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Abstract

Due to fierce competition on the electricity market, many wind energy related research projects are
currently aimed at cost reduction. In order to establish the cost reduction, more and more wind turbines
are being clustered in (offshore) wind farms. Major drawback of wind farms however, is the energy
production loss due to aerodynamic wake interaction between wind turbines.

Optimizing wind turbine rotor designs on wind farm scale instead of focussing on wind turbine level,
can increase the energy production of a wind farm. The increase can amongst others be established
by optimization of wind turbine thrust and power curves. Thrust and power curves are related to the
axial induction factor of wind turbine rotors, by using momentum theory.

In the current project, optimization problems have been investigated that manipulate wind turbine
performance parameters. The optimization parameters are the axial induction factor curves of the wind
turbines, which were either parametrized by discrete data points or by Bézier control points.

The parameters were manipulated by Matlab’s optimization toolbox, using built-in optimization al-
gorithms. The optimization algorithm searches for the optimum axial induction factor curve, yielding
the lowest wake losses and resulting in the maximum annual energy production of a wind farm. A
requisite of the optimization problems is the use of ECN’s wind farm-wake simulation tool ‘FarmFlow-
fast’, to calculate the annual energy production of a wind farm for each evaluated set of optimization
parameter values.

The current project involved two main objectives. First, the FarmFlow-fast model had to be validated
for optimization purposes. This was done by performing simulations with the software, based on pre-
defined flow scenarios. The results of the simulations were compared with power measurement data,
taken from the Horns Rev and Lillgrund wind farms.

Secondly, the potential of wind turbine performance curve optimization had to be investigated. This
was done by investigating multiple performance curve optimization scenarios, in which the increase in
annual energy production of a wind farm was calculated as function of the wind turbine performance
curves.

It is found that FarmFlow-fast is capable to be used for optimization purposes. The quality of
the FarmFlow-fast simulations was not worse than the simulations of the already validated original
‘FarmFlow’ version. FarmFlow-fast however performed approximately 19 times quicker than the original
FarmFlow version.

The influence of the ambient turbulence intensity, wind turbine spacing and wind speed range on the
quality of FarmFlow-fast simulation results can not be judged based on the FarmFlow-fast validation
study. More validation cases have to be investigated for getting a better impression of the above
mentioned influences. Investigation of more validation cases however requires additional measurement
data.

The most suitable optimization algorithm for the investigated optimization problems, concerning
time consumption and objective function value decrement, is the “patternsearch” algorithm. Unique
optimum performance curves were found, depending on the wind farm layout, accounted wind speed
and direction ranges and the used performance curve parametrization and optimization method.

It was found that increasing the number of wind turbines in a wind farm results into higher energy-
loss fractions. The relative gain in annual energy production after optimization was however higher
when the number of wind turbines was increased. The optimum performance curves move further
away from the Betz limit, as the number of wind turbines increases.

The contribution of a free-stream wind turbine to the total energy-loss fraction of a wind farm
proved to be substantial. It turned out that it is more beneficial to only manipulate the performance
curves of free-stream wind turbines, than to use the same optimized performance curves for all wind
turbines. This implies that there is a potential for considering different rotors for the first wind turbine
row of a wind farm than the rotors of the other wind turbines.

The optimized performance curves increase the annual energy production of a wind farm, with
respect to wind turbines operating at the Betz limit. Bézier curve parametrization performed in the
order of 20 times quicker than using discrete data points.
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iv Abstract

Although the potential increase in annual energy production can be considered rather small, the
thrust reduction on wind turbine rotors around rated wind speed might as well be an important outcome
of the optimization runs. The thrust reduction can result in cheaper wind turbine designs, which might
even be a more promising result in terms of cost of energy reduction than the increase in annual energy
production. The results of this project contribute to choosing new design parameters for future wind
turbine rotor designs, in order to minimize the costs of energy.
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Glossary

Energy-loss fraction Fractional energy loss between the actual annual energy production and
the annual energy production without wake losses.

FarmFlow ECN’s wind farm-wake simulation tool that solves the 3D steady parabo-
lized Navier-Stokes equations in disturbance form.

FarmFlow-fast Quicker variant to the original FarmFlow. Especially developed for opti-
mization purposes concerning the shorter calculation times.

Objective function An equation to be optimized given certain constraints and with variables
that need to be minimized or maximized using programming techniques.

Optimization parameters Model parameters to be optimized for reducing the objective function val-
ues.

Power-loss fraction Fractional power generation loss of a wind turbine operating in a wake
with respect to a wind turbine exposed to undisturbed meteorological
conditions.
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1
Introduction

1.1. Background
The wind energy share on the global electricity market has experienced a steady increase over the past
few years. It is expected that the number of wind energy projects will grow even faster, during the
coming years[1]. Due to fierce competition, many wind energy related research projects are currently
aimed at reducing the Costs Of Energy (COE)[2–4]. In order to establish the cost reduction, more and
more wind turbines are being clustered in (offshore) wind farms[5, 6].

Clustering wind turbines together has advantages compared to operation as separate entities. A
reduction in land use can be established and the cost of installation and maintenance may be reduced,
resulting from economies of scale[7, 8]. Major drawback of wind farms however, is the energy pro-
duction loss due to aerodynamic wake interaction between the wind turbines[3, 5, 7]. Experience has
shown that energy losses caused by wake effects amount to roughly 10−20%, in conventional offshore
wind farms[9–11].

1.2. Problem analysis
Wind turbines on the market nowadays are designed with a “greedy” attitude, which means that each
wind turbine, individually, aims to generate maximum power[4]. Such a strategy works well for wind
turbines operating as stand-alone machines, but not for wind turbines operating in a wind farm. The
strategy is not suitable for wind farm operation, because it does not take into account the consequences
of wake effects caused by operating wind turbine rotors.

Operating wind turbines at “sub-optimal” conditions can result in a higher accumulated wind farm
power generation, than in case of operating at optimal conditions[12]. Sub-optimal conditions are
created by reducing the axial induction factor of the rotors, yielding lower thrust and power coefficients.
Lowering the thrust coefficient decreases the severity of the wake[5], resulting into higher power
generation by downstream wind turbines. The above described strategy is followed by the investigated
optimization problems in the current project.

1.3. Approach
The current project investigates optimization problems that manipulate the performance curves of wind
turbines operating in a wind farm. The spacing between the wind turbines, rotor diameters and wind
turbine hub heights remain fixed in the optimization problems. The optimization parameters are the
axial induction factor curves of the wind turbines, which are converted to thrust coefficient and power
curves by momentum theory.

The axial induction factor curve is either parametrized by discrete specification points, at rotor-
averaged wind speed intervals of |Δ𝑢 | = 1m/s, or by Bézier control points. The optimization pa-
rameters are manipulated by Matlab’s optimization toolbox, using built-in optimization algorithms. An
optimization algorithm searches for the optimum axial induction factor curve, yielding the lowest en-
ergy losses caused by wake effects and resulting into maximum Annual Energy Production (AEP) of a
wind farm.

1



2 1. Introduction

A requisite of the optimization problems is the use of a wind farm simulation tool to estimate the
AEP of a wind farm, for each evaluated set of optimization parameter values. As wake effects play a
crucial role in the problems, the tool should be able to model flow in the wake of wind turbine rotors.
As optimization runs require tens or hundreds of iterations before the solution converges into optimum
design values, the software should preferably be non-computationally intensive in order to limit the
time spent on calculations.

All wind farm simulations are performed with ECN’s aerodynamic wind farm-wake simulation tool
‘FarmFlow-fast’, which solves the 3D steady parabolized Navier-Stokes equations in disturbance form.
FarmFlow-fast is a quicker variant to the original ‘FarmFlow’; especially developed for optimization
purposes concerning the shorter calculation times. FarmFlow-fast is capable of calculating the power
generation of free-stream wind turbines and wind turbines operating in the wake of other wind turbines.
The power generation is calculated as function of the optimization parameters and the free-stream wind
speed and direction. Next to the power generation, FarmFlow-fast calculates the reduced wind speed
and increased turbulence intensity in the wake of wind turbine rotors.

Matlab is used to post-process simulation data and couples post-processed results back to the opti-
mization toolbox. Different optimization problems and scenarios are investigated, all serving a specific
purpose. Firstly, to obtain quantitative insight into the potential of energy production maximization
by wind turbine performance curve optimization. Secondly, to explore how the optimum performance
curves are influenced by changing the number of wind turbines, layout and wind climate of a wind
farm.

Several steps are taken in the current research project, ultimately leading to an increase in AEP of
a wind farm.

• First, the FarmFlow-fast model is validated for optimization purposes.

• Hereafter, a simplified wind farm optimization problem is defined to create the interface between
Matlab’s optimization toolbox and FarmFlow-fast.

• Once the coupling between the optimization toolbox and FarmFlow-fast is established, the per-
formance of five different optimization algorithms are compared with each other on the simplified
optimization problem.

• After the most suitable optimization algorithm is picked, a more comprehensive wind turbine
performance curve optimization problem is defined. The performance curve optimization problem
is used to compare different algorithm settings and parametrization methods with each other.

• Finally, when the best optimization methodology is known it is applied to three other optimization
scenarios.

1.4. Objectives
The aim of the current project is:

Obtain insight into the potential of wind turbine performance curve optimization for wind
farm operation, by carrying out optimization runs with Matlab’s optimization toolbox

coupled to FarmFlow-fast.

The project involves the accomplishment of two primary objectives. The first objective is the valida-
tion of FarmFlow-fast for the purpose of wind turbine performance curve optimization. The objective is
achieved by comparing FarmFlow-fast simulation data with simulations of the original FarmFlow version
and measurement data taken in two existing wind farms.

The FarmFlow-fast output parameters that are compared with the reference data are the power
generation values of a wind turbine row, aligned with the wind direction. Simulations are performed
for various rotor diameters, turbulence intensities, wind speeds, hub heights and spacings between the
wind turbines. The influence of the wind direction is investigated and the calculation times of FarmFlow
and FarmFlow-fast are compared with each other.

The second objective is to discover to what extent the energy production of a wind farm can be
increased, by optimization of wind turbine performance curves. The objective is achieved by solving
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optimization problems with parametrized wind turbine performance curves, i.e. the thrust coefficient
curve and the power curve.

The influence of the optimization algorithm type and settings on the optimum objective function
value, parameter values and optimization time is investigated. Next to the influence of the algorithm, it
is investigated how the optimum solution is affected by the performance curve parametrization method
and the number of wind turbines in a wind farm. Finally, the contribution of the performance curves
of free-stream wind turbines is examined.

An overview of the primary and secondary objectives is given below.

Validation of the FarmFlow-fast software

• Obtain insight into the quality of FarmFlow-fast simulations compared to FarmFlow simulation
data and measurement data.

• Obtain insight into the calculation times of FarmFlow-fast and FarmFlow.

• Obtain insight into how the simulation quality is affected by the turbulence intensity, wind turbine
spacing and wind speed and direction ranges.

Optimization of wind turbine performance curves

• Obtain insight into the influence of the optimization algorithm type and settings.

• Obtain insight into the influence of performance curve parametrization.

• Obtain insight into the influence of the number of wind turbines in a wind farm.

• Obtain insight into the contribution of the performance curves of free-stream wind turbines.

1.5. Outline of the report
The report is structured as follows.

• Chapter 2 starts with a general literature review about wake effects and provides a short overview
of currently available aerodynamic wind farm simulation models. Wake model validation methods
are briefly highlighted and the chapter summarizes what already has been done on wind farm
optimization.

• Chapter 3 describes the capabilities, theory and models of FarmFlow-fast. Additionally, the dif-
ferences with the original FarmFlow version are discussed.

• Chapter 4 presents the complete validation study of FarmFlow-fast. It explains the validation
procedure and compares FarmFlow-fast simulation results with simulation data from the original
FarmFlow version and measurement data.

• Chapter 5 illustrates the methodology of the investigated optimization problems including the
governing equations, parametrization methods and objective functions. Additionally, the investi-
gated optimization cases are described.

• Chapter 6 treats the results of all optimization runs and discusses the best optimization method-
ology and the potential of wind turbine performance curve optimization.

• Finally, Chapter 7 provides conclusions that are drawn from the project and gives recommenda-
tions for follow-up research.





2
Literature review

2.1. Overview
This literature review is aimed at presenting a selection of topics related to wind farm aerodynamics
and optimization. It mainly serves to demonstrate the research framework of the current study and
the position of the current project within this framework. Besides the explanatory purpose, it serves
to support the choices made during the project and to provide reference data for the validation study.

Section 2.2 begins with general characteristics of wake effects in wind farms. It explains causes
and consequences of wake effects and highlights problematic areas, on which the current research
is focussed. Hereafter, Section 2.3 presents currently available wind farm-wake models comprising a
range of complexities. FarmFlow-fast is placed in perspective with other models, which supports the
choice for using FarmFlow-fast in the optimization problems of the current project.

Section 2.4 treats the validation of wind farm-wake models by presenting a number of validation
studies, using various procedures and reference data. The procedure for the current validation study
is derived from the ones presented and is customized for the purpose of wind farm optimization.
The reference data of the current validation study is amongst others subtracted from the described
validation study sources. Finally, Section 2.5 discusses different types of wind farm optimization studies
that have already been carried out. It clarifies the position and potential of wind turbine performance
curve optimization for wind farm operation.

2.2. Wake effects
As stated in Chapter 1, the efficiency of a wind farm decreases due to aerodynamic interaction between
its wind turbines. Wind turbines extract energy from wind by converting kinetic energy into mechanical
energy. Due to the energy extraction, wind downstream of an operating wind turbine rotor contains
less energy than in front of the rotor[13]. Next to the energy reduction, the turbulence intensity,
𝑇𝐼 [%], increases in the wake. The higher turbulence intensity causes an increase in blade loads on
downstream wind turbines[13–15].

The effects of kinetic energy reduction and turbulence intensity increase are together called “wake-
effects”. Wake effects are most severe if the wind direction is aligned with the orientation of the
wind farm and the wind turbines operate at maximum thrust coefficient, 𝐶 [−]. A closer wind turbine
spacing, Δ𝑠 [m], and a lower ambient turbulence intensity, 𝑇𝐼 [%], also amplify wake effects[5, 16].
As a result of the above mentioned relationships, wind turbines are preferably placed further away
from each other in prevailing wind direction than in other directions. Atmospheric stability influences
the severity of wake effects as well[11], but that influence is not covered in the current project.

Wake effects are most strongly represented in an offshore environment, because offshore ambient
turbulence intensities tend to be lower than on land[17]. The lower turbulence intensity originates from
the lower surface roughness and a generally more stable atmosphere than on land[16]. Wake effects
are most noticeable along the wind direction in which wind turbines are located closest to each other
and when wind turbines operate just below rated conditions (𝑢 ∼ 𝑢 ). The region just below rated
wind speed is the area where wind turbines generate maximum power and operate at the maximum
thrust and thrust coefficient[18].

5
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The focus of the optimization problems in the current project is on power generation losses and
not on loads at wind turbine rotors. The power-loss fraction is defined as the relative loss in power
generation, between a wind turbine exposed to free-stream meteorological conditions and a wind
turbine in the wake of one or more other wind turbines[11, 19]. A formal definition of the power-loss
fraction is given in Section 4.5.3.

The largest power generation reduction along a row of wind turbines occurs between the first and
the second wind turbine. Additional wind turbines only marginally increase the power-loss fraction,
compared to the power-loss fraction at the second wind turbine[19]. For a detailed review on rotor
and wind farm aerodynamics along with the derivation of the governing equations, the reader is referred
to [5].

2.3. Aerodynamic wind farm-wake models
Two distinguishable aerodynamic areas exist in wind energy technology; rotor aerodynamics and wind
farm aerodynamics. Rotor aerodynamics solely focuses on the flow around one specific rotor, while wind
farm aerodynamics involves the total flow in a wind farm[20]. Aerodynamic wind farm-wake models
are capable of predicting the power-loss fraction along a row of wind turbine rotors. A wide variety of
tools and models are available nowadays[5, 16, 20–22], each with a different level of parametrization
and corresponding computational demands.

The complexity of both aerodynamic areas ranges from highly parametrized engineering models up
to the most sophisticated Computational Fluid Dynamics (CFD) models. Engineering models transform
complicated flow phenomena into transparent simplified equations, which are less computationally
intensive to solve[20]. CFD models on the other hand, contain more physics and require more compu-
tational power. An overview of a range of different currently available models is given in [5].

An engineering model generally applies empirical tuning corrections to the simplified equations it
is solving. Empirical data can be based on simulations performed by more sophisticated models, or
on field measurements taken in existing wind farms[20]. The tuning corrections make it possible to
compensate for deficiency of accuracy in comparison with CFD tools, while requiring the computational
effort of an engineering tool.

A subdivision of wind farm aerodynamic tools can be made into three groups; engineering models,
CFD models and intermediate models. A description of all three groups is given in the subsequent
paragraphs.

Engineering models The first group consists of highly parametrized engineering models like the
Park model[23, 24]. Simplified analytic equations are solved and wind turbines are modelled as per-
meable actuator disks. A positive characteristic of engineering models is that a complete wind farm
assessment can be performed in a matter of seconds. Major drawbacks of engineering models are that
results are generally only valid in the far wake region and the influence of most atmospheric parameters
is not taken into account[16, 22]. Models in the engineering category can be used for a quick initial
design assessment, but if more detail is required and the influence of atmospheric parameters has to
be taken into account, the models are not accurate enough.

Examples of models belonging to the engineering category are the Park model [23, 24] and the Wind
Atlas Analysis and Application Program (WAsP) model [25] of the Risø Technical University of Denmark
(DTU) National Laboratory. Both models are based on an approximate solution of the boundary layer
equations by neglecting the pressure term. A circular symmetric wake deficit profile is assumed and
a similarity assumption for the shape of the wake deficit is adopted. The estimated wake deficit is
superimposed on the undisturbed wind shear field, which yields the resulting downstream mean wind
profile.

CFD models Secondly, there are the sophisticated CFD models that completely model the near and
far wake. CFD models fully resolve the Navier-Stokes equations, including the elliptic terms. CFD
solvers are capable of implementing actuator line wind turbine models, which are more realistic than
actuator disk models.

CFD tools are in general the most accurate category of simulation tools. The models involve the
highest degree of physics, which implies that a single wind farm assessment can take several days to
weeks on a cluster of processors[22]. CFD models can be best used if small scale, detailed scenarios
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need to be simulated or when the influence of rarely occurring atmospheric parameters is investigated.
If more general simulations are required as in case of AEP estimation, less sophisticated quicker models
might be more appropriate.

An example of a tool belonging to the CFD category is the Simulator for Offshore Wind Farm Appli-
cations (SOWFA)[26]. SOFWA is developed by the National Renewable Energy Laboratory (NREL) and
is based on the OpenFOAM CFD toolbox[27]. The tool includes aero-elastic actuator line wind turbine
models and solves the Large Eddy Simulation (LES) Navier Stokes equations. A Sub-Grid Scale (SGS)
model is used near the surface of the Atmospheric Boundary Layer (ABL)[28]. Another model in the
CFD category is the fully elliptic turbulent 3D Navier-Stokes numerical solver (3D-NS) from the Robert
Gorden University[29].

Intermediate models The third group is formed by models of intermediate complexity, based on
parabolized Navier-Stokes equations[20]. The Navier-Stokes equations are parabolized by neglecting
the axial pressure gradient in the wind turbine wakes. Neglecting the axial pressure gradient is only a
valid assumption in the far wake region. A correction should be applied in the near wake, which can
be done in different ways as explained in [20].

Parabolized equations are less computationally intensive than full Navier-Stokes equations, since
all elliptic terms have disappeared[22]. Intermediate models can still be categorized as engineering
models, but the results are generally more accurate than the Park model and the like[16]. Parabolized
models are generally not applicable in the near wake region due to neglecting the pressure gradients,
which are responsible for the deceleration and expansion of the flow. Wind turbines are modelled as
permeable actuator disks in intermediate models.

An example of a model belonging to the intermediate category is Windfarmer[30, 31], which is
developed by Garrad Hassan. Windfarmer is an axis-symmetric CFD Navier-Stokes solver with eddy-
viscosity closure. The model is initiated at a distance of 𝑥 = 2𝐷 behind the wind turbine rotors, by an
empirical wake profile. The initial profile is of Gaussian shape and varies with thrust coefficient and
ambient turbulence intensity. The eddy-viscosity is defined by using the turbulence intensity in the
wake.

Another example is the Farm Layout Program (FLaP) model[17, 32] from the University of Olden-
burg. FLaP is a two-dimensional, axis-symmetrical model that also solves the momentum and continuity
equations with an eddy-viscosity closure. The eddy-viscosity is modelled as a combination of contribu-
tions from ambient turbulence intensity and shear-generated turbulence in the wake.

The FLaP wake model is initiated at the end of the near wake, with an empirical wake profile as
boundary condition. The near wake length is calculated with the model of Vermeulen [33] taking into
account ambient, rotor-generated and shear-generated turbulence intensity. The average turbulence
intensity in the wake is calculated from the modelled eddy-viscosity.

ECN’s FarmFlow and FarmFlow-fast also belong to the intermediate category. Contrary to other
models in the intermediate category, FarmFlow and FarmFlow-fast also include the near wake region
by prescribing the forces of the neglected pressure gradients. A description of both models is provided
in Chapter 3.

Before choosing a specific wind farm simulation tool, a trade-off should be made based on the
purpose and character of the simulations one wants to perform. For accurate annual energy yield
prediction of a wind farm with a fixed design, the major concern is that the average power generation
calculations correspond with reality. For such an investigation, one should preferably use a model with
a physics content in the governing equations as high as in the available wind climate data. Calculation
time is less important, because the simulations need to be performed only once.

If on the other hand many design alternatives have to be analysed, for instance during optimization
processes, the computing time of the tool becomes an important factor. The extent and complexity of
the physics in the governing equations should be fine-tuned with the focus of optimization problem.
An optimum balance has to be found between the computational effort and accuracy of the simulation
model, for each research purpose.

The studies [16, 21, 22] describe and compare models of different complexities. From the reports,
it is concluded that a model from the intermediate category is the only valid option for performing
wind turbine performance curve optimization studies. Especially if many design evaluations have to be
performed and site conditions like the Weibull distribution and the turbulence rose need to be taken
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into account. Once the optimum performance curves are known, a more sophisticated model can be
used to validate the results of the intermediate model.

2.4. Wake model validation
The quality of a wind farm-wake simulation tool has to be approved, before it can be used for any
research purpose. Although CFD tools are more sophisticated than engineering models, it does not
imply that CFD tools provide better results for every intended application of the tool. Validation of a
simulation tool is required to demonstrate that the tool produces acceptable results.

The intended research purpose determines the nature and extent of a validation study, although
general guidelines on the analysis of wind farm wakes are given in [19]. The required data for a
wind farm-wake validation study is the wind farm layout, wind turbine specifications and the wind
climate[16, 34]. For validation of wind farm-wake models using empirical data to tune its calculations,
it is important that the validation runs are performed in at least one wind farm that has not been used
for the tuning.

The validation study [18] validates results of the Park model, Larson model[35] and Fuga[36] with
power generation measurement data from the Horns Rev and Lillgrund offshore wind farms. Power
generation data obtained within a specific wind speed and direction range is subtracted, from which the
average power-loss fraction per wind turbine is calculated. The power-loss fraction of a single-wake
wind turbine, as function of free-stream wind direction is also calculated. All measurement data is
compared with corresponding simulation data, generated by the investigated simulation tools.

The study [16] compares the average vertical wind profiles in the wake of a free-stream wind turbine
rotor, for five different wake models. Simulation data is compared with SOnic Detection And Ranging
(SODAR)[37] profiles, measured in the Vindeby offshore wind farm. Small wind speed, wind direction
and turbulence intensity ranges are taking into account and multiple distances in the wake from the
wind turbine rotor are concerned.

Finally, [38] focusses especially on the turbulence profiles and vertical velocity profiles behind free-
stream wind turbines. The average axial wind speed deficit along a wind turbine row is also investi-
gated. Simulations of different engineering models and more sophisticated models are compared with
measurement data taken in the Prettin and Colorado Green wind farms. Next to wind farm data, wake
measurements from the Netherlands Organisation for Applied Scientific Research (TNO) wind tunnel
are used for the validation study.

Instead of subtracting all power generation data within a range of wind speeds and wind direc-
tions, other data classifications can be made. For example, [11] subdivides the measurement data in
turbulence intensity ranges and atmospheric stability classes. The data classification can be made as
specific as the user wants, however [19] recommends that at least 30-60 minutes of measurement data
should be available for each flow case. Additionally, the flow case can be such specific that either the
measurement devices in the wind farm or the simulation software is not precise enough to guarantee
the quality of the results.

For the FarmFlow-fast validation study in the current project it is important that relative power
generation losses of wind turbines in a wind farm are adequately calculated. The high accuracy of the
power-loss calculations is required, since the focus of the optimization problems is on increasing energy
production by reducing wake effects in a wind farm. As the simulations are used for AEP calculations,
the simulation scenarios are based on ordinary atmospheric conditions.

It is important that the influence of the wind speed and direction, ambient turbulence intensity, wind
turbine spacing and hub height is taken into account. Besides the accuracy and amount of required
physics in the model, the calculation time is important since the tool is used for optimization purposes.
The optimization purpose implies that many design alternatives have to be analysed before the final
solution is known.

Based on the above mentioned requirements, it is concluded that the FarmFlow-fast validation study
should investigate relative power generation losses of wind turbines in a wind farm. The power gen-
eration losses should be compared with reference data for scenarios comprising different wind speeds
and directions, ambient turbulence intensities, wind turbine spacings and hub heights. Meanwhile, the
calculation time of the tool has to be monitored in order to judge whether FarmFlow-fast performs
quick enough.
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2.5. Wind farm optimization
Minimizing the cost of wind energy can be a complicated optimization problem, because many factors
contribute to the costs. Theoretically, a minimization cost function can be derived taking all variables
and constraints into account. Such a minimization problem would however become too complicated
to solve in an acceptable time frame, with currently available computing resources. Simplified cost
functions can be made up, which are easier to solve. The cost functions are simplified by fixing
parameter values or making parameters dependent by using mathematical relations.

An implicit issue of every wind farm optimization problem is that a trade-off has to be made between
on the one hand increasing the power generation of the wind farm, but on the other hand decreasing the
investment and Operation & Maintenance (O&M) costs. Many variables can be chosen to optimize for;
some optimization parameters to consider are the locations, type, size and height of the wind turbines.
Constraints and boundary conditions are found in the design of the electrical collector system, the
location of the wind farm, environmental & regulation constraints and constructibility[2, 39].

At the time of writing, wind farm design is carried out as follows. First, a windy area is selected
to site a wind farm. At this location, a wind resource assessment is carried out to obtain the wind
speed and direction distributions. Hereafter, the meteorological data is used for estimating the energy
that can potentially be produced over the wind farm’s lifetime. The type, number and locations of
the wind turbines are afterwards determined by taking into account the prevailing wind direction, the
design of the electrical cable infrastructure, geographic features of the environment and other boundary
conditions.

Optimization studies focussing on wind farm layout optimization have been carried out. Amongst the
layout optimization studies different approaches were used concerning objective functions, optimization
parameters, algorithms and wake models. For example, [40] and [41] focus on the maximization of
the Net Present Value (NPV) of wind energy by changing the locations, hub heights and rotor diameters
of wind turbines in a wind farm. The used optimization algorithm is an evolutionary algorithm called
“differential evolution”[42]. Wind turbines are modelled as permeable actuator disks and the Park
model[23, 24] is used for power generation calculations.

Optimization studies [2] and [3] on the other hand, solely focus on maximizing the wind farm’s
power generation. The problems selected the wind turbine locations as optimization parameters; the
number of wind turbines and the wind turbine types have remained fixed. An evolutionary algorithm
and the Park wake model were used again, similar to the previously mentioned optimization studies. All
four optimization studies have taken the wind rose and Weibull distribution into account, but economical
factors have been disregarded.

Another strategy is to optimize wind turbine performance parameters, while keeping the layout of
the wind farm fixed. Such an investigation has been performed by [4] and [43]. The optimization
problems focus on maximizing the instantaneous power generation of a wind farm, by varying the axial
induction factor of actuator disk wind turbine models. The Park model was used again and also this
time the evolutionary global optimization algorithm has been used.

The studies [7, 44, 45] focus on power maximization by axial induction factor optimization as well.
These studies use the Park model too, but now a local gradient-based optimization algorithm has
been used. The gradient-based optimization algorithm has shown to converge quicker than the global
evolutionary algorithms, although not always to the global optimum. Finally, reports [8] and [46] focus
on the same optimization problem, but propose to validate the results with more sophisticated wind
farm simulation software.

From the above mentioned optimization studies, it is concluded that most wind farm optimization
problems have focussed on wind farm layout optimization. Power maximization by wind turbine per-
formance curve optimization has yet only been performed on a relatively small scale and only with the
intention to improve the control system of existing wind turbines. Power maximization studies have
shown that the instantaneous power generation of an existing wind farm can potentially be increased in
the order of a few percent[4][45]. The increase was solely achieved by using performance parameters
optimized for wind farm application, instead of focussing on wind turbine scale.

Common features of all the optimization studies described in the current section are the use of an
engineering model for wind farm simulations. Using more sophisticated wake models for wind farm
calculations has not yet been performed, according to the author’s knowledge. The use of engineering
models might be a consequence of using the evolutionary global optimization algorithm in the optimiza-
tion problems. Global optimization algorithms require a large amount of function evaluations, before
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the solution converges into optimum design values.
Using a more advanced wake model and a less complex algorithm for wind farm optimization prob-

lems might be a combination that brings about new insights. Instead of instantaneous power max-
imization by means of wind turbine control optimization, the focus of the optimization problem can
also be on the design of new rotor concepts; especially developed for wind farm operation. The last
mentioned strategy has not yet been used, as far as the author is aware.



3
FarmFlow-fast: Theory and

methodology

This chapter provides the theoretical description and methodologies of the aerodynamic wind farm-
wake simulation tool FarmFlow-fast. It starts with a general description of the software and its ca-
pabilities, in Section 3.1. Hereafter, the models used for simulating the ABL, the wind turbine power
generation and the behaviour of the wakes are discussed in Section 3.2. Finally, Section 3.3 explains
the differences between the original FarmFlow version and FarmFlow-fast.

3.1. Tool description and capabilities
FarmFlow-fast is a wind farm-wake simulation tool especially developed for optimization purposes.
It is a quicker variant of the original FarmFlow version. The software calculates the power genera-
tion, 𝑃[kW], of each wind turbine in a farm for a specified flow case. Next to the power generation,
FarmFlow-fast calculates the increased turbulence intensity in the wake of wind turbine rotors, 𝑇𝐼[%],
and the reduced rotor-averaged wind speed, 𝑢 [m/s], for a wind turbine operating in the wake. The
free-stream wind directions, 𝜃 [∘], wind speeds, 𝑉 [m/s], and turbulence intensities, 𝑇𝐼 [%], can be
specified by the user.

By running sufficient representative simulations, it is possible to estimate the AEP for a given wind
farm layout and wind climate. This however requires post-processing by integrating the power gen-
eration data over a year, according to the wind climate. The same holds for the calculation of the
energy-loss fraction over a range of wind speeds and directions.

The required input data of the FarmFlow-fast tool is summarized below. The input data can be
obtained from wind farm assessment reports, wind turbine brochures and met-mast data.

Wind farm layout

• Locations of the wind turbines (𝑥 , 𝑦 ) [m].

• Type of wind turbines (Not necessarily all the same).

Wind turbine data (for every wind turbine type in the wind farm)

• Hub height 𝑧 [m] and rotor diameter 𝐷[m].

• Tip-speed ratio 𝜆[−] and maximum tip speed 𝑉 , [m/s].

• Power curve 𝑃 (𝑢 ) [kW].

• Thrust coefficient curve 𝐶 (𝑢 ) [−].

11
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Meteorological data

• Weibull wind speed distribution for each wind direction sector (Parametrized by the scale param-
eter 𝐴[m/s] and shape parameter 𝑘[−]).

• Wind rose; probability of occurrence per wind direction 𝑝 (𝜃 ) [%] or probability of occurrence
per wind speed and wind direction 𝑝 (𝑉 , 𝜃 ) [%].

• Turbulence rose 𝑇𝐼 (𝑉 , 𝜃 ) [%] (Average ambient turbulence intensity per free-stream wind
speed and wind direction ranges).

• Average air density 𝜌[kg/m ].

3.2. Description of the models
FarmFlow-fast forms a combination of five different models. It couples an ABL model, actuator disk
rotor models and a near, a transition and a far wake model with each other. A general description of
each model is given in Sections 3.2.1 to 3.2.5. For a detailed description and derivation of the governing
equations, the reader is referred to [13, 47].

The wake model of FarmFlow-fast is called WakeFarm, which is based on the original UPMWAKE
model proposed by Crespo[13, 48, 49]. Wakefarm estimates the wind speed profiles in wind turbine
wakes by solving the 3D steady parabolized Navier-Stokes equations in perturbation form. If multiple
wind turbines operating in either full-wake or partial-wake conditions are concerned, then the rotor-
averaged wind speed is used as input for the performance curve lookup tables of the concerned wind
turbine.

A 𝑘 − 𝜖-turbulence model is used to simulate the turbulence[50]. The parabolized Navier-Stokes
equations are discretized with central differences and are integrated by employing the semi-implicit
Alternating Direction Implicit (ADI) scheme[51]. The pressure term is evaluated by using the Semi-
Implicit Method for Pressure Linked Equations (SIMPLE) method[52]. Although parabolized, the near
wake region is included by prescribing the forces of the neglected pressure gradients. The forces have
been pre-calculated with a free-vortex wake model.

3.2.1. Atmospheric boundary layer
The ABL model is based on the logarithmic wind profile using the Monin-Obukhov similarity theory, as
described in the Panofsky-Dutton model[53]. The diabatic vertical wind profile is calculated according
to Equation (3.1).

𝑢 = 𝑢∗
𝜅 [ln ( 𝑧

𝑧 ) − 𝜓 ( 𝑧
𝐿 )] (3.1)

In this equation, 𝑢∗ [m/s] represents the near-surface friction velocity, 𝜅[−] is the Von Kármán
constant, 𝑧[m] is the height above the ground and 𝑧 [m] represents the aerodynamic roughness length.
𝜓 [−] is an empirically determined universal stability function1, on which more details are provided
by [53]. Finally, 𝐿[m] is the Monin-Obukhov length which is defined by the expression shown in
Equation (3.2).

𝐿 = 𝑢∗ 𝑇
𝜅𝑔𝑤 𝜃

(3.2)

In Equation (3.2), 𝑇[K] represents the absolute temperature, 𝑔[m/s ] is the gravitational acceler-
ation, 𝑤 [m/s] is the fluctuating term of the vertical wind speed, 𝜃 [K] the potential temperature and
𝑤 𝜃 [K ⋅ m/s] gives the vertical turbulent heat flux.

1In the current version of FarmFlow-fast, a constant neutral atmospheric stability is assumed. As a result of this assumption,
the influence of atmospheric stability on the performance of a wind farm can not be investigated with the tool.
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Figure 3.1: 1D flow through a stream tube containing an actuator disk[5]. Top: layout of the stream-tube with the actuator
disk, middle: pressure distribution along the stream-tube, bottom: axial velocity distribution along the stream-tube.

3.2.2. Actuator disk rotor
Wind turbines are modelled as permeable actuator disks, which is one of the simplest models to rep-
resent a wind turbine rotor. As stated in Section 3.1, the behaviour of actuator disk wind turbines is
specified by the power, thrust coefficient and rotor speed curves. If aerodynamic wind turbine losses
are neglected, then the thrust coefficient curve and the power curve can be related to each other by
momentum theory. Momentum theory is used in the optimization problems of the current project to
reduce the number of optimization parameters.

A one dimensional flow without aerodynamic losses can be solved by a system of three equations;
the continuity, the momentum and the energy equation. An illustration of a 1D flow through a stream
tube containing an actuator disk, together with the development of the velocity and pressure profiles
along the stream tube is displayed in Figure 3.1.

Momentum theory can be used to calculate the thrust coefficient by Equation (3.3) and the power
coefficient with Equation (3.4). In these equations, 𝑎[−] represents the axial induction factor at the
rotor. The axial induction factor is defined as the axial velocity deficit of the flow through the ac-
tuator disk, 𝑢 [m/s], compared to the rotor-averaged upstream wind speed, 𝑢 [m/s], as shown in
Equation (3.5)[54].

𝐶 = 4𝑎 (1 − 𝑎) (3.3)

𝐶 = 4𝑎 (1 − 𝑎) (3.4)

𝑎 = 1 − 𝑢
𝑢 (3.5)

The power generation of a wind turbine without aerodynamic losses can be calculated by Equa-
tion (3.6). In this equation 𝜌 [kg/m ] represents the average air density and 𝐷[m] is the rotor diameter.
Equations (3.3), (3.4) and (3.6) assume that wind turbine rotors operate without blade-tip losses, hub
losses and other aerodynamic losses. Correction factors can be applied on Equation (3.6) to generate
more realistic power generation results as explained in [55].

𝑃 = 1
2 𝜌𝑢 𝜋 ( 𝐷

2 ) 𝐶 (3.6)
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3.2.3. Near wake
In the near wake, the forces of the pressure gradients are prescribed in the Navier-Stokes equations.
The forces are pre-calculated with a free-vortex wake model[56]. The near wake is represented by
discrete axisymmetric constant vortex rings. Inviscid potential flow is assumed and stream-wise diffu-
sion and turbulent mixing are neglected. Behind the near wake, the pressure gradients are zero and
no forces are prescribed any more.

The actuator disk concept implies that strong helical tip vortices in the near wake region are ne-
glected. In practice, the velocity reduction in the wake is initially preserved by induced flow from helical
tip vortices. Simulation results of a wake behind an actuator disk, using disturbance equation-modelling
with a 𝑘 − 𝜖-turbulence model, show high production of turbulent kinetic energy already at the edge
of the actuator disk. It is a known problem that these type of models produce unrealistically high
turbulence levels in the near wake region of wind turbine rotors.

Neglecting helical tip vortices causes an overestimation of the wake recovery in the near wake. The
𝑘−𝜖-turbulence model parameters are adjusted in the near wake to compensate for the overestimation
of the wake recovery rate. The adjustment is based on measurements from ECN’s research wind farms
and the Horns Rev wind farm[57].

With the actuator disk assumption, the undisturbed flow in radial and tangential directions are
assumed to be zero. This means that flow information is only travelling downstream. Under these
assumptions, the Navier-Stokes equations that describe the flow can be written in parabolized form. In
the parabolized form, the elliptic terms of the Navier-Stokes equations are not present any more[13].

The pressure gradient in flow direction is negative in the near wake. This causes the axial velocity
deficit to increase at the rotor center, resulting in a velocity deficit with a hat-shaped profile. The length
of the near wake region is approximately 𝑥 − 𝑥 ≈ 2.5𝐷 rotor diameters for an ambient turbulence
intensity of 𝑇𝐼 ∼ 4%. The near wake region becomes shorter with increasing turbulence intensity[47].

3.2.4. Transition wake
Atmospheric turbulence and vortex-vortex interaction causes the helical tip vortex structure to slowly
destabilize. After some distance 𝑥 ∼ 1𝐷 downstream the actuator disk, the helical tip vortex structure
starts to break down. The flow transforms into a turbulent flow structure, which accelerates the wake
recovery. A region of strong turbulent mixing arises, in which the hat-shaped velocity deficit profile
transforms towards a Gaussian-shaped profile with evenly distributed turbulence. A region of fast
wake recovery originates, which is underestimated by both the standard 𝑘 − 𝜖-turbulence model and
the adapted 𝑘 − 𝜖-turbulence model of the near wake.

To improve the results of the wake model, the wake is divided into three regions corresponding to
the processes described above. Between the near wake and the far wake region a transition region
with a length of 𝑥 − 𝑥 ≈ 2𝐷 is introduced, as shown in Figure 3.2. The transition wake model uses
an adapted 𝑘 − 𝜖-turbulence model that accelerates wake recovery in the transition region[47].

3.2.5. Far wake
The flow in the far wake is simulated by solving the 3D steady-parabolized Navier-Stokes equations in
disturbance form. This means that the far wake is solved by subtracting the Navier-Stokes equations
of the undisturbed flow from the equations behind the rotor. The stream-wise pressure gradient is
neglected in the far wake region to remove the elliptic parts of the equations. Turbulence is almost
evenly distributed and the velocity deficit profile has a Gaussian shape. The standard 𝑘 − 𝜖-turbulence
model is used in the far wake.

A set of seven equations is solved including the continuity equation, the momentum equation in
three directions, the energy equation, an equation for the turbulent kinetic energy and an equation for
the dissipation rate of turbulent kinetic energy. The latter two equations are used for closure of the
model[13].

3.3. Differences between FarmFlow and FarmFlow-fast
Two different FarmFlow versions exist. The original version, ‘FarmFlow’, has already been validated in
[47]. The more recently developed quicker version called ‘FarmFlow-fast’ however, has not yet proven
the quality of its performance.

The difference between FarmFlow-fast and the original version is found in the coarseness of the
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Figure 3.2: Development of the vertical velocity profile downstream of a wind turbine rotor and the distinction between the
different wake regions[47].

grid. The grid cells of FarmFlow-fast are 12 times as big as the grid cells in the original version; three
times in stream-wise direction and two times in the directions perpendicular to the flow direction.

The original version uses 96×96 cells in the rotor plane as shown in Figure 3.3, while FarmFlow-fast
uses 48×48 cells. The original version starts with cell lengths of |Δ𝑥| = 0.005𝐷 in axial direction, which
increases exponentially up to the next wind turbine rotor or if the maximum step size of |Δ𝑥| = 1𝐷 is
reached after Δ𝑠 = 20𝐷. The coarser grid speeds up the calculation about 20 times[58], but requires
different parameters for the 𝑘 − 𝜖-turbulence model in the near wake region.

As discussed in Section 3.2.3, the prediction of turbulence is improved by tuning the parameters
of the 𝑘 − 𝜖-turbulence model in the near wake region. The effect of this tuning is very sensitive to
the grid dimensions. Tuning parameters of a near wake turbulence model are only valid for the chosen
grid dimensions. Changing the grid size requires the parameters of the 𝑘 − 𝜖-turbulence model in the
near wake to be re-tuned.

The original version of FarmFlow can be used for the most accurate results and FarmFlow-fast for
quicker simulations. Both versions use their own tuning parameters for the 𝑘 − 𝜖-turbulence model
in the near wake. More info about the original version of FarmFlow, along with a description of the
computational domain can be found in [47].
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Figure 3.3: 2D computational domain of the original FarmFlow version[47].



4
Validation of FarmFlow-fast

This chapter presents the FarmFlow-fast validation study. Section 4.1 starts with a brief description of
the validation approach. The characteristics of the Horns Rev and Lillgrund wind farms, used for the
validation cases are presented in Section 4.2. Hereafter, the wind climate used for post-processing of
the simulation data is given in Section 4.3. The validation cases and the post-processing steps applied
to FarmFlow-fast simulation results are provided in Sections 4.4 to 4.6. Finally, Section 4.7 discusses
the results of the validation cases, by comparing simulation data with measurement data.

4.1. Validation approach
The purpose of the FarmFlow-fast validation study is to demonstrate that the tool is suitable for opti-
mization purposes. The optimization purpose implies that FarmFlow-fast should simulate as quick as
possible, while still producing acceptable results. As a result of the above mentioned requirements,
not only the quality of the simulation results is investigated, but also the computation time of the tool
is evaluated. Since FarmFlow-fast is a quicker variant of the original FarmFlow, the computation time
is compared with the original FarmFlow version.

As explained in Section 3.3, FarmFlow-fast is quicker than the original FarmFlow version due to the
coarser grid on which the wakes are modelled. Downside of the coarser grid is that the discretization
error grows, which might lead to quality loss of the simulation results. The previous statements suggest
that there should be a minimum grid size at which the tool simulates the quickest, while it still produces
acceptable results. A grid convergence study is however not carried out for the FarmFlow model. Such
a study is not possible due to the empirical nature of the near wake and the required grid-dependent
tuning of the 𝑘 − 𝜖-turbulence model parameters.

To obtain quantitative insight into the performance of FarmFlow-fast, simulation data of the software
is compared with measurement data taken in existing wind farms. The measurement data consists of
power generation measurements per wind turbine, as function of free-stream wind direction and wind
speed, 𝑃 (𝜃 , 𝑉 ). A selection is made in power generation measurement data belonging to restricted
wind speed and direction ranges.

For each discrete wind speed/direction combination within the selected wind speed/direction range,
a simulation is performed in FarmFlow-fast and in the original FarmFlow version. The weighted average
power generation is calculated from the simulations in the selected range, based on the wind rose and
Weibull distributions. The weighted averages of both FarmFlow versions are compared with each other
and with measurement data.

The described procedure is followed for two wind farms, from which different wind turbine and
wind speed/direction combinations are chosen. The variety of validation cases makes it possible to
investigate the influence of the wind direction, wind speed, ambient turbulence intensity, wind turbine
spacing, rotor diameter and other parameters on the quality of the results. In the current validation
study, the broad spectrum of scenarios is chosen to prove that FarmFlow-fast can be applied to a wide
variety of wind farms.

The site layout, wind turbine characteristics, meteorological data and power generation measure-
ments of the Horns Rev and Lillgrund offshore wind farms are used for the validation cases. Measure-
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Figure 4.1: Layout of both concerned wind farms. Left: Horns Rev, right: Lillgrund.

ment data is obtained from multiple sources and most of the data has already been used in validation
studies of other wind farm aerodynamic simulation tools[11, 34]. The wind farm data can be used to
set up a validation study for any wind farm-wake model.

Besides validation of a wind farm-wake model, the meteorological data can be used to estimate
a wind farm’s AEP. Estimation of the AEP can for example be necessary in optimization studies as
explained in Chapter 5.

4.2. Wind farm description
As stated previously, measurement data of the Horns Rev and Lillgrund wind farms is used to validate
the results of FarmFlow-fast. The characteristics of both wind farms, relevant to the current validation
study are described in the upcoming paragraphs.

Horns Rev The Horns Rev wind farm is located 14 kilometers from the west-coast of Denmark and
consists of 80 Vestas V80[59] wind turbines. The wind farm is structured in a regular array of 8 by 10
wind turbines[11], as shown at the left side of Figure 4.1.

The Vestas V80 has a rotor diameter of 𝐷 = 80m, a hub height of 𝑧 = 70m and a rated power of
𝑃 = 2.0MW[18, 59]. The tip-speed ratio is 𝜆 = 8.0 and the maximum tip speed is 𝑉 , = 72m/s.
The power curve and thrust coefficient curve of the Vestas V80 are shown in Figure 4.21.

Lillgrund The Lillgrund wind farm is located 10 kilometers away from the south-western coast of
Sweden, between Copenhagen and Malmö, and consists of 48 Siemens SWT-2.3-93[61] wind turbines.
The wind turbine ordering is less structured than the Horns Rev wind farm. Besides the difference in
wind turbine ordering, the relative spacings between wind turbines are smaller as shown at the right
side of Figure 4.1.

The Siemens SWT-2.3-93 has a rotor diameter of 𝐷 = 92.6m, a hub height of 𝑧 = 65m and
a rated power of 𝑃 = 2.3MW[18]. The tip-speed ratio is 𝜆 = 8.5 and the maximum tip speed
is 𝑉 , = 78m/s. The power curve and thrust coefficient curve of the Siemens SWT-2.3-93 are
displayed in Figure 4.31.

1The black circles in Figures 4.2 and 4.3 represent the data points implemented in FarmFlow-fast. The black lines are constructed
from interpolation between the implemented data points. The interpolation is performed according to the Piecewise Cubic
Hermite Interpolating Polynomial (PCHIP) method[60]. The same interpolation method is used by FarmFlow-fast.
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Figure 4.2: Performance curves of the Vestas V80[11]. Left: power curve, right: thrust coefficient curve

Figure 4.3: Performance curves of the Siemens SWT-2.3-93[61]. Left: power curve, right: thrust coefficient curve.
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Figure 4.4: Weibull wind speed distributions of both wind farms. Left: Horns Rev, measurement period: January 1, 2005 -
December 31, 2007. Right: Lillgrund, measurement period: September 1, 2003 - February 28, 2006. The thick black line in the
left graph represents the averaged Weibull distribution over all wind directions.

4.3. Wind climate data
4.3.1. Weibull distribution for both wind farms
The Weibull wind speed distributions of both concerned wind farms are displayed in Figure 4.4. Wind
direction bins of |Δ𝜃 | = 30∘ are used for Horns Rev2, while the Weibull distribution is assumed to be
uniform over all wind directions in the Lillgrund wind farm[62]. The scale parameter, 𝐴[m/s], and the
shape parameter, 𝑘[−], are indicated in both graphs for the averaged Weibull distributions. From the
graphs it is concluded that the average wind speed is higher in the Horns Rev wind farm than in the
Lillgrund wind farm.

4.3.2. Horns Rev - Wind rose and turbulence rose
The Weibull scale and shape parameter values, average free-stream wind speed and wind power den-
sity, along with the corresponding frequency of occurrence per wind direction sector are displayed in
Table 4.1. This data represents the wind rose of Horns Rev, which is extracted from the WAsP database.
WAsP is the wind energy industry standard PC software for bankable wind resource assessment and
siting of wind turbines and wind farms[63].

The turbulence rose is obtained from turbulence intensity measurements shown in Figure 4.5. The
measurements were taken within the period May 15, 1999 - May 14, 2002 from met mast 2, which is
located north-west of the wind farm. The period of the turbulence intensity measurements does not
correspond with the measurement period of the WAsP database.

Despite the difference in measurement period, the turbulence intensity measurements are taken
at the same height as the wind speed and direction measurements; 𝑧 = 62m. This in contrast to
the measurements of masts 6 and 7 located east of the wind farm, which measure at hub height;
𝑧 = 70m. In addition to the corresponding measurement heights, the measurements in Figure 4.5
represent undisturbed meteorological conditions from all directions. The meteorological conditions are
undisturbed, because the measurements were taken before the wind farm was installed. It is assumed
that the measurement period is long enough to also be representative for the operational period.

The turbulence intensity measurements show that turbulence intensity is minimal around rated
wind speed and increases with lower and higher wind speeds. The turbulence intensity is higher from
northern and western directions than from southern and eastern directions. The Horns Rev flow cases
in the validation study only consider westerly wind directions and wind speeds in the 7 < 𝑉 ≤ 9m/s
range. Due to the limited wind speed and wind direction ranges, a constant ambient turbulence intensity
of 𝑇𝐼 = 7% is assumed for all Horns Rev validation cases.

2The Weibull distribution of Horns Rev originates from the WAsP database, which is based on measurements taken at met mast
2. This met mast is located north-west of the wind farm and has a measurement height of .
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Table 4.1: Wind resource at Horns Rev met mast 2; anemometer height: . Measurement period: January 1, 2005 -
December 31, 2007.

𝜽 [±𝟏𝟓∘] 𝐀[m/s] 𝐤[−] 𝐕 ,𝟔𝟐[m/s] 𝐖𝐏𝐃𝟔𝟐[W/m𝟐] 𝐩[%]
0 8.2 1.80 7.33 516 5

30 8.4 1.94 7.43 494 4
60 8.5 2.47 7.54 418 5
90 10.3 2.72 9.19 709 7

120 11.1 2.63 9.90 904 10
150 10.3 2.53 9.15 735 8
180 11.2 2.66 9.91 901 8
210 11.4 2.48 10.12 1006 11
240 11.0 2.28 9.72 953 12
270 10.8 2.27 9.59 918 10
300 11.3 2.34 9.99 1011 11
330 10.7 2.13 9.50 944 9

Average 10.6 2.33 9.41 849 100

Figure 4.5: Turbulence intensity measurements at Horns Rev met mast 2. Measurement period: May 15, 1999 - May 14,
2002.[11].
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Table 4.2: Frequency of occurrence per wind direction sector of the Lillgrund wind farm. Wind vane height: ; anemome-
ter height: . . / , . , , . / , / . Measurement period: September 1,
2003 - February 28, 2006.

𝜽 [±𝟏𝟓∘] 𝐅𝐫𝐞𝐪[%] 𝜽 [±𝟏𝟓∘] 𝐅𝐫𝐞𝐪[%] 𝜽 [±𝟏𝟓∘] 𝐅𝐫𝐞𝐪[%] 𝜽 [±𝟏𝟓∘] 𝐅𝐫𝐞𝐪[%]
15 5.55 105 7.63 195 8.93 285 13.65
45 5.13 135 9.39 225 12.22 315 5.87
75 5.32 165 7.14 255 14.44 345 4.72

4.3.3. Lillgrund - Wind rose and turbulence rose
As stated in Section 4.3.1, the Weibull wind speed distribution of the Lillgrund wind farm is assumed to
be independent of the wind direction. However, the probability of occurrence per wind direction sector
is not uniformly distributed. The frequency of occurrence per wind direction sector and the uniform
Weibull parameters are given in Table 4.2. The wind direction information is subtracted from [62].

The presented meteorological conditions are based on measurements taken in the period September
1, 2003 - February 28, 2006, by the met mast displayed in the right graph of Figure 4.1. The turbulence
intensity is assumed to have a constant value of 𝑇𝐼 = 5.6% over all wind directions and winds speeds,
similar to the simulations in [18].

4.4. Validation cases
The number of validation cases that can potentially be investigated depends on the availability and
representation of measurement data in literature, because no raw power generation measurement
data is provided. Measurement data is extracted from validation reports of other wind farm-wake
models and other papers describing power generation data. The validation cases are based on the
simulations and methods, discussed and described in [11, 18, 19, 64].

Two different wake analysis methods are distinguished from the above mentioned sources. Expla-
nations and visualisations of both methods are given in the upcoming paragraphs. As the measurement
data originates from different authors and measurement devices, it is not possible to investigate exactly
similar validation cases in the Lillgrund wind farm as in the Horns Rev wind farm. A number of cases
is defined comprising different turbulence intensities, wind turbine spacings, wind speed ranges and
wind direction ranges.

A-case The first analysis method, from now on called the ‘A-case’, investigates the power-loss fraction
along a row of multiple wind turbines. The power-loss fraction is averaged over a specified wind speed
range and a wind direction sector of −15∘ ≤ 𝜃 ≤ +15∘, with respect to the orientation of the row.
The power-loss fractions are calculated with respect to the first wind turbine in the row.

B-case The other method, the ‘B-Case’, investigates the power-loss fraction of one single-wake wind
turbine. The power-loss fraction of the wind turbine is calculated with respect to the power generation
of a wind turbine facing undisturbed meteorological conditions. The power-loss fraction is averaged
over a specific wind speed range and is calculated as function of the angle between the wind direction
and the orientation of the wind turbine row; 𝜃 .

4.4.1. Horns Rev
Three A-cases are investigated for the Horns Rev wind farm, which are discussed in the subsequent
paragraphs. Power generation measurements used for the A-cases are stored in a free-stream wind
speed bin of 7.5 < 𝑉 ≤ 8.5m/s. Due to the small wind speed bin, the only simulation wind speed in
FarmFlow-fast is 𝑉 = 8m/s.

Next to the three A-cases, one B-case is investigated which is discussed in the subsequent para-
graph. Power generation measurements for the B-case are stored in a free-stream wind speed bin of
7 < 𝑉 , ≤ 9m/s. FarmFlow-fast simulations are performed for 𝑉 , = 7.5m/s and 𝑉 , = 8.5m/s,
to represent the concerned wind speed range. It is not possible to investigate other B-cases with the
Horns Rev wind farm, because no more power generation measurement data is available in literature.
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Free-stream wind conditions are specified at a height of 𝑧 = 62m for the B-case. The specification
height differs from the A-cases, in which the free-stream conditions are specified at hub height; 𝑧 =
70m. The specification height of the B-case is different from the A-cases, because a wider wind speed
range is concerned. Simulating for more than one wind speed requires the application of the Weibull
distribution, which is obtained from met-mast 2 at a height of 𝑧 = 62m.

The A-cases use wind speed measurements from free-stream wind turbine 7. Wind turbine 7 is the
first wind turbine in the seventh horizontal row from above, in the Horns Rev layout plot at the left side
of Figure 4.1. It is assumed that the turbulence intensity is independent of measurement height.

Case A1 Case A1 of the Horns Rev validation cases involves the power-loss fraction distribution
along the six highlighted wind turbine rows, displayed in the top left graph of Figure 4.6. The black
dots represent the free-stream wind turbines and the cyan dots are the nine wind turbines along each
row, operating in the wake of one or more other wind turbines. The black arrows indicate the mean
wind direction of the wind direction sector, for each concerned row.

The average wind direction comes from the west; 𝜃 = 270∘. The complete 30∘ wind direction
sector that is taken into account is 𝜃 = 270 ± 15∘. The distance between the wind turbines is
Δ𝑠 = 7.0𝐷 along the mean wind direction.

Case A2 Case A2 involves the power-loss fraction distribution along the two highlighted wind turbine
rows, displayed in the bottom left sub-figure of Figure 4.6. The complete wind direction sector that is
taken into account is 𝜃 = 312 ± 15∘. The wind turbine spacing is Δ𝑠 = 10.4𝐷 along the mean wind
direction. In this case, the power-loss fractions of six wind turbines operating in the wake of one or
more other wind turbines are investigated.

Case A3 Case A3 involves the power-loss fraction distribution along the two highlighted wind turbine
rows, displayed in the bottom right sub-figure of Figure 4.6. The complete wind direction sector that
is taken into account is 𝜃 = 221 ± 15∘. The wind turbine spacing is Δ𝑠 = 9.4𝐷 along the mean wind
direction. In this case, the power-loss fractions of six wind turbines operating in the wake of one or
more other wind turbines are investigated.

Case B1 Case B1 involves the power-loss fraction of the single-wake wind turbine highlighted in
cyan, in the top right sub-figure of Figure 4.6. The power-loss fraction is calculated with respect to the
wind turbine printed in black, as function of the angle between the wind direction and the orientation
of the wind turbine row; 𝜃 . The investigated wind direction range is 𝜃 = 270 ± 20∘. The distance
between the wind turbines is Δ𝑠 = 7.0𝐷 along the mean wind direction. As stated previously, in B-cases
the power-loss fraction of only one wind turbine operating in the wake of one other wind turbine is
investigated.

4.4.2. Lillgrund
One A-case and two B-cases are investigated for the Lillgrund wind farm, which are discussed in the sub-
sequent paragraphs. Power generation measurements used for the Lillgrund validation cases are stored
in a free-stream wind speed bin of 4 < 𝑉 ≤ 10m/s. The wind speeds 𝑉 = [4.5, 5.5, 6.5, 7.5, 8.5, 9.5]m/s
are simulated to represent the concerned wind speed range. All free-stream conditions are specified
at hub height; 𝑧 = 65m.

Case A1 Case A1 of the Lillgrund simulations involves the power-loss fraction distribution along
the highlighted wind turbine row, shown in the top left graph of Figure 4.7. The investigated wind
direction sector comes from the south-west; 𝜃 = 222 ± 15∘. The distance between the wind turbines
is Δ𝑠 = 4.3𝐷 along the mean wind direction. The power-loss fractions of seven wind turbines operating
in the wake of one or more other wind turbines are investigated in this case.

Case B1 Case B1 involves the power-loss fraction of the single-wake wind turbine highlighted in cyan,
in the top right sub-figure of Figure 4.7. The power-loss fraction is calculated with respect to the wind
turbine printed in black, as function of the angle between the wind direction and the orientation of the
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Figure 4.6: Wind direction sectors and investigated wind turbines of the Horns Rev validation cases. Top left: Case A1, top right:
Case B1, bottom left: Case A2, bottom right: Case A3.
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Figure 4.7: Wind direction sectors and investigated wind turbines of the Lillgrund validation cases. Top left: Case A1, top right:
Case B1, bottom right: Case B2.

wind turbine row; 𝜃 . The investigated wind direction range is 𝜃 = 222 ± 20∘. The distance between
the two wind turbines is Δ𝑠 = 4.3𝐷 along the mean wind direction.

Case B2 Case B2 involves the power-loss fraction of the single-wake wind turbine highlighted in cyan,
in the bottom right graph of Figure 4.7. The power-loss fraction is calculated with respect to the wind
turbine printed in black, as function of the angle between the wind direction and the orientation of the
wind turbine row; 𝜃 . The investigated wind direction range is 𝜃 = 120 ± 20∘. The wind turbine
spacing is Δ𝑠 = 3.3𝐷 along the mean wind direction, which is the closest spacing of all validation cases.

4.5. Post-processing of simulations
In validation studies it is important that proper comparisons are made between simulation results
and measurement data. Simulations can only be properly compared with measurement data if both
data sources are averaged over corresponding wind direction sectors, wind speed ranges and other
atmospheric conditions.

Measurement data is stored in wind speed and direction bins, while simulation data is usually gener-
ated as discrete points at regular sample intervals. The size of measurement data bins depends on the
amount of available measurement data and the precision of the measurement devices. Measurement
data bins of rarely occurring atmospheric conditions tend to be larger than bins of ordinary atmospheric
conditions[11].

Differences between FarmFlow-fast simulation data and the power generation measurement data
of the current validation study are found in the way the power generation data is established. Next
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Figure 4.8: Gaussian wind direction distribution with a standard deviation of . ∘.

to the above mentioned difference in bin size/sampling interval, FarmFlow-fast does not take wind
direction uncertainty into account. Wind direction uncertainty originates from yaw misalignment of the
free-stream wind turbine, spatial variability of the wind direction inside a wind farm and variability of
the wind direction within the averaging period[65].

Wind direction uncertainty becomes explicitly important if small wind direction sectors are concerned
[65] or when the influence of the wind direction on the power-loss fraction is investigated, as done
in the B-cases of the validation study. Post-processing of simulation results is required to account for
wind direction uncertainty and to average simulation data over similar wind direction sectors and wind
speed ranges as the measurement data.

4.5.1. Wind direction uncertainty
Wind direction uncertainty is accounted for by replacing simulation results with a weighted average over
several simulations, covering a span of wind directions. The weights are based on a normal distribution
that approximates the wind direction uncertainty.

The normal distribution used for the validation cases is shown in Figure 4.8. The distribution has
a wind direction standard deviation of 𝜎 = 2.5∘, which is lower than typical offshore conditions[65,
66]. The lower standard deviation is chosen in consultation with the developer of FarmFlow-fast, by
assuming that some directionality is already taken into account by the empirical tuning of the near
wake model.

The weighted average is calculated from simulation results within three standard deviations from
the concerned wind direction, −3𝜎 ≤ Δ𝜃 ≤ 3𝜎 , to ensure a cumulative probability of 99.7%. The
weighted average power generation is calculated as function of free-stream wind speed and direction,
𝑃 (𝑉 , 𝜃 ), by Equation (4.1). In this equation, 𝑃 is the power generation value obtained by
FarmFlow-fast simulations and Δ𝜃 is the discrete direction offset, from the wind direction that is
post-processed.

𝑃 (𝑉 , 𝜃 ) =
∑ 𝑃 (𝑉 , 𝜃 + Δ𝜃 ) 𝑒

∑ 𝑒
(4.1)

4.5.2. Bin sizing
The difference between the sampling intervals of FarmFlow-fast simulations and bin sizes of the mea-
surement data should be compensated for. This is done by multiplying simulation results per sampling
point with the associated probability of occurrence3. The probability of occurrence is determined by
the Weibull wind speed distribution of the concerned wind direction sector.
3This is done after the wind direction-uncertainty compensation has been applied to the power generation simulation data.



4.5. Post-processing of simulations 27

Figure 4.9: Weibull factors used to post-process the power generation simulation data samples. Left: Horns Rev Case B1, right:
Lillgrund cases.

If a range of wind speeds is concerned, as in the Lillgrund validation cases and Case B1 of Horns
Rev, simulations are performed at wind speed sample intervals of |Δ𝑉 | = 1m/s. The weighted average
power generation over the wind speed range specified by the measurement data is calculated by
multiplying the weighted average power generation values, per wind speed sample, with its normalized
probability of occurrence. The wind speed samples used for the simulations and their probability of
occurrence are displayed in Figure 4.94

Horns Rev For Case B1 of the Horns Rev validation cases, the average power generation in the
7 < 𝑉 , ≤ 9m/s range is concerned. To calculate the average power generation in this wind speed
range, Equation (4.2) is applied to the simulation data.

𝑃 (7 < 𝑉 , ≤ 9, 𝜃 ) =

.
∑

, .
𝑃 (𝑉 , , 𝜃 ) ( , ) 𝑒 ( , )

.
∑

, .
( , ) 𝑒 ( , )

(4.2)

The power generation measurement data of the Horns Rev wind turbines is extracted from [11].
The measurements cover the period January 1, 2005 - December 31, 2007, which corresponds to the
measurement period of met-mast 2 in the WAsP database. The measurement data is stored in wind
direction bins of |Δ𝜃 | = 5∘[11].

Simulations of the Horns Rev cases are performed at wind direction steps of |Δ𝜃 | = 1∘. Since sim-
ulation data is gathered at smaller wind direction intervals than the measurement data, Equation (4.3)
is used to post-process the simulation data5. In this equation, 𝑃 ∘ is the average power generation of
a |Δ𝜃 | = 5∘ wind direction sector.

𝑃 ∘ (7 < 𝑉 , ≤ 9, 𝜃 ) = ∑ 𝑃 (𝑉 , , 𝜃 + Δ𝜃 )
5 (4.3)

Lillgrund For the Lillgrund validation cases, the average power generation in the 4 < 𝑉 ≤ 10m/s
range is concerned. To calculate the average power generation in this wind speed range, Equation (4.4)
is applied to the simulation data.

4The Weibull distribution for Case B1 of Horns Rev is generated from the and parameters for ± ∘, in Table 4.1.
5This equation smooths the power-loss fraction curve, as function of the wind direction.
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𝑃 (4 < 𝑉 ≤ 10, 𝜃 ) =
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𝑃 (𝑉 , 𝜃 ) ( ) 𝑒 ( )

.
∑

.
( ) 𝑒 ( )

(4.4)

The power generation measurement data of the wind turbines is extracted from [18] and [64].
The measurements cover the period December 21, 2007 - February 19, 2009, which corresponds to
the measurement period of the met-mast. The measurement data is stored in wind direction bins of
|Δ𝜃 | = 3∘[18].

Simulations of the Lillgrund cases are also performed with a wind direction step of |Δ𝜃 | = 1∘.
Since the measurement data of Lillgrund is stored in bins of |Δ𝜃 | = 3∘, Equation (4.5) is used to post-
process the simulation data5. In this equation, 𝑃 ∘ is the average power generation of a |Δ𝜃 | = 3∘

wind direction sector.

𝑃 ∘ (4 < 𝑉 ≤ 10, 𝜃 ) = ∑ 𝑃 (𝑉 , 𝜃 + Δ𝜃 )
3 (4.5)

4.5.3. Calculation of the power-loss fraction
Once the power generation simulation data is post-processed, simulations can be compared with mea-
surement data. This is done is by comparing the calculated power-loss fractions of the wind turbines
highlighted in Figures 4.6 and 4.7 with each other. As stated in Section 2.2, the power-loss fraction is
defined as the fractional power generation loss of a wind turbine operating in a wake, with respect to
a wind turbine exposed to undisturbed meteorological conditions[11, 19].

The mathematical expression of the power-loss fraction is given by Equation (4.6). In this equation,
𝑃 [kW] is the power generation of the free-stream wind turbine, to which the power generation of
the ‘wake’ wind turbines are compared. 𝑃 [kW] is the power generation of the wind turbine(s),
operating in the wake of the free-stream wind turbine. The power-loss fraction can be calculated for
single wind speed/direction combinations, but in the validation cases the averaged power-loss fraction
over a range of wind speeds and directions is concerned.

𝜉 = 1 − 𝑃
𝑃 (4.6)

A-cases For the A-cases, the average power-loss fraction over a wind direction sector of 30 degrees,
−15 ≤ 𝜃 ≤ 15∘, is calculated from the simulation data by Equation (4.7). The values for 𝑃 and
𝑃 in this equation are taken from Equations (4.3) and (4.5), for respectively the Horns Rev and the
Lillgrund wind farm. 𝜃 is the average wind direction of the investigated wind direction sector, which is
aligned with the wind turbine row. The free-stream wind turbine and wake wind turbines are indicated
per validation case in Figure 4.6 and Figure 4.7.

𝜉 (−15 ≤ 𝜃 ≤ 15∘) = 1 − ∑
𝑃 (𝜃 + 𝜃 )

𝑃 (𝜃 + 𝜃 )
(4.7)

If multiple rows with similar wind turbine spacing are taken into account like in Case A1, A2 and A3
of Horns Rev, the power-loss fractions of wind turbines at the same position are averaged.

B-cases For the B-cases, the power-loss fraction is calculated as function of the wind direction, in
the −20 ≤ 𝜃 ≤ 20∘ domain. This is done by Equation (4.8). The values for 𝑃 and 𝑃 in this
equation are also taken from Equations (4.3) and (4.5). The calculations are performed in steps of
|Δ𝜃 | = 1∘, after application of the post-processing equations.

𝜉 (𝜃 ) = 1 −
𝑃 (𝜃 + 𝜃 )

𝑃 (𝜃 + 𝜃 )
(4.8)
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Table 4.3: Simulation overview of the FarmFlow-fast validation; [ ] represents the specification height of the input conditions.

Wind Farm Case Sector 𝐳[m] 𝐕 ,𝐳[m/s] 𝜽 , [∘] 𝐓𝐈 , [%]
Horns Rev A1 270 ± 15∘ 70 8 246 ∶ 294 7.0
Horns Rev A2 312 ± 15∘ 70 8 288 ∶ 336 7.0
Horns Rev A3 221 ± 15∘ 70 8 197 ∶ 245 7.0
Horns Rev B1 270 ± 20∘ 62 7.5; 8.5 241 ∶ 299 7.0
Lillgrund A1 222 ± 15∘ 65 4.5; 5.5; 6.5; 7.5; 8.5; 9.5 199 ∶ 245 5.6
Lillgrund B1 222 ± 20∘ 65 4.5; 5.5; 6.5; 7.5; 8.5; 9.5 194 ∶ 250 5.6
Lillgrund B2 120 ± 20∘ 65 4.5; 5.5; 6.5; 7.5; 8.5; 9.5 92 ∶ 148 5.6

Table 4.4: Properties of the computer system, on which all simulations are performed.

Component Value

Processor Intel(R) Core(TM) i7-2670QM CPU @ 2.20 GHz
Installed memory (RAM) 8.00 GB
System type 64-bit operating System

For plotting of the B-cases, the power-loss fraction data points are fitted with the expression shown
in Equation (4.9). This expression is based on the method used in [11]. The variables 𝑐 , 𝑐 , 𝑐 ,
𝑐 and 𝑐 are determined by fitting the expression to the measurement data points or simulation
data points. The curve fitting yields a continuous power-loss fraction distribution, as function of wind
direction offset. The continuous distribution can be used to quantify the wake expansion and maximum
power-loss fraction.

𝑓 (𝜃 ) = 𝑐 + (𝑐 + 𝑐 𝜃 + 𝑐 𝜃 ) 𝑒 (4.9)

4.6. Simulation overview
Table 4.3 provides a complete overview of simulations that are performed for the validation study, along
with the FarmFlow-fast inputs. Wind conditions are specified at hub height for all cases except for Case
B1 of Horns Rev, in which the height of the met mast, 𝑧 = 62m, is used. For Case B1 of Horns Rev,
the wind speed at hub height is automatically calculated by the ABL model of FarmFlow-fast.

The wind direction range used for the simulations is larger than the actual concerned wind direction
sector. This is done to guarantee that all wind directions within the sector are adequately post-processed
by the wind direction uncertainty and bin size correction equations. The wider simulation range is
required, because the post-processing equations use power generation simulation data from wind
directions outside the investigated wind direction sector. All simulations are performed on a laptop
with the system specifications displayed in Table 4.4.

4.7. Results of the validation cases
This section presents the results of the validation cases. It starts with the Horns Rev cases in Sec-
tion 4.7.1. Hereafter, Section 4.7.2 presents the results of the Lillgrund cases. Finally, Section 4.7.3
gives the main conclusions drawn from comparing FarmFlow-fast simulations with FarmFlow simulations
and measurement data.

4.7.1. Horns Rev
Case A1 The results of Case A1 of the Horns Rev validation cases are displayed at the top left of
Figure 4.10. Table A.1 in Appendix A provides a numerical presentation of the results, together with the
numerical data of the other A-cases. By analysing the simulation results, it can be concluded that the
shape of the power-loss fraction build-up along the rows is similar for FarmFlow-fast and the original
FarmFlow version. The power-loss fraction build-up is also roughly in line with the measurement data6.

6The measured data is obtained from [11].
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The measurement data shows that the power-loss fraction at the second wind turbine is 𝜉
,

=
20.4%, which monotonically increases up to 𝜉

,
= 41.0% at the tenth wind turbine along the rows.

From the FarmFlow-fast simulation data, a power-loss fraction of 𝜉
,

= 19.1% is calculated at the

second wind turbine and 𝜉
,

= 38.5% at the tenth wind turbine. The FarmFlow-fast simulation data

shows a minimum power-loss fraction of 𝜉
,

= 18.6% at the third wind turbine.
For most wind turbines the power-loss fraction is underestimated, while for wind turbines 6 and 7

an overestimation is observed. The maximum absolute difference in power-loss fraction between the
FarmFlow-fast simulations and the measurements is |Δ𝜉

,
| = 2.6 ⋅ 10 , at wind turbine 4.

The calculated power-loss fractions from the FarmFlow-fast simulations are lower than the origi-
nal FarmFlow simulations. The maximum absolute difference in power-loss fraction between the two
software versions is |Δ𝜉

,
| = 8.6 ⋅ 10 , at wind turbine 10. The simulation results of the original

FarmFlow version are closer to the measurements for most wind turbines, while for wind turbines 6
and 7 the results of the FarmFlow-fast simulations are closer.

Case A2 The results of Case A2 are displayed at the bottom left of Figure 4.10. The shape of
the power-loss fraction build-up shows again similar behaviour for both software versions and the
measurement data. The offset between the FarmFlow-fast simulations and the measurements6 is
however larger than in Case A1. The software versions seem to be equally close to each other as in
Case A1.

The measurement data shows that the power-loss fraction at the second wind turbine is 𝜉
,

=
12.6%. The initial power-loss fraction is lower than for Case A1, which is in line with the phenomenon
that wake effects reduce with increasing wind turbine spacing. The power-loss fraction increases
monotonically up to 𝜉

,
= 36.1% at the seventh wind turbine. The final power-loss fraction is slightly

higher than at the seventh wind turbine in Case A1. The higher power-loss fraction could be caused
by the increasing number of interacting wakes, due to the closer wind turbine spacing perpendicular
to the wind direction.

From the FarmFlow-fast simulation data, a power-loss fraction of 𝜉
,

= 14.9% is calculated at the

second wind turbine, which monotonically increases up to 𝜉
,

= 39.0% at the seventh wind turbine.
The power-loss fraction is overestimated for all wind turbines. The maximum absolute difference in
power-loss fraction between the FarmFlow-fast simulations and the measurements is |Δ𝜉

,
| =

3.6 ⋅ 10 , at wind turbine 5.
The calculated power-loss fractions from the FarmFlow-fast simulations are lower than the original

FarmFlow simulations. The maximum absolute difference in power-loss fraction between the two soft-
ware versions is |Δ𝜉

,
| = 9.9 ⋅ 10 , at wind turbine 3. The simulation results of FarmFlow-fast are

closer to the measurements than the original FarmFlow simulations, for all wind turbines.

Case A3 The results of Case A3 are displayed at the bottom right of Figure 4.10. The power-loss
fraction build-up shows a close relation between both software versions and the measurement data.
The offset between the FarmFlow-fast simulations and the measurements6 is in the same order as in
Case A1. The differences between both software versions are larger than in Case A1 and A2.

The measurement data shows that the power-loss fraction at the second wind turbine is 𝜉
,

=
16.8%. The initial power-loss faction lies in between Case A1 and A2, corresponding to the intermediate
wind turbine spacing. The power-loss fraction increases monotonically up to 𝜉

,
= 40.0% at the

seventh wind turbine. The final power-loss fraction is higher than at the seventh wind turbine in Cases
A1 and A2. The higher power-loss fraction could be caused by the combination of the wind turbine
spacing along the wind direction and perpendicular to the wind direction.

From the FarmFlow-fast simulation data, a power-loss fraction of 𝜉
,

= 14.7% is calculated at

the second wind turbine, which monotonically increases up to 𝜉
,

= 38.6% at the seventh wind
turbine. The power-loss fraction is underestimated for all wind turbines. The power-loss fraction
build-up calculated from the FarmFlow-fast simulations is even lower than the simulations in Case A2,
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which might have been caused by underestimation of the wake expansion. The maximum absolute
difference in power-loss fraction between the FarmFlow-fast simulations and the measurements is
|Δ𝜉

,
| = 2.1 ⋅ 10 , at wind turbine 2.

The calculated power-loss fractions from the FarmFlow-fast simulations are higher than the origi-
nal FarmFlow simulations. The maximum absolute difference in power-loss fraction between the two
software versions is |Δ𝜉

,
| = 1.6 ⋅ 10 , at wind turbine 4. The simulation results of FarmFlow-fast

are closer to the measurements than the original FarmFlow simulations, for all wind turbines.

Case B1 The results of Case B1 are displayed at the top right of Figure 4.10. The graph shows the
measurement and simulation data points and the numerically fitted curves by Equation (4.9). Table A.2
in Appendix A provides a numerical presentation of the results, together with the numerical data of the
other B-cases. By analysing the simulation results, it can be concluded that the shape of the power-loss
fraction curve as function of the wind direction, is similar for FarmFlow-fast and the original FarmFlow
version. The power-loss fraction curve is also roughly in line with the measurements6.

The measurement data shows that the maximum power-loss fraction at the second wind turbine
is 𝜉 , , = 41.2%, when the wind direction is aligned with the orientation of the wind turbine row.
The peak power-loss fraction is about two times as high as the average power-loss fraction over the
−15∘ ≤ 𝜃 ≤ +15∘ range at the second wind turbine in Case A1. The power-loss fraction gradually
reduces towards lower values, at larger wind direction offsets. From the FarmFlow-fast simulation
data, a maximum power-loss fraction of 𝜉 , , = 42.0% is calculated at the second wind turbine. The
power-loss fraction gradually reduces with increasing wind direction offset, until small power-increase
fractions are calculated.

The power-loss fraction is overestimated in the −7∘ ≤ 𝜃 ≤ +7∘ range, while it is underestimated for
larger incidence angles between the wind direction and the wind turbine row orientation. The maximum
absolute difference in power-loss fraction between the FarmFlow-fast curve fit and the measurement
data curve fit is |Δ𝜉 , | = 3.7 ⋅ 10 , which occurs at a wind direction offset of 𝜃 = +20∘.

The most remarkable difference between the FarmFlow-fast results and the measurement data is
the negative power-loss fraction observed at wind direction offsets 𝜃 < −15∘ and 𝜃 > +15∘. The
power-increase fraction is caused by an increasing wind speed, just outside the edges of wind turbine
wakes. This effect is not shown by the measurement data. As no clear evidence is observed for
underestimation of wake expansion, the offset in power-loss fraction is most likely caused by improperly
accounting for wind direction uncertainty.

The calculated power-loss fractions from the FarmFlow-fast simulations are lower than the original
FarmFlow simulations in the −4∘ ≤ 𝜃 ≤ +5∘ range and higher for incidence angles outside this
range. The maximum absolute difference in power-loss fraction between the two software versions is
|Δ𝜉 , | = 8.6 ⋅ 10 , which occurs at 𝜃 = −10∘. The simulation results of the original FarmFlow
version are closer to the measurements for most wind directions, although the differences between
the results of both software versions are negligible.

The FarmFlow-fast simulations of Horns Rev took on average 54 seconds per wind speed/direction
combination, while it took 17 minutes in the original FarmFlow version. This means that a complete
assessment for every integer wind speed between cut-in and cut-out wind speed 𝑉 = (4 ∶ 25) m/s
and 72 wind direction sectors of |Δ𝜃 | = 5∘, would take ∼ 24hrs with FarmFlow-fast and ∼ 450hrs
with the original version.

4.7.2. Lillgrund
Case A1 The results of Case A1 of the Lillgrund validation cases are displayed at the top left of
Figure 4.11. By analysing the simulation results, it can be concluded that also for this case the shape
of the power-loss fraction build-up along the rows is similar for FarmFlow-fast and the original FarmFlow
version. The power-loss fraction build-up is again roughly in line with the measurement data7.

The measurement data shows that the power-loss fraction at the second wind turbine is 𝜉
,

=
36.4%, which increases monotonically up to 𝜉

,
= 65.8% at the eighth wind turbine. The power-loss

fraction curve is higher than the curves of the Horns Rev cases.
7The measured data is obtained from [18].
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Figure 4.10: Horns Rev validation results. All validation cases use a moving window of | | ∘. Top left: Case A1, top right:
Case B1, bottom left: Case A2, bottom right: Case A3.

The higher power-loss fractions are caused by multiple reasons. First of all, the wind turbine spacing
is closer; both along the wind direction and perpendicular to the wind direction. Secondly, the ambient
turbulence intensity is lower. Thirdly, the thrust coefficient of the Siemens SWT-2.3-93 wind turbines is
higher than the Vestas V80 in the concerned wind speed range. Finally, the wind speed range includes
wind speeds that are close to cut-in wind speed, for which the wind turbines in the wake experience a
power-loss fraction of 𝜉

∶
(𝑉 ≈ 𝑉 ) = 100%.

From the FarmFlow-fast simulation data, a power-loss fraction of 𝜉
,

= 41.4% is calculated at

the second wind turbine and 𝜉
,

= 65.1% at the eighth wind turbine. The FarmFlow-fast simulation

data shows a minimum power-loss fraction of 𝜉
,

= 38.1% at the third wind turbine. The power-loss
fraction is overestimated for the second wind turbine, but the simulations underestimate the power-loss
fractions of the wind turbines further downstream. The maximum absolute difference in power-loss
fraction between the FarmFlow-fast simulations and the measurements is |Δ𝜉

,
| = 5.0 ⋅ 10 , at

wind turbine 2.

The calculated power-loss fractions from the FarmFlow-fast simulations are lower than the origi-
nal FarmFlow simulations. The maximum absolute difference in power-loss fraction between the two
software versions is |Δ𝜉

,
| = 2.6 ⋅ 10 , at wind turbine 5. The simulation results of the original

FarmFlow version are closer to the measurements for wind turbines 3 to 7, while for wind turbines 2
and 8 the results of the FarmFlow-fast simulations are closer.
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Case B1 The results of Case B1 are displayed at the top right of Figure 4.11. By analysing the
simulation results, it can also for this case be concluded that the shape of the power-loss fraction curve
as function of the wind direction, is similar for FarmFlow-fast and the original FarmFlow version. The
power-loss fraction curve is also roughly in line with the measurements8.

The measurement data shows that the maximum power-loss fraction at the second wind turbine is
𝜉 , , = 70.6%. The peak power-loss fraction is about two times as high as the average power-loss
fraction over the −15∘ ≤ 𝜃 ≤ +15∘ range at the second wind turbine in Case A1, corresponding to
the observations of Case A1 and B1 of Horns Rev. The power-loss fraction gradually reduces towards
lower values, at larger wind direction offsets. From the FarmFlow-fast simulation data, a maximum
power-loss fraction of 𝜉 , , = 71.8% is calculated at the second wind turbine. The power-loss
fraction gradually reduces with increasing wind direction offset, until small power-increase fractions
are calculated.

The power-loss fraction is overestimated in the −15∘ ≤ 𝜃 ≤ +15∘ range, while it is underestimated
for larger incidence angles. The maximum absolute difference in power-loss fraction between the
FarmFlow-fast curve fit and the measurement data curve fit is |Δ𝜉 , | = 6.3 ⋅ 10 , which is larger
than the maximum absolute error in Horns Rev Case B1. The maximum difference occurs at a wind
direction offset of 𝜃 = −9∘.

Negative power-loss fractions are also observed in the simulation data of this case, for wind direction
offsets 𝜃 < −18∘ and 𝜃 > +18∘. The larger wind direction offset than in Horns Rev Case B1 is a
consequence of the closer wind turbine spacing. A closer wind turbine spacing causes the second wind
turbine to be in the wake of the first wind turbine for wider wind direction ranges than would be the
case with a larger wind turbine spacing.

The calculated power-loss fractions from the FarmFlow-fast simulations are lower than the original
FarmFlow simulations in the −17∘ ≤ 𝜃 ≤ +17∘ range and higher for larger incidence angles. The
maximum absolute difference in power-loss fraction between the two software versions is |Δ𝜉 , | =
3.2 ⋅ 10 , which occurs at 𝜃 = +9∘. The simulation results of FarmFlow-fast are closer to the
measurements for most wind directions.

Case B2 The results of Case B2 are displayed at the bottom right of Figure 4.11. The power-loss
fraction curve shows again a close relation between both software versions and the measurement
data8. The power-loss fractions calculated in this case are the highest of all validation cases.

The measurement data shows that the maximum power-loss fraction at the second wind turbine
is 𝜉 , , = 81.6%. The power-loss fraction gradually reduces towards lower values, at larger wind
direction offsets. From the FarmFlow-fast simulation data, a maximum power-loss fraction of 𝜉 , , =
77.5% is calculated at the second wind turbine. The power-loss fraction gradually reduces towards
lower values, with increasing wind direction offset.

The power-loss fraction is underestimated in the −8∘ ≤ 𝜃 ≤ +10∘ range and for angles 𝜃 ≤ −19∘

and 𝜃 ≥ +19∘, while it is overestimated in the intermediate ranges. The maximum absolute difference
in power-loss fraction between the FarmFlow-fast curve fit and the measurement data curve fit is
|Δ𝜉 , | = 5.9 ⋅ 10 , which occurs at a wind direction offset of 𝜃 = +5∘. Negative power-loss
fractions are not observed in the simulation data of this case, which is a consequence of the even
closer wind turbine spacing than in Case B1.

The calculated power-loss fractions from the FarmFlow-fast simulations are lower than the original
FarmFlow simulations in the −9∘ ≤ 𝜃 ≤ +9∘ range and higher for larger incidence angles. The
maximum absolute difference in power-loss fraction between the two software versions is |Δ𝜉 , | =
6.6 ⋅ 10 , which occurs at 𝜃 = +16∘. The simulation results of the original FarmFlow version are
closer to the measurements for most wind directions, although the differences between the results of
both software versions are negligible.

The FarmFlow-fast simulations of Lillgrund took on average 60 seconds per wind speed/direction
combination, while it took 19 minutes in the original FarmFlow version. This means that a complete
assessment for every integer wind speed between cut-in and cut-out wind speed 𝑉 = (4 ∶ 25) m/s
and 72 wind direction sectors of |Δ𝜃 | = 5∘, would take ∼ 26hrs with FarmFlow-fast and ∼ 500hrs
with the original version.

8The measured data is obtained from [64].
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Figure 4.11: Lillgrund validation results. All validation cases concerned a velocity range of / and a moving
window of | | ∘. Top left: Case A1, top right: Case B1, bottom right: Case B2.

4.7.3. Conclusions
From the results of the validation runs, it is observed that both software versions; the original Farmflow
and FarmFlow-fast, show a close agreement with the measurement data. The maximum absolute error
in power-loss fraction, averaged over a −15∘ ≤ 𝜃 ≤ +15∘ wind direction sector, is |Δ𝜉

,
| = 0.050.

The maximum absolute error, per wind direction step of |Δ𝜃 | = 1∘, is |Δ𝜉 , | = 0.063.
It can be concluded that FarmFlow-fast does not show a worse agreement with the measurement

data than the original FarmFlow version. The power-loss fraction is alternately under and over estimated
by both software versions. At first sight, the simulations of the Horns Rev wind farm seem to show
better agreement with the measurement data than the Lillgrund simulations. It is however hard to
compare the quality of the results amongst the two wind farms, because the quality and amount of
available measurement data as well as the concerned wind speed/direction combinations are not similar.

It can not be concluded whether the turbulence intensity, wind turbine spacing or wind speed range
is of any influence on the quality of the simulation data. Comparison of additional validation cases is
required before firm conclusions can be drawn about the influence of the aforementioned parameters
on the quality of the results. With the current validation data it is demonstrated that the usage of
FarmFlow-fast is a valid choice for parameter ranges close to the investigated scenarios.

A-cases All A-cases show that the shape of the power-loss fraction development along the wind
turbine rows is similar for both software versions. Although the shape of the development is the same,
differences in absolute values are recognized. The absolute differences are caused by round-off errors
due to the difference in grid-dimensions. The different tuning parameters of the 𝑘 − 𝜖-turbulence
model have reduced the absolute differences. Without the tuning, the differences would have been
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much larger, mostly due to increased numerical diffusion in FarmFlow-fast.
For all A-cases, except for Case A3 of Horns Rev, the power-loss fraction is lower in FarmFlow-

fast than in the original FarmFlow version. The maximum absolute difference between the power-loss
fractions of both software versions is |Δ𝜉

,
| = 0.026, which is about half of the maximum difference

with the measurement data.
A remarkable observation is that the power-loss fractions, found by FarmFlow-fast at a wind turbine

spacing of Δ𝑠 = 9.4𝐷, are lower than the power-loss fractions calculated at a wind turbine spacing
of Δ𝑠 = 10.4𝐷. This is most probably caused by the larger wind turbine spacing in the direction
perpendicular to the wind direction. The larger perpendicular spacing causes downstream wind turbines
to profit from the increased wind speed close to the edge of wind turbine wakes.

The wind speed increments are a result of the steady Navier-Stokes equations, solved by FarmFlow-
fast. The effects of the increasing wind speed are in reality less observable, due to unsteady processes
causing wind direction changes and wind speed variations. Unsteady processes are not taken into
account by the steady Navier-Stokes equations of the FarmFlow-fast wake model. Average power
generation simulations over a wide range of wind directions can correspond very well to measurement
data, but errors can originate if smaller wind direction sectors are investigated and peaks in the power
generation simulation results are not properly smoothed out.

B-cases All B-cases show that the shape of the power-loss fraction curves over the −20∘ ≤ 𝜃 ≤
+20∘ range is similar for both software versions. The maximum absolute difference in power-loss
fraction is |Δ𝜉 , | = 0.032. The absolute difference between both software versions is about half
the difference with the measurement data, just like in the A-cases.

As becomes clear from Case B1 of Horns Rev and Case B1 of Lillgrund, wind direction uncertainty
is not correctly taken into account. On average, the simulation results seem to correspond very well
to the measurement data. Simulating for small wind direction ranges within a wind direction offset of
+15∘ ≤ 𝜃 ≤ +20∘ however, seems to overestimate the power generation of the wind turbines.

Another issue to reconsider is the assumed wind direction standard deviation of 𝜎 = 2.5∘. The
chosen standard deviation seems to be an acceptable choice for the purpose of the concerned validation
cases, but this does not guarantee that it is a valid approach for other scenarios. The wind direction
standard deviation influences the averaged peak power-loss fraction and the wake expansion.

The following conclusions are drawn from the validation study:

• It must be kept in mind that the power generation data in this validation study is averaged over a
number of wind directions and wind speeds. If the averaged simulation and measurement data
show a good agreement with each other, it does not imply that the tool is performing equally well
for smaller wind direction sectors and wind speed ranges. Especially if peaks in the power-loss
fraction as function of the wind direction are investigated or when small wind direction sectors
are taken into account, the validity of the simulations can not be guaranteed.

• An agreement in power-loss fraction values between measurement data and simulations does not
guarantee that the absolute power generation values are properly calculated. This is because the
power-loss fraction is calculated with respect to the power generation of a wind turbine exposed to
free-stream conditions. The power generation value of the free-stream wind turbine is different
for the FarmFlow-fast simulations than for the measurements, making it not a fixed reference
value. The absolute power generation values become important if the AEP of a wind farm has to
be calculated.

• FarmFlow-fast provides acceptable results for the investigated validation cases. It is capable to
be used for optimization purposes, involving wind farm-wake calculations. It is however recom-
mended to validate the results of a FarmFlow-fast optimization run with the original version of
FarmFlow. If AEP calculations need to be performed, it is also recommended to use the original
FarmFlow version.

• The quality of both FarmFlow-fast and the original FarmFlow version is worse for wind directions
generating a wake that narrowly passes downstream wind turbines. Wind turbines close to
the edge of the wake experience higher rotor-averaged wind speeds and generate more power
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than the upstream wind turbine. This phenomenon is not observed in reality, due to unsteady
aerodynamic processes in the wind causing wind direction changes and wind speed variations.
The wind direction changes and wind speed variations cause the actual average wind speed
experienced by the wind turbines in the wake to be lower than the wind speed calculated by the
steady Navier-Stokes equations.

• The influence of the ambient turbulence intensity, wind turbine spacing and the wind speed range
on the quality of the results can not be judged. More validation cases have to be investigated for
getting a better impression of these influences. Investigation of more validation cases requires
additional measurement data.

• FarmFlow-fast is approximately 19 times quicker than the original version. A full assessment of
a wind farm taking a complete day might however still be considered too long, especially when
multiple assessments need to be carried out.

• It may be considered use parallel processing, by using all processors in a computer simultaneously
instead of using only one processor. The calculation time can be reduced by a factor four with
the laptop used for the validation cases, but a computer cluster can run even more processes in
parallel.



5
Theory and methodology of the

optimization problems

This chapter describes the theory and methodology of the optimization problems. Section 5.1 starts
with the governing equations for creating wind turbine performance curves, AEP calculation and cal-
culation of power-loss and energy-loss fractions. Hereafter, Section 5.2 continues with the description
of the optimization cases including their purpose, wind farm layouts and wind conditions, optimization
parameters and the optimization problem formulation.

5.1. Governing equations
5.1.1. Assumptions
As discussed in Section 3.2.2, wind turbines are modelled as permeable actuator disks in FarmFlow-
fast. Relevant actuator disk model equations, applicable to the optimization problems, are given by
Equations (3.3) to (3.6). For the sake of optimization problem simplification, it is assumed that the
actuator disks operate without wind turbine losses. Neglecting wind turbine losses means that no
power-loss factor is applied to Equation (3.6).

By neglecting wind turbine losses, wake effects are the only contribution to the power losses that
remain in wind farm simulations. As wake effects are the only cause of power losses, the governing
equations are appropriate for wake loss investigation.

5.1.2. Performance curve parametrization
Three different performance curve parametrization methods are used in the optimization problems.
The first parametrization method uses a constant axial induction factor value for all wind speeds below
rated wind speed. Above rated wind speed, the axial induction factor is reduced such that the power
generation of the wind turbine is limited to rated power.

The second method specifies discrete axial induction factor points at rotor-averaged wind speed
intervals of |Δ𝑢 | = 1m/s. The third method uses Bézier control points to define the axial induction
factor curve. A description of the methods is given in the paragraphs below.

Fixed axial induction factor As the axial induction factor has a constant value when using the
‘fixed axial induction factor’ method, the rated wind speed of the wind turbines can be calculated from
Equation (5.1). Equation (5.1) is obtained from rewriting Equation (3.6).

𝑢 = √
2𝑃

𝜌𝜋𝐷 𝑎 (1 − 𝑎)
(5.1)

The FarmFlow-fast performance curve inputs are specified at each |Δ𝑢 | = 0.25m/s wind speed
step in the 𝑉 < 𝑢 ≤ 𝑉 range. Next to the uniformly distributed data points, the rated wind speed
is submitted as an additional point. For all specified wind speeds in the 𝑉 < 𝑢 ≤ 𝑢 range, the

37



38 5. Theory and methodology of the optimization problems

Figure 5.1: Performance curves of the Betz wind turbines. Left: axial induction, center: power, right: thrust coefficient.

Figure 5.2: Discrete points axial induction factor curve parametrization and parameter bounds. The vertical arrows indicate the
domain over which the axial induction points are allowed to move.

axial induction factor curve has a fixed value 𝑎. The power curve in the same range is calculated from
Equation (3.6).

All data points on the power curve in the 𝑢 < 𝑢 ≤ 𝑉 range are limited to rated power.
The axial induction factors in the same range are calculated by solving Equation (3.6) for 𝑎, in each
specified wind speed point. The complete thrust coefficient curve is calculated from Equation (3.3),
based on the axial induction factor curve.

A wind turbine operating at the ‘Betz’ limit has an axial induction factor of 𝑎 = 𝑎 = , which is
the optimum axial induction factor for a stand-alone wind turbine[67]. The Betz performance curves of
a wind turbine with a rotor diameter of 𝐷 = 80m, a rated power of 𝑃 = 2.0MW, a cut-in wind speed
of 𝑉 = 0m/s and a cut-out wind speed of 𝑉 = 25m/s are shown in Figure 5.1. In Figure 5.1, the
black circles represent the data points implemented in FarmFlow-fast and the black lines are a result
of interpolation between the data points with the PCHIP method.

Parametrization by discrete points The axial induction factor curve is with the ‘discrete points’
method parametrized by discrete points at |Δ𝑢 | = 1m/s intervals, using integer rotor-averaged wind
speeds. The axial induction points are variable for 𝑢 ≤ 𝑉 , and the points 𝑢 > 𝑉 , are kept
at the values of the Betz curve. The statements above imply that the axial induction factor curve is
defined by 𝑉 , parameters; 𝐚 = 𝑎 , with 𝑢 = 1 ∶ 𝑉 , . The velocity 𝑉 , can be arbitrarily
chosen, but in optimization problems it is recommended to set 𝑉 , to the highest wind speed for
which wake losses occur in a wind farm. This is further explained in Section 5.2.

In order limit the power curve of the wind turbine to rated power, the axial induction points are
bounded between zero and the Betz curve. This means that the axial induction points can move
vertically over the ranges specified in Figure 5.21, between the 𝑎 = 0 axis and the Betz curve. The
example values of the discrete axial induction factor points are only used for illustrative purposes.

1The axial induction factor at / is assumed to be similar to the axial induction factor at / ; .
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Figure 5.3: Procedure for creating FarmFlow-fast performance curves by the discrete points parametrization method. Top left:
PCHIP extrapolation through the power points calculated from the discrete axial induction factor points and the point,
for estimation of the rated wind speed. After adding the rated wind speed and the other rated power points, the FarmFlow-fast
implementation points are obtained by PCHIP interpolation. Bottom left: all axial induction factor points and the interpolated
curve. Bottom right: all thrust coefficient points, the interpolated curve and the FarmFlow-fast implementation points.

The procedure for creating power and thrust coefficient curves for FarmFlow-fast, from the example
axial induction factor points, is displayed in Figure 5.3. First, the axial induction points are converted
to power values by Equation (3.6) and an additional point is added at 𝑢 = 0m/s. The power points
are displayed in the top left graph of Figure 5.3.

A PCHIP extrapolation is performed with the power points below rated power, to estimate the rated
wind speed. By adding the rated wind speed point to the power points and adding the remaining rated
power points, the complete power curve is obtained by using all points in a PCHIP interpolation. Adding
the rated wind speed point is necessary to reduce round-off errors; otherwise the optimization process
will try to reduce the negative effects of round-off errors, instead of actually improve the wind farm
performance.

From the power points, the axial induction points are calculated by solving Equation (3.6) for 𝑎
at each rotor-averaged wind speed. This procedure yields the axial induction points displayed at the
bottom left of Figure 5.3. From the axial induction points, the thrust coefficient curve is calculated by
Equation (3.3) as shown in the bottom right graph of Figure 5.3. The points that are implemented in
FarmFlow-fast are obtained from PCHIP interpolation between the black points displayed in the top left
and bottom right graphs of Figure 5.3. The FarmFlow-fast implementation points are shown as cyan
circles.

Parametrization by Bézier control points The axial induction curve is with the ‘Bézier control
points’ method defined by a pre-specified number of Bézier control points. The papers [68, 69] ex-
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Figure 5.4: Bézier control points axial induction factor curve parametrization and parameter bounds. The arrows indicate the
directions in which the control points are allowed to move.

plain how Bézier curves are generated from control points. The application of Bézier control point
parametrization in the current project is explained in Figures 5.4 and 5.5. The number of example
control points and their locations are arbitrarily chosen and are only used for illustrative purposes.

Figure 5.4 shows four Bézier control points in the design space. The arrows indicate the directions
in which the control points are allowed to move. The end points at 𝑢 = 0m/s and 𝑢 = 𝑉 , are
allowed to move only vertically, while all other points can move both vertically and horizontally. The
solid black line is the Bézier curve, which is created from the control points.

In order to limit the power curve of the wind turbine to rated power, the axial induction curve should
stay below the Betz curve. As shown by Figure 5.4, the axial induction factor curve does not stay below
the Betz curve in the current example. The points on the Bézier curve beyond the crossing with the
Betz curve are replaced by the values of the Betz curve. The crossing point is determined by PCHIP
extrapolation through the points below the Betz curve. Below it is described how this is done.

In the top left graph of Figure 5.5, it is shown that the data points on the axial induction Bézier
curve of Figure 5.4 are converted to power points by using Equation (3.6). Part of the data points on
the power curve have values above rated power. After discarding those points, PCHIP extrapolation is
used with the points below rated power to estimate the rated wind speed. The rated wind speed is
indicated by the ‘□’-symbol, at the top left of Figure 5.5.

Adding rated wind speed and the remaining rated power points to the power points below rated
power, yields data points that can directly be implemented into FarmFlow-fast. Interpolating between
the data points with the PCHIP method yields the solid cyan power curve, displayed in the top left
graph of Figure 5.5.

From the data points on the power curve, the axial induction factor points are calculated by solving
Equation (3.6) for 𝑎 as shown in the bottom left graph of Figure 5.5. Finally, the data points on the
thrust coefficient curve are calculated by applying Equation (3.3) to the axial induction factor points as
shown in the bottom right graph of Figure 5.5. The data points of the thrust coefficient curve can also
directly be used as input for FarmFlow-fast.

5.1.3. Calculation of the AEP
The annual energy yield of a wind farm is calculated by summation of the yearly energy production of
every individual wind turbine, as shown in Equation (5.2). The yearly energy production of an individual
wind turbine is calculated by integrating the wind turbine’s power generation over all wind speeds and
directions, occurring during one year. The probability of occurrence of a specific wind speed/direction
combination is specified by the wind rose and the Weibull wind speed distributions.

𝐴𝐸𝑃 = 𝑇 ∑ ∫ ∫ 𝑝 (𝑉 , 𝜃 ) 𝑃 (𝑉 , 𝜃 ) d𝑉 d𝜃 (5.2)

In Equation (5.2), 𝑝 (𝑉 , 𝜃 ) represents the probability of occurrence of the undisturbed wind speed,
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Figure 5.5: Procedure for creating FarmFlow-fast performance curves by the Bézier control points method. Top left: PCHIP
extrapolation through the power points below rated power and the point, for estimation of the rated wind speed. After
adding the rated wind speed and the other rated power points, the FarmFlow-fast implementation points are obtained by PCHIP
interpolation. Bottom left: all axial induction factor points and the interpolated curve. Bottom right: FarmFlow-fast thrust
coefficient data points and the interpolated curve.
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Figure 5.6: Power generation per wind turbine, as function of the undisturbed wind speed. The discrete simulation points,
the PCHIP extrapolations through the simulation points, the extrapolation crossings and the resulting continuous functions are
displayed.

𝑉 , and wind direction, 𝜃 , combination. 𝑃 is the power generation of an individual wind turbine as
function of the undisturbed wind speed and direction and 𝑁 is the number of wind turbines. The
expression is multiplied with the number of hours per year, 𝑇 = 8766hrs, such that the AEP is
expressed in kilowatt-hours, [kWh], if 𝑃 is expressed in kilowatts, [kW].

The power generation of a wind turbine in FarmFlow-fast depends on the rotor-averaged wind
speed; 𝑢 . The rotor-averaged wind speed results from the behaviour of wakes through the wind farm
and is different for each wind turbine.

The AEP without wake losses is calculated by the expression shown in Equation (5.3). The power
generation without wake losses, 𝑃 , is estimated by using power generation values of a Betz wind
turbine facing undisturbed meteorological conditions.

𝐴𝐸𝑃 = 𝑇 𝑁 ∫ ∫ 𝑝 (𝑉 , 𝜃 ) 𝑃 (𝑉 , 𝜃 ) d𝑉 d𝜃 (5.3)

Below, an example is given of the AEP calculation procedure of a wind farm consisting of 𝑁 = 3
wind turbines. The power and thrust coefficient curve, implemented in FarmFlow-fast for the example
simulations, are displayed in Figure 5.1. Only one wind direction is concerned, which is aligned with
a row of three wind turbines. It is assumed that the wind is continuously coming from this direction,
meaning 8766 hours per year.

Since all undisturbed wind speeds in the 𝑉 < 𝑉 ≤ 𝑉 range are concerned, all integer free-stream
wind speeds between cut-in and cut-out velocity are simulated in FarmFlow-fast. The discrete power
generation values per wind turbine, as function of the undisturbed wind speed, are represented by the
small marks in Figure 5.6. From the graph it can be concluded that power generation values are lower
at wind turbines 2 and 3 than at wind turbine 1, for the same free-stream wind speed.

Although the shape of the power generation curves becomes clear from the discrete simulation
points, the points do not constitute a continuous function. AEP calculation with Equation (5.2) however,
requires continuous integration of the power generation per wind turbine over the free-stream wind
speed range 𝑉 ≤ 𝑉 ≤ 𝑉 .

Generating a continuous function from the discrete power values is established by using the PCHIP
method. Forward extrapolation is applied to the data points below rated power, 𝑃 (𝑉 ) < 𝑃 , and
backward extrapolation to the data points equal to rated power, 𝑃 (𝑉 ) = 𝑃 . In this way, the
point where both extrapolations cross can be found as shown by the thick marks in Figure 5.6. The
crossings are the points where rated power is first established for each wind turbine, which are the rated
free-stream wind speeds; 𝑉 , , . Adding the points [𝑉 , , 𝑃 ] to the simulation results and
interpolating between all data points with the PCHIP method, yields the continuous power generation
functions shown in Figure 5.6.

With the continuous power generation curves and a continuous Weibull wind speed curve, the AEP
can be calculated by using Equation (5.2). The methodology for estimating the AEP is described below.
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The explanation uses an example Weibull wind speed curve with a scale factor of 𝐴 = 10.6m/s and a
shape factor of k = 2.33.

• The first step in the AEP calculation is the multiplication of the Weibull wind speed curve with the
continuous power generation curves of the wind turbines. The Weibull distribution used for this
purpose is the probability density function in number of hours per year, such that 𝑇 is taken
inside the integral of Equation (5.2). The multiplication of the curves is shown in Figure 5.7; the
Weibull distributions at the top are multiplied with the power generation curves in the middle,
yielding the energy density distributions at the bottom of the figure. From left to right, wind
turbines 1, 2 and 3 are displayed.

• The second step is to integrate the energy density curves over the complete operational wind
speed range; 𝑉 ≤ 𝑉 ≤ 𝑉 . Integration of the individual energy density curves yields the
cumulative AEP distribution curves in the left graph of Figure 5.8.

• The third step is to sum the integrated AEP values per wind turbine. This is done by adding the
values at 𝑉 = 𝑉 of the cumulative AEP distribution curves. The sum of the yearly energy
productions of the individual wind turbines is displayed at the right side of Figure 5.8.

The total AEP of the three Betz wind turbines is calculated by the above explained procedure to
be 𝐴𝐸𝑃 = 24.6GWh. The AEP without wake losses is calculated by multiplying the AEP of the first
(free-stream) wind turbine, 𝐴𝐸𝑃 , with the number of wind turbines, 𝑁 , as shown by Equation (5.4).

𝐴𝐸𝑃 = 𝑁 𝐴𝐸𝑃 = 32.0GWh (5.4)

5.1.4. Calculation of the power-loss and energy-loss fractions
Wake losses become apparent if the wind direction is aligned with a row of wind turbines. The power-
loss fraction of a wind turbine is defined as the fractional loss in power generation, compared to a wind
turbine facing undisturbed meteorological conditions. The mathematical expression for the power-loss
fraction of a wind turbine is given by Equation (4.6).

The average power-loss fraction of a wind turbine row or complete wind farm is defined as the
fractional loss in accumulated power generation of all wind turbines, due to wake effects. The power-
loss fraction of a wind turbine row is calculated by comparing the cumulative power generation of all
wind turbines together, with the power that would have been generated by the same number of Betz
wind turbines exposed to free-stream meteorological conditions. The mathematical expression for the
average power-loss fraction of a wind turbine row is given by Equation (5.5).

𝜉 , = 1 −
∑ 𝑃

𝑁 𝑃 (5.5)

If wind turbines are assumed to operate under ideal conditions, i.e. without operational losses and
shut-downs, then the only energy losses in a wind farm are caused by wake effects. The energy-loss
fraction is mathematically expressed by Equation (5.6). Equation (5.6) calculates the fractional energy
loss between the actual actual AEP and the AEP without wake losses.

𝜉 = 1 − 𝐴𝐸𝑃
𝐴𝐸𝑃 (5.6)

From the values of the AEP and the AEP without wake losses obtained by Equations (5.2) and (5.3),
the average energy-loss fraction of a wind farm can be calculated with Equation (5.7).

𝜉 , = 1 −
∑ 𝐴𝐸𝑃

𝑁 𝐴𝐸𝑃 (5.7)
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Figure 5.7: Example of the AEP calculation. From left to right wind turbines 1, 2 and 3 are displayed. Top: Weibull probability
density function of the free-stream wind speed in number of hours per year, middle: wind turbine power generation as function
of free-stream wind speed, bottom: AEP density.
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Figure 5.8: AEP example of three Betz wind turbines. Left: cumulative AEP as function of free-stream wind speed, right: total
AEP.

5.2. Description of the optimization problems
5.2.1. Overview
This section describes the optimization problems. As stated in Section 1.3, two different optimization
problems are investigated; the axial induction factor optimization problem and the performance curve
optimization problem.

Axial induction factor optimization The axial induction factor optimization problem deals with
power-loss fraction minimization of a wind turbine row, with an aligned wind direction. The wind
turbines are oriented along a straight line and a single constant wind speed is concerned. The axial
induction factor optimization problem can be considered as a simplified, unconstrained, verifiable worst
case scenario optimization problem, with few optimization parameters.

One axial induction factor optimization case is defined, which is presented in Section 5.2.2. The
case is used to investigate the suitability of five different optimization algorithms for wind turbine
performance curve optimization. The assessed optimization algorithms are described in Appendix B.

Performance curve optimization The performance curve optimization problem involves energy-
loss fraction minimization by optimization of complete wind turbine performance curves, in the 𝑉 ≤
𝑢 ≤ 𝑉 range. The performance curve optimization problem is more complex than the axial induction
factor optimization problem. The performance curve optimization problem uses more optimization
parameters and in addition to parameter bounds, also linear and non-linear constraints are imposed.
The performance curve optimization problem has a wider applicability range and provides more insight
into the possibilities of wind turbine performance curve optimization.

Six performance curve optimization cases are defined, which are presented in Sections 5.2.3 to 5.2.8.
Different scenarios are investigated concerning wind directions: either one wind direction aligned with
a single wind turbine row, or the complete wind rose of a square symmetrical wind farm is concerned.
The patternsearch algorithm[70] is used for all performance curve optimization cases. Different ter-
mination criteria, algorithm settings and performance curve parametrization methods are compared
with each other and the wind farm layout is varied. Finally, the impact of free-stream wind turbine
performance curves on the energy production of a complete wind turbine row is investigated.

Boundary conditions The wind turbine dimensions in all optimization cases are equal to the dimen-
sions of the Vestas V80, which is used in the Horns Rev wind farm. The rotor diameter is 𝐷 = 80m and
the hub height is 𝑧 = 70m. The cut-out velocity of the wind turbines is 𝑉 = 25m/s and the rated
power is 𝑃 = 2.0MW, both similar to the Vestas V80.

As wind turbine losses are neglected, the cut-in velocity is assumed to be 𝑉 = 0m/s. The tip-speed
ratio of the wind turbines is 𝜆 = 6 and the maximum tip-speed is 𝑉 , = 78m/s. The minimum
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Figure 5.9: Top view of axial induction factor optimization problem Case A1.

distance between the wind turbines is Δ𝑠 = 400m = 5.0𝐷 for all optimization cases, irrespective of the
wind farm layout.

The wind rose is uniformly distributed, with a Weibull scale and shape factor of respectively 𝐴 =
10.6m/s and 𝑘 = 2.33. The wind speed distribution corresponds to the average Weibull distribution
of the Horns Rev wind farm, as shown by the thick solid black line at the left side of Figure 4.4. In
optimization cases involving a single wind direction, it is assumed that the wind is always aligned with
the orientation of the wind turbine row. The ambient turbulence intensity at all wind speeds and
directions is assumed to be 𝑇𝐼 = 5%.

The uniform wind climate is chosen to simplify the post-processing procedure for AEP estimation
and to keep overview during comparisons between energy-loss fractions from different wind directions.
The uniform character of the wind climate ensures that a simulation for a wind direction in a square
symmetrical wind farm gives results that can be reused for other wind directions. This reduces the
number of wind directions that need to be simulated.

5.2.2. Case A1: Optimization algorithm analysis
Purpose The purpose of Case A1 is to gain insight into the working procedure and functioning of
different optimization algorithms. The performance of the algorithms is assessed by analysis of the
reduction in power-loss fraction, the extent to which the algorithm converges to the global optimum
from different starting points and the total optimization time. Case A1 is investigated to determine
which algorithm can be best used for performance curve optimization. The wind farm layout, objective
function, constraints and other relevant information are presented in the upcoming paragraphs.

Wind farm layout, wind direction and wind speed The current case involves a row of three
wind turbines with an equal distance between them, as shown in Figure 5.9. The wind direction is
aligned with the row, 𝜃 = 270∘.

Running simulations for all integer wind speeds in the 𝑉 < 𝑉 ≤ 𝑉 range with unoptimized Betz
wind turbines2, yields the graphs in Figure 5.10. The graphs show the power generation of the wind
turbines and the power-loss fraction of the complete wind turbine row; both as function of free-stream
wind speed. The power-loss fraction of the row is calculated by Equation (5.5), where 𝑃 is the power
generation of the first wind turbine along the row.

As stated in Section 2.2, wake effects are most severe in the region around rated wind speed.
Figure 5.10 shows that this statement is correct; the maximum absolute power-loss occurs at 𝑉 =
10m/s, which is just below rated wind speed.

The power-loss fraction however, is continuous for all wind speeds below rated wind speed. In
reality, a maximum power-loss fraction would be expected around rated wind speed. The constant
power-loss fraction for wind speeds below rated wind speed is caused by the assumption that the tur-
bulence intensity is constant over all wind speeds. In general, the turbulence intensity has a minimum
value around rated wind speed[11].

The free-stream wind speed for the current optimization case is chosen to be 𝑉 = 10m/s, on the
basis of the simulations with the unoptimized Betz wind turbines. The low ambient turbulence intensity,
the small wind turbine spacing and the particular wind speed/direction combination are chosen such

2The FarmFlow-fast performance curves for running the simulations are shown in Figure 5.1
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Figure 5.10: Results of the FarmFlow-fast simulations with the unoptimized Betz wind turbines, as function of integer free-stream
wind speed. Left: power generation, right: power-loss fraction.

that wake effects are most severe. In this ‘worst-case’ scenario, the biggest difference in power-loss
fraction is expected between the unoptimized Betz performance curves and the optimum wind turbine
performance curves.

Optimization parameters The wind turbine performance curves are parametrized by the fixed
axial induction factor method3, in the current case. The power-loss fraction of the wind turbine row is
minimized by optimizing the performance curves of the first two wind turbines. The two optimization
parameters are the axial induction factors of the first and the second wind turbine; respectively 𝑎 and
𝑎 . The third wind turbine keeps operating at Betz conditions, 𝑎 = 𝑎 = .

Since only two optimization parameters are involved; 𝑎 and 𝑎 , the case is suitable for design space
exploration and for visualization of results. It is possible to investigate a broad domain of parameter
values at a high resolution. From such an investigation, insight is obtained in the layout of the design
space and the location of optimum parameter values. With this information in mind, it can be judged
whether the performance of an optimization algorithm is satisfactory or not.

Optimization problem formulation As stated before, the goal of the axial induction factor opti-
mization problem is to minimize the power-loss fraction of the wind turbine row, which is calculated by
Equation (5.5). As explained in the previous paragraph, the only two optimization parameters involved
are the constant axial induction factor values of wind turbine 1 and 2.

The constraints of the optimization problem are that the thrust and power coefficients of the wind
turbines should be positive and that Betz theory is only valid for axial induction factors 𝑎 ≤ [67]. For
𝐶 and 𝐶 to be positive, the axial induction factor should be in the 0 ≤ 𝑎 ≤ 1 range; 𝐶 = 4𝑎(1 − 𝑎) ≥
0 → 0 ≤ 𝑎 ≤ 1, 𝐶 = 4𝑎(1 − 𝑎) ≥ 0 → 𝑎 ≥ 0. By enforcing both previously mentioned constraints,
the axial induction factor parameter values should be within the range 0 ≤ 𝑎 ≤ . In this way, the
constraints are implicitly enforced by parameter bounds.

Based on the statements above, the optimization problem is defined by Equation (5.8).

3See Section 5.1.2 for a description of the performance curve parametrization methods.
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min
,

𝜉 , (𝑎 , 𝑎 ) (5.8)

subject to

0 ≤ 𝑎 ≤ 1
2

0 ≤ 𝑎 ≤ 1
2

The power-loss fraction of the unoptimized wind farm is based on 𝑁 = 3 wind turbines operating
at the Betz limit. This means that as long as the power curve stays below rated power, 𝑃 (𝑢 ) < 𝑃 ,
the axial induction factor of all three wind turbines is 𝑎 = 𝑎 = .

Before any optimization run is started, Matlab and FarmFlow-fast are used to run simulations for all
axial induction factor combinations in the range 0 < 𝑎 ≤ in steps of Δ𝑎 = 0.005. The simulations
are performed to explore the design space. All possible axial induction factor combinations of the first
two wind turbines are simulated; meaning 100 ⋅ 100 = 10 000 function evaluations. The design space
exploration gives an impression of the optimum parameter value locations and the possible existence
of local optima.

After the design space exploration, optimization runs are performed with the five algorithms shown
below. A description of the algorithms is given in Appendix B.

• fminsearch: unconstrained, non-linear optimization algorithm that uses the ‘Nelder-Mead simplex’
algorithm[71].

• fmincon: constrained, non-linear gradient-based optimization algorithm[72–75].

• patternsearch: Pattern Search (PS) is a direct search method that does not require any informa-
tion about the gradient of the objective function. The algorithm searches a set of points around
the current point, looking for one where the value of the objective function is lower than the value
at the current point[70].

• Simulated annealing: Simulated Annealing (SA) is a method for solving unconstrained and bound-
constrained optimization problems. The method models the physical process of heating a ma-
terial and then slowly lowering the temperature to decrease defects, i.e. minimizing the system
energy[76].

• Genetic algorithm: The Genetic Algorithm (GA) is a method for solving both constrained and
unconstrained optimization problems that is based on natural selection; the process that drives
biological evolution[77, 78].

The optimization runs are performed with three different starting points, in order to evaluate the
global convergence characteristics of the algorithms. The three different initial optimization parameter
value combinations are: 𝐚 , = [ ], 𝐚 , = [ ] and 𝐚 , = [ ]. The particular
initial parameter value combinations are chosen such that the fminsearch and the pattern search algo-
rithm, which use fixed steps to evaluate optimization parameter values, do not end up evaluating the
same parameter values during the first few iterations when starting from different points.

As five different algorithms and three different starting points are concerned, 15 optimization runs
are performed for the current case. The algorithms are assessed upon objective function value decre-
ment, optimization time and whether or not the algorithm converges to the global optimum. From the
assessment, the best optimization algorithm is picked for the performance curve optimization problems.

5.2.3. Case B1: Convergence tolerance sensitivity analysis
Purpose The purpose of Case B1 is to evaluate the termination criterion of the pattern search al-
gorithm. The termination criterion is varied in order to determine when the pattern search algorithm
solution converges. Stopping the algorithm earlier can save computation time, but the algorithm should
not be stopped too early as the lowest objective function value might not have been reached yet. The
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termination criteria are assessed upon objective function value decrement and optimization time. From
the assessment, the most suitable termination criterion is determined for the remaining performance
curve optimization cases.

Wind farm layout, wind speeds and wind direction The current case uses the same wind farm
layout as Case A1; three wind turbines with a Δ𝑠 = 5.0𝐷 distance between them, as shown in Figure 5.9.
A single wind direction is concerned again, which is aligned with the wind turbine row; 𝜃 = 270∘.
This time however, the complete wind speed range 𝑉 < 𝑉 ≤ 𝑉 is taken into account.

Optimization parameters The wind turbine performance curves are parametrized by the discrete
points method3, in the current case. The energy-loss fraction of the wind turbine row is minimized
by optimizing the wind turbine performance curves. The same performance curves are assigned to all
three wind turbines.

From the simulations with the Betz wind turbines in Figure 5.10, it can be concluded that the
maximum discrete wind speed for which power losses occur is 𝑉 = 13m/s. As the maximum wind
speed for which wake losses occur should be located between 𝑉 = 13m/s and 𝑉 = 14m/s, the
maximum optimization wind speed is chosen to be 𝑉 , = 14m/s. This means that Case B1 is an
optimization problem with 14 optimization parameters; 𝐚 = 𝑎 , with 𝑢 = 1 ∶ 14.

Optimization problem formulation As stated before, the goal of the performance curve optimiza-
tion problem is to minimize the energy-loss fraction of a wind farm, which is calculated by Equation (5.7).
As explained in the previous paragraph, the optimization parameters are the 14 discrete axial induction
factor points as function of the rotor-averaged wind speed.

The constraint of the performance curve optimization problems is that the power curve should be
limited to rated power. By the discrete points parametrization method, the constraint is satisfied by
keeping the optimization parameters bounded between 𝑎 = 0 and the Betz axial induction factor curve.
The discrete axial induction factor parameter values should be within the range 0 ≤ 𝑎 ≤ 𝑎 , ,
for 𝑢 = 1 ∶ 14

Based on the statements above, the optimization problem of Case B1 is defined by Equation (5.9).

min
∶

𝜉 , (5.9)

subject to
0 ≤ 𝑎 ≤ 𝑎 ,

The energy-loss fraction of the unoptimized wind farm is based on 𝑁 = 3 wind turbines operating
at the Betz limit. The unoptimized Betz axial induction curve is used as starting point of the current
optimization scenario. The curve is shown at the left side of Figure 5.1.

The pattern search algorithm is used for the current case, with mostly default settings. The mesh
tolerance however is varied, which is the most important termination criterion of the pattern search
algorithm. The mesh tolerance is the minimum distance over which the pattern search algorithm is
allowed to evaluate parameter values from the current best point[70]. The standard mesh tolerance
of the pattern search algorithm is 𝜖 = 10 , but in the current case the following mesh tolerances are
assessed: 𝜖 = [10 10 10 10 10 ].

As five different mesh tolerances are investigated and only one starting curve is concerned, five
optimization runs are performed for the current case. The mesh tolerances are assessed upon objec-
tive function value decrement and optimization time. From the assessment, the most suitable mesh
tolerance is used for the remaining performance curve optimization cases.

5.2.4. Case B2: Search strategy analysis
Purpose The purpose of Case B2 is to evaluate two different strategies by which the pattern search
algorithm searches through the design space and eventually finds the optimum parameter values.
One methodology may be more efficient than the other; resulting in either a shorter optimization
time, a better global convergence or both. The strategies are assessed upon objective function value
decrement, optimization time and the extent to which the search method facilitates convergence to
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Figure 5.11: Alternatives for initial axial induction factor curves, when using the discrete points parametrization method.

the global optimum from different starting points. From the assessment, the search method for the
remaining performance curve optimization cases is determined.

Wind farm layout, wind speeds and wind direction Case B2 closely corresponds to Case B1.
The current case uses the same wind farm layout as Case A1 and B1; three wind turbines with a
Δ𝑠 = 5.0𝐷 distance between them, as shown in Figure 5.9. The single concerned wind direction is
aligned with the wind turbine row; 𝜃 = 270∘.

Optimization parameters The wind turbine performance curves are parametrized by the discrete
points method3, in the current case. The energy-loss fraction of the wind turbine row is minimized
by optimizing the wind turbine performance curves. The same performance curves are assigned to all
three wind turbines.

In line with Case B1, the maximum optimization wind speed is chosen to be 𝑉 , = 14m/s. Like
Case B1, the current case is an optimization problem with 14 optimization parameters; 𝐚 = 𝑎 , with
𝑢 = 14m/s.

Optimization problem formulation The optimization problem of Case B2 is defined by Equa-
tion (5.10), which is the same as the definition of Case B1. The explanation for the definition is given
in Section 5.2.4.

min
∶

𝜉 , (5.10)

subject to
0 ≤ 𝑎 ≤ 𝑎 ,

The energy-loss fraction of the unoptimized wind farm is based on 𝑁 = 3 wind turbines operating
at the Betz limit. The three different initial axial induction factor curves used in the current scenario
are displayed in Figure 5.11.

The pattern search algorithm in the current case uses a mesh tolerance of 𝜖 = 10 , the other
algorithm settings remain at default values. The search method is however varied, which determines
the number of points that are evaluated at each iteration, the directions in which the algorithm searches
and according to which procedure the points are evaluated.

The default search method of the pattern search algorithm is the ‘GPSPositiveBasis2N’ method, that
does not make complete polls. This strategy defines two times as many search points as optimization
parameters during each iteration and the points are evaluated in fixed directions. As soon as the
algorithm finds a point with a lower objective function value than the current point, the algorithm stops
searching and starts a new iteration.
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The other investigated method is the ‘GPSPositiveBasisNp1’ method that makes complete polls.
This strategy defines one more search point than the number of optimization parameters during each
iteration and provides more flexibility in search directions than the GPSPositiveBasis2N method. The
algorithm keeps searching after it finds a better point than the current point. Once all points in an
iteration are evaluated, the next iteration starts from the point with the lowest objective function value
of the previous iteration.

A pattern search will generally run faster by using GPSPositiveBasisNp1 rather than using GPSPos-
tiveBasis2N as search method, because the algorithm searches fewer points at each iteration. For
problems with several local minima, it may preferable to make the pattern search evaluate all the mesh
points at each iteration and choose the one with the lowest objective function value. A complete poll
enables the pattern search to explore more points at each iteration and thereby potentially avoid a
local minimum that is not the global minimum[70].

As two search strategies are investigated and three different starting curves are used, a total num-
ber of six optimization runs are performed. The search strategies are assessed upon objective function
value decrement, optimization time and the extent to which the algorithm settings facilitate conver-
gence to the global optimum. From the assessment, the search method for the remaining performance
curve optimization problems is determined.

5.2.5. Case B3: Bézier control points analysis
Purpose The purpose of Case B3 is to reduce the optimization time, in order to also make optimization
of larger wind farms and more wind directions possible in an acceptable time frame. The optimization
time can be shortened by reducing the number of optimization parameters. To reduce the number of
optimization parameters, Bézier control points parametrization is applied in the current case.

The number of Bézier control points is varied, in order to determine how many points are required
to model the optimum axial induction factor curve. The optimization runs are assessed upon objective
function value decrement and optimization time. The optimum number of control points is used for the
remaining performance curve optimization problems.

Wind farm layout, wind speeds andwind direction The current case uses the same wind turbine
row, wind speeds and wind direction as Case B1 and B2. The layout is displayed in Figure 5.9 and the
wind speeds and wind direction can be found in Section 5.2.3.

Optimization parameters The wind turbine performance curves are parametrized by the Bézier
control points method3, in the current case. The same performance curves are assigned to all wind
turbines. In line with Case B1 and B2, the maximum optimization wind speed is chosen to be 𝑉 , =
14m/s. The number of optimization parameters in the current case depends on the number of Bézier
control points, 𝑁 . The number of optimization parameters is 2𝑁 − 2, because the rotor-averaged
wind speed of the first and last control point are fixed.

Optimization problem formulation The power constraint is satisfied by keeping the optimization
parameters bounded between 𝑎 = 0 and the Betz axial induction factor curve. The points on the Bézier
curve beyond the crossing with the Betz curve are replaced by the values of the Betz curve. The control
points are bounded in a domain, as shown in Figure 5.4.

The maximum allowed axial induction factor value of a control point (CP) is 𝑎 = and the rotor-
averaged wind speed of the control points is bounded between 𝑢 = 0 and 𝑢 = 𝑉 , = 14m/s.
Additional constraints are that the control points should remain in the same horizontal order as ini-
tially specified. Based on the statements above, the optimization problem of Case B3 is defined by
Equation (5.11).

min
∶

𝜉 , (5.11)

subject to

[0 0] ≤ 𝐶𝑃 ≤ [14 ]
𝐶𝑃(1) < 𝐶𝑃 (1)
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Figure 5.12: Alternatives for initial Bézier control points axial induction factor curves.

The energy-loss fraction of the unoptimized wind farm is based on 𝑁 = 3 wind turbines operating
at the Betz limit. Optimization runs are performed for three, four, five and six control points, with the
initial values displayed in Figure 5.124.

The pattern search algorithm of the current case uses a mesh tolerance of 𝜖 = 10 and the
GPSPositiveBasisNp1 search strategy is used, for which a complete poll is applied. Four different
optimization runs are performed for the current case. The performance of the runs is assessed upon
objective function value decrement and optimization time. The optimum number of control points is
used for the remaining performance curve optimization problems.

5.2.6. Case B4: Analysis of free-stream wind turbine performance curves
Purpose The purpose of Case B4 is to obtain insight into the influence of the free-stream wind turbine
performance curves on the energy production of a complete row.

Wind farm layout and wind directions The current case uses the same wind turbine row, wind
speeds and wind direction as Case B1, B2 and B3. The layout is displayed in Figure 5.9 and the wind
speeds and wind direction can be found in Section 5.2.3.

Optimization parameters The wind turbine performance curves are parametrized by the Bézier
control points method3. Only the performance curves of the first wind turbine are optimized, in the
current case. The second and third wind turbine keep operating at Betz conditions. In line with Case
B1 and B2, the maximum optimization wind speed is chosen to be 𝑉 , = 14m/s. Optimization runs
are performed for three, four and five control points, meaning that 4, 6 and 8 optimization parameters
are used (2𝑁 − 2).

Optimization problem formulation The power constraint is satisfied by keeping the optimization
parameters bounded between 𝑎 = 0 and the Betz axial induction factor curve. The points on the Bézier
curve beyond the crossing with the Betz curve are replaced by the values of the Betz curve.

The maximum allowed axial induction factor value of a control point is 𝑎 = and the rotor-averaged
wind speed of the control points is bounded between 𝑢 = 0 and 𝑢 = 𝑉 , = 14m/s. Additional
constraints are that the control points should remain in the same horizontal order as initially specified.
Based on the statements above, the optimization problem of Case B4 is defined by Equation (5.12).
The formulation is the same as the formulation of Case B3, but now only the performance curve of the
first wind turbine is optimized.

4The control points are uniformly distributed over the , range and all have the values .
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Figure 5.13: Top view of performance curve optimization Case B5, with eight wind turbines.

min
∶

𝜉 , (5.12)

subject to

[0 0] ≤ 𝐶𝑃 ≤ [14 ]
𝐶𝑃(1) < 𝐶𝑃 (1)

The energy-loss fraction of the unoptimized wind farm is based on 𝑁 = 3 wind turbines operating
at the Betz limit. Optimization runs are performed for three, four and five control points, with the initial
values displayed in Figure 5.124.

The pattern search algorithm of the current case uses a mesh tolerance of 𝜖 = 10 and the
GPSPositiveBasisNp1 search strategy is used, for which a complete poll is applied. Three different
optimization runs are performed for the current case. The performance of the runs is assessed upon
objective function value decrement and optimization time.

5.2.7. Case B5: Influence of the number of wind turbines
Purpose The purpose of Case B5 is to obtain insight into the influence of the number of wind turbines
in a row, on the optimum performance curves and the average energy-loss fraction.

Wind farm layout, wind speeds and wind direction The current case involves optimization of
a wind turbine row with 𝑁 = 8 wind turbines, as shown in Figure 5.13. The wind speeds and wind
direction are similar to Case B1, B2, B3 and B4 and can be found in Section 5.2.3.

Optimization parameters The wind turbine performance curves are parametrized by the Bézier
control points method3. The same performance curves are assigned to all wind turbines. Before
defining the optimization problem, simulations were performed for all integer wind speeds in the 𝑉 <
𝑉 ≤ 𝑉 range with unoptimized Betz wind turbines5. The simulations with the Betz wind turbines
showed that the maximum optimization wind speed should also in the current case be set to 𝑉 , =
14m/s. Optimization runs are performed for three and four control points, meaning that 4 and 6
optimization parameters are used.

Optimization problem formulation The power constraint is satisfied by keeping the optimization
parameters bounded between 𝑎 = 0 and the Betz axial induction factor curve. The points on the Bézier
curve beyond the crossing with the Betz curve are replaced by the values of the Betz curve.

The maximum allowed axial induction factor value of a control point is 𝑎 = and the rotor-averaged
wind speed of the control points is bounded between 𝑢 = 0 and 𝑢 = 𝑉 , = 14m/s. Additional
constraints are that the control points should remain in the same horizontal order as initially specified.
Based on the statements above, the optimization problem of Case B5 is defined by Equation (5.13).

5The FarmFlow-fast performance curves for running the simulations are shown in Figure 5.1
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The formulation is the same as the formulation of Case B3, but now the number of wind turbines is
increased from three to eight.

min
∶

𝜉 , (5.13)

subject to

[0 0] ≤ 𝐶𝑃 ≤ [14 ]
𝐶𝑃(1) < 𝐶𝑃 (1)

The energy-loss fraction of the unoptimized wind farm is based on 𝑁 = 8 wind turbines operating
at the Betz limit. Optimization runs are performed for three and four control points, with the initial
values displayed in Figure 5.124.

The pattern search algorithm of the current case uses a mesh tolerance of 𝜖 = 10 and the GPSPos-
itiveBasisNp1 search strategy is used, for which a complete poll is applied. Two different optimization
runs are performed for the current case. The performance of the runs is assessed upon objective
function value decrement and optimization time.

5.2.8. Case B6: Wind farm optimization by taking the complete wind rose
into account

Purpose The purpose of Case B6 is to obtain insight into the potential of wind turbine performance
curve optimization when a complete wind rose and wind farm are concerned.

Wind farm layout, wind speeds and wind directions The current case involves the performance
curve optimization of a square wind farm consisting of 𝑁 = 16 wind turbines. The layout of the wind
farm is displayed at the left side of Figure 5.14. The minimum distance between the wind turbines is
Δ𝑠 = 5.0𝐷.

The performance curves are again optimized for the 𝑉 ≤ 𝑢 ≤ 𝑉 range and the complete wind
rose is taken into account; 𝑉 ≤ 𝑉 ≤ 𝑉 and 0 ≤ 𝜃 ≤ 2𝜋. The Weibull wind speed distribution
is the same as for the previous performance curve optimization cases and the wind rose is uniformly
distributed. Due to the symmetrical wind farm layout and wind climate, simulations can be reused when
analysing the wind farm. Running simulations with the Betz wind turbines for 𝜃 = (0 ∶ 1 ∶ 45)∘ and
calculating the energy-loss fraction per wind direction, yields the graph at the right side of Figure 5.14.

From the energy-loss fractions of Figure 5.14, the complete 0 ≤ 𝜃 ≤ 2𝜋 range can be covered
by mirroring the energy-loss fractions per wind direction over the symmetry axes of the wind farm.
After mirroring, the average energy-loss fraction of the wind farm is by Equations (5.2), (5.3) and (5.7)
calculated to be 𝜉 = 7.51%.

Due to limited computing resources, it is not possible to simulate all wind directions in the 𝜃 =
(0 ∶ 1 ∶ 45)∘ range during every function evaluation of the optimization run. A compromise is achieved
by simulating only for the five wind directions 𝜽 = [8 17 26 35 44]∘

. The average energy-
loss fraction of these wind directions is calculated to be 𝜉

𝜽
= 7.46%. The average energy-loss

fractions of the complete wind rose and the concerned wind directions are displayed in the right graph
of Figure 5.14, by respectively the black and red dashed lines. It is assumed that the five wind directions
are representative for the complete wind rose.

The left graph of Figure 5.14 shows the simulated wind directions as solid arrows and the dashed
arrows with the same colours represent the symmetrically similar mirrored wind directions.

Optimization parameters The wind turbine performance curves are parametrized by the Bézier
control points method3. The same performance curves are assigned to all wind turbines. From the
runs with the unoptimized Betz wind turbines6, it turned out that the maximum optimization wind speed
in current case should be set to 𝑉 , = 13m/s. An optimization run is performed with three control
points, meaning that four optimization parameters are used.

6The FarmFlow-fast performance curves for running the simulations are shown in Figure 5.1
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Figure 5.14: Explanation of performance curve optimization Case B6. Left: top view of the 4x4 wind farm layout, with the
concerned wind directions and their symmetrically similar mirrored wind directions. Right: energy-loss fractions per wind direction
with Betz wind turbines; the cyan bars represent the wind directions that are used for the optimization runs, the dashed lines
are the average energy-loss fractions of the complete wind rose(black) and optimization wind directions(red).

Optimization problem formulation The power constraint is satisfied by keeping the optimization
parameters bounded between 𝑎 = 0 and the Betz axial induction factor curve. The points on the Bézier
curve beyond the crossing with the Betz curve are replaced by the values of the Betz curve.

The maximum allowed axial induction factor value of a control point is 𝑎 = and the rotor-averaged
wind speed of the control points is bounded between 𝑢 = 0 and 𝑢 = 𝑉 , = 13m/s. Additional
constraints are that the control points should remain in the same horizontal order as initially specified.
Based on the statements above, the optimization problem of Case B6 is defined by Equation (5.14).

min
∶

𝜉 , (5.14)

subject to

[0 0] ≤ 𝐶𝑃 ≤ [13 ]
𝐶𝑃(1) ≤ 𝐶𝑃 (1)

The energy-loss fraction of the unoptimized wind farm is based on 𝑁 = 16 wind turbines operating
at the Betz limit. One optimization run is performed using three control points, with the initial values
displayed in Figure 5.124. The pattern search algorithm of the current case uses a mesh tolerance of
𝜖 = 10 and the GPSPositiveBasisNp1 search strategy is used, for which a complete poll is applied.
One optimization run is performed for the current case, which is assessed upon objective function value
decrement.





6
Results of the optimization problems

This chapter presents the results of all optimization cases described in Section 5.2. It starts with the
axial induction factor optimization problem in Section 6.1. Hereafter, it continues with the performance
curve optimization cases in Section 6.2.

6.1. Axial induction factor optimization
Case A1: Optimization algorithm analysis The graphical results of axial induction factor opti-
mization Case A1 are displayed in Figures 6.1 and 6.2. The numerical results are displayed in Table C.1
of Appendix C.

At the left side of Figure 6.1, the surface plot of the design space exploration is shown. The vertical
axis displays the total power generation of the three wind turbines together and the other two axes
represent the axial induction factor values of the first two wind turbines; 𝑎 and 𝑎 . From the graph, the
location of the global optimum can roughly be estimated. The solution surface has a wavy character,
which might has been caused by numerical noise. The wavy surface can be problematic for gradient
based algorithms like fmincon, because such algorithms treat the minima of the waves as local optima.

The graph at the right side of Figure 6.1 shows the 2D contour plot of the design space exploration.
From the contour plot, it becomes clear that the optimum parameter values are located in the vicinity
of 𝑎 , , = 0.23 and 𝑎 , , = 0.34 and that 𝑃 , > 3175kW.

Figure 6.2 compares the performance of the investigated optimization algorithms with each other.
For the top graphs, 𝑎 , = 𝑎 , = is used as initial optimization parameter values. The middle
graphs used 𝑎 , = 𝑎 , = and the bottom graphs used 𝑎 , = 𝑎 , = .

The left graphs show bar charts of the optimum power generation per wind turbine. The first bar
represents the power generation while operating at Betz conditions. The total power generation of the
three Betz wind turbines is 𝑃 , = 3056kW. It is shown that the first wind turbine generates more
than half of the total power. The other bars represent the optima found by the optimization algorithms.

In the top left graph, the total power generation is increased for all algorithms. The power gener-
ation of the first wind turbine is decreased, resulting in an increased power generation of the second
and third wind turbine. The total power generation lies between 𝑃 , = 3164kW for the fmincon
algorithm and 𝑃 , = 3188𝑘𝑊 of the fminsearch, pattern search and the genetic algorithm. The
simulated annealing algorithm and the design space exploration (Robust) have found intermediate total
power generation values, with respectively 𝑃 , = 3186kW and 𝑃 , = 3187kW.

The relative total power generation increase fraction between the found optima and the Betz con-
ditions is calculated by Equation (6.1).

𝐼 =
𝑃 , − 𝑃 ,

𝑃 ,
(6.1)

The relative power generation increase fractions lie in the range 3.52 ≤ 𝐼 ≤ 4.31%, for the different
optimization methods when starting from 𝑎 , = 𝑎 , = . The average power-loss fraction of the
three wind turbines is reduced from 𝜉 , = 43.90% to 41.49 ≤ 𝜉 , ≤ 41.93%, depending on the
algorithm.

57
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Figure 6.1: Plots of the total power generation of three wind turbines, as function of the axial induction factors of the first two
wind turbines. Left: 3D surface plot, right: 2D contour plot.

The right graphs of Figure 6.2 show the locations of the optimum axial induction factors and the
initial axial induction factors, on a 2D contour plot. From the top right graph it can be concluded that
the fminsearch, pattern search and genetic algorithm converge to the global optimum, but the fmincon
and simulated annealing algorithms find an optimum point at an offset from the global optimum.

The middle graphs of Figure 6.2 present the same information as the top graphs, but now for the
initial axial induction factor values 𝑎 , = 𝑎 , = . The most notable difference with the top graphs
is that the fminsearch and fmincon algorithms both converge to a local optimum at 𝑎 , < 0.1 and
𝑎 , < 0.1, which results in more than 13.5% power reduction compared to the Betz wind turbines.
The other algorithms behave similar as in the top graphs. The behaviour of the algorithms in the
bottom graphs corresponds to the behaviour in the top graphs of Figure 6.2, although the fmincon
algorithm performs better in this case.

The fminsearch and fmincon algorithms took on average 𝑡 ≈ 5min, before the optimization run
was terminated. The pattern search algorithm took 𝑡 , ≈ 8min and the simulated annealing and
genetic algorithm took respectively 𝑡 , ≈ 2hrs and 𝑡 , ≈ 3.5hrs. The design space exploration
took 𝑡 , ≈ 5.5hrs. It has to be noted that the optimization times were found for standard
optimization algorithm settings and that single core processing was used. Changing algorithm settings
and using parallel processing might change the proportions.

From the axial induction factor optimization results, it can be concluded that there is a potential for
wind turbine performance curve optimization. The total power generation of this ‘worst-case scenario’
can be increased with more than 4%. The average power increase will however be lower when more
wind directions and wind speeds above rated wind speed are included. It is observed that the difference
between the optimum axial induction factor value and the Betz axial induction factor is larger for the
free-stream wind turbine than for the second wind turbine.

The global optimization algorithms, i.e. pattern search, simulated annealing and the genetic al-
gorithm, showed better global convergence characteristics than the local optimization algorithms, i.e.
fminsearch and fmincon. The optimization times of the simulated annealing and the genetic algorithms
are however considered as being too long. As the optimization time scales strongly with the number
of optimization parameters, it is concluded that the last two mentioned algorithms are not suitable for
performance curve optimization due to limited availability of computational resources.

Keeping the statements of the above paragraph in mind, it is concluded that pattern search is
the most suitable algorithm for performance curve optimization. It should however be noted that the
performance curve optimization cases in the current project are more complex than the axial induction
factor optimization problem, especially when Bézier control points parametrization is used. As a result
of the difference in complexity, a good performance with the axial induction factor optimization problem
does not guarantee that the global optimum will be found in the performance curve optimization cases.



Figure 6.2: Comparison between the optima found by the optimization algorithms, for different starting points; left: bar charts of the power
generation of the optimum wind turbines, right: location of the optimum parameter values in a 2D contour plot. Top: , , ,
middle: , , , bottom: , , .
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Figure 6.3: Case B1: Comparison between the optima with different termination criteria.

6.2. Performance curve optimization
This section presents the results of the six performance curve optimization cases. All cases have used
parallel processing in order to reduce the computation time of the optimization runs.

Case B1: Convergence tolerance sensitivity analysis Figure 6.3 shows the graphical results
of performance curve optimization Case B1. The numerical results can be found in Table D.1 of Ap-
pendix D.

Figure 6.3 compares the optimum axial induction factor curves, found by the pattern search algo-
rithm when using different termination criteria. The optimum curves and the Betz curve are displayed
together with their associated energy-loss fractions. Since the focus of the current case is on conver-
gence, more decimals are displayed than the number of significant digits.

In line with the theory presented in Section 2.2, the axial induction factor values are further reduced
in the area just below rated wind speed than for lower wind speeds. The rated wind speed has moved
right towards a higher velocity. The above described observations imply that loads on the wind turbine
rotors in the vicinity of the rated wind speed are reduced, because the thrust coefficient is lowered in
this area.

The relative annual energy production increase fraction, between Betz performance curves and the
optimum performance curves, is calculated by Equation (6.2).

𝐼 =
𝐴𝐸𝑃 , − 𝐴𝐸𝑃 ,

𝐴𝐸𝑃 ,
(6.2)

As can be seen from the Figure 6.3, the energy-loss fraction is reduced from 𝜉 , ≈ 23.07% to
𝜉 , ≈ 22.75%. This corresponds to an AEP increase of 𝐼 ≈ 0.4%. As explained in Section 6.1,
the relative increase in AEP is smaller than the relative power generation increase found by the axial
induction optimization problem. It is observed that the AEP of the first wind turbine is reduced, yielding
an increase in AEP of the second and third wind turbine.

The optimum axial induction factor curves found by using different mesh tolerances have a similar
shape. The shape of the optimum curves is too complex to be transformed into exact design param-
eters. A rotor design based upon a smoothed version of the presented optimum curves can never be
such optimized as the theoretical curves displayed in Figure 6.3.

From Figure 6.3, only the curve obtained with 𝜖 = 10 seems to deviate from the other optimum
curves. By analysing the numerical results however, it is concluded that a mesh tolerance of 𝜖 ≤ 10
has to be used to obtain a three decimal convergence. It is assumed that a three decimal convergence
is acceptable for the optimization problems of the current project.

The optimization runs took between two and 31 hours for respectively 𝜖 = 10 and 𝜖 = 10 .
The optimization run with 𝜖 = 10 took almost eight hours, which is assumed to be the most suitable
combination of optimization time and order of convergence. For the remaining optimization cases, a
mesh tolerance of 𝜖 = 10 is therefore used.
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Figure 6.4: Case B2: Comparison between the optima found by the pattern search algorithm using different search strategies.

Case B2: Search strategy analysis Figure 6.4 shows the graphical results of performance curve
optimization Case B2. The numerical results can be found in Table D.2 of Appendix D.

Figure 6.4 compares the optimum axial induction factor curves with each other, which were found
by the pattern search algorithm by using different search strategies and initial conditions. Again, the
optimum curves and the Betz curve are displayed together with their associated energy-loss fractions.
The behaviour of the optimization runs roughly corresponds to the runs of Case B1. The shape of the
curves are again too complex to be exactly transformed into a wind turbine rotor design. The only
way to obtain such complex operational curves is by changing the pitch angle of the rotor blades, for
which a complicated wind turbine controller would be required. All optimum curves increase the energy
production with 𝐼 ≈ 0.4%, but the optimization parameters do not converge to the same values.

By comparing the search methods, it can be concluded that the GPSPositiveBasis2N strategy without
making complete polls yields (on average) lower objective function values than the GPSPositiveBasisNp1
method making complete polls. It can however not be stated whether the method is performing better
or that both methods incidentally end up into better or worse local optima.

A remarkable observation is the ‘kink’ in the optimum curves, when started from initial curve C
(displayed in Figure 5.11). As the optimum energy-loss fraction is lower for both search strategies,
when starting from curve C than when started from curve A, it is assumed that all optimization runs
have ended up in local optima. The optimization runs took on average approximately 10 hours, where
the GPSPositiveBasisNp1 making complete polls performed quicker with initial curves A and B, while
the GPSPositiveBasis2N method without making complete polls was quicker when starting from curve
C.

As the GPSPositiveBasisNp1 method making complete polls was not clearly outperformed by the
GPSPositiveBasis2N method without making complete polls and the strategy provides more flexibility
in search directions, it is assumed that the GPSPositiveBasisNp1 method making complete polls is the
best search strategy for optimization problems using Bézier control points parametrization. The higher
search direction flexibility might be beneficial, because the constraints potentially prohibit a number
of search directions when using Bézier control points parametrization. For the remaining optimization
cases, the GPSPositiveBasisNp1 method making complete polls is therefore used.

Case B3: Bézier control points analysis Figure 6.5 shows the graphical results of performance
curve optimization Case B3. The numerical results can be found in Table D.3 of Appendix D.

Figure 6.5 compares the optimum axial induction factor curves with each other, which were found
by the pattern search algorithm by using a varying number of Bézier control points. The optimum
curves and the Betz curve are displayed together with their associated energy-loss fractions. Again it
is observed that the axial induction factor values are further reduced in the area just below rated wind
speed than for lower wind speeds and that the rated wind speed has moved right.

The optimum curves are smoother than the curves found by the discrete parametrization method.
The curves are therefore easier to be transformed into design parameters. The objective function value
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Figure 6.5: Case B3: Comparison between the optima found by using a different number of control points.

Figure 6.6: Case B4: Comparison between the optima found by using a different number of control points.

reduction is however less pronounced; the increase in AEP now lies in the range 0.15 ≤ 𝐼 ≤ 0.17%.
The optimization times of the runs using Bézier control points parametrization are substantially shorter
than for the discrete points parametrization. The run that used three control points took 𝑡 = 19min,
with four and five control points it took somewhat more than half an hour and it took almost two hours
with six control points.

The optimum curves with a different number of control points show similar behaviour, although
the curve with five control points shows a remarkable trough in the curve around 𝑢 = 2m/s. The
remainder of the optimum curves follow the same shape, which can easily be represented by a Bézier
curve with three or four control points. The optimum curve that used six control points resulted into a
higher objective function value than the curves that used less parameters.

It is assumed that the resulting axial induction factor curves are local optima and it is therefore
hard to determine how many control points are required to represent the optimum curve. As using six
control points takes substantially longer than using three, four or five points, it is concluded that using
more than five points does not provide any improvement. The next scenario is therefore performed
with three, four and five control points, to get a better impression on the required number of control
points. It is opted to continue with Bézier control points parametrization due to the quicker optimization
runs and the smoother optimum performance curves.

Case B4: Analysis of free-stream wind turbine performance curves Figure 6.6 shows the
graphical results of performance curve optimization Case B4. In this case, only the performance curves
of the first wind turbine are manipulated as explained in Section 5.2.6. The numerical results can be
found in Table D.4 of Appendix D.
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Figure 6.7: Case B5: Comparison between the optima found by using a different number of control points.

Figure 6.6 compares the optimum axial induction factor curves with each other, which were found by
the pattern search algorithm by using a varying number of Bézier control points. The optimum curves
and the Betz curve are displayed together with their associated energy-loss fractions. It is observed
that the behaviour of the optimum curves is different from the optimum curves in the previous cases.
The optimum curves differ more from the Betz curves and the gain in AEP is higher than in the previous
performance curve optimization cases.

The optimum curves found by the different number of control points differ clearly from each other.
It is assumed that local optima are found again. A remarkable observation is that the axial induction
factor is further reduced close to the cut-in wind speed than around rated wind speed. The increase in
AEP lies between 𝐼 = 1.15% for using four control points and 𝐼 = 1.22% when using three or five
control points. It seems that the curve with four control points can not escape from a local optimum.

The optimization runs took between 𝑡 = 37min when using three control points and 𝑡 = 61min
when using five control points. The runs took somewhat longer than the runs in Case B3, which
originates from the fact that the optimum curves lie further away from the initial curve than in Case B3.
It can still not be clearly stated how many control points are required for representing the optimum
curve, although three points should be sufficient to represent the curves displayed in Figure 6.6. As
the next case involves longer simulations due to the increasing number of wind turbines, Case B5 only
uses three and four control points to save computation time.

It is concluded that the performance curves of the free-stream wind turbine are most important in
the performance curve optimization problem. Only changing the performance curves of the free-stream
wind turbine and keeping the other wind turbines at Betz conditions yields more additional AEP than
using the strategy of Case B3. The aforementioned statements indicate that there is a potential for
considering different rotors for the first wind turbine row of a wind farm than the rotors of the other
wind turbines.

Case B5: Influence of the number of wind turbines Figure 6.7 shows the graphical results of
performance curve optimization Case B5. In this case, a row of eight wind turbines is analysed as
explained in Section 5.2.7. The numerical results can be found in Table D.5 of Appendix D.

Figure 6.7 compares the optimum axial induction factor curves with each other, which were found by
the pattern search algorithm by using a varying number of Bézier control points. The optimum curves
and the Betz curve are displayed together with their associated energy-loss fractions. It is observed
that the energy-loss fractions are higher than for the cases with three wind turbines and the energy
gain between the optimum curves and the Betz curve is bigger.

The optimum curves show the same behaviour as Cases B1, B2 and B3; with lower axial induction
factors around rated wind speed than around cut-in wind speed. The optimum curves found with three
and four control points are almost identical, although a remarkable ‘kink’ is observed for the curve with
four points. The relative increase in AEP is 𝐼 = 0.53% for three control points and 𝐼 = 0.54% for
four control points, which is a higher gain than with three wind turbines. The optimization time with
three control points was 𝑡 = 117min and 𝑡 = 227min with four control points.
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Figure 6.8: Case B6: Optimum axial induction curve for the 4x4 wind farm.

As the difference between both optimum curves is small, the curves can easily be represented by
three control points and the optimization time with three control points is about twice as short as for
four control points, it is decided to use only three control points for Case B6. The optimization time
becomes important for Case B6, because the number of wind turbines as well as the number of wind
directions increases.

Case B6: Wind farm optimization by taking the complete wind rose into account Figure 6.8
shows the graphical results of performance curve optimization Case B6. In this case, a square wind
farm with 16 wind turbines is analysed as explained in Section 5.2.8. The numerical results can be
found in Table D.6 of Appendix D.

Figure 6.8 shows the optimum axial induction factor curve, found by the pattern search algorithm
by using three Bézier control points. The optimum curve and the Betz curve are displayed together
with their associated energy-loss fraction. It is observed that the energy-loss fraction is lower in this
case than for the previous cases, which is in line with the consulted literature during the project.
The difference between the optimum curve and the Betz curve is smaller than in the previous cases,
although the behaviour of the optimum curve is similar as the optimum curves in Case B1, B2, B3 and
B5.

The AEP of the complete wind farm is increased with 𝐼 = 0.046%, which is a substantially smaller
increase than in the previous cases. The energy-loss fraction is reduced from 𝜉 , = 7.46% to
𝜉 , = 7.42% and the optimization run took 𝑡 = 430min.

A remarkable observation is that the ‘inner’ four wind turbines (type C in Table D.6) produce more
energy than the wind turbines at the sides of the wind farm (type A are the corner wind turbines and
type B are the remaining eight wind turbines). It is unclear whether this observation is realistic or not,
it might however be that the results are incorrect due to not accounting for wind direction variation. It
is expected that this phenomena will not be observed when using a wind farm with more wind turbines.
The only wind turbines that produce more energy with the optimum curves than with the Betz curves
are the B-type wind turbines.



7
Conclusions and recommendations

This chapter provides conclusions drawn from the current project and recommendations for further
research. It starts with the conclusions in Section 7.1, providing the main conclusions drawn from the
FarmFlow-fast validation study and the investigated optimization problems. Afterwards, Section 7.2
provides the recommendations for further research based upon the findings of the current project.

7.1. Conclusions
This section provides the conclusions drawn from the current project. It starts with the conclusions
related to the first research objective in Section 7.1.1, involving the validation of FarmFlow-fast. Here-
after, the conclusions related to the second research objective are given in Section 7.1.2, involving the
wind turbine performance curve optimization.

7.1.1. Validation of the FarmFlow-fast software
From the FarmFlow-fast validation study, it is observed that FarmFlow-fast simulations show a close
agreement with both simulations of the original FarmFlow version and power generation measurement
data. The difference between FarmFlow-fast simulations and the measurement data gets bigger as
simulation scenarios get more specific; averaging numerous simulations over large wind direction and
wind speed ranges however, averages out the simulation errors. It is concluded that FarmFlow-fast
provides acceptable results for the investigated validation cases. FarmFlow-fast is capable to be used
for optimization purposes involving wind farm-wake calculations.

FarmFlow-fast does not show a worse agreement with measurement data than the original FarmFlow
version. Results were alternately under and over estimated by both software versions. Simulations of
the Horns Rev wind farm seemed to show a better agreement with measurement data than simulations
performed in the Lillgrund wind farm. It is however hard to compare the quality of simulation results
amongst two different wind farms, because the quality and amount of available measurement data as
well as the concerned wind speed/direction combinations are never completely similar.

FarmFlow-fast was approximately 19 times quicker than the original FarmFlow version, for the
investigated validation cases. Simulating a wind farm with 80 wind turbines, for 72 wind direction
sectors and 22 different wind speeds, will however still take about 24 hours on an average desktop pc.
Such computational requirements may be considered too long, especially when multiple assessments
need to be carried out.

It can not be concluded whether the turbulence intensity, wind turbine spacing or wind speed range
is of any influence on the quality of the FarmFlow-fast simulation data. Comparison of additional valida-
tion cases is required before firm conclusions can be drawn about the influence of the aforementioned
parameters. With the current validation data, it was demonstrated that the usage of FarmFlow-fast is
a valid choice for parameter ranges close to the investigated scenarios.

The power generation data of the FarmFlow-fast validation study was averaged over a number of
wind directions and wind speeds. If the averaged simulation and measurement data show a good
agreement with each other, it does not imply that the tool is performing equally well for smaller wind
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direction sectors and wind speed ranges. Especially when small wind direction sectors are taken into
account, the validity of the simulations can not always be guaranteed.

The quality of both FarmFlow-fast and the original FarmFlow version is worse for wind directions
generating a wake that narrowly passes downstream wind turbines. Wind turbines close to the edge of
the wake experience higher rotor-averaged wind speeds and generate more power than the upstream
wind turbine. This phenomenon is not observed in reality, due to unsteady aerodynamic processes in
the wind causing wind direction changes and wind speed variations. The wind direction changes and
wind speed variations cause the actual average wind speed experienced by the wind turbines in the
wake to be lower than the wind speed calculated by FarmFlow-fast.

7.1.2. Optimization of wind turbine performance curves
From the investigated optimization problems, it can be concluded that there is a potential for increasing
the annual energy production of a wind farm by wind turbine performance curve optimization. The most
suitable algorithm for the optimization problems was the pattern search algorithm. The pattern search
algorithm was most suitable due to its favourable combination of objective function value decrement
and optimization time and its global convergence characteristics, during the optimization runs.

It was concluded that the termination criterion of the pattern search algorithm could best be set
less sharp than the default settings. Relaxing the termination criterion led to shorter optimization
runs, without compromising the reduction in objective function value. The most suitable termination
criterion was chosen due to its favourable combination of objective function value decrement and
optimization time. The default methodology by which the pattern search algorithm searches through
the design space was also changed, because the currently used method provides more flexibility in
search directions than the default method.

Using Bézier curves to parametrize the wind turbine performance curves proved to be almost 20
times quicker than using discrete axial induction factor specification points. Additionally, the optimum
curves found with Bézier control points parametrization are smoother, which may be easier to transform
into rotor design parameters than volatile performance curves. The annual energy production increase
is however smaller with Bézier control points parametrization. Besides the lower energy production
increase, Bézier curve parametrization turned out to not always be an ideal combination with the
pattern search algorithm. The use of this combination turned out to be prone to end up in local optima
during the performance curve optimization cases.

The extent to which wind turbine performance curve optimization can increase the annual energy
production of a wind farm depends on the accounted wind speed and direction ranges, the wind farm
layout and the used optimization strategy. It turned out that the most substantial power generation
increase was established when:

• A single wind speed/direction combination is concerned.

• The free-stream wind speed is just below the rated wind speed of the wind turbines.

• The wind direction is aligned with a row of wind turbines

• The wind turbines are individually optimized

Increasing the number of wind speeds and directions and using similar performance curves for
all wind turbines, reduced the potential benefit of wind turbine performance curve optimization. The
increase in annual energy production of a square wind farm with 16 wind turbines, taking the complete
wind rose into account, was almost negligible when the same optimized performance curves were
assigned to all wind turbines.

It was found that increasing the number of wind turbines in a wind farm results into higher energy
losses due to wake effects. The relative gain in annual energy production after optimization was
however higher and the wind turbine performance curves optimized for wind farm operation move
further away from Betz conditions.

The contribution of the free-stream wind turbine performance curves to the total energy-loss fraction
of a wind farm proved to be substantial. It turned out that it is more beneficial to only manipulate the
performance curves of the free-stream wind turbines, than to use the same performance curves for all
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wind turbines. This implies that there is a potential for considering different rotors for the first wind
turbine row of a wind farm than the rotors of the other wind turbines.

Although the potential increase in annual energy production can be considered rather small, the
thrust reduction on the wind turbine rotors around rated wind speed can as well be an important
outcome of the optimization runs. The thrust reduction can result in cheaper wind turbine designs,
which may even be a more promising result in terms of costs of energy reduction than the increase in
annual energy production.

The above mentioned thrust reduction is currently widely applied in practice and is formally known
as ‘peak shaving’. In the optimization problems of the current project, the unoptimized wind turbines
were assumed to operate at the Betz limit. The potential annual energy production increase of a wind
farm, by applying wind turbine performance curve optimization to real wind turbines, will be lower than
the margins that were found from the optimization problems in the current project.

The optimization cases have used scenarios in which wake effects were exaggeratedly well repre-
sented. The wake effects were such severe due to the chosen wind farm layout, wind climate and
the accounted wind directions. On the other hand, the optimization cases were all based on a small
number of wind turbines. Increasing the number of wind turbines will generally increase the energy
losses of a wind farm.

7.2. Recommendations for further research
The assumption of using a wind direction standard deviation of 𝜎 = 2.5∘ might be reconsidered for
analysing wind turbine wakes with FarmFlow-fast. It may even be worth considering to implement a
model in FarmFlow-fast that implicitly includes wind direction variation in its calculations.

The influence of the ambient turbulence intensity, wind turbine spacing and the wind speed range
on the quality of FarmFlow-fast simulation results can not be judged based on the FarmFlow-fast
validation study. More validation cases have to be investigated for getting a better impression of
the above mentioned influences. Investigation of more validation cases however requires additional
measurement data.

The thrust reduction on the wind turbine rotors can be an interesting research topic to further
investigate. Another optimization strategy to further investigate can be to use different performance
curves for all wind turbines, which proved to result into a higher annual energy production gain than
using the same curves for all wind turbines. Such a strategy however involves more optimization
parameters and requires more computational resources. In order to compensate for the additional
computational demands from the increasing number of optimization parameters, a less sophisticated
wind farm-wake model or optimization algorithm may be envisaged.

It might be worthwhile to investigate different optimization scenarios and to validate the current
runs with the original FarmFlow version or another wind farm-wake model, to get a better impression of
the wind turbine performance curve optimization potential. The above described investigations might
also lead to new insights concerning the combination of Bézier curve parametrization with the pattern
search algorithm. Wind farms with more wind turbines may be investigated and it can be useful to
make sure whether the wind direction variation is of any influence on the results of the investigated
optimization scenarios.
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B
Matlab optimization toolbox.

Matlab’s Optimization Toolbox provides functions for finding parameters that minimize or maximize ob-
jectives while satisfying constraints. The toolbox includes solvers for linear programming, mixed-integer
linear programming, quadratic programming, non-linear optimization and non-linear least squares. The
solvers can be used to find optimal solutions to continuous and discrete problems, perform trade-off
analyses and incorporate optimization methods into algorithms and applications.

A brief description of the optimization algorithms of Matlab’s optimization toolbox is given in Ap-
pendices B.1 to B.5. Most information is obtained from the user guides of the ‘Matlab Optimization
Toolbox’[72] and ‘Matlab Global Optimization Toolbox’[70]. For detailed information, the reader is
referred to the user guides.

B.1. fminsearch
fminsearch is an unconstrained, non-linear optimization algorithm that uses the ‘Nelder-Mead simplex’
algorithm as described in [71]. Unconstrained minimization is the problem of finding a vector 𝐱 that
is a local minimum to a scalar function 𝑓 (𝐱): min𝐱 𝑓 (𝐱). The term “unconstrained” means that no
restriction is placed on the range of 𝐱. The fminsearch algorithm uses a simplex of 𝑛 + 1 points, for
𝑛-dimensional 𝐱 vectors.

The algorithm first makes a simplex around the initial guess 𝐱 , by adding 5% of each component
𝐱 (𝑗), to 𝐱 and using the 𝑛 vectors as elements of the simplex in addition to 𝐱 1. Hereafter, the
algorithm modifies the simplex repeatedly according to the below described procedure2.

1. Let 𝐱(𝑗) denote the list of points, in the current simplex, 𝑗 =  1, ..., 𝑛 + 1.

2. Order the points in the simplex, from lowest function value, 𝑓(𝐱(1)), to highest function value,
𝑓(𝐱(𝑛 + 1)). At each step in the iteration, the algorithm discards the current worst point 𝐱(𝑛 + 1)
and accepts another point into the simplex. (Or in the case of step 7 below, it changes all 𝑛
points with values above 𝑓 (𝐱 (1))).

3. Generate the reflected point
𝐫 = 2𝐦–𝐱 (𝑛 + 1),

where 𝐦 = ∑ 𝐱( ) ,

and calculate 𝑓(𝐫).

4. If 𝑓(𝐱 (1)) ≤ 𝑓 (𝐫) < 𝑓 (𝐱 (𝑛)), accept 𝐫 and terminate this iteration. Reflect

5. If 𝑓(𝐫) < 𝑓 (𝐱 (1)), calculate the expansion point 𝐳
𝐳 = 𝐦 + 2 (𝐦–𝐱 (𝑛 + 1)),

1If 𝐱 ( ) it uses . as component of .
2The keywords for the fminsearch iterative display appear in bold after the description of the step.
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Figure B.1: Nelder-Mead Simplex algorithm evaluation procedure ( )[72].

and calculate 𝑓 (𝐳).

(a) If 𝑓 (𝐳) < 𝑓 (𝐫), accept 𝐳 and terminate the iteration. Expand

(b) Otherwise, accept 𝐫 and terminate the iteration. Reflect

6. If 𝑓 (𝐫) ≥ 𝑓 (𝐱 (𝑛)), perform a contraction between 𝐦 and the better of 𝐱 (𝑛 + 1) and 𝐫:

(a) If 𝑓 (𝐫) < 𝑓 (𝐱 (𝑛 + 1)) (i.e., 𝐫 is better than 𝐱 (𝑛 + 1)), calculate
𝐜 = 𝐦 + 𝐫 𝐦 ,

and calculate 𝑓 (𝐜).

i. If 𝑓 (𝐜)  <  𝑓 (𝐫), accept 𝐜 and terminate the iteration. Contract outside
ii. Otherwise, continue with Step 7 (Shrink).

(b) If 𝑓 (𝐫) ≥ 𝑓 (𝐱 (𝑛 + 1)), calculate
𝐜𝐜 = 𝐦 + 𝐱( )–𝐦

and calculate 𝑓 (𝐜𝐜).

i. If 𝑓 (𝐜𝐜)  <  𝑓 (𝐱 (𝑛 + 1)), accept 𝐜𝐜 and terminate the iteration. Contract inside
ii. Otherwise, continue with Step 7 (Shrink).

7. Calculate the 𝑛 points
𝐯(𝑗) = 𝐱(1) + 𝐱( )–𝐱( )

and calculate 𝑓(𝐯(𝑗)); 𝑗 =  2, ..., 𝑛 + 1.

The simplex at the next iteration is 𝐱(1), 𝐯(2), ..., 𝐯(𝑛 + 1). Shrink

Figure B.1 shows the points that fminsearch might calculate in the procedure, along with each
possible new simplex. The original simplex has a bold outline. The iterations proceed until they meet
a stopping criterion.

B.2. fmincon
Constrained minimization is the problem of finding a vector 𝐱 that is a local minimum to a scalar function
𝑓(𝐱) subject to constraints on the allowable 𝐱; min𝐱 𝑓(𝐱), such that one or more of the following holds:

• 𝐜 (𝐱) ≤ 𝟎
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• 𝐜 (𝐱) = 𝟎
• 𝐀 𝐱 ≤ 𝐛
• 𝐀 𝐱 = 𝐛
• 𝐥 ≤ 𝐱 ≤ 𝐮

Barrier function The interior-point approach to constrained minimization is to solve a sequence of
approximate minimization problems. The original problem is given by Equation (B.1).

min
𝐱

𝑓 (𝐱) (B.1)

subject to
𝐡 (𝐱) = 𝟎
𝐠 (𝐱) ≤ 𝟎

For each 𝜇 > 0, the approximate problem is given by Equation (B.2).

min
𝐱,𝐬

𝑓 (𝐱) − 𝜇 ∑ ln (𝑠 ) (B.2)

subject to
𝐡 (𝐱) = 𝟎
𝐠 (𝐱) + 𝐬 = 𝟎

There are as many slack variables 𝑠 as there are inequality constraints 𝐠. The 𝑠 are restricted to
be positive to keep ln (𝑠 ) bounded. As 𝜇 decreases to zero, the minimum of 𝑓 (𝐱) − 𝜇 ∑ ln (𝑠 ) should
approach the minimum of 𝑓. The added logarithmic term is called a “barrier function”. This method is
described in [73–75].

The approximate problem in Equation (B.2) is a sequence of equality constrained problems. The
equality constraint problems are easier to solve than the original inequality constrained problem in
Equation (B.1). To solve the approximate problem, the algorithm uses one of two main types of steps
at each iteration:

• A direct step in (𝐱, 𝐬). This step attempts to solve the Karush-Kuhn-Tucker (KKT) Equations (B.3)
and (B.4), for the approximate problem via a linear approximation. The KKT equations use the
auxiliary Lagrangian function in Equation (B.5). The direct step is also called a “Newton step”.

• A Conjugate Gradient (CG) step, using a trust region.

∇𝐱ℒ (𝐱, 𝝀) = 0 (B.3)

𝜆 , 𝑔 (𝐱) = 0 ∀ 𝑗 (B.4)

ℒ (𝐱, 𝝀) = 𝑓 (𝐱) + ∑ 𝜆 , 𝑔 (𝐱) + ∑ 𝜆 , ℎ (𝐱) (B.5)

By default, the algorithm first attempts to take a direct step. If it cannot, it attempts a CG step. One
case where it does not take a direct step is when the approximate problem is not locally convex near the
current iterate. At each iteration, the algorithm decreases a “merit function” such as in Equation (B.6).

𝑓 (𝐱) − 𝜇 ∑ ln (𝑠 ) + 𝜈||𝐡 (𝐱) , 𝐠 (𝐱) + 𝐬|| (B.6)

The parameter 𝜈 may increase with iteration number in order to force the solution towards feasibility.
If an attempted step does not decrease the merit function, the algorithm rejects the attempted step
and attempts a new step.
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Direct step The following variables are used in defining the direct step:

• 𝐇 denotes the Hessian of the Lagrangian of 𝑓 (𝐱) − 𝜇 ∑ ln (𝑠 ):
𝐇 = ∇ 𝑓 (𝐱) + ∑ 𝜆 ∇ 𝑔 (𝐱) + ∑ 𝜆 ∇ ℎ (𝐱).

• 𝐉𝐠 denotes the Jacobian of the constraint function 𝐠.

• 𝐉𝐡 denotes the Jacobian of the constraint function 𝐡.

• 𝐒 = 𝑑𝑖𝑎𝑔(𝐬).

• 𝝀 denotes the Lagrange multiplier vector associated with constraints 𝐠.

• 𝚲 = 𝑑𝑖𝑎𝑔 (𝝀).

• 𝐲 denotes the Lagrange multiplier vector associated with 𝐡.

• 𝐞 denotes the vector of ones with the same size as 𝐠.

Equation (B.7) defines the direct step (Δ𝐱, Δ𝐬).

⎡
⎢
⎢
⎣

𝐇 0 𝐉𝐡 𝐉𝐠
0 𝐒𝚲 0 −𝐒
𝐉𝐡 0 𝐈 0
𝐉𝐠 −𝐒 0 𝐈

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

Δ𝐱
Δ𝐬

−Δ𝐲
−Δ𝝀

⎤
⎥
⎥
⎦

= −
⎡
⎢
⎢
⎣

∇𝑓 − 𝐉𝐡 𝐲 − 𝐉𝐠 𝝀
𝐒𝝀 − 𝜇𝐞

𝐡
𝐠 + 𝐬

⎤
⎥
⎥
⎦

(B.7)

Equation (B.7) comes directly from attempting to solve Equations (B.3) and (B.4), using a linearized
Lagrangian. In order to solve Equation (B.7) for (Δ𝐱, Δ𝐬), the algorithm makes an LDL factorization[79]
of the matrix. This is the most computationally expensive step. One result of the factorization is the
determination whether the projected Hessian is positive definite or not. If the projected Hessian is not
positive definite, the algorithm uses a CG step as described in the next paragraph.

Conjugate gradient step The CG approach to solving the approximate problem in Equation (B.2)
is similar to other CG calculations. In this case, the algorithm adjusts both 𝐱 and 𝐬, keeping the slacks
𝐬 positive. The approach is to minimize a quadratic approximation to the approximate problem in a
trust region, subject to linearized constraints.

Specifically, let 𝑅 denote the radius of the trust region and let other variables be defined as in the
‘Direct step’ paragraph. The algorithm obtains Lagrange multipliers by approximately solving the KKT
equations in the least-squares sense subject to 𝝀 > 𝟎, by Equation (B.8).

∇𝐱ℒ = ∇𝐱𝑓 (𝐱) + ∑ 𝜆 ∇𝑔 (𝐱) + ∑ 𝑦 ∇ℎ (𝐱) = 0 (B.8)

It takes a step (Δ𝐱, Δ𝐬) to approximately solve the optimization problem in Equation (B.9).

min
𝐱, 𝐬

∇𝑓 Δ𝐱 + 1
2 Δ𝐱 ∇ ℒΔ𝐱 + 𝜇𝐞 𝐒 Δ𝐬 + 1

2 Δ𝐬 𝐒 𝚲Δ𝐬 (B.9)

subject to
𝐠 (𝐱) + 𝐉𝐠Δ𝐱 + Δ𝐬 = 𝟎
𝐡 (𝐱) + 𝐉𝐡Δ𝐱 = 𝟎

To solve the linearized constraints of Equation (B.9), the algorithm tries to minimize a norm of the lin-
earized constraints inside the region with a radius scaled by 𝑅. The objective function of Equation (B.9)
is afterwards solved with the constraints being to match the residual from solving the constraints, stay-
ing within the trust region with radius 𝑅 and keeping 𝐬 strictly positive. For details on the algorithm
and the derivation, the reader is referred to [73–75].
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B.3. Pattern search
Pattern search is a method for solving optimization problems that does not require any information
about the gradient of the objective function. Unlike more traditional optimization methods that use
information about the gradient or higher derivatives to search for an optimal point, the pattern search
algorithm searches a set of points around the current point, looking for one where the value of the
objective function is lower than the value at the current point. Pattern search can be used to solve
problems for which the objective function is not differentiable or not even continuous.

Pattern search algorithms compute a sequence of points that approach an optimal point. At each
step, the algorithm searches a set of points (called a mesh) around the current point; the point com-
puted at the previous step of the algorithm. The mesh is formed by adding the current point to a scalar
multiple of a set of vectors called a pattern. If the patternsearch algorithm finds a point in the mesh
that improves the objective function at the current point, the new point becomes the current point at
the next step of the algorithm. The Generalized Pattern Search (GPS) algorithm uses fixed direction
vectors.

Patterns A pattern is a set of vectors 𝐯 that the pattern search algorithm uses to determine which
points to search at each iteration. The set 𝐯 is defined by the number of independent variables in
the objective function, 𝑁, and the positive basis set. Two commonly used positive basis sets in pattern
search algorithms are the maximal basis, with 2𝑁 vectors, and the minimal basis, with 𝑁 + 1 vectors.

With GPS, the collection of vectors that form the pattern are fixed-direction vectors. For example,
if there are three independent variables in the optimization problem, the default for a 2𝑁 positive basis
consists of the following pattern vectors:

𝐯 = [1 0 0] 𝐯 = [0 1 0] 𝐯 = [0 0 1]
𝐯 = [−1 0 0] 𝐯 = [0 −1 0] 𝐯 = [0 0 −1]

A 𝑁 + 1 positive basis consists of the following default pattern vectors:
𝐯 = [1 0 0] 𝐯 = [0 1 0] 𝐯 = [0 0 1] 𝐯 = [−1 −1 −1]

Depending on the poll method choice, the number of vectors selected will be 2𝑁 or 𝑁 + 1. As in
GPS 2𝑁 vectors consist of 𝑁 vectors and their 𝑁 negatives, while 𝑁 + 1 vectors consist of 𝑁 vectors
and one that is the negative of the sum of the others.

Meshes At each step, patternsearch searches a set of points for a point that improves the objective
function. The algorithm forms the mesh by:

1. Generating a set of vectors 𝐝 , by multiplying each pattern vector 𝐯 by a scalar Δ . Δ is called
the mesh size.

2. Adding the 𝐝 to the current point; the point with the best objective function value found at the
previous step.

For example, using the GPS algorithm with a 2𝑁 positive basis set, suppose that:

• The current point is [1.6 3.4].

• The pattern consists of the vectors: 𝐯 = [1 0], 𝐯 = [0 1], 𝐯 = [−1 0] and 𝐯 = [0 −1].

• The current mesh size is Δ = 4.

The algorithm multiplies the pattern vectors with 4 and adds them to the current point to obtain
the following mesh:

[1.6 3.4] + 4 ⋅ [1 0] = [5.6 3.4]
[1.6 3.4] + 4 ⋅ [0 1] = [1.6 7.4]
[1.6 3.4] + 4 ⋅ [−1 0] = [−2.4 3.4]
[1.6 3.4] + 4 ⋅ [0 −1] = [1.6 −0.6]

The pattern vector that produces a mesh point is called its direction. A pattern search will sometimes
run faster using GPS Positive basis Np1 rather than the GPS Positive basis 2N as the poll method,
because the algorithm searches fewer points at each iteration[70].
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Polling At each step, the algorithm polls the points in the current mesh by computing their objective
function values. When the Complete poll option has the (default) setting Off, the algorithm stops
polling the mesh points as soon as it finds a point whose objective function value is less than that of
the current point. If this occurs, the poll is called successful and the point it finds becomes the current
point at the next iteration.

The algorithm only computes the mesh points and their objective function values up to the point at
which it stops the poll. If the algorithm fails to find a point that improves the objective function, the
poll is called unsuccessful and the current point stays the same at the next iteration.

When the Complete poll option has the setting On, the algorithm computes the objective func-
tion values at all mesh points. The algorithm then compares the mesh point with the smallest objective
function value to the current point. If that mesh point has a smaller value than the current point, the
poll is successful.

For problems in which there are several local minima, it is sometimes preferable to make the pattern
search poll all the mesh points at each iteration and choose the one with the best objective function
value[70]. A complete poll enables the pattern search to explore more points at each iteration and
thereby potentially avoid a local minimum that is not the global minimum.

Expanding and Contracting After polling, the algorithm changes the value of the mesh size Δ .
The default is to multiply Δ with 2 after a successful poll, and with 0.5 after an unsuccessful poll.

Stopping Conditions The algorithm stops when any of the following conditions occurs:

• The mesh size is less than Mesh tolerance.

• The number of iterations performed by the algorithm reaches the value of Max iteration.

• The total number of objective function evaluations performed by the algorithm reaches the value
of Max function evaluations.

• The algorithm runs until the time in seconds reaches the value of Time limit.

• The distance between the points found in two consecutive iterations and the mesh size are both
less than X tolerance.

• The change in the objective function in two consecutive iterations and the mesh size are both
less than Function tolerance.

Most optimization runs stop as a consequence of the first mentioned stopping criterion.

B.4. Simulated annealing
Simulated annealing is a method for solving unconstrained and bound-constrained optimization prob-
lems. The method models the physical process of heating a material and then slowly lowering the
temperature to decrease defects, i.e. minimizing the system energy.

At each iteration of the simulated annealing algorithm, a new point is randomly generated. The
distance of the new point from the current point, or the extent of the search, is based on a probability
distribution with a scale proportional to the temperature. The algorithm accepts all new points that
lower the objective function value, but also (with a certain probability) points that raise the objective
function value.

By accepting points that raise the objective function value, the algorithm avoids being trapped in
local minima and is able to explore globally for more possible solutions. An annealing schedule is
selected to systematically decrease the temperature as the algorithm proceeds. As the temperature
decreases, the algorithm reduces the extent of its search to converge to a minimum.

The simulated annealing algorithm performs the below described steps[76].

1. The algorithm generates a random trial point. The algorithm chooses the distance of the trial
point from the current point by a probability distribution with a scale depending on the current
temperature. The step length equals the current temperature and the direction choice is uniformly
random.
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2. The algorithm determines whether the new point is better or worse than the current point. If the
new point is better than the current point, it becomes the next point. If the new point is worse
than the current point, the algorithm can still make it the next point. The algorithm accepts a
worse point based on an acceptance function. For the ‘Simulated annealing acceptance function’,
the probability of acceptance is:

( )
.

In this function Δ𝑓 is the absolute difference between the new and the old objective function
value, 𝜏 is the initial temperature of component 𝑗 and 𝜏 is the current temperature. Since both
Δ𝑓 and 𝜏 are positive, the probability of acceptance is between 0 and . Smaller temperature
leads to smaller acceptance probability. Larger Δ𝑓 also leads to smaller acceptance probability.

3. The algorithm systematically lowers the temperature, storing the best point found so far. The
function used by the algorithm to update the temperature is 𝜏 = 𝜏 ⋅ 0.95 , where 𝑞 denotes
the annealing parameter. The annealing parameter is the same as the iteration number until
re-annealing.

4. simulannealbnd re-anneals after it accepts 100 points. Re-annealing sets the annealing parame-
ters to lower values than the iteration number, thus raising the temperature in each dimension.
The annealing parameters depend on the values of the estimated gradients of the objective func-
tion in each dimension. The basic formula is 𝑞 = log ( ( ) ), where 𝑞 is the annealing
parameter for component 𝑗, 𝜏 and 𝜏 are the initial and current temperature of component 𝑗
and 𝑤 is the gradient of the objective function value in direction 𝑗 times difference of bounds in
direction 𝑗.

5. The algorithm stops when the average change in the objective function is smaller than the TolFun
tolerance, or when it reaches any other stopping criterion.

B.5. Genetic algorithm
The genetic algorithm is a method for solving both constrained and unconstrained optimization prob-
lems that is based on natural selection; the process that drives biological evolution. The genetic
algorithm repeatedly modifies a population of individual solutions. At each step, the genetic algorithm
selects individuals at random from the current population to be parents and uses them to produce chil-
dren for the next generation. Over successive generations, the population “evolves” toward an optimal
solution.

Genetic algorithm can be applied to solve a variety of optimization problems that are not well suited
for standard optimization algorithms, including problems in which the objective function is discontinu-
ous, non-differentiable, stochastic, or highly non-linear. The genetic algorithm can address problems
of mixed integer programming, where some components are restricted to be integer-valued[77, 78].

The genetic algorithm uses three main types of rules at each step to create the next generation
from the current population:

• Selection rules select the individuals (parents) that contribute to the population at the next gen-
eration.

• Crossover rules combine two parents to form children for the next generation.

• Mutation rules apply random changes to individual parents to form children.

The following outline summarizes how the genetic algorithm works.

1. The algorithm begins by creating a random initial population.

2. The algorithm then creates a sequence of new populations. At each step, the algorithm uses the
individuals in the current generation to create the next population. To create the new population,
the algorithm performs the following steps:

(a) Scores each member of the current population by computing its fitness value.

(b) Scales the raw fitness scores to convert them into a more usable range of values.



84 B. Matlab optimization toolbox.

(c) Selects members, called parents, based on their fitness

(d) Some of the individuals in the current population that have lower fitness are chosen as elite.
Elite individuals are passed to the next population.

(e) Produces children from the parents. Children are produced either by making random changes
to a single parent (mutation) or by combining the vector entries of a pair of parents (crossover).

(f) Replaces the current population with the children to form the next generation.

3. The algorithm stops when one of the stopping criteria is met.
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