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Chapter 1

Introduction

In this thesis we are going to study a function transform that involves a generalization of the
hypergeometric function 9 F(a, b; ¢; z). This generalization is a part of a family of functions that
we call hyperbolic hypergeometric functions. These functions will be discussed in chapter 2.
The function transform involves Ruijsenaars’ R-function that is defined in [7, (1.30)], which is
why we will call it the Ruijsenaars Function Transform or RFT. The R-function is a particular
case of the more general hyperbolic hypergeometric function that will be defined in section 2.2.
Ry(z) is an eigenfunction of a second-order difference operator £5"*? for every A € R. The
main goal of this thesis is to prove that the RFT is a unitary operator and we would like to find
the inverse operator.

This introduction gives a short review of the hypergeometric series and hypergeometric
functions and gives a few properties of the hypergeometric function 9F}(a,b;c; z). Section 1.2
gives an example of a particular type of hypergeometric functions P,(La"g ) (z), called the Jacobi
polynomials. They form an orthogonal basis for a certain L?-space and are eigenfunctions of
a second-order differential operator D. The corresponding integral transformation is a unitary
operator.

1.1 Hypergeometric functions

Let us first recall the theory of hypergeometric functions. Define the shifted factorial (a); with
a € C by

(a)k =ala+1)---(a+k—1), k€ Zsoand (a)y=1. (1.1)

A hypergeometric function is the sum of a hypergeometric series, which is defined as follows:
a series Y ¢, is called hypergeometric if the ratio c¢,4+1/¢, is a rational function of n. By

factorization this means that
i1 (nta))(ntag) - (n+ap)z ne e (1.2)
cn (n+b1)(n+bg) - (n+bg)(n+1) =

Iteration of (1.2) leads to

Hence




This leads to the definition of the hypergeometric function. The hypergeometric function
pFy(ar,az, ... ap;01,02,...,by; 2) is defined by means of a hypergeometric series as

> n

ap,a,...,0ap (al)n(QQ)n"'(ap)nZ

F, iz ) = —. 1.3

pq(b1,bg,...,bq 72) Z ! (13)
n=0

The parameters must surely be such that the denominator factors in the terms of the series are

never zero, so we set by, ba, ..., by € C\ Z.o. When at least one of the numerator parameters a;

equals a negative integer, the hypergeometric function is a polynomial in z. In all other cases,

the radius of convergence p of the hypergeometric series is given by

oo if p<qg+1
p= 1 if p=g+1
0 if p>qg+1.

This follows directly from d’Alembert’s ratio test. In fact, we have

0 if p<qg+1
=9 |2 if p=q+1
oo if p>q+1.

Cn+1
Cn

lim

n—oo

In case that p = ¢+ 1 the situation that |z| = 1 is of special interest. The hypergeometric series
pFg(ar,az, ... ap;b1,b2,. .., bg; 2) with |z| = 1 converges absolutely if Re (2321 b; — Z?:l aj) >
0. The series converges conditionally if |z| = 1 with z # 1 and —1 < Re (Zgzl b; — E?Zl aj> <0
and the series diverges if Re ( T bi— Z?:l aj) < —1.

Often the most general hypergeometric function ,Fj is called a generalized hypergeometric
function. By the words ”hypergeometric function”, we refer to the special case

o F < “’Cb ;z) - im(b)"i (1.4)

n=0

Many elementary functions have representations as hypergeometric series. An example is

X 1\n & o nzn—i-l
142 = 3 e = 3 B I (1)),

n=0 n=0

since (1), = n! and (2),, = (n + 1)!. Another example is

0F0<_;z>zzn!:ez, z e C. (1.5)

n=0
An important role in the theory of hypergeometric functions is played by the gamma function
I'(z). The gamma function is defined by
o
I'(z) :/ e 't*71dt, Re(z) > 0. (1.6)
0

An important property of the gamma function is the functional relation

N'(z+1)

(2] =z, Re(z) >0, (1.7)



which by iteration implies the following relation between the shifted factorial and the gamma
function

I'(z+n)

T02) = (2)n, Re(z) >0, n € Zsp. (1.8)

Noting that we have

[o¢]
(1) :/ e tdt = fe_tlgo =1,
0
this leads to
F(n—i—l) =nl, TLEZZ(). (1.9)

The functional relation (1.7) can be used to find an analytic continuation for Re(z) < 0 that is
a meromorphic function with simple poles at z € Z<.
We also introduce the beta function B(u,v), that is also defined by means of an integral

B(u,v) = /01 t“ 11 —t)""dt, Re(u) >0, Re(v) > 0. (1.10)

This integral is often called the beta integral. From the definition we easily obtain the symmetry
B(u,v) = B(v,u), (1.11)

since by using the substitution ¢t =1 — s, we have

1 0 1
B(u,v) = /0 tv 1 — )t = —/1 (1—s)tsvlds = /0 s'7H1 - s)tds = B(v,u).

The connection between the beta function and the gamma function is given by the following
theorem.

Theorem 1.1.

['(u)l'(v)

B(u,v) = I'(u+v)

, Re(u) >0, Re(v)>0. (1.12)

Proof. By the definition (1.6) of the gamma function, we have

F(u)F(v):/ ett“1dt/ essvlds:/ / e~ ()=l =1t ds
0 0 0 0

Now we apply the change of variables t = zy and s = z(1 — y) to this double integral. Note
that t + s =z and that 0 <t < oo and 0 < s < oo imply that 0 < z < oo and 0 < y < 1. The
Jacobian of this transformation is

a(t,s) Yy x
= — gy —2(l — ) = —.
Nw,y) | 1-y —x ol —y) = e
Since x > 0 we conclude that dt ds = ‘ g((;‘;)) dx dy = x dr dy. Hence we have

1 poo
Mw)l'(v) = /0 /0 e Tty (1 — ) e da dy

1
= / ewm’“”lda:/ v (1 —y)" "ty = T'(u +v)B(u,v).
0 0

This proves the theorem. ]



Two examples of identities involving gamma functions are given in the theorem below. These
identities are called the Euler- and Barnes integral representation for the hypergeometric function
and they briefly explain why the gamma function is such an important building block in the
field of hypergeometric functions. We are not going to prove the Barnes integral representation
in detail, but we will give the main idea of this proof.

Theorem 1.2. For Re(c) > Re(b) > 0 we have Euler’s integral representation for the hyperge-
ometric function

(Z,b o) = F(C) ! b—1/1 _ pyc—b—1 _ )
2F1< : ,)_F(b)r(c_b>/0 P11 — e b1(1 = o) -ad (1.13)

for all z in the complex plane cut along the real axis from 1 to oo.

Proof. First suppose that |z| < 1, then the binomial theorem implies that
(e.)

(1—2t)* = Z %znt".

n!
n=0

This implies that

1 o 1
/ tbfl(l o t)cfbfl(l _ Zt)iadt — Z (a)n Zn/ tn+b71(1 _ t)cfbfldt‘
0

TL' 0

n=0
The latter integral is a beta integral which by (1.12) equals

n+0b)I'(c—0b)
I'(n+c)

! n+b—1 c—b—1 P(
=11 — ) b=lgt = B(n 4+ b,c — b) =
0

Now we use the fact that

I'(n+b)

g PO DO+ (b= 1) = (), n€ L

to obtain

T'(c) L b o . DO =T(n+b) () ,
—b)/o 1= (1 = 2t)dt = ZI‘n—l—c z

which proves the theorem for |z| < 1. Since the integral is analytic in the cut plane C\ (1, 00),
the theorem holds in that region as well. O

Theorem 1.3. We also have Barnes’ integral representation for the hypergeometric function

o Fy < a’cb ;Z> - F(l;)(;)(b) 2% /_Z r(a+s%€6(b+ +S)S)F(—3)(_Z)Sds, larg(—z)] < . (1.14)

The path of integration is curved, if necessary, to separate the poles s = —a—n and s = —-b—n
from the poles s = n with n € Z>g. Such a contour always exists if a,b ¢ Z<g.



Proof. We will only give an idea of the proof. Let C be the closed contour formed by a part of
the curve used in the theorem from —(N + 3)i to (N + 3)i together with the semicircle of radius
N + % to the right of the imaginary axis with 0 as center. It can be proved that the integral
is an analytic function for |arg(—z)| < m and converges to zero on the semicircle for N — oo.
Using Cauchy’s residue theorem implies that the integral tends to the limit of the sums of the
residues at s = n with n € Z>o. This infinite sum is equal to

o ()

which proves the theorem. ]

1.2 Jacobi polynomials

The Jacobi polynomials are a well-known kind of orthogonal polynomials. A representation of
the Jacobi polynomials is

et = SIS (") (I a e st ez
k=0

So P,ga’ﬂ ) (x) is a polynomial of degree n. Note that by this representation we have the symmetry
P8 (—g) = (=1)"PB) (), n e Zsy. (1.16)

A hypergeometric representation of Péa’ﬁ ) (x) is

o n+a -n,n+a+pf+1 1—-x
P ,B)(x):< ; >2F1< a+15 - >’ n € Z>o. (1.17)

In view of the symmetry (1.16) we also have another hypergeometric representation, which is

_ 1

The Jacobi polynomials pied) (x) are orthogonal on the interval (—1, 1) with respect to the beta
distribution w(z) = (1 — z)*(1 4 z)P.
The Jacobi polynomials PT(LQ’B ) (x) are solutions of the second-order linear differential equation
(1—2H)y" () +[B—a—(a+B+2)zly(x) +n(n+a+B+1)y(x) =0, n€Zsg. (1.19)

This means that we can define the differential operator D by

2

F[B—a—(atp+2)a] L (1.20)

d
D :=(1—-2?) y
x

da?
This implies that pieP) (z) satisfies the eigenvalue equation
DPB) () = X, P\ (2), (1.21)

where A, = —n(n + o+ f+ 1). We can define an inner product (-, -) by
1
()= [ S@ue)ds (122)

10



and it can be shown that (Df, pi*P )> = (f, pp™? )>. It is now easily shown that the Jacobi
polynomials are orthogonal with respect to this inner product. We have the following

AP, Py = (DR, PeA) = (P9, DR = A, (P P9, (1.23)

We know that for n # m we have that A\, # A\,. Thus, in case that n # m we have that

<P7§a’ﬁ ), P,Sf"ﬁ )> = 0, which means that the Jacobi polynomials are orthogonal with respect to
the inner product. Even more specific, the Jacobi polynomials satisfy the orthogonality relation

PP () Pl () (z)da =

1 a+pB+1
/ _ 2 Fn+a+1)I'n+p+1) Omn = Anbpmn  (1.24)
g Cn+a+ B+ DI (n+a+ 5+ 1)n!

for o > —1,8 > —1, m,n € Z>o and the Kronecker delta function which is defined by

5mn::{ 0, m#n

1, m=n

oo

for m,n € Z>. Together with the orthogonality relation (1.24) it can be shown that {Bga’ﬁ ) }

n
is an orthogonal basis of L? [(—1, 1), w(z)]. This means that we may write every f € L2 [(—1,1), w(x)]
as

f= Z (0,8) — ZA 17, Pl (1.25)

i ’mH

where
o= / £(2) P () () dar (1.26)

We may view f, as a function transform on L2 [(—1,1), w(z)] to [2(Zso) that is similar to the
Ruijsenaars Function Transform (5.34). It can be shown that (Df, P,ﬁ“’ﬁ)> = (f, DP,(ZO"5)>7 o)

/\ 1
Df, = / (D) () P () ) e

-1

= /1 f(z )(DP("B)> (x)w(x)dz

- /f PP (@)w(a)da
Anfn (1.27)

This means that the integral transformation (1.26) interchanges the differential operator D by
a multiplication operator.

1.3 Motivation for this thesis

The unitarity of the RFT is already mentioned in another form in [9, Corr. 3.2], but is far from
an objective in that article. This thesis aims to achieve the unitarity of the RFT in another
way. This is inspired by the way unitarity of the Askey-Wilson function transform is achieved
in the article by E. Koelink and J.V. Stokman [1] and the way unitarity of the Wilson function

11



transform is achieved in the article by W.G.M. Groenevelt [4]. A fundamental difference in the
development in these articles, as opposed to Ruijsenaars’ methods, is the c-function expansion
they use for the Askey-Wilson function [1, (4.5)] and the Wilson function [4, (4.20)]. These
expansions give an easier way to find asymptotics of these functions then the way Ruijsenaars
[8] finds the asymptotics of the E-function (4.26) that is essentially Ruijsenaars’ R-function.

There are not a lot articles written on hyperbolic hypergeometric functions and we think that
this thesis will be a welcome addition to the work that is done on hyperbolic hypergeometric
functions. The way it is written is also consistent with the articles of Koelink, Stokman and
Groenevelt that were just mentioned.

1.4 Overview of this thesis

In this section we will give a short overview of the different chapters of this thesis and the aspects
of the theory which are presented there.

In Chapter 2 we consider in a uniform way the hyperbolic hypergeometric functions as they
play an important role in this thesis. This discusses the general hyperbolic hypergeometric func-
tion and deals with two important degenerations of this function that are called the hyperbolic
Barnes- and Euler integral. The hyperbolic gamma function is an important building block for
these functions and the Barnes- and Euler integral are important for constructing difference
equations for Ruijsenaars’ R-function.

Chapter 3 studies the construction of contiguous relations for the hyperbolic hypergeometric
function and the hyperbolic Euler integral. The contiguous relation for the hyperbolic Euler inte-
gral is the result of a succesful degeneration of the contiguous relation for the general hyperbolic
hypergeometric function.

Ruijsenaars R-function will be defined in Chapter 4. A few important symmetries in its pa-
rameters will be discussed afterwards. The contiguous relation for the hyperbolic Euler integral
along with its relation (2.48) to the hyperbolic Barnes integral imply four second-order differ-
ence equations of Askey-Wilson type. Section 4.2 defines a related difference operator £5"*2
for which Ruijsenaars’ R-function is an eigenfunction and also discusses the £-function which is
important in Ruijsenaars’ articles [8, 9].

Chapter 5 defines a Hilbert space H, with an appropriate weight function w(+y;z). The
eigenvalue equation that involves £5“? and R give rise to equalities for the inner product that
will also be defined in this chapter. For functions f that meet certain conditions we will define
the RFT F as follows

(FfH(A) = /OO f(z)R(x)w(~y; z)dz.

The inverse transformation will also be defined and altogether it will be made clear that the
RFT is a unitary operator on H,,.

Finally, in Chapter 6 we will discuss further research for the RFT. When the weight function
w has poles, then we can make a corresponding weight that has a discrete spectrum. We will see
that in this case the operator is also unitary, but it takes some more calculations to get there.

12



Chapter 2

Introduction to hyperbolic
hypergeometric functions

Throughout this thesis we fix wi, ws € R>g satisfying wy/we ¢ Q and we write

w1+ wa
= TR

w

(2.1)
We will use a few shorthand notations in this thesis for expressions that occur frequently. A
lot of functions (say f) will depend on w; and we, so we will write f(z) = f(wi,w2;z) or

f(2) = f(z;wi,ws) if wy and wy are at their 'usual’ places. Since the product f(a + b)f(a —b)
frequently occurs in this thesis, we use for this product the shorthand notation f(a £ b).

2.1 The hyperbolic gamma function

First, consider the integral

00 sin(2yz) z ) dy
g(wr,ws; 2) /0 (2 sinh(wiy) sinh(way)  wiway /) y .

Because |sin(2yz)| = O (eZyﬂm(Z)‘) and |2 sinh(wy) sinh(way)| = O(e?**Y), we have that

sin(2yz) _ ~1,2y(/Im(2)|-w)
’2y sinh(w;y) sinh(way) ' =0 (y ‘ ) ’ (23)
z -2
_ = . 2.4
wiway? © (y ) 24
Defining the strip
S={zeC| |Im(z)| < w}, (2.5)

it is now clear from (2.2),(2.3) and (2.4) that the integral converges absolutely and uniformly on
compact subsets of S. This implies that g(w1,we; 2) is analytic in S. Ruijsenaars’ [7] hyperbolic
gamma function is now defined by

G (w1, we; 2) = exp(ig(wr, ws; 2)). (2.6)

13



It is obviously analytic and zero-free in S. There exists (it is not obvious, but true) a unique
meromorphic extension of G(w1,ws; z) to z € C satisfying

G (w1, wz; —2) 1/G (w1, we; 2), (2.7)
G(wa,wi;2) = G(wr,we;2), (2.8)
Gwr,we;2) = G(wr,we;—2) (2.9)

) 2.10)

G(Awi, dwa; Az) = G(wy,we;z), A€ (0,00). (2.10

These properties are easily derived by substitution into the definition of G and elementary
mathematics. The first identity is called the reflection equation. We sometimes us the shorthand
notation G(ay,as,...,a,), that stands for the product G(a1)G(asg) - ... G(ay). We proceed by
giving a few properties that are important throughout this thesis.

The hyperbolic gamma function G(z) is a generalization of the ’regular’ gamma function
I'(z) in the following way

b ) T (211)

w2 v 2T .

This limit is due to Ruijsenaars [6, Prop. IIL.6]. We will make a lot of use of the analytic
difference equations in the next proposition.

liigG(wl,wz/v;iwl(l/Q — 2) + iwa/2v) <

Proposition 2.1. The hyperbolic gamma function G(w1,wae, 2) satisfies the following first order
Analytic Difference Equations (also called AAE’s)

G(z +iw/2) G(z + iwz/2)
G(z —iw1/2) G(z —iwe/2)

Proof. Define I'y, for 0 < Im(z) < Im(w; + w2) by
© 12wy — in(t(2z — wi — dt
T'h(2; 01, wa) = €xp <z/ < 2 wi—wy sl —w w2>)> ) (2.13)
0

2twiws 2sin(wit) sin(wat) ) t

= 2 cosh(mz/ws) = 2cosh(rz/wy), (2.12)

This function is in fact another way of writing down the hyperbolic gamma function. A careful
look at the integral expression for 'y (2; wy,w2) lets us see that it can be related to our definition
of the hyperbolic gamma function via

[p(z;wi,w2) = G(—iwy, —iwe; 2 — w1 /2 — wa/2).
Note that this implies
G(wi,ws;2) = T'p(2z + iw;iw, iws). (2.14)

We are first going to obtain a difference equation for I'j, and afterwards use (2.14) to get to the
difference equations (2.12) for G. We find

Th(z + we) ,/OO 224wy —wy  sin(t(2z + we —wl))d
s =7 — ex —
T'n(2) P 2t2wywo 2t sin(w1 t) sin(wat)
Z/OO 2z —wi —wp  sin(t(2z —wy — wg))dt
0 2t2w1w2 2t sin(wyt) sin(wat)
sin(t(22 + wp —wi)) — sin(t(22 — w1 — wy)) i@t
= exp|i
P 0 t2w1 2t sin(wy t) sin(wat)
2z —
= exp< 5 _ costt ( z wl))dt> , (2.15)
o t2wr t sin(wt)

14



using the trigonometric identity sin(a) — sin(b) = 2 cos (%) sin (%3®) in the final equality. The

integral between brackets is the sum of the integrals

/ ! L gt = —im(2),
0

2w, tsin(wit)

which is a rescaled version of [5, (3.529), no. 2], and

/oo 1 — cos(t(22 — wy))
0

tsin(w1t)

dt = —iIn(sin(7z/w1)),

which also follows from [5, (3.529), no. 2]. Together this means that

o 1q cos(t(2z — w1)) (2 sin(ms fu
/0 2w tsin(wit) dt = —iln(2sin(mz/wy)).

Continuing with (2.15), this implies

Th(z 4+ woswi,we) = exp(i-—iln(2sin(nz/wi)))Th(z; wi,we)
— 2sin (Z) Th(2). (2.16)

Because we have that 'y (z; w1, w2) = T (2;w2,w1), we can easily see that (2.16) implies that we
also have

In(z +wiswi,wa) = 2sin <7rz> Th(z;wi,w2). (2.17)
w2

Taking w; — iwy, ws — iwe and afterwards z — z + iwe/2 in (2.17) gives

m(z +iwa/2)

Th(z +iw + iwy /250w, iws) = 2sin(
(109))

) Th(z +iwa/2;iwy,iwe)  (2.18)

Using the identities sin(a/i) = sin(—ia) = sinh(a), sinh(b+ 7i/2) = cosh(b) and (2.14), we have
G(w1,w2; 2z +iw1/2) = 2cosh(mz/w2)G (w1, w2; 2 — w1 /2). (2.19)

This is the first relation in (2.12) that we desired. The second one can again be obtained by
using the wy <> we-symmetry of the hyperbolic gamma function. O

These AAE’s are the hyperbolic analogues of the difference equation (1.7) for I'(z). Note
that these AAE’s imply the following expression, that we sometimes prove to be more useful

G(z +iwy) = —2isinh(7(z + iw) /w2)G(2). (2.20)
Furthermore, G satisfies
G(0) =1, and G(z) > 0, Im(2) € (—w,w), Re(z) = 0. (2.21)

In Chapter 4, we are going to introduce Ruijsenaars’ R-function. This function is defined as an
integral which has an integrand that consists of a product of fifteen G-functions. To analyse the
analyticity properties of R, we naturally need to know the analyticity properties of G.

15



Proposition 2.2. The zeros and poles of G(z) are given by

2 = iw + thwy + ilws, k,l € Z>o (zeros), (2.22)
2 =—2 k1 €Zso (poles). (2.23)

In particular, for wi/we ¢ Q all poles and zeros are simple. The pole at zy, is simple and has
residue

To0 = Aty (2.24)
2
More generally, if the quantity
k !
te = H sin(mrmwy /wa) H sin(mnws /wi ) (2.25)
m=1 n=1

is non-zero, then the pole at z; is simple and has residue

g = (=1)F(=1/2)"rgo /1y (2.26)
Conversely, if z;; is a simple pole, then one has ty # 0.

A short remark is that we already chose wy/wo to be irrational, so throughout this thesis
we can assume that the poles and zeros of the hyperbolic gamma functions are simple. We will
also need to know the asymptotic behaviour of G(z) as Re(z) — +o00. For our purposes it is
sufficient to know that for any a,b € C we have

Rl gi:‘;)) exp ( TE a)> ~ exp (2;22 (5 — a2)> (2.27)

where the corresponding o(Re(z))-tail as Re(z) — oo can be estimated uniformly. Furthermore,
for periods wy and wy we have

|G(u+ )| < Mexp <7T1m < ) |a:|> , TER (2.28)

wiwz

for some constant M > 0, provided that the line u + R does not hit a pole of G.

2.2 The hyperbolic hypergeometric function

The hypergeometric integrals that we will consider in this thesis depend meromorphically on a
parameter u € G, with G. C C® (¢ € C) the complex hyperplane

8
G. = u:(ul,u2,...,u8)€(c8\Zuj:2c . (2.29)
j=1

We now define the integrand of the hyperbolic hypergeometric function Iy, (u; z) = Ip(u; 25wy, w2)
as

G(iw £ 22)
H?:1 G(u; + 2)

In(u; 2301, w2) = (2.30)
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for generic parameters u € Gaj,. The hyperbolic hypergeometric function Sy, (u) = Sp(u; w1, w2)
is now defined as

Sh(u; w1, ws) :/Ih(u;z;wl,wg)dz. (2.31)
c

The contour C is a deformation of the real line which separates the upward pole sequences of the
integrand from the downward pole sequences. Note that the positively oriented real line can be
chosen as an integration contour in the definition of Sy (u) if u € Gay, satisfies Im(u; — iw) < 0
for j =1,...,8. The asymptotic behaviour of Ij(u;z) at z = £oo is O(exp(—47|z|w/wiw2)), so
the integral converges absolutely.

The hyperbolic integrals (like S;) have an underlying symmetrygroup for the parameters
u € Gojw. These so-called Weyl groups are well treated in [3, Section 2]. We give now the
explicit symmetry of Sp,(u).

Theorem 2.3. Let v and w be two operations that act on u € Gay,. These are
wu=(uy +8,...,uqs+ S,us — S,...,ug — S), vu = (iw — u,...,lw — ug) (2.32)

with s = iw — %(ul + ug +ug +ug) = %(U5 + ug + uy + ug) —iw. The hyperbolic hypergeometric

function Sp(u) (u € Gaiw) is invariant under permutations of (u1,ug, ..., us) and it satisfies
Su(uswi,ws) = Splwuswy,ws)  [[ Gliw =y — upswi,w)
1<j<k<4
H G(iw — uj — up; wi, wa) (2.33)
5<j<k<8

as meromorphic functions in u € Goi,. The hyperbolic hypergeometric function Sp(u) also
satisfies

Sh(u;wr,wa) = Sp(vu; wy,wa) H G(iw — uj — up; wi, wa) (2.34)
i<j<k<8

as meromorphic functions in u € Gojy, .

2.3 The hyperbolic Barnes integral

In this section we degenerate the hyperbolic hypergeometric function Sp(u), u € Ga;, along
B = %(61 + €+ €7+ €g — €3 — €4 — €5 — €5), where {ej}§=1 is the standard orthonormal basis of
R®. This means that

T T r T T T
u+7aﬁ: U1+*,UQ+*,U3—*,U4—*,U5—*,U6—§,

T T
r Y. 2.
2 2 2 2 2 “7+2’“8+2> (2.35)

Concretely, for generic parameters u € Gaj,, we define By (u) = By, (u;wi,w2) by

H] 3G( )
B (s on, s _Q/HJ e (Z+uj)dz. (2.36)

This integral converges absolutely since the asymptotic behaviour of the integrand at z = +oo
is exp(—47mw|z| /wiwa) due to (2.28). We may take the real line as integration contour if u € Gaj,
satisfies Im(u; — iw) < 0 for j =1,...,8. Note that the hyperbolic Barnes integral is invariant
under permutations of (u1, uz, ur, ug) and of (uy, ug, us, ug). We call By, (u) the hyperbolic Barnes
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integral since it is essentially Ruijsenaars’ [7] hyperbolic generalization of the Barnes integral
representation of the Gauss hypergeometric function.

The degeneration of the hyperbolic hypergeometric function Sy to the hyperbolic Barnes
integral By, is made clear in the next proposition.

Proposition 2.4. For u € Gy, satisfying Im(u; — iw) <0 for j =1,...,8 we have

. 6
2
lim Sy, (u — /) exp < Ww) exp m uj2 - E u? = Bp(u). (2.37)
7—00 W12 20.)10.22 1278 =

Proof. The conditions on the parameters u € Go;, allow us to choose the real line as an inte-
gration contour in the integral expression of Sp(u — r3), r € R, as well as in the integration
expression of By, (u). Using that the integrand Ip,(u; z) of Sp(u) is even in x, using the reflection
equation for the hyperbolic gamma function (2.7) and by using the substitution z = z + §, we
have

Ty Znrw [0 Gliw £ 2
Splu—rB)es = oo / (i 22) .
~o0 [j=1,278 Gluj — 5 £2) [[j_s G(u; + 5 £ 2)
W G(iw + 2z)

dr

/0 [ljm1278Guj — 5 £ ) H?:3 G(uj + 5 + )

gz [ imi20s GG 41— ) Tl Gz — w))Gliw + (22 4 1))
2 Hj:1,2,778 G(Uj + 2) H?:g G(uj tr+2)

= 2 /oo k1(2z + r)ka(z + 1) L(2)dz,

dz

r
2

where

H?::), G(z — uy)

L(z) = 7
= Hj=1,2,7,8 G(z+ uj)
- G(z i iW) _% = —2mz/wy —272 /w2
ki(z) = G(z—iw)e w2 = (1—e )(1—e )
ko(z) = [[j21275G(z— uj)e%.

H?:?, G(z + uy)

The second expression of k; follows by applying both AAE’s for G in (2.12). The pointwise
limits of k; and ko are
T 6 2 2

lim k1(2) =1, lim ko(z) = e (D=~ Em278),

Z—00 k—o00
Moreover, observe that ki(z) is uniformly bounded by 4 for z € R>q, and that ka(z) is also
uniformly bounded for z € R>( because it is a continuous function on R>¢ which has a finite
limit.

Denote by X(_y/2,00)(2) the indicator function on the interval (—7/2,00). By Lebesgue’s
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theorem of dominated convergence we now conclude that

2mrw oo

lim Sp(u—rpB)e«i«2 = 2 lim k1(2z +r)ka(z + r)L(z)dz

r—00 r—oo [_r

V]

= 2/ rlggo X(=r/2,00)(2)k1(22 + 1)k2(2 + r)L(2)d=z

. oo
= 26ﬁ( ?:3,“‘?7 j:17277’8u?) / L(z)dz
—0oQ
s’ 6

— e2w1w2( j=3 u?_Zj:1,2,7,8 u?)Bh(u),

which is exactly the result we desired. O

In the following corollary we use Proposition 2.3 to degenerate the hyperbolic beta integral
[10, (1.10)], which is

G(iw £ 22)
¢ H?:l G(u; + 2)

dz =2/wiwy [ Gliw—uj — w) (2.38)

1<j<k<6
for generic uq,...,ug € C satisfying the additive balancing condition 25:1 uj = 4iw.

Corollary 2.5. For generic u € C8 satisfying Im(uj — iw) <0 for j=1,...,8 and Z?:l uj =
4diw we have

G(z — ug, 2 — us, 2 — ug) 3 6 .
/c G( ’ 7 dz = WH H Gliw — uj — ug). (2.39)

Z+U1,Z+UQ,Z+U3) el i

Proof. Substitute the parameters v’ = (u1, ug, u4, us, ug, 0, u3, 0) in Proposition 2.3 with u; € C
satisfying Im(u; — iw) < 0 for j = 1,...,8 and Z?:l uj = 4iw. Then By (u') is equal to the
lefthandside of (2.39), multiplied by 2. On the other hand, by proposition 2.3 and (2.38) we
have

. 3 6
2mrw e
N r_ 2 _ 2
Bp(u') = Thﬁnolo Sp(u’ —rB)exp 1iom + Se1i0n jz;uj jz;uj
3 6
= 2\/wiwsy H H G(iw — Uj — ug)
j=1k=4
g ea Gliw—u; —up+7r 2 ) & o
i Missesa Ol vy ) (o ri (5§
r=00 [Tycjopes Guj +ugp —iw + 1) wiwe  2wiws ot =

3 6
= 2yww; [[ [] Gliw —uj — ug) (2.40)

j=1k=4

where the last equality follows from a straightforward but tedious computation using the limit
(2.27) for obtaining the last equality. O
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2.4 The hyperbolic Euler integral

In this section we degenerate the hyperbolic hypergeometric function Sp(u) (u € Gay,) along
« = €7 — €g. This means that

utrn=(u,...,ueur +r,us —r). (2.41)

The resulting degenerate integral Ep(u) = Ep(u;wi,ws) is called the hyperbolic Euler integral
and is defined by

G(iw £ 22)

Ey(u;wi,we) =
) = J T, Gl £

dz, (2.42)

for generic parameters u = (ug,...,ug) € C° satisfying

1
w12

2w

Im

6
il > . 2.43
— Uj w1 ( )

J

It follows from the asymptotics (2.27) of the hyperbolic gamma function that the condition on
the parameters ensures the absolute convergence of Ej(u). Observe that Ej(u) reduces to the
hyperbolic beta integral (2.38) when the parameters u € C° satisfy the balancing condition
Z?Zl uj = diw.

The next proposition shows exactly how the hyperbolic Euler integral is a degeneration of
the hyperbolic hypergeometric function.

Proposition 2.6. For u € Goj, satisfying Im(u; —w) < 0 for j = 1,...,8,, the parameter
condition (2.43) and Im ((u7 + ug)/wiwz) > 0, we have

lim Sy (u — 7175) exp < ik (ur + ug)(2r —ur + u8)> = Ep(uy,ug, us, ug, us, ug). (2.44)
r—r00 Wi

Proof. The assumption Im(u; —w) < 0 for j = 1,...,8 ensures that the integration contours in
Sy, and Ej, can be chosen as the positively oriented real line. We denote the integrand of the
Euler integral by

G(iw £ 2z)

I Gl £2)

H(z) = m exp <—wﬁ1fj2 (ur + u8)> .

J(z)

and we set

This allows us to write

J(2)H(r+2)H(r —z) = Gliwx2z) Glr—urdz) (_ 2mir

ngl G(uj + 2) G(r +us + 2)
G(iw + 22)
Guy —r+2)G(ug + 71 =+ 2) H?Zl G(uj £ z)

2mir
X exp oo (ur + ug)

(u7 + u8)>

wiw?2

2mir

wiw2

= In(u—rn)exp (— (ur + ug)) )
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where Ij,(u) is the integrand (2.30) of the hyperbolic hypergeometric function Sp(u). Observe
that H is a continuous function on R satisfying

zhj& H(z) = exp (2517;2 (u2 — u%)) , (2.45)
lim  H{(z)exp (ZTZ (ur + Us)) = lim géz J_r Z;; ex <W1 (ur + Us))
= lim gEj J_r Zi; p <UZZ2 (—ur — u8)) , by (2.7)
= exp (25112 (u? — u%)) (2.46)

where we have used the limit (2.27) in both equations. Moreover, H is uniformly bounded on
R in view of the parameter condition Im ((u7 + ug)/wiw2) > 0 on the parameters, and we have

lim H(r+2)H(r — z)

r—00 (
. Gr—ur£2) 2mir
o rhﬂlgo G(T + ug + Z) x < w12 (U7 * US)>
. G(r—ur—=z) ! G(r —ur+ 2) i
= 1 _— —_—mm J—
rroo G(r+us — z) o wiw (ur + us) G(r +ug+ z) R S (7 + us)

— onp (g (0~ = 2s(us 4 un) ) exp (5 - a4 220 + )

for fixed z € R. By Lebesgue’s theorem of dominated convergence we conclude that

lim Sy, (u — 1) exp <— ik (ur + ug)(2r —ur + u8)>
r—r00 wle

= lim [ J(z)H(r+2)H(r — z)dz

r—00 R

= /[RJ(z)TgrroloH(r—i—z)H(r—z)dz

Iy
= F ey e uZ — u? ,
n(u1 ug) exp (wa( 8 7))

which implies the desired asymptotics. O
As a corollary of Proposition 2.5 we obtain the hyperbolic integral of Askey-Wilson type.
Corollary 2.7. The hyperbolic Euler integral Ey(u), u € C8 is symmetric in (uy,...,ug) and

Z?Zl uj> > 22 we have

wiwa

for generic u = (u1,uz,us,us) € C* satisfying Im <w1w2

G(iw £ 22) ,
dz = 2\/wiwaG(u1 + uz + ug + ug — 3iw)
¢ H?:l G(u; £ 2)
x ] Gliw—u;—w). (2.47)
1<j<k<4
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Proof. The permutation symmetry is trivial by looking at (2.42). For the second part of this
corollary, apply Proposition 2.5 under the additional condition us = —ug on the associated
parameters u € Goj;,. Using the reflection equation for the hyperbolic gamma function (2.7),
we see that the righthandside of (2.44) becomes the lefthandside of (2.47). On the other hand,
Sh(u —rn) can be evaluated by the hyperbolic beta integral (2.38), resulting in

G(iw =+ 2) B G(iw + z)
C H?Zl G(uj £ 2) C H?Zl G(uj £ 2) N
= 2/wiGliw—ur—us) [ Gliw—u;—uy)
1<j<k<4

x lim exp <— - (ur + ug)(2r —ur + u8)>

T—00 w1Q}2

4 .
XH G(zc.u—uj—zw—l-r)
i G(—iw + uj +ug + )

= 2y/wwaG(u1 + ug + ug + uq — 3iw) H G(iw — uj — uy),
1<j<k<4

where we used the balancing condition us = —ug in the first equality and the asymptotics (2.27)
of the hyperbolic gamma function to obtain the last equality. ]

Both the hyperbolic Euler integral Ej (2.42) and the hyperbolic Barnes integral By, (2.36)
are degenerations of the hyperbolic hypergeometric function S, (2.31). We can use Propositions
2.3 and 2.5 to relate By, to Ej. The next theorem states this relation that will prove to be useful
in the following chapter.

Theorem 2.8. We have

Bp(u) = Ep(uz —s,ur — s,ug — 8,u3 + 8,uq + 8, ug + )
5
X HG(iw—ul — uj) H G(iw — ug — uj) (2.48)
j=3 J=2,7,8

as meromorphic functions in {u € Ga, | Im ((u1 + ue)) < 2w, Im(uj—w) < 0) for j=1,...,6},
where

1 . . 1
8=§(UQ+U6+U7+U8)—’LW=Z¢U—§(U1+’UJ3+U4+U5).

Proof. We prove the theorem by analyzing the double integral

G(iw £ 22) [[)—3 G(x — uy)

1
dzd
Jwiws /Rz Gliw+s+z£2)G(@+u) [[jo978 Glu; —s£2) =

for wi,ws > 0,u € Gy, and s = %(ug + ug + u7 + ug) — iw. We impose the additional parameter
restraints
Im(s)] <w, Im(ug+s) <0

to ensure the absolute convergence of the double integral, and
Im(s) <0, Im(iw—u;)>0(j=1,3,4,5), Im(iw—u,+s)>0(k=2,7,8)

to ensure pole sequence separation by the integration contours. Note that these parameter
restraints imply the parameter condition Im(u; + ug) < 2w needed for the hyperbolic Euler
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integral in the righthandside of (2.48) to converge. Integrating the double integral first over x
and using the integral evaluation formula (2.39) of Barnes type, we obtain an expression of the
double integral as a multiple of Ej(ug — s,us + s, uqg + s, us + s, u7 — s,ug — s). Integrating first
over z and using the hyperbolic Askey-Wilson integral (2.47), we obtain an expression of the
double integral as a multiple of By, (u). The resulting identity is (2.48) for a restricted parameter
domain. Analytic continuation no completes the proof. O
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Chapter 3

Contiguous relations

We are going to introduce some notational conventions such that we can write lengthy equations
in a shorter way. We will come across a lot of hyperbolic functions, so we use the following
notational conventions

s(a) = sinh(wa), c¢(a) = cosh(wa). (3.1)

In this section we write 7j;, = T;‘,’:l (1 <j # k <8), which acts on u € Go;,, by substracting iw;
from u; and adding iw; to ug, i.e.

TikU = (’LL1, ceey U — W1, ..y U + TWT, - .. ,ug). (3.2)
We also write s;;, (j # k) which acts on u by interchanging u; and wy, i.e.
SjkU = sjk(ul,...,uj,...,uk,...,u8)
= (U1,..., Uy, Uj,...,Ug) (3.3)

We will encouter a lot of lengthy identities in the remainder of this thesis which contain terms
that are equal up to a permutation of two parameters. For example, we write

flur,ug,us, ... ug) + flug,ui,us, ... ug) = f(uy,...,ug) + (u1 <> u2) (3.4)
9(z) + g(—) = g(z) + (2 > —1), (3.5)

where f and g are usually large expressions.

3.1 Constructing a contiguous relation for S,

For a start, we are going to prove the following proposition.

Proposition 3.1. For x,y,z,v € C, we have
s(rxv)s(y£2)+s(xty)s(zxv)+s(ztz)s(vLty)=0. (3.6)

Proof. First note,

sla+b) — i (en - @) (er(eb) _ =rto-n)
_ i (627ra _ 2 m2mb e—27ra)
= Jel2a) — 5o(2b)
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This implies the following deduction
s(rxv)s(yEtz)+s(xty)s(ztv)+s(z£z2)s(vLy)

= i (c(22)c(2y) — c(22)c(22) — ¢(2v)c(2y) + ¢(2v)e(22))
+ i (c(22)c(22) — c(22)c(2v) — ¢(2y)c(22) + ¢(2y)e(2v))
+ i (c(22)c(2v) — ¢(22)c(2y) — ¢(22)c(2v) 4 ¢(22)c(2y))
= 0,
where we can just cancel out every term in the last step. O

If we substract s(x £ z)s(v £+ y), substitute v = ug — iw, * = ug + iw, y = uy — iw and
multiply by —Ij,(u) in equation (3.6), we obtain we obtain
—s((ug + iw £ (ug — iw))/wa)s((u7 — iw £ z) /wa) I (u)
+  s((ug +iw = (u7 — iw)) /wa)s(ug — iw =+ 2) /wa) I (u)
= s((ug +iw £ z) /wa)s(ug — iw £ (uy — iw)) /wa)Ip(u), (3.7)
where we have also used that s(a +=b) = —s(b+ a). Now, if we use sinh(a — 7i) = — sinh(a), it
is easy to derive that s(uj —iw £ 2) = s(u; — iwy + iw + z) for j = 6,7. This turns (3.7) into
s((ug +iw £ (uy — iw)) /wa)s((ue — w1 + iw £ 2) /wa) I (u)
s((ug + iw £ (ug — iw)) /wa)s((u7 — iwr + iw £ 2) /wa) I (u)
= $((ug +iw £ 2)/w2)s(ug — iw £ (uy —iw))/wa)In(u). (3.8)
For constructing a contiguous relation, we need to make at least two differences in the argument
of Ij,. Using AAE (2.20) for G, we compute the following
G(iw £ 22)
G(ug £ 2)G(ug + z) H?:L 268 G(uj £2)
s((ug +iw £ 2) Jwa) G(iw + 22)
5((ug —iw1 +iw + 2)/wa)  G(ug — iwr £ 2)G(ug + iwy £ 2) H?:L 68 Guj £ 2)
s((ug + iw £ z) /wa)

= s((ug — dwr + iw £ z)/WQ)Ih(T@’S“)‘ (3.9)

In(u) =

We also have
G(iw £ 22)
G(u7r £ z)G(ug £ 2) H?Zl G(uj £ z)
s((us +iw £ 2) /wa) G(iw + 22)
s((ug —iwr +iw £ 2)/wa)  G(ur — iwy £ 2)G(ug + iwy £ 2) H?:l G(uj £ 2)
s((ug + iw £ z) /ws)

= Slur = iwor + w0 & 2) fuog) 1 TEBSOT): (3.10)

In(u) =

If we now divide by s((ug + iw + z) /wa)s((ug — iw £ (u7 — iw)) /w2) in (3.8) and substitute (3.9)
into the first line and (3.10) into the second line, we get the following difference equation when
we integrate over the contour C.

s((ug + iw £ (uy — iw))/wa)

s((ug + iw £ (ug — iw)) /wa) S (y
s((ug — iw + (uy — iw)) Jws) Sh(Trsu) = Sp(u), (3.11)

Sh(Tesu) + s((ur — iw % (ug — iw)) /ws)
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where we have used that Sy (76sse7u) = Sp(773u) due to the permutation symmetry of Sy, (u).
We can obtain a different equation (which does not concern applying symmetry) by substituting
the parameters vu in (3.11). The crux is that Tggvu = v7ggu, so we can subsequently use (2.34).
For the first term this means

s((ug + iw £ (u7 —iw))
s((ug —iw + (ur — iw)) u—vu
s((—ur — ug + 2iw) /wa)s((u7 — ug + 2iw) /wa)
s((—ue — ur)/w2)s((ur — ug) /wa)
s((ur — ug + 2iw) Jwa) > s((um + up)/w2) Sh(Ts6u)

- s((ur —ug)/ws) M s((um + us — 2iw) Jw2) Ty <j s Gliw — uj — up) (3.12)

S

Sh(UTgﬁu)

Because we also have 1ggsg7vu = v7TggS67U, We can obtain the same equality, but with ug and uy
interchanged. The righthandside of (3.11) is equal to [[;; y<g G(iw — u;j — ug) " LSh(u), so by
multiplying by an:l s((um +us — 2iw) /wa) [ 1 < j<p<g Gliw — uj — ug) we obtain the following
contiguous relation

s((ur — us + 2iw) fws) 1
s((u7 — up)/w2) 11

s((uj + ue)/wa2)Sh(ms6u) + (us <> ur)
j=1

s((uj + ug — 2iw) /w2)Sh(u) (3.13)

.
Il S
—

as meromorphic functions in u € Ga;,. Combining these contiguous relations and simplifying we
obtain

A(u)Sp(tg7u) — (ur <> ug) = B(u)Sp(u), u € Gajy, (3.14)
where
6
Alw) = s((2iw — ur + ug) /ws) H (uj + uz)/wa),

s((ug £ ur)/wa)s ((2@0.) + ug — uy)/w2)s((2iw — ug + uy)/wa)
$((2iw + ug — ug) /wa)s((2iw + ur — ug) /w2)

5
X H s((—2iw + uj + up) /wa)
j=1

s((2iw — ug + uy)/w2)s((ur — up) /wa)s((—2iw + ug + uy)/w2)
s((2iw + ug — ug) /wa)

5

st (uj + ug)/wa)

+$((2zw + ug — uy)/w2)s((us — ue) /w2)s((—2iw + ue + us) /w2)
s((2iw + u7 — ug) /we)

5
x T s((us + ur) faz).
j=1

This leads to the following theorem which is proven in [3, Thm. 4.3].
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Theorem 3.2. We have
A(u) (Sh(7'87u) - Sh(u)) - (U7 — ug) = Bg(u)Sh(u) (315)
as meromorphic functions in u € Ga;,, where A(u) is as above and with Ba(u) defined by

s((u7 £ ug)/wa)s((ur — ug + 2iw) /we)

By(u) = 1

8

6
X ZS(Q(@W—{—UJ )/w2) Zs (iw —uj)/w2) | - (3.16)

=7 j=1

3.2 A contiguous relation for the hyperbolic Euler integral

What we would like to do now, is to take (3.15) and apply the achieved asymptotic (2.44).
This yields a contiguous relation for the hyperbolic Euler integral, which we will use for later
purposes. Because of the permutation symmetry of Sj(u) , we can write equality (3.15) in the
following way

A(u)(Sh(765u) — Sh(u)) — (’LL5 <~ u6) = 32(868857U)Sh(u), (3.17)
where u7 and ug are interchanged with us and ug respectively. Written out, this means

8
s((2iw —us +ug)/wz) [ s((uj+us) fwa) (Sh(resu) — Sh(u))
j=1, j#5,6
8
—s((2iw —ug +us)/wa) [ s((u; + ue)/w2)(Sh(Tseu) — Sn(u))
j=1, j#5,6
s((us £ ug) /w2)s((us — ue =+ 2iw) /wo)
4

6 8

X 1) 82w +ug) fws) = Y s(2(iw — ug) fwa) | Sp(u),

j=5 j=1, j#5,6

where sseu = (u1, ug, us, ug, ug, us, u7, ug). When we divide by s((us — ug = 2iw) /we) we obtain

HS:L 5.6 S((uj + us) /wa)

Js((U5 ~ g 1 2i) Jug) on(Test) = Sh(w))

_H?:l, 5.6 S((uj + ug) /w2)
s((ug — us + 2iw) /wo)

8 6

= is((tgiu@)/wg) Z s(2(iw — uj)/wa) Zs (tw + uj)/w2) | Sp(u), (3.18)

=1, j#56 =5

(Sh(Ts6u) — Sp(u))

The trick to get the lefthandside correct, is to divide by H?:7 s((u; + us)/wo), multiply by

exp(— g, (u7 +us)(2r —ur +us)), substitute u —rn for u and afterwards take the limit r — oo.
We will look at each term in the equation separately for obvious reasons. The first term on the
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lefthandside equals

H4:1 S((Uj + u5)/w2) '
3(5% —ug + 2iw) jw2) i [Sp (7650 — 1) — Sp(u — )]

)
X exp (_w1w2 (u7 + ug)(2r —ur + u8)>

[Ty s((uj + us) /wo)

= (s = g 1 2iw) Jup) Lr(T65) — En(w)). (3.19)

Here we used the degeneration of the hyperbolic hypergeometric function (2.44). The second
term on the lefthandside equals

H4-:1 S((Uj + u6>/0&)2) .
5((]”6 — up + 2iw) /wa) Tll)n;o [Sh(Ts6u — 1) — Sp(u — 1))

i s((ur +ug — 1) /wa)s((us + ug +1)/w2)
*OXp <_w1w2 (ur + ug) (2r —uz + u8)> s((ur + us — r) /wa)s((us + us + 1) /wa)

. S((ur +ug — 1) /wa)  s((ug + ug +1)/wa)
(Enlrsow) = Enlw)) B S e =) un)  5((us + s + 1))

(Eh(7'56u) — Eh(u)) . ewlz(US_U(;) '652(“6_“5)

= 5 (En(ts6u) — Ep(u)) (3.20)

Now, (3.19) and (3.20) together imply that the lefthandside of (3.18) becomes

[Ty s((u; + us) /wo)
s((us — ug + 2iw) /w2)

(En(tesu) — En(u)) — (us <> ug).

The righthandside of (3.18) now equals

. s((us £ up)/w2)Sh(u — rn7g) _omi TRV,
rlggo 4s((ur 4+ us — ) Jwa)s((ug + us + r) /ws) X < w1w2( 7+ ug)(2 7+ 8))
4 6
x| D s(2(iw —up) fwa) = D s(2(iw + ug) fwa) + s(2(iw — ur +7) fwz) + 5(2(iw — us —7) /w2)
j=1 i=s
_ 15 e b ue) oo W) % lim 5(2(iw — ur + 1) Jwa) + 5(2(iw — ug — 1) /w2)
= 3 ((us £ ug)/w2) Ep(u) rl—>oo s((uy +us — r)/wa)s((ug + us + 1) /wo)

We have already assumed finite limits of the expressions above so that we could degener-
ate Sp(u) apart from the limit that is still present in the equation above, i.e. we used that

lim, 00 f(r)g(r) = lim, o0 f(7) lim, 00 g(7) if lim, o f(7) and lim,_, g(r) are finite. The six
terms between large brackets which do not contain u; or ug converge to zero because

lim [s((u7 + us — ) /wa)s((ug + us + 1) /w2)]"F = 0.

r—00

The only hurdle to take for obtaining the contiguous relation for the hyperbolic Euler integral,
is to take the limit

15(2(iw —u7 + 1) /we) + s(2(iw — ug — ) /wa)
r—ood  s((uy +us — 1)/ w2)s((ug + us + 1) /w2)

(3.21)
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To do this, we are first going to look at the following general limit.

TR €1 Cl o) EEP e2m(atr) _ g=2m(atr)
r—00 S(b — T')S(C + ’f‘) r—00 (eﬂ(bfr) _ efw(bfr)) (eﬂ(chr) _ e*ﬂ(C‘H”))
2m(a+r) _ ,—2m(a+r)
= 2 lim € e

r—oo eT(bt+c) — em(b—c—2r) _ om(c=b+2r) 4 om(—b—c)
1— 6747r(a+r)

- 27,11%10 em(b—2a+c—2r) _ gm(b—2a—c—4r) _ pom(c—2a—b) + em(—2a—b—c—2r)
2
_ _ o, —m(c—2a-D)
= — ey = 2 (3.22)
This also implies
2(a — 2((—
fim —2CO=T) oy SCEOE) g nerza-t) (3.23)

r—00 S(b—T)S(C+T) r—00 S(b—T)S(C+T)

The degeneration of Sy, to Ej needs u to be in Gy;,. This restriction can be turned into the
following equation

8 6
u € Gojpy = Zuj =4divw = 2w -— Zuj = uy + ug — 2iw. (3.24)
j=1 7=1

By using (3.22) with a = iw—wu7 and (3.23) with a = iw—ug and letting b = uy +us, ¢ = ug+us,
we can now evaluate the limit (3.21)

o 18(2(iw — ug + 1) /w2) + s(2(iw — ug — 1) /wa)
r—oo 4 S((U7+U5 —r)/wg)s((u8+u5+7°)/cu2)

i

— i (_2€_£(u7+u8—2iw) 4 2ews (U7+u8—2iw)>
= s((u7 + ug — 2iw) /w2)

6
= s (2iw—2uj)/w2 : (3.25)

j=1
Altogether we have proved the following lemma

Lemma 3.3. We have

[Tj—y s((uj + us) /wo)
s((us — ug + 2iw) /wa)

(En(t65u) — Ep(u)) — (us <> ug)

6
= s((us £ ug)/wa)s [ (20w =Y uy)/wy | En(u) (3.26)
j=1

as meromorphic functions in u € CS.
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Chapter 4

Ruijsenaars’ R-function

Motivated by the theory of quantum integrable, relativistic particle systems on the line, Ruij-
senaars [7, 8, 9] introduced and studied a function R which is essentially the hyperbolic Barnes
integral By, (u) with respect to a suitable reparametrization of the parameters u € Ga;,,. The new
parameters will be denoted by (v, z, A) € C® with v = (v, ...,73) € C*, where x is viewed as the
geometric parameter and A is viewed as the spectral parameter. We define the dual parameters
¥ by

11 1 1
o111 -1 -1
T=501 101 -1 |7 (4.1)
1 -1 -1 1

It is an easy verification that « +— 4 defines an involution on the parameters.

We have already established results for the hyperbolic Euler- and hyperbolic Barnes integral,
which we are going to use to derive many of the properties of Ruijsenaars’ R-function. The first
goal of this section is to obtain an integral representation of R in terms of the hyperbolic Euler
integral. Consequently, we are going to use (3.26) to establish difference equations for which R
is a solution.

4.1 Constructing Askey-Wilson difference equations

Set

G(ivo + 175 + iw). (4.2)

Il
o,
Il w
—

Ruijsenaars’ [7] function R(v;z, \;wi,w2) = R(v; 2, A) is defined by

z+1'yo:|:$)G(z—|—2'yo:|:)\ ﬁ G(ivo + iy + iw)

R A) 4.3
(v, N ¢ G(z +1iw)G (i £ )G (19 £ ) i G(z + iy + iy + iw) (43)
A good look at this expression reveals that this is the same as
1 N
Ry, ) = B pyw), (4.4

2/wiwa G(ivo £ x, 190 £ )
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where u € G, /CPB1278 (note that for & € C we have Bj(u + £B1278) = Bp(u) by (2.27) and
Cauchy’s theorem) with

u1:iw, UQ:ZOJ‘FZ’YO—FZ’}@, U3:—i’)/0+$, U4:—i70—x7

us = —1y + A,  uUg = —1% — A, uy = 1w+ 1y +iy2, ug = tw + iy + 13- (4.5)
By Proposition 2.2 we can deduce that the poles of R are located at
:c:i(ikwl—i-z'lwg—w—fyj), )\:i(ikwl—kilwg—w—%) k,lEZZO, 7 =0,1,2,3. (46)

Note that R(7;z, A\;wi,ws) is invariant under permuting the role of the two periods wy and wo.
We will need the following auxiliary function, which we will call the c-function

3
1
c(wi, w7 2) = mo——— | | G(z — i) (4.7)
G(2z +1iw) i
Note that because of (2.9) we have
c(v;2) = c(v; —2). (4.8)

By Proposition 2.2 we can see that the zeros of ¢(; z) are located at

Z]}/,l = jw — thkwy —ilws, k,l € ZZO (49)
) = iy iw + ikwy + ilws, k1€ Zso, §=0,1,2,3. (4.10)

Note that c is invariant under interchangement of w; and ws and also under any permutation of
(70, 71572, 73)-

Proposition 4.1. R is even in x and A\, i.e.
R(v;x,A) = R(v; —2,A) = R(v; @, =), (4.11)
and is also self-dual, i.e.
R(v;z, A) = R(%; A\, ) (4.12)

Furthermore, for an element o € W(Dy), where W (Dy) is the Weyl group of type Dy acting on
the parameters v by permutations and even numbers of sign flips, we have

R(yiz,A) R(ovy;2,A)
c(v;@)e(;AN() - clovy;z)e(@y; A)N (o)
The first symmetries are all direct consequences of the symmetries of the hyperbolic Barnes

integral By and the second symmetries are proved in [8]. We can express R in terms of the
hyperbolic Euler integral Ej by the following theorem.

(4.13)

Theorem 4.2. We have

1 T2 Glino + s + iw, A — i%;)

R(v;x,\) = — Ep(v), 4.14
(vi2,A) =5 e GOt 7o) n(v) (4.14)
where v € C° is given by
W . i’?() )\ . W i’ﬁ/() )\
U]_?—}—'L’ijl—?—{—g, ]:1,...,4, U576:?i$—7—§. (415)
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Proof. Note first that by using the parameters w in (4.5), taking v — (—v3,71,72, —Y0) is the
same as taking u — sjgu. This can be seen in the following way. By first interchanging vy and
~v3 and then sign-flipping them, we have

up = dw,  uy =dw =iz tiv,  uy =iy, uy = —iys —
’5 193 + A, u% =193 — A, u'7 = iw — iy3 + i79, u’8 = jw — iy — i73.
(4.16)
Then u' + (iyp + ivy3)B1278 is the same as
up =iw + iy +4y3, U2 =iw+ iy +iv1, Uz = —iy +x, ug=—iY — T,
us = =1y + A,  uUg = —1 — A, uy = 1w+ 1y + iy2, U = iw
(4.17)

which is the same as sjgu. Let ooy = (—73,71,72, —0), then ¢y = o¢7. A careful calculation
shows that

(s @)e(F; A - 7] Gz — i) G(A — i5;)
c(o0y; l’)C(O’o’y, =03 G(x +iv;)G(N + ;)

Using (4.13), we obtain

) c(y;2)e(§3 AN () .
Rlyie, ) <am oJlonyi N py eorie: A

H G(x — iv))G(A — 195)
G(

N(oov) (x + 7)) G(A + i%;)
1
XWN(UOV)G(W; + 2,493 £ \) Bp(s18u)
1 G(CL‘ - Z.’)/07 A— Z’AYO)

= 2o Gl o A i) ) (4.18)

where we have used the reflection equation (2.7) for the hyperbolic gamma function and the
symmetry property for the hyperbolic Barnes integral. The last step will be to use equality
(2.48), which gives the relation between Bj(u) and Ej(u). In the context of theorem 4 we
calculate s

. 1
s = zw—i(u1+u3+U4+u5)
. 1. . . .
= Zw—5(ZW—’L’70+1‘—’L’70—$—’L’70+>\)
_ W “o _ A
= g ety
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which leads to

Uz —8s = %}Jriw—%Jr%:vz,
ur—s = %L}Jr%—'%oJr%—U?n
ug—s = %U‘F'%—.%O-F%_M,
us+s = %—FI-{-%—%:US,
Ug+8 = %—x—l—%—%:%,
us+s = %4—@0—%—1—%:1&

(4.19)

Furthermore, by again using the reflection equation (2.7), we calculate the following

3

5
HG(iw—m —uj) H G(iw — ug — uj) = Gle + i) H — i9j).

Gz —1 —1
j=4 §=2,7.8 ( Y0, A ’YO i

Continuing with (4.18), this means that by using the symmetry properties for the hyperbolic
Euler integral (see Corollary 2.6) we have

1 G(xz—iy, A — i)

R(v;xz, A : !
Y ) 2\/wiwa G(x 4 iy, A + WO)
G(x + i)
XG(IL‘—Z"}/O, _Z,yo HG Z’YJ Eh(UQ)U37U4)U5aU6)U1)
1 H?:l G(z’yo—i-wj —i—iw,)\—z”yj)E (v)
p— U ,
2\/wiwy G\ + %) h
with v as we desired. O

We are now ready to make the final step in this section. We have obtained a contiguous
relation for the hyperbolic Euler integral Fj in Lemma 3.3 and we have also obtained a repre-
sentation of Ruijsenaars’ R-function in terms of Ej in Theorem 4.2. We are going to combine
the contiguous relation (3.26) and equality (4.14) to show that R satisfies the Askey-Wilson
second-order difference equation in the next proposition.

Proposition 4.3. Ruijsenaars’ R-function satisfies the Askey-Wilson second-order difference
equation

Ay zywr,we) (R(ys 2 +iwr, A) — R(ys 2, 0)) + (2 < —2) = B(y; Ajwi, w2) R(y; 2, A),  (4.20)
where

. [ s(iw + 2 + i) /w)
Ay wi,w) = 5(20)o)s 2@ T iw) jaa) (4.21)

B(v; \jwi,wa) = s((A—iw — %) /wa)s((A + iw + i90) /w2)- (4.22)
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Proof. We are going to use the contiguous relation (3.26) with the parameters (4.15) where
uj = vj, j = 1,...,6. Careful calculations and using twice that s(—z) = —s(z) give the
following results

IT5—o 5((iw + z + ;) Jw2)
s(2(z +iw) /w2)

[T} s((iw — @ + inj) Jw2)
5(2(—x +iw) /wa)

ITj—1 s((uj + us) /wn
s((us — up + 2iw) Jwo
ITj—1 s((uj + ue) /o
s((ug — us + 2iw) /wo

Y

Y

6
s((us = ug) /wa)s | (2iw — Zuj)/cug = $(2x/w2)s((A — iw — i9p) /w2)s((A + iw + i0) /w2).
j=1

Note that Eh(Téglu) = Ep(u'), with v} = u; for j =1,...,4 and uj ¢ :% + (24 iwy) —
and also By (756" u) = Ep(u”), with u] = uj; for j =1,...,4 and uf g = 5 & (v —iwy) —

If we multiply both sides of equation (3.26) by

o ol
o
NI o)y

1 T2 Gline + i + iw, A — i)
24 /Wiy G(A + %) ’

which is independent of x, substitute the three expressions above into the equation and after-
wards divide by s(2z/ws), we obtain

IT;—o 5((iw + & + ;) fw2)
§(2z /wa)s(2(x + iw) /w2)
[T (i — %+ 75)/w2)
s(—2x/w2)s(2(—x + iw) /wa)
= s((A—iw — o) /w2)s((A + iw + i90) /w2) R(7y; x, ). (4.23)

(R(v; @ +iwi, A) — R(v;2, M)

(R(v; 2z — w1, A) — R(y; =2, M)

Note that we have also used that s(2z/ws) = —s(—2x/ws) in the second term of (4.23). Using
that R is even in z, finally leaves us with

Ay zywr,w2) (R(y; ¢ 4w, A) — R(y; 2, A))
+A(y; —wswi,w2) (R(y; =7 +iwr, A) — R(y; =2, X)) = B(y; Aswi,w2) R(7y; 2, M),

which is the desired result. O

4.2 An Askey-Wilson difference operator and the £-function

We define the second-order Askey-Wilson (AW) difference operator £5“* by

L2 = A(y; zywr,wo) (T, — I) 4+ A(y; —x;wi, we) (T

Wi —iw1

—1), (4.24)

where I denotes the identity operator, 7' is the shift operator (i.e. TYf(x) = f(x + z)) and
A(y;x;wi,we) as in (4.21). Looking at the previous section, we know that R satisfies the
following eigenvalue equation

(L5142 f) () = B(v; Aswi,w2) f(2), (4.25)

where B(v; A\;wi,w2) as in (4.22). Because R is symmetric in wy and we and it is self-dual, i.e.
R(v;z,A) = R(%, A\, x) (see (4.11)), we know that it is an eigenvalue solution to four different AW-

difference operators. Those are two operators acting on the geometric variable x: £57“2, L32*!
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(with eigenvalues B(vy; A;w1,w2) and B(7v; A\;wa,w;) respectively) and two operators acting on
the spectral parameter A: Ewhw? Ew"”wl (with eigenvalues B(%;z;w1,ws2) and B(%; z;wa, wq)
respectively).

In [8] we can find the following definition for the £-function, where ¢(v; x) is the function in
(4.7),

K(v; )

5(&]1,&)2,7;[1}, /\) = g<x7)‘) = C(")/l')

R(v;z, A), (4.26)

with K (v; A) = x(w1,w2,7) (N(7)e(3;A)) " and where

21

X(wi,w2,p) = exp ( [p-p/4— (W} + w3+ w1w2)/8]> , (4.27)

w12
Because R is a solution to the eigenvalue equation (4.25) above and K is independent of z, the
E-function satisfies the equation

(s

c(y:) o ﬁf’;l»“& Ie) Mc(v;x)(‘:) (.’L’, )\) = (L:hwzg) (.’13‘, )\) — B("}/, )\)8(1;7 )\)

Here, M,(,.;) denotes multiplication by c(v; z).

We see that £(x, ) is essentially Ruijsenaars’ R-function up to multiplication with ¢(~y; z)~
Ruijsenaars has used this function in [8, 9]. The profit of using £ is that it is an analytic function
in C whereas Ruijsenaars R-function is not. It also has a Dy-invariance (see Proposition 4.1) on

1

the parameters -, i.e.
E(wi,wa, 072, ) = E(wi,wa,v;x, N), forall o € W(Dy), (4.28)

where the Dy-symmetry on the parameters of R (4.13) are more complex.

The main reason why £ is mentioned in this thesis, is that we are going to use the asymptotics
of this function to say something about the asymptotics for Ruijsenaars’ R-function. We intro-
duce the Bachmann-Landau symbol ~, which is a relation between two continuous functions.
Let f,g € C(C), then

frg = lim Jo) =1 (4.29)

Re(z)—oc 9 37)

Ruijsenaars also obtained a function E,s(v; 2z, A) (see [8, (1.31)]) for which we have E(y;x, A) ~
Eas(V;x, A) with

2miz A Jwiws )\)e—2m’z)\/w1w2

5a8(w15w27ry;x7)\) =€ U(Wlaw%’%*

The u-function is defined as u(vy; z) = —c(v; 2) /e(v; —2).

35



Chapter 5

The Ruijsenaars function transform

In the previous chapter we have seen that Ruijsenaars’ function R(y;x,\) is a solution to
the second-order difference equation of Askey-Wilson type. This equation implies a difference
operator which yields a function transform that is similar to, say, the Fourier transform. We
will refer to this function transform as the Ruijsenaars Function Transform or RFT, because we
make the transformation by using Ruijsenaars’ R-function. The main goal of this section will
be to show that this transform is unitary. Furthermore, we are going to use a constant

2w
o = .
Wi

(5.1)

5.1 The Hilbert space H,

This section defines a Hilbert space H,, with an appropriate weight function. We are briefly
going to discuss the analiticity of this weight function. Afterwards we are going to prove Lemma
5.1, which gives an identity that involves the weight function and the function A that is defined
in (4.21).

Let w be the weight function given by

1

——  z€eR, yeRY (5.2)
c(y; @)e(y; —x)

w(y;z) =
where ¢(y; z) is given by (4.7). The weight w is positive because from (4.8) we obtain w(~y;z) =
lc(y; )| 72. Tt is also obviously an even function for z € R. We assume that the function w has
only simple poles. These poles impose conditions on the parameters g, v1, V2,73 that we will
discuss later on.

Writing the w-function out in a product of hyperbolic gamma functions gives

G(iw £ 2x)
w(y; @) = —3 : :
[Ij—o G(—iv; £ 2)
Recall that the poles of G(x) occur at xy = —iw — itkwi — tlwa, k,l € Z>p, and that it vanishes

at Ty = iw + ikwy + ilwe, k,l € Z>o. Note that G(iw + 2z) and G(iw — 2x) have the joint
property that if one has a (simple) pole at = xq, the other has a zero at x = xy. This means
that there has to be another way to write this product, so we use the AAE’s (2.12) for the
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hyperbolic gamma function to obtain
G(—iw+2x) = G2z —iwi/2—iwy/2)
G2z +iw1 /2 — iwa/2)
2 cosh ( (2z — zw2/2))
G(iw + 2x)
4 cosh ( (22 — zw2/2)) cosh < (2z + zw1/2))

So we have that

G(iw + 2x)
G(—iw + 2x)

— 4cosh (52(23: - iw2/2)> cosh <51(2x + iw1/2)>
= sinh(2mz/w;) sinh(2mz fws),

G(iw £ 2x)

which is analytic for # € C. From this we deduce that the poles of w(y;z) occur at
2,(v;) = 6 (i + iw + ikwy +ilws), k1€ Zsg, §=0,1,2,3, 6§ =+, —. (5.3)

One could say that the xgl('yj) form an upward pole sequence and the z,,(v;) form a downward
pole sequence. These poles are all simple in case

Yo # 7 # 72 # 73 and wi/wp € R\ Q. (5.4)

We define the measure dw(-) = dw(v;-) by

[ f@duta / fo (5.5)

We assume from now on that o, v1, 72,73, w1 and we satisfy the conditions (5.4) with the extra
condition that |y;| < w for all j = 0,1, 2,3, such that the measure dw(-) is a positive measure.
We also define the measure dw(-) = dw(5;-) by

[ i) = o [ g0 i (5.6)

For this measure to be positive we must have that |¥;| < w for all j =0,1,2,3. Altogether this
implies that if we want both measures dw and dw to be positive, we must have that v € P,
where

P={peR|py+#pi#p2#ps, max(|pol,...,|ps]) < w}. (5.7)

We can easily see that |v;| < w for all j =0,1,2,3 if y € P. We surely see that if |y;| < %w for
all 7 =0,1,2,3, that we have

;] < (!70!+!71!+|721+|73!)—w j=0,1,2,3.

We assume from now on that v € P
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We define the Hilbert space H, = Hu(y) = L? (R,w(y;z)dx) to be the Hilbert space

consisting of even functions that have finite norm with respect to the inner product (-, )3,

defined by
w. = [ f@g@du(e). (5.8)

We also define the Hilbert space Hy = Ha(y) = L2 (R, (4;A)dA) to be the Hilbert space
consisting of even functions that have finite norm with respect to the inner product (-,-)3,
defined by

- [ . (59)
We conclude this small section with the following lemma which will prove to be useful in the
proof of Proposition 5.2.

Lemma 5.1. For z € R we have the following identity
Ay =2 —iw)w(y; @ +iwr) = A(y; )w(v; o). (5.10)
Proof. Let us first write them down
' 2x + 21 jw—2x — 2i
wiyiz+iw) = 3G(zw —|—. x+ zwl?G(zw . x zwl') (5.11)
[Tj—0 G(—ivj + 2 +iw1)G(—iv; — x — iw1)
3 . . .
_oS((iw — 2 — w1 +17y;)/w
A(y; —x —iwy) = HJ_O. ( ! ,%)/ ‘2) (5.12)
$(2(—x —iwr)/w2)s(2(—x — iwy + iw)/w2)

We make use of the AAE’s (2.12) for the hyperbolic gamma function, but in a slightly different
appearance.

G(x) B .
m = 2COSh(7T(fL' 'l(,{)1/2)/w2).
For example

1 1 cosh ( (—iy; — o — zw1/2)>

G(—ivj + x +iw)G(—iv; — v —iw1)  G(—ivj £ @) cogp ( (—ivyj + 2+ lw1/2)>

together with
. T . ™ . . .
sinh < (lw — x —iwy + 2’)@)) = sinh <(—2w1/2 +iwe/2 — x + nyj)>
w9 w2

. T T . .

= sinh (2 + w—2(—1: + iy — zw1/2))
. T . .

= icosh <(Wj —z— zw1/2))

w2

= idcosh (F(—ifyj +z+ iw1/2))
w2

gives us
s((iw — @ — iwy + iv;)Jws) B zcosh( (— Z'y]—:c—M1/2))
G(—ivj +  + w1 )G(—ivy; — v —iw1) G(—iv; £ )
s((iw + x +iv;) /wa2)

= 1 =20,1,2,3. (5.13
G(—Z’Y]:tﬂf) y J ) Ly 4y ( )
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With this we can rewrite a large part of the product A(~vy; —x — iwq)w(v;z + iw1). Now we are
left with rewriting the following fraction

G(iw + 22 + 2w )G(iw — 2z — 2iw) G(iw + 22 4 2iw )G (iw — 2z — 2iw)

s(2(—z — iw1) /w2)s(2(—x — iwy +iw)/we)  S(2(—x —iw1)/w2)s(2(x + iw) /wa)

where we have used standard rules for hyperbolic functions to obtain s(2(—z — iw; + iw)/we) =
$(2(z + iw)/ws). Using the AAE’s (2.12) for the hyperbolic gamma function again, we obtain

G(iw + 2z + 2iw1 )G (iw — 2z — 2iw)
cosh (w%(zw + 2z + %iwl)) cosh (w%(zw + 2z + iw1/2))

= G(iw £ 2z)

?

cosh (wl?(zw — 2z — %iwl)) cosh (wlz(zw -2z — iw1/2)>
which after multiple times of using standard rules for hyperbolic functions becomes

s((—2x — 2iw) /w2)s((—2x — iw1) /w2)

G(iw + 2z + 2iw )G (iw — 22 — 2iw) = G(iw + 2x) (=22 — w1 Jaa)5(— 21 Jiwn)
B it O s((2z + 2iwy) /w2)
= Gliw+22) s(2x/wa)
Altogether this means that
G(iw + 2x 4 2iw1 )G (iw — 22 — 2iw) _ G(iw + 2x) (5.14)
s(2(—x —iwy) Jwo)s(2(—x — iwy + iw) /wa) $(2x/wa)s(2(z + iw) /wa) )

The product of the lefthandsides of (5.13) (for j = 1,2,3,4) and (5.14) is equal to A(vy; —z —
iw)w(y; x + iwy), SO
[T s((iw+z+iv)/w)  Gliw £ 2z)
s(2x/w2)s(2(x + 1w) /wa) H?:o G(—iv; + )
= A(y;z)w(y; o),

A(y; —x — iwy)w(y; & + iwy)

which is the result we desired. O

5.2 The Wronskian

We are going to define a pairing (-, ), that for N — oo gives the inner product (-, )%, and an
appropriate wronskian. Proposition 5.5 lets us see how the pairing and the inner product are
connected to eachother through an identity involving both. We will need to calculate some limits
afterwards to finally obtain an expression for the inner product (Ry, Ry/)%,- This expression
will be given in Proposition 5.7 and the proof involves using the wronskian. Obtaining this
expression is the main goal of this section.

For 0 < N < oo, we define a pairing (-, )5 by

N [
i = 4= [ @@t (515)

If f and g are real-valued functions in H,,, the limit N — oo gives the inner product (f, g)#,,. For
functions f, g that are analytic in the strip § = {2z € C | |Im(z)| < w1}, we define the Wronskian

[f, ] by

1.9 = 5 [ [fle+ g - f@lgl+ )] Asautya)de. (5.16)

27 —iw1
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Proposition 5.2. Let f,g be analytic in S = {2 € C | |Im(z)| <wi} and even, then z —
[f,9](2) is odd in z.

Proof. Let I be the function given by

() = o= [F(a + iwn)g@) — F(@)gla + )| Aly; au(y; ),

then [f,g](z) = [ . I(x)dz. Since f,g, and w are even functions in z, and by (5.10)

Z—1iWw1

A(y; —x)w(y; ) = A(y; 2 — dwr)w(y; & — dw ), we have I(—x) = —I(x — iwq). Therefore,

/ I(z)dx = —/ I(—z)dz = / I(x — iwy)dx = —/ I(x)dzx,
Z—1w1 —z+1wq —z4+iwy —z—iw1

which implies that [f, g](z) = —[f, g](—z). We conclude that z — [f, g](z) is odd in z. O

Proposition 5.3. For N > 0 and for even analytic functions f and g in the strip S =
{z € C | |Im(2)] <wi},

<‘C:1’w2f7g>N - <fa [’$17w29>N = [f)g](N) (517)
Proof. For even functions f and g, we have

N —_
(fLo)n = 417T/N f(@)g(x)w(y; z)dz.

Now, we have by (4.24) and the fact that £5"“?g = £L3"*?g that

<[’$17w2f7g>N - <fa £#17w29>N

N - N
= 4 [ e p@a@uteds - 3 [ @ ET e ie)ds
1 (N — S —
= o | [fla—iw)g@) - f@)gla—iwn)| Ay —2)w(yia)da
-N
1 [N S R
| |[Fatin)g(@) - f@)gle +iw)| Al a)w(y;o)da.
T J-N

The first integral can be written as

1 N —iwq

ar ) on [f(z +iw1)g(x) — f(z)g(x + iw1)]A(y; —2 — iwr)w(y; 2 + iws ) d,

Since A(y; —z — iwr)w(vy; z +iw1) = A(y; x)w(v; z) by Lemma 5.1, we have
<[’(fy)1’w2f7 g)N - <fa L(:y)hw2g>N

- =(/ - N) [Fa+ iw0)5@) - F@)gla 0] Al z)uw (s a)do.

— N —iwq

Now we make a closed contour by connecting the straight line from —N to N and the straight
line from —N — jw; to N — iwy at the end points in a straight line, then the integrand has no
poles inside the closed contour. So, by Cauchy’s theorem,

N N —iwy N -N
—-N —N—iwq N —iwq —N—iwq
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and from this, we obtain

1 1
<£$17w2fag>N - <f7£$17w2.g>N = §[f>g](N) - §[f7g](_N)
1 1
= (V) + 5[, 9l(V)
= [fv g](N)v
where we have used Proposition 5.2 for the second equality. O

Corollary 5.4. If f,g are analytic in the strip S = {z € C | [Im(z)| <wi}, f,g € Hyw and
;C‘»‘y')hwgf, Lt’fy-?l,v&g c %w, we have

(LY f, 9, = (f L5792 9) - (5.18)

Proof. The idea of the proof is to look at identity (5.17) and to show that if f, g € H,,, we have
I[f, g](N)| — 0 as N — oo. Because limy_,o(f, 9)n = (f, g)2,, this would imply that we then
have proved this corollary. Let f, g € H,, then

1 N
L) = o [ {f s+ ieng@) - f@gle i } Al eyl z)de
N —_
— 5 [t i) T@AG Dl e

— f(@)g(z +iw) A(y; 2)w(y; z)dz.
27 N—iw,

Note that A(vy;x) has its poles on the imaginary axis and we have the asymptotics (5.25), so it

is a bounded function for all z € Cr = {z € C | Re(z) > 0}. Let M = sup,cc,, |A(7; )|, then

M
4+ —

f.0)] < -

N
/ f(@)g(@ T imn)w(y; 2)de

N —iwq

N
M / F(@+ iw)g(@)w(y; )da

27 N —iwq
M 0
M 0

27 J_,

FIN +i(t +w1))g(N +it)w(y; N 4 it)| dt

+

FIN +it)g(N +i(t + w1 w(y; N + z't)‘ dt

IN

w1
088 SUPLe (N —iuy N i [ (2)9(2)w (73 2))]

+MUJ1
2T

€55 SUPe(y iy 410 [ (@) g (@) (35 ).

All suprema will vanish as N — oo, because f, g € H,,. This implies that limy_, |[f, g](N)| = 0.
Taking limits in (5.17) gives

<‘C$17WQfag>N - <f7 £$17WQ9>N [f?g](N) =0,

lim = lim
N—o0 N—o0

which gives
(L5 £, g, = (F L3 g, -
O

Since the R-functions are eigenfunctions of £57*? for eigenvalue B(v;\), we obtain from

Proposition 5.3 the following result.
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Proposition 5.5. For A # X and R(v;x,\) = Ry(z),

[Ba, RyJ(N) 2[Ry, Ry|(N)

(Rx, Ry)N = B(;A) — B(v; X)) e(2MNws) — e(2N Jws)”

(5.19)

Remark. We used the definition (4.22) of B and the relation s(A—a)s(A4a) = 3[c(2\)—c(2a)]
to see that

B(y:A) — By X) = s((A— it — i30) fwa)s((A + i + i0) /ws) — (A & X)
1 . .
= 5[0(2)\/w2) — c(2(iw + i50) Jw2)] — (A < )
1
= 5[0(2)\/0‘12) — (2N Jwo)]
Next we want to let N — oo in (5.19), so we need the asymptotic behaviour of the R-function
and of A(v;x + iw1y)w(y; x + iwry) for £ — oo and —1 < y < 0.
The asymptotics for the weight w are calculated with the help of the asymptotics (2.27) for
the hyperbolic gamma function.

wiy; 2) = G(iw % 22) _ G2z +w) ﬁ G(z + i)
3
o ex <47rwz> Hexp (27r'yjz)
wiws ) wiws
— 6062(2’3/0-‘1-2{,0) (520)

A(~y;z) consists only of hyperbolic functions, so it should not be too hard to obtain the
asymptotics for this function. Making use of the limits

slatz) 8@t ) raeh) L pec

li =
00 s(b+z) a—ooc(b+2)

and the identity s(2a) = 2s(a)c(a) for a € C, we have

lim A(y;x + iwiy; wi, wa)

T—r00
, [T s((iw + 2 + iwry + iv;) /ws)
lim - - -
z—o0 §(2(x + iw1y) /we)s(2(x + iwry + iw) /wa)
15— s((iw + = + dwry + iv;) /w2)

1255 (o + iwry) o) (@ + iwory) o) e((w + iory + iw) oa)s((@ + wory + ) o)
1

o
= —ew2

. . . . Ty TIY3
(iw+ivo) e 5—2 (iw~+iv1) e ws o Wz

}ewlz(%WHi%).

Note that we have R(vy;x,\) = c(v;2)E(v;x,A)/K(v; \) by (4.26). Therefore we need to look
for the asymptotics of the c-function (4.7). Ruijsenaars proved the following asymptotics for
g(w1,we; 2) in [6, Prop. II1.4]: Fixing € > 0 and setting w,, = max(w;, ws), we have

22 m(wi 4 wd)

s 2darey T Olexp((e—2m/wm)2)), Re(z) = oo, (521)

g(wlaw%z) =
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where g is the integral (2.2). Recall from (2.6) that G(z) = exp(ig(z)), so the asymptotics for
the hyperbolic gamma function are

211

G(w1,ws;2) ~ exp <— [22/4 + (WP + w%)/48]> . (5.22)

wiwz

This means that

3 [ s .
) 2mi (z —iv)?  w?+ w?
| G(z —ivj) exp o Z 1 + 15
J=0 J=0
211 3
= o (2| i+ 3R G 2
w1ws =
and
. 2T (22 4 i)/ + (o] +3) /48]
— ~ ex z 4+ iw wi +w
G(QZ + iw) p %) ! 2

o
= exp <m[z2 +izw — w4 + (w? + w%)/48]>
w12

o
exp( m [z2+izw(w%+w§)/24w1w2/8]) .
%)

For the asymptotics of the c-function, this means that

3
59 = G L6

271 . .
~  exp <w17;2 [v-v/4+ (w% + w% + wiw2)/8 + z(i%0 + zw)])

= x(y)eirfotie), (5.23)
where () is defined by (4.27). We are now ready to calculate the asymptotics of the R-function.

Ra(viz) = K(v,N7'(v; 2, Ne(y; 2)
N(y)e(¥:2) < aox , C=A) A) e otie)
P A S e’LOﬁZ + Aie oz eZOlZ 170 TIwW
x(7) (A3 A) x()
= N(y)eortoti) (C(’?; Ao 4 e(3; —A)e*"m) (5.24)

Altogether we have proved the following proposition.

Proposition 5.6. We have the following asymptotics
1

A(y;2) ~ Zemwl(%ﬂ"), (5.25)
w(y;z) ~ 2ot (5.26)
Ra(132) ~ N()e(§; N @A 0H9) 4 N (y)e(§; —A)e o= A o mi), (5.27)

The asymptotic behaviour of the the pairing (Ry, Ry/)n is crucial for the Ruijsenaars function
transform that we are defining in the next section. The next proposition gives this result.
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Proposition 5.7. For N — oo, we have

c(FeN(FEN) ian(erten) [ —2merjws 27N Jws _awi(EAFEN)
it sge;n} EXTEN  © (e ¢ )(1 c )

y N(v)?
dmiafc(2A /wa) — (2N [wo)]

(5.28)

Proof. Let ©(z) be the function given by
O(x) = Ry (@ + iwn) Ry () — Ra(2) Ry (@ + iwor).
From the asymptotic behaviour (5.27) of Ry we find for —1 <y < 0 and 2z — oo,
O(z + iwry) = Ra(z + w1 (y + 1)) Ry (x + iw1y) — Ra(x + iwry) Ry (z + iwi (y + 1)),
where the second term can be expressed as

Ry (z + twiy) Ry (x +iwi(y + 1))
~ [N (V)elH; A)em(“iwly)(”i%”w) +(A e _)‘)}
Jeialatio GHD) X0+ 4 (V¢ —A’)]

N(7)2 2ia(z+iw1 (y+1/2)) (o +iw) Z C(’ﬁ/; 6)\)6(’3/; g)\/)eia(m+iw1y)(6)\+§)\')_27r§>\//w2‘
e,fe{-1,1}

From this we can see that ©(z + iw1y) for z — oo is the following function

N(7)26*20¢($+’M1(y+1/2))(’?{0+w) Z C(’Ay; EA)C(’?; g)\/)eia(x+iw1y)(€)\+£)\’) (6727r€)\/w2 _ 6727r§/\’/w2>
efe{-1,1}

Using the asymptotic behaviour of A(vy;x + iwiy)w(v; z + iwyy) for x — oo gives

O(x +iw1y) Al + iwry)w(y; © + iwiy)

2
N(’V) 672a(:r+iw1 (y+1/2))(Fo+w) elow (Fo+w) 62a(x+iw1 y)(Jo+w)

4
« Z C(’Ay; E)\)C(’A)/; gA/)eia(x+iw1y)(6)\+£)\’) (6727&:)\/(4)2 o 6727r£)\’/w2)
g,¢e{-1,1}
2
_ N(fy) Z C(;Y;é_)\) (’)/7§A) ia(z+iwry) (EAFEN) (e—27r5)\/w2 - e—27r§)\’/w2)

5766{7171}

Note that most of the factors in this expression are independent of y. Recalling the wronskian
(5.16), we calculate by using the substitution x = N + iwyy

44



[R)\a R)\/](N)
1 N
= — O(x)A(y; x)w(v; z)dx
27 JN—iwn
. 0
- 12“7:/ O(N + iw1y) A(v; N + iwry)w(y; N + iwry)dy
-1
. 2
L wiNO)” D elFeN)e(F3 €N e N EATEN) (e*%”/“? — 6*2’@’/”)

8 ece{-1,1}

0
« / efawly(s)\Jrf)\’)dy
—1

_ N(v)? Z C(’AY;EA)C(’?;g)‘/)eiaN(s)\Jrf)\’) <€72m,\/wQ _ e*?ﬂ'f/\’/&)g) (1 _ eawl(s)\JrE)\’)) _
8mic eXF+EN

5756{7171}

Note that we have used dominated convergence to justify the interchangement of the limit and

the integral. We obtain the desired result by using (5.19), which gives the link between the

Wronskian [Ry, Ry](NN) and the pairing (Ry, Ry)N- O

5.3 The Ruijsenaars function transform

The last steps towards the main goal are taken in this section. The RFT F is defined and we will
determine which conditions the functions f must satisfy in order to have a convergent integral
transformation. We will also find an inverse integral transformation and finally show that the
RFT is a unitary operator in Proposition 5.9. In this section we assume \, X’ € R.

Proposition 5.8. Let f be an even and continuous function, satisfying

fo) =0 (yA|—1—€e—aW<%+w—wl>) , A= o0, €>0. (5.29)
Then
Q . & _fY)
e . /_ )R Ry wdh = B (5.30)

Proof. Proposition 5.7 gives us a representation of (Ry, Ry/)ny. We multiply both sides with an
arbitrary function f()), and we integrate over A from —oo to co. The function f must satisfy
the condition (5.29) which will be proved at the end of this proof. When using Euler’s formula

e = cos(z) + isin(z), z€R

and letting N — oo then gives

i [ O Ryl

N—oo

2 [e¢)
- N / FO) {1 (A) cos(aN (A + X)) + g2(A) sin(aN (A + X))

4micy
sin(aN (A — X))
ST d,

+1h3(A) cos(aN (A = X)) + ()
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where

<6—27ra/\/w2 _ e—27ra>\’/w2)

C(;y; E)\)C(;Y; 8)\/) awie(AX)
¢1(/\) Z € by =+ by C(2A/W2) — 6(2)\//(,02) e )
ee{-1,1}
by = i 3 AN ey (e72meMn — gm2me fen)
2 7 A+ N c(2M\ Jwa) — (2N Jws)

1— eawle()\Jr)\’))
ee{-1,1}
6—27reA/w2 _ 627ra)\’/w2>

() = ) ﬁﬁﬁﬂd%—aq(

1 _ eawle(/\—)\’))
A= N c(2X Jwa) — (2N Jw2)

ee{-1,1}
(6727&:)\/4‘)2 _ 627r5)\’/w2)

(2N /wa) — (2N Jwa)

vaN) = i Y elFreN)e(d; —eN)

1— eawls(/\f)\’))
ee{-1,1}

From the Riemann-Lebesgue lemma, we find that the terms with v;, ¢ = 1,2, 3, vanish, provided
that fi; € L'(—00,00). We recognize the term with 14 as a Dirichlet integral. Using the well-
known property (see [2, section 9.7]) for Dirichlet integrals

: N GG )))
lim — ———dxr = 5.31
dm =) ) e =9y), (5.31)
for a continuous function g € L'(—o00,00) we obtain
) o0 B sm(aN()\ )
Jim [ )R R = VOE i / P T AT
N()?

= =) Jim ().

dTice
We have to compute the last limit by using L’Hopital’s rule. If we compute the following

1— eawls()\f)\’) awie(A=X)

lim = lim —204(,&1'156
A=N (2N Jwa) — (2N Jwa) A=x ZEsinh (270 /ws)

27r
w2 E

Z—’; sinh(27 )\ /ws)
-
sinh(27 )\ /ws)’

then
1— eawle()\—)\’)

li A) = 2 5 eX)e(d; —eX)e sinh(—27 )\ - i
Al—{rxlfw() ! E{zgl}c(%g Je(3s —eX)e sinh(=2mX /ws) AL c(2M\/w2) — (2N /wa)

= 2 Z e2c(y;eN)e(3; —eN)

ee{-1,1}
= dic(y; N)e(F; =X).

Now, this implies that

i [ FO) Ry oo =

N—oo J_



The asymptotic behaviour of v;, for i = 1,2, 3,4, can be obtained by using that we have
c(4; ) =0 (e_o“)‘|(70+‘”)) , Al = o0

. [e(2)Jw2) — c(2XN Jwa)] L = O (W‘AVW) -0 (eWIIAI) DY

where we have used the asymptotic behaviour of the c-function that we calculated in (5.23).
Then we find, for ¢ = 1,2, 3,4,

i) = O (M=)} |3 oo,

So, if f satisfies the conditions in the proposition, then fi; € L'(—o0, o). O

We are now ready to define the RF'T, give its inverse and show that it is a unitary operator.
Let us first define the space Hy which contains all functions f that are even and continuous,
and satisfy

fle)=0 (|$]_1_Ee_o‘|x‘(%+‘“+wl)) . |z = oo, €> 0. (5.32)
Let Ho be the space that contains all functions g that are even and continuous, and satisfy
g\ =0 (\)\\_1_66_0‘|’\|(70+w+w1)) . A = o0, €> 0. (5.33)

Theorem 5.9. For f € Hy let the Ruijsenaars Function Transform be defined by

(FH () = / £(2) Ry (@)w(y; 2)de (5.34)

2w1w2

and for f € Ho let F be given by

(Ff)(x) = / SR (@)w(F; \)dA. (5.35)

2&)1&)2

If g € Ho, then (]—"(]:"g))()\) = g(A) and for f € Hy we have (ﬁ(]—"f)(x) = f(x).

Proof. Let us first look at convergence of the RFT. By the asymptotics (5.26) and (5.27), we
have ) )
w(y;z) =0 (620‘|x‘(7°+w)> and Ry(z) =0 (e_o‘mh”‘”)) |zl = oo

This means that when f € Hj, that
[(@R(@w(z) = O (jo| '~ e™0r)  — f@)Ra(@)w(z) € L'(R).
This means that F is well-defined on Hg. In the same way we can show that F is well-defined

on #Ho. Because Ry(x) is even in = and ), we can directly see that (Ff)(x) and (Ff)(\) are
even functions in z and )\ respectively.
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Let g € Ho and define f(A) = w(4; \)g()\), then f satisfies the conditions given in Proposition
5.8. Then we have

(FFDHW) = W /- (W [ oG NN Rt e
- W g [ f < / Raz )RX(x)w('y;m)dx> i
~ o [ VR Ry
- texy ~ )

By duality, we obtain (F(Ff)(z) = f(z) for f € Ho. O

Theorem 5.10. Let f,g € Hg, then

(FLF P, = [ 9 Ho- (5.36)

Consequently, F extends uniquely to a unitary operator F : Hy — Hep-

Proof. We are first going to show for f, g € Ho that (]:'f, ﬁg)Hw = (f, 9)n,- From Proposition
5.8, we obtain by using Fubini’s theorem

. R 1 N —
FrFom, = Jm - [ EN@FE)@utiad
— [ OB R At X)dadx
1 [ ; ,
= & [ R = (g, (537)

It is now clear from (5.37) that we have shown that

For the second part, we have S(R) C Ho C H, C L?(R), where S(R) is the Schwartz space that
consists of rapidly decreasing functions in the sense that

sup |z|¥| fU(z)] < 00, k1 € Zso.
z€R

It is known that S(R) is dense in L?(R), which implies that Hg is dense in H,. So for every
f € Hy we can find a sequence of functions (f,,)22, C Ho such that || f, — fl, — 0 as n — .
This means that (f,,)52, is Cauchy:

| frn — fill, — 0, for m,n — oo.
Note that F is a linear operator, so by (5.38)

| Ffr — F fnllre = IF(fn = fo)ll2e = 1fn — finll3, — 0. (5.39)

So (Ffn)peo is Cauchy in H, hence it converges. We call the limit F f. This defines uniquely
Ff for any f € Hy. O
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A nice property that follows from the symmetry (5.18) is given in the next proposition.
This proposition says that the RFT interchanges the AW-difference operator £5"*? with a
multiplication operator.

Proposition 5.11. Let f € H,, and M;‘)})’\w be the operator of multiplication by B(y; \;w1,w2).
Then we have

fﬁwlyw2f M"le“’2 Ff. (5.40)

Proof. The Ruijsenaars function transform F (5.34) can be written as Ff = (f, Ry),, for every
f € Ho. Let (fn)5%, C Ho such that || fr, — f|l3., — 0 as n — oco. Thanks to the symmetry (5.18)
and the eigenvalue equation (4.25), we can make the following deduction for every f,, € H

-7:‘0:;1’0& fn <Ewl7w2fna R)\>Hw
= (fn, L5V Ry,
= (fn, B(yi N BA)n.,
MEKEF f (5.41)
Letting n — oo gives the desired result. O

Remark. Note that this Proposition gives the same kind of result as identity (1.27) in the
introduction. Here we have an integral transformation that interchanges a differential operator
with a multiplication operator.
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Chapter 6

Further research: Discrete spectrum

In Chapter 5, we defined the RFT in case |yj| < w for all j = 0,1,2,3. In case we have
v < —w for at least one j = 0,1,2,3, we have the situation that the upward- and downward
pole sequences (5.3) of w(vy; x) will cross the real axis. In this case we need an integration contour
that separates the upward pole sequence from the downward pole sequence. By deforming this
contour to the real axis, we pick up residues of the weight w. So the measure dw has discrete
mass points in this case. This chapter discusses how this can be done.

6.1 The Hilbert space H, with discrete spectrum
Recall from (5.3) that the poles of the weight function w(~;z) occur at

2,(v;) = 6 (i + iw + ikwy +ilws), k1€ Zsg, §=0,1,2,3, 6§ =+, —. (6.1)
For j € {0,1,2,3}, we define the set D; by

D; = {:U = ﬂ:;l(’yj) | k,1 € Z>0, Im (azzl(%)) < O}, (6.2)

and let D = Dy UD; UDyUD3. Note that D is an ‘empty set in case v; > —w forall j =0,1,2,3
and that it is always a finite set. We also define D =Dy UD; UDy U Dg, where

Dj = {z=a},(%) | k.1 € Zo, Im (z;,(%;)) < 0}. (6.3)
We define the measure dw(-) = dw(v;-) by
/ f(z)dw(x / f@)w(y;x)dx + - Z f(x Res w(y; 2). (6.4)
Z‘ED

In case v; > —w for all j =0,1,2,3, the second term on the right-hand side of (6.4) will vanish
beacause we will not have to deform the contour of integration. If x € Dy, we have explicitly

G(Qi”yo + 3iw + 2tkwy + 2ilw2)
Res w(vy;z) = 3
F=iyotiwtikw +ilws = G(=iv; 25(70))
27 an:l sin(mmwy /wa) Hﬁlzl sin(mnws /w1 )

iz (— DF(—1 /2 |

where we have used the residues for the hyperbolic gamma function in Proposition 2.2 (2.24)-
(2.26). We want the residues of the measure dw(-) to be positive. Using the difference equations

(6.5)
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for the hyperbolic gamma function (2.12), we can always (for example) write G(2ivy + 3iw +
2ikwy + 2ilwy) as S(wi,w2)G(u(wr,w2,70)). Here we have that S(wi,ws2) is a multiplication of
hyperbolic functions and u(wy,wa,v0) € i(—w,w). In this case we know that G (u(w1,ws,70)) > 0
because of (2.21). We can force all the arguments of the G-functions in (6.5) to be such that we
have only positive G-functions, but we will be left with a lot of hyperbolic functions to be dealt
with. And we certainly do not have a unique way of carrying out this procedure in case (say)
wy is very small compared to wy. We assume that dw(-) is a positive measure from now on.

We also define the measure dw(-) = dw(¥;-) by

/f()\)dw 477/ (X AN\ + - Zf JRes w(¥; 2), (6.6)

)\GD

where we also assume that the residues in this expression are positive. We define again the
Hilbert space Hy = Hw(y) = L? (R,w(y;x)dr) to be the Hilbert space consisting of even
functions that have finite norm with respect to the inner product (-, )3, defined by

— / f(@)g(@)du(z). (6.7)

In the same way we define the Hilbert space Hy = Hy(§) = L2 (R, w(4; A\)d\) with inner product
(-, )7, defined by

- / FO) Vi (A). (6.8)

6.2 The Wronskian with discrete spectrum

We naturally have to change the definition of the pairing (-,-)n. For 0 < N < oo, we define a
pairing (-,-)n by
/ f(z w(vy;z)de + - Zf Res w(7; 2). (6.9)

xED

If f and g are real-valued functions in #H,,, the limit N — oo gives the inner product (f, g)3,,. For
functions f, g that are analytic in the strip S = {z € C | [Im(z)| < w1}, we define the Wronskian

[/, 9] by
£.96) =5 [ [fle+ g - f@lgl+ i) Asau(ya)ds. (6.0)

Note that the definition of the wronskian has not changed. The proofs of Proposition 5.2 till
Proposition 5.7 remain unchanged in case we define the pairing as in (6.9), except for a slight
change of the integration contour in the proof of Proposition 5.3. This means that all results in
section 5.2 remain unchanged.

6.3 The Ruijsenaars Function Transform with discrete spec-
trum

In this section we define the RFT with the discrete spectrum. The discrete spectrum plays a role
if the upward pole sequences D contain points under the real axis. Otherwise we can continue as
in Section 5.3. The discrete spectrum brings some extra calculations with it, which are carried
out from Section 6.3.2.
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6.3.1 Continuous spectrum

We assume first that A\, \' € R. Everything still remains the same until we reach Theorem 5.9.
We will take it over from here and continue with the new measure.

Let the space Ho be defined as
Ho = {f € My, continuous, f(x) = O (|9:]*1*€e*°‘|‘f”‘(%+”+‘“1)) for |z| — oo}. (6.11)

Theorem 6.1. For f € Hg let the Ruijsenaars Function Transform be defined by

(FH ) = / F(2) Ra () duw(a) (6.12)

20.}10.]2

and for f € Ho let F be given by

. 4
FN@) = S [ IR @) (613)
We denote the continuous part of the above integral by F.f, that is,
FNON = Ty [ F@RA@ulsa)de (6.14)

If g € o, then (.7-"(.7:"09))(/\) = g(\) and for f € Hy we have (ﬁ(]—"f)(x) = f(x).

Proof. Let g € Ho and define f(\) = w(§; A\)g()\), then f satisfies the conditions given in
Proposition 5.8. Then we have

(FFa)) = J% o/ ( ﬁm [ am@RGND ) Ry (et
_ W [ (/_]jVR,\(@RN(:U)w(v;:E)dx
+= ZRA )R (2)Res w(y; )) d\
25
- N(O;A}gnoo/ FOV (R, Ry ) vdA
= S o
By duality, we obtain (F(Ff)(z) = f(z) for f € Ho. O

6.3.2 Discrete spectrum

In this subsection, we assume that A € D and that the set D (6.3) is not empty, so Im(\) < 0.
First we show that R) is orthogonal to Ry if X # A.

Proposition 6.2. For A € D, XN € supp(d), and X # X,

(Rx, Rx)w, = 0. (6.15)
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Proof. Recall the definition of D at (6.3). From Proposition 5.7 we know that

c(§;eN)e(3:6N) N(eM+EX) [ —2meN/ N (EAHEN)
<R)\aR)\’>N ~ Z - etalv(e <6 TEA W2 _ =27 2) (1 _ eowile )
efe{-1,1} EAFEA

y N(v)?
dmiafc(2NJwa) — (2N Jwa)]

From the zeros of the c-function (4.10), we conclude that ¢(9;A) = 0 when A € D. So in case
A € D, we have

c(F; =N)e(F1EN) aN(ateN) (L2mNjws . —2mEN fuws awi(“AEN)
(Rx, Ry)n ge{;l} A+ N ¢ (6 € >(1 e )

y N(v)?
dmiafe(2X /wa) — c(2N Jwa)]

(6.16)

Recall that for A € D, we have A € iR—q. Then it is clear that for N € R, the right-hand side of
(6.16) tends to zero for N — oo. In case ' € D, we have again by (4.10)

C(’AY; _)‘)C(’:y; _)‘,) —iaNA+X) [ 27\ Jwe 2w\ Jwa —awi (A+X)
(Rx, Ry)N IS e (e e > (1 e >

N(y)?

6.17

" dmialc@N o) — c@N Ja)]’ (6.17)

with Im(A + A') < 0. So in this case the right-hand side also tends to zero for N — oo. O
It remains to calculate the squared norm of R) in case \ € D.

Proposition 6.3. For A € D,
N(7)? o)
_ . 1
(Bx, Bohn, = 5= | Res w(¥; ) (6.18)

Proof. We use expression (6.16), where we let A’ — X\. Then for large N,

) N(7)2C("Ay; _)\)2 AN oo ) eQﬂv\/wg o 6271-)\’/44)2
1 Ry, Ry ~ e 1-— L) ]
s (R, B ) —8miah ¢ ( ¢ ) N (20 Jwa) — c(2X fwn)
+N(’y)2 (22 fa)els ) 1 c(3; ) (1 — eawl(X—A)> (6.19)
s wa)c(y; —A) lim . (6.
Imic 20 A BN OV = N [e@M wa) — (2N /ws)]
By using L’Hoépital’s rule, we are able to find the following limits
2 X Jwe _ 27N Jwe 2w\ Jwa
lim — ¢ - £ (6.20)
N (20 Jwa) — (2N Jwa) s(2M\/wa)
1— eawl()\'—)\) 1
li = —. 6.21
s c(2X\ Jwa) — (2N Jwa) s(2M\/wa) (6:21)

Considering that (6.20) is independent of N as well as the second term, we can see from (6.19)

that X
_ ao ca
(Rx, Ry )1, = c(§; =) )\1/131)\ Vo

lim
N—A
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Using that ¢(%; \')/(N — ) has only simple poles, we can calculate the last limit as follows

Ce(N) L N =ANT 1\
N - W) TS ey (6.22)

This finally results in

2 —1
(Ra, B, = 201 <5e§ w(’y;X)) .

2mia
O
6.3.3 The Ruijsenaars Function Transform
Combining Propositions 5.10 and 5.11 with Theorem 5.9 gives the following theorem.
Theorem 6.4. The Ruijsenaars Function Transform F, defined by
FHN = g [ @) Ba(a)du(a) (6.23)
= )Ry (z)dw(x .
V2wiwa N (7)

extends to a unitary operator F : Hy, — Hy, and its inverse is given by F ' = F.

Proof. First we show that F o F is the identity operator on Hgy. The proof for the continuous
part of F is Theorem 5.9. Therefore we just write down the proof for the discrete part of F.
We denote the discrete part of the RFT by F,, that is,

(Faf)(\) = Zf z)Res w(7; 2). (6.24)

\ 2w1w2N

Let g € Ho. Recall that D is a finite set, then we obtain from Propositions 5.10 and 5.11,

- N 4m e x)Res w(¥; z r(x)aw(x
FFROY) = e | TN 2 e v352) | B @)
2micy Sy 2 R (2)dw(
= RO Do v ([ m@rv@au)
2T
= 5 ) 9(NRes w(¥; 2) (R, Ry )n,
N()? xeD -
0, N eR,
- {gm, X e D. o

The interchangement of the integral and the sum is justified by the fact that we take the sum
over a finite set. Combining the above result with Theorem 5.9 and the fact that (F(Fg))(X) =
(F(Feg + Fa9))(N), we obtain the desired result. By duality, we obtain (F(Ff))(z) = f(z)
for f € Hgp. The Plancherel identity can be proved as in Theorem 5.10 and F can be extended
similar as in Theorem 5.10. O

The proof of Theorem 5.13 runs along the same lines in case dw and dw have discrete mass
points. The proof of Proposition 5.14 remains the same. We see now that the results in this
chapter are the same as in Chapter 5 if we take the discrete spectrum into account.
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