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On the, Velocity Potential in Michell's System and the
Configuration of the Wave-ridges due to a Moving
Ship,

(Non-uniform Theory of Wave Resistànce.-4)
By Tatsuro HANAOKA, Menther i

Introduction.

We have, often experienced that the velocity potential, which the author gave in his other
papers 1), is too much complicated for us to understand tIe wave-system due to the ship
moving with constant velocity describing harmonic oscillations.

In this paper the author transformed the velocity potential iii Michell' s system. It will be
very useful for a numerical calculation añd an explanation of the wave-system, because it
is written in convergent form of integral and classifies, the wave-systems. And also we can
obtain the configuration of the wave-ridges from the velocity potential by means of the saddle
poixit method. We shall be. newly interested in Michell' s system from this matter.

1. The velocity potential in Michell's system due to the. steady motion of a ship.
The author has already shown!) that Havelock's velocity potential due to the steady motion

of a ship can be transformed in Michell's one.
The velocity potential due to the pressure advancing with constant velocity V over the

surface and the velocity potential 3) due to the ship advancing obliquely to her plane of
symmetry with Constant velocity can de transformed in Michell' s system. dy the same pro-
ceduré. I will neglect the course of transformation and' show, the resulting expressions

The Michell',s systems can be written

= __i_ !fpx',y'i " nacos(nz+C)cos e sin
iC3pVic'j Jo o

tPVl!ffP.Y)f
m2 e"'' il-v'i $Th' j$Th3/,2 sin m(x x')

din ds ' -
o 1/1,n3/,cF2/

n1'ic 2Jf«x
r'j2 rm0/ CO(flt(x-')- IYY'rn1/ma/K'2_.1} din do (1.1'-1

,and

° - !Tff(Pr' - e C5(nz+E)COs(nz' +E)sin m(x x')dno d,o do

+ ff(P7' - 'Pi')f" mc (*+,')ma/c'V1,,,,i -ma/c'a 5mm (x.. z') din jo

f b'I _JyI '± 41v vJJ" 4' i y2+(zz')a y!+(z+zl)2 J

ff(' _$Po')f'me (s+1'),1/c' sin{m(x_') YIml/mx/Ic'x_l}dm do '(1.2).

-where tan E= in2/c' n, respectively. ' '' -. .

2. The velocity potential in Miehell's system due to the unsteady motion of a ship.

1) T.Hanaoka; Non-uniform Theory of Wave Resistance-2 and3, in 1951and 1952.
2), 3 T.Hanaoka; On the Fundamental Theory of the wave Resistance of the Shp A.

vancing with Constant Velocity, in 1951.
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The velocity poténtial due to the unsteady ¡notion of a ship can also de transformed in
Micell' s system by the sinilar procedure to the case of the steady motion.

I will take example by the symmetric velocity field of a déep draught ship and show the
procedure.

The velocity potential is written
i i

4' = _---ffw(x'.z')(--j---_-_)ds ..

+
2

ffw(x',z')f fkekz{(kCOSW,V)2K,k +(kcos +v/V)2_'k
ic' e' . seca

2 fjw(x,z)r a1'
a,{ai' e a1's+2'ta2 OB' ea(+z)_.taa}

+jtff{ ebi'(z') k tb1'O +b2' eb2(2 g) +4b2' d 4) (2.1)

where tì=v/VK', =(x-x')cos + ysina,
ai"\ic'(i+2flcosa ±Vi+4ncosa bi'S\ ,c'(l-flcos±V'i-4flcos) (2.2)
aB') 2cos2a . ' . 2cos . . .

«1= (cos-'1/4-n, ) = V(x - x')2+y2±(z x')B

If 4', 4' and 4'3 denote the first, second and third terms of(2.i) resepectively, i is trasformed

in Michell's system '
ore_,y/n?ii24'j= _j--fJw(x'z')f0j0 (e ±et')1sinnzsinnz'dmdndS (2.3)

by the very same procedure. às in the steady motion.
On writing m sec for k añd then n'/m for sec in ., we get.

- ,, + (m+s'/V)-'c'n' }o t

n'cosm(x.-x') 2 m2' .dn'dm _iRerf e )7l' Il/I
(m -v/V)2X

.1 n'sinm(x_x')dfl?d,]dS
(m+v/V2_Icmn') v'?2_m2.

since the integrant of n is pure imaginary in the range O(n'(m.
Now, we can get the formula

o ((rn vfV)2 x'nF}/n' - o (rn v/ V)B IK'fl
dn+ Res.r lfl'(z+Z')+fj?JI.Jn 2-m2 '°ne(') -

dn'=iJ

where
i i7t(m v/V)' e(+2')(mY/F)a' +1 IVW(m/v)'ì' B-a2

Res. m2

1 . iv(m v/V)2 e(z+ß')('IV)B/' -iVkfm2 /)4/,2
Res. -

W /m2_(mp'/Ï'5ß . .

by means f contour integration. Aud we can easily prove that
(mv/V)2>Wm and (m.v/V)2<ic'm

coincide with
Im< 0B or rn>ai
nz<b or m>ba

respectively, where

a''(1+2fl±v'T) at\LK'(1_2n±/Ì)
a) 2 'b) 2
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Hence, when we substitute (2.5) in (2.4), we get

+2,
¡CC ufW(X' z') ffoe_ru*/;.;;í(tn

vi ¡/)2 sin n(z+z') +icn cos ,z(z+z')
z Ji ' JoJo I. (mv/ V)4+c'2n2

(n24-v/V)2 sin :(z+z') +1n COS fl.(Z+Z')t(a'y -_!!---- drndndS(rn+v/V)4+,c'2n I )J/flZfl2 r

2___ffw(x'z')[ -{f f'°}
-

--'j(
«
+f. V(1:.)4/-,2_. sin IylV(m+P1V)41K'2_m'.d,n

+ '-
'aa Vm2 (fl::P/ V54Jic'a

±
'1

(2.7)
V,iT(m+,/V)4/Ic'2 J

as Michell's system of 4'.
Next, i will transform + in Michell's system. If we put

G1'COSa=,n1
a31 cos a=m2 -,

cos am3
63' GOS ai4

we see that
,n1=a1 , , m3=61', mi=b2 , when a=0
mjoo , ,n2=O , rn3=co , .rn4=0 , when

and rn1, m3 > v/ V, fl2, ?fl4 <v/V. when O <a <7r/2.
Whènwe introd'uce (2.8) and (2.9) in (2.7) to interchange integral variable a with rn, we

have

1c' rr r i' r«a r0 (nj_v/TT)2e(2+E')(7fl/VD2'.m(0z')+= --ijjw(xi'. z')[j J +j -- coslylVm_v/V)4/fc 2-17 din

-{'
(m+v/V)2e(z8)O7I+Wv)a/'+im(z-w')

JJ} 1/(flzI_v/V)4/,c2m2 c05IYl/(m+h/V)4/,2_m2 drnJdS (2.10)

If we sum up (2.3),. (2.7) and (2.10), and keep in good shape, introducing new variables
E1 and which are defined by the formulas

tan E1= -(rn-v/V)2/K'n ,- tan E2= _(nz..v/V)2/gn

ve get
eV,t

= - -__ffw(x',s')1Jv_2_ 3-_1cos(nz +E1)cos(nz' +Ei)C -

- ±cos(nz+E2)cos(nz'+5a)e«_0)}drnthzdS

Ifw(x' l)rf' (tn-vfV)2e (z')(m_/V)a/o'_V _( ,/V)4fo 2

nic' ' L a - vi V)4/ic'2
din

ri (rn +"/ V)2 e (+ )(7fl+V/V)2/C'HVI'm2... (m+,/V)4/o'2 +Cm(-x')+j.
ib3 (ni.4Jv/ V)/'c'

(«2 (rn _v/ V)2c (o+x)(m-,/V)a/ .-im(x-')-irxir 'J(m -WV)4102_m2

Jo i/m-v/V)7iti -

'
(in - vi T/)2e (t-0'Xrn-'/V)2/0'-f7fl(D,-w')+L vi I(«-,jy)4j,,'a-m2

Ja1 i/(,n.-.v/V)4/ic'2_nz2 -
f ¡' («'' (m+v/ V)2 e (z+o')(m+lilV)2/ +Lm(o-z')- vr +/V)V0'3-m2

1Jo
J

1. v'm+vTV)4/K'3_m3
as the velocity potential in Michell's system- concerning the symmetric velocity field of a

deep draught ship. -.

In the,,other papers 5) the author has already given-

5) refet 1)

______ - -.-- _

drn] &g

dtn

(2.11)
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E/2 '.4v1f")f sec a(Mi'eai-fa M2' Cl2I'12) dt dS

e'14 ( -a1 ,ic/2

- f. +3 a(N1' bi'k(b1ïs +N2'.e b9s+b9') da dS
-7'/2

and

4. = - ffr'(x',z')J__fl'(-j'j+f) dx dS

and

only the results.
Namely.. (2.12) ant. (2.13) can be written.

z'! V)cos(nz+Ej) cos Eje(m(P')

- (m +z'/ V) cos (nz+2) cos Eem(r)}dmdndS
r pZj (m - nj V)3

__ez(m ,iY)2/x' 2_(m(x.-;')+ ;v5,zffP(x'. Y')j a2Vni+(m - vi V)jzc'

(m+7'! !) Lm(:-:') dm1dS '
J

+ 2WpVs'2ff''' Y)[f ,'4?:_,
ç '(mLzjV)2
a1 i/(m - v/ 17)4/x'2 - mZ

+
¡jjo (m+z'f V)2 z(m+y/V):,:' + im(2-:')- 1v-v'i '(m+./V)4,g2_m2 dm (2.14)
1, o 1) , (rn±"j V)4/ic'3 m2

te'sgn 'ff'(x' z)rf eIv e- mC:;) cos(nz+E1)cos(nz' +Ei)

mz'/ cos(nz+2)cos(nz' +Ea»dmdndS

+ sesgn Yff,pP( I z'){f (m - vi V)et+I')Cmff)2/ Ivfl2_(m_./V)tLP2_fa(r.Yf)dm

r(m +pIe(z+1')(m ,V)2iI-(m+ $,W9 +m(;;') drn}dS :.

93 .. - -

1!L ir r 4-P/V)e' dkdadS
4 lr!pVj J ')J _i j o cos - PI V) s'è (kcos z'/ V)2 - c'kJ

(2.12))

e .
. (J cos a v/ V)e_kGs (k cos v+.v/V)e_Ut3)+--ffz'(x', ')f.Ç ke (i+s) 51fl

coo a - v/V)2 - s1k+. (k co +z'/ V)2-,c'k57
. n MjcI

¡e114 .

- 4ir V (, .z)f tan a(M'' e a1'(x+.)-fa1' - J%4' ' e 52'(+I')O2'5) da dS .

. /

P (t'ei .r'2 .

JJ'"''tJ +3 3. tan a (N11.e b2'(+z)+ib1'6S±N2Ie b2'(+z')+fb'5) dadS (2.13) ue c
47V - sj . . ,. investig

where . . . . . potentj

.
Let

a1' - a1' - sec a b1' + b1' - sec a
M' N' axis of

i '-..a2' 1

turbance

a2'2 - à2' -- sec a, . b 2 + b2' -ç-sec a '
. analyse c

M2'
.

. N1=
b1'b2' îormula

as a velocity potential due to the unsteady motion of a shallow' draught ship and a velocity

potential due to the 'unsymmetrical motion of a deep draught ship respectively. These
formulas can also be transformed in Michell's system by the same process.' I will show

'where p0
To òbtaJ

Consequ

where

and m,
number of

.F'(rn) is

as. a funct;o

Therefòre

Next we g

frm
(3.2), ,becaus
ca prove witt

.Ad also sul
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+
C'$fl 'ff'':z1)e_i_1vreh1 cos na cos nx'dndS

+
¡e Yffp'(x'. [fi v)5(14t')(m_WV)u/1_Im(L_t)_ i4m/V)'/ii-m2dm

+f(rn vi V)e(' +i')(Tn- ./V)2/'(tfl(rr)+ vi.'UTh_/ V),i'1_1fl2 dm

{í+r}m+vi V)e(1+1')(1u/ (ii')+ dfl]dS <2.14)

in Michell's system.

3. The configuration of the wave-ridges due to the stady motion of a ship.
The configuration of the wave-ridges due tó the steady motion of ship was theoretically

investigated by Loi4I Kelvin. But we shall see that the same result isobtained from the velocity
potential in Michell' system in this section.

Let us suppose that we have a pressure-point moving with onstant velocity V along the
axis of x in the negative' direction. The first and second terms of (1.1) give the local dis-
turbance, but the third term expresses 'the 'disturbance which exteids to infinity. So we may
analysé only the third term for this subject. Because surface élevation is given by the
formula

the height of thevave is written

(34)
tpglc'3 J g Vrni/1cF2 -1

where P0 denotes te total disturbance-pressure, from' (1.i.; ' ' '

To btain an approximate formula of (3.1), we take the saddle point method.
Consquently. L ' '

- { tFa(5i}smn{F(t;m)!!u(mT} (3 2)

where

.F(rn)=njx_Iy[mVm2/ichi_1 (3.3)

and mm dénote tie roots of the equation F'(m) =0 in the range ic'<n:<oi, and * denote the
number of the roots. If we put

fln/1C' =sec 8,

F"(m) is written '

F"(mn) =J.
51fl38i

as. a 'function of 8,
Therefore, if we write sin-'I//'=80, we get

FU(mn)>0. when en<O,

.F'(:n)<0 when. On>6o:
'Next, we get

IyItane, ..,. 'vt' ' (3.6)
x ' 2secO-1 ' , . '

írom E'(m,)=O* The relation between 8, an JyJx is shown in fig. 1. We see that =2 in
(3.2), ,becausè one value of IYI/x corresponds to two values of O when I,l/x<112,/ 2 and we
an prove without difficulty that e1<e0 for one of 0n and 6>O for thç other.
And also. substituting (3.6) in F(rn), we have

(34)F(rnn)=WLyIisin 6 COB2 0

Vr a.
zL ax J=ô

(3.4)

e
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Hence, the resulting expression of.(3.2) is written
.J0ft' ec°9.1 (. 21r,c'sin8j 1/2

- "g tan O yI(1 -.3 si&81) } sin 4jc'IyI/sin 61COs°O1+r/4}

P0ìc' sec3e2 ( 21r,csino82 1/2

tan2 I jyj(3 sine2-1) } sin (?c'lyI/sin2cosoe2-1r/4} (3.8)

under the consideration of Ç3.5) and (3.7). The two terms give the
parts due to the transverse and diveiging waves respeçtively. At

40 ' 8n90, 'where the two systems combine, thère is a phase-difference
of a qaarter-.period -between them. The wave length in the direction

0.1 0:2 o.3F'J),' of tie axis of y i written

Fig. .1 - ty=_4.sin8'ncos29n - (3.9)
'C

from (3.8). Substituting (3.9) in (3'6), we get
2ivx='--cosO(1+sin28)

as a wave length in the direction of the axis of. x.
(3.9) and (3.10) are also, written

x=--(5cos9-cos3O) ...

I,I=-(sine+sin3e)
.: i

This is the well-known formula for the configuration of the wave-ridges. In '(3.8). inter-
changing the, notations IyI/sin 9, with and sec e with Vr/2W, . the expression of C coin-
cides with the result already given0). .'

4. The configuration of the wave-ridgas due - to the unsteady motion of a ship.
We can analyse the wgve-system and get the configuration of the wave-ridges in non-

uniform fluid fiel6 by the similar process to the case of the steady motion. In this case
we may also consider only the third term Of (2.14) which expresses the disturbance t
extend to infinity. Since surface elevation is given by the formula

a.--I ---+g L at ax

we get

6) H. Lamb, Hydrodynamics. 1932, p. 436.

o'.-

'(3.11)

system is constructed of four kinds òf wave-groups. nd we may call the wave-systems which
are expressed by the first, second, third and fourth terms of (4.1) A2-, A1-, B2- and B1-

waves respectively.
Applying the saddle point method to (4.1), it is written

k r ' (mA,,,n-o'/V)4 ( 2 112
C- -- - - ,----'----'-- -- -- ij eI{14o4n)2snF".a(th142n)4}

2ívpgx'2 - o (rnd2fl - PI V)4/sc'- - rn!Aou i. F"42 (flJ.,i2n)I)

where

and m
the ra

if w

for.,
(nin,

for

fyI.
x

It
X

II
X.- -

'y'
z

from tli
,The rei;
h-1 or
Namely

F" (n

jÇLCf (rn-v/V)41a2.
2-'dm= 2irpg,c'2 I. Jo ,'(rn-v/ V')4/'2-m2 . . -

,.i."L!,__e . .. We ca
a (rn ¡'J V)4/tc 2 rn2

' '
fb n+v/94 zz_orm+,vyc '"dm'

.

-Jo V(rn+v/V)/'c'2 m° . .

.-j4/2.'u2drn'} . ' (4. 1 -

Next,

b o (rn+i'/V)4Jic n:2 ," (z
from (2.14), where denotes the total disturbance-pressure. We ee that the wave-



'I

± (mA1n-v/V)4 2 }I/2

V' (mfl vi V)4/'2. ?fl241 ¡F/4j(n:4j)
I

ma n) +gn "'1(m41n)/4)

{ 2 1/2

'(mn, + vi V)4/i' IFU(mn)j }
e{FBa(n2n)+t2 s)i4}

(mn1+v/.V)' f 2w )1/2

I/' (rnan + v/ V)/sc'3 m2B1 I. j:;1(SflB1) j
e{FBi(moin)'Th F'ß1(mBin)'/4}

-where
Faa(m) = -mx- II V'(m vi V)4/sc'2 m2, O<m<c3 .

F41(m)= _mx+jyj,/(m_v/V)4/Ic'*_m2, a<m<co , - (43)
mmx jj /(m+v/ V)4/K'- m; (O<rn<b2

and mA1I,mAin,rnßn,mBin denote the roots of the equation'F'42(m)=O, F'a1(m)=O etc. in

the ranges respectively.

Ifweput
(mAj,Aan uf If)2f1c'Aj,Aafl = sec O<04jAafl</
for A1-, A2Lwaves, and

(O <Oiij,n2n < it/2, when £1< /4
(mii1,Ban r/ V)2/w'mn,B2,I = seco

cos1 114fl <j1, 82fl<7r/ 2, when (1> 1/4

for B1-,B2-waves, we get.

L.vI . tanO42,
x tan2 °Aafl seC2042n1/1 +4 flCOS81n

II . tanO42
X tana eAln+sec2oAlnt/1+4ncoseAln

II tanoB2fl
x - tan2 O sec O2n/f- 4 nòsi

IYI -- tanøR1fl
. x tana O Bm-l-sec2 Ojn%'l 4 fleos 8Bjn

from the conditions.F42(rn42)=O, F1 (ma1)=O, '.etc..
,The relation betweeli 84a,AI,D2,Bn and IyI/x is shown in figs. 2 and3. We see that
h=1 or 2 in. (4.2)
Namely,

k=2 for A1-,B1--waves
when-a< 1/4

k=1 for A2-,B,-waves/
1 for A2wave)

1/4<a<1//;k=2 Lor B3-wave
We can get the boundary value fl=1/,'' from the condition

- T(Y/x)Aa,fl2]ej2o \
Next, substituting (4.4) in F"(rn), it is written

- 21y1 ( (1 -I-.4 fi cos BA2n)1 +2 a cos OAan±-/1+4 fi coe 9i2)F (ma2,,)- . il
B2 Ic' 4fi3sin2049,,

- F" (mA1n)=-2" 11
(1+4flcosOAl,,)(1+2flcos.OAln-1/1+4AcoseA1fl)

A. 'c',81n841,,l. 4fl2sifl2Oj,,

F' 2y[,'[ (1-4flc090R2,i)(1-2flCOs 92n+i/1....4flcos O2n)
- a2 -' c' sin 4Wsin2O,,,, .

., ,. .' 2y j (1-4acosOs1n)(12flcosOn1n-1/1-4 n cos 8nn)
11

- Ic 5n O1 i, .
. n sin2 8Bifl

'-. --' ----------'-- -. --' '- ---. ...

On the Velocity Potential in Michell's System. 7

A2-wave

Aj-wave/

0<8 fl2.Biv<i2,B2..wave\
when fi <1/4

l'cos-11/4fl <0ra.Ajn<1/2,Bj-wave/ - when (1> 1/4

k=2 for. A1_wave\
h (1>1/4k=1 for B1-waveJ

k=2 for A3_waVe)_..
k= i for B-wave

s

(4.2)

(4.4)

(4.5)

(4.6)

i



F41(mA1fl) - -

of the wave-ridges

= -_ (sinO_/1+4(1cosO)(1+2(1 cos 8+V'1+4 COSO)
¡C'

=.! SiflO(1+2(1CO5O+/1+4flco58)
.' ,' vrî4(1 cose

I cose-cos.30+4coseVl+4l2coso
ìr' /incos8(1+21cos9+i/1z'oo)

slnO+sin38IyI=# V1+4flcos8(1-Ì-2ncosO+V1T4cos8)
5 (2e_/)_4fl cos 8)(1-'2fl cose+Vi-4fl cos 8)

X' fl2coseVi-4ncosd

Iy:-_. sin8(1-2ncos8+i'1_4flcos
'C' fl'1-4LicosT

I

8 : 93 -

as the functions of O. The relation between O and ¡t' F"/2yf' là shown. In figs. 4 and 5.
There is a phase-difference of a quarter-period In every wave-system, when g '.p'/2 Iy I
curves go across the axis of 8 from. one side to the other. We can. prove without difficulty

that F=0, FÇ0,"...etc. are satiéfied at the point 85, where --(Ilx)4=o.... etc.
When we subtitute (4.5) in F(m) of (4.3) and express F(m) as the functions of 8 using

(4.4), it is written

F (m' )= yIi"1+4COs81+2nCosoA_/1+411Cos
A .2 tan e42» cos1o4»

fyf ¡t'/14ü Cos 8n(1 +2(1 cos &+ i/i +4(1 COS 8An)
2tanOA2flcos3OA2» )

. (47)
F (m = iyfic'Vi +412 cos 2fl(1 -212 COSBji2»- V'i 4(1cc) 8ß2n)

B2» 2 tan 8» COS3Oj,»

F "ns ' - fyIi'/14Lij8(1 -212 cOSOB1fl+i/1 - 412 cos' B1»1 -.
2 tan 8B1fl COS3Oß1fl .

Following the process of the steady case, we get the formulas totrace theconfiguration

cose-cos30+4cos8Vl-4ücosO
Vîn cos 0(1 - 211 cos O + ,/i -4 Lfcos8)

sin8±sin3ø
¡t' V1-4ncoso(1-2cose+V1-,4ncose)

from (4.7). The forms of the curves defined by (4.8), (4.9), (4.10) and (4.11) are shown

in figs. 6, 7 and 8. The curves become cusps at the points where, -j-(IyI/x)=Q and at the
cusps there is a phase-difference of a quarter-period in the wave systems.

When V-0, ¡c'-, and so 'ai, a2, b_,w5/g and 11-pO. Therefore 'A1-and 81.waves
vanish and the formulas to trace the form of the. wave-ridges are written

2g 2irgx=±----cos8, !y=;smnb . . .

from (4.8) and (4.10). Hence, the forms of wave-ridges become concentric circles.
When y-pO, 01,bi-4'c', a,b2-p0 and (1-0.' Hence the form of the wave-ridges coincides with

the configuration in an uniform fluid field. because A2-and B3-waves vanIsh and (4.9) and
(4.11) coinside with (3.11), and' the velocities of propagation of the two wave-systems
become equal and opposite.

5. The relation between the ship's position and the configuration of wave-ridges.
We can get the tangents of, the 'curves of the wave-ridges from (4.8), (4.9), (4.10) and,

(4.11). Namely,

B1-wave (4.11)
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dyfdx=tati1t_(7q2_8) for A2-waves..

dy/dx=tan -(n/2-e) for .41-,B2-,B1-waves.
Jfence, we find that 8 denotes the angle which the normal to the cxrve makes with the
positive direction of the axis of r, for As-wave. and the angle vhich the normal makes with
negative direction of the axis of a, fr A1-, B2-, B1-waves.

Ìf a0 denotes the point where the normai at a point (a1, yj) on the curve intersects the
axis of a, and D0 and D1 denote the distances from r to the origin and from x to the
point (x1,y1) respectively (refer fig. 9), we shall easiW find that .

there are the, relations
D1=yi/sinø, D0=xj±y1cota (5.1)' . o .

between them. But we take negative sign for A2-wave and positive Fig. 9
sign for the other waves in the double sign of (5.1). Substituting (4.8), (4.9), (4.10) and
<4.11) in (5.1), they are written .

f .

4icos8
cos 8(1+2(1 cos 8-V1±4fl cosO),

D_2V(14'1c0s8)
',i'1+4(icosO

4ncos2O
W/1+4n cos 8(1+2(1 coo 8+,/i 4,os8)

D0± 2'V(V1+4flcos8-l)
,so'1--4fl'cos'8

4lrcoslO
D1 c'V4äTjj(1 - 2(1 cOsO -p'l - 4(1 coo 8) -

D0 coo
vVl-4cos8.

.4iecos2e.
Dj Wl4'cos8(1 -2(1 coo e+V1 -4fl cosO)

D0- 27z V(1-V1-4(1 cosO)
v/1-4X2cos8
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I

for A2-wave,

for A1-wave,

for E2-wave,

for B1-wave.

(5.2)

When wepick up only the terms f waves from '(4.1) and put
(no - I V)2/Wm = sèc a for A2, -A1-waves
(rn+v/ V)2/ic'm = sec a' for B2, -B1-waves

we get v/a3'(0), -v/aj'(8) /W(8) and 'f b1'(8) as the:veiocities of the propagation of elemen-
tary waves in the direction of 8' under the consideration of wave-vector.

These are the velocities concerning the coordinate which moves with constaht velocity V
along the axis of r, in the negative direction., In order to transform them in the velocities
concerning the stationary coordinate, we must add them - VcoseforA2-wave and Vcos8
for the other waves. If C42, C41. C and Cß1 denote he respective velocities of propagation
concerning the stationary coordinate, these are written

1+2flcos q.- VT4 coo 8'.
Vcos.8(,'1+4Q cosO-i).'

A1- 1--2flcos8+Vi4(2ïO
Vcose(1-V1-4ncose)-

1-2(1 cos8-,/1-4(1cos 8)

c =!.Eos8(1+1'í_4ncos8
1 I-2ncoee+V1-4ncose)

(5.3)

i

j
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Consequently, we get
D0f V= 2D1/CA2,A1,n2,ft1

from (5.2) and (5.3) for every wave-systeth
Hence, we get a theorem,:-

The time that the elemeñtary wave in the direction of O which a ship makes at a past
instant 'reaches to the wave-ridges, ,is equal to' half the time till present from the
instant.

The,theorem is also satisfied in uniform fluid field, and it is well known that the analysis
already given concerning coz1fiuration of wave-ridges in steady motion,' 'started from this
theoem.
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