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Effects of Structural Failures

on the Safe Flight Envelope of Aircraft

H. N. Nabi* and C. C. de Visser�

The research presented in this paper focuses on the effects of structural failures on the
safe flight envelope of an aircraft. Nonlinear reachability analysis using the level set method
is performed to estimate the safe flight envelope through an optimal control formulation
using actual aircraft control inputs. This approach utilizes the physical model of an aircraft
based upon the flight dynamics, where the aerodynamic stability and control derivatives
are estimated using Digital Datcom. The database of safe flight envelopes computed offline
corresponding to different structural failures at various flight conditions will allow real
time flight envelope prediction and protection. This research provides an insight into the
feasibility of such a database approach. Symmetrical damages to an aircraft were considered
with 25%, 50%, 75% and 100% spanwise vertical tail tip loss, leading to gradual shrinkage
in the safe flight envelope. Based on the estimated safe flight envelopes, a discussion on
the effects of structural damages and different flight conditions on the safe flight envelope
is presented.

Nomenclature

B Set of allowable/achievable states and input vectors
b Wingspan [m]
C• Aerodynamic derivatives
c̄ Mean aerodynamic chord [m]
dx, dz Perpendicular distance of lost part from new center of gravity [m]
f Nonlinear continuous dynamic system
g1, g2, g3 Gravity components in wind axes [m/s2]
H Hamiltonian
J Cost function
J• Aircraft mass moment of inertia [kg.m2]
K Set of states
L Set of states
l Implicit function
`β• , `r• Parameters of roll moment polynomial model with angle of attack
m Mass of aircraft [kg]
mdamaged Mass of damaged aircraft [kg]
p Co-state vector
p, q, r Body angular rates [rad/s]
rz Thrust moment arm in z−axis [m]
S Wing Area [m2]
T Time horizon [s], Total Thrust [N]
t Time [s]
tF , tB Computational time for forward and backward reachable sets [s]
U Set of control inputs

*MSc. Student, Department of Control and Simulation, Delft University of Technology, Kluyverweg 1 2629 HS Delft, The
Netherlands.

�Assistant Professor, Department of Control and Simulation, Delft University of Technology, Kluyverweg 1 2629 HS Delft,
The Netherlands.
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u Control input signal
V Velocity [m/s]
V, I, R Viability, Invariance and Reachability set
V1 Value function for viability
V2 Value function for invariance
W• Weights in cost function
Yp• Parameters of side force polynomial model with angle of attack
x, ẋ State of the system and time derivative of the state
x, y, h Flat earth east, Flat earth north and Altitude [m]
α Angle of attack [rad]
β Sideslip Angle [rad]
γ Flight path angle [rad]
∆x, ∆z Shift in center of gravity [m]
δa, δe, δf δr Aileron, Elevator, Flap and Rudder deflection [rad]
ηp• , ηδa• Parameters of yaw moment polynomial model with angle of attack
ρ Air density [kg/m2]
τ Time instant [s]
φ State trajectory
φ, θ, ψ Euler angles [rad]

Subscripts

B, F Backward and Forward
HT , V T , F Horizontal tail, Vertical tail and Dorsal fin

Superscripts

c Set compliment

I. Introduction

Air travel is one of the safest modes of transport. This has been possible due to a continuous focus on
aviation safety over the years. A number of studies have been conducted to investigate the causes of

in-flight failures and to recommend the necessary steps to prevent such failures in the future. One such study
by CAST/ICAO shows that the Loss of Control (LOC) in flight is the primary cause of fatal accidents in
civil aviation. The study presents a statistical analysis of aircraft accidents during the period of 2002 till
2011 and it is indicated that the LOC comprises of as much as 23% of all catastrophic aircraft accidents.1

LOC entails that the aircraft has left the safe flight envelope, which is the set of safe flight conditions. With
regards to flight performance, structural damages to the aircraft or control actuator failures deteriorate the
flying qualities, hence, require immediate attention to maintain the integrity of an aircraft and to safely land
the aircraft.2 Because of the degraded flying qualities due to damage, the safe flight envelope may shrink
and the aircraft may find itself outside of this changed safe flight envelope, which leads to LOC. Figure 1
shows such a scenario. Although the system dynamics may change completely as a result of a damage, LOC
related accidents can still be prevented using unconventional control strategies.

Safe Flight Envelope
(Nominal)

(a) Nominal Aircraft

Safe Flight Envelope
(Damaged)

(b) Damaged Aircraft

Figure 1. Loss of Control due to Damage

In order to prevent LOC, it is very important to have knowledge about the restricted safe flight envelope
of an impaired aircraft,3–5 so that it can be ensured that the aircraft does not leave the safe flight envelope.
This information can also be used to improve pilot’s overall situation awareness significantly.4,5

The flight envelope has been estimated in the literature by means of various methods. The estimation
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methods include wind tunnel testing, flight experiments and the model based computation of achievable
trim points6,7 or using a vortex lattice algorithm coupled with an extended kalman filter to estimate the
performance flight envelope.8 A more extensive and rigorous method is to estimate the safe flight envelope
by considering it to be a non-linear reachability problem and to obtain the solution by numerically solving
the Hamilton Jacobi Bellman (HJB) partial differential equations or Hamilton Jacobi Isaacs (HJI) equations
when the presence of disturbances are considered in the analysis. Reachability analysis allows a very detailed
and accurate estimation of the safe flight envelope, however, the major challenge associated with such an
analysis is the “curse of dimensionality”.9 Therefore, it limits the application of available numerical tools for
online safe flight envelope estimation to relatively low dimensional problems. To the best of our knowledge,
the maximum dimension of the safe flight envelope that has been estimated offline using the reachability
analysis is four.10,11

In order to tackle the limitation on online safe flight envelope estimation, a database approach towards
flight envelope prediction and protection was firstly introduced by Tang et al.,12 however, the study conducted
in this research was only limited to actuator failure scenarios and did not include actual control inputs,
rather “virtual inputs” for the reachability analysis. The same concept has been recently reintroduced13,14

and extends the implementation of the database approach to structural damages. The basic principle of the
database approach, is that instead of trying to solve the HJI/HJB equations in real time, a database of safe
flight envelopes corresponding to the most often occurring failures is created offline. This offline database is
then carried on-board of the aircraft, and when a failure occurs, the database is accessed to obtain the stored
safe flight envelopes that are closest to the actual failure. These candidate envelopes are interpolated, such
that they resemble the actual failure case. The interpolated safe flight envelope is then used by the fault
tolerant flight control system to prevent the aircraft from leaving the safe flight envelope, thereby preventing
loss of control. Moreover, this information is also displayed to the pilot in order to improve the overall
situation awareness. Figure 2 shows an overview of the database approach to flight envelope prediction and
protection.

Figure 2. The Database Approach

Focus of the current paper is on the offline part of the database approach, in order to investigate the
feasibility of this novel method. The main objective is to construct a database of safe flight envelopes
corresponding to tip loss (in percentage of span) of vertical tail at various flight conditions. In particular,
the study aims to show how structural failures affect the safe flight envelope of an aircraft and how these
effects can be grouped into categories. This information is of extreme significance for the novel database
approach to the real time flight envelope prediction and protection.

The paper is arranged into sections as follows: Section II presents a brief introduction of the topics
related to the safe flight envelope estimation and the reachability set theory. Curse of dimensionality and
the possible solutions to the problem are discussed in section III. An aerodynamic and a mass model of the
damaged aircraft is presented in section IV. Sections V and VI present the trim and the safe flight envelopes
for the longitudinal and the lateral motion of the aircraft respectively. Lastly, a brief conclusion is presented
in section VII.
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II. Reachability Set Theory and Safe Flight Envelope

The standard definition of the flight envelope refers to a region of airspeed and altitude, where an aircraft
is required to operate or a constrained area in the velocity versus load factor graph. These definitions can
be found in any textbook on aircraft performance.15,16 However, for the purpose of avoiding LOC, we are
interested in the safe flight envelope, which is formally defined as:17

The set of aircraft’s state space for which the aircraft can be safely controlled and loss-of-
control can easily be avoided.

This set is also referred to as the dynamic flight envelope17 or the immediate flight envelope.12

II.A. Reachability Set Theory

The reachability set theory is widely used in the safety analysis. It studies the behavior of set of trajectories
that emerge from a dynamic system. In particular, whether these trajectories can reach from one point to
another in a given time.

Consider a continuous time system ẋ = f(x,u, t), a time horizon T ≥ 0, set of control inputs u ∈ U
and a set of states K. There are three main sets that can be formulated associated with the set K and the
trajectories that lead to K over a time horizon T .18

Viability V(t,K): Set of all the states x(·) for which there exist at least one input u(·) ∈ U[0,T ] such
that x(t) ∈ K for all t ∈ [0, T ].

Invariance I(t,K): Set of all the states x(·) for which there exist all the inputs u(·) ∈ U[0,T ] such that
x(t) ∈ K for all t ∈ [0, T ].

Reachability R(t,K): Set of all the states x(·) for which there exist at least one input u(·) ∈ U[0,T ]

and t ∈ [0, T ] such that x(t) ∈ K.

By comparing the above sets, it can be stated that:

I (t,K) ⊂ V (t,K) ⊂ R (t,K) (1)

Moreover, the principle of duality relates the reachability and the invariant set as follows:

R (t,K) = (I (t,Kc))
c

(2)

Figure 3 shows an illustration of these three sets. The smallest of these sets, as stated in Eq. 1, is the
invariant set. It is the set of states where all the inputs lead to trajectories that remain inside the trim set
K throughout the time horizon T . Next is the viability set, which is the largest subset of the trim set K. It
can be seen that there are trajectories extending outside the trim set K, however, there is at least one input
that keeps the trajectory inside the trim set over the time horizon T . Lastly, the reachability set consists of
all the states within and outside the trim set K for which at least one input u(·) can bring the trajectory to
the target set K within a time t ∈ [0, T ].

K

I(t,K)

V (t,K)

R (t,K)

Figure 3. Viability (Yellow), Invariance (Magenta) and (backward) Reachability Set (Blue), Green: Successful trajec-
tories; Red: Unsuccessful trajectories

The system ẋ = f(x,u, t) can be evolved forward and backwards in time, which can give us two further
types of reachability sets; forward and backward reachable sets:
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Forward Reachable Set RF (t,K): Set of all the states x(·) for which a control input u(·) ∈ U[0,T ] exists
at time t ∈ [0, T ], such that this set can be approached from at least one point in the trim envelope K.

Backward Reachable Set RB(t,K): Set of all the states x(·) for which a control input u(·) ∈ U[0,T ]

exists at time t ∈ [0, T ], such that at least one state in the trim envelope K can be reached.

The viability and the invariant set can be linked to SUPMIN and INFMIN optimal control problems
respectively.18 Suppose that the open set K is associated with the zero level set of a function l : Rn → R by
K = {x ∈ Rn | l(x) > 0}, then the viability set can be given as:

V(t,K) =

{
x ∈ Rn |V1(x, t) = sup

u(·)∈U[t,T ]

min
τ∈[t,T ]

l (φ (τ, t,x, u(·))) > 0

}
(3)

In the above equation φ(τ, t,x, u(·)) is the state trajectory. Similarly, assume a closed set L that is associated
with the level set of a continuous function l : Rn → R by L = {x ∈ Rn | l(x) ≥ 0}, then the invariant set can
be expressed as:

I(t,K) =

{
x ∈ Rn |V2(x, t) = inf

u(·)∈U[t,T ]

min
τ∈[t,T ]

l (φ (τ, t,x, u(·))) ≥ 0

}
(4)

It is suggested by Lygeros,18 that the characterization of value functions V1 and V2, given in Eqs. 3 and
4 respectively, can be represented as viscosity solutions to Hamilton-Jacobi partial differential equations.
Hence the viability set can be written in the form of HJB PDE as:

∂V1

∂t
(x, t) + min

τ∈[t,T ]

{
0, sup

u(·)∈U[t,T ]

∂V1

∂x
(x, t) f(x,u, t)

}
= 0 (5)

And the invariant set is written in the form of HJB PDE as:

∂V2

∂t
(x, t) + min

τ∈[t,T ]

{
0, inf

u(·)∈U[t,T ]

∂V2

∂x
(x, t) f(x,u, t)

}
= 0 (6)

The HJ PDE given by Eqs. 5 and 6 can be solved either as an initial value problem or a terminal value
problem in order to compute a forward or a backward set respectively. Moreover, the principle of duality as
defined by Eq. 2, is used to obtain the reachability set. Eqs. 5 and 6 are solved numerically using the level
set toolbox developed in Matlab® at Stanford University,19,20 using the algorithm presented by Osher and
Fedkiw.21

II.B. Safe Flight Envelope as a Reachable Set

Safe flight envelope estimation as a reachability set problem has been researched in the recent past,11,17,18,22

the same with uncertainty quantification and robustness in the estimated values of aerodynamic derivatives
is also discussed in detail.23,24 The idea is to observe the dynamic behavior of the trim states as they evolve
over a certain time horizon T i.e., reachability from the trim envelope (set of trim states). The trim envelope,
which is the set of stable and controllable states, is considered as a-priori safe set. In terms of reachability
set, the safe flight envelope is defined as the set of states, that lie in the intersection of forward and backward
reachable sets. The forward reachable set refers to the set of states to which an aircraft can easily maneuver
from the stable trim set. On the other hand, the backward reachable set (or the survivable envelope24) refers
to the set of states from where an aircraft can recover back to the stable trim set. Hence, the safe set is the
intersection between the aircraft’s capability to maneuver from the trim set (forward reachable set) and the
survivable capacity of an aircraft (backward reachable set). This is illustrated in Figure 4.

Note, that it is very important to define an accurate trim set in order to obtain a correct reachability set.
Any untrimmed state which is part of the initial set will lead to an inaccurate safe flight envelope. Com-
putation of the trim states have been discussed extensively in the existing literature. A common approach
to compute the trim set is to minimize a cost function using a numerical optimization routine.25,26 Other
approaches to obtain the trim set include the interval analysis27 and bifurcation and continuation methods.28
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Forwards Reachable SetBackwards Reachable Set

Trim Envelope

Safe Flight Envelope

Figure 4. Safe Flight Envelope17

III. Curse of Dimensionality

Estimating the safe flight envelope as a reachability set using the level set method is computationally
expensive; the time and the memory required grow significantly with an increase in the problem’s dimension.
The computational complexity of the level set method is of the order O

(
Nn+1

)
, with N being the number

of computational grid points and n the dimension of the problem.29 It has been suggested by Kitsios and
Lygeros9 that the “curse of dimensionality” in the reachability analysis can be solved by exploiting the
structure of the system dynamics using the principle of time scale separation and solving the reachability
problem in a sequential manner; first for the faster dynamics and then for the slower dynamics.

Figure 5 shows the structure of time scale separation implemented for reachability computation by Kitsios
and Lygeros.9 First, the range of pseudo-controls (V , γ) is computed by defining the reachability problem
for faster dynamics. In the next step, the viability set for the states with slower dynamics (x, y, h, ψ) has
been estimated using the pseudo-controls (V , γ) and the actual optimal inputs (CL, φ). This allows solving
the higher dimensional reachability problem in two steps of lower dimensional reachability problems (two
and four respectively). However, although the dynamics has been split into faster and slower dynamics,
these six states belong to the low bandwidth dynamics and are slower than the states belonging to high
bandwidth (faster) dynamics, such as body angular rates and aerodynamic angles. The states belonging to
fast dynamics will be of interest in case of a structural failure to the aircraft. Moreover, the reachability
computation performed by Kitsios and Lygeros do not consider actual control inputs to the system rather
“virtual inputs” in the form of lift coefficient CL and roll angle φ.

⇒
CL

ϕ
⇒

Dynamics
Aerodynamic Forces

Kinematics x

ψ

y
h

}

Actual Inputs

V

γ

Pseudo Inputs

}

low bandwidth

Faster Dynamics Slower Dynamics

Figure 5. Time Scale Separation implemented by Kitsios and Lygeros9

Lombaerts et al.24 has suggested a structure that incorporates faster dynamics and include actual
aircraft control inputs for the reachability computation. This decomposition of aircraft dynamics based
on the principle of time scale separation is presented in Figure 6. However, the sequence of reachability
computation for faster dynamics suggested here is not feasible when only considering the control surface
deflections as inputs for the reachability analysis. Consider the nine-dimensional equations of motion of an
aircraft.30 Firstly, the moment equations of motion in the body-fixed reference frame are given by:





ṗ = (c1r + c2p) q + c3
1
2ρV

2SbCl (α, β, p, r, δa, δr) + c4
1
2ρV

2SbCn (α, β, p, r, δa, δr)

q̇ = c5pr − c6
(
p2 − r2

)
+ c7

1
2ρV

2Sc̄Cm (α, q, δe)

ṙ = (c8p− c2r) q + c4
1
2ρV

2SbCl (α, β, p, r, δa, δr) + c9
1
2ρV

2SbCn (α, β, p, r, δa, δr)

(7)

where the moments of inertia are defined as, with Γ = JxxJzz − J2
zx:
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high bandwidth middle bandwidth low bandwidth

kinematicsdynamics
aerodynamic
moments

dynamics
aerodynamic
forces

kinematics

aircraft
dependent

aircraft
independent

aircraft
dependent

aircraft
independent

Figure 6. Time Scale Separation of Aircraft Dynamics24

Γc1 = (Jyy − Jzz) Jzz − J2
zx Γc4 = Jzx c7 =

1

Jyy

Γc2 = (Jxx − Jyy + Jzz) Jzx c5 =
Jzz − Jxx

Jyy
Γc8 = (Jxx − Jyy) Jxx + J2

zx

Γc3 = Jzz c6 =
Jzx
Jyy

Γc9 = Jxx

Secondly, the force equations of motion in the wind-axes reference frame are:





V̇ =
1

m

(
T cosα cosβ − 1

2ρV
2SCD (α) +mg1

)

β̇ = p sinα− r cosα+
1

mV

[
−T cosα sinβ + 1

2ρV
2SCY (α, β, p, δr) +mg2

]

α̇ = q − p cosα tanβ − r sinα tanβ +
1

mV cosβ

[
−T sinα− 1

2ρV
2SCL (α, q, δf ) +mg3

]
(8)

where the components of the gravity vector in wind-axes are given by:

g1 = g (− cosα cosβ sin θ + sinβ sinφ cos θ + sinα cosβ cosφ cos θ)

g2 = g (cosα sinβ sin θ + cosβ sinφ cos θ − sinα sinβ cosφ cos θ)

g3 = g (sinα sin θ + cosα cosφ cos θ)

And lastly, the kinematic equations are written as:





φ̇ = p+ tan θ (q sinφ+ r cosφ)

θ̇ = q cosφ− r sinφ

ψ̇ = q sinφ
cos θ + r cosφ

cos θ

(9)

From Eqs. 7 and 8, it can be seen that the p, q, r and V , β, α are dependent upon each other.
Therefore, the safe flight envelope for angular rates (p, q, r) cannot directly be obtained using the reachability
computation without the information about the bounds of velocity V , sideslip angle β and angle of attack
α; yet the safe flight envelope for V , β and α is computed at the later stage according to this structure, see
Figure 6. Similarly, in order to obtain the safe flight envelope for V , β and α, we need the information about
the safe flight envelope for Euler angles (φ, θ, ψ) and in order to compute the safe flight envelope for Euler
angles, we again require the information of angular rates, see Eq. 9. It can be concluded, that although the
principle of time scale separation is useful for the slow dynamics as suggested by Kitsios and Lygeros,9 it is
not feasible and possible to use the same principle of time scale separation for the fast dynamics. All in all, a
nine-dimensional reachability problem has to be solved, which is not feasible with the current computational
potential.

Estimation of the safe flight envelope in a reachability framework using the actual aircraft control inputs
(stabilizer deflection and engine thrust) has only been discussed once.11,17 Apart from that, in the litera-
ture hitherto,5,9, 12,18,23,24 reachability computation has only been performed for the slower dynamics and
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therefore, the angle of attack and the sideslip angle etc. have been used as the “virtual inputs”. However,
the changes in the safe flight envelope of these virtual inputs due to a structural damage or a system failure
is not considered. In contrast, in the current paper the safe flight envelope for the states with fast dynamics
has been estimated using the actual control surface inputs.

For the current research, the problem of “curse of dimensionality” is addressed by decoupling the dynamics
into longitudinal and lateral dynamics. Such a generalized structure for the safe flight envelope estimation
is shown in Figure 7. The longitudinal dynamics is further reduced to a three dimensional problem by
considering velocity V to be constant and varying thrust T to maintain the velocity. Also, the lateral
dynamics is reduced to a two dimensional problem by considering p = φ = 0 and varying aileron deflection
δa to keep the wings level.

Lateral Dynamics

⇒
trimmed α, θ, V

δe

δa

δr

T

Longitudinal Dynamics

⇒
ϕ = 0

θ

ϕ
p

β

r

α

q

V

δf

Figure 7. Safe Flight Envelope Estimation using Decoupled Dynamics

It should be noted, that the decomposition of aircraft dynamics into longitudinal and lateral dynamics for
the reachability analysis will not be valid for the asymmetric damages due to inertial couplings. Therefore,
for the current research only symmetrical damages (spanwise damage to the vertical tail) are considered.
The spanwise damage to the vertical tail along with different flight conditions, will give a significant insight
into the feasibility of the database approach.

IV. Modeling of the Damaged Aircraft

Solving the reachability problem using the level set method rely on the physical model as indicated by the
term f(x,u, t) in Eqs. 5 and 6. Hence, in order to estimate the safe flight envelope, it is essential to have a
dynamic model of an aircraft. One of the key parts of such a dynamic model is the aerodynamic model. The
aerodynamic models can either be simple polynomial models or more complex multivariate spline models.31

In case of a structural damage to an aircraft the aerodynamic model parameters, in addition to mass and
inertial properties of the aircraft, will change. Furthermore, changes in the model structure may also arise due
to inertial couplings. The additional parameters that may appear in the model structure of an asymmetrically
damaged aircraft can be estimated either by wind tunnel testing or by a Computational Fluid Dynamics
(CFD) analysis. A detailed wind tunnel research was conducted at the NASA Langley Research Center
in order to study the effects on the aerodynamic model parameters (such as pitching moment coefficient
Cm, rolling moment coefficient Cl etc.) of different damage case scenarios to a conventional transport
aircraft.32 Moreover, Bacon and Gregory33 from NASA Langley Research Center have presented a set
of flight dynamics equations of motion for an asymmetrically damaged aircraft. In the current research,
however, only symmetrical damages are investigated i.e., spanwise damage to the vertical tail, as mentioned
in the previous section. Model parameters for the nominal and the damaged aircraft are estimated using
Digital Datcom.34 Cessna Citation II laboratory aircraft (PH-LAB), Figure 8, is used as a reference aircraft
for the damage modeling.

IV.A. Assumptions

� The mass of the horizontal tail and vertical tail is assumed to be 2.5% of the total empty mass of the
aircraft and the mass of the dorsal fin is assumed to be 0.5% of the total empty mass of the aircraft.

� x% damage to the vertical tail entails x% loss in the span of the vertical tail and x% loss in the mass
of the vertical tail.
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Figure 8. Cessna Citation II Laboratory Aircraft

� In case of 100% vertical tail loss, it is assumed that the horizontal tail and the dorsal fin are also lost.

� Digital Datcom34 does not provide the rudder control derivatives and hence actual values for the Cessna
Citation II have been used. For the damaged vertical tail, it is assumed that the degradation in control
effectiveness of rudder is linear with the damage. That is, x% loss of vertical tail will lead to x%
degradation in Cnδr , Clδr and CYδr .

IV.B. Effects of Damage on the Geometry and Mass Properties of the Aircraft

IV.B.1. Change in Vertical Tail Chord Length

It is assumed that the increase in chord length from tip to root is linear, see Figure 9. Therefore the tip
chord of damaged vertical tail is given by:

ctipdamaged =

(
ctiporiginal − crootoriginal

boriginal

)
bdamaged + crootoriginal (10)

ctiporiginal

ctipdamaged

crootoriginal

boriginal

bdamaged

Figure 9. Vertical Tail Damage

IV.B.2. Change in the Mass of the Aircraft

From the second assumption, mentioned in the previous section, the mass of the damaged aircraft is given
as follows:

mdamaged = moriginal − x% ·mV T (11)
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In case of 100% vertical tail loss, the mass of the damaged aircraft is then computed as:

mdamaged = moriginal −mV T −mHT −mF (12)

where mV T is the vertical tail mass, mHT is the horizontal tail mass and mF is the mass of the dorsal fin.

IV.B.3. Change in the Center of Gravity Location

Due to the symmetrical nature of the damage, the movement of center of gravity in y-body axis is neglected.
Furthermore, it is assumed that the change in center of gravity location is proportional to the loss in mass
i.e.,

c.g.damaged =

(
mdamaged

moriginal

)
c.g.original (c.g. moving towards origin)

c.g.damaged =

(
moriginal

mdamaged

)
c.g.original (c.g. moving away from origin)

(13)

IV.B.4. Change in the Mass Moments of Inertia

Changes in the moments of inertia due to damage are caused by two main factors; 1) change in the position
of the center of gravity and 2) change in the mass of the aircraft. Therefore, both of these factors should be
taken into account for estimating the modified moment of inertia.

Figure 10. Center of Gravity shift due to Tail Damage

Referring to Figure 10, the moment of inertia of the damaged aircraft is estimated by the following
formula:

Jidamaged = Jioriginal +mdamaged∆j
2 − (JiLostPart +mLostPartdj

2)

where i = xx, yy, zz and j = z, z, x
(14)

In the above equation mdamaged∆j
2 is the correction for the change in the center of gravity location using

the parallel axis theorem. The moment of inertia for the lost part is then subtracted from the overall inertia.
It is assumed that the lost part is a rectangular prism, with thickness equal to the maximum thickness of
the airfoil.35

The physical parameters of Cessna Citation II are shown in Table 1 for the nominal and the damaged
aircraft, as estimated by methods described above. The mass and the inertia is decreasing with the damage
and the tip chord of the vertical tail is increasing, as expected. Moreover, the damage causes the center of
gravity to move towards the nose horizontally and away from aircraft’s centerline vertically.

IV.C. Effects of Damage on the Aerodynamic Parameters

Aerodynamic effects of the structural damages were estimated using USAF Digital Datcom.34 Digital Dat-
com estimates the derivatives of symmetrical aircraft using the methods contained in the USAF Stability
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Table 1. Physical Parameters of Cessna Citation II

Vertical Tail Tip Loss [%] 0 25 50 75 100

Mass of Aircraft [kg] 5,500 5,477.2 5,454.3 5431.5 5,299

Tip chord of VT [m] 1.11 1.465 1.82 2.175 –

Jxx [kg.m2] 26,032 25,779 25,622 25,540 25,280

Jyy [kg.m2] 36,388 36,131 35,966 35,869 35,632

Jzz [kg.m2] 59,818 59,131 58,435 57,726 53,556

Jzx [kg.m2] 2,717.8 2,301.5 1,971.4 2,058.5 790.9

xc.g. (origin at nose) [m] 6.78 6.7518 6.7237 6.6955 6.5322

zc.g. (origin at nose) [m] -0.05 -0.0502 -0.0504 -0.0506 -0.0519

Thrust moment arm rz [m] 0.6784 0.6786 0.6788 0.6790 0.6803

S [m2] 30

c̄ [m] 2.06

b [m] 15.9

and Control Datcom (Data Compendium).36 Digital Datcom allows the estimation of static stability, con-
trol device and dynamic derivative characteristics of various symmetrical configurations at different flight
conditions.

Based on the aerodynamic parameters that can be estimated using Digital Datcom, the following aero-
dynamic polynomial model is constructed:

Longitudinal





CL = CL0
+ CLαα+ CLq

qc̄
2V + CLδf δf

CD = CD0 + CDαα+ CDα2α
2

Cm = Cm0
+ Cmαα+ Cmq

qc̄
2V + Cmδe δe

(15)

Lateral





CY = CY0
+ CYββ + (Yp0 + Ypαα) pb2V + CYδr δr

Cl = Cl0 + (`β0
+ `βαα)β + Clp

pb
2V + (`r0 + `rαα) rb2V + Clδa δa + Clδr δr

Cn = Cn0 + Cnββ + (ηp0 + ηpαα) pb2V + Cnr
rb
2V + (ηδa0

+ ηδaαα)δa + Cnδr δr

(16)

The last terms in Eq. 16 are the rudder control derivatives and are estimated by the method described in
the final assumption. Furthermore, few of the lateral stability derivatives estimated by Digital Datcom vary
with the angle of attack. Additional parameters of these lateral stability derivatives for a linear polynomial
model in angle of attack are defined as follows:

Clβ = `β0
+ `βαα

Clr = `r0 + `rαα

Cnp = ηp0 + ηpαα

Cnδa = ηδa0 + ηδaαα

CYp = Yp0 + Ypαα

(17)

The flight conditions for which the aerodynamic parameters are estimated, are summarized in Table 2.
Figure 11 shows the geometry of Cessna Citation II as approximated by Digital Datcom.

Table 2. Flight Conditions for Digital Datcom Analysis

Altitude [m] [0 5,000 10,000]

Mach [–] [0.2 0.3 0.4]

Angle of Attack [deg.] [-14 : 14]
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(a) Nominal Aircraft (b) 25% VT Loss (c) 50% VT Loss

(d) 75% VT Loss (e) 100% Tail Loss

Figure 11. Datcom Output of Cessna Citation II

The static and the dynamic stability derivatives that are affected most by the vertical tail damage are
shown in Figure 12. The first row of plots shows the variation of the side force coefficient and the yawing
moment coefficient with the sideslip angle. With the loss in the vertical tail, the sideslip generates less side
force compared to the force generated for a nominal aircraft. Moreover, with 50% loss in the vertical tail, the
aircraft is already directionally unstable, which can be seen by the negative slope Cnβ . From the third plot,
it can be seen that the yaw damping characteristics exhibit a similar degrading effect throughout the angle
of attack range. Lastly, it is very interesting to look at the Cmα variation with the angle of attack. There is
an improvement in the static longitudinal stability with the loss of vertical tail, but as soon as the complete
tail is lost, the aircraft becomes longitudinally unstable. The improvement in the static longitudinal stability
with spanwise loss in the vertical tail is due to the fact that the center of gravity is moving forward and
hence making the aircraft more longitudinally stable; whereas, longitudinal instability with complete tail
lost is rather intuitive and self-explanatory.
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Figure 12. Effects of Vertical Tail Damage (Tip Loss in Percentage of Span) on Stability Derivatives at Mach 0.4, Sea
Level
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V. Longitudinal Envelope

Longitudinal motion is the motion in the aircraft’s plane of symmetry (x− z plane) and is characterized
by the state variables: velocity V , angle of attack α, pitch rate q and pitch angle θ. Since the lateral motion
is not involved, all the state variables associated with the lateral motion are set to zero i.e.,

β = φ = p = r = 0

Applying these conditions to the equations of motion described by Eqs. 7, 8 and 9 will result in the
longitudinal equations of motion:





V̇ =
1

m

(
T cosα− 1

2ρV
2SCD (α)−mg sin (θ − α)

)

α̇ = q +
1

mV

(
−T sinα− 1

2ρV
2SCL (α, q, δf ) +mg cos (θ − α)

)

q̇ =
1

Jyy

(
1
2ρV

2Sc̄Cm (α, q, δe)− Trz
)

θ̇ = q

(18)

The additional term Trz in the moment equation is the pitching moment generated by Thrust. The model
structure of aerodynamic coefficients (CD, CL, Cm) is given by Eq. 15.

V.A. Longitudinal Trim Envelope

As described earlier, in order to estimate an accurate safe flight envelope, it is absolutely essential to deter-
mine a correct trim envelope. The trim envelope is the set of stable and equilibrium states for which the
state derivatives are equal to zero i.e., {x|f (x,u, t) = 0, (x,u) ∈ B}, where B represents the bound on the
control inputs and the allowable states where the model is valid.

The trim envelope is commonly estimated by minimizing a cost function for some fixed states. The cost
function for the longitudinal motion that is minimized using the fminsearch function of Matlab® is as
follows:

J = WV V̇
2 +Wαα̇

2 +Wq q̇
2 +Wθ θ̇

2 (19)

In the above equation WV , Wα, Wq and Wθ are the weights of V , α, q and θ respectively. A two dimensional
grid (α, θ) is set up with constant velocity and zero pitch rate. The thrust is varied to maintain a constant
velocity leaving the flap and the elevator deflections as free parameters, that are varied in order to minimize
the cost function defined by Eq. 19. Table 3 summarizes the grid setup and the optimization parameters
for the estimation of the longitudinal trim envelope for Cessna Citation II. The trim envelope is comprised
of only those grid points for which control inputs are within the bounds and the following conditions are
satisfied:

∣∣∣V̇
∣∣∣ ≤ 1× 10−4 [m/s2], |α̇| ≤ 1× 10−4 [rad/s], |q̇| ≤ 1× 10−4 [rad/s2], θ̇ ≤ 1× 10−4 [rad/s] (20)

Table 3. Parameters for the Longitudinal Trim Envelope Computation

Bounds Grid Resolution Cost Function Weights

T ∈ [2241, 44482] [N]

δf ∈ [0, 0.698] [rad]

δe ∈ [−0.314, 0.279] [rad]

α ∈ [−0.244, 0.244] [rad]

θ ∈ [−0.523, 0.523] [rad]

q = 0 [rad/s]

αres = 0.01 [rad]

θres = 0.055 [rad]

WV = 10 (for nominal aircraft)

WV = 0 (for 100% tail loss)

Wα = Wq = Wθ = 10
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Another analytical approach is based on the specific aircraft dynamics model where the first three equa-
tions in Eq. 18 are set to zero and are solved simultaneously for the control inputs u = [T δe δf ].
Although, this approach is very efficient, it requires a specific dynamics model, where the system must
be consistent i.e., the number of equations and the number of unknowns must be equal. The same two
dimensional grid is used as stated above and the equations are solved simultaneously at each grid point.

Figure 13 shows the longitudinal trim envelope for Cessna Citation II at Mach 0.4 and sea level, esti-
mated using both approaches. It can be seen, that part of the trim envelope {(αmin, θmin) , (αmax, θmax)} =
{(−0.035,−0.028) , (−0.015, 0.028)} is missing when using the cost function minimization as displayed in
the right plot. This is because the optimization routine got stuck at a local minima, yielding an incorrect
solution. This possibility of being stuck at a locally optimal solution makes this method numerically inten-
sive. However, unlike solving the equations simultaneously, minimization works for almost any sophisticated
dynamics model and the system does not have to be consistent.

-0.15 -0.1 -0.05 0
α [rad]

-0.2

-0.1

0

0.1

0.2

0.3

θ
[r
ad

]

Exact Solution

-0.15 -0.1 -0.05 0
α [rad]

-0.2

-0.1

0

0.1

0.2

0.3

θ
[r
ad

]

Minimized Cost Function

Figure 13. Longitudinal Trim Envelope for Nominal Cessna Citation II at Mach 0.4, Sea Level

Figure 14 shows the variation of the longitudinal trim envelope with different altitudes at Mach 0.4.
As the altitude increases from sea level to 10,000 m, the trim envelope is shifting horizontally towards the
right and vertically upward. This shift can be explained by the fact that as the altitude increases, density
is decreasing and the magnitude of aerodynamic forces and moment are decreasing. Hence, an increase in
the angle of attack is required to maintain the same aerodynamic forces and moment, such that the state
derivatives are zero. Moreover, an increase in the angle of attack entails that the pitch angle is also increased
in order to keep the gravitational force component constant, see Eq. 18.
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Figure 14. Longitudinal Trim Envelope for Nominal Cessna Citation II at Mach 0.4

Similarly, Figure 15 shows the variation of the longitudinal trim envelope with different Mach numbers
at sea level. The trim envelope, on this occasion, is shifting towards the left and downwards. This opposite
shifting behavior can be explained by the fact that as the Mach increases from 0.2 to 0.4 at the same altitude,
the magnitude of aerodynamic forces and moment increase, and a decrease in the angle of attack is required
to maintain the aerodynamic forces and moment. Also, the pitch angle has to be decreased in order to
compensate for decreasing angle of attack in the gravitational force term.

Lastly, Figure 16 compares the longitudinal trim envelopes for the nominal aircraft and the damaged
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Figure 15. Longitudinal Trim Envelope for Nominal Cessna Citation II at Sea level

aircraft with 100% tail loss. The effect of the vertical tail damage alone, does not affect the longitudinal
trim envelope significantly and therefore only the longitudinal trim envelope for 100% tail loss scenario is
discussed. It can be seen, that the trim envelope has significantly shrunk. This is expected as the complete
horizontal tail is lost, with no elevator deflection. Hence, even a slight variation in the angle of attack will
induce an unstable pitching moment that cannot be compensated. The conditions imposed by Eq. 20 for
the minimization of the cost function defined by Eq. 19 are too strict for trimming the damaged aircraft.
Therefore, much more flexible conditions were imposed with WV = 0.

∣∣∣V̇
∣∣∣ ≤ 1 [m/s2], |α̇| ≤ 5× 10−2 [rad/s], |q̇| ≤ 5× 10−2 [rad/s2], θ̇ ≤ 5× 10−2 [rad/s] (21)
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Figure 16. Longitudinal Trim Envelope for Cessna Citation II at Mach 0.4, Sea level

Figure 17 shows the contour plot of the longitudinal trim envelope for the damaged Cessna Citation II
with 100% tail loss, shaded according to V̇ . It can be seen that the aircraft accelerates with pitch down and
decelerates with pitch up motion. This acceleration and deceleration is due to the flexible condition on V̇ as
stated in Eq. 21. With an almost constant angle of attack, any change in pitch angle will require a change
in thrust. However, change in the thrust is limited by the fact that the thrust is generating a pitch down
motion. An increase in the thrust will cause the aircraft to pitch down or a decrease in the thrust may cause
the aircraft to pitch up, and these pitching motions cannot be compensated.

V.B. Longitudinal Safe Flight Envelope

In section II, the safe flight envelope was defined as the intersection between the forward and the backward
reachable sets. Forward or backward reachable set is computed by solving the HJB equation, Eq. 6, as an
initial value or a terminal value problem respectively, to get the invariant set and then the principle of duality
is utilized, Eq. 2, to obtain the reachability set. Eq. 6 is solved using the level set method toolbox.19,20 The
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Figure 17. Longitudinal Trim Envelope shaded according to V̇ for Damaged Cessna Citation II (100% Tail Loss) at
Mach 0.4, Sea level

trim envelope K computed in the previous section is evolved over a time horizon T and is described by the
following implicit function:

l (x) = min {x1 − αmin, αmax − x1, x2 − θmin, θmax − x2, x3 − qmin, qmax − x3} (22)

The level set method requires at least one grid point inside the trim set, so that the implicit function can
be evolved in time to get a meaningful reachable set. However, the longitudinal trim envelope K is a two
dimensional plane (α, θ) with q = 0. Therefore, it is assumed, that the states in the near vicinity of q = 0
are also part of the trim set, to be specific {q ∈ K| |q| ≤ 0.01}, which yields an implicit surface defined by
Eq. 22. Moreover, it can be noticed that l (x) ≥ 0 for x ∈ K and l (x) < 0 for x /∈ K. Table 4 outlines the
parameters that are specified for the reachable set computation.

Table 4. Solver Settings for the Reachable Set Computation (Longitudinal Safe Flight Envelope)

Parameter Setting

Computational Domain [−0.35, 0.35] rad× [−0.785, 0.785] rad× [−0.8, 0.8] rad/s

Number of Grids 100× 100× 100

Time Horizon 1.0 s

The system defined by the last three equations of Eq. 18 results in a Hamiltonian function of Eq. 6:

H (p,x,u) = p1α̇+ p2θ̇ + p3q̇ (23)

where p in the above equation are the co-states of the value function in Eq. 6: p1 = ∂V2

∂α , p2 = ∂V2

∂θ and

p3 = ∂V2

∂q . The quantity to be minimized in the Hamiltonian of Eq. 23 becomes:

−p1CLδe δe
ρS
2mV − p1CLδf δf

ρS
2mV + p3Cmδe δe

ρSc̄
2Jyy

V 2 (24)

The minimizers, δe and δf , depend on the sign of the co-states p1 and p3. Recall that V > 0 and CLδf > 0,

then the optimal control inputs for minimizing the Hamiltonian are:

� δe =





δemin
if p3Cmδe

ρSc̄
2Jyy

V − p1CLδe
ρS
2m > 0

δemax
if p3Cmδe

ρSc̄
2Jyy

V − p1CLδe
ρS
2m < 0

[δemin
, δemax

] if p3Cmδe
ρSc̄
2Jyy

V − p1CLδe
ρS
2m = 0

� δf =





δfmin
if p1 < 0

δfmax
if p1 > 0

[δfmin
, δfmax

] if p1 = 0
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whereas thrust T is varied, such that the velocity V is constant throughout the computational domain of
the reachability analysis and is computed by setting the first equation of Eq. 18 to zero and solving for the
thrust. The ranges of the control inputs are stated in Table 3.

Figure 18 shows the variation of the safe flight envelope with different Mach numbers at sea level for
the time horizon T = 1 s. Clearly, with the increasing Mach and hence the dynamic pressure, the aircraft’s
maneuverability increases as shown by the increasing size of the safe flight envelope. Furthermore, it can
be seen, that there is a noticeable difference between the forward and the backward reachable sets; there
are states that can be reached within T = 1 s, however, coming back to the trim envelope from the same
states is not possible, and vice versa. Another interesting fact to notice here, is that the backward reachable
set encompasses and extends beyond the computational domain in the α − q plane. Similarly, the forward
reachable set at Mach 0.4 and sea level, completely encompasses the θ − q plane. It is observed that the
reachability set extends far from the region, where the linear aerodynamic model and/or structural limits
are valid.

(a) Mach 0.2; Sea Level (b) Mach 0.3; Sea Level

(c) Mach 0.4; Sea Level

Figure 18. Longitudinal Safe Flight Envelope for Nominal Cessna Citation II with T = 1 s (Variation with Mach),
Green: Trim Envelope; Blue: Backward Reachable Set; Red: Forward Reachable Set

The variation of the safe flight envelope with different altitudes at Mach 0.4 is shown in Figure 19. As
the altitude increases from sea level to 10,000 m, the safe flight envelope shrinks. With increasing altitude,
density decreases and hence the dynamic pressure drops, which makes the aircraft less maneuverable.

The comparison of the safe flight envelopes for the nominal and the damaged Cessna Citation II is
presented in Figure 20. An enormous reduction in the size of the safe flight envelope with the complete tail
lost is visible. The backward and the forward reachable sets extend in the opposite direction in the α−axis.
As the elevator is lost, positive pitch angles and pitch rates are not reachable from the trim envelope. On
the other hand, thrust is causing the aircraft to pitch down, which can be observed by the fact, that the
forward reachable set is stretching towards negative pitch angles and pitch rates, however, coming back from
these negative states is impossible as these states are not part of the backward reachable set. While thrust is
fixed in order to maintain the velocity, the only control available is the flap deflection, giving a slight room
for maneuverability in the angle of attack.

In order to quantify the change in the size of the safe flight envelopes, number of grid points inside
the reachable set as a percentage of total grid points (100 × 100 × 100) is plotted against different flight
conditions and tail damages in Figure 21. As can be seen, that the increase in percentage grid points inside
the reachable set (forward and backward) is almost linear with increasing Mach. Similarly, the decrease in
the size of the safe flight envelope is also nearly linear with altitude. Furthermore, the third plot in Figure
21 shows that the reachable sets for the 100% tail damage have shrunk remarkably and the percentage of
grid points inside the reachable set has reduced to just 0.11%.
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(a) Mach 0.4; Sea Level (b) Mach 0.4; 5,000 m

(c) Mach 0.4; 10,000 m

Figure 19. Longitudinal Safe Flight Envelope for Nominal Cessna Citation II with T = 1 s (Variation with Altitude),
Green: Trim Envelope; Blue: Backward Reachable Set; Red: Forward Reachable Set

(a) Nominal Aircraft (b) 100% Tail Loss

Figure 20. Longitudinal Safe Flight Envelope for Cessna Citation II with T = 1 s at Mach 0.4, Sea Level, Green: Trim
Envelope; Blue: Backward Reachable Set; Red: Forward Reachable Set
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(a) Variation with Mach
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(b) Variation with Altitude
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(c) Vartiation with Tail Damage

Figure 21. Change in the Percentage of Grid Points inside the Longitudinal Reachable Set, Blue: Backward Reachable
Set; Red: Forward Reachable Set
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Table 5 lists the computational time for the reachability set analysis using the level set method applied
to the three dimensional longitudinal dynamics. The computational time required for the forward and the
backward reachable set is almost equal. However, it is interesting to see, that as the reachable set has shrunk
with decreasing Mach or increasing altitude or for the damaged aircraft, so has the time for computing the
respective reachable set.

Table 5. Computational Time* for the Longitudinal Reach-
ability Set with T = 1 s

Damage Type Flight Condition tF [s] tB [s]

M 0.2, Sea level 1950.8 1961.9

Nominal
M 0.3, Sea level 2682.8 2697.2

M 0.4, Sea level 4208.1 4178.0

M 0.4, 5000 m 2409.2 2396.7

M 0.4, 10000 m 1687.7 1639.0

100% VT Lost M 0.4, Sea level 1211.3 1238.6

* Computation performed on a Core i5, 2.40GHz processor run-
ning Windows® 7 and Matlab® R2015b.

In order to validate the computed reachable sets, two sets of Monte Carlo simulations have been per-
formed. The first set considers randomly generated state trajectories initialized throughout the state space
with constant control inputs all along the state trajectory. The second set considers a single trajectory
constructed from sets of random candidate trajectories with arbitrary control inputs changing at each time
step dt. Figure 22 illustrates the aforementioned Monte Carlo methods.

Figure 22. Illustration of Two Monte Carlo Simulation Methods: Random Trajectories with Constant Inputs (left) and
A Single Trajectory Constructed from Sets of Candidate Increments (right)

As an example, a Monte Carlo simulation performed for backward reachability set with q = 0 at sea level
and Mach 0.4 is presented in Figure 23. Trajectories are initialized on a 20 × 20 grid on the α − θ plane.
The left plot in Figure 23 shows the result of the Monte Carlo analysis performed with the first method. It
can be seen that only a limited number of initial states near the trim envelope are verified as the backward
reachable set using the random inputs that are fixed throughout the state trajectory. Plot on the right
presents the result of Monte Carlo simulation implemented with the second method. This time almost all
the states within the backward reachable set are verified. No state outside the backward reachable set is
successful in initiating a state trajectory that lead to the trim envelope within the time horizon of T = 1 s.
Although, the control inputs and the trajectories initiated by these inputs at each time step dt are randomly
selected, most of the states are verified.

Figure 24 shows the variation of the control inputs and the states with time, as the state trajec-
tory proceeds from an initial state to the trim envelope. The trajectory is initiated at (α, θ, q) =
(0.3132 rad, 0.5371 rad, 0 rad/s), which lies inside the backward reachable set. From this state, the trim
envelope cannot be reached with a random input that is fixed throughout the trajectory within the given
time horizon (Monte Carlo method 1). However, the trim envelope is reached within t = 0.8 s when the
random input is changed at each time increment dt (Monte Carlo method 2). The top plot in Figure 24
shows the change in the flap and the elevator deflection as the state trajectory proceeds. The variation of
thrust is shown in the second plot. As can be seen that after each increment dt = 0.1 s, the flap and the
elevator deflection is arbitrarily changed, whereas the thrust is almost constant, since it is varied to maintain
the velocity. The third plot shows the state trajectory itself. The aircraft undergoes extreme maneuvers in
order to reach the trim envelope, with state changing at a very high rate i.e., after every 0.1 s. It can be
concluded, that although the reachability analysis accurately computes the safe flight envelope, few of the
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(a) Monte Carlo with Fixed Arbitrary Inputs (b) Monte Carlo with Incremental Inputs

Figure 23. Monte Carlo Analysis for Backward Reachable Set (Nominal Cessna Citation II) with T = 1 s at Mach 0.4,
Sea Level, Green: Successful; Red: Unsuccessful
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Figure 24. Control Input Variation and State Trajectory for Nominal Cessna Citation II initialized at (α, θ, q) =
(0.3132 rad, 0.5371 rad, 0 rad/s) at Mach 0.4, Sea Level

states that are part of the “theoretical” reachable set (forward or backward) may not be reachable in reality.
This is due to the fact, that the pilot may not be able to fly such a complex maneuver or the trajectory
passes through the states that lie outside the aerodynamic and/or structural limits of the aircraft.

VI. Lateral Envelope

Roll, yaw and sideslip define the lateral motion of an aircraft. The state variables that characterize the
lateral motion are: velocity V , sideslip β, roll rate p, yaw rate r and roll angle φ. Since no longitudinal
motion is involved, therefore q = q̇ = 0, whereas the angle of attack α and the pitch angle θ are fixed with
α̇ = θ̇ = 0. With these conditions, Eqs. 8, 7 and 9 can be reduced to lateral equations of motion:





V̇ =
1

m

(
T cosα cosβ − 1

2ρV
2SCD (α) +mg1

)

β̇ = p sinα− r cosα+
1

mV

[
−T cosα sinβ + 1

2ρV
2SCY (α, β, p, δr) +mg2

]

ṗ =
1

JxxJzz − J2
zx

(
Jzz

1
2ρV

2SbCl (α, β, p, r, δa, δr) + Jzx
1
2ρV

2SbCn (α, β, p, r, δa, δr)
)

ṙ =
1

JxxJzz − J2
zx

(
Jzx

1
2ρV

2SbCl (α, β, p, r, δa, δr) + Jxx
1
2ρV

2SbCn (α, β, p, r, δa, δr)
)

φ̇ = p+ r sin θ
cos θ cosφ

(25)

20 of 28

American Institute of Aeronautics and Astronautics



In the above set of equations, g1 and g2 are the components of gravity vector and were presented in section
III.

VI.A. Lateral Trim Envelope

The lateral trim envelope is computed by minimizing the following cost function for some fixed states:

J = WV V̇
2 +Wβ β̇

2 +Wpṗ
2 +Wr ṙ

2 +Wφφ̇
2 (26)

For the current research, a one dimensional (β) trim envelope has been computed with p = r = φ = 0 at a
fixed longitudinally trimmed angle of attack αtrim and pitch angle θtrim, see Table 6. The parameters for the
lateral trim envelope computation for Cessna Citation II are listed in Table 7. Sideslip angle is considered
trimmed, if the inputs are within the bounds and the following conditions are satisfied:

∣∣∣V̇
∣∣∣ ≤ 1× 10−4 [m/s2],

∣∣∣β̇
∣∣∣ ≤ 0.05 [rad/s],

|ṗ| ≤ 1× 10−4 [rad/s2], |ṙ| ≤ 1× 10−4 [rad/s2], φ̇ ≤ 1× 10−4 [rad/s]
(27)

Table 6. Fixed Longitudinal Trim States used for Lateral Trim Computation

Flight Condition (αtrim, θtrim) [rad]

Mach 0.2, Sea level (0.005, 0.1)

Mach 0.3, Sea level (−0.005, 0.05)

Mach 0.4, Sea level (−0.0249, 0)

Mach 0.4, 5,000 m (−0.005, 0.05)

Mach 0.4, 10,000 m (0.005, 0.1)

Table 7. Parameters for the Lateral Trim Envelope Computation

Bounds Grid Resolution Cost Function Weights

T ∈ [2241, 44482] [N]

δa ∈ [−0.5934, 0.5934] [rad]

δr ∈ [−0.3840, 0.3840] [rad]

β ∈ [−0.3491, 0.0.3491] [rad]

p = r = 0 [rad/s]

φ = 0 [rad]

βres = 0.007 [rad] WV = Wβ = Wp = Wr = Wφ = 10

The trimmed sideslip angle for the nominal Cessna Citation II at various flight conditions has been
presented in Figure 25. Similarly, Figure 26 shows a comparison of lateral trim set for different damage cases
at Mach 0.4 and sea level. No major change is observed, either with the flight condition or with the vertical
tail damage. However, a slight decrease can be noticed in the trim set for the damaged Cessna Citation II
with 75% vertical tail loss. The almost unvarying behavior of the trim set with the changing flight conditions
is due to the fact, that the condition imposed on the rate of sideslip angle β̇ (Eq. 27) is not very strict.
Moreover, although the rudder control effectiveness is decreasing with the spanwise damage to the vertical
tail, the side force Y generated by the sideslip is also decreasing, allowing the aircraft to trim at almost the
same sideslip angle.

VI.B. Lateral Safe Flight Envelope

A two dimensional (β − r) safe flight envelope is computed with ṗ = p = φ̇ = φ = 0 by evolving the trim
set K forward and backwards in time. By considering the states in the proximity of r = 0 to be part of the
trim set i.e., {r ∈ K| |r| ≤ 0.01}, the following implicit function is defined:

l (x) = min {x1 − βmin, βmax − x1, x2 − rmin, rmax − x2} (28)
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Figure 25. Lateral Trim Set for Nominal Cessna Citation II at various Flight Conditions
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Figure 26. Lateral Trim Set for Cessna Citation II at Mach 0.4, Sea Level

Here as well, it can be noticed that l (x) ≥ 0 for x ∈ K and l (x) < 0 for x /∈ K. Table 8 outlines the
parameters that are assigned for the two dimensional reachable set computation.

Table 8. Solver Settings for the Reachable Set Computation (Lateral Safe Flight Envelope)

Parameter Setting

Computational Domain [−1.05, 1.05] rad× [−1.0, 1.0] rad/s

Number of Grids 200× 200

Time Horizon 1.0 s

The Hamiltonian function in Eq. 6 for the lateral safe flight envelope computation is defined as:

H (p,x,u) = p1β̇ + p2ṙ (29)

where the co-states in the above equation are: p1 = ∂V2

∂β and p2 = ∂V2

∂r . With the aileron deflection δa being
varied to prevent the aircraft from rolling and thrust T to maintain the constant velocity, the only minimizer
in the Hamiltonian function in Eq. 29 is the rudder deflection δr, which yields the following quantity to be
minimized in the Hamiltonian function:

p1
ρS
2mV CYδr δr + p2

ρSb
2(JxxJzz−J2

zx)V
2
(
JzxClδr + JxxCnδr

)
δr (30)

Then the optimal rudder deflection to minimize the Hamiltonian function becomes straightforward:

� δr =





δrmin if p1
ρS
2mV CYδr + p2

ρSb
2(JxxJzz−J2

zx)V
2
(
JzxClδr + JxxCnδr

)
> 0

δrmax if p1
ρS
2mV CYδr + p2

ρSb
2(JxxJzz−J2

zx)V
2
(
JzxClδr + JxxCnδr

)
< 0

[δrmin , δrmax ] if p1
ρS
2mV CYδr + p2

ρSb
2(JxxJzz−J2

zx)V
2
(
JzxClδr + JxxCnδr

)
= 0

The required aileron deflection δa to keep the aircraft level is computed by setting ṗ = 0 in Eq. 25 and
solving for δa. Moreover, the required thrust T is computed by setting V̇ = 0 in Eq. 25 and solving for T .

Figures 27 and 28 shows the variation of the lateral safe flight envelope with different flight conditions.
As expected, the safe flight envelope grows as the velocity of the aircraft increases, shown in Figure 27.
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Additionally, the safe flight envelope shrinks as the altitude increases from sea level to 10,000 m, see Figure
28. An interesting fact to notice here is that the effect of decreasing the Mach by 0.1 and increasing the
altitude by 5,000 m is almost the same on the lateral safe flight envelope of Cessna Citation II.
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(c) Mach 0.4; Sea Level

Figure 27. Lateral Safe Flight Envelope for Nominal Cessna Citation II with T = 1 s (Variation with Mach), Green:
Trim Envelope; Blue: Backward Reachable Set; Red: Forward Reachable Set
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(b) Mach 0.4; 5,000 m
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(c) Mach 0.4; 10,000 m

Figure 28. Lateral Safe Flight Envelope for Nominal Cessna Citation II with T = 1 s (Variation with Altitude), Green:
Trim Envelope; Blue: Backward Reachable Set; Red: Forward Reachable Set

Figure 29 shows the lateral safe flight envelopes for Cessna Citation II for various vertical tail damages at
Mach 0.4 and sea level. As the percentage of spanwise vertical tail damage increases, the safe flight envelope
shrinks. The range of sideslip angle β in the forward and the backward reachable sets decreases with the
vertical tail damage. However, the yaw rate r range is almost the same for various damages. This shrinking
in the safe flight envelope is unlike the shrinking in the safe flight envelope due to different flight conditions.
At higher altitude and lower Mach numbers, the overall maneuvering capability of the aircraft decreases and
the aircraft cannot simply reach high sideslip angles and high yaw rates. On the contrary, due to spanwise
vertical tail damage the aircraft can reach to or comeback from high sideslip angles but at high yaw rates.
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(d) 75% VT Loss

Figure 29. Lateral Safe Flight Envelope for Cessna Citation II with T = 1 s at Mach 0.4, Sea Level, Green: Trim
Envelope; Blue: Backward Reachable Set; Red: Forward Reachable Set

In addition to understanding the effects of various structural damages and flight conditions on the safe
flight envelope, it is also very important to know that how different time horizons would affect the safe flight
envelope of an aircraft. Figure 30 presents the safe flight envelopes for nominal Cessna Citation II at Mach
0.4 and sea level for three different time horizons. As expected, the safe flight envelope expands as the time
horizon is increased. As the time horizon decreases, the lateral safe flight envelope shrinks in β−axis i.e., a
limited range of sideslip angle is reachable with almost same yaw rate r, unlike the safe flight envelope for
the damaged vertical tail, where higher sideslip angles were reachable, however, at higher yaw rates.
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(b) T = 0.75 s
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(c) T = 1.0 s

Figure 30. Lateral Safe Flight Envelope for Nominal Cessna Citation II at Mach 0.4, Sea Level (Variation with Time
Horizon), Green: Trim Envelope; Blue: Backward Reachable Set; Red: Forward Reachable Set

The changes in the lateral safe flight envelope due to different flight conditions, vertical tail damages and
time horizons are summarized in Figure 31. With different flight conditions, the change in the lateral safe
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flight envelope has the same behavior as in the longitudinal safe flight envelope i.e., the safe flight envelope
changes almost linearly with different flight conditions as suggested by results presented in the top two plots.
Figure 31(c) shows that the reachable set expands with increasing time horizon T . The shrinkage in the
reachability sets with the vertical tail damage is shown in Figure 31(d). The percentage of grid points inside
the reachable set decreases with increasing spanwise vertical tail damage as expected, however, this damage
is not linear.
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age (Mach 0.4, Sea Level with T = 1 s)

Figure 31. Change in the Percentage of Grid Points inside the Lateral Reachable Set, Blue: Backward Reachable Set;
Red: Forward Reachable Set

In order to demonstrate the feasibility of the database approach, variation of the number of grid points
inside the reachable set with spanwise vertical tail damage, Figure 31(d), has been fit with a quadratic poly-
nomial model. Two spanwise vertical tail damages are investigated in order to substantiate the hypothesis
of interpolatibility. Table 9 shows the comparison between the number of grid points inside the reachable set
computed using the level set method and the second order polynomial interpolation. For both damages, it
can be seen that the quadratic polynomial interpolation has approximated the number of grid points inside
the reachable set fairly close to the actual results obtained by the level set method for both backward and
forward reachable sets. The idea of interpolation in the database approach is corroborated by the comparison
presented in Table 9.

Similarly, the variation of the number of grid points inside the reachable set with Mach number and
altitude has been fit with a linear polynomial model. One trial Mach number and one altitude level is
investigated. Table 10 presents the comparison between actual and approximated number of grid points
inside the reachable set. Here as well, the premise of interpolation between flight conditions within the
database has been verified.

Lastly, the computational time for the reachability analysis applied to the two dimensional lateral dy-
namics is presented in Table 11. The time to compute the reachable set for the nominal Cessna Citation II
at Mach 0.4 and sea level is largest. But with 25% vertical tail damage, the computational time decreases.
However, as the vertical tail damage is further increased, so does the computational time. Comparing the
computational time for the two dimensional reachability problem, Table 11, with the computational time
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Table 9. Comparison of Level Set Method and Interpolation with Quadratic Polynomial Model at Mach 0.4, Sea Level
with T = 1 s

Damage Type Reachability Set No. of Grid Points inside Reachable Set Error

Actual 2nd Order Approx.

40% VT Lost
Forward 17882 18912 5.76 %

Backward 23208 24759 6.68 %

60% VT Lost
Forward 11976 11745 -1.9 %

Backward 15306 14699 -3.9 %

Table 10. Comparison of Level Set Method and Interpolation with Linear Polynomial Model for Nominal Cessna
Citation II with T = 1 s

Flight Condition Reachability Set No. of Grid Points inside Reachable Set Error

Actual 1st Order Approx.

Mach 0.35, Sea Level
Forward 20966 20646 -1.53 %

Backward 31922 31018 -2.83 %

Mach 0.4, 7500 m
Forward 11062 11598 4.84 %

Backward 15380 16105 4.7 %

for the three dimensional reachability problem presented in Table 5, demonstrates the inherent problem of
“curse of dimensionality” with the reachability problem. The maximum computational time for the two
dimensional lateral reachability problem with 200× 200 grid and T = 1 s is less than two minutes. On the
other hand, the maximum computational time for the three dimensional longitudinal reachability problem
with 100× 100× 100 grid and T = 1 s is seventy minutes.

Table 11. Computational Time for the Lateral Reachability Set with T = 1 s

Damage Type Flight Condition tF [s] tB [s]

M 0.2, Sea level 37.89 38.59

Nominal
M 0.3, Sea level 67.14 68.45

M 0.4, Sea level 105.79 109.33

M 0.4, 5000 m 64.86 64.82

M 0.4, 10000 m 38.22 38.36

25% VT Lost M 0.4, Sea level 46.94 46.34

50% VT Lost M 0.4, Sea level 52.99 49.76

75% VT Lost M 0.4, Sea level 78.46 69.72

VII. Conclusion

In order to investigate the feasibility of the novel database approach for online flight envelope prediction
and protection, a three dimensional longitudinal and a two dimensional lateral safe flight envelope for the
nominal and the damaged Cessna Citation II at various flight conditions was computed and presented in
this paper. For the purpose of decoupling the dynamics, symmetrical damages with spanwise vertical tail
damage were considered.

The safe flight envelopes were computed by defining a nonlinear reachability problem and solving it with
the level set method through an optimal control formulation using actual aircraft control surface inputs.
Nonlinear reachability analysis require a flight dynamics based physical model of an aircraft. Therefore,
a simple method to identify the physical parameters of the aircraft (mass, inertia etc.) was presented.
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Moreover, the aerodynamic stability and control derivatives were estimated using Digital Datcom.
It was shown that although the principle of time scale separation is very useful to solve the problem of

“curse of dimensionality” in the reachability analysis for the slower dynamics, it is not feasible to implement
the same principle for the reachability computation for faster dynamics when only considering the aircraft
control surfaces as inputs.

By analyzing both longitudinal and lateral safe flight envelopes, it was observed, that the reachability set
extends far beyond the region, where the linear aerodynamic model and the structural limits are valid. Intro-
ducing the aerodynamic model and structural limits will help restrict the computational domain. Moreover,
it was also observed, that the reachability analysis computes a safe flight envelope that is “theoretically”
reachable, however, practically it might not be possible to reach such a state due to a high rate of control
input or maneuver requirement that is out of pilot’s bandwidth.

It was demonstrated that the flight conditions have same effect on the longitudinal and the lateral safe
flight envelopes. The safe flight envelope expands almost linearly with increasing Mach while it also shrinks
linearly, with increasing altitude. This result is consistent with the fact that with an increasing Mach, the
maneuverability of an aircraft increases, whereas the maneuverability decreases with increasing altitude.
Similarly, the effects of various time horizons on the safe flight envelope were also presented. It was shown
that the safe flight envelope grows as the time horizon is increased.

Furthermore, the lateral safe flight envelopes for the Cessna Citation II with 0%, 25%, 50% and 75%
vertical tail loss, were compared. The comparison was quantified by the number of grid points inside the
backward and the forward reachable sets. The results show that the number of grid points inside the
reachable set decline almost quadratically with increasing spanwise vertical tail damage. A second order
polynomial model was fitted on this data and then two candidate vertical tail damages were interpolated
using this quadratic polynomial model. The same idea of interpolation, was also verified for different flight
conditions by using a linear regression model. The comparison between the actual and the approximated
grid points inside the reachable set show promising results and support the hypothesis of interpolatibility in
the database approach.

It was further demonstrated, that different flight conditions, various time horizons and the vertical tail
damages have different effects on the safe flight envelope. However, a unique trend can be observed for each
of these categories.

At this moment, only the symmetrical damages have been considered. Future work will extend to asym-
metrical damages. It should be noted, however, that in case of asymmetrical damages, the decomposition
of the flight dynamics into longitudinal and lateral dynamics will be no longer valid and a nine dimensional
safe flight envelope for fast dynamics will have to be computed. Therefore, a more computationally efficient
method has to be explored, such that the higher dimensional safe flight envelopes can be computed offline
and a database of these safe flight envelopes for various damages at different flight conditions can be con-
structed and analyzed. Moreover, future work will also include extensive and in-depth research in physical
modeling (mass and inertia model, aerodynamic model etc.) of the damaged aircraft. Another topic for the
further research is damage and failure identification and classification.
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Chapter 1

Introduction

A recent study by Commercial Aviation Safety Team (CAST)/International Civil Aviation
Organization (ICAO) shows that the Loss of Control (LOC) in flight is the primary cause of
fatal accidents in civil aviation. The study presents a statistical analysis of aircraft accidents
during the period of 2002 till 2011 and it is indicated that the LOC comprise of as much as
23% of all the fatal aircraft accidents (Boeing, 2012). LOC entails that the aircraft has left the
safe flight envelope, which is the set of safe flight conditions. In terms of flight performance,
any damage to the aircraft or system failure degrades the flying qualities and hence require
immediate attention to maintain the integrity of an aircraft (Lopez & Sarigul-Klijn, 2010).
Because of the degraded flying qualities due to damage, the safe flight envelope may shrink
and the aircraft may find itself outside of this changed safe flight envelope which leads to LOC,
this is shown in Figure 1-1. Although the system dynamics may completely change as a result
of a damage, these LOC related accidents can still be prevented using unconventional control
strategies. A research is conducted by the Integrated Resilient Aircraft Control (IRAC) team
at National Aeronautics and Space Administration (NASA) Aviation Safety Program that
is focused on enhancing the flight control capabilities to prevent LOC and to safely land an
aircraft (NASA Aviation Safety Program, 2009).

Safe Flight Envelope
(Nominal)

(a) Nominal Aircraft

Safe Flight Envelope
(Damaged)

(b) Damaged Aircraft

Figure 1-1: Loss of Control due to Damage

In order to prevent the LOC, it is very important to have the knowledge about the restricted
safe flight envelope of an impaired aircraft (T. J. J. Lombaerts, 2010; Stroosma, Smali, Lom-
baerts, & Mulder, 2008; T. Lombaerts et al., 2015) so that it can be made sure that the
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aircraft does not leave the safe flight envelope. This information also increases pilot’s overall
situation awareness significantly (Stroosma et al., 2008; T. Lombaerts et al., 2015).

The flight envelope has been estimated in the literature by means of various methods. The
estimation methods include wind tunnel testing, flight experiments and the model based
computation of achievable trim points (Goman, Khramtsovsky, & Kolesnikov, 2008; Keller,
McKillip, & Kim, 2009) or using a vortex lattice algorithm coupled with an extended kalman
filter to estimate the performance flight envelope (Menon, Sengupta, Vaddi, Yang, & Kwan,
2013). However, a more extensive and detailed method is to estimate the safe flight enve-
lope by considering it to be a non-linear reachability problem and to obtain the solution by
numerically solving the Hamilton Jacobi Bellman (HJB) partial differential equations (PDE)
or by Hamilton Jacobi Isaacs (HJI) PDE equations when the presence of disturbances are
considered in the analysis. Reachability set analysis allows a very accurate estimation of the
safe flight envelope of an aircraft, however, this approach is computationally expensive and
the major challenge associated with such an analysis is the “curse of dimensionality”.

At the present time there is very little knowledge of how different failures and damages
affect the overall safe flight envelope of an aircraft. This information, however, is of extreme
significance for a novel database approach to the real time flight envelope prediction and
protection, that is currently being researched at the Control & Simulation (C&S) division
of the Aerospace Faculty, Delft University of Technology (DUT). The basic principle of the
database approach is that instead of trying to solve the HJI/HJB equations in real time,
a database of safe flight envelopes corresponding to the most often occurring failures at
various flight conditions is created offline. A quick classification of the failure is made when a
failure is encountered during the flight, the database of safe flight envelopes is then accessed
and interpolated to estimate the safe flight envelope. This estimated safe flight envelope is
then used by the Flight Control Computer (FCC) to execute the flight envelope protection
algorithm. Moreover, the estimated safe flight envelope is also conveyed to the pilot in order
to improve the overall situation awareness. Figure 1-2 shows an overview of the database
approach to flight envelope estimation and protection.

Figure 1-2: The Database Approach
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1-1 Thesis Objectives and Research Questions

Focus of the current research is on the offline part of the database approach, in order to
investigate the feasibility of the database approach. The main objective of this research is to
construct a database of the safe flight envelopes corresponding to the most often occurring
structural damages at various flight conditions. The framework of this research is optimal
control and reachability analysis. The focus of the research expands to aerodynamic modeling
of the damaged aircraft. The research question that is to be answered is:

“How do structural failures affect the safe flight envelope of an aircraft, and how can these
effects be grouped into categories?”.

The main research question has been sub-divided into following research questions based on
different research areas that are related to the safe flight envelope estimation.

1. In addition to structural failures, how do different flight conditions and time horizons
affect the safe flight envelope of an aircraft?

2. Is it possible to interpolate between the safe flight envelopes within the database?

3. How do different structural damages affect the aerodynamic model structure and the
aerodynamic model parameters?

4. How can the principle of time scale separation be used in order to solve the higher
dimensional reachability problem?

The research objective is achieved in the context of above mentioned research questions. The
research areas that are explored in order to answer the defined research questions include:
reachability set theory, optimal control formulation, level set method, time scale separation
and modeling of the damaged aircraft.

1-2 Research Approach

The first step was to conduct a detailed literature review on various concepts related to the
safe flight envelope estimation and modeling of the damaged aircraft. After completing the
in-depth literature study, the physical and the aerodynamic model of the damaged aircraft
was developed. The system, based on the flight dynamics and the aerodynamic model, was
then analyzed for the feasibility of implementing the principle of time scale separation in
order to compute the higher dimensional safe flight envelopes with better computational
efficiency. Thereafter, the trim envelopes and then eventually the safe flight envelopes for
Cessna Citation II were computed. The safe flight envelopes computed for various damages
at different flight conditions were analyzed and the research questions outlined in Section 1-1
were answered in light of the research outcome.
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1-3 Thesis Outline

This thesis report consists of three parts. Part I, presented earlier, contains the technical
paper that delineate all the important concepts, methodologies, results and discussions on
the results. Part II consist of three chapters, starting with the current chapter. Chapter 2
present a state-of-the-art literature survey in the field of reachability set theory, safe flight
envelope estimation and damaged aircraft modeling. Conclusion on the current research and
recommendations for the future research work, based on the results presented in the technical
paper, are presented in Chapter 3. Lastly, Part III list all the appendices that contain
additional results.
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Chapter 2

Literature Review / State-of-the-Art

This chapter presents a detailed literature survey relevant to the current research. Various
concepts related to the safe flight envelope estimation are discussed in the existing literature
and researched thus far. In order to put things in perspective, different aspects related to
the research are presented in the following structure: The safe flight envelope is formally
defined in the first section. Section 2-2 provides a theoretical background on the subject
of reachability set theory and explains its relevance to the safe flight envelope estimation.
Section 2-3 presents a discussion on the challenge associated with the reachability set analysis
i.e., “curse of dimensionality”. Lastly, in section 2-4, an overview of the current research in
the field of damaged aircraft modeling is presented.

2-1 The Safe Flight Envelope

Before we can elaborate upon the safe flight envelope estimation methods, it is necessary
to give a formal definition of the safe flight envelope. The standard definition of the flight
envelope refers to a region of airspeed and altitude where an aircraft is required to operate
or a constrained area in the velocity versus load factor graph. These definitions can be found
in any textbook on aircraft performance (Anderson, 1998; Ruijgrok, 2007). However, for
the purpose of avoiding LOC, we are interested in the safe flight envelope which is formally
defined as: (Oort, 2011)

The set of aircraft’s state space for which the aircraft can be safely controlled
and loss-of-control can easily be avoided.

This set is also referred to as the dynamic flight envelope (Oort, 2011) or the immediate flight
envelope (Tang et al., 2009). Moreover, a distinction is made by (Tang et al., 2009) between
the immediate flight envelope and the extended flight envelope which can be considered as the
structural envelope and include the constraints like structural integrity. It is stated that the
immediate flight envelope should be used for the flight envelope protection problem while the
extended envelope is useful for broader functions such as path planning.
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2-2 Reachability Set Theory

The reachability set theory is widely used in the safety analysis. Reachability set theory
studies the behavior of set of trajectories that emerge from a dynamic system; that whether
these trajectories can reach from one point to another in a given time.

Consider a continuous time system ẋ = f(x,u, t), a time horizon T ≥ 0, set of control inputs
u ∈ U and a set of states K. There are three main sets that can be formulated associated
with the set K and the trajectories that lead to K over a time horizon T (Lygeros, 2004).

Viability V(t,K): Set of all the states x(·) for which there exist at least one input
u(·) ∈ U[0,T ] such that x(t) ∈ K for all t ∈ [0, T ].

Invariance I(t,K): Set of all the states x(·) for which there exist all the inputs u(·) ∈
U[0,T ] such that x(t) ∈ K for all t ∈ [0, T ].

Reachability R(t,K): Set of all the states x(·) for which there exist at least one input
u(·) ∈ U[0,T ] and t ∈ [0, T ] such that x(t) ∈ K.

By comparing the above sets, it can be stated that:

I (t,K) ⊂ V (t,K) ⊂ R (t,K) (2-1)

Moreover, the principle of duality relates the reachability and the invariant set as follows,

R (t,K) = (I (t,Kc))c (2-2)

Figure 2-1 shows an illustration of these three sets. The smallest of these sets, as stated in
Eq. 2-1, is the invariant set. It is the set of states where all the inputs lead to trajectories that
remain inside the trim set K throughout the time horizon T . Next is the viability set, which
is the largest subset of the trim set K. It can be seen that there are trajectories extending
outside the trim set K, however, there is at least one input that is keeping the trajectory
inside the trim set over the time horizon T . Lastly, the reachability set consists of all the
states within and outside the trim set K for which at least one input u(·) can bring the
trajectory to the target set K within a time t ∈ [0, T ].

The system ẋ = f(x,u, t) can be evolved forward and backwards in time, which can give us
two further types of reachability set; forward and backward reachable sets:

Forward Reachable Set RF (t,K): Set of all the states x(·) for which a control input
u(·) ∈ U[0,T ] exists at time t ∈ [0, T ], such that this set can be approached from at least
one point in the trim envelope K.

Backward Reachable Set RB(t,K): Set of all the states x(·) for which a control input
u(·) ∈ U[0,T ] exists at time t ∈ [0, T ], such that at least one state in the trim envelope
K can be reached.
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K

I(t,K)

V (t,K)

R (t,K)

Figure 2-1: Viability (Yellow), Invariance (Magenta) and (backward) Reachability Set (Blue),
Green: Successful trajectories; Red: Unsuccessful trajectories

2-2-1 Optimal Control Formulation

The viability and the invariant set, defined in the previous section, can be linked to SUPMIN
and INFMIN optimal control problems respectively (Lygeros, 2004). Suppose that the open
set K is associated with the zero level set of a function l : Rn → R by K = {x ∈ Rn | l(x) > 0},
then the viability set can be given as:

V(t,K) =

{
x ∈ Rn |V1(x, t) = sup

u(·)∈U[t,T ]

min
τ∈[t,T ]

l (φ (τ, t,x, u(·))) > 0

}
(2-3)

In the above equation φ(τ, t,x, u(·)) is the state trajectory. Similarly, assume a closed set
L that is associated with the level set of a continuous function l : Rn → R by L = {x ∈
Rn | l(x) ≥ 0}, then the invariant set can be given as:

I(t,K) =

{
x ∈ Rn |V2(x, t) = inf

u(·)∈U[t,T ]

min
τ∈[t,T ]

l (φ (τ, t,x, u(·))) ≥ 0

}
(2-4)

It is suggested by (Lygeros, 2004) that the characterization of value functions V1 and V2, given
in Eqs. 2-3 and 2-4 respectively, can be represented as viscosity solutions to Hamilton-Jacobi
partial differential equations. Hence, the viability set can be written in the form of HJB PDE
as,

∂V1

∂t
(x, t) + min

τ∈[t,T ]

{
0, sup

u(·)∈U[t,T ]

∂V1

∂x
(x, t) f(x,u, t)

}
= 0 (2-5)

And the invariant set is written in the form of HJB PDE as,

∂V2

∂t
(x, t) + min

τ∈[t,T ]

{
0, inf

u(·)∈U[t,T ]

∂V2

∂x
(x, t) f(x,u, t)

}
= 0 (2-6)

The HJ PDE given by Eqs. 2-5 and 2-6 can be solved using the level set method either as
an initial value problem or a terminal value problem in order to get a forward or a backward
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set respectively. Moreover, the principle of duality as given by Eq. 2-2, is used to get the
reachability set.

2-2-2 Safe Flight Envelope as a Reachability Set

Safe flight envelope estimation as a reachability set problem has been researched in the recent
past(Oort, 2011; Lygeros, 2004, 2003; Oort, Chu, & Mulder, 2011), the same with uncertainty
quantification and robustness in the estimated values of aerodynamic derivatives is also dis-
cussed in detail(Schuet, Lombaerts, Acosta, Wheeler, & Kaneshige, 2014; T. J. J. Lombaerts
et al., 2013). The idea is to observe the dynamic behavior of the trim states as they evolve
over a certain time horizon T i.e., reachability from the trim envelope (set of trim states). The
trim envelope, which is the set of stable and controllable states, is considered as a-priori safe
set. In terms of reachability set, the safe flight envelope is defined as the set of states that lie
in the intersection of forward and backward reachable sets. The forward reachable set refers
to the set of states to which an aircraft can easily maneuver from the stable trim set. On
the other hand, the backward reachable set (or the survivable envelope (T. J. J. Lombaerts
et al., 2013)) refers to the set of states from where an aircraft can recover back to the stable
trim set. Hence, the safe set is the intersection between the aircraft’s capability to maneuver
from the trim set (forward reachable set) and the survivable capacity of an aircraft (backward
reachable set). This is illustrated in Figure 2-2.

Forwards Reachable SetBackwards Reachable Set

Trim Envelope

Safe Flight Envelope

Figure 2-2: Safe Flight Envelope (Oort, 2011)

It is also very important to define an accurate trim set in order to obtain a correct reachability
set. Any untrimmed state which is part of the initial set will lead to an inaccurate safe
flight envelope. Computation of the trim states have been discussed in detail in the existing
literature. A common approach to compute the trim set is to minimize a cost function using
a numerical optimization routine (Marco, Duke, & Berndt, 2007; Yi & Atkins, 2010). The
trim set can also be found through interval analysis (Kampen, Chu, Mulder, & Emden, 2007)
and bifurcation and continuation methods (Ananthkrishnan & Sinha, 2001),

2-2-3 Level Set Method

In section 2-2-1, it was mentioned that the Eqs. 2-5 and 2-6 are solved numerically using
the level set method in order to compute the reachability set. The level set method is briefly
introduced in this section.
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A particular set or an n−dimensional region can be represented either explicitly or by using
an implicit function. Consider a closed region whose boundary is defined as interface i.e, the
border between the inner and the outer part of the region. Now in the explicit representation,
all the points that are part of the interface will be explicitly defined. However, in an implicit
representation, the interface is defined as an isocontour of some function Φ(x) = c. Consider,
for example, a unit circular region as shown in Figure 2-3, whose interface is implicitly defined
by the Φ(x) = c isocontour. The explicit representation of this interface will be a unit circle
∂Ω = {x| |x| = 1}.

interface

Φ(x)

state space

Φ(x) = c

K = {x :Φ < c}

Figure 2-3: Implicit Representation of a Unit Circle

Level set method deals with the dynamic behavior of the implicitly defined surfaces. A
detailed introduction on the topic of level set method is provided by (Osher & Fedkiw, 2003).
In order to achieve a reachable set for defined initial or target set K, the interface has to be
evolved in time. Suppose that the velocity of each point on the interface is given by f(x).
Given this velocity field, every point on the surface can be evolved in time. This can be
achieved by solving the ordinary differential equation (ODE) of the form,

dx

dt
= f(x) (2-7)

This direct formulation of interface evolution equation is called Lagrangian formulation. How-
ever, it is argued by (Osher & Fedkiw, 2003) that the Lagrangian formulation is mesh-unstable
and the accuracy of this method declines quickly due to deformation of the surface elements,
unless the interface is regulated and smoothed on regular intervals.

In order to avoid such problems, it is suggested to use the implicit function Φ(x) to represent
and evolve the interface. This is achieved by the following partial differential equation,

Φt +∇Φ.f(x) = 0 (2-8)

where the first term refers to the partial derivative in the time variable t. Eq. 2-8 is the
Eulerian formulation and is called the level set equation. It represents the motion of interface
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where Φ(x) = 0. Level set equation as given in Eq. 2-8 is an example of Hamilton-Jacobi
PDE of the form,

Φt +H(∇Φ) = 0 (2-9)

Note that, Eq. 2-9 is identical to the HJ PDE given by Eqs. 2-5 and 2-6. Eqs. 2-5 and
2-6 are solved numerically using the level set toolbox, developed in Matlab® at Stanford
University (Mitchell & Tomlin, 2000; Mitchell, Bayen, & Tomlin, 2001), using the algorithm
presented by (Osher & Fedkiw, 2003).

2-2-4 Implementation of Level Set Method

It was stated in the previous section that the Eqs. 2-5 and 2-6 are solved numerically using
the level set toolbox, either as an initial value problem or a terminal value problem. There
are various techniques that can be implemented in the toolbox that allow us to set up one
standard problem for the forward reachable set, backward reachable set and the invariant or
the viability set.

The relation between initial and terminal value problem for HJ equations is presented by
(Melikyan, Akhmetzhanov, & Hovakimyan, 2007) as:

Ht(x,∇x, t) = −H i(x,−∇x, t) (2-10)

where Ht is the Hamiltonian for the terminal value problem and H i is the Hamiltonian
for the initial value problem. Firstly, the optimality conditions for choosing optimal inputs
are tricked by using opposite gradients. Secondly, the temporal direction of integration is
reversed. This is achieved by simply multiplying the Hamiltonian of initial value problem H i

with -1. Eq. 2-10 allow us to formulate the backward reachability problem as an initial value
problem. Summary of the invariant and the viability set, both as initial value and terminal
value problem, is given as follows:

IB =





I(t,K) = {x|Φ(x, t) > c}
Φ(x, t0) = −g(x)
u∗ = min

u
{f(x,u, t).∇x}

HB = min
τ
{0,−f(x,u∗, t).∇x}

DtΦ(x, t) ≤ 0

=





I(t,K) = {x|Φ(x, t) < c}
Φ(x, t0) = +g(x)
u∗ = min

u
{f(x,u, t).−∇x}

HB = min
τ
{0,−f(x,u∗, t).∇x}

DtΦ(x, t) ≥ 0

IF =





I(t,K) = {x|Φ(x, t) > c}
Φ(x, t0) = −g(x)
u∗ = min

u
{f(x,u, t).−∇x}

HF = min
τ
{0, f(x,u∗, t).∇x}

DtΦ(x, t) ≤ 0

=





I(t,K) = {x|Φ(x, t) < c}
Φ(x, t0) = +g(x)
u∗ = min

u
{f(x,u, t).∇x}

HF = min
τ
{0, f(x,u∗, t).∇x}

DtΦ(x, t) ≥ 0
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VB =





V(t,K) = {x|Φ(x, t) > c}
Φ(x, t0) = −g(x)
u∗ = max

u
{f(x,u, t).∇x}

HB = min
τ
{0,−f(x,u∗, t).∇x}

DtΦ(x, t) ≤ 0

=





V(t,K) = {x|Φ(x, t) < c}
Φ(x, t0) = +g(x)
u∗ = max

u
{f(x,u, t).−∇x}

HB = min
τ
{0,−f(x,u∗, t).∇x}

DtΦ(x, t) ≥ 0

VF =





V(t,K) = {x|Φ(x, t) > c}
Φ(x, t0) = −g(x)
u∗ = max

u
{f(x,u, t).−∇x}

HF = min
τ
{0, f(x,u∗, t).∇x}

DtΦ(x, t) ≤ 0

=





V(t,K) = {x|Φ(x, t) < c}
Φ(x, t0) = +g(x)
u∗ = max

u
{f(x,u, t).∇x}

HF = min
τ
{0, f(x,u∗, t).∇x}

DtΦ(x, t) ≥ 0

Φ(x, t) in the above equations is the viscous approximation of the value function and g(x) is
the terminal cost function or in our case it represents the trim set K. The forward and the
backward reachability set can be obtained by applying the principle of duality as given by
Eq. 2-2, on the forward and the backward invariant set respectively.

2-3 Curse of Dimensionality

Estimating the safe flight envelope as a reachability set using the level set method is computa-
tionally expensive; the time and the memory required grows significantly with the dimension of
the problem. The computational complexity of the level set method is of the order O

(
Nn+1

)
,

with N being the number of computational grid points and n the dimension of the problem
(Stapel, Visser, Chu, & Kampen, 2016). It has been suggested by (Kitsios & Lygeros, 2005)
that the “curse of dimensionality” in the reachability analysis can be solved by exploiting
the structure of the system dynamics using the principle of time scale separation and solving
the reachability problem in a sequential manner; first for the faster dynamics and then for
the slower dynamics.

Figure 2-4 shows the structure of time scale separation implemented for reachability compu-
tation by (Kitsios & Lygeros, 2005). First, the range of pseudo-controls (V , γ) is computed
by defining the reachability problem for faster dynamics. In the next step, the viability set
for the states with slower dynamics (x, y, h, ψ) has been estimated using the pseudo-controls
(V , γ) and the actual optimal inputs (CL, φ). This allows solving the higher dimensional
reachability problem in two steps of lower dimensional reachability problems (two and four
respectively). However, although the dynamics has been split into faster and slower dynam-
ics, these six states belong to the low bandwidth dynamics and are slower than the states
belonging to high bandwidth (faster) dynamics such as body angular rates and aerodynamic
angles. The states belonging to fast dynamics will be of interest in case of a structural failure
to the aircraft. Moreover, the reachability computation performed by Kitsios and Lygeros
do not consider actual control inputs to the system rather “virtual inputs” in the form of lift
coefficient CL and roll angle φ.

(T. J. J. Lombaerts et al., 2013) has suggested a structure that incorporates faster dynamics
and include actual aircraft control inputs for the reachability computation. This decompo-
sition of aircraft dynamics based on the principle of time scale separation is presented in
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Pseudo Inputs

}

low bandwidth

Faster Dynamics Slower Dynamics

Figure 2-4: Time Scale Separation implemented by (Kitsios & Lygeros, 2005)

Figure 2-5. However, the sequence of reachability computation for faster dynamics suggested
here is not feasible when only considering the control surface deflections as inputs for the
reachability analysis. Consider nine-dimensional equations of motion of an aircraft (Stevens
& Lewis, 2003). Firstly, the moment equations of motion in body-fixed reference frame are
given by,

high bandwidth middle bandwidth low bandwidth

kinematicsdynamics
aerodynamic
moments

dynamics
aerodynamic
forces

kinematics

aircraft
dependent

aircraft
independent

aircraft
dependent

aircraft
independent

Figure 2-5: Time Scale Separation of Aircraft Dynamics (T. J. J. Lombaerts et al., 2013)





ṗ = (c1r + c2p) q + c3
1
2ρV

2SbCl (α, β, p, r, δa, δr) + c4
1
2ρV

2SbCn (α, β, p, r, δa, δr)

q̇ = c5pr − c6

(
p2 − r2

)
+ c7

1
2ρV

2Sc̄Cm (α, q, δe)

ṙ = (c8p− c2r) q + c4
1
2ρV

2SbCl (α, β, p, r, δa, δr) + c9
1
2ρV

2SbCn (α, β, p, r, δa, δr)

(2-11)

where the moments of inertia are defined as, with Γ = JxxJzz − J2
zx,

Γc1 = (Jyy − Jzz) Jzz − J2
zx Γc4 = Jzx c7 =

1

Jyy

Γc2 = (Jxx − Jyy + Jzz) Jzx c5 =
Jzz − Jxx

Jyy
Γc8 = (Jxx − Jyy) Jxx + J2

zx

Γc3 = Jzz c6 =
Jzx
Jyy

Γc9 = Jxx
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Secondly, the force equations of motion in the wind-axes reference frame are,





V̇ =
1

m

(
T cosα cosβ − 1

2ρV
2SCD (α) +mg1

)

β̇ = p sinα− r cosα+
1

mV

[
−T cosα sinβ + 1

2ρV
2SCY (α, β, p, δr) +mg2

]

α̇ = q − p cosα tanβ − r sinα tanβ +
1

mV cosβ

[
−T sinα− 1

2ρV
2SCL (α, q, δf ) +mg3

]

(2-12)
where the components of the gravity vector in wind-axes are given by,

g1 = g (− cosα cosβ sin θ + sinβ sinφ cos θ + sinα cosβ cosφ cos θ)

g2 = g (cosα sinβ sin θ + cosβ sinφ cos θ − sinα sinβ cosφ cos θ)

g3 = g (sinα sin θ + cosα cosφ cos θ)

And lastly, the kinematic equations are written as,





φ̇ = p+ tan θ (q sinφ+ r cosφ)

θ̇ = q cosφ− r sinφ

ψ̇ = q sinφ
cos θ + r cosφ

cos θ

(2-13)

From Eqs. 2-11 and 2-12, it can be seen that the p, q, r and V , β, α are dependent upon
each other. The safe flight envelope for angular rates (p, q, r) cannot directly be obtained
using the reachability computation without the information about the bounds of velocity V ,
sideslip angle β and angle of attack α; yet the safe flight envelope for V , β and α is computed
at the later stage according to this structure, see Figure 2-5. Similarly, in order to obtain the
safe flight envelope for V , β and α, we need the information about the safe flight envelope
for Euler angles (φ, θ, ψ) and in order to compute the safe flight envelope for Euler angles,
we again require the information of angular rates, see Eq. 2-13. It can be concluded, that
although the principle of time scale separation is useful for the slow dynamics as suggested
by (Kitsios & Lygeros, 2005), it is not feasible and possible to use the same principle of time
scale separation for the fast dynamics. All in all, a nine-dimensional reachability problem has
to be solved which is not feasible with the current computational potential.

Estimation of the safe flight envelope in a reachability framework using the actual aircraft
control inputs (stabilizer deflection and engine thrust) has only been discussed once (Oort et
al., 2011; Oort, 2011). Apart from that, in the literature hitherto (T. J. J. Lombaerts et al.,
2013; T. Lombaerts et al., 2015; Tang et al., 2009; Lygeros, 2004; Schuet et al., 2014; Kitsios
& Lygeros, 2005), reachability computation has only been performed for the slower dynamics
and therefore the angle of attack and the sideslip angle etc. have been used as the “virtual
inputs”. However, the changes in the safe flight envelope of these virtual inputs due to a
structural damage or a system failure is not considered.
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2-4 Modeling of the Damaged Aircraft

Solving the reachability problem using the level set method rely on the physical model as
indicated by the term f(x,u, t) in Eqs. 2-5 and 2-6. Hence, in order to estimate the safe flight
envelope, it is essential to have a dynamic model of an aircraft. One of the key parts of such
a dynamic model is the aerodynamic model. These aerodynamic models can either be simple
polynomial models or more complex multivariate spline models (Visser, Mulder, & Chu, 2010).
In case of a structural damage to an aircraft the aerodynamic model parameters, in addition
to mass and inertial properties of the aircraft, will change. Furthermore, changes in the model
structure may also arise due to inertial couplings. The additional parameters that may appear
in the model structure of an asymmetrically damaged aircraft can be estimated either by wind
tunnel testing or by a Computational Fluid Dynamics (CFD) analysis. A detailed wind tunnel
research was conducted at the NASA Langley Research Center in order to study the effects on
the aerodynamic model parameters (such as pitching moment coefficient Cm, rolling moment
coefficient Cl etc.) of different damage case scenarios to a conventional transport aircraft
(Shah, 2008). Moreover, (Bacon & Gregory, 2007) from NASA Langley Research Center
have presented a set of flight dynamics equations of motion for an asymmetrically damaged
aircraft.

In the following paragraphs, we shall present the changes in the aerodynamic model structure
due to structural damages presented in Table 2-1. Aerodynamic model structure changes are
based on the results presented by (Shah, 2008) and underlying aircraft dynamics.

Table 2-1: Structural Damages investigated by (Shah, 2008)

Damage Type Damage Subtype

Asymmetric Wing Damage
Spanwise

Holes in wing

Asymmetric Horizontal Tail Damage
Spanwise

Holes in horizontal tail

Vertical Tail Damage
Spanwise

Holes in vertical tail

1. Nominal Aircraft Model Structure: Before we can discuss about the changes in the
aerodynamic model, we need to define an aerodynamic model for the nominal aircraft.
A simple polynomial aerodynamic model is considered and is presented as follows:

Longitudinal





CX = CX0 + CXαα+ CXq
qc̄
2V + CXδe δe

CZ = CZ0 + CZαα+ CZq
qc̄
2V + CZδe δe

Cm = Cm0 + Cmαα+ Cmq
qc̄
2V + Cmδe δe

(2-14)

Lateral





CY = CY0 + CYββ + CYp
pb
2V + CYr

rb
2V + CYδa δa + CYδr δr

Cl = Cl0 + Clββ + Clp
pb
2V + Clr

rb
2V + Clδa δa + Clδr δr

Cn = Cn0 + Cnββ + Cnp
pb
2V + Cnr

rb
2V + Cnδa δa + Cnδr δr

(2-15)
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2. Damaged Aircraft Model Structure:

(a) Asymmetric Wing Damage: Because of the asymmetric nature of the damage, lon-
gitudinal aerodynamics will be affected by sideslip angle. Hence, the longitudinal
model of the aircraft with asymmetric wing damage will be,

CXdamaged
= CXnominal

+ CXββ

CZdamaged
= CZnominal

+ CZββ

Cmdamaged
= Cmnominal

+ Cmββ

(2-16)

Moreover, damage to one wing of the aircraft will result in an asymmetric lift.
This will have two consequences in the lateral aerodynamic model structure:

� Roll damping may not be symmetric anymore i.e., roll damping with positive
and negative roll rate will not be same.

� There will be an additional influence from angle of attack and pitch rate.

CYdamaged
= CYnominal

+ CYαα+ CYq
qc̄

2V

Cndamaged
= Cnnominal

+ Cnαα+ Cnq
qc̄

2V

Cldamaged
= Cl0 + Clββ + Clr

rb
2V + Clδa δa + Clδr δr + Clp+

p+b

2V
+ Clp−

p−b

2V
+ Clαα+ Clq

qc̄

2V
(2-17)

In the above equations, terms inside the box are additional terms that may appear
due to the damage. The subscript nominal refers to the fact that the model
structure is same as the model of the nominal aircraft but the model parameters
may not be same. Also p+ is positive roll rate and p− is negative roll rate.

(b) Asymmetric Horizontal Tail Damage: The only change is expected in the lateral
aerodynamic model, where due to asymmetry the aerodynamic moments and force
will additionally vary with angle of attack, pitch rate and elevator deflection.

CYdamaged
= CYnominal

+ CYαα+ CYq
qc̄

2V
+ CYδe δe

Cndamaged
= Cnnominal

+ Cnαα+ Cnq
qc̄

2V
+ Cnδe δe

Cldamaged
= Clnominal

+ Clαα+ Clq
qc̄

2V
+ Clδe δe

(2-18)

No additional terms are expected in the longitudinal aerodynamic model. Only
the aerodynamic model parameters will change.

(c) Vertical Tail Damage: Because of the symmetry, no change in the model structure
is expected in case of a vertical tail damage. There will be no control effectiveness
in case of the complete vertical tail loss i.e., Cnδr = Clδr = 0.
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Chapter 3

Conclusions and Recommendations

The increase in the frequency of loss of control (LOC) related accidents in the civil aviation
has sparked a strong world-wide interest in the efficient methods for online flight envelope
prediction and protection. However, the safe flight envelope estimation is computationally
expensive and hence, real time flight envelope prediction and protection is not feasible at this
point in time. This is where the novel database approach, presented by (Tang et al., 2009)
and reintroduced by (Zhang, Visser, & Chu, 2016a, 2016b), aims to provide the solution. The
proposed approach uses a database to store the safe flight envelopes, computed offline, for
“standard” structural failures at various flight conditions. In case of a structural damage or
a system failure, this database of safe flight envelopes is then accessed and interpolated to
estimate the safe flight envelope for the damaged aircraft. The database approach is based on
the premise that the safe flight envelopes for an aircraft can be interpolated between various
flight conditions, structural damages, system failures or time horizons etc.

This research was conducted in order to corroborate the above mentioned premise and to
investigate the feasibility of the database approach towards online flight envelope prediction
and protection. The research question was formulated as: How do structural failures affect
the safe flight envelope of an aircraft, and how can these effects be grouped into categories?

In order to answer the research question, a three dimensional longitudinal safe flight envelope
(α − θ − q) with V̇ = 0 and a two dimensional lateral safe flight envelope (β − r) with ṗ =
p = φ̇ = φ = 0, for the nominal and the damaged Cessna Citation II was computed at various
flight conditions and with different time horizons. For the purpose of decoupling the flight
dynamics, only symmetrical damages with spanwise vertical tail damage were considered.

Nonlinear reachability set theory has been used as the framework to estimate the safe flight
envelope. Level set method through an optimal control formulation, was employed to compute
the reachable set and hence the safe flight envelope. Nonlinear reachability analysis require a
physical model of an aircraft. Therefore, a straightforward method to estimate the physical
parameters of the aircraft, was presented. Furthermore, the aerodynamic stability and control
derivatives were estimated using Digital Datcom.

In light of the research questions and the results obtained during the course of this research,
following conclusions are made:
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� The size of the lateral safe flight envelope shrinks almost quadratically with spanwise
vertical tail damage. Moreover, the longitudinal safe flight envelope remains same with
the spanwise vertical tail damage. However, it shrinks drastically and almost vanishes
with 100% tail loss. It can be concluded, that different structural damages affect the
safe flight envelope differently, however, each damage type has a unique but consistent
effect on the safe flight envelope that can be interpolated.

� Flight conditions i.e., different Mach numbers and altitudes, have almost linear effect on
the safe flight envelope of Cessna Citation II; the safe flight envelope expands linearly
with the increasing Mach and shrinks linearly with the increasing altitude. Similarly, the
time horizon has also the same linear affect on the safe flight envelope of Cessna Citation
II, and the safe flight envelope expands linearly with the increasing time horizon.

� The effects of various structural damages, investigated by (Shah, 2008), on the aerody-
namic model structure were presented in section 2-4. It was suggested, that in case of an
unsymmetrical damage, additional model parameters may appear in the aerodynamic
model, based on the underlying flight dynamics.

� It was argued that the knowledge of states belonging to fast dynamics (i.e., safe flight
envelope of fast dynamics) is very essential in case of a structural damage. However, in
the literature, reachability computation has only been performed for slower dynamics,
except once by (Oort et al., 2011; Oort, 2011).

� It was further demonstrated, that the principle of time scale separation is very useful
for solving the problem of “curse of dimensionality” in the reachability analysis for the
slower dynamics. However, the principle of time scale separation cannot be implemented
for the faster dynamics in the reachability analysis, when only considering the aircraft
control surfaces as inputs.

Based on the conclusions, that are derived from the current research, it can be argued that
the database approach show promise towards online safe flight envelope estimation and pro-
tection. Furthermore, the current thesis laid the stepping stone for further research into
the database approach towards flight envelope prediction and protection. Following are the
recommendations, proposed for the future work:

� From the computed safe flight envelopes, it was observed that the reachability set ex-
tends far from the region, where the linear aerodynamic model and structural limits are
valid. Therefore, these limits can be introduced in the reachability analysis which will
assist in restricting the computational domain to a region of interest.

� In order to create an extensive database of safe flight envelopes, further research must
consider the asymmetrical damages.

� The safe flight envelopes in the current research were computed without the considera-
tion of external disturbances. For a more realistic safe flight envelope, further research
must take into account atmospheric disturbances.

� Modeling of the damaged aircraft is an area of key importance for computing the ac-
curate safe flight envelopes. Therefore, an extensive study must be conducted in the
damaged aircraft modeling.
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� In case of asymmetrical damages, the decomposition of flight dynamics into longitudinal
and lateral dynamics will be no more valid. And a nine dimensional safe flight envelope
for the fast dynamics will have to be computed. In order to compute, such a high
dimensional safe flight envelope, efficient computational methods must be explored.

� The computed safe flight envelopes for Cessna Citation II were verified by performing
the Monte Carlo simulations. An interesting fact was revealed by the Monte Carlo
simulations, that the reachability set computes the safe flight envelope that is “theo-
retically” reachable, however, practically it might not be possible to reach such a state.
This is due to the fact, that reachability analysis attempts to reach a particular state
using “optimal control”, but in real world, it might not be possible to mimic such an
optimal control input for certain states.

Therefore, it is proposed to investigate the feasibility of using Monte Carlo simulations
for computing the safe flight envelopes. In the Monte Carlo simulation, a restriction can
be imposed on the control inputs, such that the reachability set is composed of only those
state trajectories that are feasible. This will result in a restricted, but practical safe
flight envelope. Moreover, since the Monte Carlo simulation does not involve solving
a HJI/HJB PDE at each grid point, it is postulated that it will be computationally
efficient, when compared with the reachability analysis.
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Appendix A

Aerodynamic Derivatives Estimated by
Digital Datcom

Aerodynamic effects of the structural damages were estimated using USAF Digital Datcom
(Williams & Vukelich, 1979). Digital Datcom estimates the derivatives of symmetrical aircraft
using the methods contained in the USAF Stability and Control Datcom (Data Compendium)
(Finck, 1978). Digital Datcom allows the estimation of static stability, control device and the
dynamic derivative characteristics of various symmetrical configurations at different flight
conditions. Digital Datcom is developed on a modular basis and the modules represent
the primary building blocks. Aircraft geometry and the flight conditions are coded using a
standard editor through a series of NAMELIST statements.

The output of Digital Datcom is difficult to interpret as it presents the stability derivatives as
an unstructured text file. A function datcomimport() is available in Matlab® which takes
the output file of Digital Datcom and import all the aerodynamic data into a cell array of
structures.

Figures A-1 show the static stability derivatives obtained from Digital Datcom. First two
plots show the lift coefficient and the drag coefficient variation with angle of attack. It can be
seen that there is no significant change for nominal and the damaged aircraft. However, there
is a small drop in the drag polar (decrease in drag) for complete tail loss. Third plot shows the
Cmα variation with the angle of attack. There is an improvement in the static longitudinal
stability with the loss of vertical tail, but as soon as complete tail is lost the aircraft becomes
longitudinally unstable. Improvement in the static longitudinal stability with spanwise loss in
the vertical tail is due to the fact that the center of gravity is moving forward because of this
loss and hence making the aircraft longitudinally stable. Fourth plot shows the variation of
dihedral effect with the angle of attack. The slope decreases with the damage. Last two plots
show the variation of yawing moment coefficient and side force coefficient with the sideslip
angle. With 50% loss in the vertical tail, aircraft is already directionally unstable which can
be seen by the negative slope Cnβ . Moreover, with the loss in vertical tail, the sideslip is
generating less side force compared to the force generated for the nominal aircraft.
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Figure A-1: Static Stability Derivatives (Sea Level, Mach = 0.4)

The dynamic stability derivatives are shown in Figure A-2. There is not much difference
for most of the dynamic stability derivatives between the nominal and the damaged aircraft.
However, there is a mark change in the yaw damping variation and has a similar degrading
effect as the static characteristics shown by Clβ plot in Figure A-1.

Lastly, Figure A-3 shows the variation of control derivatives of the aricraft. The symmetrical
damage investigated in the current research, does not have a significant effect on the control
derivatives. In the last two plots there is no curve shown for 100% tail loss which is obvious,
because with the complete tail loss (hence the horizontal tail), there will be no elevator control
effectiveness.
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Figure A-2: Dynamic Stability Derivatives (Sea Level, Mach = 0.4)
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Appendix B

Additional Safe Flight Envelopes

The safe flight envelopes that were computed in order to verify the interpolatibility within
the database approach, are presented in this Appendix.

Figure B-1 presents the safe flight envelope for damaged Cessna Citation II with 40% and
60% vertical tail loss at Mach 0.4 and sea level.

Figure B-2(a) shows the safe flight envelope for nominal Cessna Citation II at Mach 0.35 and
sea level. Whereas, the safe flight envelope for nominal Cessna Citation II at Mach 0.4 and
sea level is shown in Figure B-2(b).
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Figure B-1: Lateral Safe Flight Envelope for Damaged Cessna Citation II with T = 1 s at Mach
0.4, Sea Level, Green: Trim Envelope, Blue: Backward Reachable Set, Red: Forward Reachable
Set
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Figure B-2: Lateral Safe Flight Envelope for Nominal Cessna Citation II with T = 1 s, Green:
Trim Envelope, Blue: Backward Reachable Set, Red: Forward Reachable Set
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