
 
 

Delft University of Technology

Monodisperse behavior of polydisperse flows

Polanía, Oscar; Renouf, Mathieu; Cabrera, Miguel; Estrada, Nicolas; Azéma, Emilien

DOI
10.1103/PhysRevE.111.L043401
Publication date
2025
Document Version
Final published version
Published in
Physical Review E

Citation (APA)
Polanía, O., Renouf, M., Cabrera, M., Estrada, N., & Azéma, E. (2025). Monodisperse behavior of
polydisperse flows. Physical Review E, 111(4), Article L043401.
https://doi.org/10.1103/PhysRevE.111.L043401

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1103/PhysRevE.111.L043401
https://doi.org/10.1103/PhysRevE.111.L043401


Green Open Access added to TU Delft Institutional Repository 

'You share, we take care!' - Taverne project

https://www.openaccess.nl/en/you-share-we-take-care

Otherwise as indicated in the copyright section: the publisher 
is the copyright holder of this work and the author uses the 
Dutch legislation to make this work public. 



PHYSICAL REVIEW E 111, L043401 (2025)
Letter
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Granular flows can occur under low inertia conditions, called the quasi-static regime, and extend to highly
inertial systems, called the inertial regime. In the latter, granular flows, particularly those having a variety of
grain sizes—property known as polydispersity—have not been extensively studied. Existing rheological laws
for monodisperse flows effectively capture volume and friction variations across inertial ranges, assuming the
grains diameter as the flow characteristic length. For polydisperse materials, this assumption is less intuitive, and
rheological laws cannot be extended straightforwardly. In this work, we employed the Discrete Element Method
to study granular flows across varying inertial levels, aiming to identify a physically based length scale that
represents the grain scale for polydisperse flows. We show that the average branch length (i.e., distance between
the centers of contacting grains) is a representative value of the material’s grain size distribution, remaining
nearly constant across the explored range of inertia. Moreover, we show that monodisperse and polydisperse
flows follow common inertial volume and friction laws when the average branch length is considered as the
characteristic length. The findings of this work propose a new perspective for understanding the characteristic
length of granular flows, providing a comprehensive interpretation based on the grains contacts. They also permit
to extend rheological laws, initially proposed for monodisperse flows, to polydisperse flows by considering
the characteristic length scale as the average branch length. Finally, Our results are useful for choosing the
characteristic length that controls large-scale flows where polydispersity plays an important role.

DOI: 10.1103/PhysRevE.111.L043401

Introduction. Granular flows are complex processes where
grains interact through contacts that develop extensive and
constantly evolving force networks [1]. These flows are in-
volved in many scenarios and scales, from geophysical mass
flows such as landslides, debris flows, pyroclastic flows, and
snow avalanches to industrial processes like pharmaceuticals,
food production, and construction [2]. Granular flows are pro-
cesses where large deformations occur, reaching a state where
plasticity develops and irreversible shear deformations begin
to accumulate, while the material packing fraction φ and the
effective friction μ fluctuate around approximately constant
values.

In dry flows, the collective motion of grains and the macro-
scopic features, such as volume and strength, are governed
by the system inertia. A dimensionless quantity, called the
Inertial number, defined as

I = γ̇ d√
P/ρ

, (1)

has proven extremely useful for describing granular flows
[3,4]. The inertial number I can be interpreted as the ratio

*Contact author: mathieu.renouf@umontpellier.fr
†Contact author: m.a.cabrera@tudelft.nl
‡Contact author: n.estrada22@uniandes.edu.co
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between two time scales: the global deformation time τγ =
1/γ̇ and the confinement timescale τc = d/

√
P/ρ. In Eq. (1),

γ̇ , P, d , and ρ are the shear deformation rate, the confinement
pressure, the characteristic diameter, and density of the grains,
respectively. Granular flows can occur under low-inertia con-
ditions, with long-lasting contacts in a quasi-static regime
(I � 10−3), and extend to highly inertial systems where grains
interact through collisions and brief contacts in the so-called
dense regime (10−3 � I � 1). For I � 1, granular flows are
characterized by few grains in contact, interacting primarily
through nearly instantaneous binary contacts [5,6].

Steady granular flows, from quasi-static to dense, follow a
friction law μ(I ) that works for the case of nearly monodis-
perse grains [7]. Moreover, the relevance of I can be extended
to account for volumetric variations through a volume law
φ(I ), which captures the state changes of granular materials
[8]. The laws μ(I ) and φ(I ) are well established within the
granular materials community, being successfully used in a
large set of studies on granular flows (for some examples,
see [9–14]). In this inertial model, granular rheology depends
on a characteristic length scale of the mechanics at the grain
level and this length is the grains’ diameter d [see Eq. (1)]
[5,15,16].

Granular flows, and especially those involved in large-scale
processes [17–19], consist of grains of different sizes, a prop-
erty known as polydispersity. In polydisperse flows, defining a
characteristic diameter d is not intuitive due to the wide range
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of grain sizes within the material’s grain size distribution
(GSD). This is a major concern, because, in order to straight-
forwardly extend μ(I ) and φ(I ) to polydisperse materials,
it is needed to account for a length scale that characterises
the flow. For quasi-static flows, different studies have shown
that μ is independent of the polydispersity level [20–26],
implicitly suggesting that μ at low I is independent of the
characteristic length scale. Contrarily, for granular flows in
the inertial regime, despite the efforts carried out in previous
studies [27–35], the choice of a characteristic length is not yet
well established within the community.

Our objective is to determine if there is a physically
based length scale such that the laws φ(I ) and μ(I ), initially
proposed for monodisperse flows, remain valid for poly-
disperse flows. To do this, we conducted three-dimensional
numerical simulations using the Discrete Element Method
(DEM) to study granular flows in a simple shear configura-
tion. We studied samples with different polydispersity levels
and systematically varied the system inertia across orders of
magnitude, ranging from quasi-static to inertial (or dense)
flows. We explored whether length scales obtained from the
grains participating in the force contact network, such as the
average branch length (i.e., the distance between the centers
of contacting grains) or the average grain diameter, are repre-
sentative of granular flows and if they can describe the flow
macroscopic behavior.

Numerical tool and setup. The simulations conducted for
this study were carried out using DEM of the type Non-
Smooth Contact Dynamic (NSCD) [36]. The NSCD method
updates grain positions based on a set of inequalities that
relate the impulse and the local relative velocity, eliminat-
ing the need for elastic repulsion or friction smoothing. In
polydisperse assemblies, regularized contact models require
stiffness parameters that depend on grain size, leading to non-
trivial calibration issues. In particular, the penetration allowed
by such regularization does not scale uniformly with particle
size, potentially introducing artificial effects. This issue may
be critical in polydisperse granular flows where small grains
can transiently reach high velocities, inducing spurious wave
propagation that constrains the choice of time step. By for-
mulating contact interactions through non-smooth constraints,
NSCD avoids these challenges, making it a suitable approach
for studying polydisperse granular systems. Simulations were
done with the open source software LMGC90 developed in
LMGC, Université de Montpellier, France [37].

We defined the polydispersity level as λ = dmax/dmin,
where dmax and dmin represent the maximum and mini-
mum grain diameters in the sample, and explored systems
with λ = [1.2, 4.0, 6.0, 8.0]. With these levels of polydis-
persity, we studied granular assembles with initial packing
fractions φ0(λ) = [0.60, 0.67, 0.71, 0.78]. Our samples were
built within a box of dimensions Lx = 15d50, Wy = 8d50, and
Hz ∼ 16d50 with d50 = 1 mm being the diameter holding the
∼50% of the cumulative mass and also representing the mean
value between dmin and dmax. We defined periodic boundaries
in the XZ and Y Z planes. In the XY planes, two rough clusters
composed of grains with a diameter d50 impose the bound-
ary conditions. A constant force FZ = ±22.5 N is applied
to the rough clusters, exerting a confinement pressure P =
FZ/(LxWy), along with a constant horizontal velocity ±Vx (see
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FIG. 1. Monodisperse (λ = dmax/dmin = 1.2) and polydisperse
(λ = 8) samples during shearing. Bottom and top roughs clusters
composed of spheres with diameter d50 = 1 mm impose constant
force FZ and velocity VX . The color bar presents the grains velocity in
the x axis. The zoom presents the local geometry of a contact, with n,
t , f , and r being the normal and tangential unit vectors, the contact
force, and the radii of the grains in contact, respectively. The blue
plane represents the tangential contact plane.

Fig. 1). The velocity Vx was chosen to study granular flows
within a range I (d50) ∈ [1 × 10−4, 5 × 10−1], with d = d50

and γ̇ = 2Vx/Hz [see Eq. (1)], allowing us to explore granular
flows from quasi-static to dense regimes. In our simulations,
gravity was set to zero; therefore, size segregation is not likely
to occur (see Appendix A in the Supplemental Material for
more details on the numerical setup [38] (including Refs.
[39,40])).

Macroscopic behavior. The agitation caused by increasing
I provokes an expansion of the material, resulting in systems
with a lower packing fraction φ. This is shown in Fig. 2(a). In
our case, as in previous studies [4,9], the relationship between
φ and I for monodisperse systems follows a linear trend.
Specifically, for our results, this relationship is well described
by φ(I ) = φ0(a − bI ), where φ0 is the packing fraction in the
quasistatic limit as I → 0, and the constants a and b represent
the initial sample dilatancy and the rate of inertial volume
change, respectively. For all λ, φ consistently decreases with
I , following approximately parallel trends that depend on the
initial packing fraction φ0. Hence, within the range of I ex-
plored in our study, the initially densest systems—those with
the greatest λ—remain the densest after reaching the steady
state. It is important to highlight that for larger I , when the
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FIG. 2. (a) Packing fraction φ and (b) effective friction μ as
functions of the inertial number I (d50) for all polydispersity levels
λ. In (a), the dotted line follows the inertial volume law φ(I ) =
φ0(0.93 − 0.25I ) with φ0 = 0.6, and the horizontal lines present the
reference values of a random loose packing φl = 0.55 and a random
close packing φc = 0.64 of monodisperse spheres [41]. In (b), the
dotted line is the friction law presented in Eq (2) with μs = 0.34,
μ2 = 0.73, and I0 = 0.28. The inset presents the same information
in semi-log scale.

φ is less than the critical for which rate-independent compo-
nents of the stresses arise [42], it is necessary to use different
volume laws, such as a power function [43,44].

The other macroscopic feature that we evaluated, the
macroscopic friction coefficient μ, exhibits a systematic in-
crease with I , calculated with d50 according to Eq. (1), for
all values of λ. This is shown in Fig. 2(b) [see Appendix B
in the Supplemental Material for the computation of μ [38]
(including Ref. [45])]. The increase in μ occurs because an
increase in inertia causes the grains to interact through short-
lasting contacts, leading to high linear momentum transfer and
large contact force magnitudes [46–49]. In our case, μ for
monodisperse samples agrees with the inertial friction law

μ = μs + μ2 + μs

I0/I + 1
, (2)

where μs is the friction coefficient when I → 0, μ2 is a satu-
ration friction value for large I , and I0 is a material constant
[7]. This law, originally proposed for monodisperse flows, de-
scribes well the behavior of polydisperse samples for I � 0.1,
allowing us to confirm and claim that μ remains independent
of λ for a broad range of I [32]. However, for I > 0.1, μ

for polydisperse flows deviates from the trend, exhibiting an
apparent decrease in effective friction compared to monodis-
perse flows.

System micromechanics. From a micro-mechanical per-
spective, the increase in μ(I ) is produced by an increase in the
system disorder, expressed as the anisotropies of the contact
and force distributions [50,51]. Specifically, the quantities

0.3 0.4 0.5 0.6 0.7

0.3

0.4

0.5

0.6

0.7

0.
5(
a c

+
a l

+
a n

+
a t

)

I(d50)

1.2 8.04.0 6.0

FIG. 3. Correlation between the effective friction μ and the ad-
dition of the fabric (ac and al ) and force (an and at ) anisotropies.
The markers shape stands for the polydispersity level λ, and colors,
from the darkest to the lightest, represent the increase of the inertial
number I (d50) ∼ [10−4, 0.5]. The line represents the 1 : 1 ratio, and
the error bars represent the variability in the steady state.

that build μ in a granular material are the anisotropies of
contact orientation ac, branch length al , normal forces an, and
tangential forces at [20,22,52]. Generally speaking, ac and al

describe the geometric organization of the granular structure.
ac characterizes the spatial connectivity of contacts, while al ,
which is more sensitive to the grain size distribution, captures
the spatial arrangement of the grain positions. On the other
hand, an and at describe the force network. an quantifies the
directional distribution of normal forces, while at reflects the
spatial organization and mobilization of friction forces within
the material. These anisotropies, originally proposed from the
polar distributions of contacts and forces [50], can be also
obtained using the fabric and force tensors [53] [see Eqs. (C1)
and (C2) in the Appendix [38]).

The addition of fabric and force anisotropies is equiv-
alent to the macroscopic friction of granular materials as
μ � (ac + al + an + at )/2 [50]. This correlation has been
shown to work accurately for monodisperse flows within
quasi-static and inertial regimes [51], as well as in polydis-
perse flows in a quasi-static regime [20,22,25,52]. Here, we
extend the accuracy of this friction-anisotropy correlation and
evidence that it holds true for polydisperse flows even in the
dense regime, as shown in Fig. 3. This result allows us to rely
on the individual anisotropies to understand the relative decay
of μ for polydisperse flows compared to monodisperse ones
[see Fig. 2(b)].

A close look at the anisotropies variation with I reveals
that, in the quasi-static regime I � 10−3, μ is independent of
λ due to the compensation between ac and an. Then, for larger
I , an increase in μ is mainly due to an increase in ac, while the
other anisotropies remain approximately constant [51]. This
increase occurs more rapidly in monodisperse flows, leading
to a faster growth in the macroscopic friction when compared
to polydisperse flows with a common inertial number I (d50)
[see the individual fabric and force anisotropies as a function
of I in Fig. 2 in Appendix B of [38] (including Refs. [54,55])].
However, a strong assumption underlies these observations,
namely the use of d50 as the characteristic length scale. Thus,
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FIG. 4. Variation of the mean branch length 〈l〉 (filled markers)
and the mean grain diameter of the grains with active contacts 〈d〉
(empty markers) as functions of (a) Vx/

√
P/ρ and (b) λ. In (b), the

results present 〈l〉 and 〈d〉 averaged for each GSD across all Vx .
The vertical error bars (included only for 〈l〉) represent the mini-
mum and maximum first and third quartiles, respectively, obtained
for the data series of each λ. The grey region is delimited by the
Sauter-mean diameter dS = ∑N

i d3
i /

∑N
i d2

i (upper limit) and the

root-mean-cubed diameter drmc = (
∑N

i d3
i /N )

1/3
(lower limit) of the

GSD. Makers shape (see legend of Fig. 2) and color represent the
polydispersity level (with the lightest and the darkest being λ = 1.2
and 8.0, respectively).

an important question arises: Is d50 actually a good choice for
computing the inertial number I?

Characteristic length scale. The diameter d is a first order
coefficient for computing I , and it is the only variable in it
that could account for polydispersity. In the definition of I ,
d is interpreted as the effective displacement necessary for a
local relaxation in the confinement time scale τc. Thus, this
displacement defines the length scale for I . For monodisperse
systems, the branch length l , or the distance between the
centers of contacting grains (see inset in Fig. 1), is equal to
d . While in polydisperse systems, due to the variety of grain
sizes, one has a distribution of l and d . Therefore, with the
aim of identifying the representative length scale in the stress
contribution [56], we find that the averaged values 〈l〉 and
〈d〉—the latter restricted to grains participating in the force
network—remain nearly constant over a wide range of flow
velocities. This is shown in Fig. 4(a). This result is notable
because it shows that both 〈l〉 and 〈d〉 can be considered
characteristic length scales, being a sort of fingerprint of the
system GSD. Since we use linear volume GSDs, both 〈l〉
and 〈d〉 decrease with the polydispersity level λ, as the GSD
widening implies an increase of the number of small grains in
the system. A notable observation is that 〈l〉 and 〈d〉, which
are exclusively obtained from the grains participating in the
force network, evolve similarly to those of the Sauter-mean dS ,
equivalent diameter that accounts for the volume-to-surface
ratio [57], and the Root-mean-cubed diameter drmc, respec-
tively [see Fig. 4(b)]. These equivalent diameters, obtained
from the GSD, have been previously proposed as character-
istic length scales of polydisperse systems [27,30].

The length scales 〈l〉 and 〈d〉 are values obtained from the
contact network, and it is not possible to obtain these values
directly in natural or industrial granular flows. However, a rel-
evant aspect of the result presented in Fig. 4(b) is the potential

(a)

0.0 0.1 0.2 0.3 0.4 0.5 0.6
I( l )

0.2

0.3

0.4

0.5

0.6

0.7
(b)

10 2 10010 4 10 2 10010 4

1.2 8.04.0 6.0

10 2 10010 4

0.2

0.4

0.6

*

l

c

FIG. 5. (a) Load-carrying packing fraction φ∗ and (b) macro-
scopic friction μ as functions of the inertial number I considering
d = 〈l〉 [see Eq. (1)] for all polydispersity levels λ. In (a), the dashed
line follows the inertial law φ∗(I ) = φl − 0.7I with φl = 0.55 [41].
In (b), the dotted line is the friction law presented in Eq. (2) with
μs = 0.34, μ2 = 0.73 and I0 = 0.28. The insets present the same
information in semi-log scale.

to estimate these values because we observe a strong correla-
tion between them and the average diameters drmc and dS that
can be computed from the GSD. Therefore, this result pro-
vides a practical way of obtaining two system length scales,
〈l〉 and 〈d〉, in applied contexts (e.g., geophysical or industrial
processes) and offers a comprehensive interpretation of their
physical meaning [58].

The average branch length 〈l〉, always larger than the av-
erage diameter 〈d〉, seems like a length scale that could better
describe a polydisperse granular flow. This statement stems
from the following idea: If the stress tensor σ(see Eq. (B1) in
the Appendix and, consequently, the effective friction μ are
computed from the branch length l , then could the average
branch length 〈l〉 serve as a suitable length scale for comput-
ing the inertial number I in polydisperse flows? One might
hypothesize that rather than considering a polydisperse flow
as a network of branches with varying lengths, a polydisperse
flow behaves like a monodisperse one with grains of equiva-
lent size 〈l〉. If this hypothesis holds true, the inertial number
of polydisperse flows should be computed as I (d = 〈l〉).

A common behavior with 〈l〉 as characteristic length. Up
to this point, we have discussed the relevance of the grains
in contact for obtaining a characteristic local length scale for
computing I . Additionally, by definition, the effective fric-
tion coefficient μ exclusively depends on the grains actively
participating in the force network. Therefore, following the
same logic, we also compute the effective packing fraction φ∗
[59], that stands for the grains’ volume that participate in the
contact network. Figure 5(a) shows φ∗ as a function of I (〈l〉)
for all polydispersity levels λ.

L043401-4
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Despite the scatter at low inertial numbers due to the
greater connectivity in polydisperse materials, it can be seen
that most data tend to collapse onto the common trend φ∗(I ) ∝
I . It is important to highlight that all grains, whether float-
ing or in contact, are part of a force network that evolves
dynamically, with grains continuously entering and leaving.
Nevertheless, this result reveals that, over a long-term average,
the effective volume of grains participating in the contact
network appears to be independent of λ and instead relies on I .

Additionally, we evidence that all granular flows, regard-
less of their GSD, follow the inertial friction law introduced
in Eq. (2) when the flow characteristic length scale is con-
sidered as 〈l〉. This is presented in Fig. 5(b). These results
are outstanding because they show that μ(I ) and φ∗(I ) for
polydisperse flows can be computed using exactly the same
laws as for monodisperse flows, thus reducing the complexity
of these processes. The key ingredient is simply to correctly
set the characteristic length scale as one that is truly represen-
tative of the grains taking part in the force-carrying backbone
of the system. Through this result, we prove that 〈l〉 is a
reliable and physically based length scale for computing the
flow inertial number I (〈l〉). Moreover, we show that dS is
a good candidate when micro-mechanical information is not
available [see Fig. 4(b)].

A table summarizing the simulations conducted and the
results supporting our conclusions can be found in the Sup-
plemental Material [38].

Conclusions. In summary, we conducted an extensive nu-
merical work with DEM, studying granular flows with various
levels of polydispersity and covering a broad range of inertial
numbers I , within quasistatic and inertial regimes. We showed
that both the average branch length 〈l〉 and the average di-
ameter 〈d〉, the latter restricted to grains participating in the
force network, are length scales that remain nearly constant
across the range of inertial numbers we evaluated. By using
〈l〉 as a characteristic length scale, we find that for granular

flows with different polydispersity levels the effective friction
coefficient μ is well described by the inertial law that was
initially proposed for monodisperse granular materials. This
confirms that the average center-to-center distance is a much
better choice for defining a characteristic length scale than the
average diameter. In a certain way, these results show that,
when computing the inertial number, it is possible to assume
polydisperse granular flows as an equivalent monodisperse
collection of grains having a diameter d = 〈l〉. If 〈l〉 is un-
available, as is the case of field applications or experimental
observations, we suggest using the Sauter-mean diameter dS

derived from the grain size distribution (GSD) as the charac-
teristic length scale, as it demonstrated a strong correlation
with 〈l〉. The average branch length 〈l〉, as an input parameter
for granular materials, may prove useful for selecting the
characteristic length scale or choosing the size of elementary
volume elements in continuum simulations of polydisperse
granular flows, as well as in scaling laws for the mobility
of landslides that require a characteristic grain size. Finally,
we find that the load-carrying packing fraction φ∗ (i.e., the
volume of grains that participate in the force network) is
independent of polydispersity and only depends on the inertial
number.

Our results provide a comprehensive interpretation of the
length scale to be considered in polydisperse granular flows;
however, our study exclusively explored linear GSDs. Further
research could focus on extending or proving our conclusions
for other types of GSD, like fractal distributions. Additionally,
further research could include gravity to account for segrega-
tion phenomena, in order to understand how the characteristic
length scale of polydisperse flows evolves over time and what
are the implications for macroscopic friction and packing
fraction.

Acknowledgment. Simulations were carried out using the
High-Performance Computing Platform MESO@LR of Uni-
versité de Montpellier.
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