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o f T r i K o n o m e t r i c I n t e r p o l a t i o n . 

V.P. F i l ' c h a k o v a 

( K i e v ) . 

T r a n s l a t i o n by RoD. Goopero 

I n t h i s paper t h e r e i s p r e s e n t e d a n u m e r i c a l method which ensures 

any p r e - a s s i g n e d accuracy f o r c o n s t r u c t i n g a mapping f u n c t i o n f o r a 

sim p l y - c o n n e c t e d e x t e r i o r r e g i o n bounded by a s i m p l e c l o s e d c u r v e . 

The boundary o f the r e g i o n may be g i v e n a n a l y t i c a l l y , g r a p h i c a l l y or 

by a d i s c r e t e s e r i e s o f p o i n t s , i . e . i n t a b u l a r form. Templates a r e 

c o n s t r u c t e d t o s i m p l i f y the c a l c u l a t i o n o f the noda l p o i n t s , w hich 

c o n s t i t u t e s the p r i n c i p a l d i f f i c u l t y i n s o l v i n g a g i v e n problem. 

§ l o Let us c o n s i d e r the mapping o f t h e e x t e r i o r o f the u n i t c i r c l e 

onto t h e e x t e r i o r o f a g i v e n s i m p l y connected r e g i o n o f 

z = x + i y . We n o r m a l i z e the mapping f u n c t i o n w i t h t h e c o n d i t i o n s 

z = t i ^ )^_^ = o», z = f(^)^_ T = and seek i t i n the form o f a t r u n ­

c a t e d s e r i e s , i . e . i n t h e form o f the a p p r o x i m a t i n g p o l y n o m i a l : 

m-2 m-2 
;-n _ -n 

z = .2r C ^ » 21 (A + i B ) r "^(oos n t f > - i s i n n e p ) (1) 

To determine the c o e f f i c i e n t s we s h a l l d i v i d e the u n i t c i r c l e r = 1 

i n t o 2m equal p a r t s 4<p = ' ^ a n d we s h a l l choose two systems o f p o i n t s : 

the even system = and the odd = ( 2 k - l ) ^ ^ = ^ ^ 2 , . . , m» 

The images o f these p o i n t s Zj^ = Xj^ + i yj^ i n the z-plane are c a l l e d n o d a l 

p o i n t s . A c c o r d i n g t o ( 1 ) we have f o r them: 

m-2 

Xj^ = 2r^ A^cosn<pj^ + B ^ s i n n < P j ^ ; k = 1 , 2, . . , m; 

m-2 ( 2 ) 

y j ^ = I T ^ - s i n n(p^^B^ cos n(p^. 
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The system o f e q u a t i o n s ( 2 ) i s c h a r a c t e r i z e d by an i n t e r e s t i n g p r o ­

p e r t y , i t i s e a s i l y i n v e r t e d w i t h r e s p e c t t o t h e c o e f f i c i e n t s A and B . 
n n 

Thi s i s a consequence o f the p r o p e r t y o f o r t h o g o n a l i t y , which t r i g o n o m e ­

t r i c f u n c t i o n s o f d i s c r e t e argument possess i n the case o f e q u a l l y spaced 

dat a (Reference 1 ) , 

2 L s i n j<p a i n n ( p =2- cos j ( p cos n Cp, =J 

( 3 ) 

27 s i n j < p cosnCp. = 0 
k=1 ^ ^ 

Let us i n v e r t the system ( 2 ) . For t h i s we m u l t i p l y the f i r s t e q u a t i o n by 

cos j<Pĵ  and the second by s i n jCP^ and sum w i t h r e s p e c t t o k: 

m Bi-2 m 

27 Xj^cos j<P - y s i n j<P « 27 (27 cos j<P. cos n^P + 
k=1 ^ ^ ^ * n=-1 " k=1 * ^ 

m m-2 m b 

+ T sin j<P, s i n n )+ cos j<P,6in n<P, - 27ain jCp^cosn<P )»mA 
k=1 * n=--1 " k=1 ^ ^ k=1 * " 

I n an analogous manner, m u l t i p l y i n g t h e f i r s t e q u a t i o n o f system ( 2 ) by 

• i n t he second by cos j^P^ and summing w i t h r e s p e c t t o k, we d e t e r ­

mine By ThuaJ 

m 

A . » j 2 r Xj,co« j C P j ^ - y j ^ s i n jCpj^, j = - 1 , o , . . . , m-2 
J " k = 1 

ik) 

V « i S * k « i ' ^ ^ ^ k - y k - » J^k 

Formula (k) p e r m i t s t h e c o e f f i c i e n t s A^, B^ t o be e a s i l y c a l c u l a t e d f o r 

known nod a l p o i n t s . However, the l o c a t i o n o f t h e no d a l p o i n t s i s unknown 

a t f i r s t and i t i s s t i l l necessary t o c o n s t r u c t an i t e r a t i o n process which 

would p e r m i t t h e nodal p o i n t s t o be determined w i t h any pr e - a s s i g n e d de­

gree o f accuracy. 

For t h i s purpose we s h a l l e s t a b l i s h a r e l a t i o n between the n o d a l 

p o i n t s o f the even and odd systems, d e n o t i n g the c o e f f i c i e n t s c o n s t r u c t e d 

on the b a s i s o f t h e m even p o i n t s by k.^'^^\ B̂ "*""̂  and the c o e f f i c i e n t s 
3 ( m) ( m) 

c o n s t r u c t e d on the b a s i s o f t h e m odd p o i n t s by A. , B. , Then i n 
J J 

accordance w i t h ( 4 ) , we o b t a i n : 
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(5) 
,(+m) 1 

b J " ' 4 Z B i n * y,^ co, J<P,^, 

(-m) 1 

(6 ) 

I n o r d e r t o e s t a b l i s h a r e l a t i o n between t h e even and odd nodal p o i n t s , 

t h e c o e f f i c i e n t s Â "̂"'̂  ^^^""^ must be e l i m i n a t e d from ( 2 ) by means o f 

the f o r m u l a e o f ( 6 ) . As a r e s u l t we f i n d : 

m-2 

n=-1 

m m-2 m-2 

= ^ f;^-2k-1 ^ / - « ^ ^ 2 k - 1 - ^ 2 v ) - y 2 k - 1 27̂  ̂ i"-(^2k-1-^2«^l ; 
K= I n = — I n=—n 

m-2 

n = - l 

m m-2 m-z 

4tî ,'^2k-1 ^ , ^ i " " ^ ^ 2 k - 1 - ^ 2 V ^ - ^ y 2 k - 1 2 r,--'^(^2k-1-^2).>] 
ic=i n=—1 n = - l 

I n an analogous manner, e l i m i n a t i n g the c o e f f i c i e n t s A^^*"\ ^q*"^^ from 

( 2 ) by means o f t h e f o r m u l a e o f (5)» we o b t a i n : 

m m-2 m-2 
1 r ' 

2̂3> 

m m-2 m-2 

y23.-1 = ̂ t ^ / 2 k 2 r ^ i ^ ' ^ ^ ^ 2 k - ^ 2 t f - l ) ^ y 2 k 21 cosn(Cp2i^-<p2y.i\ = 

I n t r o d u c i n g now t h e d e s i g n a t i o n s : 
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Km) m-2 Km) m-2 

2k-1^2p'°n=-1 2k,2»-1 ^ iïT-l •̂'-̂  

i ' I I ( m ) m-2 ( 7 ) 

/ =|Zr =°-'^(^2k-1-^2»>' / =ï2r co6n(CP2,-<^. 
2k-1,2)) °'n=-1 '̂^̂  ' 2k,2y-1 " I T T - I ^k 2D-1 

w« o b t a i n the c a l c u l a t i o n formulae o f the p r e s e n t i t e r a t i o n processó 

( i l ) 
m Ilim) I ( m ) 

* 2k f _ " y PV 0^ 
k=1 2k,2V-1 '2k,2V-1 

I ( m ) I l ( m ) 

k=1 2k,2V-1 2k,2»-1 

(8) 

(n+1) 
m I l ( m ) I ( m ) 

5 " ^ (n) / ( n ) ƒ 
^ ^2k-1 ^ ~ ̂ 2k-1 ^ ' 
k=1 2k-1,2» ' 2k-1,2y 

(9 ) 
B Km) i K m ) 

( n ^ l ) ^ ^ ^ ( n ) ƒ ( n ) / 

2k-1,2 ^ 2 k - l / ^ _ ^ ^ ^ ^ -

The process i t s e l f i s c a r r i e d out i n the f o l l o w i n g manner. For some 

m = 4 , 3 , 16, . . . , s t a r t i n g from g r a p h i c a l c o n s i d e r a t i o n s , we s e l e c t t h e 

z e r o - e t h a p p r o x i m a t i o n t o t h e val u e s o f the m even nodal p o i n t s (x^?\ 
(o) \ 2k 

y 2'k. * ^ = ''•2, . . . ,m and by means o f the formulae ( 8 ) we compute the 

approximate odd nodal p o i n t s , which w i l l n o t i n g e n e r a l l i e on the con­

tour» We c a r r y them t o t h e c o n t o u r a l o n g normals and o b t a i n i n z e r o - e t h 

a p p r o x i m a t i o n t h e odd nodal p o i n t s ^ 2 ^ - ^ * ^® compute by the 

formulae o f ( 9 ) the approximate even nod a l p o i n t s , c a r r y them t o the con­

t o u r and o b t a i n as t h e f i r s t a p p r o x i m a t i o n o f t h e even nod a l p o i n t s ixi'^\ 

vilh, e t c . 

We r e p e a t the i t e r a t i o n process u n t i l a subsequent a p p r o x i m a t i o n 

c o i n c i d e s w i t h p r e s c r i b e d accuracy w i t h t h e p r e v i o u s a p p r o x i m a t i o n . To i n ­

crease the accuracy one must pass from a s m a l l e r v a l u e o f m t o a l a r g e r 

v a l u e , f o r example, t o 2m, t a k i n g the p r e v i o u s even and odd p o i n t s as a 

system o f new even p o i n t s and r e p e a t i n g the i t e r a t i o n process f o r 2m. 

We t h e r e b y d e f i n e more p r e c i s e l y the l o c a t i o n o f the n o d a l p o i n t s , a f t e r 

which formulae ( 5 ) , (6 ) g i v e the o p p o r t u n i t y o f f i n d i n g t h e c o e f f i c i e n t s 

o f t h e mapping p o l y n o m i a l w i t h t h e p r e s c r i b e d degree o f accuracy» 
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W« note t h a t the q u a n t i t i e s / a r e not f u n c t i o n s o f the c o n t o u r p o i n t s 

and a r e computed o n l y once. Moreover, to c o n s t r u c t t h e a a t r i c e s 

s u f f i c i e n t t o compute the f i r s t column of e a c h iUi~> 

t r i x , r e s p e c t i v e l y , and the n w i t h the el e m e n t s o f t h e f i r s t column to w r i t e 

the r e m a i n i n g e l e m e n t s o f the f i r s t row o f e a c h m a t r i x by means o f the f o r ­

mula : 

^1,2m- ( 2 k - 2 ) ~ / 2 k - 1 , 0 ' " ^ ' 

and t o f i l l out the e n t i r e m a t r i x w r i t i n g i d e n t i c a l e l e m e n t s a l o n g a l l down­

ward d i a g o n a l s . 

§ 2 . As s i m p l e a s the f o r m u l a * of (8 ) and (9) a r e , t h e y r e q u i r e kwi^ m u l t i -

p l i c a t i o i S to compute a s i n g l e h a l f - s t e p o f the i t e r a t i o n p r o c e s s . The c a l ­

c u l a t i o n scheme f o r the i t e r a t i o n p r o c e s s can be s i g n i f i c a n t l y s i m p l i f i e d 

by r e d u c i n g s i m i l a r s i n e s t o i d e n t i c a l ones and by i n t r o d u c i n g the f o l l o w ­

i n g g r o u p i n g o f the n o d a l p o i n t s : 

+++ — + 

^ k " = ̂ k^^k.2-^^k+m i V m ^ 2 *» ''k ?-^k . 2 " ^ ^^k^m-.2' 

+++ — + 

^ k " = ^k - ykH.2-^yk+m - yk+m+2' ^ k " ^ ^k ̂ yk+2-yk+m * yk+m+2' 

^ = ^k + *k+6-^k+m - ̂ k+m+6 ' * = ^k + ̂ k+e-yk^m - ̂ k+m+e ' 

+ 2m:.2 + 2m+2 - 2m-2 4 2m-2 4 

j=0,2,„.^j' y j = 0 , 2 , J ^ j = 0 , 2 , . . ^ ^ j = 0 , 2 , . . J 

f o r c a l c u l a t i n g the odd n o d a l p o i n t s , and 

OC,. = T- x.5 a = X,! CA^ = ^ y . 

2m-1 i - 1 o 1-̂ 1 

f o r c a l c u l a t i n g the even n o d a l p o i n t s . As a r e s u l t we o b t a i n the computation 

t a b l e s 1, 2 f o r c a l c u l a t i n g the n o d a l p o i n t s f o r m=^, 8 , l 6 . A t a b l e f o r 

computing the odd v a l u e s o f y^ from the even p o i n t s f o r m = I6 i s c o n s t r u c ­

t e d a n a l o gous to t a b l e 2 i n the f o l l o w i n g way: f i r s t l y i t i s n e c e s s a r y to 

r e p l a c e x by y, y by x, X^, ^f^ by , ^ and V i ^y X^^Sf. ; s e c o n d l y 
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the f i r s t column o f Cy i s c o n s t r u c t e d a c c o r d i n g t o the r u l e (X^ -Of", 

e t c . S i m i l a r t a b l e s can be c o n s t r u c t e d f o r computing the even 

p o i n t s from the odd ones; i t i s necessary o n l y t o i n c r e a s e the i n d e x o f 

^ i ' ^ i ' ^ i ' ^ i ' " ^ i ' ^ i u n i t y , as i s shown f o r t h e case m = k. 

A l l o f these computations w i l l be c o m p l e t e l y c a r r i e d out by a s i n g l e -

t y p e i f advantage i s taken o f the p r e v i o u s l y mentioned templates which 

a r e e q u i v a l e n t t o the t a b l e s 1, 2 . 

Computations w i t h the g i v e n t e m p l a t e s are c a r r i e d out i n the f o l l o w ­

i n g way. W r i t i n g the g i v e n x^, y^ i n two columns f o r m = '+,l6 and f or m = 8 

w r i t i n g y^ w i t h an i n t e r v a l o f t h r e e rows beneath x^, we pl a c e the tem­

p l a t e on the column x^, y^ so t h a t the shaded l i n e c o i n c i d e s w i t h the 

f i r s t row. Then we c a r r y out c o n s e c u t i v e l y the i n d i c a t e d a c t i o n s , n o t r e ­

moving the r e a d i n g s o f the i n d i c a t o r o f the c a l c u l a t i n g machine and we com­

pute r e s p e c t i v e l y the q u a n t i t i e s which are i n the column headings o f the 

temp l a t e s I (m = 4 , 8, l 6 ) . For example, t o compute the odd p o i n t s from t h e 

even p o i n t s f o r m = ^ we have: 

To use the tem p l a t e s I I ( m * 8 ) and I I I , IV (m = l 6 ) i t i s necessary t o 

determine the f i r s t v a l u e o f 0^^, as i n d i c a t e d above, w r i t e down the r e ­

s u l t , then remove i t , s h i f t the t e m p l a t e down one row, c a r r y out a l l the 

i n d i c a t e d a c t i o n s , w r i t e down the r e s u l t , remove i t and s h i f t the t e m p l a t e 

a g a i n down one row, etc» We t h e r e b y compute c o n s e c u t i v e l y a l l o f the e l e ­

ments o f the columns Of^ ( i t i s , i n a d d i t i o n , necessary t o watch the s i g n s 

c a r e f u l l y ) . Template I I ( m = l 6 ) i s meant f o r the c a l c u l a t i o n o f the columns 

^ 2 ' ^ 6 

from t h e i r f i r s t v a lues computed a c c o r d i n g t o tem p l a t e I ( m = l 6 ) . 

We take the f i r s t v a l u e , then we a p p l y t e m p l a t e I I t o the f i r s t row o f x^, 

y^ and c a r r y i n g out a l l o f the i n d i c a t e d a c t i o n s , we t h e r e b y determine ^['2, 

Qfg f o r the p o i n t s 3 o r k. Then, n o t removing t h e p r e v i o u s r e s u l t , we s h i f t 

the t e m p l a t e down one row, we c a r r y out a l l o f the i n d i c a t e d a c t i o n s and 

»• determine ^, Cï^ f o r the p o i n t s 5 or 6 e t c . A f t e r d e t e r m i n i n g a l l o f 

the 0^, we f i n d the c o r r e s p o n d i n g p and q: 

^x^- m = T ^ ^ x , ^ ° ' « 8 8 3 9 ^ . 10 ,115^80^. l o , o 4 7 8 3 ^ 2 ^ ; 

J *2̂  ^ 

q^ = 0,02^39 (3f^^(x) +O,O69if5 0 f 3 ^ ( x ) + 0,10393 ^ 5 ^ ( x ) + 0 , 1 2 2 6 0 ^ ^ ( x ) (10) 
+ 0,29598 ör ( y ) +0,0^305 ( X ( y ) - 0,02876 Of ( y ) - 0 , 0 5 8 8 7 <3r ( y ) 

5x l x 
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I n an analogous manner we f i n d p » q , a f t e r which we compute: 
y y 

^k, m+k = Pkx - ̂ kx » ^k, m+k = f k y - V ^ 

where the upper s i g n r e f e r s t o the f i r s t i n d e x and the lower one t o the 

second i n d e x . 

Example. To f i n d a f u n c t i o n which maps the e x t e r i o r o f the c i r c l e 

{ ^ 1 onto the e x t e r i o r o f a t u r b i n e blade s e c t i o n Z = x + i y , g i v e n i n 

the t a b u l a r form: 

X -1 .211-1 .200-1 .000-0 .700-0 .^00-0 .000+0.600+0.900+1.^00+1.925 

y^-0.97^-0 .930-0 .572-0 ,128+0.198+0. i+29+0.513+0.502+0. ̂ 57+0. if 00 

y^-0 .97 i f -0 .980-0 .860-0 .656-0 .472-0 .255-0 .020+0,129+0.285+0. if 00 

By t r i a l and e r r o r , we f i n d the best a p p r o x i m a t i o n f o r the noda l p o i n t s 

on the s t a n d a r d o f m = k , which v/e then make more a c c u r a t e w i t h m = 8. 

We s e l e c t two systems o f even p o i n t s (crosses and c i r c l e s ) on the con­

t o u r , which are l o c a t e d i n t e n t i o n a l l y on d i f f e r e n t s i d e s o f the c o r r e c t 

even nodal p o i n t s . I t i s necessary t o s e l e c t the even crosses and c i r c l e s 

f o r t h i s so t h a t the system o f odd p o i n t s computed from them l i e s on d i f ­

f e r e n t s i d e s o f the c o n t o u r . T h i s can always be achieved i f a s u f f i c i e n t ­

l y l a r g e b r a c k e t i s t a k e n . J o i n i n g the r e s u l t i n g o f f countour approximate 

odd crosses and c i r c l e s w i t h a s t r a i g h t l i n e , we f i n d t h e i r p o i n t s o f 

i n t e r s e c t i o n w i t h the contou r ( t h e y are denoted on th e drawing by V ) . 

and we take them as the z e r o - e t h a p p r o x i m a t i o n o f the odd nodal p o i n t s , 

from which we compute the f i r s t a p p r o x i m a t i o n o f the even nodal p o i n t s . 

W i t h t h i s we complete the f i r s t s t e p o f the c a l c u l a t i o n s and pass on to 

t h e second. 

We c a r r y the p o i n t s so found a l o n g normals t o the s u r f a c e and s e l e c t 

a second, s i g n i f i c a n t l y s m a l l e r , b r a c k e t p l a c i n g the crosses and c i r c l e s 

a l o n g the d i f f e r e n t s i d e s o f the d e f l e c t i o n p o i n t s a t s m a l l e r d i s t a n c e t t a n 

p r e v i o u s l y *. We compute the whole second s t e p i n a manner analogous t o the 

f i r s t . As a r e s u l t we o b t a i n the second a p p r o x i m a t i o n o f the even n o d a l 

p o i n t s , we c a r r y them t o the contou r and we determine the t r e n d o f the move­

ment o f the succ e s s i v e a p p r o x i m a t i o n s to t h e even nod a l p o i n t s . A f t e r c l a r i 

f y i n g the t r e n d o f t h e i r movement, we s e l e c t i n succeeding s t e p s c r o a s o o 

and c i r c l e s s i g n i f i c a n t l y nearer t o th e d e f l e c t i o n p o i n t s on the b a s i s o f 

t h e r e s u l t s o f the p r e v i o u s s t e p s . I n each s t e p we c o n s t r i c t the b r a c k e t 
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more and by the same token we l o c a l i z e more the i n t e r v a l s w i t h i n which 

are found the c o r r e c t nodal p o i n t s . We t e r m i n a t e the process when a l l 

o f the odd p o i n t s , computed from the even p o i n t s , l i e on the cont o u r 

w i t h the p r e s c r i b e d accuracy. 

The r e s u l t s o f the computations c a r r i e d out on the s t a n d a r d of m ^ k 

are presented i n t a b l e 3. Then we take the even and odd nodal p o i n t s , 

found f o r m = 4, as a new system o f even j j o i n t s and we c a r r y out one c y c l e 

o f the c a l c u l a t i o n s f o r m= 8 t o make the r e s u l t s more p r e c i s e and t h e n , 

i n case i t i s necessary, f o r m = l 6 . A l l o f these computations are c a r r i e d 

out i n t a b l e s k, 5, where f o r m = 8 a l l o f the computed odd p o i n t s l a y on 

the contour so t h a t i n the p r e s e n t example the computations f o r m = I 6 

were not necessary and were c a r r i e d out o n l y t o p r o v i d e an a d d i t i o n a l 

check. Knowing the nodal p o i n t s , we f i n d the c o e f f i c i e n t s o f the mapping 

p o l y n o m i a l from f o r m u l a s (5) or (6) f o r m = 8o For n * 16 we o b t a i n the 

same r e s u l t , and f o r j ? 3 a l l A_. = = 0. 

I n c o n c l u s i o n we note t h a t the e x i s t a n c e o f a cusp on the c o n t o u r 

does not c r e a t e a c o m p l i c a t i o n and the e n t i r e c a l c u l a t i o n i s c a r r i e d o ut 

i n a manner c o m p l e t e l y analogous t o t h a t c o n s i d e r e d above (Reference 2 ) . 
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'?able 1 

2-51=0,353554 m=4 -2Si=Q.353554 

un-
:ao'Tas 

± ^ 
±x+— 
±Vo+ — 
±Y+ — 

*2,6 
'4,8 

f4,8 

± x + — 

± Y t - -

±Yt~-

-^53=0,230970 ^Si=0,095671 

a+—a 

af—ni 

MY^-^--YT+^) 
+(7-+ + 

- ( i T + - - i ' r + - ) 

±(x^—-fiT~+) 
±{Xt +YJ-+) 
±(X+—-fFg—+) 

±(xr~++yt—) 

±(;fr~++i'^—) 
=F(x^-+-l-y+—) 

T ( ; f r - + + F + — ) 

- f ( x ^ + - - x r + - ) 

T ( ; f r ~ + - ^ — ) 
— ) 
— ) 

=F(Ai--+-y^—) 

•-YJ-^ 

/n=16 1 
1/16 0,088388 0,115485 0,047835 

un-
kno^/ns a6x(f/) 

*1.17 + y + + + - y + + + ) 
+iY-^^--Y-^ + - -

-Yt^++Yt + ^ 

'3,19 a+-a7 
+(iT+--t->q5+--

+y+ + +-y+ + +) 
+(K- + --y7-„+-_ 

-y+++^y6+ + +, 

'5,21 
-Yt + ++Yt + ^) 

'7,23 «?-«7 -YT^--YTo^~) + y + + + - y + + + ) 

+(Y^ + --YT^ + - -

-Yt + ^+Yto'-^^ 

'9,25 
+ ( y 5 - + - + y i - + - -

+ y + + + - y + + + ) - y ^ + + + y t + + > 

'n,27 
- a T + - - y i 3 + - + - ( y r + - - y ^ + - -

'l3,29 
+(yT'^~+Y^2^~- - ( r r ' + - - i ' i i + ~ + 

-i-yo+ + +-y+ + +) 
- ( y r + - - i ^ + - -

'15,31 °?-°7 
-aT+--y75+--l-

4-y+ + +-y+++) 
- ( y ; - + - - y i : ; + - -



ïable 2 

0,024386 0,069446 0,103934 0,122598 0,295977 0,043050 -0,028761 5 -0,058873 

"^7x0/) ^5x(l/) 

- 3 E + — 

+ ^ - + •+X+ — + s „ — + _ v + 
' 10 

+ ^ - + + 3E+ +X+ — _ Y + 

+ 3 E ^ - - +X+ — - r + ~ 

1 
+96—+ +Yt— 

+93—+ + Y . + — 

1 
[ 

+9S-+- • + K i — 

-•X--+ -x^—+ -

1 
t - ? ) l i - + -



Templates 



Table 3 

m=4 1 
25i=0,3E i355 

S t e p yK * + « + c k 
yk 

O I 2 +Ö,9C 

4 —0,90 

6 +0,55 

!5 +0,4( 

10 +0,5C 

0 —0,41 

4 0,00 

)0 a + 

>0 ±«7 
7 < 
0 + « 7 

+2,479 

+0,517 

+0,483 

±0 ,429 

1 +0,490 

3 +0,749< 

1 +0,228( 

3 +0,013J 

5 ±3 ,171 

3 +2,479 

) ± 1 , 3 1 7 

5 +0,317 

1 +1 ,61 

3 —0,12 

5 —0,63 

7 +1 ,62 

2 +0,694 

7—0,098 

1 —0,238 

5 +0,125 

X I 

0 +1,92 

2 —0,40< 

4 —1,21( 

6 —0,80( 

5 +0 ,40 

D +0 ,20 

) —0,97( 

) —0,72; 

D at 

3 ±a-

5 + « 7 

—0,485 

+ 0,047 

—1,093 

+ 1,9t5 

1 —0,133C 

3 —0.1095 

1 —0,7520 

3 +0,2055 

± 3 , 5 3 5 

T2,735 

± 2 , 2 9 3 

TO, 447 

1 +1 .11 

3 —1,071 

5 —1,38: 

7 +0,85: 

7 +0,059 

5 +0,048 

3 —1,563 

1 —0,133C 

3 —0.1095 

1 —0,7520 

3 +0,2055 

± 3 , 5 3 5 

T2,735 

± 2 , 2 9 3 

TO, 447 

1 +1 .11 

3 —1,071 

5 —1,38: 

7 +0,85: ̂  +0,363 

V I 

1. +1,43( 

3 —0,61( 

5 —0,97C 

7 +1,244 

) +0,45( 

) —0,02( 

> —0,84( 

• +0,24C • T a 7 

+1,094 

+0,610 

—0,170 

±0 .174 

2 +0,1210 

4 +0,4260 

2 +0,0010 

4 —0,0860 

±0 ,546 

• +4,254 

±1 ,030 

+ 1,550 

2 +0,31^ 

4 —1,078 

6 —0,072 

8 +1,930 

I +0,365 

. —0,634 

—0,363 

, +0,462 

o n • 

0 +1,925 

2 +0,600 

1 —0,955 

) +0,200 

+0,400 

+0,510 

—0,500 

—0,160 
< 

+ 1,770 

+0,450 . 

+0,250 

+ 0,170 i 

1 +0,3300 

3 +0,5550 

1 +0,0200 

J +0,1050 

± 3 , 2 8 0 

+2,480 ; 

± 1 , 5 7 0 [ 

+0,230 / 

I +1,490 

i —0,322 

) —0,830 

' +1,432 

+0,575 

+0,024 

—0,535 

+0,186 

( 

X I I Ï 
4 
6 

) +1,925 

J 0,000 

\ —1,130 

—0,400 

+0,400 

+0,430 

—0,800 

—0,470 

+0,395 ] 

+ 0,360 c 

—0,440 1 

+ 1,195 3 

+0,0087 

i +0,1887 

—0,4087 

+0,1887 

± 3 , 4 5 5 1 

+2,655 3 

±2 .100 5 

+0.300 7 

+ 1,230 

—0,750 

—1,213 

+1,127 

+0,334 

+0,083 

—1,151 

+0,295 

1 

v n 3 

5 

7 

+ 1,365 

—0,545 

— 1,060 

+ 1,260 

+0,460 

+0,055 

—0,900 

+0,245 

±% 
a + 

i ' 
T a j 

+ 1,020 2 

+ 0,740 4 

—0,140 2 

±0 ,410 4 

+0,0700 

+0,4400 

+0,0675 

—0,1375 

±0 .620 2 

+ 4,230 4 

±1 ,170 6 

T1,550 8 

+0,289 

—1,055 

—0,149 

+ 1,935 

+0,481 

—0,685 

—0,346 

+0,410 

0 

O I I I 2 
4 

6 

+ 1,925 

+0,500 • 

-1 ,020 -

—0,100 -

+0,400 

+0,510 

-0,600 

-0,307 T a 7 

+1,305 1 

+ 0,403 3 

+0,003 1 

+0.505 3 

+0,2255 

+0,4270 

—0,1255 : 

+0,1270 = 

±3 ,545 1 

T2,345 3 

t l , 8 1 7 5 

FO.183 7 

+ 1,479 

—0,402 • 

— 1,028 -

+1,256 -

+0,517 

+0,062 

-0,768 

f0 ,192 

0 

X I I I 2 
4 

6 

+1,925 ^ 

+0,200 -\ 

—1,130 -

—0,400 -

^0,400 

-0,480 

-0,800 

-0,470 

-

±a7 = 
< -

+ a 7 ^ 

f-0,595' 1 

F0,410 3 

-0,390 1 

=0,995 3 

+0,0462 = 

+0,2512 r 

—0,3462 ^ 

+0,1512 ^ 

b3,655 1 

F2.455 3 

b2,150 5 

=0,250 7 

+1,338 -

—0,617 -

-1 ,246 -

+1.119 -

f 0 , 4 l 4 

f0,063 

-1.106 

i-0,239 



ïable 3 continued 

m= =4 
^Si=0,3535£ 

Step k 
yk k —a j, —a 4 " 4 f k 

yk 

V I I I 

1 

3 

5 

7 

+ 1,398 

—0,532 

—1,145 

+ 1,175 

+0,457 

+0,063 

—0,956 

+0,220 

-t +0,896 

+ 0,782 

—0,216 

d=0,390 

2 

4 

2 

4 

+0,0285 

+0,4195 

+0,0435 

—0,1515 

± 0 , 8 3 6 

+ 4,250 

±1 ,256 

T l , 570 

2 

4 

6 

8 

+0,324 

—1,083 

—0,267 

+ 1,922 

+0,487 

—0,706 

—0,400 

+0,403 

0 

2 

4 

6 

+ 1,925 

+0,325 

—1,079 

—0,272 

+0,400 

+0,500 

—0,702 

—0,400 T«7 

+0,899. 

+ 0,402 

—0,202 

TO, 793 

1 

3 

1 

3 

+0,1242 

+0,3252 

—0,2487 

+0,1477 

±3 ,601 

+ 2,407 

± 2 , 0 0 2 

TO, 202 

1 

3 

5 

7 

+1,397 

—0,526 

—1,149 

+ 1J76 

+0,459 

+0,076 

—0,956 

+0,219 

O 
2 
4 
6 

8 

10 

12 

14 

m=8 

k 
^k 

0 + 1,925 
2 + 1,397 
4 +0,325 
6 —0,526 
8 —1,079 

10 —1,149 
12 —0,272 

14 +1.176 

0,17678 0,23097 

1 
3 
5 
7 

+0,2246 
+0,2246 
+0,2246 
+^0,2246 

1 la 

+0,390 
-1 .194 
—0,390 
+ 1,194 

± 5 , 2 3 7 
± 3 , 6 5 8 
+ 0,062 
T3,747 

i/ö 

+ 1,797 

0,000 

1 

3 

5 

+0,2935 

+0,0135 

+0,1556 
1 

, " 1 +0,4357 

0,09567 

a, 

±3 ,056 
± 0 , 0 5 7 
T2,975 
T4,264 
±1 ,5019 

± 0 , 8 5 0 3 

TO,2989 

Tl ,2734 

I 
3 
5 
7^ 

9 

I I 

13 

15 

+ 1,795 
+0,864 
—0 ,143 
—0 ,838 

^̂ ^̂ 7208' 

—0 ,837 

+0 ,454 

+1.709 

+0,400 
+0,459 
+0,500 
+0,076 

—0,702 

—0,956 

—0,400 

+0.219 

—0,0506 
—0,0503 
—0.0506 
—0,0503 

1/8 

T a ; 

—0,404 

TO.OOI 

—1,195 
—0,391 
+ 1,195 
+0,391 

1 

.1 

3 

S 

7 

± 2 , 0 5 9 
± 0 , 3 6 6 
+ 1,542 
T2,547 

± 2 , 1 4 8 
± 5 , 8 6 5 
± 5 , 8 6 3 
± 2 , 6 2 8 

1 
3 
5 
7 

+0,419 
+0,507 
+0,365 
—0,318 

—0,2618 ±0 ,6811 9 —0.943 
—0,1194 ±0 ,6265 11 —0.746 
+0,1606 ±0 ,2047 13 —0.044 
+0.0188. +0,3368 15 +0.356 

I 



Table 4 

m=16 

k yk 

0 + 1,925 +0,400 
2 +1,795 +0,419 
4 + 1,397 +0,459 
6 +0,864 +0,507 
8 +0,325 +0,500 

10 —0,143 +0,365 
12 —0,526 +0,076 
14 —0,838 —0,318 
16 —1,079 —0,702 
18 — 1,208 —0,943 
20 -1 ,149 —0,956 
22 —0,837 —0,746 
24 —0,272 —0,400 
26 +0,454 —0,044 
28 + 1,176 +0,219 
30 + 1,709 +0,356 

1/16 

+3,593 

0,000 

1/854=0,08839 

k 

1 
3 
5 
7 

+0,002 
—0,002 
—0,002 
+0,002 

a+ 
y 

+ a j -

—0,808 

+0,001 

1/854=0,08839 

k 

1 
3 
5 
7 

—0,001 
—0,001 
+0,001 
+0,001 

± 
k 

p/, p 

1 
3 
5 
1_ 

k 

0,2246 
0,2246 
0,2246 
0,2246 

0,11548 

_y 

+0,0018 
—0,0018 
—0,0018 
+0,0018 

0,04783 

± 1 . 5 1 2 
TO, 178 
T1,762 
,T2,316 

TO,626 
± 0 , 0 7 2 
±0 ,732 
±0 ,958 

l/16a^ I 1/88404̂  

—0,0506 
—0,0504 
—0,0506 
—0,0504 

—0,0009 
—0,0009 
+0,0009 
+0,0009 

0,115481 0,04783 

T l . 763 
T2,315 
T l , 5 1 1 
±0 ,177 

± 0 , 7 2 9 
± 0 , 9 5 9 
± 0 , 6 2 7 
TO,075 

yk. k+m=Py±^y 

+0,3711 
+0,2057 
+0,0543 
+0,0048 

+0,0817 
+0,2399 
+0,3913 
+0,4480 

±1 .5314 
±1 ,4146 
±1 ,0824 
±0 ,5857 

±0,0001 
TO,5862 
T1,0828 
T1,4148 

—0,2202 
—0,2728 
—0,1942 
—0,0327 
+0,1172 
+0,1702 
+0,0948 
-0,0663 

±0 ,6278 
±0 ,7081 
±0 ,6801 
±0 ,5486 
±0 ,3338 
±0 ,0674 
TO, 2084 
TO, 4526 



Table 5 

m=16 m=16 
0,02439 0,06945 0,10393 0,12260 

k 

1 + 1,194 +3,403 +5,093 +6,007 
3 + 1,105 +3,144 +4,705 +5,549 
5 +0,845 +2,407 +3,600 +4,247 
7 +0,457 + 1,301 + 1,949 +2,298 
9 —0,001 —0,001 —0,001 0,000 

11 —0,457 — 1,303 —1,950 —2,299 
13 —0,845 —2,406 ^3 ,601 —4,249 
15 —1,104 —3,143 / —4,705 —5,551 

k 

1 +0,491 + 1,396 +2,089 +2,464 
3 +0,552 + 1,574 +2,355 +2,777 
5 +0,531 + 1,511 +2,262 ' +2,668 
7 +0,428 + 1,219 + 1,824 +2,153 
9 +0,260 +0,741 + 1,110 + 1,309 

11 +0,053 +0,151 +0,226 +0,266 
13 —0,162 —0,462 —0,693 —0,817 
15 —0,353 —1,006 —1,505 —1,776 

0,29598 0,04305 —0,02876 —0,05887 

a3x(^) ^\x{y) k yk 

—0,260 
—0,053 
+0,162 
+0,353 
+0,491 
+0,552 
+0,531 
+0,428 

—0,741 
—0,151 
+0,462 
+ 1,006 
+ 1,396 
+ 1,574 , 
+1,511 
+ 1,219 

—1,110 
—0,226 
4-0,693 
+ 1,505 
+2,089 
+2,355 
+2,262 
+ 1,824 

—1.309 
—0,266 
+0,817 
+ 1,776 
+2,464 
+2,777 
+2,668 
+2,153 

1 
3 
5 
7 
9 

11 
13 
15 
17 
19 
21 
23 
25 
27 
29 
31 

+ 1,902 
+ 1,620 
+ 1,137 
+0,590 
+0,082 
—0,346 
—0,691 
—0,967 
—1,160 
—1 ,-209 
—0,028 
—0,581 
+0,082 
+0,826 
+1,474 
+1,863 

+0,408 
+0,435 
+0,486 
+0,516 
+0,451 
+0,238 
-0 ,114 
—0,519 
—0,848 
—0,981 
—0,874 
—0,581 
—0,217 
+0,103 
+0,303 
+0,386 

a^y{x) 

1 
3 
5 
7 
9 

11 
13 
15 
17 
19 
21 
23 
25 
27 
29 
31 

+ 1,902 
+ 1,620 
+ 1,137 
+0,590 
+0,082 
—0,346 
—0,691 
—0,967 
—1,160 
—1 ,-209 
—0,028 
—0,581 
+0,082 
+0,826 
+1,474 
+1,863 

+0,408 
+0,435 
+0,486 
+0,516 
+0,451 
+0,238 
-0 ,114 
—0,519 
—0,848 
—0,981 
—0,874 
—0,581 
—0,217 
+0,103 
+0,303 
+0,386 

—0,001 
—0,457 
—0,845 
— 1,104 
— 1,194 
— 1,105 
—0,845 
—0,457 

—0,001 
—1,303 
—2,406 
—3,143 
—3,403 
—3,144 
—2,407 
—1,301 

—0,001 
—1,950 
—3,601 
—4,705 
—5,093 
—4,705 
—3,600 
—1.949 

0,000 
—2,299 
—4,249 
—5,551 
—6,007 
—5,549 
—4,247 
—2,298 

1 
3 
5 
7 
9 

11 
13 
15 
17 
19 
21 
23 
25 
27 
29 
31 

+ 1,902 
+ 1,620 
+ 1,137 
+0,590 
+0,082 
—0,346 
—0,691 
—0,967 
—1,160 
—1 ,-209 
—0,028 
—0,581 
+0,082 
+0,826 
+1,474 
+1,863 

+0,408 
+0,435 
+0,486 
+0,516 
+0,451 
+0,238 
-0 ,114 
—0,519 
—0,848 
—0,981 
—0,874 
—0,581 
—0,217 
+0,103 
+0,303 
+0,386 



/ - 1 OV 1 • 2 3 4 - 5 6 

0,976 
0,126 

0,225 
—0,050 

0,526 
+0,425 

• / • •• 

0,198 
—0,100 

0,000 
0,000 

0,000 
0,000 

0,000 
0,000 

0,000 
0,000 


