
 
 

Delft University of Technology

Density of states and differential entropy in Dirac materials in crossed magnetic and in-
plane electric fields

Chaika, Andrii A.; Kulynych, Yelizaveta; Oriekhov, D. O.; Sharapov, Sergei G.

DOI
10.1103/PhysRevB.111.085426
Publication date
2025
Document Version
Final published version
Published in
Physical Review B

Citation (APA)
Chaika, A. A., Kulynych, Y., Oriekhov, D. O., & Sharapov, S. G. (2025). Density of states and differential
entropy in Dirac materials in crossed magnetic and in-plane electric fields. Physical Review B, 111(8),
Article 085426. https://doi.org/10.1103/PhysRevB.111.085426

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1103/PhysRevB.111.085426
https://doi.org/10.1103/PhysRevB.111.085426


PHYSICAL REVIEW B 111, 085426 (2025)

Density of states and differential entropy in Dirac materials in crossed magnetic
and in-plane electric fields

Andrii A. Chaika ,1 Yelizaveta Kulynych,2 D. O. Oriekhov ,3 and Sergei G. Sharapov 4,5

1Department of Physics, Taras Shevchenko National University of Kyiv, 64/13, Volodymyrska Street, Kyiv 01601, Ukraine
2Department of Physics, The École Polytechnique Fédérale de Lausanne, Lausanne 1015, Switzerland

3Kavli Institute of Nanoscience, Delft University of Technology, 2628 CJ Delft, the Netherlands
4Bogolyubov Institute for Theoretical Physics, National Academy of Sciences of Ukraine, Kyiv 03143, Ukraine

5Kyiv Academic University, Kyiv 03142, Ukraine

(Received 11 December 2024; revised 5 February 2025; accepted 6 February 2025; published 24 February 2025)

The density of states and differential entropy per particle are analyzed for Dirac-like electrons in graphene
subjected to a perpendicular magnetic field and an in-plane electric field. For comparison, the derived density
of states is contrasted with the well-known case of nonrelativistic electrons in crossed magnetic and electric
fields. The study considers ballistic electrons and also includes the effect of small impurity scattering. In the
latter case, the limit of zero magnetic field and the so-called collapse of Landau levels in graphene are examined
analytically. By comparing the results with numerical calculations on graphene ribbons, we demonstrate that
the Landau state counting procedure must be modified for Dirac-like electrons, leading to a fields-dependent
Landau level degeneracy factor. Additionally, it is shown that peaks in the differential entropy arise from the
dispersionless surface mode localized at the zigzag edges of the ribbon.

DOI: 10.1103/PhysRevB.111.085426

I. INTRODUCTION

The entropy S of many-body systems plays a fundamen-
tal role in characterizing their thermodynamic behavior, heat
transfer, and thermoelectric properties. On the other hand,
directly measuring entropy experimentally has always been
challenging (see, however, Ref. [1]). Recently, however, it has
been found that the differential entropy, s ≡ ∂S/∂n, where S is
the entropy per unit volume and n is the electron density, can
be investigated experimentally. Nevertheless, the experiment
described in [2] is not an exception, as the quantity measured
directly is actually the temperature derivative of the chemical
potential, ∂μ/∂T . These derivatives are then equated using
the Maxwell relation:

s =
(

∂S

∂n

)
T

= −
(

∂μ

∂T

)
n

. (1)

The differential entropy s serves as an excellent thermody-
namic tool, demonstrating high sensitivity in low charge den-
sity regimes, which allows for the study of two-dimensional
electron gas (2DEG) in gated structures. In particular, in
Ref. [2] the measurements of s were performed in a quantizing
magnetic field H perpendicular to 2DEG. The entropy showed
a nonmonotonic dip-peak behavior as a function of H . As
discussed in [3] (see also a recent review [4]), an intersec-
tion of the sequent Landau level and the chemical potential
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level can be viewed as an example of the Lifshitz electronic
topological transition (ETT). Furthermore, measurements of
differential entropy and integrated entropy change have re-
vealed the isospin Pomeranchuk effect in magic-angle twisted
bilayer graphene, as reported in Refs. [5,6]. An important
property of entropy per particle is its close relation to more
complex transport properties, such as the Seebeck coefficient,
making it a useful indicator for predicting the thermoelectric
behavior of materials [7] (see also Refs. [8,9]).

Theoretical results for s(μ) indicate that it displays peak-
dip structures associated with ETT in various 2D materials,
such as gapped graphene monolayers [9], germanene [10],
and semiconducting dichalcogenides [11]. It is shown in [12]
that in the specific case of ETT occurring when the chemical
potential crosses the saddle point in the dispersion, the differ-
ential entropy can be used to identify the type of associated
van Hove singularity.

For an infinite system, the energies of the relativistic Lan-
dau levels in graphene subjected to a perpendicular magnetic
field H and an in-plane electric field E are given by [13,14]

En,k = En − h̄k
cE

H
, En = ±(1 − β2)3/4

√
2nEM, (2)

where n = 0, 1, . . ., k is the in-plane wave vector along the
direction perpendicular to the electric field, EM = h̄vF /l is the
magnetic energy scale with l = √

h̄c/(eH ) being the magnetic
length, β = v0/vF = cE/(vF H ), vF is the Fermi velocity, and
v0 is the drift velocity. Here and in what follows, we assume
that H > 0 and use CGS units.

As the dimensionless parameter β, which characterizes the
strength of the electric field for a given magnetic field, ap-
proaches its critical value |βc| = 1, the Landau level staircase
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collapses into a single level [13,14]. In an infinite system,
this collapse can be interpreted as a transition from closed
elliptic quasiparticle orbits when |β| < 1 (|v0| < vF ) to open
hyperbolic orbits when |β| > 1 (|v0| > vF ) [15].

It is worth noting an interesting connection between the
problem of collapsing Landau levels and studies involving
tilted Dirac cones in a strong magnetic field [16]. However,
the key distinction lies in the term h̄kcE/H , which lifts the
Landau level degeneracy but does not induce the tilt.

Note also that there is no Landau level collapse in ribbons
because the orbit center cannot extend to infinity. Instead, the
electron- and holelike levels on opposite edges of the ribbon
become denser, with the distance between them scaling as
O(l3/W 2), where W is the ribbon width [17]. The presence
of disorder inevitably causes the broadening of Landau levels,
and as a result, these levels will merge due to their finite width.

It was shown in [18] that a δ-shaped transport distribution
function maximizes the thermoelectric properties of a mate-
rial. This result indicates a narrow distribution of the energy
of the electrons participating in the transport. Consequently,
it is reasonable to expect that the thermoelectric properties of
Dirac materials will be enhanced as they approach the regime
of Landau level collapse.

The aim of this study is to examine the behavior of entropy
per particle s in graphene subjected to crossed magnetic and
in-plane electric fields, with a focus on how level convergence
influences it. Since the calculation of s relies on the density
of states (DOS), the majority of this work is dedicated to
the calculation and analysis of the DOS. The paper is orga-
nized as follows. In Sec. II, we provide an overview of the
results for the DOS in crossed fields for ballistic electrons
in a nonrelativistic 2DEG [19,20]. The notions of magnetic
and electric regimes are introduced. An analytical expression
for the DOS that is convenient for calculations and takes into
account quasiparticle scattering is suggested. In Sec. III, the
DOS for Dirac-like fermions is derived and analyzed using
both analytical and numerical methods, with a discussion on
the Landau level degeneracy factor. In Sec. IV, we demon-
strate how the entropy per particle varies with the chemical
potential as the ratio of electric to magnetic fields changes.
This analysis is carried out both for an analytical model, which
considers only the bulk Landau levels, and for numerical sim-
ulations on a ribbon, which include the dispersionless surface
mode localized at the zigzag edges of the ribbon. Finally, the
conclusions are given in Sec. V.

II. DOS IN THE CROSSED FIELDS:
NONRELATIVISTIC CASE

A. Nonrelativistic spectrum and general definition of the DOS

First of all, we recapitulate the DOS behavior in crossed
fields for ballistic electrons in a nonrelativistic 2DEG [19,20].
The spectrum of nonrelativistic 2D electrons in a magnetic
field H , perpendicular to the 2DEG plane, and an in-plane
electric field E , directed along the x-axis, is given by [21]

ENR
n,ky

= EL
n − mc2E2

2H2
− h̄ky

cE

H
,

EL
n = ENR

M

(
n + 1

2

)
, (3)

where as in Eq. (2), n = 0, 1, . . ., ky is the in-plane wave
vector along the y direction, and ENR

M = h̄ωc is the nonrela-
tivistic magnetic energy scale, with ωc = eH/(mc) being the
cyclotron frequency and m the effective carrier mass, respec-
tively. The spin splitting is omitted both in Eq. (3) and above
in Eq. (2).

The full or integrated DOS per spin and unit area is de-
fined as the sum over the complete set of quantum numbers
α = (n, ky), which reads

D(E ) = 1

A
∑

α

δ(E − Eα ) = Ly

A

∫
dky

2π

∑
n

δ(E − Eα ). (4)

We consider a system with dimensions Lx and Ly, giving it an
area of A = LxLy.

In the absence of an electric field, E = 0, the spectrum ENR
n,ky

simplifies to the standard Landau’s spectrum, EL
n , given by

the second line in Eq. (3). Exploiting the position-wave vector
duality of Landau states, where the wave vector ky determines
the center of the electron orbital along the x-axis, given by
x0 = −kyl2, the DOS can be rewritten as follows:

DNR
0 (E ) = Ly

A

∫
dx0

2π l2

∑
n

δ
(
E − EL

n

)
. (5)

Being independent of the quantum number ky, the Landau
levels are infinitely degenerate. As a consequence of this,
the DOS (5) is ill-defined. The procedure for regularizing
the number of states involves counting only the states within
−Lx/2 � x0 � Lx/2 and then taking the limit Lx → ∞:

lim
Lx→∞

1

Lx

∫
dx0 → lim

Lx→∞
1

Lx

∫ Lx/2

−Lx/2
dx0 = 1. (6)

This procedure is known as Landau state counting [22] (see
also Ref. [23]), and it yields the conventional expression for
the DOS:

DNR
0 (E ) = 1

2π l2

∑
n

δ
(
E − EL

n

)
. (7)

Here

gL = 1

2π l2
= eH

2π h̄c
(8)

is the usual degeneracy factor that corresponds to the number
of states in the momentum space per one Landau level. Qua-
siclassically, it is defined as

g = 1

(2π h̄)2

∫∫
d pxd py = Sn+1 − Sn

(2π h̄)2
, (9)

where the integration is done over neighboring classical tra-
jectories, and Sn represents the orbit area in momentum space
corresponding to the nth Landau level. Evidently, the degen-
eracy (8) is recovered by taking Sn = 2πmEL

n .
Although DOS (7) is derived by placing the electrons in

a finite-size system, the Landau spectrum EL
n in Eq. (3) corre-

sponds to an infinite system and does not take into account the
surface electrons. Nevertheless, there is a consistency between
the results obtained from Landau’s theory [22], essentially
based on the DOS (7), and Teller’s approach [24], which
accounts for the finite size of the system and the presence of
the surface magnetization currents, as discussed in Ref. [25].
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B. DOS in the crossed fields in the absence of scattering

In the presence of an electric field, the center of the electron
orbit shifts as [21] x0 = −kyl2 − mc2E/(eH2). Accordingly,
the spectrum (3) in crossed fields can be expressed as follows:

ENR
n,x0

= ENR
n + eEx0, ENR

n = EL
n + �, � = mc2E2

2H2
.

(10)

Assuming that the orbit center falls within the range
−Lx/2 � x0 � Lx/2, we obtain the following DOS in crossed
fields [19,20]:

DNR(E ) = Ly

A

∫ Lx/2

−Lx/2
dx0DNR

0 (E − � − eEx0)

= gL

U

∑
n

[
θ
(
E − ENR

n + U/2
)−θ

(
E−ENR

n −U/2
)]

.

(11)

Here, the DOS defined by Eq. (7) is now written for the
spectrum ENR

n given by Eq. (10) as taken into by the argument
shift, DNR

0 (E − �), and U = eELx is the potential difference
between x = −Lx/2 and Lx/2. Here and in what follows,
we assume for definiteness that U > 0. Clearly, in the limit
of a vanishing electric field, U → 0, Eq. (11) reduces to its
derivative with respect to U , returning to Eq. (7).

Note that in the presence of an electric field, the final result
depends on the choice of integration limits for x0, namely
−Lx/2 � x0 � Lx/2 or 0 � x0 � Lx, which leads to a shift in
the levels’ energies due to the electric field [19,20,26]. For
clarity in the presentation, we leave out this shift by using
symmetric integration limits for x0.

C. Effect of elastic scattering

Elastic scattering of electrons by defects and impurities
is inevitably present in real systems and results in level
broadening. A simple way to account for this smearing is
by introducing a finite electron lifetime τ . This broadens the
Dirac δ function peaks associated with the Landau levels
into Lorentzians with a constant, energy-independent width
� = h̄/τ , as follows (see Ref. [27] for a detailed discussion):

δ(E − En) → 1

π

�

(E − En)2 + �2
. (12)

Accordingly, for numerical computations based on Eq. (11),
one can replace the Heaviside theta function θ (En) in the DOS
(11) with

θ̃ (E ) = 1

2
+ 1

π
arctan

E
�

. (13)

The Lorentzian approximation (12) allows us to derive,
from Eq. (7), a simple analytical expression for the DOS per
spin and unit area in the absence of an electric field [28]:

DNR
0 (E ) = − m

2π2h̄
Imψ

(
1

2
− E + i�

ENR
M

)

= gL

π

d

dE Im ln �

(
1

2
− E + i�

ENR
M

)
, (14)

where ψ (z) and �(z) are the digamma and gamma functions,
respectively. It is clear that the peaks (oscillations) in the DOS

FIG. 1. The DOS, DNR(E ), in crossed magnetic and electric
fields vs energy E in units of ENR

M = h̄ωc for five values γ = U/ENR
M .

The scattering rate � = 0.001ENR
M .

are embedded in these functions when the real part of the
argument becomes negative.

For a finite � substituting Eq. (14) into the first line of
Eq. (11), we obtain the DOS per unit area,

DNR(E ) = gL

πU
Im

[
ln �

(
1

2
− E − � + U/2 + i�

ENR
M

)

− ln �

(
1

2
− E − � − U/2 + i�

ENR
M

)]
. (15)

D. Illustrations of magnetic and electrical regimes

The characteristic cases of DOS (11) in crossed fields
are presented in Figs. 1 and 2 for the scattering rate � =
0.001ENR

M and 0.05ENR
M , respectively. The linear shift of the

levels due to the electric field is absent because symmetric
integration limits were chosen in Eq. (11). The quadratic
shift in the electric field by � present in εn [see Eq. (10)]
is also omitted as in [20]. It can be seen that the presence
of an electric field destroys the sharp (δ-like in the absence
of scattering) peaks in the DOS. This occurs due to the ky

dependence of the energies in Eq. (3). The parameter that
controls the behavior of the DOS is the ratio of electric to
magnetic energy, γ = U/ENR

M = eELx/(h̄ωc). Accordingly,
the regimes γ < 1 and γ > 1 are referred to as the magnetic
and electric regimes, respectively [19,20]. For γ � 1, the

FIG. 2. The DOS, DNR(E ), in crossed magnetic and electric
fields vs energy E in units of ENR

M for the same five values
γ = U/ENR

M as in Fig. 1. The scattering rate � = 0.05ENR
M .
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peaks in the DOS are well-defined, although their width is not
related to the scattering rate �. For γ ∼ 1, the peaks become
lower and close to overlapping, and for γ > 1, contributions
from different subbands associated with the different Landau
levels overlap significantly.

As mentioned above, plotting Figs. 1 and 2, we omit-
ted the shift of ∼E2/H2 of the energies. It follows from
the energies ENR

n in Eq. (10) that the conduction subbands
shift upwards as E/H increases. On the other hand, us-
ing the equivalent form of the spectrum (3) which contains
−mc2E2/(2H2) − h̄kycE/H and integrating over kmin � ky �
kmax with kmin = −kmax, we find that the remaining conduc-
tion subband shifts downwards when E/H increases. Thus,
depending on whether the ky dependence of the subbands is
included in x0 as in Eq. (10) or not, they shift upwards or
downwards at the rate mc2E2/(2H2), respectively [19,20]. As
discussed in Refs. [19,20], in the case of direct optical transi-
tions, the value ky is conserved. This results in the downward
subband shift, which was observed experimentally. However,
it is important to remember that in real samples, the broaden-
ing of DOS peaks due to the ky dependence of the energies is
several orders of magnitude larger than the shift, allowing the
latter to be neglected. As we will see later, the entire Landau
state-counting procedure requires revision in the case of the
collapsing Dirac spectrum (2). This issue will be revisited in
the next section.

E. DOS in the limit of vanishing magnetic field

An advantage of the analytic representations (14) and (15)
is that it allows access to the limit of the vanishing magnetic
field, H → 0. Using the asymptotic expansions

ψ (z) = ln z − 1

2z
− 1

12z2
+ O

(
1

z

)4

, z → ∞ (16)

and

ln �(z) =
(

z − 1

2

)
ln z − z + 1

2
ln(2π )

+ 1

12z
− 1

360z3
+ O

(
1

z

)4

, z → ∞, (17)

and also taking the � → 0 limit, one obtains, respectively,
the DOS

DNR
0 (E ) =

{
0, E < 0,

m
2π h̄2 , E > 0 (18)

and

DNR(E ) =

⎧⎪⎨
⎪⎩

0, E � −U/2,
m

2π h̄2
U+2E

2U , −U/2 � ε � U/2,
m

2π h̄2 , E � U/2.

(19)

Equation (18) is merely the free-electron DOS per spin in 2D
that confirms the consistency of Landau state counting. The
result (19) is also consistent with the corresponding expres-
sions from Refs. [19,20], where it was derived for the case of
a zero magnetic field and a finite electric field.

III. DOS IN THE CROSSED FIELDS: CASE OF GRAPHENE

A. DOS in the crossed fields in the absence of scattering

The key difference between the spectrum (2) and the
2DEG spectrum (3) is that the Dirac Landau levels are not
equidistant. Consequently, as we will see below, the parameter
γ = eELx/EM , with

EM = h̄vF /l ≡
√

h̄v2
F eH/c, (20)

which characterizes the ratio of electric to magnetic energies,
cannot globally distinguish between the magnetic and electric
regimes across all energy levels.

Using Eq. (9) with Sn = πE2
n /v2

F , we find that the factor g
becomes dependent on β and is expressed as

g(β ) = gL(1 − β2)3/2. (21)

This dependence was not accounted for in previous work on
graphene in the crossed fields [26,29]. As we will demon-
strate, using the Landau degeneracy factor gL instead of g(β )
leads to unphysical behavior in the DOS. In what follows,
we will show that our choice of g(β ) is consistent both with
numerical calculations performed on ribbons and with the
zero-field DOS. We also note that a related study [30] (see
also Ref. [16]) on tilted Dirac cones in a magnetic field
demonstrated that calculating the DOS requires accounting
for the renormalization of the effective Fermi velocity, aver-
aged along a semiclassical elliptical trajectory.

Thus by substituting the Dirac spectrum (2) into the defini-
tion (4), integrating over the wave number −Lx/(2l2) � ky �
Lx/(2l2), and taking into account the proposed degeneracy
factor (21), we obtain the DOS for both valleys per spin:

D(E ) = 2g(β )

U

∑
n

[θ (E − En + U/2)

− θ (E − En − U/2)], (22)

where, as above, U = eELx. Note that the method of inte-
grating over wave numbers ky used here corresponds to the
procedure described at the end of Sec. II D. An alternative ap-
proach could involve integrating over the orbit center position
x0, which, in the case of Landau level collapse in an infinite
system, is given by [13,17,31]

x0 = −kyl2 − βl sgn(En)
√

2n

(1 − β2)1/4
. (23)

The different choices of integration limits reflect the difficul-
ties with the Landau state counting procedure, especially in
the presence of electric field. In such cases, the geometric
parameter Lx enters the final result through the electric poten-
tial difference U . As mentioned above, the procedure adopted
here ensures agreement with numerical results obtained for
sufficiently wide ribbons, where the portion of the spectrum
within the ribbon aligns with the spectrum (2) for an infinite
system.
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It is helpful to rewrite the DOS (22) in terms of the dimen-
sionless parameter γ as follows:

D(ε) = 2g(β )

EMγ

∑
n

[θ (ε − εn(β ) + γ /2)

− θ (ε − εn(β ) − γ /2)], (24)

where the energy is measured in units of EM ,

εn(β ) ≡ En/EM = ±(1 − β2)3/4
√

2n, n = 0, 1, . . . .

(25)

By expressing the electric energy as U = β h̄vF Lx/l2, we
see that the parameters γ and β are related by

γ = βLx/l. (26)

Thus, varying β leads to changes in γ . It is more convenient
to consider both parameters as independent variables. This can
be achieved by assuming that, for fixed values of β, variations
in γ are obtained by adjusting the width Lx. Similarly, one can
assume that Lx is adjusted to keep γ constant as β changes.

B. Peculiarities of magnetic and electric regimes
in the Dirac Landau level case

To illustrate the role of γ in the Dirac Landau level case,
it is convenient to start by setting β = 0 in Eq. (25) and
examining how the DOS behaves as the value of γ varies in
Eq. (24). Recall that level broadening can be incorporated by
replacing θ (ε) with θ̃ (ε), as defined by Eq. (13).

In Fig. 3, we present the DOS (24) for −1 � ε � 4. Note
that with symmetric integration limits, the DOS remains an
even function of ε, as in the zero electric field case. Thus, here
and in what follows, we plot the DOS over a representative
energy range. The curves for smaller values, γ = 0.05 and
0.15, within the shown energy range, correspond to the mag-
netic regime. The peaks’ centers align with the positions of the
Landau levels, given by ε(β = 0) = ±√

2n. The widening of
the levels is due to the ky dependence of the level energies,
rather than the Landau level width � = 0.001EM , which is
chosen to be rather small. For the larger value of γ = 0.4,
levels with n > 2 begin to overlap, indicating that the system
has entered the electric regime.

FIG. 3. The DOS, D(E ), in crossed magnetic and electric fields
vs energy E in units of EM for three values γ = U/EM . The scattering
rate � = 0.001EM .

FIG. 4. The DOS, D(E ), in crossed magnetic and electric fields
vs energy E in units of EM for two values γ = U/EM . The scattering
rate � = 0.001EM .

In general, the condition for the overlap of levels En+1 and
En is given by

En+1 − En = U . (27)

This leads to the condition

√
n + 1 + √

n =
√

2(1 − β2)3/4

γ
, (28)

which, for n � 1, simplifies to

n 	 (1 − β2)3/2

2γ 2
. (29)

For γ = 0.4, the last equation yields n 	 3.1, which we ob-
serve despite this being a relatively low value for the level
index n.

In Fig. 4 we show the DOS (24) for the same two values of
γ = 0.15 and 0.4 as above in Fig. 3, but for a wider range of
energies 0 � ε � 10. One can see that while in Fig. 3 the red
curve corresponding to γ = 0.15 remained in the magnetic
regime, in Fig. 4 the same curve (blue) now enters electric
regime for n � 22, in agreement with Eq. (29). Furthermore,
the curve for γ = 0.4, which enters the electric regime even
at low energies ε � 2.5, exhibits an interesting pattern as the
energy increases. We observe a steplike increase in the DOS,
with each step containing oscillations of the same amplitude.
As we will discuss in relation to Fig. 6, this behavior is

FIG. 5. The DOS, D(E ), in crossed magnetic and electric fields
vs energy E , in units of EM , for the same two values of γ = U/EM as
in Fig. 4. The scattering rate � = 0.05EM .

085426-5



CHAIKA, KULYNYCH, ORIEKHOV, AND SHARAPOV PHYSICAL REVIEW B 111, 085426 (2025)

FIG. 6. The DOS, D(E ), in crossed magnetic and electric fields
vs energy E in units of EM for γ = U/EM = 0.4. The scattering rate
� = 0.001EM . The solid (magenta) vertical lines show the positions
of the Landau levels εn(β = 0) given by Eq. (25). The dashed (green)
vertical lines demarcate the boundaries of the regions with the differ-
ent numbers of overlapping Landau levels.

associated with the overlap of three or more Landau levels.
Figure 5 is calculated for the same values of γ and the same
range of energies as Fig. 4, but with a Landau level width �

that is 50 times larger. This results in the smearing of the DOS
for larger values of ε, and as we will see below, its behavior
resembles the DOS in the absence of the magnetic field.

We now return to the DOS envelope steps observed in
Fig. 4. In Fig. 6 we again plot the DOS for γ = 0.4, but
with additional vertical lines to clarify the observed behavior.
The solid (magenta) lines correspond to the positions of the
Landau levels unperturbed by electric field given by Eq. (25)
for β = 0. We recall that Figs. 3–6 are plotted for β = 0. The
dashed (green) lines demarcate the boundaries of the regions
with the different number of overlapping Landau levels: the
region with N = 1 corresponds to a single contributing level;
for N = 2, two overlapping levels contribute to the DOS.

C. Analytic representations of the DOS

It is useful to obtain the analytic representation of the DOS
in terms of the ln �(z) function in the crossed fields for the
Dirac Landau level case, because it allows for the study of
the DOS in the Landau level collapse regime. Assuming, as
in Eq. (14), that all Landau levels have the same width � as
described by Eq. (12) and the spectrum, En(β = 0) is given by
Eq. (2), the following representation for the DOS per spin in
the absence of an electric field was derived in [27]:

D0(E, EM ) = 1

π2h̄2v2
F

{
� ln

�2

2E2
M

− Im

[
(E + i�)

(
ψ

(−(E + i�)2

2E2
M

)
− E2

M

(E + i�)2

)]}

= 1

π2h̄2v2
F

[
� ln

�2

2E2
M

+ E2
M

d

dE Im

[
ln �

(−(E + i�)2

2E2
M

)
+ 1

2
ln

(−(E + i�)2

2E2
M

)]
. (30)

Here, � denotes the energy cutoff, which is necessary due
to the use of the Dirac approximation for dispersion. The
zero magnetic field, EM → 0, limit of Eq. (30) reproduces
the known expressions for the DOS. In particular, using the
asymptotic (16) we obtain [27] in the clean limit (� → 0)

D0(E ) = |E |
π h̄2v2

F

, (31)

while in the presence of impurities, we reproduce the
expression from [32],

D0(0) = 2�

π2h̄2v2
F

ln
�

�
. (32)

It is easy to see that for the collapsing spectrum En(β ) and
the degeneracy factor g(β ), the result can be obtained simply
by replacing EM → EM (1 − β2)3/4. Similarly to the nonrel-
ativistic DOS (15), the DOS (per unit area) in crossed fields
can be expressed in terms of the DOS (30) for a magnetic field
only, where the representation involving the derivative with
respect to the energy E is particularly useful for integration,

D(E ) = 1

Lx

∫ Lx/2

−Lx/2
dx0D0(E + eEx0, EM (1 − β2)3/4), (33)

where we used x0 = −kyl2. Then we obtain the following
expression for the DOS:

D(E ) = 1

π2h̄2v2
F

� ln
�2

2E2
M (1 − β2)3/2

+ 2g(β )

πU
[d (E + U/2) − d (E − U/2)], (34)

where the function

d (E ) = Im

[
ln �

( −(E + i�)2

2E2
M (1 − β2)3/2

)

+ 1

2
ln

( −(E + i�)2

2E2
M (1 − β2)3/2

)]
. (35)

Similarly to the nonrelativistic case, the representation in
Eq. (34) enables an analytical investigation when the argu-
ment z of the function �(z) approaches infinity, using the
asymptotic expansion (17). While in the nonrelativistic case
this regime corresponds to the H → 0 limit, for graphene
it can be reached by either taking EM → 0 or |β| → 1. For
the case of Landau level collapse, let us focus on the second
limit. Assuming further that the width � → 0, we obtain the
following result:

D(E ) = 1

π h̄2v2
F

{|E |, |E | > U/2,
E2+U 2/4

U , |E | � U/2.
(36)
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It can be observed that for |E | > U/2, the DOS matches the
free (H = E = 0) DOS of graphene, as given by Eq. (31).
This occurs because the corrected degeneracy factor g(β )
eliminates the (1 − β2)−3/2 divergence in the DOS that would
otherwise arise [26,29] (see also Ref. [30]).

For |E | � U/2, the merging of Landau levels alters the
linear energy dependence of D(E ) to a parabolic one. Addi-
tionally, the zero-energy DOS becomes finite and depends on
the applied electric field, given by D(0) = U/(4π h̄2v2

F ). Note
that when a finite value of � is considered, the DOS given by
Eq. (32) must be added to Eq. (36), showing that the product
E2

M (1 − β2)3/2 in the denominator of the first term of Eq. (34)
is properly canceled out in this limit. This indicates that the
electric field plays a similar role to �, making the zero-energy
DOS nonzero.

Equation (36) can also be rewritten for ε = E/EM , so that

D(ε) = EM

π h̄2v2
F

{
|ε|, |ε| > γ/2,
ε2+γ 2/4

γ
, |ε| � γ /2.

(37)

To conclude the discussion of Eqs. (36) and (37), it should
be noted that although these equations were derived under
the conditions |β| → 1 or EM → 0, they are also applicable
in cases in which the ratio of electric to magnetic energy,
γ , is large and |E | � U . This is because, in such a case,
the argument of �(z) in Eqs. (34) and (35) also becomes
significantly large.

D. Numerical simulations of the DOS

The spectrum was computed using the software KWANT

[33]. The system is modeled as a graphene honeycomb lat-
tice, configured as an infinite nanoribbon with zigzag edges.
The ribbon has a defined width along the x-direction and ex-
tends infinitely along the y-direction. To explore the electronic
properties, we applied an electric field along the ribbon’s
width, perpendicular to its length characterized by the po-
tential V (r) = eEx. In this case, it is convenient to consider
the magnetic field in the following Landau gauge (Ax, Ay) =
(0, Hx), where H is the magnitude of a constant magnetic
field orthogonal to the ribbon’s plane. Therefore, the wave
functions are plane waves in the y direction, ∼ exp(ikyy),
where as before ky is a continuous quantum number, which
is numerically discretized for computational purposes. By
introducing the boundary conditions at the zigzag edges, we
compute the energy spectrum En,ky . Unlike the spectrum in
Eq. (2), this spectrum has a finite number of Landau levels
characterized by the discrete Landau level index n, due to the
finite number of atoms along the x-direction.

Overall, the described procedure numerically implements
Teller’s approach [24] for describing electrons in a magnetic
field within a finite geometry. This approach avoids the issues
inherent in Landau’s method [22], which uses eigenfunctions
and eigenenergies derived from an infinite system to analyze
the free energy in a finite geometry [25]. Accordingly, the
DOS per unit area and spin is defined as

D(E ) = 1

Lx

∑
n

∫
BZ

dky

2π
δ(E − En,ky ), (38)

FIG. 7. (a) Energy spectrum En,ky computed for the tight-
binding model for a hexagonal lattice subjected to a magnetic field
H = 54.5 T (or l = 14.1a, where a is the triangular lattice spacing)
for a system size of width Lx = 500a. The plot shows En,ky in units
of the hopping parameter t as a function of kya, where ky is the wave
vector in the y direction. An external electric field E applied along
the x axis, given by the parameter β = cE/(vF H ) = −0.014. (b) The
DOS, D(E ), is calculated based on the depicted spectrum. The energy
E is in units of t .

where the eigenenergies En,ky are determined numerically,
the integration is performed over the first Brillouin zone in
the corresponding direction, and the summation accounts
for the Landau level index n. This approach avoids the
issues associated with Landau state counting, as dis-
cussed below Eq. (5). For the numerical calculation, the
δ-functions in the DOS, Eq. (38), were regularized by
introducing finite energy level width in the form of a
Lorentzian shape given by Eq. (12). The width � is cho-
sen to be much smaller than the characteristic energy
scale defined by the hopping parameter t and smaller
than the temperature T to ensure that important features
remain visible.

An example of such a spectrum, along with the corre-
sponding DOS, is presented in Fig. 7. Overall, the presented
spectrum is consistent with existing lattice computations, such
as those in Ref. [13] (see also Ref. [34] for a review). Since
the ribbon is sufficiently wide (L ≈ 35l), the spectrum cor-
responds to the bulk Landau levels described by Eq. (2).
The electric field induces a linear ky dependence in the bulk
Landau levels and causes a constant shift in the edge states.
Additionally, dispersionless states, which are surface states
localized at the zigzag boundaries, are also present. It was
shown in Ref. [35] by analytic methods that these states
remain unaffected by the presence of an electric field. The en-
ergy distance between the dispersionless levels is U , and they
show up in the DOS [Fig. 7(b)] as the peaks at E = ±U/2.
The wider peaks associated with the broadening by an electric
field and starting to overlap higher Landau levels are also seen
in Fig. 7(b).

To look closer at these features, in Figs. 8(a) and 8(b) we
plot for comparison the results of the calculations based on
Eq. (24) and numerical simulations, respectively, for three dif-
ferent values of the electric field (or β) and the same ribbon’s
width Lx = 500a ≈ 35l . Recall that for a fixed Lx, an increase
in β leads to an increase in γ , as shown in Eq. (26). The peaks
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FIG. 8. The DOS, D(E ), in crossed magnetic and electric fields
vs energy E in units of EM for β = 0.0046, γ = 0.163 (blue
curve); β = 0.0092, γ = 0.327 (green curve); and β = 0.0139, γ =
0.49 (red curve). The magnetic field H = 54.5 T, and the ribbon
width equals Lx = 500a = 35.4l for all curves. The scattering rate
� = 0.01t = 0.0163EM . The solid (magenta) vertical lines show the
positions of the bulk Landau levels εn(β = 0) given by Eq. (25).
(a) The curves are calculated based on Eq. (24). (b) The curves are
obtained by the numerical simulations on the lattice.

in the blue curve, calculated for the smallest electric field,
align with the positions of the bulk Landau levels in the Dirac
approximation, Eq. (25), indicated by the solid (magenta)
vertical lines. However, even for the n = 3 Landau level, the
peak positions in Fig. 8(b), obtained from lattice calculations,
are slightly shifted from the values predicted by Eq. (25). This
is expected since, for a strong magnetic field (H = 54.5 T),
the energy of the n = 5 level given by the Dirac approximation
is

√
5EM ≈ 0.3t . This energy is high enough to deviate from

the value predicted by the lattice model. Nevertheless, for the
first two levels even for the largest value of β shown in the red
curve, the agreement between the Dirac approximation and
lattice simulations remains qualitative.

Now, using simulations, we test the Landau level degener-
acy factor g(β ) introduced in Eq. (21), which depends on β.
In Figs. 9(a) and 9(b) we plot for comparison the results of
the calculations based on Eq. (24) and numerical simulations,
respectively, for three different values of γ and the fixed β.

FIG. 9. The DOS, D(E ), in crossed magnetic and electric fields
vs energy E in units of EM for β = 0.2 and three different values
of γ : γ = 3 (blue curve); γ = 5 (green curve); and γ = 8 (red
curve). The magnetic field value is H = 54.5 T and the scattering
rate � = 0.01t = 0.0163EM . (a) The curves are calculated based on
Eq. (24). (b) The curves are obtained by the numerical simulations
on the lattice.

FIG. 10. The DOS, D(E ), in crossed magnetic and electric fields
vs energy E in units of the hopping parameter t by numerical simula-
tions for γ = 8 and three different values of β : β = 0.9 (blue curve);
β = 0.75 (green curve); and β = 0.5 (red curve). The magnetic field
value is H = 54.5 T and the scattering rate � = 0.001t = 0.0163EM .
The black curve is the DOS given by Eq. (37).

In accordance with Eq. (26), the variation of γ is reached by
changing the ribbon’s width Lx. The peaks associated with the
dispersionless levels at ±γ /2 are visible in Fig. 9(b) but are
absent in Fig. 9(a), which was computed considering only the
bulk Landau levels. However, except for these peaks, there is
good agreement between the results obtained from Eq. (24)
and numerical simulations. The DOS between the peaks is
parabolic and described by Eq. (37).

To see this, in Fig. 10 we plot together the DOS given
by Eq. (37) (black curve) and numerical simulations, respec-
tively, for three different values of β and the fixed γ . In
accordance with Eq. (26), the variation of β is reached by
changing the ribbon’s width Lx. We observe that the simu-
lation results for different values of β are nearly identical
and align well with Eq. (37). It is important to emphasize
that the DOS described by Eq. (37) is independent of β.
However, if the factor (1 − β2)3/2 were not included in the de-
generacy factor given by Eq. (21), the three theoretical curves
corresponding to different values of β would deviate signif-
icantly. Such discrepancies would contradict the numerical
simulations.

For |ε| � γ /2, the parabolic behavior observed in the nu-
merical simulations transforms to a linear one, in agreement
with Eq. (37). However, as |ε| continues to increase, the linear
behavior in the numerical curves becomes nonlinear once
again. This occurs for |ε| � 0.3t , where the Dirac approxi-
mation is no longer applicable.

IV. DIFFERENTIAL ENTROPY

As mentioned in the Introduction, the differential entropy
s, also known as the entropy per particle, is directly related
to the temperature derivative of the chemical potential at a
fixed electron density n(μ, T ) [see Eq. (1)]. The latter can be
obtained using the thermodynamic identity

(
∂μ

∂T

)
n

= −
(

∂n

∂T

)
μ

(
∂n

∂μ

)−1

T

. (39)
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FIG. 11. The differential entropy s vs the chemical potential μ in
units of T . The solid (black) curve is for the free H = E = 0 case; the
dashed (blue), U = 2T ; the dotted (gray), U = 4T ; the dash-dotted
(red), U = 8T ; thick solid (green), U = 16T .

At thermal equilibrium, the total density of electrons is

n(T, μ) =
∫ ∞

−∞
dεD(ε) fFD

(
ε − μ

T

)
, (40)

where fFD(x) = 1/[exp(x) + 1] is the Fermi-Dirac distribu-
tion function, and we set the Boltzmann constant to kB = 1
and measure the temperature in energy units. Note that in the
presence of electron-hole symmetry, it is convenient to work
with the difference between the electron and hole densities
rather than the total electron density, as is commonly done for
graphene [9].

Differentiating Eq. (40) with respect to T and μ, accord-
ingly, results in the well-known expression for the differential
entropy [8,9]

s(μ, T ) = 1

T

∫ ∞
−∞ dε D(ε)(ε − μ) cosh−2

(
ε−μ

2T

)
∫ ∞
−∞ dεD(ε) cosh−2

(
ε−μ

2T

) . (41)

Using Eq. (41), it is clear that the extrema in the dependence
of D(μ) correspond to the zeros of s(μ). Since van Hove
singularities produce sharp peaks in the DOS, they appear as
characteristic features in the dependence of s(μ) discussed in
[12], followed by pronounced peak and dip structures [8,9].

There is a similarity between Eq. (41) and the correspond-
ing expression for the Seebeck coefficient S , such that, for
an energy-independent relaxation time, they are identical. The
relationship between S and s in zigzag graphene ribbons with-
out external fields was analyzed in detail in Ref. [7], where it
was shown that within the gap, S 	 s/e, with e as the electron
charge and the Boltzmann constant restored in s.

In Fig. 11 we plot differential entropy as a function of the
chemical potential μ for the bulk states only. The reference
case H = E = 0, where the free DOS is given by Eq. (31),
is represented by the solid black curve and is analytically
described by the following expression [9]:

s = 1

ln
(
2 cosh μ

2T

) [Li2(−e− μ

T ) − Li2(−e
μ

T )] − μ

T
. (42)

Here Li(z) is the polylogarithm function. One can also extract
the asymptotics of Eq. (42) both for |μ| � T and |μ| � T
[9]. In particular, when multiplied by the factor kB/e, the latter
limit matches the Seebeck coefficient for a free-electron gas.

FIG. 12. The DOS, D(E ), and differential entropy s(μ) for four
values of γ : γ = 0 (black curve); γ = 0.5 (blue curve); γ = 1 (red
curve); and γ = 2 (green curve). (a) The DOS, D(E ), vs energy E in
units of EM . (b) The differential entropy s vs the chemical potential
μ in units of EM , for T = 0.08EM . (c) The same as (b), but for
T = 0.2EM .

The other curves in Fig. 11 were computed using the DOS (36)
in the collapse limit and for large values of γ . As the value
of U given in units of temperature T increases, these curves
become less steep, reflecting a more smooth behavior of the
DOS. It should also be noted that the differential entropy
is independent of whether the DOS is calculated using the
degeneracy factor g(β ) or gL.

Next, we analyze the behavior of s(μ) for small values of
γ , where the lowest Landau levels remain distinct and do not
overlap. In Fig. 12 we plot the DOS and the corresponding
differential entropy s as a function of the chemical potential
at two values of the temperature T = 0.08EM and 0.2EM in
four cases: γ = 0 (E = 0), γ = 0.5, γ = 1, and γ = 2. The
DOS, D(E ) in Fig. 12(a) is computed using Eq. (22) [see
also Eq. (24)]. As in Sec. III, for convenience of comparison
we set β = 0. The case marked as γ = 0 corresponds to the
γ → 0 limit when the results in graphene under a magnetic
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FIG. 13. The differential entropy s vs the chemical potential μ in
units of t , for T = 0.003t = 0.049EM and U = 0.03t , with scattering
rate � = 0.001t = 0.0163EM , calculated by numerical simulations
on the lattice.

field alone are recovered. The value � = 0.001Em is taken.
The dependence s(μ) exhibits oscillations and features a sharp
peak when the chemical potential is near the Dirac point,
|μ| ∼ T , within the temperature range. The amplitude of the
oscillations is higher for the lower value of T = 0.08EM . We
observe that as the value of γ increases, these features become
less pronounced. Note that for γ = 2, when the n = 0 and 1
levels begin to overlap, the corresponding green curve crosses
the μ = 0 point from negative to positive values of s. In
contrast, curves with smaller values of γ cross this point from
positive to negative values of s.

Finally, in Fig. 13 we show the dependence s(μ) computed
for the DOS presented in Fig. 7(b). Overall, the behavior of
s(μ) is similar to the results presented in Fig. 12, with one sig-
nificant exception. The DOS peaks at E = ±U/2 ≈ ±0.015t ,
associated with the dispersionless surface states, introduce an
additional dip-peak structure near μ = 0.

V. CONCLUSION

One can estimate that for a magnetic field of H = 1 T and
the Fermi velocity vF = 1 × 106 m/s, the critical electric field
is Ec = 1 × 104 V/cm, which is achievable experimentally.
For example, with H = 0.1 T, the magnetic length is approx-
imately l ≈ 82 nm. For a ribbon of width Lx = 20l ≈ 1.6 µm,
this corresponds to a critical voltage between the ribbon edges

of U = 0.16 V. Indeed, experimental studies have reported the
realization of Landau level collapse [36,37]. Another potential
approach to achieve Landau level collapse is by generating
strain-induced pseudomagnetic or electric fields, as proposed
in Refs. [38,39]. This demonstrates that the results for the
DOS and differential entropy presented in this work are
accessible for experimental investigation.

It would be particularly interesting to explore how the
behavior of the DOS can be adjusted by applying an in-plane
electric field, given its relevance from both research and prac-
tical perspectives. From a research point of view, it is crucial
to confirm that the Landau degeneracy factor gL [see Eq. (8)]
for graphene in the crossed fields must be replaced with the
electric field-dependent factor g(β ), as defined in Eq. (21). It
would also be useful to study the degeneracy factor in other
similar situations. From a practical perspective, enhancing the
DOS by tuning the in-plane electric field could be valuable
for achieving greater control over the transport properties of
graphene.

Using the DOS results, we analyzed the behavior of the
differential entropy. As the energy dependence of the DOS
for bulk states becomes smoother, the differential entropy
varies less steeply compared to the H = E = 0 case. When
the lowest Landau levels do not overlap, the dependence s(μ)
exhibits oscillations and features a sharp peak when the chem-
ical potential is near the Dirac point. Further investigation is
warranted to understand how the dip-peak structure observed
in s(μ) near μ = 0, associated with the dispersionless surface
states, manifests in the Seebeck coefficient.
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