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On the Véldcity P'c'itehﬁal. in Michell's System _ahd the
Configuration of the Wave-ridges due to a Moving |
Ship. o i S

. (Non-uniform Theory of Wave Resistance-4)
By Tatsuro Hanaoka, Member

Introdaction. .

We have, often experienced thét the velocity potential, which the author gave in his other

papersl),is too much complicated for us to understand the wave-system due to the ship
moving with constant velocity describing harmonic oscillations.

In this paper the author transformed the velocity potential in Michell’s system. It will be

very useful for a numerical calculation and an explanation of the wave-system, because it

is written in convergent form of integral and classifies, the .wave-systems. And also we can

obtain the configuration of the wave-ridges from the'velo.city potential by means of the saddle

point method. We shall be.newly interested in Michell’s system from this matter.

1. The velocity potential in Michell’s system due to the.steady motion of a ship.

The author has already shown?) that Havelock’s velocxty potentlal due to the steady ‘motion
of a ship can be transformed in Michell’s one.

The velocity potential due to the pressure advancmg with' constant velocity V over the

surface and the velocxty potential 3 due to the ship advancing obhquely to her plane of
symmetry with constant velocxty can de transformed in Michell’ s system. dy the same pro-
_cedure. I will neglect the course of transformatlon and’ show the resulting expressxons

The Mlchell' 5 systems can be written

) , me~ly- u'l./_“cos(n.+8)cos£sm m(x x)
mw,ffﬁc f [ : dmdn ds

Vmi+
: 5 , m3 gamAK” = |V'V""‘~/I'W§m m(x—x')
* 1l£p""l¢"ffﬁ-<a-= ¥ ).r Vimilx': : dm ds L
_ , m?2 ¢ em3/x’ cos{m(x &)y~ y lm\/,ﬁ/xz‘l} )
. T V""ffﬁcx ¥ )r ‘\/m’/xla dmds  (1-1)

and

&= ;g:;ff(np, —¢,’)f r———e ~lYVmTend cbs(n..-(-&)cos(nz +&)sin m(x—-x’)dm dnds

+ ;‘g; J:ff(¢, —¢,')f m e (337 )md/c’ ~lWImMVT =373 sinm (% — ') dm ds
3 - .

riny f@' e P y=+'<:lrz'5z faoo |
52 o se0f e S"‘{"’C" #)- lylmVW}dmdf L.

where tan &€= —»i?[x’' n, respectively.

+

2. The velocity potential in Michell's system due to the unsteady motxon of a slup

1) T.Hanaoka; Non-uniform Theory of Wave Resxstance-Z and 3, in 1951 and 1952.
2), 8) T.Hanaoka; On the Fundamental Theory of the wave Resistance oi the thp Asiz
,vancms with Constant Velocxty, in 1951.
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The velocxty potentxal due to- the unsteady motion of a shlp can also de transformed in
ch?ell’s system by the’ s:mnlar procedure to the case of the steady motion. ‘

I will take example by the symmetrnc velocity field of a deep draught shnp and show the
procedure. ’ : : '

The velocity potential is written

em ffw(x ) (_ ——-—')ds
-8 . " -

" enz !
’ k( ) — -
_Uw(x z)f ,zf ekt (exe {(kcosa—V/V)ﬂ—(:'k'+(kcosa+v/V)3-n_'k }dkdads

! m 2@ (- . . .
m i jw(x ’z')f‘ _Sec {al' eaz'(s+e)-1a;'8 — gy’ eaa'(z-c-z')-iag'ﬁ} dea ds
%2 @ —ay' ' ) . . )

m em ffwcx,'_z){]‘—ﬂx } secte {bl'eb1'.(l+l')",'u’1‘5+b2' eb;'(g+,-)+ib=' E}dads 9 (2.1)
x,2J a3 g . '

where ﬂ=v/Vn:’ G=(x-x')cose + ysine,

ay)=m(1+23eosai\/l+4ﬂcosa 1') ,(1 chosa;t;/l 4a cosa) . ’ 2.2

2 cos*a " w/ ) 2cos~a

ag’

. -0, n<1/4, Rl) - ' . -

o= (cos-1 140, o>1/4, R, '/(x - %Pty +(z:pz Y
If 4,. ¢, and 43 denote the first, second and thxrd terms of (-1 resepectively, &, 'iS_'trasformed
| to v ' B . ' ,

in Michell’s system

e ~/ + ) s . ’ . : . :
i f fw(x ,z’)f F ‘,";‘n,"_': :‘" -fm(»—-'>+ewm<»—-'>}_sinnzsin,nz'dmdnds ©(2-3) Y
n ‘ " ‘ .

)

by the very same procedure as in the steady motxon .
On writing msec @ for k and then n'/m for sece in &, we get, . ' -

x’givt ffw(x'-")[ f‘”ff elz+2")n’ +l]v|~/n”—m1{< _‘p”});_n,ﬁ, + -(m_;_y‘/;')z,_n'.”,} | - "

"_cos_m(x_ﬂ - RS =1 S S ot : L
X witeni dn'dm zRFf eltrs)p +ilyiVa 3-m (m—V/V)’—n:'n' . - ;
n’sin m(x x) :] . . : )
d 'd dS : - (24 : '
(m+v/V)-—n:n } V't m? wam N ( )
\

-since the integrant of n' is pure imaginary in the range 0<n'<m. ) . .
Now, we can get the formula “\ ‘ _ : . . [
(2+2') + SV o tne+s’) = WlvmTEE ] L ' el i
f“ e aw=if 2 : mT dn+_1—' Res. . (2-5) ‘.
o {(mFr|V)i~n'n'} 0’2 —m? o (mFy/V)i-in'n . 2, C . ‘
where : - T e :
1 _ _im(myr[V)? e+t YmFY/ VYV + VW TmFv/ V)4 a=md ITNE . !
E Res. = . Py ° l/(mfFP/V)‘/K'z—m’ Il ’ (m:F /V) >" "l . . Lo
v . W(m:F”/V)z els+s’ )(m:Fv/V)n/gl—lvlJWm—de . ey s<nin N t
3 Res. = ; Wy e AT . mer| V2L - :
’ t

by means of contour integration. And we can easily prove that
(m:Fl'/V)=>n’m and (m:FV/V)’<n:m
coincide with .

(m<a, or m>a; and ( <mla . | ‘ . . ) -
m<b or m>h b <m<b . ,

respectively, where

) 1(1+20+v1540) a;)'. 1(1-20+v'T=40) (2.6)
@
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. 37 - z (m~ /‘V)"x ~im(s=-x") . - :
o= -1 w(u,.z'D[{ fz o 7y 4——cos|y|vcm-v/V>4/«'=-m-* dm
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. On the Velocity Po_temial in.MJichell's System.

* Hence, when we substitute (2-5) in (2-4), we get ' : a

’e‘w y ot e (m~-v[V)2sin n(z+2')+x’ ncosn(z+z’) g-imiz-s)
fw(x ')FF“ v m“”’{ (m- u/V)l.*..uﬂnﬂ m =

Py = —

(m+v/ V)3sin n(z+z’) +1t'11 oS n(..+.. elm(m_’),}
© (m+v/V)‘+n:’2n= UV mitas
eiw —y nolz+2’ Y m=-v/V)I/x” -tm(z-r b] I

o] oo [ =5 W’.”/’E&“ BT smlyx»’on-z/V)*/«'*—mwm
ax B - - .

e +v] V)2elt+e ) m+v/V)3x +lm(:n 5] -
‘{f e i 1 GV e o .

dma'ndS

+j“ (m—yIV)Ie(l'P' Hm-vw/v)2x -W’«/mﬂ-(m-yn’)(/g -im{x-o )
as

) Vi =(m—-v| V)‘/n:’l ’ "n . ;
vy 2p(z+2 ) (M + v/ V)R =Y/ 5 mry/viUxatimiz-z’) .
| +]’:’ (m+./V) el /—,:(,,,_*_,/;;4;,‘», vy . m}z’S - @) '-
as Michell’s system of 4. . '
" Next, T will transform ¢; in Michell’s system If we put
* a1’ COS &=y , - by cos a=my ‘ ' } N 2.8)
@y’ Cos ®=m, . by’ cos a=my
we see that : ' .
, ru=ar, mz='a_: , ma=b, m.1=bz-, when a=9'_ . ' } ’ 2.9 . '1
my=oo , np=0 , .mz=o0, .my=0 , whena=mr/2 )

and my, my>v[V, ma, me<»[V, when 0< & <m/2. - "
When we introduce (2 8) and (2:9) in (2. 7) to xnterchange mtegral variable & thh m, we

have . - oL ' -

V (=] Ve
103 (m+v] V)re ars Ymev/ vy + imia~a") —'——Tmf 1 : ' {-
'{ +f:} Vimir [ Vyijera=ms —cos|y|V <m+”/V) (K=" dm dS (2-10)
If we sum up (2.3),.02:7) and (2 10), and keep in good shape, mtroducmg new varxables
& and E, whxch are defined by the formulas
tan &§=~(m-v/V)3/e'n , tan £,= —(m+V/V)=/n n

we get .

etvt 00 o0 o= U)o/ T3 ¥ 72 . . . . ' ’
ffw@’ﬂ’)f [ e {°°S<n=+ex>cos<nz'+ex>e-Mw—-ﬂ S b

¢— —
\/m’+n=

+ cos(nz+£,)cos(nz’ +&;)e bnln—w’ )}dm dndS

. gmf w(x’ , ,)[ 1 (v [ V)2 e (42" Xm—v/P)Yx’ ~yVmIS(moy/Yi/R d —im(e— n’)d'
V= (m=r[Vyi]x3 |
(,n+p/ V)z e (t+:’)(m+v/V)9/x 'WI*/W +{m(z-2")
ba V= (m+v/V)ije's .
‘_,-em][w(x,’ z’)[_fz (m —v [ V)2 (e Nm=v/P)/x’ _im(f—m -ty J——wrm
oK’ ' V (m=v[ Ve it ,
r (1= 9] V)2 @ (458 )me /P Y0’ ~ tmin =2’ “”"'Wd z_' I .
L dm Vim=v[V)i[i-n2 . - . ' :
- m4v 2 g (248" WmAV/VIYK! +im{n-g') - uw./(,,”—y,y)m ) v . .
_{f’+j:} ( /1/V()m+v/V)4/n:”—m’ T R ]dS oem. o
as the velocity potentxal in chhell's system concermng the symmetnc velocny field of a

n N p

a’m]dS'

I .

L]

deep draught ship.
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- 4mpV

and

b =

B R habeiatnuen ettt Dl i et ¥

s
v

ﬁmmemxa& w93 %

L

ewe. , (kcosa=r[V)e=¥® _(kosaits|V e '
=] [ -”f‘ §ore{- ckcosw-v/m=—«'k+<kcosa+~/v'>’ ~'k}"“’“_"s

mvaﬂ |
- fp(”""){ L +f; }s“a(Nfé°t'-*‘°f?+N;'.e”*"f‘h‘*‘) deds - (212)

. sec a(M,_’aﬂx ‘10, & -'_M,' 03’5238 dndS

e vt . 0 - : . " . ’
—ZET,'IIW("'.z.')f_ae'“("x)/v(—y" +'k—s—) dxdS ot -

(kcose—r/V)i=x'k (kcos+v/ V)!-x'k)

tan a(M1 e oy (a+a)~tay B Mﬂ @ 92’ (o+1')—~iag’ 5) de dsS

'e‘ ! Y

T Tam V.U ¥ )f

s frw ([ + }‘anacz\n e e S N e 05) dadS(213)
/3 a, o .

v

where

as a velocity potential due to the unsteady motion of a shallow draught shxp and a veloc:ty'
potential due to the ‘unsymmetrical motlon of a deep draught ship respectwely These
formulas can also be transformed in Mlchell's system by the same process.

only

H P o , /2 v
Ca ._a,/-—Fseca o by’ +b1'79eca
My =—— . TN s——
! T ' b =by

a)’ —ay

the results.

Namely,. (2:12) and (2-13) can be wrxtten

-y T : " , ’
[t [ R et o

- (m+v[ V) cos (nz+&) cos & etmlo~2"}dmdnd S

'e (’". I ’ ) (M=y/V)x" = [y~ W/ n_( ~y/Vitk 3~ -
p( y ) _ ——g¥ ) /K’ = [y~y IV m! m V/ ) by iE ‘m(m 2"}
27"P Vi 24{ ! a,l/m1+(m—l'[ p )‘IK 2

.j.yl . (m+”/_K)s

o2 (T v/ V)R =y -y VTR -(m.+y/V_)07?'9+ Im{n-v°) dm—]dS
Ua¥ m#—(m+v/V)‘/I¢'z . ‘ J

—_— gt g,,.,_,le
+ gyl )2 [ G~ V)i~

+ f’ (m=r[VY | mevim i - tno-i") + -y WS P 3=l
a l/(m—v[V)*/n:’2—mz : SR )

r" 4y V)3 iyt . e
— YA/ + i) =€ Y-y [V (m+ v/ V)4 I-m3 Jop 2.14)
+U a,} ) L T i ; : | (2-14) .

re‘"sgny i 2{ e-im(p-g’) . . N .
e ff¢ («, zz)rf e~ Wivinien 7 cos(nz+ 1).cos(nz +&) E
elm(n—s ) . . X ] . \
T & dS .
LY cos(nz+ ,)cos(nz’+£g)}dmdn .
fevsgn y , - P )(m-v/V)’/s’ lv:mer_ﬁn" -tmto-e1dm
e ff¢ [ Jm-r1vree

. .
f‘(m +»/ V)e('ﬂ Hm+v/v)3x —Ivl'«’mﬂ—(’m+vﬂ’)‘/="+lm(l-' )dm}dS '

T p— g T

i e R el PE

I will show .

£ 8(M=y/ 7YY/ —Am(3 —8") =y =y VTV VIR TR
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e‘“ &' sgn y
2=V

ie¢isgn y
2z Vx' |

]]<p'(x' z/)a-M'—- wv e-lvl“’(*/”P*'"’ cos nz cos nz'dndS

jf¢ (x z')[r (m_,/vje(cﬂ')(m—wr)ﬂ.x —lm(n--')—livl!fmdm ‘

<« + ] m(m —7[V)els ) WV)ﬂ/-' - m(z-s y+i ;vi~' (m— wv;f/-’!—'ma dm -

{fb +r}(m+y’ V)e(l-l-l )(ma-w/V)n/gf +tm(,—s )+4[ui~'(m+y/v)i,. ’_""’dm-]ds (2 14)
in Michell’s system. : o ' ‘i,' :

3. The cont’igumtlon of the wave—rldges due to the steady motmn of a slup

The confxguratxon of 'the wave—rndges due to the steady motion of a shxp was theoretically
1nvest1gated by Lord Kelvin. But we shall see that tbe same result is obtaxned from the velocxty
potentxal in Michell’d system in this section. :

Let us suppose that ‘we have a pressure point moving thh constant velocxty V along the
axis of x in the negative dxrectlon The first and second terms of (lr 1) give the local dis-
turbance, but the third term expresses "the" disturbance which extends to 1nf1n1ty So we may
analysé only the thxrd term for thxs subject. Because surface elevation is given by the
formula ' ' ' o '

(= ——Y—[ o -l " the height of the-:wawie is written
. ‘ &L 3% _e=b o - | .
' = - _,_Po_,__ mﬂsm{mx IyIMp/mz/n:" Ty ' (3.1
. Tpgn'* J o V i’ = '
-where P, denotes the ‘total dxsturbance—pressure, from (1 15
To obtain an approxxmate formula of (3- 1), we take the saddle poxnt method
Consequently, f S ] R A
T Y S S (O 00 UC N (o (ot N :
, (= 7':P8K" ngl 4 m,.’/x”—l 1 IF”(mn)l } ?ln{F('ll.u>'h$/§E'€ (m.n)“;‘ L @-2)
where C o o " R g o .
: ) . . N . ] A - . . . L
F(n'z)'—mx-‘lyp'n'»/;?ﬁ/n'z"l' L e ‘ o (3-3) .

" - and ma denote the roots of the equation F'(m) 0 m the range x'<m,.<oo and k denote the

number of the roots. . -If we put , ' VI .
R . o . .

m,./n'-seco,.,, o<o,.<n:/2 T P (3-4)
Fi(m) is written - T ' '
Iyl 1-3sinie, - RN .
o F A=3sintén T :
" F(mp) = _ sindo, ! , . \

asg a function .of 9,.

’

’ Therefore, if we wrxte sxn-ll/,/3 =0°, we get

| FU(may>0 when <8y | | ¢ '.':.' SRS .
F”(mu)<0 when . 0,.>6° ' } ..' Do . A ' 1
Next we get ) . ! ‘
_Uﬂ._—_t_an_._ol_ 4 - 'h' L . o . . (3_6)

x 25ec29,.—1 L
from F'(mg)= 0." The relatmn between 6, and ]y]/:\- 1s shown in fig. 1. ) We see that k=2 in'
@2, becausé\one value of |y|/» corresponds to two values of 6 when Iyl/-‘=<1/2/2 and we
<an prove without difficulty that 6,6, for one of 65 and 9,>9° for the other.

And also. substxtutxng (3.6) in F(my), we have
|

F(mp)=rx'|y|/sin €, cos? Q_ ST - . 3D
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Hence, the resulting expressmn of (3 -2) is written - l A A
‘._ APOIE' secﬂo,{.‘ 27x’sind,
mpg tand | |y|(1-3sin)
. POK .sec:’g,{*—chVAs,inﬂeﬂ }msin {K'lyf/sinOzceszo -m/4} B .>4(34-8) ‘ ' :

ﬂpg tanéy | |y|(3sin¥;-1) | ° SRS - o . . where
under the consideration of (3 5) and (3-7). The two terms give the : '
parts due to the transverse and dwergmg waves reSpec\twely At .

) —00, where the two systems combine, thére is a phase-difference

of a quarter-penod between them The wave length in the dlrectlon

} sin {qc’ly[/sinelcbs‘-'01+7r/4} T . . ’ L -

R i o S SR

% o1 02 o3 l“l}z‘ of the axis of y is written
Fig. 1 R '_ , o [y]—-—smo cos? 8, _ o (3.9)

. .
ot

from (3.8). Substltutmg (3 9) in (3\6), we get

® o
' |y|=———-(51n8,.+51n39,,) . .

2r . P - . .
x=—--co8 6,,(1+sxn20,,) . .o . e o (3-10) .
as a wave length in the dlrectxon of the 3XIS of x. N o L Ty
(3.9) and (3.10) are also written R \ ' o 4 '
z L. ’ . C FEE . ) '
x=—2x—,(5 cos 8,, —cos 36,,) . e . v :
: - } T G B ;
r. - c . B : : H

, .
This is the well-known formula for the conflguratxon of the wave—ndges In (3-8), 1nter—

changmg the notations |y|/sin®, with & @ and sec 8, with V‘r,,/2w,., the expressmn of ¢ coin-

cxdes with the result already given9.

4. The configuration of the wave—rxdgas due to the unsteady motxon of a ship.

We can analyse the wdve-system and get the configuration of the wave—ndges in non-’
umform fluid field by the similar process to the case of the steady motlon In this case

' we may also consider only the third term of {(2-14) Whlch expresses the disturbance to ! S
. extend to 1nf1mty Since surface elevatlon is glven by the formula . . - .
1r o 2% S . - L :
(== I_at+ ax_;;o S L o e R L
we get L . ; . . 4
’ S N [ . ¢ -
£ - 4 - ¢
¢ - Hue™ f"‘ ('”-_”/l’) --m-mmdm :
2npg='=1 (m=r|V)a't=m? . N

(= VDA, i T
——e— " - m
[ 4
1

fM ("H'"/ V)i elm-cmrJ(m_q-wvw = dm

/(m+V/ V)‘/lf'l—m2 _
jo: ("l+”/ V) ——el‘mz—i'rl.*’(mﬂ-/l’)‘/l”—m’dm } oo . . . (4- 1)

bV (m+r/V)4/l¢'-“-—mz X . o )

from (2-14), where P!>t denates the total dlsturbance—pressure
system is constructed of four kinds of wave-groups, and we may call the wave—systems which

We see -that the wave-

are expressed by the first, second, third and fourth terms of (441) Az-, Ay-, B.- and By~
waves reSpectlvely : .. : . :
Applying the saddle point method to (4 1), it is written . 4 ', ’

iPe_ k l— L (m,l.m—v/V)l { gm } el(“n(’-“w)ﬂn £11 ggom e 33 € - .
2‘Epg1c'-* ¥ (mAzn—u/V)‘i/x'-—m-“n I g (172.49m)) ‘ ' J

¢

’

6) H. Lamb, Hydrodynamics, 1932, p. 436.
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- k=2 for Arwave
1

{ - " k=2 f{for B,—wave)When 1/4,<ni<..1‘/; 2 k=1 for By~wave

We can gef the boundary value 2=1/,2° from the condition

j . . . -
T o _ . ' ra ] T T
| .o ST - [_'aﬂq(lyllh)ﬁn.ﬂn}e. 1/2=,0_ v

Next, substltutmg (4 4) in F"(m). it is written

. F" (mA ")—_

| k' 8in 440 4 0313in2 640
‘F (m )~__ [y| N (1+4n~COS9,1,n)(1+2-0-c059,1.n 1/1+4ncosa,h,.)}
. o 4t 7 «’'sin 9,,,,. L 4028in28,,n
- \
; - et C2lyl g Q- 4ncoson,u)(1 2008 8pm++/T—4 0 cos Oam)
! F (m”,u. = o
- ~ ¢ - a'sin g 4 (*'sin% @pgn o . -

2 1< 4ncoso 1-2ncos? /140 ]
F (MBm)"T“‘ 7 {17(——. B‘“)( A cos B.n)}

ssn 85 . 43’ sm’ea.u
*r 3 N ~
e
,
,
v
IR EERI f
IO Y A L P, D SRR R - i
/

__2|y| {1 (1+4ncosa,,,,.)(1+2ncos0,4,»+1/_1+4ncoes,,,,,)} ;

' (4+6)

_..._._.,r,, oy e o R T s ek o
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. ) (mmn‘”/V)‘ o 2w VR . 4 -
r Co /(ma.n-— ?/ V)2 = intan {I_F;;.(m,un)l} R e s (et}
(mpim+v/ V) { 2 A2
. e F Ba(im. +8g0 £ po(mpan)u/d
] T Goimmn + ] VIR it T U R B
(Mool VIS " Ve e e |
. S 7 2L , "5, (B, n)%/S .
l/(mmn-l- AON Lt m’nm IIF’/n.(ﬂw.n)l} el lh(’“B;n)',"'B“ oot} -2
! . -where ‘ ) : ) - ' .
' '\ Faa(m) = —mz~| 31 Gm—7] v_)‘ln"'f—“m‘i.- 0<m<a  Chn . o
- Fay(m)= —ma:+|y|/(m—v/ Viei—mi, = ei<m<eo - - (4,3)._
L F () 2 0<m<3 ’
Co =mx— |3V (m+v] Ve i—n -m’ ( o
.,  Ea) = Y GV h<m<e
' and m,{,u,nu,,..mg,,.,mg,,. denote the roots of the equatlon F',{,(m) 0, F'A.(m) 0----etc. in
the ranges reSpectlvely ’ '
_ If we put . !
o © (May aan—v[ V)i 4, 400 =5€C 04y, 450, 0<O4, 40T
! . fol' Al—,Az‘—waves. and . : . , . (44)
2 S ' 0< 0p, 5 < ®/2, when < 1/4
_ 274! - 0 . By, O3n | : -
(mms,man =2V ot = SeC. ""”"‘(cos-} 1/42 <65,,8,n <7 /2, When 2>1/4
for B,- ,Bg—waves, we get. ! 3 ’ '
/ : n
lyl : © tanf . . : \ - : T TN
== -As-wave) - :
. 28, 01— / 2 - :
x . tan Aan—S€CH 40/ 144 D cos 9,,,. L0<0 apain <2
Iyl . tanfum —‘ ' A ~wave, o
A tan? 04,,+5€c0,,7Y/ 1+4 acosfyn ! (4.5
] Iyl s tan 6 g g C Bz_wave ) 0<6 5, u.,.<7r/2
i x tan2 8 pm—sec? 6pm/1—40cos6p,n o when n<1/4
B 1l ' ltanbam ' B—;ane cos—11/4 2 <K0p, p,al /2,
i t. x  tan?f pa+sectOpny/ 1— 40c08 0y ! " when n >_1/4 y
e . from the conditioné F 4, (map)=0, F,;. (ma,)=0, jetc.. ' ‘ o ,
[ - .,The relation between 04,,,4,,,,2,5,,. and |y|/a. is shown in figs. 2 and’'3. We see that
. : k=1 or 2 in (4.2) L : . - .
. | : ’ . - - : v
b " Namely, o i ) ‘
4 ] - Ll . - .
; o ' " k=2 for A,-, B;-waves : k=2 for Aj;-wave :
| “ . 1= S1-wav )whenn<1/4 , o T )whenn>1/4
r : k=1 for A;-, B;-waves ' “ k=1 for B;~-wave
, k=1 for Arwave J

)when a >1/|/ 2
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as the functions of 0. The relation between 6 and x’F"’/2|y|' is shown in figs. 4 and 5.
There is a phase-d:ﬁerence of a quarter—penod in every wave-system when §~«'F"[2| y|
curves go across the axis of @ from- one side to the other. We can. prove without difficulty

TOI L= g o om ey
.

\ Hes
. 2 . o
. that F“-O F“-O .etc. are satisfied at the point 6, where ——(]y]x)“—O. - ete. . pos
' B neg
When we subtitute (4 5) in F(m) of (4 3) and express F(m) as the functions of ] usmg I
(4-4), it is written ) . : ) ) agi
CoNo lylx’ 1+4n cos 04,,.(1+2n COS 840 =" 1+4ﬂ cos 94,») " poi
FA (mdﬂ‘l) 2 tan OA"‘ Cossa,{m 2 Ppo1
. . . thes
_ ]ylx’/1+4n cos 0,n(l+20 cosOA,u-{- /1+4n cos 0.4.») S . .
FA.(”‘A;») . . .
. .. 2 tan a"n COS*‘ a"" Y : ) K (4 '7) ‘
. N lylx’ /I3 4ficos 03,,.(1 2ncos0,,,,.-;/1 40°cos 03,,.) : ; bet
! Fﬂs(mﬂa‘n) :
2tan O8qn COS¥ym - . sigr
: / YY) (-1
F lylx'/ 1"40cos 05.»(1 —20080p,n+V 1=incos Ban)
Bl(mﬂ n) 3 tan eﬂlﬂ cos*’Oa,n - / e
i
Followmg the process of the steady case, we get the formulas to trace the conﬁguratxon f
of the wave-r:dges ) : i , ’ ’ il s
x =, (sin%—1 1440 cos 6)(1+202 cos 0+v 1+40 Cosb) '
K’ - Nco0s 8,/ 9 . ) : .
: V1440 cos ' L. Ag-wave 48
[yl = . sin6(1+20 cos 0+v/ 1540 cos o) . I
: x ¢t o Tdcose . ' _ s
=l cos 8- c0530+4cos9/1+4ncos0 ! ' ', o :
x 4 cos 0 0cos® Qcosd) - - ' Y a .
v/ 1+48cos 6(1+20 cos 0+v'1+40cos b) L Alwave  (4.9) .
i I__1£_ sin6+sin'39 . . S K : S
' Y= ’1+4ncos0(1-}-2ncosa+v’1':*-—4h_6539) ; |
x = (sm’a—/l 42 cos 8)(1— 2ncos0+v’1 a0 cos 0)' _ , S
x 03cos 6y’ T—40 cos 6 : - J
cos 4 l1-40cos | Bywave 4-10)
[yl=—r sin 61— 20 cos 84+ 1= —40cos8) S
' ’ 0n/1-40cos ;
x =2 €08 0—Cos 30+4 cos 81 =40 cos 0 )
« /1—4f cos o(1 - 9+’ 1—40cos o B
v 1-40cos9(1-22cos 6+ '1-40ncos8) . Biwave (411 , Wh
I._-_f_ 8in 8+4sin 36 - ' U ' - ’
AP 4ncos0(1 -20cosf+1'1-40cos8) - .
from (4-7). The forms of the curves defined by (4- 8), (4 9), (4. 10) and 4. 11) are shown-
. we ge
in figs. 6, 7 and 8. The curves become cusps at the pomts where, ———(Iylla.) Q and at_ the . tary v
cusps there is a phase-dlfference of a quarter-period in the wave systems ] . The
When V-0, #*20 and so a, b2, 83, b,V g and 0-0. Therefore -A-and B,-waves along
vanish and the formulas to trace the form of the wave-ridges are written concer
. 2rg ST for th
x=x COSG ly|=—ig-sm0 S - - . for th
L . . ) concer
. from (4-8) and (4-'10).' Hence, the forms of wave-ridges become concentric circles. .
When »=0, a,b=«', a;,0,-0 and 2-0. Hence the form of the wave-ridges'coincides with '
the conﬁguratlon in an uniform fluid field," becauee Ay-and By-waves vanish and (4 -9) and . -
(4-11) coinside with (3. 11) and the velocmes of propagat:on of the two wave—systems . _‘
. become equal and opposite. ’
5. The relation between the ship 8 positlon and the eonfxgurntion of wave-rxdges (
We can get the tangents of, the curves of the wave-r:dges from (4.8),(4-9),(4:10) and
(4 11). Namely, . ' T C ) . A
A\ ]
g : 4 g
: : R ! |
F—— PR I, - i R
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dy/dx=tan{m-~(m/2-0)} for’ = Ajs-waves, .
dy/dz=tan ~(m(2-0) for A~ B, B,-waves St L

.Hence, we find that @ denotes the angle which the normal to the cxrve makes with the -
positive direction of the axis of x, for A,—wave and the angle vhich the normal makes with _

negative direction of the axis of x, for Ai-, Br-, B;-waves.
It xp denotes. the point where the normal at a point (21, 31) on the curve intersects the

' axis of x, and Dy and D, denote the distances from =x; to the ongm and from xp to the

point (x,,y,) respectively (refer fig.9), we shall easily find that : Ty @
there are the. relatxons ! o 3 .,1 . ) OD'_ ¢
Di=y/siné, Dy=m%ycota | ' BV e
. _between them. But we take negative sign for A,-wave and posxtnve ' Fxg, _ .
sign for the other. waves in the double sign of (5¢ 1) Substntutmg (4 8), (4 -9, ¢4-10) and
(4 11) in (6-1), they are written - . . t
D= . 4mcos® - 7y

x’v/ 1440 cos 8(1 420 cos 6—/1+4ﬂ cosf), .
D 2zV(1+v/I+40cosé) - -
. ‘v 1440 cos @

i |
5

for A,-wave,

vi+aa [ 84+ 1+4030s8
1440 cos (1+2rlcos +¥ 1-',-4 2088) - for Al-wave,

275 V(v T+4Rcos 0-1)

!

Do"
- w1440 cos®

' D, = . . 4mcos¥
' xy/1=<40cosf(l— —2ncos 8-y 1- 4ncosa)
- Dy= 21: 2zV(yI-dncosoy 1}
n/l 40 COs 6.

for B,-wave,

) D; ' Amcos®. ' .
’1 40 °cos 6(1 —20 cos 8+’ 1-4n cos b)
2= V(1-v/ I=40cos 0)
v/ 1~401cosd

Dy =

’

S for Bl—wave

Wh_en we'pick up only the terms of waves from "(4-1) and put

| (m-3|VPe'm=seca for As-Ai-waves ' '
(m+v|V)3x'm=sec e for By, -Bi-waves E : ‘
we get v/a)’(0), —va)’(8), v/b, (8) and »/by’'(8) as the velocmes of the propagation of elemen-

. tary waves in the direction of ¢ under the consideration of wave-vector

These are the velocities concernmg the coordinate which moves with constant velocxty 14
along the axis of x, in the negatlve du'ectxon In order to transform them in the velocities

concermng the stationary coordmate, we must add them VcosO for A,—-wave and Vcosé ,

for the other waves. If CA,, CA,, Cp, and Cg, denote the reSpectxve velocxtxes of propagatnon

[

Cuc = _Vcos8(y/1+40,cos 0-1) - - oy A

» 1+Zﬂcosq:—v’1+4ncoso _ B '

"CA _ Vcosb(y'T+40 coso-1) ;, " ) S S
' 1320 cos 0+v’1—-|74!i_€o‘s'9' K

concermng the stationary coordinate, these are wntten ' . .

D S )

Co, - Vicos o(1-v/ 1= mcose) ‘ I
1= 202 cos6~1'1=40cos¥) . a UL

Cpy = VcosB(1+v’l—4nc059) _ ' oo "'~. e
'1 20co86+1/1- 4nc080) C
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Consequently, we get ) . ‘ . ' \ ‘
) Do/ V'=2D\[C 13, 41,53, ‘ e . L . i
from (5.2) and (5-3) for every wave-systers . . ' e , R
Hence, we get a theorem:— A ' - : \ ._;x
' The time that the elementary vwave in the dxrectxon of ] whxch a ship makes at a past . ~ 1>
instart reaches to the wave-ndges‘ is equal to half the time till present from the - ’
instant. ' - ‘ . 1
R The,theorem is also satxsfxed in unxform fluid field, and it is well known that the analysxs T~ {
al;eady given concermng confxguratxon of wave-ndges in steady motion, started from this 1
theoem I - T e o o . A
'
. I
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