to solve the RANS equations are therefore still of great
relevance.

In this perspective, discontinuous Galerkin Finite Element
methods (DG-FEM) are particularly attractive, due to their flexibil-
ity, high accuracy, and robustness. The characteristic feature of DG
is that unknown quantities are approximated with polynomial ba-
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sis functions discontinuous across the mesh elements. This requires
the use of numerical fluxes to deal with the discretization of face
integrals, as in Finite Volume methods. However, thanks to the lack
of continuity constraints, conservation laws are satisfied locally on
each element, and the resulting algorithm stencil is compact, mak-
ing the method suitable for efficient parallelization. As in contin-
uous Galerkin FEM, the accuracy of the solution can be improved
by increasing the order of the polynomial discretization. Moreover,
DG methods can easily handle complex geometries, structured or
unstructured meshes, and non-conformal local mesh and/or order
refinement.

This class of Finite Element methods was originally developed
in the early ‘70s to solve radiation transport problems [3]. How-
ever, it has become increasingly popular for CFD applications only
in the past three decades, after the development of effective DG
schemes for hyperbolic and elliptic problems. We refer to the re-
views by Cockburn and Shu [4] and Arnold et al. [5] for a complete
overview of these methods.

Nowadays, substantial experience has been gained in the DG-
FEM discretization of the incompressible Navier-Stokes equations,
and a variety of approaches can be found in literature. An early re-
search effort in the field is the work of Cockburn et al. [6], who
proposed a locally conservative Local DG (LDG) method for the
incompressible Oseen equations. The authors later extended the

0045-7930/© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)
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approach to the full Navier-Stokes system [7], employing a post-
processing operator to obtain an exactly divergence-free convec-
tive velocity field. Van der Vegt and Sudirham [8] presented an
original DG scheme for the solution of the Oseen equations, where
discontinuous basis functions are also used to discretize the time
domain. The method, called space-time DG, is particularly suit-
able for simulations involving deforming or moving meshes. More
recently, Rhebergen et al. [9] extended the approach to the full
Navier-Stokes system. In [10], the incompressibility constraint is re-
laxed by introducing an artificial compressibility term in the con-
tinuity equation. Thus, the numerical flux for the inviscid part of
the Navier-Stokes equations can be computed by solving a Rie-
mann problem just like for compressible flows. The coupled sys-
tem of equations is solved by means of a Newton method with
an implicit Euler time scheme. Higher-order Runge-Kutta schemes
were instead employed by Bassi et al. [11]. Splitting methods
based on pressure or velocity correction approaches have also been
proposed in the context of DG solvers (e.g., [12-15]). In partic-
ular, the solver presented in this paper is based on the work
of Shahbazi et al. [16], where a second-order accurate pressure-
correction scheme is applied at algebraic level. The Symmetric In-
terior Penalty (SIP) method is used to discretize the diffusive oper-
ator, and the Lax-Friedrichs flux is chosen for the hyperbolic term.
Similar solvers, but based on a SIMPLE algorithm, were proposed
by Klein et al. [17] and [18].

Regarding turbulent flow simulations, DG solvers have been de-
veloped mostly for the compressible RANS equations coupled to ei-
ther the Spalart-Allmaras (e.g., [19-21]) or the k — @ models (e.g.,
[22-25]). For the latter model, it is customary to solve for the log-
arithm of w and to impose a realizability condition on it, to ensure
the positivity of the solution and enhance the robustness of the
solver. The shear-stress transport model was instead considered in
[26], where particular attention was given to the development of
a stabilized continuous FE discretization of the eikonal equation
for the computation of the distance to the nearest wall. Far fewer
applications of DG schemes to incompressible turbulent flows can
be found in literature. The work of Crivellini et al. [27] was the
first. They extended the artificial compressibility flux method of
[10] to deal with the set of incompressible RANS equations cou-
pled to the SA model. Particular attention was paid to the treat-
ment of negative values of the turbulent viscosity, thus increasing
the robustness of the method. The approach was later tested on
complex three-dimensional flows [28] and extended to the k — w
model [29] and to high-order Runge-Kutta time schemes [30,31].
More recently, Krank et al. [32] presented a DG solver for the in-
compressible RANS equations coupled to the SA model based on a
semi-explicit velocity-correction splitting scheme augmented with
an explicit step for the turbulence equation.

In this work, we extend a solver for laminar flows presented
in [33] to handle turbulence through the set of incompressible
RANS equations coupled to the k — e model. We employ a pres-
sure correction scheme to solve the RANS equations. Thus, contrary
to most of previous literature, we do not rely on a free artificial
compressibility parameter whose optimal value is problem-based.
Moreover, our time scheme is fully implicit (as it relies on back-
ward differentiation formulae) also for the turbulence equations.
It constitutes the first step towards the development of a cou-
pled CFD-neutronics solver for large multi-physics problems, such
as transient scenarios in molten salt nuclear reactors. In these sys-
tems, the flow Reynolds number is of the order of 10° or higher,
and resolving the steep gradients that characterize the velocity
profile close to wall boundaries requires massive computational re-
sources.

To the best of our knowledge, all previous literature on RANS
DG solvers deals with wall-resolved turbulent flow simulations. An
approach for efficient wall modeling in the DG context was pro-

posed by Krank et al. [32], who solved the RANS equations on
coarse grids by enriching the polynomial function space for the
velocity in the first layer of boundary elements. In this way, they
could impose no-slip conditions at the walls and resolve the sharp
solution gradients. However, the k — € model is well-known to per-
form poorly in the vicinity of a wall. For this reason, in this work
we investigate the possibility of using a more standard wall func-
tion approach [34] to bridge the gap between the viscous layer and
the log layer.

The remainder of the paper is organized as follows. In Section 2,
we present the governing equations and the boundary conditions
that close them. We then describe our spatial and temporal dis-
cretization scheme in Sections 3 and 4, and we provide details on
the solver in Section 5. In Section 6, we focus on the choice of
polynomial order for scalar quantities, which differs slightly from
what previously proposed in literature for similar DG solvers. In
Section 7, we verify our numerical scheme with a manufactured
solution and we assess the soundness of our approach simulating
the steady turbulent flow over a backward-facing step and a Von
Karman vortex street in the wake of a square cylinder, finally draw-
ing some conclusions in Section 8.

2. Governing equations

The RANS model equations for incompressible flows read (we
omit dependencies for clarity) [2]
Jdu

W+V.(u®u)+Vp—V-t=f, (1a)

V.u =0. (1b)

Here, u is the velocity and f represents a known momentum
source. The total stress tensor is

T=+v)[Vu+ (Vu)'], (2)

where v and v, are the molecular and the turbulent (or eddy)
kinematic viscosities respectively. Finally, p = % + %k is a pseudo
kinematic pressure, where p is the fluid pressure, p the density,
and k the turbulent kinetic energy.

The system is closed by adopting the k — ¢ turbulence model
[34], where € indicates the dissipation rate of k. To ensure positiv-
ity of the turbulence quantities (which might not be preserved by
the numerical scheme), the model equations are cast into a loga-
rithmic form [35], which is completely equivalent to the original
model. Therefore, we solve for

K =In(k), & =In(e), (3)
and the model equations read (omitting dependencies)
oK Vt
W+V~(ul€)—V~[<v+O_—k>VIC]
Ve x ek
= (v + —)VIC -VEK+ve*P(u) =C,— +qc, (4a)
Oy Vt
&

Vt
E—FV-(US)—V-[(U—FU—S)VE]
= (v + E)V& -VE + Creve ™™ P(u) — Gee® ™  + g,

O¢
(4b)

where P, (u) =Vu : [Vu—i— (Vu)T] models the shear production
of turbulent kinetic energy. We used the standard values of the
model constants proposed by Launder and Spalding [34] and re-
ported in Table 1. The eddy viscosity can be then computed as

k? 2K-¢€
v =Cy— =C e e, (5)
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Table 1
Values of the closure parameters of the k — € turbu-
lence model.
Parameter Cu oy O¢ Cie Coe
Value 009 10 13 144 192

Clearly, the latter expression ensures v; is always positive. More-
over, potentially troublesome divisions by small values of € (or by
k in some terms of the turbulence equations) are avoided.

Finally, qx and g¢ are extra source terms that, together with f,
are used in the framework of the method of manufactured solu-
tions to verify the numerical scheme (see Section 7.1). Normally,
they are set to zero.

2.1. Boundary and initial conditions

The coupled system of the RANS (1a-1b) and turbulence (4a-
4b) equations can be solved only after imposition of proper
boundary and initial conditions. The latter consist in imposing
suitable values for the initial velocity, pressure, and turbulence
fields, which we describe in detail for each test case reported in
Section 7. For the former, four types of boundary are considered in
this work, and we describe them in the following.

2.1.1. Inflow boundary
On inflow boundaries, Dirichlet conditions are prescribed for
the fluid velocity and the turbulence quantities:

u=u’, K = KP = In(kP), & =¢£P =1In(eP). (6)
2.1.2. Outflow boundary

On outflow boundaries we prescribe a zero-traction condition
for the momentum equation and homogeneous Neumann condi-
tions for the turbulence equations:

[-pI+7t]'n=0, n-VK=0, n-VE=0. (7)

Here, n is the outward unit normal vector at the boundary, and I
represents the identity tensor.

2.1.3. Wall boundary

The standard k — € model cannot be used to resolve turbulent
flows up to wall boundaries, in the vicinity of which viscous ef-
fects are dominant and turbulence is damped. For this reason, we
use the well-established wall function approach to describe the so-
lution in these areas [34,36].

The computational boundary is shifted by a distance §,, from
the actual physical wall, so that the first degrees of freedom of
the solution are placed in the region of fully turbulent flow [37].
The gap is bridged by analytical functions that are supposed to be
universal for all wall-bounded flows. This leads to a great gain in
computational efficiency, in particular for high-Reynolds flows, be-
cause mesh elements are not accumulated in the viscous layer to
resolve the steep gradients of the solution.

In this work, we adopt the two-velocity scale wall function de-
scribed by Ignat et al. [38]. Let u; be the velocity component tan-
gential to the boundary and y the normal distance to the wall.
They are made non-dimensional as follows:

u Swll

wt= Lyt = 2 (8)
Ur v

where u; = /Ty/p is the friction velocity (7, is the shear stress

at the wall), whereas uy, is a second velocity scale computed from
k.

u, = C2A25 /kw — CgAZSeICW/Z’ (9)

where ky, is the value of the turbulent kinetic energy at the bound-
ary. The wall function is an analytical relation between u* and y™*:

ut = %ln (Ey*) for y* > 11.06, (10)

where k = 0.41 is the Von Karman constant. Only smooth walls are
considered in this work, so the roughness parameter is E = 9.0.

Egs. (9) and (10) are used to prescribe a homogeneous Robin-
like boundary condition for the momentum equation in the tan-
gential direction. In fact, a linear relation exists between the shear
stress and the tangential velocity component:

r-n—n(n-r-n):—ukurtz—%[u—(u-n)n], (11)

where t is a unit vector that is tangential to the boundary and
u — (u-n)n = u;t. The boundary condition (11) is supplemented by
a no-penetration condition in the normal direction:

n-u=0. (12)

Regarding the turbulent quantities, homogeneous Neumann and
Dirichlet boundary conditions are prescribed for k and € respec-
tively:

u
n-VK =0; E_ln<K5W>. (13)
The value of §,, must be sufficiently large for the wall function
(10) to be valid, that is, the first degrees of freedom of the FEM
solution must be in the logarithmic layer. This parameter can be
either estimated as the distance from the wall of the centroid of
the first boundary element or fixed to a predetermined value [39].
This work features standard and predictable flow configurations, so
we adopted the second approach.

2.14. Symmetry boundary
On symmetry boundaries, we prescribe a homogeneous Neu-
mann condition for both turbulence quantities:

n-VK=0; n-VE=0. (14)

For the momentum equation, we prescribe vanishing normal ve-
locity and tangential stress:

n-u=0 t-n—-nn-7-n)=0. (15)

3. Spatial discretization

In this section, we describe in detail the spatial discretization of
the governing equations with the discontinuous Galerkin Finite El-
ement method. Some notation and definitions must be introduced
first.

Let @2 be the computational domain and I' its boundary.
We indicate with T'?, 'V, TW, and I'S the non-overlapping por-
tions of boundary where Dirichlet (i.e., inflow), Neumann (i.e.,
outflow), wall, and symmetry conditions are imposed, such that
r=rburfNurwurs.

The domain is meshed into a set of non-overlapping elements
Tr- The set of their interior faces is indicated with Fi whereas 7P,
FN. FW_ and F° indicate the sets of Dirichlet, Neumann, wall, and
symmetry boundary faces, which discretize the respective portions
of boundary. Given an element T € 7y, the set of its faces is de-
noted with FT. The neighbors of face F are grouped into ﬁf . Any
interior face F e F! is equipped with a unit normal vector nf with
an arbitrary but fixed direction, while for boundary faces nf coin-
cides with n, which is the unit normal vector outward to 2.

Any scalar unknown is approximated on 7, with a set of basis
functions that are continuous within each element, but discontinu-
ous at the element interfaces. We use a hierarchical set of orthog-
onal modal basis functions: the solution space within an element
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is the span of all polynomials up to an order P, with P > 1. For a
generic unknown ¢, we denote its FEM approximation by ¢, and
its polynomial order by Py, so that the solution space can be writ-
ten as

Vig = {v e [2(Q) | vy e Pp,. VT e Ty}, (16)
where Py, is the set of polynomials up to order Pg. The veloc-

ity FEM approximation lies in the corresponding vector space Vﬁ”u,
where d is the problem dimensionality. Despite not being a re-
quirement of the numerical method, P, is the same on each el-
ement and the meshes are conforming for all the test cases ana-
lyzed in this work.

The trace of ¢, on a face F e F is not unique. For this reason, it
is necessary to introduce the average {¢} := %((,b; +é, ) and the
jump [¢y] := d)h* — ¢, operators. Here, ¢h+ and ¢, are the function
traces defined as

¢;j,:(r€F)=1§i?3¢h(r:F§nF): (17)

for a point r on an interior face F e F!. At the boundary, the jump
and average operators coincide with the unique trace of ¢,.

3.1. RANS Discretization

The semi-discrete weak formulation of System (la-1b) sub-
jected to the boundary conditions described in Section 2.1 is ob-
tained by substituting (u, p) with their DG-FEM approximations
(up, pp), by multiplying Eq. (1a) with the test function v, € th,
by multiplying Eq. (1b) with g, € V, ,, and by subsequently inte-
grating over the entire domain:

Find w, € V| | and pj, € V),  such that

atMe (uy, vi,) + a®™ (ap, wy, viy) + a®(ay, vi) + a (v, py)

=1(uy, v) Vv eVl (18a)
a®™ (uy, gp) = 1V(qp)  Vap € Vhp. (18b)
where
@™ wv) = Y- [ vy (19)
TeTy
and, letting f;, be the Galerkin projection of f onto Vﬂ.u,
[(ay, vy) = 1™ (uy, vy) + 19T (w) + > [ vy - F. (20)

TeT; /T
All other terms are described more in detail in the following.

3.1.1. Convective term
The convective term of the momentum equation is discretized

-3 [w-s V)v+Z/MHF B.w)

T€77, Feri

-1—2:/n’E

FeFN

+Z/max< n® /3) (21)

FeFP

Z/mm( n’ ﬂ)u v, (22)

FeFP

das

a™ (B, w,v) =

lCOl‘lV (ﬂ? v)

where B is the convective field (i.e., the velocity), and #F is a nu-
merical flux function defined on the internal face F. In this work,
the Lax-Friedrichs flux is used [40]:

(/3)

HE(B.w) = [w]+n”- {Bow], (23)

where of is evaluated point-wise along face F according to
af (B) = Amax (|n . g7, [n". g7), (24)
with A =2 for the momentum equation.

Note that usually (nf.-B8P) <0 on any F € FP, and therefore the
corresponding term in Eq. (21) drops out. However, we included
this term because it is relevant for the Taylor-vortex-like manufac-
tured solution in Section 7.1, where we impose Dirichlet conditions

on the entire boundary, as it is usually done for this class of prob-
lems (e.g., [16,41]).

3.1.2. Diffusive term discretization

To discretize the diffusive term, we use a generalization of the
Symmetric Interior Penalty (SIP) method [42, p. 122]. Among the
several methods available for elliptic problems [5], we opted for
the SIP because it is consistent and adjoint consistent, which guar-
antees optimal convergence rates for any order of the polynomial
discretization. Moreover, it is characterized by compact stencil size,
as the degrees of freedom on each element are coupled only with
those on the first neighbors, with positive impact on memory re-
quirements, computational cost, and parallelization efficiency.

The following bilinear operator and right-hand side term can be
defined:

@) = 3 [ cw): Vo 3 [l

TeTy FeFiuFD

_ / (V1 - {29 (w) } + {29 ()} - [w)
FeFiuFP
+adifl (W, v) (25)
and
14T (y) — Z/ (el v — P . 4T (y) - nF), (26)

FeFP

where £9iff(w) is a linear operator that coincides with the stress
tensor T (Eq. (2)) for the momentum equation, that is, £4iff(u) = 7.
Note that the effective viscosity (i.e., v+ v;) is variable in space
and so V-1 # (v + v:)V2u, which is why the regular SIP cannot
be used here.

The penalty parameter, nf, must be sufficiently large to en-
sure stability without impacting too negatively the condition num-
ber of the system. We follow the optimal value prescriptions pro-
vided by Hillewaert [43] and Drosson and Hillewaert [44] in case
of anisotropic meshes and highly variable viscosity (as when tur-
bulent flows are resolved):

nf =® max (card(fT @) (27)
TeTF Lr
where card(FT) indicates the number of faces of element T; ¢p 1

is a factor depending on the polynomial order of the solution and
the mesh element type,

o = (P+1)?%, for quadrilaterals and hexahedra (28)
PTZ &2 - for simplices.
£r is a length scale defined as
(T ll1en
Lr =7 s (29)
1Fll1en
where |- ||\ep, represents the Lebesgue measure of a geometrical

entity (i.e., length, area, or volume depending on the dimensional-
ity), and =2 for F € 7! and § = 1 for boundary faces; finally, © is
a scale depending on the diffusion parameter D (i.e., the effective
viscosity for the momentum equation), which we evaluate point-
wise along the face as

D =max (D*,D"). (30)
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The contribution of wall and symmetry faces must still be speci-
fied to complete the definition of the SIP bilinear form (25). We
extend what was proposed by Cliffe et al. [40] to arbitrarily ori-
ented symmetry boundaries and to walls, where a non-zero shear
stress is specified in the tangential direction, leading to a Robin-
like boundary condition term (see, for example, [42, p. 127]):

affl wov) = Y / Y (w— (w-n")n) . (v— (v-n")nF)

FeFrW

+ > /n[[w n‘J[v.nf]
FeFWUFsS
- /nF (v nf) {3 (w) - ")
FeFWurs
+{ £ (v) - nf} jw - n]), (31)
where u,/ut is the proportionality constant between tangential
stress and velocity component (Eq. (11)).

3.1.3. Continuity terms
The discretized continuity equation is constituted by the follow-
ing discrete divergence operator and right-hand side term [7,16]:

@wg--Y [evovr ¥ [@meat. 62
TeTy Fe FiuFPUFWUFS
lle(q) Z/ uD nF (33)
FeFP

3.2. Discretization of turbulence equations

The spatial discretization of the turbulence Eq. (4a-4b), sub-
jected to the boundary conditions described in Section 2.1, pro-
ceeds along the same line of what was described for the momen-
tum equation. The semi-discrete weak formulations are
Find Ky € Vp xc and &, € Vy, ¢ such that

at™e (K, vg) + a“™ (U, K, vy) + a0 (Ky, vp)

=1(Kp,vp) YV, € Vg, (34a)
atMe (&, vp) + a®™ (ay, &, vp) + a¥(Ex, vy)
= l(gh, Uh) Vvh [S Vh’g. (34b)

The temporal and right-hand side terms are straightforward ex-
tension to the case of scalar unknowns of those described for the
momentum equation (Eqs. (19) and (20)). All terms on the right-
hand side of Eqgs. (4a) and (4b) are treated explicitly in time and
therefore added to the source integrals in [(Kp,, v,) and [(&, vp).

The convective terms are discretized as for the momentum
equation, though the of parameter in the Lax-Friedrichs flux
(Eq. (24)) is evaluated with A = 1. Diffusive terms are treated with
the SIP method as in Eqgs. (25) and (26), where the linear operator
£9iff () reduces to £9ff(v) = DVv, with

(v+ &), for the K equation 35)
(v+ ), for the £ equation.

These are also the diffusion coefficients used to evaluate the
penalty parameter according to Eq. (27). Finally, wall faces con-
tribute to the SIP bilinear form of the £ equation as other Dirichlet
boundaries, whereas for the K equation their contribution is null,
because homogeneous Neumann conditions are imposed on these
boundaries. Likewise, for both equations symmetry faces have a
null contribution to the SIP bilinear form.

Table 2
Coefficients of the implemented BDF schemes.
Order, M Yo Y1 Y2
1 1 -1
2 3/2 -2 1/2
Table 3
Coefficients of the implemented extrapolation
schemes.
Order, M Co g
1 1
2 2 -1

4. Temporal discretization

Time derivatives in weak forms (18a-18b) and (34a-34b) are
discretized implicitly using backward differentiation formulae
(BDF) of order M [14,16,18]. For the generic unknown quantity ¢
and for a constant time step size At, it is

83? ¢n+1+2 ¢n+1 Jj (36)

where n + 1 indicates the new time step and the BDF coefficients
y are reported in Table 2. We use up to second-order schemes.

The discretized equations are solved in a segregated way,
so that the discrete solution vectors at the new time step,
(u.p.K, §)“+1, are found with the following algorithm:

1. Obtain predictors for all unknowns at the new time step with
an Mt-order extrapolation from the previous time steps:

M-1 )
¢n+1 ~ ¢* — é‘j(bnﬂ, (37)
b hd oI
where the weights (¢;) are reported in Table 3. A predictor for
the eddy viscosity, vy, can be calculated from £* and £* ac-
cording to Eq. (5);

2. Solve the RANS system (1) in a segregated way with a second-
order accurate algebraic splitting scheme described in detail in
Section 4.1. Use the predictors for the velocity, the turbulent
kinetic energy', and the eddy viscosity to linearize all terms;

3. Solve the K Eq. (4a), using uﬂ“ as convective field and v;;

. Solve the & Eq. (4b), using u};‘“ as convective field and v;;

5. If necessary, update all predictors with the new solutions and
iterate steps 2 to 4.

N

When the BDF2 scheme is used, the time extrapolation of all
quantities performed at the beginning of the time step guaran-
tees second-order time convergence even when non-linearities are
unresolved (as proven in Section 7.1.1). During particularly vio-
lent portions of transient (as it might happen at the start-up of
a pseudo-transient towards steady-state conditions), iterations be-
tween RANS and turbulence equations (typically 2 or 3) are usu-
ally performed to better resolve non-linearities, thus avoiding too
severe restrictions on the time step size.

4.1. Algebraic splitting scheme
The coupled momentum and continuity equations are solved in
a segregated way with a second-order accurate pressure correction

method [45]. Following [16], we perform the splitting at algebraic
level, which does not require the imposition of artificial pressure

T Necessary to compute the u;, wall function velocity scale.
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boundary conditions [46]. The fully discretized weak form of the
RANS system (18) can be cast into the following linear form:

Z—‘}M +N ]D)T u n+1 ~ hu n+1 28
D ollol =1s : (38)
Ll =P

where M is the mass matrix, N contains the implicit parts de-
riving from the discretization of the convective (21) and diffusive
(25) terms, and D is the discrete divergence operator (32). The
right-hand side vector b, collects all the known terms in the mo-
mentum equation (i.e.,, boundary conditions, external forces, ex-
plicit terms from the discretization of the time derivative), while
by represents the fully-discrete right-hand side of the continuity
Eqg. (33). As explained previously, predictors for the velocity field
and the eddy viscosity at the new time step are used to linearize
the convective and diffusive terms in N.

The coupled System (38) is solved in a segregated way by re-
placing (and approximating) the left-hand-side matrix with its in-
complete block LU factorization [46],

BM+N DT EM+N 0 I —2MDT
D 0 D —4pM-1DT |0 I '

(39)

where 1 is the identity matrix, and by introducing 8£”+1 =pl—
p", such that

YoM +N 0 1 -Aniprru]™!
D -2toM-'DT | [0 I 3p

b n+1 T "
- [”} +[ v p] 4 (40)
b, 0

The discrete velocity and pressure fields at the new time step can
therefore be calculated with the following predictor-corrector algo-
rithm:

1. Find an approximate velocity field i by solving
(%Mﬁ- N)gn-H _ hzﬂ _DTpr (41)

2. Solve a Poisson equation to get the pressure at the new time
step:

(ﬁtDM1DT>8an _ Dgnﬂ _ bp’ (42)
o op
P = (43)

3. Correct the velocity field, so that it satisfies the discrete conti-
nuity equation

En+1 — QHH 7 %MADTSPIHI. (44)
0 et

5. Solution of linear systems

The numerical scheme described in Sections 3 and 4 has been
implemented in the in-house parallel solver DGFlows.

We employ METIS to partition the mesh [47] and the MPI-
based software library PETSc [48] to assemble and solve all lin-
ear systems with iterative Krylov methods. The implicit convection
treatment leads to non-symmetric matrices for the momentum
and turbulence equations. For this reason, those linear systems are
solved with the GMRES method combined with a block Jacobi pre-
conditioner, with one block per process and an incomplete LU fac-
torization on each block. On the other hand, the pressure-Poisson
system is symmetric and positive definite. Hence, we solve it with

the conjugate gradient method and an additive Schwarz precon-
ditioner, with one block per process and an incomplete Cholesky
decomposition on each block.

Solving the pressure Poisson equation is the most computation-
ally expensive step of our algorithm. This is partially due to the
fact that the pressure matrix in Eq. (42) corresponds to a Laplacian
operator discretized with the local DG method, as explained by
Shahbazi et al. [16], and so it is characterized by larger stencil size
than the SIP diffusive operator. However, note that the matrix is
the same at each time step. Therefore, it is possible to assemble it
and compute its preconditioner only once, thus partially alleviating
the computational burden. On top of this, we initialize all Krylov
solvers with the solution predictors described in Section 4 to speed
convergence up.

6. Choice of the solution polynomial order

In this work, we used a mixed-order discretization for velocity
and pressure (i.e., Pp = Py — 1), which satisfies the inf-sup condi-
tion and guarantees optimal error convergence rates and stability
in the low-At limit [33,49].

The polynomial order of the turbulence quantities equals that
of the pressure, which we believe is essential for a pressure-based
DG solver. More precisely, the solution space of an arbitrary trans-
ported scalar quantity should be a subset of the solution space of
the pressure. We have already mentioned this in [33], but here we
corroborate it with more rigorous theoretical and numerical argu-
ments. This choice of polynomial order is in contrast with previous
literature on mixed-order DG schemes. For example, Klein et al.
[50] chose the same solution space for the temperature as for the
components of the velocity field. We suspect that they found good
results because their tests were done at a low Prandtl number of
0.7, whereas the problem with the solution spaces manifests itself
when the convective term dominates, as shown in the following.

Our choice of polynomial order for any scalar solution stems
from the fact that the continuity equation is weighed by the pres-
sure basis functions, so that the numerical velocity satisfies the in-
compressibility constraint only in a weak sense up to order P, (i.e.,
Du,, = 0). This means that the convective discretization can only be
consistent up to an order Pp.

To show this, consider the convection of a generic passive scalar
quantity ¢ with the numerical velocity uy,. For simplicity, assume
that the domain is closed (i.e., n-u=0 on I'), so that substitut-
ing B < u;, and the continuous solution (i.e., w < ¢) into Egs. (21),
(22), and (23) gives the convective discretization

0 (uy, §,v) =— /T¢ w Vot Y /Fm[vﬂ{uh} o,

TeTy, FeFi
(45a)

[0 () =0, (45b)

for a test function veV,,. Here, we have used the fact
that ¢ is continuous, so that [¢] =0 and {¢}=¢, and so
HE (uy, @) = Ppluy} -t

Compare this to the discrete continuity equation (Eqs. (32) and
(33)), which, upon substituting v < uy, integrating by parts, and
using the fact that [qu,] = [q]{u,} + {q}[u,] on an interior face,
can be rewritten as

div _ . _ nf —
()= Y [wn- Va3 [Iattun} 0" =0, (46)

TeTh FeFi

for a test function ¢ that lies in the pressure solution space V,
[51]. It is clear that Eq. (45a) can be consistent only for a test func-
tion v that is part of the test space of the continuity equation. In
fact, consider the special case of a constant solution ¢. The convec-
tive term should vanish for all v, but a®" (uy,, ¢, v) = ¢ adV(uy,, v),
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Fig. 1. Domain of the lid-driven cavity test case.

which only vanishes if V;, 4 is a subset of V}, p, that is, if the poly-
nomial order of the pressure is at least as high as that of the scalar.
If Py > Pp, the constant solution cannot be preserved in general
due to numerical error introduced by the discontinuity across the
elements of the velocity field.

We corroborate this with a simple numerical example based on
a standard lid-driven cavity problem. The domain is depicted in
Fig. 1. The Reynolds number is 40, based on the lid-velocity U and
the characteristic length L, so the flow is laminar. We first found
the steady-state velocity (uy) and pressure fields by solving the
laminar Navier-Stokes equations. Then, we solved a transport equa-
tion for a passive scalar ¢ with the numerical velocity u, and a
diffusion coefficient D:
o¢
3t TV () =V-(DV9). (47)
with homogeneous Neumann boundary conditions for ¢. We set a
constant initial condition ¢y = ¢(t = 0) = 1, and took a single time
step with the BDF1 scheme and UAt/L = 1, choosing a relative tol-
erance of 10-'2 for the GMRES and CG Krylov solvers, to minimize
any numerical error in the solution of the linear systems. Clearly,
the discrete solution ¢, should remain unchanged after the time
step. We therefore calculated the L2-norm error of ¢, with respect
to the expected exact solution ¢q. To highlight the impact of the
velocity divergence and continuity errors, we repeated the test for
various spatial refinements. Following [52], we used

by Srer b1V -u AR
P Yrer Jrllull Yreri Jr [{u} - 0f|

to estimate the mass conservation error in a strong sense.

Table 4 collects the results for two structured meshes made of
quadrilateral elements: (i) 50 by 50 uniform (indicated with M1);
and (ii) 90 by 90 progressively finer towards the boundaries (M2).
On M2, we studied the effect of varying the velocity polynomial
order.

and Ec = (48)

Table 4

Results support our theoretical argument. When Py > Py, the
constant solution is not preserved, due to the numerical error in-
troduced by discontinuity of the velocity field across the elements.
In fact, as expected, the error decreases with spatial refinement,
that is, with lower divergence and continuity errors. The problem
is more pronounced in convection-dominated problems, as in case
of turbulent flows. In fact, the biggest errors correspond to low val-
ues of the diffusion coefficient. Increasing D, as expected the error
decreases, because the residual becomes progressively more dom-
inated by the elliptic term. Asymptotically, the error is inversely
proportional to D. On the other hand, the constant solution is al-
ways preserved (up to numerical precision) when Py = Pp.

7. Test cases

In this section, we verify and benchmark our numerical scheme
with three test cases. First, we employ a manufactured solution for
the RANS and K — £ equations to verify the spatial and temporal
convergence rates of the solver. Then, we simulate the stationary
turbulent flow over a backward-facing step and finally a Von Kar-
man vortex street in the wake of a square cylinder. In both cases,
we compare our results with those obtained from experiments and
other numerical simulations reported in literature.

The meshes were generated with the open-source tool Gmsh
[53], which is also used to post-process the solution fields.

7.1. Manufactured solution

As first test-case, we employ the method of manufactured solu-
tions to verify the correctness of the implementation of our space-
time numerical scheme. Starting from the well-know Taylor-Green
vortex solution of the laminar Navier-Stokes equations (see, for ex-
ample, [16]), we generalized it to the RANS equations and included
an expression for the turbulence quantities. The analytical solution
is

N » [ —cos (%) sin (V)
u®™ = exp (—Zt) |:+ sin (X) cos (y~)i| '

p™ = —% exp (—4f) (cos (2X) + cos (2Y)) ,
K = exp (—2F) cos (%) cos () — 4.5 ,
E¥ =log(Cy) + K,

Vi = exp(K™) , (49)
where

-, o0vt oo X Y

t:= (L/7r)2 K=o V= L (50)

This solution is defined on the domain (x,y) € [-L,L]?> and t>0.
It does not satisfy the coupled RANS and K — £ equations exactly,
so the extra source terms f, qx and g¢ are non-zero. We computed

Lid-driven cavity test: L2-norm error in the scalar quantity ¢ with respect to the exact solution ¢y = 1, as a function of the diffusion coefficient (D) and for
various meshes and polynomial orders, which affect the divergence (Ep) and continuity (Ec) errors of the velocity field. Note that ¢y = 1 always lies in the

solution space. The scalar quantity is only conserved when Py = Pp.

M1 (Py =2, Pp=1)
Ep = 5.1e-2, Ec = 1.2e-3

M2 (Py =2, Pp=1)
Ep = 1.1e-2, Ec = 1.9e-4

M2 (Py =3, Pp=2)
Ep = 9.0e-3, Ec = 7.5e-5

Py =Py Py =Py Py =Py Py = Pu Py =Py Py = Pu

D =1.0e-07 1.55E-14 2.53E-01 6.94E-14 8.74E-02 1.61E-13 2.74E-02
D =1.0e-04 1.04E-14 1.98E-01 1.39E-14 3.01E-03 2.32E-14 1.07E-03
D =1.0e-01 2.11E-13 8.36E-05 2.79E-13 2.86E-06 1.69E-13 1.06E-06
D =1.0e+01 2.03E-11 8.37E-07 1.00E-12 2.86E-08 4.63E-12 1.06E-08
D =1.0e+03 2.26E-13 8.37E-09 8.76E-13 2.86E-10 2.37E-12 1.07E-10
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Fig. 2. [?-norm errors of the velocity, pressure, and turbulence quantities with respect to the exact solution (49) as a function of the time step size and for both first and

second order BDF schemes. The correct convergence order are reached.

them by substituting (49) into Eqs. (1a-1b) and (4a-4b) symbol-
ically with a Python script. We imposed Dirichlet conditions at
all boundaries of the domain. Together with the initial conditions,
they were evaluated from the analytical solution.

All relative errors reported in the following were evaluated for
L=1, v=25x10"4, and at t =4, which corresponds to almost
a threefold decay of the initial condition. We set a relative toler-
ance of 1012 for the GMRES and CG Krylov solvers. Moreover, all
integrals were evaluated with a polynomial accuracy of 20, con-
siderably higher than the usual 3P, — 1. We did this to minimize
the quadrature error in the integration of the extra source terms,
which are complicated non-polynomial functions.

7.1.1. Temporal convergence

To verify the temporal convergence of our numerical scheme,
we solved Eqs. (1a-1b) and (4a-4b) on a structured mesh consisting
of 100 by 100 quadrilateral elements adopting a polynomial order
Py =5, in order to ensure that the time error was dominant. We
carried out the study for both the first-order and second-order BDF
schemes, progressively halving the time step size from 276 to 2-11,

Fig. 2 shows the relative errors in the L2-norm of the velocity,
pressure, and turbulence quantities with respect to the analytical
solution (49) as a function of the time step size. The dashed lines
help verifying that the error convergence rate is the expected one
for both BDF orders. A slight deviation from the second-order con-
vergence trend can be noticed in the pressure and velocity plots at
small At, due to the onset of the space-error saturation.

Given the availability of an exact expression for the turbulent
viscosity, we could compute an L? error also for this quantity. As

llerrs,l2

Fig. 3. [2-norm error of the eddy viscosity with respect to the exact solution
(49) as a function of the time step size and for both first and second order BDF
schemes. The error exhibits the expected convergence rate.

shown in Fig. 3, this error also exhibits the correct convergence
rates.

7.1.2. Spatial convergence

The spatial convergence was verified by solving Egs. (la-
1b) and (4a-4b) on increasingly refined structured quadrilat-
eral meshes, progressively halving the element size from 2-!
to 273, The study was repeated for various polynomial orders
(Pu € {2, 3, 4}). To ensure the spatial error was dominant, we chose
the BDF2 scheme and a time step size At =2.5 x 107°.
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Fig. 5. [2-norm error of the eddy viscosity with respect to the exact solution
(49) as a function of the element size and for several orders of the polynomial
discretization of K. The error exhibits the expected convergence order.

Fig. 4 shows the L2-norm errors of the unknown quantities with
respect to the analytical solution (49) as a function of the element
size and the polynomial order. The errors of the pressure and the
two turbulence quantities converge with the expected theoretical
order (highlighted by the dashed lines). On the other hand, the ve-
locity error exhibits a sub-optimal convergence rate, in particular
for the second-order and third-order discretizations. This is due to
the fact that the residual of the momentum equation is dominated
by the error in the turbulent viscosity, which converges at the the-
oretical rate for the scalar quantities, as shown in Fig. 5.

To corroborate this conclusion, we repeated the test, this time
imposing the exact expression of the eddy viscosity (from Eq. (49))
in the momentum equation, thus decoupling the RANS set from
the turbulence equations. Results reported in Fig. 6 demonstrate
that the theoretical convergence rate of the velocity error can be
recovered in this case.

7.2. Flow over a backward-facing step

As second test case, we study the turbulent flow over a
backward-facing step. The problem is a well-known benchmark
for turbulence solvers and many variants have been investigated.
Here, we consider the same configuration as in the experimental
study by [54]2, depicted in Fig. 7. The ratio of the inlet channel
height (H;) to step height (H) is 2 and Re =44737, based on
the reference free-stream velocity U, the step height and the
kinematic viscosity v.

We imposed Dirichlet boundary conditions at the inlet, placed
at a distance L; = 4H upstream of the step. We used an analytical
profile for the stream-wise velocity (uy) that matches the experi-
mental data provided by Kim et al. [54] (reasonably) well,

, _ 1 — e~ 18(r+0.0495)
u, =Upf(y), with f(y) = 1 — e~ 18(2+0.0495-y) B

2 Experimental measurements by Kim et al. [54] have been retrieved from the
turbulent flow database described in [55] and available at https://turbmodels.larc.
nasa.gov/bradshaw.html.
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Fig. 7. Backward-facing step domain (not in scale).

Fig. 8. M3 structured mesh used for the turbulent backward-facing step test case.
It consists of 55,500 elements.

and we set a turbulence intensity of 7.5% and a ratio v;/v = 35,
with which we computed uniform profiles for XP and £P. Outflow
boundary conditions were imposed at a distance L, = 30H down-
stream of the step. Finally, we imposed wall functions on the top
and bottom walls, with a distance from the physical wall of the
computational boundary set to 8,, = 0.04 for '"3 and to §,, = 0.02
for the others.

We computed the steady-state solution on three structured
meshes, finer towards the wall boundaries, consisting of 12,420
(mesh indicated with M1 in the following), 29,700 (M2), and
55,500 (M3) quadrilaterals. A portion of the latter mesh is shown
in Fig. 8. To study the influence of the polynomial order, we per-
formed calculations with both P, =3 and P, = 4.

Fig. 9 shows the steady-state velocity, turbulent kinetic energy,
and eddy viscosity fields obtained on the finest mesh for P, = 4.
They are in good qualitative agreement with those, for example,
reported by Kuzmin et al. [37]. For a more quantitative assessment
of our results, Table 5 compares the dimensionless recirculation
length (Lg) we obtained with the experimental measurement by
Kim et al. [54] and other numerical predictions. Our results differ

Table 5

Comparison of the dimensionless recirculation length (Lg) obtained in the present
work (for different meshes and polynomial orders) with experimental and numeri-
cal results (obtained with the k — € model) reported in literature. The relative error
is computed with respect to the experimental measurements by Kim et al. [54].

Reference Lr/H Relative error
Kim et al. [54], experiment 7.0+£0.5
Zijlema [56] 5.90 —15.7%
Thangam & Speziale [57] 6.25 -10.7%
Muller et al. [58] 6.33 -9.6%
Kuzmin et al. [37] 5.40 —22.9%
Shih et al. [59] 6.35 -9.3%
Ilinca et al. [35] 6.20 —-11.4%
Present, Pu=3, M1 6.42 —8.3%
M2 6.54 —6.6%
M3 6.56 —6.4%
Pu=4, M1 6.47 —7.6%
M2 6.56 —6.2%
M3 6.60 —5.7%

only a few percent at most from the most accurate predictions re-
ported in literature, and always towards a better agreement with
the experimental results. In all cases, the recirculation length is
underestimated by around 6%, which is expected with the k —¢
model. Differences in Ly on M2 and M3 are limited to 0.5% at most,
and the impact of a richer polynomial representation is limited to
less than 1%, thus showing the mesh convergence of our calcula-
tions.

Finally, Fig. 10 shows the vertical profiles of the stream-wise
velocity component at different locations downstream of the step,
obtained with P, =4 and for different meshes. Profiles on M2 and
M3 are barely distinguishable. Results compare reasonably well
with the experimental measurements of Kim et al. [54] up to
x/H = 8.0, then the discrepancies due to the limitations of the
k — € model become apparent, as already documented in [35], for
example.

7.3. Vortex-shedding in the wake of a square cylinder

The last simulation is of turbulent flow past a cylinder with
square cross section, characterized by the appearance of a Von Kar-
man vortex street in the wake of the obstacle. Even if the flow fea-
tures stochastic three-dimensional fluctuations, which can be re-
solved only with LES or DNS approaches (see, e.g., [60,61]), the
problem is used as a two-dimensional test case for RANS solvers.
The flow is in fact characterized by a mean periodicity that can be
captured with unsteady RANS equations.
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(a) Velocity magnitude (||u||/Up) with streamlines.
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Fig. 9. Turbulent flow over a backward-facing step: steady state (a) velocity and streamlines, (b) turbulent kinetic energy, and (c) eddy viscosity fields obtained on the M3

mesh for P, = 4.
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different locations for P, = 4 and the three meshes employed. Results on the two most refined meshes are barely distinguishable.
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— > r- - m - m - mmmmm— - —— A Symmetry conditions were imposed on the top and bottom
— : r : boundaries (distant H = 30D), whereas an outlet was placed at
o . L, = 40D downstream of the obstacle to avoid any influence on the
l I flow in the cylinder region. For the same reason, the inlet bound-
— 1 w ! ary was placed at L; = 20D upstream of the cylinder. The following
. : r . : uniform Dirichlet condition for the velocity was imposed:
— TP o (H 23 _ 0 2
| | W (t) = (U f(t),0)7, with f(t)= a3 —0. 0=t=<2
—_ | s | 1, t>2
| D |
- I (52)
— : . : Moreover, following [63], we calculated the inlet values of X and
PSS PE PSP, r J £ to match a turbulence intensity level of 2% and a viscosity ratio
v¢/v = 10, which correspond to the experiments of Lyn et al. [62].
Li Lo Finally, wall functions were imposed on the edges of the cylinder,
setting the distance of the computational domain from the physical
Fig. 11. Geometry of the flow past a square cylinder test case (not in scale). wall to 8, = 0.015.
We sampled the time variations in the drag and lift coefficients,
defined as
Fi . . 2F 2F,
ig. 11 shows the problem domain. The Reynolds number is G=573 and C = = (53)
Re = 22000, based on the square cylinder side (D), the far-field ve- bu DUz,
locity (U ), and the kinematic viscosity v. Experimental measure- where Fy and Fy indicate the stream-wise and vertical compo-
ments on this problem were carried out by Lyn et al. [62]. nents of the force acting on the cylinder. The mean periodicity
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Fig. 12. M3 unstructured mesh used for the turbulent flow past a square cylinder test case: complete overview (left) and detail around the obstacle (right). It consists of
64,963 triangles, most of which are concentrated in the proximity and the wake of the cylinder.
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Fig. 13. Flow past a square cylinder: Instantaneous velocity (top) and eddy viscosity (bottom) fields obtained on M3 for P, = 3.

Table 6

Comparison of the force coefficients (in terms of average value, root mean square of the fluctuations, and frequency) obtained in the present work for three meshes and

time step sizes with experimental and numerical results reported in literature.

Reference G, Carms Cirms St
Lyn et al. [62], experiment 2.100 - - 0.132
Trias et al. [61], DNS 2.180 0.205 1.710 0.132
Bosch and Rodi [63], k—€ 1.637 0.002 0.305 0.134
Rodi et al.; Voke [64,65], RANS models 1.64-2.43 ~ 0-0.27 0.31-1.49 0.134-0.159
Present, M1 At =1.25x10"3 1.687 0.008 0.460 0.129

M2 At=1.25x%x10"3 1.775 0.014 0.632 0.131

M3 At =1.25x%x 1073 1.788 0.015 0.657 0.132

M3 At =25x10"3 1.788 0.015 0.657 0.132

M3 At =5.0x103 1.788 0.015 0.657 0.132

of the flow can be quantified in terms of the Strouhal number
St = fD/U, where f is the oscillation frequency, which we deter-
mined from the time trend of C;.

We performed our calculations with the BDF2 time scheme and
At =1.25 x 1073, To study the influence of space errors on the re-
sults, we used three unstructured meshes consisting of 40,281 (in-
dicated with M1), 51,913 (M2), and 64,963 (M3, shown in Fig. 12)
triangles, progressively more refined towards the obstacle. On the
finest mesh then, we varied the time step size to At =2.5x 1073
and At =5.0 x 103,

Fig. 13 shows an example of the instantaneous velocity magni-
tude and eddy viscosity fields obtained for At =1.25 x 10~3 and
Py =3 on M3. The vortex shedding is clearly visible. Table 6 re-
ports the results we obtained in terms of Strouhal number, average

C4, and root mean square values of the fluctuations of C; and C,
comparing them with experimental measurements, DNS and other
RANS results. We ended our simulations at t,,; = 152, correspond-
ing to almost 2.5 flow-through periods which is sufficient to reach
flow periodicity, and evaluated the quantities of interest over the
final 8 oscillation periods.

Results on M3 and for At =1.25 x 10~3 are fully converged in
time (they do not change even quadrupling the At) and nearly
mesh independent. The Strouhal number agrees with the experi-
mental measurements and the DNS predictions, and it differs only
1.5% from the value reported by Bosch and Rodi [63] for a standard
k — € model. The discrepancy is much more relevant when com-
paring the other quantities of interest though. This might be due
to the great sensitivity of the force fluctuations to the numerical
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details of the problem (e.g., position of inlet boundary, Dirichlet
conditions imposed, blockage ratio) as documented, for example,
by Bosch and Rodi [63] and Han et al. [66]. In any case, our val-
ues are inside the range of RANS results reported by Rodi et al.
[64] and Voke [65]. The discrepancy with experimental and DNS
results in terms of force coefficients is expected, due to the limita-
tions of the k — € model in predicting the strength of the shedding
motion.

8. Conclusions

In this work, we have presented a novel high-order discontinu-
ous Galerkin Finite Element (DG-FEM) solver for the incompress-
ible Reynolds-Averaged Navier-Stokes (RANS) equations coupled
with the k — e closure model. Positivity of the turbulence quan-
tities is ensured by solving for their logarithm. To avoid expensive
integration of the equations up to the wall boundary, which also
leads to poor results in case of the standard k — € model, we have
investigated the possibility of employing a two-velocity scale wall
function approach in combination with DG, thus bridging the gap
between the viscous and the logarithmic layers.

Contrary to most of previous literature, our solver features
a second-order accurate algebraic pressure correction scheme to
solve the coupled RANS system. The approach does not rely then
on an artificial compressibility parameter whose value must be
tuned for each problem. Implicit backward differentiation formu-
lae are adopted for time discretization of all the equations. Proper
time extrapolation of the solution ensures global second-order ac-
curacy even if no iterations are performed between the highly cou-
pled RANS and k — € equations. For space discretization, we have
chosen the Symmetric Interior Penalty method to deal with elliptic
terms and the Lax-Friedrichs flux for convection.

We have paid particular attention to the choice of polynomial
order for the turbulence quantities. We have theoretically and nu-
merically demonstrated that, to avoid any numerical instability, the
polynomial order for the pressure and any transported scalar quan-
tity must be the same when the velocity field is not point-wise
divergence free. This contrasts with the choices made in previous
literature.

We have verified the correct implementation of our space-time
numerical scheme with a manufactured solution. However, it has
shown that the convergence rate of the velocity error could be
degraded by the slower convergence of the eddy-viscosity error
(due to the lower polynomial order discretization of the turbulence
quantities), in case the residual is dominated by the diffusive term.
To prevent this, one could move to an equal-order discretization
or, to avoid any instability problem, try to reduce the divergence
and continuity errors of the velocity field with extra element-wise
penalty terms in the momentum equation as proposed by Krank
et al. [14]. Another possibility would be to apply a post-projection
operator on the convective field to ensure that the incompressibil-
ity constraint is satisfied exactly [9,51].

Simulations of turbulent flows over a backward-facing step and
past a square cylinder, inducing vortex shedding, have shown the
soundness of our approach. Though we are bound by the well-
known limitations of the k —e model, our results are in gen-
eral good agreement with those reported in literature. Compared
to previous works that used the k — e model, our discrepancies
are always towards a better agreement with the experimental or
DNS/LES results.

Disclaimer
The content of this paper does not reflect the official opinion

of the European Union. Responsibility for the information and/or
views expressed therein lies entirely with the authors.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgments

This project has received funding from the Euratom research
and training programme 2014-2018 under grant agreement no
661891.

References

[1] Geurts B. Elements of direct and large-eddy simulation. Philadelphia, PA: R. T.
Edwards; 2004. ISBN 9781930217072.

[2] Pope SB. Turbulent flows. Cambridge University Press; 2000. doi:10.1017/
cb09780511840531.

[3] Reed WH, Hill TR. Triangular mesh methods for the neutron transport equa-
tion. Tech. Rep., LA-UR-73-479. Los Alamos Scientific Laboratory; 1973.

[4] Cockburn B, Shu C-W. Runge-Kutta discontinuous galerkin methods for
convection-dominated problems. ] Sci Comput 2001;16(3):173-261. doi:10.
1023/a:1012873910884.

[5] Arnold DN, Brezzi F, Cockburn B, Marini LD. Unified analysis of discontinuous
galerkin methods for elliptic problems. SIAM ] Numer Anal 2002;39(5):1749-
79. doi:10.1137/s0036142901384162.

[6] Cockburn B, Kanschat G, Schétzau D. The local discontinuous Galerkin method
for the Oseen equations. Math Comput 2003;73(246):569-94. doi:10.1090/
s0025-5718-03-01552-7.

[7] Cockburn B, Kanschat G, Schoétzau D. A locally conservative LDG method for
the incompressible Navier-Stokes equations. Math Comput 2004;74(251):1067-
96. doi:10.1090/s0025-5718-04-01718-1.

[8] Van der Vegt JJW, Sudirham JJ. A space-time discontinuous Galerkin
method for the time-dependent Oseen equations. Appl Numer Math
2008;58(12):1892-917. doi:10.1016/j.apnum.2007.11.010.

[9] Rhebergen S, Cockburn B, van der Vegt JJW. A space-time discontinuous
Galerkin method for the incompressible Navier-Stokes equations. ] Comput
Phys 2013;233:339-58. doi:10.1016/j.jcp.2012.08.052.

[10] Bassi F, Crivellini A, Di Pietro DA, Rebay S. An artificial compressibility flux for
the discontinuous Galerkin solution of the incompressible Navier-Stokes equa-
tions. ] Comput Phys 2006;218(2):794-815. doi:10.1016/j.jcp.2006.03.006.

[11] Bassi F, Crivellini A, Di Pietro DA, Rebay S. An implicit high-order discontin-
uous Galerkin method for steady and unsteady incompressible flows. Comput
Fluid 2007;36(10):1529-46. doi:10.1016/j.compfluid.2007.03.012.

[12] Girault V, Riviére B, Wheeler MF. A splitting method using discontinuous
Galerkin for the transient incompressible Navier-Stokes equations. ESAIM:
Mathematical Modelling and Numerical Analysis 2005;39(6):1115-47. doi:10.
1051/m2an:2005048.

[13] Ferrer E, Willden RHJ. A high order discontinuous Galerkin finite element
solver for the incompressible Navier-Stokes equations. Computers & Fluids
2011;46(1):224-30. doi:10.1016/j.compfluid.2010.10.018.

[14] Krank B, Fehn N, Wall WA, Kronbichler M. A high-order semi-explicit dis-
continuous galerkin solver for 3D incompressible flow with application to
DNS and LES of turbulent channel flow. ] Comput Phys 2017;348:634-59.
doi:10.1016/j.jcp.2017.07.039.

[15] Piatkowski M, Miithing S, Bastian P. A stable and high-order accurate discon-
tinuous galerkin based splitting method for the incompressible Navier-Stokes
equations. ] Comput Phys 2018;356:220-39. doi:10.1016/j.jcp.2017.11.035.

[16] Shahbazi K, Fischer PF, Ethier CR. A high-order discontinuous galerkin method
for the unsteady incompressible Navier-Stokes equations. ] Comput Phys
2007;222:391-407. doi:10.1016/j.jcp.2006.07.029.

[17] Klein B, Kummer F, Oberlack M. A SIMPLE based discontinuous galerkin solver
for steady incompressible flows. ] Comput Phys 2013;237:235-50. doi:10.1016/
jjcp.2012.11.051.

[18] Klein B, Kummer F, Keil M, Oberlack M. An extension of the SIMPLE based
discontinuous galerkin solver to unsteady incompressible flows. Int ] Numer
Methods Fluids 2015;77(10):571-89. doi:10.1002/fld.3994.

[19] Nguyen N, Persson P-O, Peraire J. RANS Solutions Using High Order Discon-
tinuous Galerkin Methods. 45th AIAA Aerospace Sciences Meeting and Ex-
hibit. American Institute of Aeronautics and Astronautics; 2007. doi:10.2514/
6.2007-914.

[20] Landmann B, Kessler M, Wagner S, Kramer E. A parallel, high-order discon-
tinuous galerkin code for laminar and turbulent flows. Computers & Fluids
2008;37(4):427-38. doi:10.1016/j.compfluid.2007.02.009.

[21] Drosson M, Hillewaert K, Essers J-A. Stability and boundary resolution analysis
of the discontinuous galerkin method applied to the reynolds-Averaged Navier-
Stokes equations using the spalart-Allmaras model. SIAM Journal on Scientific
Computing 2013;35(3):B666-700. doi:10.1137/110834615.

[22] Bassi F, Crivellini A, Rebay S, Savini M. Discontinuous galerkin solution of the
reynolds-averaged Navier-Stokes and k — @ turbulence model equations. Com-
puters & Fluids 2005;34(4-5):507-40. doi:10.1016/j.compfluid.2003.08.004.


https://doi.org/10.13039/100010687
http://refhub.elsevier.com/S0045-7930(20)30280-2/sbref0001
http://refhub.elsevier.com/S0045-7930(20)30280-2/sbref0001
https://doi.org/10.1017/cbo9780511840531
http://refhub.elsevier.com/S0045-7930(20)30280-2/sbref0003
http://refhub.elsevier.com/S0045-7930(20)30280-2/sbref0003
http://refhub.elsevier.com/S0045-7930(20)30280-2/sbref0003
https://doi.org/10.1023/a:1012873910884
https://doi.org/10.1137/s0036142901384162
https://doi.org/10.1090/s0025-5718-03-01552-7
https://doi.org/10.1090/s0025-5718-04-01718-1
https://doi.org/10.1016/j.apnum.2007.11.010
https://doi.org/10.1016/j.jcp.2012.08.052
https://doi.org/10.1016/j.jcp.2006.03.006
https://doi.org/10.1016/j.compfluid.2007.03.012
https://doi.org/10.1051/m2an:2005048
https://doi.org/10.1016/j.compfluid.2010.10.018
https://doi.org/10.1016/j.jcp.2017.07.039
https://doi.org/10.1016/j.jcp.2017.11.035
https://doi.org/10.1016/j.jcp.2006.07.029
https://doi.org/10.1016/j.jcp.2012.11.051
https://doi.org/10.1002/fld.3994
https://doi.org/10.2514/6.2007-914
https://doi.org/10.1016/j.compfluid.2007.02.009
https://doi.org/10.1137/110834615
https://doi.org/10.1016/j.compfluid.2003.08.004

M. Tiberga, A. Hennink and J.L. Kloosterman et al./ Computers and Fluids 212 (2020) 104710 15

[23] Crivellini A, Bassi F. An implicit matrix-free discontinuous galerkin solver
for viscous and turbulent aerodynamic simulations. Computers & Fluids
2011;50(1):81-93. doi:10.1016/j.compfluid.2011.06.020.

[24] Hartmann R, Held ], Leicht T. Adjoint-based error estimation and adaptive
mesh refinement for the RANS and k — @ turbulence model equations. ] Com-
put Phys 2011;230(11):4268-84. doi:10.1016/j.jcp.2010.10.026.

[25] Ghidoni A, Pasquale D, Rebay S, Colombo A, Bassi F. p-multigrid Discontinu-
ous Galerkin method for compressible turbulent flows. 51st AIAA Aerospace
Sciences Meeting including the New Horizons Forum and Aerospace Exposi-
tion. American Institute of Aeronautics and Astronautics; 2013. doi:10.2514/6.
2013-1002.

[26] Schoenawa S, Hartmann R. Discontinuous Galerkin discretization of the
Reynolds-averaged Navier-Stokes equations with the shear-stress transport
model. ] Comput Phys 2014;262:194-216. doi:10.1016/j.jcp.2013.12.062.

[27] Crivellini A, D’Alessandro V, Bassi F. A Spalart-Allmaras turbulence model im-
plementation in a discontinuous Galerkin solver for incompressible flows. ]
Comput Phys 2013;241:388-415. doi:10.1016/j.jcp.2012.12.038.

[28] Crivellini A, D’Alessandro V, Bassi F. High-order discontinuous Galerkin so-
lutions of three-dimensional incompressible RANS equations. Comput Fluid
2013;81:122-33. doi:10.1016/j.compfluid.2013.04.016.

[29] Bassi F, Ghidoni A, Perbellini A, Rebay S, Crivellini A, Franchina N, et al. A high-
order discontinuous Galerkin solver for the incompressible RANS and k — w
turbulence model equations. Computers & Fluids 2014;98:54-68. doi:10.1016/
j.compfluid.2014.02.028.

[30] Massa FC, Noventa G, Bassi F, Colombo A, Ghidoni A, Lorini M. High-order
Linearly Implicit Two-step Peer Methods for the Discontinuous Galerkin So-
lution of the Incompressible RANS Equations. In: Proceedings of the VII Eu-
ropean Congress on Computational Methods in Applied Sciences and Engi-
neering (ECCOMAS Congress 2016); 2016. https://doi.org/10.7712/100016.1988.
8180. Athens, Greece

[31] Noventa G, Massa F, Bassi F, Colombo A, Franchina N, Ghidoni A. A high-order
discontinuous Galerkin solver for unsteady incompressible turbulent flows.
Computers & Fluids 2016;139:248-60. doi:10.1016/j.compfluid.2016.03.007.

[32] Krank B, Kronbichler M, Wall WA. Wall modeling via function enrichment
within a high-order DG method for RANS simulations of incompressible flow.
Int ] Numer Methods Fluids 2017;86(1):107-29. doi:10.1002/fld.4409.

[33] Hennink A., Tiberga M., Lathouwers D., A Pressure-based Solver for Low-Mach
Number Flow using a Discontinuous Galerkin Method, 2020. Submitted for
publication.

[34] Launder BE, Spalding DB. The numerical computation of turbulent flows. Com-
put Methods Appl Mech Eng 1974;3(2):269-89. doi:10.1016/0045-7825(74)
90029-2.

[35] llinca F, Hétu J-F, Pelletier D. A unified finite element algorithm for two-
equation models of turbulence. Comput Fluids 1998;27(3):291-310. doi:10.
1016/s0045-7930(97)00039-x.

[36] Durbin PA. Limiters and wall treatments in applied turbulence modeling. Fluid
Dyn Res 2009;41(1):012203. doi:10.1088/0169-5983/41/1/012203.

[37] Kuzmin D, Mierka O, Turek S. On the implementation of the k — € turbulence
model in incompressible flow solvers based on a finite element discretisation.
Int ] Comput Sci Math 2007;1(2/3/4):193. doi:10.1504/ijcsm.2007.016531.

[38] Ignat L, Pelletier D, Ilinca F. Adaptive computations of turbulent forced
convection. Num Heat Transf Part A 1998;34(8):847-71. doi:10.1080/
10407789808914019.

[39] Kalitzin G, Medic G, laccarino G, Durbin P. Near-wall behavior of RANS
turbulence models and implications for wall functions. ] Comput Phys
2005;204(1):265-91. doi:10.1016/j.jcp.2004.10.018.

[40] Cliffe KA, Hall EJC, Houston P. Adaptive discontinuous Galerkin methods for
eigenvalue problems arising in incompressible fluid flows. SIAM ] Sci Comput
2010;31(6):4607-32. doi:10.1137/080731918.

[41] Ethier CR, Steinman DA. Exact fully 3D Navier-Stokes solutions for bench-
marking. Int J] Numer Methods Fluids 1994;19(5):369-75. doi:10.1002/fld.
1650190502.

[42] Di Pietro DA, Ern A. Mathematical aspects of discontinuous Galerkin methods.
Springer Berlin Heidelberg; 2012. doi:10.1007/978-3-642-22980-0.

[43] Hillewaert K. Development of the discontinuous Galerkin method for high-
resolution, large scale CFD and acoustics in industrial geometries. Université
Catholique de Louvain; 2013. https://dial.uclouvain.be/pr/boreal/object/boreal:
128254/datastream/PDF_01/view.

[44] Drosson M, Hillewaert K. On the stability of the symmetric interior penalty
method for the spalart-allmaras turbulence model. ] Comput Appl Math
2013;246:122-35. doi:10.1016/j.cam.2012.09.019.

[45] Van Kan ]. A second-order accurate pressure correction scheme for viscous
incompressible flow. SIAM ] Sci Stat Comput 1986;7:870-91. doi:10.1137/
0907059.

[46] Guermond ]JL, Minev P, Shen ]. An overview of projection methods for incom-
pressible flows. Comput Methods Appl Mech Eng 2006;195(44-47):6011-45.
doi:10.1016/j.cma.2005.10.010.

[47] Karypis G, Kumar V. A fast and high quality multilevel scheme for parti-
tioning irregular graphs. SIAM ] Sci Comput 1998;20:359-92. doi:10.1137/
$1064827595287997.

[48] Balay S, Abhyankar S, Adams MF, Brown ], Brune P, Buschelman K, et al. PETSc
Users Manual Tech. Rep., ANL-95/11 - Revision 3.10. Argonne National Labora-
tory; 2018. http://www.mcs.anl.gov/petsc

[49] Fehn N, Wall WA, Kronbichler M. On the stability of projection methods for
the incompressible Navier-stokes equations based on high-order discontinu-
ous Galerkin discretizations. ] Comput Phys 2017;351:392-421. doi:10.1016/j.
jcp.2017.09.031.

[50] Klein B, Miiller B, Kummer F, Oberlack M. A high-order discontinuous
Galerkin solver for low mach number flows. Int ] Numer Methods Fluids
2015;81(8):489-520. doi:10.1002/1d.4193.

[51] Cockburn B, Kanschat G, Schétzau D. An equal-Order DG method for the in-
compressible Navier-Stokes equations. ] Sci Comput 2008;40(1-3):188-210.
doi:10.1007/s10915-008-9261-1.

[52] Fehn N, Wall WA, Kronbichler M. Robust and efficient discontinuous Galerkin
methods for under-resolved turbulent incompressible flows. ] Comput Phys
2018;372:667-93. doi:10.1016/j.jcp.2018.06.037.

[53] Geuzaine C, Remacle ]. Gmsh: a 3D finite element mesh generator with built-in
pre- and post-processing facilities. Int ] Numer Methods Eng 2009;79:1309-31.
doi:10.1002/nme.2579.

[54] Kim ], Kline S, Johnston ]. Investigation of a reattaching turbulent shear layer:
flow over a backward-facing step. ] Fluid Eng Trans ASME 1980;102(3):302-8.
doi:10.1115/1.3240686.

[55] Bradshaw P, Launder BE, Lumley JL. Collaborative testing of turbulence models.
] Fluids Eng 1996;118(2):243-7. doi:10.1115/1.2817369.

[56] Zijlema M. Computational modeling of turbulent flow in general domains.
Delft University of Technology; 1996.

[57] Thangam S, Speziale CG. Turbulent flow past a backward-facing step - A crit-
ical evaluation of two-equation models. AIAA ] 1992;30(5):1314-20. doi:10.
2514/3.11066.

[58] Muller E, Pelletier D, Garon A. Adaptive meshing and time-integrators
for monolithic finite element solution of the URANS equations. 2018 AIAA
Aerospace Sciences Meeting. American Institute of Aeronautics and Astronau-
tics; 2018. doi:10.2514/6.2018-0367.

[59] Shih T-H, Zhu ], Lumley JL. A new Reynolds stress algebraic equation
model. Comput Methods Appl Mech Eng 1995;125(1-4):287-302. doi:10.1016/
0045-7825(95)00796-4.

[60] Rodi W. Comparison of LES and RANS calculations of the flow around
bluff bodies. J Wind Eng Ind Aerodyn 1997;69-71:55-75. doi:10.1016/
s0167-6105(97)00147-5.

[61] Trias FX, Gorobets A, Oliva A. Turbulent flow around a square cylinder at
Reynolds number 22,000: a DNS study. Comput Fluid 2015;123:87-98. doi:10.
1016/j.compfluid.2015.09.013.

[62] Lyn DA, Einav S, Rodi W, Park J-H. A laser-Doppler velocimetry study of
ensemble-averaged characteristics of the turbulent near wake of a square
cylinder. J Fluid Mech 1995;304:285-319. doi:10.1017/s0022112095004435.

[63] Bosch G, Rodi W. Simulation of vortex shedding past a square cylinder with
different turbulence models. Int ] Numer Methods Fluids 1998;28(4):601-16.
doi:10.1002/(sici)1097-0363(19980930)28:4<601::aid-fld732>3.0.co; 2-f.

[64] Rodi W, Ferziger JH, Breuer M, Pourquie M. Status of large Eddy simulation:
results of a workshop. ] Fluids Eng 1997;119(2):248-62. doi:10.1115/1.2819128.

[65] Voke PR. Flow past a square cylinder: test case LES2. In: Direct and Large-
Eddy Simulation II. Springer Netherlands; 1997. p. 355-73. doi:10.1007/
978-94-011-5624-0_33.

[66] Han X, Sagaut P, Lucor D. On sensitivity of RANS simulations to uncertain tur-
bulent inflow conditions. Comput Fluid 2012;61:2-5. doi:10.1016/j.compfluid.
2011.04.009.


https://doi.org/10.1016/j.compfluid.2011.06.020
https://doi.org/10.1016/j.jcp.2010.10.026
https://doi.org/10.2514/6.2013-1002
https://doi.org/10.1016/j.jcp.2013.12.062
https://doi.org/10.1016/j.jcp.2012.12.038
https://doi.org/10.1016/j.compfluid.2013.04.016
https://doi.org/10.1016/j.compfluid.2014.02.028
https://doi.org/10.7712/100016.1988.8180
https://doi.org/10.1016/j.compfluid.2016.03.007
https://doi.org/10.1002/fld.4409
https://doi.org/10.1016/0045-7825(74)90029-2
https://doi.org/10.1016/s0045-7930(97)00039-x
https://doi.org/10.1088/0169-5983/41/1/012203
https://doi.org/10.1504/ijcsm.2007.016531
https://doi.org/10.1080/10407789808914019
https://doi.org/10.1016/j.jcp.2004.10.018
https://doi.org/10.1137/080731918
https://doi.org/10.1002/fld.1650190502
https://doi.org/10.1007/978-3-642-22980-0
https://dial.uclouvain.be/pr/boreal/object/boreal:128254/datastream/PDF_01/view
https://doi.org/10.1016/j.cam.2012.09.019
https://doi.org/10.1137/0907059
https://doi.org/10.1016/j.cma.2005.10.010
https://doi.org/10.1137/S1064827595287997
http://www.mcs.anl.gov/petsc
https://doi.org/10.1016/j.jcp.2017.09.031
https://doi.org/10.1002/fld.4193
https://doi.org/10.1007/s10915-008-9261-1
https://doi.org/10.1016/j.jcp.2018.06.037
https://doi.org/10.1002/nme.2579
https://doi.org/10.1115/1.3240686
https://doi.org/10.1115/1.2817369
http://refhub.elsevier.com/S0045-7930(20)30280-2/sbref0055
http://refhub.elsevier.com/S0045-7930(20)30280-2/sbref0055
https://doi.org/10.2514/3.11066
https://doi.org/10.2514/6.2018-0367
https://doi.org/10.1016/0045-7825(95)00796-4
https://doi.org/10.1016/s0167-6105(97)00147-5
https://doi.org/10.1016/j.compfluid.2015.09.013
https://doi.org/10.1017/s0022112095004435
https://doi.org/10.1002/(sici)1097-0363(19980930)28:4<601::aid-fld732>3.0.co;2-f
https://doi.org/10.1115/1.2819128
https://doi.org/10.1007/978-94-011-5624-0_33
https://doi.org/10.1016/j.compfluid.2011.04.009

	A high-order discontinuous Galerkin solver for the incompressible RANS equations coupled to the  turbulence model
	1 Introduction
	2 Governing equations
	2.1 Boundary and initial conditions
	2.1.1 Inflow boundary
	2.1.2 Outflow boundary
	2.1.3 Wall boundary
	2.1.4 Symmetry boundary


	3 Spatial discretization
	3.1 RANS Discretization
	3.1.1 Convective term
	3.1.2 Diffusive term discretization
	3.1.3 Continuity terms

	3.2 Discretization of turbulence equations

	4 Temporal discretization
	4.1 Algebraic splitting scheme

	5 Solution of linear systems
	6 Choice of the solution polynomial order
	7 Test cases
	7.1 Manufactured solution
	7.1.1 Temporal convergence
	7.1.2 Spatial convergence

	7.2 Flow over a backward-facing step
	7.3 Vortex-shedding in the wake of a square cylinder

	8 Conclusions
	Disclaimer
	Declaration of Competing Interest
	Acknowledgments
	References


