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Abstract

The rapid growth of the offshore wind energy sector demands the deployment of
increasingly large wind turbines, requiring specialized heavy-lift vessels equipped
with massive rotary cranes. Safe and efficient load transfer during maritime op-
erations is severely challenged by lower-block (hook) sway, induced by vessel
and crane motions. Automated anti-sway control can mitigate these opera-
tional risks, but relies on accurate real-time lower-block position and velocity
feedback. While state-of-the-art lower-block localization approaches typically
assume a rigid crane structure or require hook-mounted active hardware, this
thesis presents a real-time state estimation framework based on vessel- and
boom-mounted sensors. At the massive scale of offshore cranes, structural boom
elasticity introduces significant bending deflections that corrupt joint-encoder
measurements. To account for these dynamics, a multi-body non-linear model
incorporating a flexible boom alongside wave-induced vessel motion is derived.
This model serves as the predictor step for a multi-rate filtering architecture
that fuses boom-mounted 3D LiDAR data, encoders, and a vessel Motion Ref-
erence Unit. Both Extended (EKF) and Unscented (UKF) Kalman Filters are
implemented and evaluated. By explicitly accounting for structural flexibility,
the framework successfully limits tracking errors, achieving a position RMSE
of 1.67–3.58 cm and a velocity RMSE of 0.66–5.52 cm/s, comfortably satisfying
the requirements of 5.0–10.0 cm and 5.0–10.0 cm/s per axis, respectively. The
EKF systematically outperforms the UKF, yielding an average 5.2% lower po-
sition RMSE and an 11% reduction in computational runtime, demonstrating
the framework’s viability for real-time industrial anti-sway control.
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Chapter 1

Introduction

1.1 Background

Global electricity demand is expected to grow by about 40% in the coming
decade [16]. To meet this growing demand, new sources of electrical energy
must be developed and deployed. To reduce carbon dioxide emissions caused
by electricity generation, substantial research has focused on the development
and construction of technologies that make use of renewable energy sources.
Among these technologies, wind energy has emerged as an important contrib-
utor, converting the kinetic energy of the wind into electricity through large-
scale turbines. In 2023, wind energy accounted for about 8% of global electricity
generation [17], a share that is expected to increase to approximately 14% by
2030 [15].

Since the 1990s, wind turbines have increasingly been installed in offshore wind
farms, where stronger and more consistent wind conditions, as well as the avail-
ability of large open areas, allow higher electricity production [28, 47]. Over the
past decades, newly developed offshore wind farms generally contain a larger
number of turbines with increasing dimensions [3]. Improvements in turbine
design, particularly in blade length and hub height, have significantly increased
power generation capacity [9]. The increasing turbine size directly impacts the
installation complexity and the required capacity of lifting equipment.

The deployment of these massive offshore wind turbines necessitates large vessels
equipped with specialized heavy-lift cranes. These vessels move in six degrees
of freedom: surge, sway, heave, pitch, roll, and yaw, as can be seen in Fig-
ure 1.1(a). Cranes mounted on such installation vessels are typically rotary
cranes with a main boom, capable of rotating around the vertical axis (slewing)
and pivoting around a horizontal axis (luffing), while the load can be hoisted by
one or more wire ropes (Figure 1.1(b)). Due to the large boom lengths and sus-
pension heights, the lower-block (hook) and load behave as a pendulum with a
long effective length, resulting in slow and lightly damped dynamics. The crane
system is therefore underactuated, as only the boom motions can be directly
controlled, while the motion of the load must be influenced indirectly.
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(a) The six degrees of freedom of a vessel: trans-
lational movements comprising surge (Y ), sway
(X), and heave (Z), alongside rotational move-
ments comprising pitch (p), roll (r), and yaw (y).
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(b) The three operational de-
grees of freedom of a rotary
crane: slewing around the ver-
tical axis (ν), luffing the boom
up and down (µ), and hoisting
the load via the wire rope (ℓ).

Figure 1.1: The degrees of freedom of a vessel and a rotary crane.

During offshore lifting operations, the crane and load are subjected to various
disturbances. Vessel motions induced by waves, wind forces acting on the load,
and crane movements all contribute to undesired displacement of the lower-
block, commonly referred to as sway. Excessive sway may lead to collisions
with the vessel or turbine components, increase wear on crane structures, and
create safety risks.

The installation phase represents a significant portion of the total investment
cost of offshore wind projects, about 20–25% [37]. Due to the large size and mass
of turbine components, installation operations are subject to strict safety limits,
often defined by maximum allowable wave heights and wind speeds. These con-
straints result in narrow weather windows and can increase operational down-
time and delays. Since installation vessels typically operate at high day rates,
such delays directly impact project costs. Reducing sway has the potential to
widen weather windows, decrease downtime, and lower installation expenses.
Consequently, minimizing sway is essential for both safe and cost-effective off-
shore lifting operations.

Numerous sway reduction methods have been developed for land-based cranes,
implementing feedforward strategies or feedback control loops using a wide vari-
ety of control principles and algorithms [14, 39]. Compared to other types
of cranes, rotary cranes pose additional challenges due to their underactuated
nature and the coupling between slewing, luffing, and load dynamics [11]. Off-
shore cranes further increase the complexity of sway mitigation, as vessel mo-
tions introduce additional degrees of freedom and act as unpredictable disturb-
ances at the crane base, amplifying existing sway [1, 30]. In addition, the
large scale of offshore cranes, with boom lengths exceeding 150m, results in
large moments of inertia and low achievable angular accelerations, limiting the
crane’s ability to react rapidly to sway. Furthermore, at this massive scale,
the crane boom cannot be treated as a purely rigid body. Heavy loads and
crane maneuvers induce significant structural bending and elastic oscillations
that complicate the system dynamics even more.
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The effectiveness of sway control depends strongly on accurate knowledge of
the state of the lower-block, namely its position and velocity, relative to the
vessel and crane tip. However, the large dimensions of offshore cranes make ac-
curate localization of the lower-block challenging. Measurement distances may
exceed 200m, while centimeter-level accuracies are often required for safe and
efficient operations. In addition, any localization system must be robust to en-
vironmental disturbances such as wind, rain, fog, and vibrations from onboard
machinery. These requirements limit the applicability of conventional sensing
solutions and motivate the need for specialized localization approaches specific
to offshore crane operations.

Beyond control applications, accurate localization is also relevant for other as-
pects of offshore crane operations. The effective working radius of a crane
changes continuously due to slewing motions combined with vessel pitch and
roll, directly influencing load moments and permissible lifting limits. Further-
more, lifting heavy masses alters the vessel’s center of gravity, which can affect
stability margins during lifting operations. Reliable real-time knowledge of the
lower-block position enables more precise estimation of these effects and sup-
ports safer operational decision-making.

Higher levels of automation and digitalization in offshore crane operations re-
quire precise localization. At present, crane operation depends heavily on the
skill and experience of the operator, who must account for sway, changing work-
ing radii, and environmental disturbances. Existing support systems typically
provide information such as crane angles, wire rope lengths, and camera views
from selected perspectives. Even with these aids, safe and efficient operation re-
mains demanding and requires extensive operator training. Partial automation
and digital tools have the potential to reduce operator workload and training
requirements.

A widely used method for reducing sway during offshore lifting operations is
the use of tuggers. Tugger systems consist of one or more auxiliary wire ropes
connecting the crane and the load (Figure 1.2). By actively controlling the
tension in these ropes, additional forces can be applied to the load, allowing sway
to be reduced. In some configurations, measurements of tugger rope lengths can
also be used to infer information about the load position. However, the accuracy
of such indirect estimates is often limited in practice, due to factors such as rope
elasticity and slack. From a control and operational perspective, tuggers are also
suboptimal as an anti-sway solution: the forces they can generate are typically
limited, which reduces effectiveness for large loads and long effective pendulum
lengths. Consequently, tuggers provide only partial sway mitigation and do not
eliminate the need for accurate localization.

1.2 Research Context

This research was conducted in collaboration with Huisman Equipment B.V. [13],an
industrial manufacturer of heavy lifting and handling systems for the marine
energy sector. Executing this project within an industrial environment ensures
that the developed state estimation framework is grounded in realistic oper-
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Figure 1.2: Tugger ropes connected to the load of a crane. These ropes
can be used to reduce sway in crane operations.

ational boundary conditions, physical constraints, and scale factors. Further-
more, this collaboration provided access to real-world structural parameters and
engineering specifications used to construct and validate the simulation.

1.3 Problem Definition

The effectiveness of offshore anti-sway control relies heavily on high-accuracy,
real-time state feedback of the lower-block (position and velocity). However,
obtaining these accurate measurements is constrained by the operational envir-
onment and the sheer scale of the equipment. Measurement distances between
the suspension point of the crane and the lower-block can exceed 200 m, and
any localization hardware must withstand harsh offshore conditions, including
wind, fog, and vibrations.

Beyond these environmental and hardware constraints, a fundamental challenge
remains: because physical sensors typically provide only noisy, relative position
data without direct velocity readings, the absolute state of the load must be
mathematically reconstructed. This process of state estimation is dynamically
highly complex. The suspension point of the pendulum is in constant motion
due to a combination of wave-induced vessel kinematics and active crane man-
euvers. Additionally, as previously established, the scale of modern offshore
cranes means the boom structure cannot be accurately modeled as a perfectly
rigid body. During lifting operations, the boom bends and oscillates under the
load. This structural flexibility continuously alters the true kinematics of the
suspension point, resulting in large offsets in the lower-block position.

Therefore, the core challenge lies in identifying suitable sensor technologies
and measurement principles, and subsequently developing a state estimation
framework capable of isolating the true pendulum dynamics from the complex,
coupled motions of the vessel, the crane joints, and the flexing boom structure.
This leads to the following primary research question:
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RQ1. How can the real-time position and velocity of the lower-block be accur-
ately estimated under the kinematic, dynamic, and environmental con-
straints of large-scale offshore lifting operations?

1.3.1 Evaluation Criteria

To systematically evaluate the suitability of existing localization technologies,
a set of operational guidelines established by Huisman will be used. These
baselines were formulated several years ago based on general offshore lifting ex-
perience. However, because the formal control-theoretic derivations for these
values are undocumented, they serve only as a preliminary guideline for review-
ing the state-of-the-art. A mathematical derivation of the exact requirements
will be presented in Section 3.1.

One of the primary architectural restrictions in these guidelines is the avoid-
ance of active sensors on the lower-block. While placing sensors directly on
the hook is theoretically possible, it introduces severe operational drawbacks.
Routing power and data cables along the hoist wire poses a high risk of entan-
glement and damage during complex lifting operations. Alternatively, relying
on battery-powered sensors limits operational autonomy. Furthermore, trans-
mitting real-time state data via wireless telemetry in offshore environments is
highly susceptible to packet loss, limited bandwidth, and variable latency, which
can degrade the stability of controllers. Therefore, crane- and vessel-mounted
localization sensor architectures are strongly preferred.

Based on these operational considerations, Huisman suggests the localization
system should target the following quantitative baselines and architectural con-
straints:

• A functional measurement range exceeding 200m.
• A positional accuracy on the order of 10 cm along each coordinate axis.
• A velocity accuracy of approximately 10 cm/s along each coordinate axis.
• A minimum measurement update rate of 20 Hz.
• A sensor architecture where no active hardware is mounted on the lower-

block.

These preliminary criteria provide the necessary context to assess the strengths
and limitations of the sensing technologies discussed in Chapter 2.

1.4 Contributions

This thesis addresses the dual challenges of maritime sensor noise and un-
modeled structural flexibility, thereby bridging a prominent gap in offshore crane
literature, through the following primary contributions:

• Sensor Evaluation and Architecture Design: A systematic evalu-
ation of localization technologies, leading to the design of a practical,
crane- and vessel-mounted measurement framework. This architecture
fuses relative boom-tip LiDAR measurements with existing vessel kin-
ematics (Motion Reference Unit (MRU) and joint encoders), eliminating
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the risks and challenges associated with sensors placed on the lower-block
directly.

• Integration of Structural Flexibility in Lower-Block Estimation:
The derivation of a dynamic model that explicitly accounts for structural
boom bending by modeling a torsion spring. By incorporating these de-
formations into the state estimator, this work directly addresses a prom-
inent gap in current offshore crane literature, which predominantly relies
on rigid-body assumptions.

• Comparative State Estimation Analysis: The implementation, eval-
uation, and computational performance analysis of two non-linear state
estimators: the Extended Kalman Filter (EKF) and the Unscented Kal-
man Filter (UKF). This evaluation demonstrates the framework’s capab-
ility to accurately reconstruct unmeasured velocity states and filter noise,
successfully achieving a position Root Mean Square Error (RMSE) of 1.67–
3.58 cm and a velocity RMSE of 0.66–5.52 cm/s. Furthermore, execution
profiling validates that both algorithms execute 25 to 40 times faster than
the physical timeline, confirming their computational efficiency.

1.5 Structure
The remainder of this thesis is organized as follows. Chapter 2 reviews the en-
vironmental challenges of marine operations and evaluates candidate tracking
technologies based on literature. Subsequently, Chapter 3 translates maritime
operational constraints into quantitative engineering requirements and details
the selected system architecture. Chapter 4 establishes the mathematical for-
mulation of the state estimation framework, detailing both the dynamic models
and the filter algorithms. To evaluate this framework, Chapter 5 outlines the
construction of the simulation environment, the simulated crane maneuvers,
and the performance metrics. Chapter 6 delivers the performance evaluation of
both filters. Then, Chapter 7 synthesizes these empirical findings against the
initial design criteria to formulate a definitive architectural recommendation.
Finally, Chapter 8 discusses the modeling limitations of this study and outlines
trajectories for future research.
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Chapter 2

Related Work

This chapter reviews the literature and established research surrounding lower-
block localization. First, the physical and environmental non-idealities that
complicate lower-block tracking are defined. Then, candidate localization tech-
nologies are evaluated against the preliminary operational criteria established in
Section 1.3.1. This literature review provides the mechanical and architectural
justification for the multisensor framework proposed in Chapter 3.

2.1 Operational and Environmental Challenges

The primary challenges in offshore crane localization originate from the physical
behavior of the crane–load system and its harsh operating environment. Before
evaluating specific localization technologies, these physical and environmental
constraints are defined, as they serve as the primary criteria for sensor selection.

2.1.1 Non-Rigid Bodies

In many crane modeling and control approaches, the crane structure is assumed
to behave as a rigid body. In practice, however, this assumption is often violated.
Under heavy loads, structural components of the crane, particularly the boom,
deflect due to their finite stiffness. This structural deformation is demonstrated
in the Finite Element Method simulation shown in Figure 2.1, which illustrates
the significant displacement a lattice boom can experience during operation.
This behavior has been demonstrated in several studies, for example in [18, 25].
Depending on factors such as load mass, structural design, and working radius,
these deflections can become significant.

The impact of structural flexibility is illustrated in [36], which observed vertical
position errors of up to 1 m under load due to combined boom bending and
wire rope elasticity. Because these deflections depend heavily on the crane’s
luffing angle [18] and the load, compensating the measurements for deflection,
as the authors suggest, would require identifying offsets across a wide range
of operating conditions, significantly increasing calibration complexity. Internal
measurements at Huisman Equipment indicate that boom tip deflections in large
offshore cranes can be on the order of 1 m. Consequently, accurately localizing
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Figure 2.1: Example of boom deflection in an offshore crane calculated
using a Finite Element Method simulation. The colors represent the
true magnitude of displacement, while the deformation of the struc-
ture is visually exaggerated for clarity. Retrieved from [25].

the lower-block requires real-time estimation of the actual boom tip position,
rather than relying on rigid-body kinematics and joint encoders.

2.1.2 Wire Ropes

Wire ropes are often modeled as massless, rigid links connecting the lower-
block to the boom tip. However, this simplification introduces distinct physical
non-idealities that affect specific measurement principles. First, wire ropes are
elastic and stretch under load, as noted in [36]. For heavy offshore loads, this
stretching directly corrupts the hoist-length measurements derived from winch
encoders.

Second, when the mass of the wire rope is non-negligible relative to the combined
mass of the lower-block and load, the rope can no longer be assumed to remain
straight. Instead, it behaves as a distributed-mass system and may exhibit
harmonic oscillations and bending [41, 43, 44], as illustrated in Figure 2.2. These
effects primarily impact measurement approaches that derive the lower-block
position based on the assumed the geometry of the rope at the boom tip. For
sensing methods that directly measure the position of the lower-block itself,
such as vision-based tracking or radio-based localization, rope oscillations and
bending have little influence on the estimated position.

2.1.3 Vibrations

Besides low-frequency rope oscillations, high-frequency vibrations can also af-
fect measurement quality. These vibrations may originate from multiple sources,
including crane engines and motors, wind excitation, and structural resonance
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Figure 2.2: Downward view from the suspension point with no rope
oscillations (left) and heavy rope string oscillations (right). Note that
multiple wire segments are visible due the use of a pulley system in
the lower-block. Retrieved from [44].

modes of the crane itself. Such effects have been reported to influence sensor
performance in several crane-related studies, for example in [22, 32].

Vibrations primarily introduce sensor-level distortions rather than actual load
motion. For optical sensors, cameras may suffer from motion blur, and LiDAR
systems may produce distorted or shifted point clouds [49]. In contrast, Inertial
Measurement Units (IMUs) directly measure these high-frequency accelerations.
While these vibration components are undesirable for tracking low-frequency
sway dynamics, they do not corrupt the underlying IMU measurements in the
same manner as optical blur. Through signal processing techniques such as low-
pass or Kalman filtering, this high-frequency measurement noise can often be
effectively decoupled from the true pendulum dynamics, allowing it to be used
to compensate distorted measurements from other sensors.

2.1.4 Weather Conditions

Weather conditions influence offshore crane operations in two different ways.
First, adverse weather increases external disturbances. Strong winds acting on
the load increase sway amplitudes, while wave-induced vessel motions affect the
crane base and propagate through the structure. These effects make the load
dynamics more complex and increase the demands on sensing and control.

Second, weather can directly reduce sensor performance. Visibility may be
reduced by fog, rain, sea spray, or low clouds, leading to a loss of Line of Sight
(LoS). Precipitation and spray can also introduce false returns or temporary
signal loss in laser-based systems. While radar and radio-based sensors are
inherently more robust to precipitation, severe weather can still reduce overall
measurement reliability.

2.2 Localization Sensors

As shown in Section 1.1, extensive research has been conducted on reducing
crane sway. Many active control schemes rely on the sway angles and angular
velocities of the wire rope as primary feedback inputs. These quantities can
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either be measured directly or derived from the relative distance between the
boom tip and the lower-block.

When using relative distance measurements, the state of the crane, commonly
referred to as its pose, must also be known. Estimating this pose requires addi-
tional sensors, such as rotary encoders to measure the slewing and luffing angles,
and a Motion Reference Unit to measure the pitch and roll of the vessel. By
combining the crane pose with the relative measurement to the lower-block, the
position and velocity of the lower-block can be reconstructed.

This section reviews commonly used localization sensors, evaluating their mount-
ing locations, practical limitations, and overall suitability for large-scale offshore
cranes.

2.2.1 Accelerometer and Gyroscope

Inertial Measurement Units (IMUs) and Motion Reference Units (MRUs) util-
ize accelerometers and gyroscopes to measure linear accelerations and angular
velocities. While MRUs perform onboard sensor fusion to directly output spa-
tial orientation and translational motion, the underlying sensing principles are
identical. Therefore, the terms IMU and MRU are used interchangeably for
the remainder of this thesis. In crane applications, these sensors are typically
mounted either near the suspension point at the boom tip [43, 44] or directly
on the lower-block [33, 41, 42].

When mounted at the boom tip, an auxiliary mechanical structure is required
to physically measure rope angles [44]. However, as established in Section 2.1.2,
heavy wire ropes are subject to bowing and harmonic oscillations, which res-
ults in the measured top angle not providing an accurate representation of the
true lower-block position. Furthermore, at the required measurement range of
200 m, even fractional angular measurement errors at the boom tip translate
into significant positional errors at the lower-block, easily violating the 10 cm
accuracy requirement.

IMUs mounted on the lower-block avoid this amplification, but introduce dif-
ferent practical challenges. These include variations in hook orientation due to
tilting, as well as power supply and data transmission constraints, as explained
in Section 1.3.1. To address power delivery, [41] proposes integrating a dynamo
with a charging circuit that generates electrical power during hoisting.

A limitation of IMU-based lower-block localization is reported in [6], where an
IMU mounted on the lower-block was used to estimate sway angles. The au-
thors observed that the results became inaccurate in environments with a high
presence of metallic structures. Although the exact cause was not explicitly
stated, such decreases in accuracy are likely related to magnetic disturbances
affecting the magnetometer measurements often used for IMU-based orientation
estimation.

Finally, a fundamental mathematical limitation of all inertial sensors is integra-
tion drift. Obtaining a position estimate from an accelerometer requires double
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integration over time, while obtaining an angle from a gyroscope requires single
integration. Consequently, any small sensor bias or high-frequency measure-
ment noise accumulates, leading to an unbounded drift in the estimated state.

Because of this inherent integration drift and the practical constraints of lower-
block mounting, standalone IMUs cannot reliably fulfill the absolute positioning
requirements of large-scale offshore lifting. However, they remain highly valu-
able in multisensor fusion architectures to capture high-frequency dynamics and
vibrations, provided they are paired with sensors capable of distance measure-
ment.

2.2.2 Camera

Cameras are widely used on offshore cranes, primarily to provide operators with
additional visual perspectives. Because the hardware is often already integrated
into practical crane setups, there is considerable research effort in extending
camera systems beyond operator assistance toward automated load localization
and sway monitoring. In crane applications, cameras are typically mounted near
the boom tip and oriented downward to observe the lower-block. This downward
perspective isolates the lower-block’s motion against the background, simplify-
ing target detection.

Several studies have utilized downward-facing cameras combined with machine
learning to track the lower-block [6, 36, 52]. While positional accuracies of ap-
proximately 10 cm can be achieved at short distances of 10 m [6], all authors
reported that performance degrades significantly as the distance from the cam-
era to the lower-block increases. Furthermore, these optical systems proved
highly sensitive to environmental factors, including decreased visual contrast [6]
and sudden lighting variations [36].

Addressing the vibration challenges discussed in Section 2.1.3, Hassan and
Miura [12] investigated the use of multiple cameras fused with IMUs to estimate
the pose of the boom tip itself. The IMU was successfully used to compensate
for high-frequency vibrations. Their results showed that stereo camera setups
outperformed single-camera configurations, and that fusing camera and IMU
data significantly improved estimation robustness. However, while this fusion
approach effectively mitigates vibration, it remains fundamentally limited by
distance. The authors only achieved centimeter-level accuracy at ranges of a
few meters, meaning this solution cannot scale to fulfill the 200 m requirement
of large offshore cranes.

Despite their flexibility and hardware availability, camera-based localization sys-
tems possess critical limitations for offshore crane applications. Their perform-
ance relies entirely on maintaining LoS, which can be easily blocked by rigging
or the load itself. Crucially, their inherent sensitivity to distance-scaling errors,
variable lighting, and adverse offshore weather conditions (e.g., heavy rain, dense
fog, and glare) prevents standalone camera systems from reliably satisfying the
200 m range and 10 cm accuracy baselines.
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2.2.3 Radar

Radar systems determine distance and velocity by analyzing the reflections and
Doppler shifts of transmitted radio waves. In crane applications, radar sensors
are typically mounted near the boom tip or on the crane mast to track the lower-
block. Although rarely utilized for precise state estimation in crane literature,
automotive radar demonstrates highly robust object detection up to 200 m even
in adverse weather [35, 38].

Despite its robustness to adverse weather conditions, radar possesses signific-
ant limitations when applied to precise lower-block localization. The achievable
range resolution is fundamentally limited by the signal bandwidth [8] and is
typically in the decimeter range for automotive radar systems, with practical
performance degrading at longer distances. Furthermore, the angular resolution
of radar systems is constrained by antenna size and configuration [8]. Modern
radar systems often use electronic scanning with phased array antennas to steer
the beam without moving parts, resulting in limited angular resolution, reducing
the ability to distinguish closely spaced objects [35]. As with camera systems,
direct LoS is required. However, due to radar’s lower spatial resolution, it is
generally less sensitive to small occlusions than camera-based systems. Con-
versely, severe multipath reflections from the massive metallic crane structures
and surrounding vessel installations may corrupt the signal, further complicat-
ing accurate target identification.

2.2.4 LiDAR

LiDAR systems measure the Time of Flight (ToF) of emitted laser pulses to gen-
erate high-resolution 2D or 3D point clouds. Because it utilizes short-wavelength
laser light rather than radio waves, LiDAR achieves significantly higher spatial
resolution than radar, enabling highly precise distance measurements and the
detection of small features. In crane applications, LiDAR sensors are typically
mounted on rigid structures, providing a direct view of the lower-block.

Several studies have investigated the use of laser-based distance measurements
for crane applications. For example, Lee et al. [24] placed a reflector on the
lower-block and a laser sensor near the suspension point to measure the distance
between the two. The authors explicitly note that sway was not considered in
their approach. As a result, the reflector may move out of the sensor’s LoS in
the presence of significant sway, preventing reliable distance measurements.

Modern 3D scanning LiDARs overcome the need for physical reflectors by cap-
turing the entire workspace. Ul Hassan et al. [49] demonstrated this by mapping
the surroundings of a crane. To overcome the limited field of view of fixed 3D
LiDARs, a rotating 2D LiDAR was employed to reconstruct a full 3D point
cloud. Crucially, an IMU was integrated to compensate for crane motion and
high-frequency vibrations. In a related application, a boom-mounted rotating
2D LiDAR successfully tracked personnel entering a danger zone beneath a sus-
pended load [22].

Beyond crane-specific applications, LiDAR is widely used in autonomous vehicles
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due to its high point cloud density and accurate depth perception compared to
cameras and radar. Commercial 3D LiDAR systems achieve detection ranges
exceeding 200m with centimeter-level precision. However, LiDAR is more sens-
itive to adverse weather conditions such as fog, rain, and spray. Qian et al. [38]
showed that combining LiDAR with radar significantly improves detection per-
formance in decreased visibility conditions compared to using either sensor
alone.

Despite its high spatial resolution, LiDAR presents several challenges for lower-
block localization in large offshore crane operations. Accurate lower-block track-
ing requires continuous LoS between the sensor and the load. Also, a boom-
mounted LiDAR only provides the relative position between the boom tip and
the lower-block. Extracting the lower-block location relative to vessel requires
sensor fusion with the vessel’s kinematic sensors and a way to incorporate the
structural boom flexibility.

2.2.5 UWB

Ultra-Wideband (UWB) is a radio-based technology where active tags emit
short pulses to fixed anchor sensors. Tag locations are determined via Time
Difference of Arrival (TDOA), Angle of Arrival (AOA), or ToF. By strategically
distributing anchors on the vessel and tags on the crane and lower-block, UWB
can theoretically provide both relative and absolute position estimates, provided
direct LoS is maintained.

UWB has been successfully applied in crane-related contexts, although its use
for direct lower-block localization remains limited. In [48], UWB tags were at-
tached to equipment and personnel to track their positions on a construction
site, achieving a localization accuracy of approximately 10–15 cm. Similarly,
Zhang et al. [53] used UWB for crane pose estimation and collision avoidance,
localizing both the boom tip and the lower-block with an accuracy of approx-
imately 25 cm at short distances of 5–10 m.

Other studies have demonstrated UWB’s capability at much longer ranges. Liu
et al. [29] introduced temperature compensation for long-range UWB meas-
urements, reducing the ranging error to 4.4 cm at distances up to 400m. This
compensation also improved the statistical properties of the measurement noise.
Furthermore, [31] reported a theoretical accuracy limit of approximately 2 cm
for TDOA-based UWB localization. By incorporating phase information, the
authors achieved sub-centimeter accuracy at 10 m and an error of 3.7 cm at 30m.

Compared to conventional narrowband radio or radar systems, UWB’s short
pulses make it robust to multipath effects and signal reflections from metallic
structures [48, 53]. However, its application to offshore crane localization is
severely hindered by practical and geometric constraints. Reliable operation
of TDOA- and AOA-based systems still depends on maintaining LoS between
the tag and multiple anchors. In addition, UWB requires the placement of
fixed anchors, which becomes non-trivial when the load is positioned above
open water. Lastly, the active nature of UWB tags requires an onboard power
source. While modern UWB systems are energy-efficient, with battery lifetimes
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spanning months to years, they still require active hardware on the lower-block.

2.2.6 GNSS

Global Navigation Satellite Systems (GNSS) measure signal ToF to provide
absolute positioning. While Real-Time Kinematics (RTK) achieves centimeter-
level precision using a local reference station, Precise Point Positioning (PPP)
eliminates local infrastructure requirements by solely relying on precise satellite
models. In crane applications, receivers can be mounted on various components
provided a clear LoS to the sky is maintained.

High-precision GNSS has been successfully applied to offshore lifting. Maes et
al. [32] fused RTK-GNSS with an IMU to track a wind turbine blade, achieving
an absolute position error of just 1–2 cm. However, RTK requires a base station
within tens of kilometers [50, 51], severely restricting its use in deep-water wind
farms. While PPP offers a shore-independent alternative with a centimeter-level
horizontal accuracy and a vertical accuracy on the order of 10 cm [51], it suffers
from long initialization times—often exceeding 20 minutes to mathematically
resolve carrier-phase ambiguities [5]. Hybrid techniques, such as PPP-RTK
networks, have been proposed to mitigate this by broadcasting regional atmo-
spheric corrections, reducing the convergence time to minutes or seconds [27].

Despite its capability for high precision under ideal conditions, GNSS possesses
severe operational limitations that restrict its suitability for lower-block local-
ization in offshore crane operations. First, GNSS requires uninterrupted LoS to
multiple satellites in the sky, making the system highly vulnerable to intentional
or unintentional signal blockage and blind spots created by the crane mast,
boom, and lifted components. Second, the heavy presence of metallic struc-
tures and the sea surface induce multipath reflections, which can corrupt the
phase measurements required for RTK or PPP accuracy. Furthermore, stand-
ard GNSS receivers typically output data at frequencies of 1 to 10Hz, falling
short of the 20Hz minimum update rate required for stable anti-sway control.
Finally, because GNSS antennas must be mounted directly on the tracked ob-
ject, localizing the lower-block explicitly requires active hardware and wireless
telemetry on the hook.

2.3 Synthesis and Comparison

To reliably control crane sway, the localization system must satisfy performance
requirements from Section 1.3.1: e.g. a functional range of 200m, a positional
accuracy of 10 cm, and a minimum update rate of 20Hz. Based on the synthesis
in Table 2.1, the majority of evaluated technologies fundamentally fail to meet
these constraints.

Standalone IMUs suffer from unbounded integration drift, where position errors
grow proportionally to time squared. Cameras become highly sensitive to pixel-
level noise at distances up to 200 m, making 10 cm accuracy highly unlikely.
Similarly, while radar provides robust range measurements, its limited angular
resolution is insufficient for centimeter-level lateral positioning. UWB systems
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struggle to guarantee 10 cm accuracy at a 200 m range given the restricted an-
chor geometry on a vessel. Finally, typical marine GNSS receivers operate below
the required 20 Hz update rate and are susceptible to signal occlusion caused by
the crane geometry.

After evaluating these performance metrics, LiDAR emerges as the only tech-
nology capable of consistently providing centimeter-level relative position meas-
urements at the required 200 m range. A boom tip-mounted 3D LiDAR with
downward view also satisfies the secondary operational preference to avoid in-
strumenting the lower-block. By eliminating the need for active sensors, batter-
ies, and wireless data transmission on the hook, it avoids operational risks and
autonomy issues. Therefore, LiDAR is selected as the primary sensing techno-
logy for this thesis.

However, relying on a standalone boom-mounted LiDAR introduces specific kin-
ematic challenges. LiDAR systems typically operate around 10–30 Hz and do
not measure velocity directly. Furthermore, because LiDAR only measures the
relative position to the lower-block, the calculated absolute pendulum state is
highly vulnerable to unmodeled boom deflection and vessel motion. To over-
come these challenges and reconstruct the unmeasured velocity and absolute
position of the lower-block, the LiDAR must be integrated into a multisensor
fusion architecture alongside crane joint encoders and a vessel MRU. The math-
ematical derivation of the exact system requirements and the design of this state
estimation architecture are detailed in Chapter 3.
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Table 2.1: Comparative analysis of sensor technologies for lower-block localization. Sensitivity denotes the impact on measurement accuracy. Cell colors
indicate suitability against the evaluation criteria set in Section 1.3.1: green denotes favorable performance, orange denotes marginal or conditional
performance, and red denotes poor performance or a direct violation of the criteria.

Typical
accuracy
level

Typical
update
rate

Sensor
location

Sensitivity
to boom
deflectionc

Sensitivity
to wire rope
effects

Sensitivity
to vibrations

Sensitivity
to weather Key advantages Key limitations

IMU N/Aa 100–
1000 Hz

Suspension
point High High High Low

Can be used to
filter out vibrations
for other sensor
types

Inaccuracies near
the suspension
point get amplified,
possible
interference caused
by metal objects

Lower-
block Low Low High Low

Power delivery and
data transmission,
tilting, possible
interference caused
by metal objects

Camera dm-m >30 FPSb Suspension
point High Low High High Often already

present

Lighting
conditions, visual
contrast, LoS,
lower accuracy at
larger distances

Radar dm 10–50 Hz

Boom High Low Low Low Direct velocity
measurement
possible, relatively
resilient to
multipath

Resolution, LoS
Crane mast
or vessel Low Low Low Low

LiDAR cm 10–30 Hz
Boom High Low Medium High

Resolution LoSCrane mast
or vessel Low Low Medium High

UWB dm 10–100 Hz
Suspension
point and
lower-block

Low Low Low Low
Relatively resilient
to multipath, easy
to track multiple

Power delivery and
data transmission,
LoS

GNSS cm-dm 1–20 Hz
Suspension
point and
lower-block

Low Low Low Medium Absolute
positioning

Power delivery and
data transmission,
LoS, susceptible to
radio interference

a An IMU’s position accuracy is not listed because its position estimate is derived from integration, which causes rapid drift without correction from an external
sensor.

b Frames Per Second.
c Boom-mounted sensors measure relative position. Determining the absolute load position requires the exact crane pose, which is corrupted by structural deflection.
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Chapter 3

System Overview

This chapter established the engineering specifications and structural architecture of
the proposed state estimation framework. First, the requirements and assumptions
are defined to establish the boundaries of the system. Then, the overall multisensor
architecture is proposed to satisfy these requirements. Finally, the reference frames
that will be used to derive the dynamic model are defined.

3.1 Requirements and Assumptions
To successfully design and evaluate the state estimation framework, the overarch-
ing operational objectives and environmental constraints must be defined. These
parameters are first used to mathematically derive the quantitative performance
requirements. Finally, the necessary system modeling assumptions are established
to map these requirements to a tractable mathematical representation.

3.1.1 Operational Requirement

Maximum sway The primary operational objective defined by Huisman is to
limit absolute lower-block sway to a maximum of 0.5 m during offshore lifting op-
erations in the future.

3.1.2 Environmental Constraints

The environmental constraints define the working area of the crane and are based
on typical operational ranges used by Huisman.

• Sway angles relative to the vessel remain within ±15◦ in both horizontal dir-
ections under worst-case environmental conditions.

• The considered operational lower-block distance from the boom tip or suspen-
sion point is between 10–200 m. Rope lengths below 10 m are not represent-
ative for large offshore lifting operations, while lengths exceeding 200m are
outside the intended scope.

• The considered operational luffing angles are 15◦–75◦.
• There is no mechanical or operational limit on slewing angles.
• Wave-induced vessel motions are assumed to be bounded by a pitch and roll

amplitude of 2◦ with a wave period of at least 4 s during crane operations.
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• Weather conditions are within safe operational limits, meaning that there is
no major impact on the performance of sensors.

3.1.3 Performance Requirements
The operational requirement and environmental constraints are used to derive the
following performance requirements in this section.

Update rate According to Franklin et al. [7], a digital control loop bandwidth
should encompass 2–5 times the highest dominant frequency of the system dynamics,
while Åström and Wittenmark [40] demonstrate that the measurement sampling
rate should be 10–20 times this control bandwidth to minimize discretization effects.
For small angles, the natural frequency of a pendulum system can be calculated by

f =
1

2π

√
g

ℓ
, (3.1)

where f is the pendulum frequency, g = 9.81m/s2 is the gravitational acceleration,
and ℓ is the length of the wire rope. This results in a natural frequency range of
approximately 0.035–0.16 Hz.

Another dominant frequency component is wave-induced motion, which directly ex-
cites the pendulum dynamics. The upper bound for the pitch and roll frequency
is 0.25Hz (period of 4 s), which is higher than the 0.16 Hz natural frequency of the
crane. Therefore, this maximum wave frequency is used to determine the measure-
ment frequency. Using the guidelines above results in a recommended frequency
range of 5–25 Hz. An update rate of 25Hz is selected to provide sufficient margin
against unmodeled dynamics and to ensure robust digital implementation, which
aligns well with the guideline described in Section 1.3.1.

Position accuracy According to [7], sensor accuracy should be 5–10 times better
than the required position control accuracy. Applying this to the 0.5 m operational
sway limit yields a required position accuracy of 5–10 cm per axis.

Velocity accuracy The velocity measurement must be accurate enough to allow
the control system to react to sway dynamics effectively. A common practice is to
select a velocity accuracy that is 1–2% of the maximum expected velocity. For a
pendulum with a static suspension point, this maximum velocity is calculated by

vmax,sway =
√
2gℓ(1− cos θ0), (3.2)

where v is the velocity of the mass, g is the gravitational acceleration, ℓ is the
pendulum length, and θ0 is the initial sway angle. This maximum is reached when
the mass is directly below its suspension point. While the environmental worst-
case sway limit was defined as 15◦, active precision lifting operations generally halt
or engage anti-sway control before such extremes are reached. Therefore, a nom-
inal operational maximum of 5◦ is used for this derivation. Using a smaller angle
conservatively limits vmax,sway, which consequently results in a stricter accuracy re-
quirement. Using the maximum considered length (200 m) and a sway angle of 5◦,
vmax,sway becomes 3.86 m/s.
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In the worst case, the crane is slewing at full speed while the pendulum is swinging
with the operational maximum sway. The velocities of both components are added
together, resulting in a higher total velocity. The slewing speed of such cranes is
approximately 0.3 rpm, or 0.0314 rad/s, according to Huisman. Since it is not real-
istic to slew at the maximum speed when the boom is horizontal, a boom radius of
50 m is considered. This gives vmax,slew = rωmax,slew = 1.57m/s. This results in a
combined maximum lateral velocity of 5.43 m/s.

Luffing and hoisting velocities act primarily in the radial and vertical directions,
whereas maximum sway velocity acts tangentially. Therefore, the combination of
slewing and sway provides the most conservative basis for estimating maximum
velocity. Applying the 1–2% baseline to the 5.43 m/s maximum yields a target
velocity accuracy requirement of 5–10 cm/s alongside each individual axis.

Real-time execution bounds To support integration within digital control in-
frastructure, the state estimation framework must be compatible with real-time
execution. The selected output update rate of 25Hz defines a strict maximum
processing time budget of 40ms per execution loop. However, minimizing actual
computational execution time is highly preferred to minimize latency within an
active anti-sway control loop.

Requirements Summary The derivations for these requirements yield results
mostly consistent with the initial guidelines provided by Huisman (Section 1.3.1).
This alignment validates the mathematical approach and establishes a firm set of
engineering targets for the remainder of this thesis. To summarize, the multis-
ensor architecture must be designed to meet the following quantitative baselines:
an output update rate of at least 25 Hz, a positional position estimation accuracy
of 5–10 cm per axis, and a velocity estimation accuracy of 5–10 cm/s per axis, while
maintaining compatibility with real-time execution.

3.1.4 System Modeling Assumptions
To mathematically represent the crane and vessel for state estimation, the following
modeling assumptions are made:

• The vessel is approximated as a rigid body with six degrees of freedom.
• Vessel pitch and roll occur around a single, fixed center of rotation.
• Vessel yaw is not explicitly modeled. Following the operational envelope

defined by Huisman, the vessel is assumed to maintain a fixed heading.
• Vessel translational motions (surge, sway, and heave) are omitted from the

kinematic equations. Due to the crane’s scale, boom-tip acceleration is heavily
dominated by the moment-arm effect of vessel rotations, allowing translations
to be neglected.

• The crane boom behaves as a flexible (non-rigid) body.
• The suspension point is assumed to geometrically coincide with the boom tip.
• The lower-block and its attached load are combined and modeled as a single

point mass.
• Wire ropes are modeled as massless, rigid links. While heavy ropes exhibit

elastic stretch and bowing (Section 2.1.2), unmodeled boom deflection would
introduce significantly larger positional offsets. Therefore, to constrain the
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scope and complexity of the dynamic model, compensating for boom flexibility
is prioritized, and rope elasticity is excluded.

• High-frequency structural vibrations are not explicitly modeled in the crane’s
system dynamics. As explained in Section 2.1.3, these vibrations primarily
introduce sensor-level noise rather than macroscopic load motion. Due to
the effect of unmodeled boom deflections being larger, these vibrations are
excluded as well.

• Sensor noise is assumed to be zero-mean additive white Gaussian noise.
• Sensor data are assumed to be pre-processed. For example, LiDAR meas-

urements are assumed to provide directly usable relative position estimates
derived from point-cloud processing.

3.2 Proposed Architecture

As concluded in Chapter 2, a boom-mounted 3D LiDAR is the optimal primary
sensor for lower-block localization. However, the derived performance requirements
in Section 3.1.3 (i.e., a 25Hz update rate and 5–10 cm/s velocity accuracy per axis)
highlight the limitations of using LiDAR as a standalone device. Commercially
available LiDAR systems typically operate at update rates around 10–30Hz and do
not directly measure velocity.

Furthermore, the LiDAR only measures the relative distance to the lower-block.
During offshore operations, the boom tip itself moves continuously due to wave-
induced vessel motions, active crane maneuvers, and unmodeled structural boom
deflection. To accurately determine the absolute sway of the load and distinguish
it from the motion of the boom tip, the system must compensate for the movement
of the sensor.

Therefore, the LiDAR data must be combined with measurements from crane joint
encoders and an MRU for vessel orientation and angular rates. Because these
sensors are standard equipment on modern offshore installation vessels, this archi-
tecture does not require additional hardware beyond the LiDAR itself. By fusing
these combined sensor inputs within a model-based state estimator, the noisy po-
sition measurements can be filtered and the unmeasured velocity states accurately
reconstructed to meet the requirements. The design of this state estimation archi-
tecture is detailed in Chapter 4.

3.2.1 Data Flow

The logical data flow of the proposed architecture is illustrated in Figure 3.1. In real-
world operation, the boom tip LiDAR provides noisy measurements of the relative
position of the lower-block. Together with information about the vessel orientation
and crane pose, these measurements are fed into the estimator alongside a predict-
ive dynamic model of the crane’s dynamics. The recursive estimator continuously
propagates the system’s states using a non-linear dynamic model and corrects these
states as new sensor data arrive, ultimately outputting a filtered 3D position and
reconstructing the unmeasured velocity vectors.
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Figure 3.1: Data flow of the proposed architecture. The recursive state
estimator fuses real-time relative position data from a boom-mounted
LiDAR with measurements from joint-integrated rotary encoders, a
vessel-based MRU, and its own past state estimates.

3.2.2 Simulation Framework
To develop and validate the proposed state estimation architecture, a combination
of MATLAB/Simulink and Python is utilized. Simulink serves as the primary sim-
ulation environment, as it is an industry standard for control systems and natively
supports a variety of discrete-time filters. It is used to simulate the “ground truth”
physics of the crane, generate synthetic sensor data with injected noise, and ex-
ecute the discrete state estimation algorithms. Furthermore, Python scripts are
employed alongside the simulation to symbolically derive the complex non-linear
dynamics and to visualize the 3D kinematic results.

3.3 Reference Frames
To derive the mathematical equations describing the swinging motion of the lower-
block, four distinct reference frames are established to model the coupled crane–
vessel system, which are based on [11]. While the vessel and crane could math-
ematically share a single coordinate system, keeping them separate ensures the
model directly mirrors the physical sensor topology. This isolates the passive,
wave-induced disturbances from the active mechanical rotations. Consequently,
this structure simplifies the forward kinematic transformation chain used to de-
rive the dynamic equations, mapping coordinates through the following sequence:
Inertial Frame → Vessel Frame → Crane Frame → Load Frame.

The Inertial Frame The Inertial Frame serves as the absolute, earth-fixed co-
ordinate system. Its Z-axis is aligned opposite to the gravity vector (pointing up-
wards), while the X and Y axes lie in the horizontal plane. All absolute positions
and velocities, including the final estimated state of the lower-block, are evaluated
relative to this global frame.

The Vessel Frame The Vessel Frame is body-fixed to the center of rotation
of the vessel. Its Y -axis points towards the bow, its X-axis points towards the
starboard side, and its Z-axis points upward relative to the deck. As illustrated
in Figures 3.2(a) and 3.2(b), the Vessel Frame is rotated relative to the Inertial
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positive direction. This results in the bow mov-
ing up for a positive pitch.
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(b) Rolling rotation of the vessel: rotation
around the pitched Yp-axis in the positive dir-
ection. The bow points out of the paper in this
figure and a positive roll results in the port side
of the vessel moving up.

X
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Z

Xc

Yc

µ

ν

h

b
L

ℓ

{xt, yt, zt}

(c) The crane components in the Crane Frame,
where h is the height of the mast, b is the joint
offset from the Z-axis, L is the boom length, ℓ
is the wire rope length, µ is the luffing angle,
and ν is the slewing angle. The base axes X, Y ,
and Z align with the orientation of the Vessel
Frame, while Xc and Yc represent the axes after
the slewing rotation.

ℓ

X
Y

Z

β
α

{xt, yt, zt}

{xl, yl, zl}

(d) Definition of the Euler angles, α and β,
used to describe the location of the lower-block
{xl, yl, zl} relative to the boom tip suspension
point {xt, yt, zt}. The orientation is defined by
two subsequent rotations: a primary rotation
around the fixed X-axis by β, followed by a sec-
ondary rotation around the new Y-axis by α.

Figure 3.2: Coordinate rotations and parameter definitions of the vessel–
crane–load system.

Frame by the vessel’s pitch around the X-axis and roll around the pitched Y -axis.
Defining the axes in this manner creates a right-handed coordinate system, where
a positive pitch results in the bow moving up.

The Crane Frame The origin of this frame is located at the base of the crane
where it is attached to the vessel. This frame is oriented around its Z-axis such
that the boom of the crane points along the X-axis of the Crane Frame. The origin
of the Crane Frame is offset by a constant translational vector relative to the origin
of the Vessel Frame, since the rotational center of the vessel is unlikely to align with
the base of the crane. With the slewing and luffing angles defined, the pose of the
crane structure is fixed relative to the vessel deck, as can be seen in Figure 3.2(c).

The Load Frame The origin of the Load Frame is dynamically located at the
boom tip (the suspension point) within the Crane Frame, where the axes of the
Load Frame align with those of the Crane Frame. From this origin, two rotational
sway angles (α and β) and the length of the wire rope (ℓ) define the location of the
lower-block point mass relative to the boom tip, as shown in Figure 3.2(d).
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Chapter 4

State Estimation

A straightforward approach to obtaining the velocity of the lower-block is through
numerical differentiation of the position measurements. However, differentiating
a noisy signal amplifies high-frequency noise. Given the system requirements of
a 25 Hz update rate (an sampling period of 0.04 s) and a positional accuracy of
0.1 m, simple differentiation would yield a velocity noise magnitude of approximately
0.1/0.04 = 2.5m/s. Because this error is more than an order of magnitude larger
than the required velocity accuracy, direct differentiation is infeasible. Therefore, a
more robust state estimation technique is required to reconstruct the unmeasured
velocity states accurately and provide a clean signal for an anti-sway controller.

4.1 Estimators

Several filtering techniques can be employed to estimate velocity from noisy posi-
tion data. This section evaluates these methods against the non-linear kinematics
of the offshore crane to select the most suitable algorithms for the state estimation
framework.

The simplest approach is combining numerical differentiation with a low-pass filter
to smooth the resulting high-frequency noise spikes. However, aggressive low-pass
filtering introduces significant time delays into the estimated signal, which degrades
control performance. To avoid this lag, model-based estimators are preferred. These
algorithms use a mathematical representation of the system to predict how the states
evolve, reducing reliance on raw numerical differentiation.

The Kalman Filter (KF) [21] is the standard model-based estimator, which is math-
ematically optimal for linear systems subject to Gaussian noise. However, the
swinging dynamics of an offshore crane are inherently non-linear. To address non-
linear system dynamics, variants such as the Extended Kalman Filter (EKF) [45]
and Unscented Kalman Filter (UKF) [20] are commonly used. The EKF handles
non-linearities by calculating Jacobian matrices to linearize the system around the
current state estimate at each time step. In contrast, the UKF uses the Unscen-
ted Transform to propagate a minimal set of sample points (sigma points) through
the non-linear equations, capturing the system’s mean and variance without expli-
cit linearization. The EKF is generally computationally less demanding, while the
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UKF often provides improved estimation accuracy for strongly nonlinear systems,
as the Unscented Transform typically captures nonlinear transformations more ac-
curately than the first-order linearization employed by the EKF [20, 45]. However,
comparative studies have shown that the relative performance of both filters is
highly application-dependent and that the UKF does not universally outperform
the EKF [4].

For systems subject to extreme non-linearities and non-Gaussian noise, Particle Fil-
ters (PF) [10] offer an alternative by utilizing sequential Monte Carlo simulations.
However, PFs require simulating a vast number of particles, demanding significant
computational power [45]. Because the measurement noise in this application can be
reasonably approximated as Gaussian, the PF is deemed excessively computation-
ally heavy. Therefore, the EKF and UKF are selected as the candidate estimators.
To determine the optimal balance between tracking accuracy and computational
efficiency for this specific offshore crane architecture, both will be comparatively
evaluated in simulation.

Regardless of their specific approaches to handling non-linearities, both the EKF
and UKF operate on a shared recursive, two-step algorithm. This architecture
establishes the structure for the remainder of this chapter:

• Prediction Step: The filter uses the mathematical physics model to project
the current state forward in time. Because physical models are inherently
imperfect, the filter tracks both the estimated state vector and its associated
uncertainty. During the prediction step, this uncertainty grows to reflect
model inaccuracies. Defining this step requires the continuous dynamic model
(Section 4.2), the state-space representation (Section 4.3), and a numerical
discretization method (Section 4.4).

• Correction Step: When a new sensor reading arrives, the filter propagates
the predicted state through a measurement model to generate an predicted
sensor reading. It then computes the Kalman Gain: a dynamic weighting mat-
rix that balances the accumulated uncertainty of the dynamical model against
the known noise profile of the sensor. This gain is multiplied by the differ-
ence between the actual and predicted sensor readings, to update and correct
the predicted state estimate. Defining this correction step requires explicit
measurement models mapping the state to the physical sensors (Section 4.5).

By continuously repeating this cycle, the filter fuses the noisy sensor data with the
predictive physics model. The exact software configuration and tuning process are
detailed in Section 4.6.

4.2 Dynamics
Since both the EKF and UKF require a mathematical representation of the swinging
motions of the lower-block, a dynamic model must be established. A crane load sus-
pended by a wire rope fundamentally behaves as a spherical pendulum. Therefore,
modeling a simplified 3D pendulum serves as the baseline kinematic framework.
This section first establishes this foundational model, which is subsequently ex-
panded to describe the motion of the lower-block for a crane with a static base, a
vessel-mounted crane, and finally a vessel-mounted crane featuring a flexible boom.
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4.2.1 3D Pendulum
To describe the location of the lower-block load combination relative to its sus-
pension point, a specific Euler angle parameterization (α and β) is utilized based
on [11]. These angles describe two subsequent rotations, as explained in Section 3.3
and illustrated in Figure 3.2(d). Using this rotation sequence, the position of the
pendulum mass is given by: xy

z

 = ℓ

 − sinα
cosα sinβ

− cosα cosβ

 . (4.1)

Standard spherical coordinate systems are avoided here because they present a
mathematical singularity when the pendulum hangs straight down, resulting in the
azimuth angle being undefined at the crane’s equilibrium state. Conversely, the
parameterization in (4.1) only encounters a singularity when β = ±π

2 . Because
this condition corresponds to the lower-block swinging completely horizontal to the
boom, the model remains well-defined throughout all realistic offshore lifting scen-
arios.

Differentiating the position with respect to time yields the velocity of the lower-
block: ẋẏ

ż

 = ℓ

 −α̇ cosα

−α̇ sinα sinβ + β̇ cosα cosβ

α̇ sinα cosβ + β̇ cosα sinβ

 . (4.2)

The kinetic energy T of the point mass representing the lower-block load combina-
tion is given by:

T =
1

2
mv2 =

1

2
m
(
ẋ2 + ẏ2 + ż2

)
=

1

2
mℓ2

(
α̇2 + β̇2 cos2 α

)
, (4.3)

and its potential energy V is given by:

V = mgh = mg(ℓ+ z) = mgℓ(1− cosα cosβ). (4.4)

where m is the mass of the lower-block. Using the kinetic and potential energies,
the Lagrangian L is defined as:

L = T − V =
1

2
mℓ2

(
α̇2 + β̇2 cos2 α

)
−mgℓ(1− cosα cosβ). (4.5)

The equations describing the motions for this system are derived using the Euler-
Lagrange equation:

d

dt

∂L

∂q̇i
=

∂L

∂qi
, (4.6)

where L is the Lagrangian and qi represents the generalized coordinates (the in-
dependent degrees of freedom of the system). For this system, the generalized
coordinates are α and β. An equation for a generalized coordinate is called an
Equation of Motion (EoM). For α, the partial derivatives of the Lagrangian are
evaluated as:

∂L

∂α̇
= mℓ2α̇ =⇒ d

dt

∂L

∂α̇
= mℓ2α̈,

∂L

∂α
= −mℓ2β̇2 sinα cosα−mgℓ sinα cosβ.

(4.7)
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Equating these terms yields the EoM for α:

α̈ = −β̇2 sinα cosα− g

ℓ
sinα cosβ. (4.8)

For β, the partial derivatives are:

∂L

∂β̇
= mℓ2β̇ cos2 α =⇒ d

dt

∂L

∂β̇
= mℓ2

(
β̈ cos2 α− 2α̇β̇ sinα cosα

)
,

∂L

∂β
= −mgℓ cosα sinβ,

(4.9)

which results in:
β̈ = 2α̇β̇ tanα− g

ℓ

sinβ

cosα
. (4.10)

(4.8) and (4.10) thus form the complete set of non-linear EoMs for the 3D pendulum.

4.2.2 Crane with a Static Base
To incorporate crane kinematics, the Crane Frame (denoted by C, with correspond-
ing subscript c in mathematical notation) is used, where the crane can freely slew,
luff, and hoist, as defined in Section 3.3 and depicted in Figure 3.2(c). Using these
definitions, the location of the lower-block relative to the suspension point at the
boom tip can be calculated by (4.1). The absolute location of the suspension point
t in the Crane Frame C is defined by its coordinates ptc:

ptc =

xtc

ytc
ztc

 =

b+ L cosµ
0

h+ L sinµ

 . (4.11)

To transform this location from the rotated Crane Frame to an unrotated base
frame, a temporary Inertial Frame (I) is established with its origin at the crane
base. The rotation matrix Ric is then applied to map coordinates from C to I:

pti =

cos ν − sin ν 0
sin ν cos ν 0
0 0 1

 ptc = Ricptc. (4.12)

This yields the following absolute locations for the suspension point pti and the load
pli in the temporary Inertial Frame I:

pti =

xti

yti
zti

 = Ric

xtc

ytc
ztc

 =

(b+ L cosµ) cos ν
(b+ L cosµ) sin ν

h+ L sinµ

 , (4.13)

pli =

xli

yli
zli

 =

xti

yti
zti

+ ℓRic

 − sinα
cosα sinβ

− cosα cosβ

 . (4.14)

To formulate (4.14), the relation from (4.1) is utilized to determine the relative
lower-block location in the Load Frame. This relative vector is then rotated by the
crane’s slewing matrix (Ric) and added to the absolute suspension point location.
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After calculating the derivative of (4.14) with respect to time, (4.3), (4.4), (4.5),
and (4.6) can be used to calculate the EoMs. Due to the number of time-varying
variables (α, β, µ, ν, and ℓ) and the repeated application of the chain rule, the
number of terms grows immensely, making manual derivation highly susceptible to
algebraic errors. Therefore, a symbolic computation script was written in Python
(see Appendix B) to derive the final EoMs, resulting in (A.1) and (A.2).

4.2.3 Vessel-Mounted Crane

Integrating vessel motions caused by waves requires the use of the Vessel Frame
(V ). The orientation of the vessel relative to the Inertial Frame is given by the
rotation matrix Riv:

Riv =

1 0 0
0 cos p − sin p
0 sin p cos p

 cos r 0 sin r
0 1 0

− sin r 0 cos r


=

 cos r 0 sin r
sin p sin r cos p − sin p cos r

− cos p sin r sin p cos p cos r

 .

(4.15)

The transformation matrix defined in (4.12) now functions as the crane–to–vessel
rotation matrix (Rvc). As explained in 3.3, the kinematic chain includes a positional
offset. Thus, (4.13) and (4.14) are expanded to:

pti =

xti

yti
zti

 = Riv

cxcy
cz

+Rvc

xtc

ytc
ztc

 , (4.16)

pli =

xli

yli
zli

 =

xti

yti
zti

+ ℓRivRvc

 − sinα
cosα sinβ

− cosα cosβ

 , (4.17)

where cx, cy, and cz represent the positional offsets from the vessel’s center of
rotation to the crane base. Using the same symbolic computation script as for the
static base, the expanded EoMs for a crane on a floating vessel can be derived. This
gives (A.3) and (A.4).

4.2.4 Vessel-Mounted Crane with a Flexible Boom

To account for structural flexibility, the rigid-body dynamic model must be further
expanded. Based on operational insights from Huisman on the crane type of in-
terest, the most dominant structural deformation occurs as lateral boom deflection.
Because these cranes show significantly higher stiffness in the luffing direction com-
pared to the slewing direction, it is sufficient to capture the first mode of the boom.
This can be done by modeling a virtual torsion spring acting purely in the slewing
direction at the mast-boom joint, as was advised by Huisman.

This flexibility is incorporated by introducing a new generalized coordinate, νf ,
which represents the angle of deflection of the boom from its neutral position within
the Crane Frame (Figure 4.1). With this addition, the kinematic position of the

27



X

Y

Xc

Yc

ν

νf

b

L

Figure 4.1: Top view of the crane parts in the Crane Frame. νf is the
angle of deflection from the neutral position, which aligns with Xc. b
stays aligned with Xc.

boom tip relative to the Crane Frame, originally defined in (4.11), is updated to:

ptc =

xtc

ytc
ztc

 =

b+ L cosµ cos νf
L cosµ sin νf
h+ L sinµ

 . (4.18)

Due to this change, the coordinate transformations required to map the system
states to the Inertial Frame in (4.13) must be updated accordingly.

To derive the EoMs for this expanded system using the Euler-Lagrange method,
the system’s energy equations must be modified to account for both the elastic
deformation and the structural inertia. To capture the dynamic coupling between
the structure and the load, the boom’s flexible inertia is modeled as an equivalent
point mass, mb, located at the suspension point. The total kinetic energy T is
computed as the sum of the kinetic energies of both masses:

T =
1

2
mb

(
ẋ2
ti + ẏ2ti + ż2ti

)
+

1

2
m
(
ẋ2
li + ẏ2li + ż2li

)
. (4.19)

For the potential energy, the virtual torsion spring stores energy defined as Vf =
1
2kfν

2
f , where kf is the torsional stiffness constant. Consequently, the total potential

energy of the system becomes:

V = Vg + Vf = mgzli +mbgzti +
1

2
kfν

2
f , (4.20)

where Vg is the gravitational potential energy and Vf is the potential energy stored
in the spring.

Furthermore, structural damping within the boom must be accounted for to prevent
the modeled spring from oscillating infinitely. This non-conservative energy loss is
mathematically modeled using the Rayleigh dissipation function, R, defined as:

R =
1

2
cf ν̇

2
f , (4.21)

where cf is the torsional damping coefficient. The Euler-Lagrange equations are
then expanded to include this dissipation term:

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
+

∂R

∂q̇i
= 0. (4.22)
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Table 4.1: The numerical values used in the simulations

Parameter m
[kg]

mb

[kg]
L

[m]
b

[m]
h

[m]
cx
[m]

cy
[m]

cz
[m]

kf
[Nm/rad]

cf
[Js/rad]

Value 1e6 2e6 150m 10 m 40 m 50m -20 m 10 m 2e11 2e9

Rather than algebraically solving for each individual coordinate acceleration (α̈,
β̈, ν̈f ) to obtain explicit analytical formulas, the EoMs are preserved in a com-
pact matrix-vector form. Solving for these accelerations symbolically would require
the analytical inversion of the heavily coupled, non-linear expressions describing
the vessel motion and boom flexibility. This process introduces severe symbolic
expression swell, yielding equations that are substantially more complex and com-
putationally intensive to evaluate online. Instead, the system is factored into a
standard mass matrix and forcing vector, with the structure of these terms detailed
in Appendix A.3, where the inversion is done numerically during the simulation.

Based on crane data from Huisman, the values used in the simulations can be found
in Table 4.1. To visualize the different EoMs or the impact of the values on the
trajectory of the crane and lower-block, the Python script explained in Appendix D
can be used.

4.3 State-Space Representation
As Appendix A shows, multiple time-varying variables are required to continuously
calculate the sway accelerations α̈ and β̈ and the flexible boom deflection accelera-
tion ν̈f . To implement this in a Kalman filter framework, these variables must be
mapped into a continuous-time state-space model of the form:

ẋ = f(x) +w(t), (4.23)

where x is the state vector, f is called the transition function, and w(t) is the zero-
mean Gaussian process noise vector. The full state of the vessel–crane–load system
is defined by a 21-dimensional state vector x:

x =
[
α α̇ β β̇ µ µ̇ µ̈ ν ν̇ ν̈ νf ν̇f ℓ ℓ̇ ℓ̈ p ṗ p̈ r ṙ r̈

]T
. (4.24)

This representation yields the continuous-time state transition function f(x) for-
mulated as:

ẋ = f(x) +w(t)

=
[
α̇ fα̈(x) β̇ fβ̈(x) µ̇ µ̈ 0 ν̇ ν̈ 0 ν̇f fν̈f

(x) ℓ̇ ℓ̈ 0 ṗ p̈ 0 ṙ r̈ 0
]T

+w(t),
(4.25)

where fα̈(x), fβ̈(x), and fν̈f
(x) correspond to the derived non-linear EoMs.

The state vector in (4.24) combines the EoMs of the pendulum (α, β) and the flexible
boom deflection (νf ) with the driven kinematic states of the crane structure (µ, ν,
ℓ) and the wave-induced vessel rotations (p, r). The acceleration states (µ̈, ν̈, ℓ̈, p̈, r̈)
are explicitly included in this vector because they are required to evaluate the EoMs
within the transition function. Since these higher-order kinematic accelerations of
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the crane structure and the vessel hull are not directly measured by the sensors, they
must be estimated online by the filter to ensure accurate dynamic tracking during
active maneuvering and wave excitation. The time derivatives of these accelerations
(the system jerks) are set to zero because there is no analytical model defined to
deterministically predict how they change over time. Instead, these variations are
modeled as stochastic processes driven entirely by the continuous-time process noise
vector w(t). Defining the process noise at this higher derivative level prevents
abrupt, step-like changes in the estimated accelerations. This ensures continuous
acceleration profiles over time, which results in smoother velocity and displacement
estimates for the system. This also directly mirrors the physical reality of the heavy
crane, where structural inertia prevents instantaneous changes in acceleration.

4.4 Discretization

Because the EKF and UKF operate as discrete-time algorithms, the continuous
model f(x) must be discretized. For real-time applications, the integration al-
gorithm must have a strictly deterministic execution time to guarantee that cal-
culations finish within the available time. Therefore, the 4th-order Runge-Kutta
(RK4) method is employed. Unlike complex solvers that use variable step sizes or
iterative loops, RK4 is a commonly used, explicit algorithm that executes exactly
four fixed mathematical evaluations of the transition function per time step [45].
This ensures deterministic execution times on embedded hardware. By achiev-
ing high-accuracy predictions for highly non-linear swinging motions at a strictly
bounded computational cost, the RK4 algorithm provides a good balance between
mathematical accuracy and real-time execution constraints [45].

4.5 Measurement Models

In addition to the state transition model f(x), the estimators require measurement
models. These models provide explicit mathematical mappings that translate the
internal state vector x into the predicted sensor outputs, since not all sensors meas-
ure states directly.

As the selected physical sensors operate at independent data rates (detailed in
Section 4.5.1), the Simulink implementation utilizes a multi-rate architecture (Sec-
tion 4.6.3). Therefore, instead of a single measurement function, three independent
measurement models are defined. During execution, the estimator dynamically ap-
plies the specific measurement function only when new data from that respective
sensor arrives.

Boom-Mounted LiDAR The LiDAR does not directly measure the sway angles
(α and β). Instead, it measures the 3D Cartesian coordinates (x, y, and z) of
the lower-block relative to the suspension point. To map the state vector to the
LiDAR’s output, the non-linear Forward Kinematics relation defined in (4.1) is
applied directly:

hLiDAR(x) = ℓ

 − sinα
cosα sinβ

− cosα cosβ

 . (4.26)
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Crane Joint Encoders The rotary encoders directly measure the luffing and
slewing angles of the crane. Therefore, their measurement model is a direct linear
mapping of the respective state variables:

hEncoders(x) =

[
µ
ν

]
. (4.27)

MRU Similarly, the MRU directly measures the vessel’s pitch, roll, and their
respective rates, resulting in the following linear measurement model:

hMRU(x) =


p
ṗ
r
ṙ

 . (4.28)

4.5.1 Sensor Characteristics
To evaluate the estimator in a realistic simulation environment, the measurement
models are parametrized using the specifications of commercially available sensors
typically used by Huisman. These specifications define the independent update
rates and the measurement noise profiles used in the filter design.

Boom-Mounted LiDAR To track the relative position of the lower-block, a
robust 3D LiDAR suited for marine environments is selected: the Ouster OS1
MAX [34]. This sensor provides point-cloud data at an update rate of 5–40 Hz,
depending on the selected resolution. For this thesis, 20Hz is selected, as this
provides a good balance between resolution and update rate. Although this rate is
slightly lower than the 25Hz target derived in Section 3.1.3, the multi-rate filter ar-
chitecture compensates for this difference, as detailed in Section 4.6.3. Its positional
measurement noise has a standard deviation of σLiDAR = 1.5 cm, where it is assumed
that after processing the point cloud, the extracted x-, y-, and z-coordinates share
the same measurement noise.

Crane Joint Encoders The slewing and luffing angles of the crane are measured
using standard industrial absolute rotary encoders. These sensors typically provide
high-frequency updates. For this thesis, the update rate for the joint encoders
is set at 100Hz. The mechanical backlash and structural play in the crane joints
dominate the measurement uncertainty compared to the electrical noise and angular
quantization of the sensors themselves. Therefore, an effective standard deviation
of σEncoders = 0.1◦ is used, based on internal data at Huisman.

MRU Vessel kinematics are captured using a marine-grade MRU, such as the
Kongsberg MRU 5 [23]. This unit outputs pitch, roll, and their respective angu-
lar rates at a frequency of 200Hz. The noise profile for the angular position is
σMRU_pos = 0.02◦, and the angular rate noise is σMRU_vel = 0.025◦/s.

4.6 Filter Implementation
In Simulink, the Control System Toolbox contains EKF and UKF blocks, remov-
ing the need to manually implement the algorithms. To use these blocks, some
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configuration has to be done, which is explained in this section.

4.6.1 Non-Linearity Handling

As briefly stated in Section 4.1, the EKF linearizes the system around the current
state estimate, allowing the standard KF equations to be applied to a locally lin-
ear approximation. In Simulink, this linearization step can either be performed
by supplying the Jacobian matrices and evaluating the partial derivatives in real
time during the simulation, or by letting the EKF block approximate the Jacobi-
ans numerically. In this work, the Jacobians required for the EKF are computed
numerically using the functionality provided by the Simulink block. Given the high
dimensionality of the state vector and the nonlinear nature of the coupled ves-
sel–pendulum dynamics, deriving and maintaining analytical Jacobians within the
Simulink environment would introduce significant implementation complexity. The
numerical approximation ensures consistency with the implemented process and
measurement models, while remaining sufficiently accurate at the selected update
rate.

The UKF, on the other hand, selects a minimal set of sample points, called sigma
points, around the current estimate. These sigma points are propagated through
the nonlinear model, after which the predicted state and uncertainty are reconstruc-
ted from the transformed points. When a new measurement becomes available, the
sigma points are passed through the measurement model to obtain predicted meas-
urements, which are then compared to the actual measurements to correct the state
estimate. The default sigma point selection parameters provided by the Simulink
UKF block are used. These parameters define the spread and weighting of the
sigma points to accurately capture the mean and covariance of the transformed
states. Although alternative parameterizations were tested, these standard values
yielded the best results.

4.6.2 Covariance Matrices and Tuning

Kalman filters are tuned through the selection of covariance matrices, which rep-
resent the relative confidence in the system model versus the measurements. The
process noise covariance matrix, Q, describes the uncertainty in the dynamic model,
including unmodeled vessel motion and external disturbances. The measurement
noise covariance matrix, R, represents the uncertainty associated with the sensors.
By adjusting these matrices, the estimator is tuned to rely more heavily on either
the model-based predictions or the incoming sensor data.

State Transition Covariance Matrix (Q) Because the state vector contains
kinematic derivatives (velocity and acceleration), the process noise must be scaled
correctly across the time step Ts. This is achieved using kinematic tracking mod-
els [26], which assume that unmodeled disturbances act as white noise on the
highest-order derivative of each state. This noise is then propagated to the lower
derivatives through integration.

For the non-linear pendulum sway states α and β and the boom deflection angle νf ,
the highest modeled derivative is acceleration. This is formally represented using
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the Discrete White Noise Acceleration (DWNA) model [26]. The unmodeled dis-
turbance is treated as a continuous acceleration noise (σa), which, when integrated
over the sample time, yields the following block-diagonal entries for the sway angles
and velocities:

Qα,β,νf
= diag

((
1

2
σaT

2
s

)2

, (σaTs)
2

)
. (4.29)

Conversely, the crane kinematics (µ, ν, ℓ) and vessel rotations (p, r) include accel-
eration as explicit states in the state vector. Therefore, the Discrete White Noise
Jerk (DWNJ) model is applied. Here, the unknown disturbance acts on the jerk
(σj). Integrating this jerk yields the noise covariance for position, velocity, and
acceleration:

Qkinematic = diag

((
1

6
σjT

3
s

)2

,

(
1

2
σjT

2
s

)2

, (γσjTs)
2

)
. (4.30)

The base standard deviations (σ) were derived from the physical operational limits
of the system. The pendulum acceleration noise was configured to σa = 10−4 rad/s2
and boom deflection noise to σa = 0.003 rad/s2. For the vessel, the theoretical
maximum jerk was calculated by taking the derivative of the worst-case pitch and
roll amplitude (2◦) over the minimum considered wave period (4 s), yielding ap-
proximately 0.14 rad/s3. This was conservatively increased in the implementation
to σpr_jerk = 0.5 rad/s3 to ensure the filter remains responsive to unpredictable,
harsher wave impacts.

For the crane joints, the jerk noise was approximated by taking the operational max-
imum acceleration limits (amax) and normalizing them over the sample time, formu-
lated as σj = 0.5 ·amax/Ts. The defined acceleration limits were aµ = 0.0005 rad/s2,
aν = 0.01 rad/s2, and aℓ = 0.1125m/s2, which were based on actual crane data
provided by Huisman.

Finally, during simulation tuning, an empirical scaling factor (γ) was introduced to
the acceleration covariance blocks. Setting γ = 0.1 for the crane joints significantly
improved filter stability by preventing the estimator from over-reacting to numerical
noise in the unmeasured acceleration states. This aligns physically with the massive
structural inertia of the crane, which naturally damps high-frequency acceleration
transients. For the vessel and pendulum states, a scaling factor of γ = 1.0 was
maintained. The complete 21 × 21 diagonal Q matrix is formed by concatenating
these discrete blocks.

Measurement Covariance Matrices (R) For the measurement model, a diag-
onal matrix is used to define the noise covariance for each sensor, assuming that the
individual measurement axes are uncorrelated. The diagonal entries correspond to
the measurement variances, populated by converting the sensor standard deviations
(defined in Section 4.5.1) into standard SI base units (meters and radians). During
this conversion, a conservative safety margin was applied to the values to account
for unmodeled mechanical vibrations and hardware quantization. This results in
the following explicit matrices:

RLiDAR = diag
((

1.5 · 10−2
)2

,
(
1.5 · 10−2

)2
,
(
1.5 · 10−2

)2)
, (4.31)
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REncoders = diag
((

2 · 10−3
)2

,
(
2 · 10−3

)2)
, (4.32)

RMRU = diag
((

4 · 10−4
)2

,
(
5 · 10−4

)2
,
(
4 · 10−4

)2
,
(
5 · 10−4

)2)
. (4.33)

To ensure a rigorous comparative evaluation between the EKF and UKF, identical
Q and R matrices are utilized for both algorithms. This guarantees a fair baseline
comparison, ensuring that any observed performance differences are strictly attrib-
utable to how each algorithm handles the non-linear system dynamics, rather than
discrepancies in filter tuning.

4.6.3 Multi-Rate Architecture
An asynchronous multi-rate software execution scheme is required due to the sig-
nificant sampling frequency differences among the sensors. Utilizing a conventional
single-rate filter structure would either require artificially downsampling the high-
frequency vessel data (200Hz) or oversampling the LiDAR channel (20 Hz). This
trade-off either removes usable high-fidelity data or wastes processing cycles com-
puting redundant corrections on duplicate data.

To handle these asynchronous data streams without introducing custom scheduling
overhead, the state estimation architecture utilizes the native multi-rate execution
features of the Simulink filtering blocks. Within the discrete-time execution engine
of these blocks, the state transition (prediction) step is configured to run continu-
ously at a base loop frequency of 200Hz, while the measurement correction tasks are
triggered conditionally on event-driven task boundaries as new sensor data become
available. This setup introduces a strict structural constraint: to ensure exact data
synchronization within Simulink’s discrete-time scheduling framework, the base pre-
diction rate must be chosen as an exact integer multiple of all incoming sensor up-
date rates. Since the selected hardware interfaces operate at 200Hz, 100 Hz, and
20 Hz, the 200 Hz base rate satisfies this alignment requirement perfectly. This block
configuration provides clean state estimates at a continuous 200Hz, seamlessly ex-
ceeding the 25Hz anti-sway controller requirement.

Fast prediction combined with slower measurement updates leads to increased cov-
ariance growth between corrections, as process noise accumulates over time. How-
ever, due to the geometric sensitivity of the crane system, small variations in pitch
and roll can result in significant displacement of the suspension point. This justifies
the use of a 200 Hz prediction rate, ensuring vessel kinematics are tracked con-
tinuously while accepting the naturally slower measurement updates of the 20Hz
LiDAR.
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Chapter 5

Simulation Framework and
Performance Metrics

To evaluate the performance of the model-based state estimators under realistic off-
shore operating conditions, a simulation framework is developed in MATLAB/Simulink.
The framework simulates the coupled non-linear system dynamics, emulates real-
istic sensor measurements, executes the estimation algorithms, and logs performance
metrics. This chapter details the architectural setup of this environment, defines
the operational evaluation scenarios, and establishes the metrics used to quantify
estimation accuracy.

5.1 Simulation Architecture

To guarantee an unbiased evaluation, the simulation framework decouples the phys-
ical system simulation from the digital state estimation software. As illustrated by
the functional pipeline in Figure 5.1, the architecture is organized into four pro-
cessing stages that replicate the hardware-software boundary of a physical crane
deployment: ground truth data generation, kinematic mapping, sensor emulation,
and the state estimation pipeline. The low-level Simulink block diagrams and sub-
system routing interfaces of this architecture are detailed in Appendix C.

5.1.1 Ground Truth Data Generation

To evaluate estimator accuracy, an absolute reference baseline, the ground truth,
is required. The physical system is simulated by continuously evaluating the full,
coupled non-linear EoMs derived for the vessel, crane, and flexible boom. Within
this subsystem, the continuous-time state derivatives are integrated numerically to
propagate the true state vector over time.

Unlike the state estimators, which do not have access to the true acceleration in-
puts and must stochastically model unmeasured accelerations via process noise, the
ground truth simulation is driven entirely deterministically. This means that input
trajectories are fully prescribed as time-varying functions. Specifically, predefined
acceleration profiles are fed directly as inputs into the non-linear EoMs. The simu-
lation engine numerically integrates these accelerations forward in time to compute
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Figure 5.1: Functional block diagram of the simulation framework, illus-
trating the data pipeline from deterministic state generation to digital
state estimation.

the true, continuous velocity and displacement states of the coupled vessel–crane
system.

5.1.2 Kinematic Extraction and Mapping

This step extracts the raw crane joint states (slewing, luffing, and hoisting) along
with the vessel states (pitch, roll, and their respective angular rates) and routes
them directly to the sensor emulation subsystem. Crucially, it evaluates the forward
kinematics to calculate the time-varying relative position vector between the boom
tip and the lower-block. This vector represents the true physical trajectory of the
load relative to the crane’s LiDAR mounting location, providing the exact geometric
baseline required to emulate the digital LiDAR sensor measurements.

5.1.3 Sensor Emulation

To approximate the operational environment, the true extracted data generated by
the physical model are modified to mimic the finite resolution, sampling frequency,
and measurement uncertainty of the actual instrumentation. Following the standard
measurement model employed in Kalman filtering and sensor fusion, sensor errors
are represented as additive zero-mean white Gaussian noise [45], with the noise
power scaled to match the specific standard deviation and update rate of each
sensor [19].

5.1.4 Estimator Pipeline

The discretized, multi-rate sensor streams are routed into the state estimation
pipeline. For this simulation, the EKF and UKF blocks from the MATLAB Control
System Toolbox are utilized. These blocks are parameterized with the covariance
structures, dynamical model, and fixed-step solver among other configuration para-
meters described in Chapter 4. Operating independently from the ground truth
physical model, the pipeline uses only the noisy, sampled sensor data to estimate
the state of the crane.

5.2 Evaluation Scenarios
To evaluate the tracking capabilities of the estimators, four distinct operational
scenarios were designed. These scenarios are structured to isolate specific oper-
ational situations, allowing for a clear analysis of how different system dynamics
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influence the overall estimation accuracy, ranging from static lifts to multi-axis
maneuvers under active wave disturbances. In accordance with the modeling as-
sumptions from Section 3.1.4, wave-induced vessel motions are restricted strictly
to angular pitch and roll variations, while surge, sway, heave, and yaw are ignored
across all evaluated cases. To visualize the scenarios, the Python script from Ap-
pendix D can be used.

5.2.1 Scenario 1: Nominal Ship-to-Ship Transfer

The first scenario establishes a baseline under ideal environmental conditions, as-
suming a static vessel with no wave- or crane-induced pitch or roll. The maneuver
replicates a standard ship-to-ship lifting operation executed over a total simulation
duration of 700 s. The lower-block starts at rest on the deck with an initial slewing
angle of 90◦ and a luffing angle of 30◦. The operation is split into three sequential
phases: a vertical hoisting phase, a simultaneous slewing and luffing phase acceler-
ating to 0◦ and 60◦, respectively, and a final vertical lowering phase, as visualized
in Figure 5.2(a). Because the slewing target is reached before the luffing target,
this sequence provides step-changes in the acceleration profiles. This allows for the
clear observation of baseline kinematic convergence and isolates how the estimators
handle discrete transitions in joint movement without external disturbances.

5.2.2 Scenario 2: Environmental Disturbance Rejection

To isolate the impact of wave-induced vessel motions, this scenario executes the
exact crane trajectory defined in Scenario 1 over an identical 700 s duration while
introducing active vessel dynamics. The vessel motion is parameterized via con-
tinuous sinusoidal pitch and roll disturbances with an amplitude of 1◦ and a char-
acteristic period of 8 s, representing a typical offshore operational baseline specified
by Huisman. By maintaining crane kinematics perfectly identical to the baseline
scenario, any subsequent degradation in state estimation accuracy can be directly
attributed to the non-linear coordinate transformations required by the filters to
decouple vessel rotations from the true lower-block states.

5.2.3 Scenario 3: Coordinated Continuous Path

The third scenario evaluates the estimators during a continuous tracking maneuver
under the same active wave conditions. Starting at a height of 50m above the
vessel’s center of rotation on the starboard side, the crane’s joint velocities are
continuously modulated to sweep the load across the deck to the port side (see
Figure 5.2(b)), taking 650 s to complete. This is a common operation encountered
during the process of upending a monopile. Because the crane operates via rota-
tional joints, traversing a linear path across the vessel deck requires highly non-linear
coordination between the slewing, luffing, and hoisting kinematics. This continuous
sweeping movement results in constantly changing accelerations that inherently ex-
cite the unactuated pendulum dynamics of the lower-block, testing the estimator’s
ability to maintain tracking accuracy when the joint coordinates are highly coupled
and constantly shifting.
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(a) Crane movements for Scenario 1 (Nominal
Ship-to-Ship Transfer) and Scenario 2 (Envir-
onmental Disturbance Rejection). The man-
euver executes three sequential phases: hoist-
ing of the lower-block (1), simultaneous slew-
ing and luffing movements over the water (2),
and a final vertical lowering phase to the target
deck (3).
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(b) Crane movements for Scenario 3 (Co-
ordinated Continuous Path). The load is
commanded to follow a straight-line from the
starboard to the port side at a constant height
above the deck (1).

Xv

Yv

Zv

1

1

(c) Crane movements for Scenario 4 (Extreme Stress Test). The system is initialized at its max-
imum physical reach envelope. Simultaneous maximum-velocity commands are applied across all
crane actuators to aggressively excite structural boom flexibility under active wave conditions (1).

Figure 5.2: Crane paths for the evaluated simulation scenarios. Traject-
ories are represented within the reference Vessel Frame (Xv, Yv, Zv), with
active wave-induced vessel motions excluded for clarity.

5.2.4 Scenario 4: Extreme Stress Test

The final scenario serves as an unrealistic stress test designed to evaluate the math-
ematical limits of the estimation frameworks over a condensed 100 s window. The
system initializes at an extended operational envelope, featuring an initial 200 m
hoisting length, a 0◦ slewing angle, and a 15◦ luffing angle, positioning the load
over 60m below deck level. From this structurally sensitive state, simultaneous
maximum-velocity commands are applied to all actuators under wave conditions
with an increased amplitude of 2◦ and an 8 s period. Doubling the wave amp-
litude relative to the baseline intentionally scales the vessel’s angular velocities and
linear accelerations at the boom tip, increasing the inertial stress on the system
dynamics. The joints are driven aggressively toward target states of 110◦ slewing,
20◦ luffing, and a 180 m wire rope length, as depicted in Figure 5.2(c). This com-
bination yields the highest possible structural accelerations and lateral velocities,
aggressively exciting the structural flexibility of the crane boom. This case is spe-
cifically designed to observe potential linearization breakdown, directly comparing
the performance limits of the EKF’s first-order approximation against the UKF’s
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sigma-point sampling.

5.3 Performance Metrics
To quantify and compare the performance of the EKF and UKF frameworks against
the derived requirements, statistical metrics are computed by comparing the state
estimates against the ground truth.

To evaluate tracking precision and capture steady-state offsets caused by unmodeled
boom deflections or filtering lag, the Root Mean Square Error (RMSE) is utilized.
The RMSE is computed independently for translational position and velocity across
the global axes (X, Y , Z) in the Inertial Frame:

RMSE =

√√√√ 1

N

N∑
k=1

(strue(k)− ŝ(k))
2
, (5.1)

where N is the total number of discrete simulation steps, strue is the true ground
truth state of the lower-block (position or velocity along the Inertial Frame axes),
and ŝ is the estimated state of the lower-block.

While the RMSE provides an aggregate measure of tracking accuracy over a full
operational profile, it can obscure short-duration error spikes. To capture the worst-
case tracking performance, the Maximum Absolute Error (MaxAE) is also evaluated
for the position and velocity on a per-axis basis for each scenario:

MaxAE = max
k

|strue(k)− ŝ(k)|. (5.2)

Tracking the worst-case transient error is essential because standard average met-
rics completely smooth over high-frequency tracking spikes caused by sudden wave
impacts or structural decelerations. Isolating these peak deviations ensures that the
filter does not introduce brief, localized tracking divergences that could otherwise
feed corrupted state estimates into the anti-sway automation pipeline and destabil-
ize the control system.

The formal tracking requirements established for this system are evaluated strictly
against the RMSE metrics rather than the MaxAE bounds. While the RMSE meas-
ures the continuous statistical standard deviation of the tracking error, the MaxAE
captures isolated, worst-case transient spikes driven by extreme maneuvering im-
pulses. Consequently, the MaxAE is treated as an auxiliary diagnostic tool for
safety margins rather than a rigid threshold for baseline filter validation.
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Chapter 6

Results

This chapter presents and evaluates the tracking performance and computational
efficiency of the state estimation frameworks. First, the baseline difference between
the rigid boom model and the flexible boom model is analyzed to establish how the
true system trajectory is generated. Next, the tracking accuracy of the EKF and
the UKF is demonstrated and compared across a variety of operational scenarios
and estimator configurations. Finally, the runtime performance of the estimators is
evaluated to assess their real-time execution viability.

6.1 Structural Model Difference

Before evaluating the filters, the divergence between the rigid and flexible boom
model is quantified. This comparison shows the tracking errors that are introduced
purely by omitting structural flexibility from the equations, before any sensor data
or filtering is applied to correct the state variables.

Figure 6.1 illustrates the position divergence between the rigid and flexible models
for both the boom tip and the lower-block during Scenario 2 (Disturbance Rejec-
tion). As shown by the blue line, the structural flexibility introduces an oscillation
at the boom tip, resulting in a maximum position difference of 0.91 m between the
rigid model and the flexible model. These oscillations correspond to the 8 s period
of the waves acting on the vessel structure. Because the steel boom has a fixed stiff-
ness, this tip error remains within a bounded envelope throughout the simulation.

Notably, the distinct peak in the boom tip distance just after the 100 s mark, which
is also the maximum peak, directly corresponds to the deceleration of the crane’s
slewing motion. The sudden reduction in rotational velocity creates a large in-
ertial force that deflects the boom structure. This structural deflection acts as a
mechanical impulse on the load suspension point. As shown by the orange line,
the lower-block position error is relatively small until this event occurs. Following
the deceleration, the impulse causes the lower-block trajectory in the flexible model
to drift out of phase with the rigid model’s prediction. This timing shift accumu-
lates over the remainder of the scenario, eventually creating a large position error
of 7.46 m. Because wave-induced vessel motions continuously excite the pendulum,
this difference is likely to be sustained.
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Figure 6.1: Distance difference between the rigid model and the flexible
model under wave disturbances (Scenario 2: Disturbance Rejection).
The boom tip difference remains within a steady boundary (maximum
of 0.91 m), while the unactuated lower-block position error accumulates
over time (maximum of 7.46m) due to a slewing deceleration impulse at
100 s. Continuous wave-induced vessel motions excite the load dynamics,
preventing the difference from decreasing.

This analysis shows that assuming a completely rigid crane causes severe tracking
degradation during active maneuvers. To ensure the evaluation is realistic, the
flexible model is used exclusively to generate the ground truth trajectory. The
following sections will evaluate how effectively the EKF and UKF estimators can
use noisy sensor measurements to estimate the state of the lower-block.

6.2 Performance Metrics

To evaluate the tracking performance of the state estimation pipeline, four distinct
configurations are compared for each scenario. Both the EKF and UKF algorithms
are evaluated using two different internal dynamical models: the simplified rigid
model and the flexible model. Utilizing both formulations allows for a direct as-
sessment of the trade-off between tracking accuracy and computational complexity,
since the rigid model is simpler compared to the flexible model. Because the true
initial states of the crane are unknown to the estimators at startup, the first five
seconds of each simulation run are excluded from the calculated performance met-
rics. This initialization window grants the filters sufficient time to converge from
their initial values to a stable, realistic state estimate.

6.2.1 Impact of the Internal Model Configuration

The most prominent trend across all four operational scenarios is the severe perform-
ance degradation that occurs when the estimators rely on a rigid internal model.
When the true system experiences structural flexibility under wave disturbances,
omitting these dynamics from the estimator equations leads to large tracking errors.
As demonstrated in Table 6.1, this effect is especially visible in the horizontal plane,
which aligns with the primary directions of load sway. For example, in Scenario 2
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Table 6.1: Comparison of tracking performance across all scenarios eval-
uated via Root Mean Square Error (RMSE).To ensure alignment with
the performance criteria, tracking errors are evaluated individually for
each axis. The data contrast the EKF and UKF implementations under
rigid and flexible internal model configurations. The best-performing
configuration for each metric is highlighted in bold.

Configuration Position Error [cm] Velocity Error [cm/s]

Scenario Model Est. x y z ẋ ẏ ż

Scenario 1:
Rigid

EKF 3.048 4.262 1.769 1.154 1.654 3.016
Nominal
Transfer

UKF 3.052 4.264 1.783 1.155 1.655 3.017

Flexible
EKF 1.811 2.001 1.667 0.633 1.049 2.883
UKF 1.881 2.212 1.707 0.757 1.375 2.885

Scenario 2:
Rigid

EKF 15.03 29.18 3.934 7.704 14.71 4.516
Disturbance
Rejection

UKF 15.03 29.18 3.945 7.704 14.71 4.516

Flexible
EKF 1.832 1.996 1.690 0.640 1.067 2.951
UKF 1.912 2.207 1.739 0.764 1.388 2.954

Scenario 3:
Rigid

EKF 12.56 4.524 1.863 6.461 2.212 2.742
Coordinated
Path

UKF 12.56 4.524 1.864 6.461 2.212 2.742

Flexible
EKF 2.005 2.093 1.817 1.007 0.843 2.683
UKF 2.178 2.182 1.819 1.294 1.018 2.683

Scenario 4:
Rigid

EKF 39.83 45.39 7.854 20.41 23.49 12.15
Stress Test UKF 39.83 45.39 7.859 20.41 23.49 12.15

Flexible
EKF 2.292 2.246 3.576 1.251 1.268 5.517
UKF 2.497 2.485 3.581 1.559 1.586 5.513

(Disturbance Rejection), switching from a flexible internal model to a rigid internal
model causes the y-axis error to increase from around 2 cm to 29 cm. A similar
degradation is observed in Scenario 4 (Stress Test), where the rigid configurations
yield position errors as high as around 40 cm and 45 cm in the x and y axes, re-
spectively. The vertical tracking performance (z-axis) is also negatively affected by
the rigid assumption, though the absolute error growth is smaller since the boom
structure undergoes no vertical deflection in this model.

6.2.2 Comparison of Estimators Under the Rigid Model

When evaluating the rigid model configurations in Table 6.1 and Table 6.2, the
choice of filtering algorithm has almost no impact on tracking accuracy. The RMSE
values for the EKF and UKF are virtually identical across all scenarios. The MaxAE
metrics in Table 6.2 follow the exact same trend, showing an average difference
of less than 0.2% between the two algorithms when restricted to a rigid internal
model. This uniform behavior indicates that the errors introduced by the unmodeled
structural flexibility completely dominate the filtering process, when an estimator
is forced to operate with a severe model mismatch. As a result, the mathematical
differences between the first-order linearization of the EKF and the sigma-point
propagation of the UKF become irrelevant to the final tracking output.
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Table 6.2: Comparison of tracking performance across all scenarios evalu-
ated via Maximum Absolute Error (MaxAE). The data contrast the EKF
and UKF implementations under rigid and flexible internal model con-
figurations. The best-performing configuration for each metric is high-
lighted in bold.

Configuration Position Error [cm] Velocity Error [cm/s]

Scenario Model Est. x y z ẋ ẏ ż

Scenario 1:
Rigid

EKF 38.91 31.26 8.637 16.44 15.63 17.86
Nominal
Transfer

UKF 38.91 31.25 8.760 16.44 15.63 17.80

Flexible
EKF 8.541 9.659 7.584 5.650 5.538 15.34
UKF 10.52 11.39 7.657 7.697 7.794 15.20

Scenario 2:
Rigid

EKF 91.76 100.3 15.88 44.49 47.40 28.94
Disturbance
Rejection

UKF 91.76 100.3 15.96 44.49 47.40 28.90

Flexible
EKF 8.962 9.467 7.977 5.914 5.429 14.96
UKF 10.83 11.21 8.412 7.755 7.716 14.80

Scenario 3:
Rigid

EKF 39.95 14.37 8.056 20.20 6.503 13.78
Coordinated
Path

UKF 39.96 14.34 8.017 20.20 6.480 13.76

Flexible
EKF 8.363 8.786 8.125 4.050 4.105 12.85
UKF 8.915 9.449 8.004 5.273 5.076 12.75

Scenario 4:
Rigid

EKF 106.3 113.9 35.32 47.33 58.40 57.59
Stress Test UKF 106.3 113.9 35.34 47.33 58.40 57.61

Flexible
EKF 9.873 9.007 12.37 5.170 5.975 23.28
UKF 11.11 11.77 12.28 7.061 8.565 23.19

6.2.3 Comparison of Estimators Under the Flexible Model

When the estimators are configured with the flexible internal model, the unmodeled
structural errors are removed. Under these conditions, a consistent trend emerges
where the EKF slightly, but systematically outperforms the UKF in both average
and peak tracking precision. Looking at the position RMSE in Table 6.1, the EKF
achieves a lower tracking error across almost all coordinates and scenarios, outper-
forming the UKF by an average of 5.2% in position error. The largest difference
occurs in the horizontal velocity states (ẋ and ẏ), where the UKF shows up to 10%
higher estimation errors during active movements.

This performance gap is even more pronounced when analyzing the peak transient
deviations via the MaxAE metric in Table 6.2. When using the flexible model, the
EKF reduces peak horizontal position errors by 14.3% on average compared to the
UKF. For instance, for Scenario 4, the EKF limits the maximum y-axis deviation to
9.007 cm, whereas the UKF allows a peak deviation of 11.77 cm (a 30.7% increase
in peak error). This indicates that the EKF maintains a tighter tracking envelope
during sudden transitions and maximum velocity phases.

Crucially, the flexible internal model makes tracking performance independent of
environmental state. While rigid errors tripled under wave action, the flexible filters
keep horizontal MaxAE under 9.5 cm in Scenario 2 (Disturbance Rejection) and res-
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Table 6.3: Summary of minimum, mean, and maximum RMSE and
MaxAE metrics aggregated across all scenarios. The data contrast the
EKF and UKF estimation frameworks restricted to the flexible internal
model configuration.

Position Error [cm] Velocity Error [cm/s]

Est. Metric min mean max min mean max

EKF
RMSE 1.667 2.085 3.576 0.663 1.816 5.517

MaxAE 7.584 9.059 12.37 4.050 9.021 23.28

UKF
RMSE 1.707 2.200 3.581 0.757 1.981 5.513

MaxAE 7.657 10.13 12.28 5.076 10.24 23.19

ist error expansion during the coupled maneuvers of Scenario 3 (Continuous Path).
Even when pushed to its physical limits in Scenario 4 (Stress Test), horizontal errors
remain below 12 cm, with minor vertical deviations isolated to 12.37 cm for z and
23.28 cm/s for ż.

Finally, Table 6.3 condenses these tracking boundaries specifically for the flexible
model configurations. The summary confirms that both filters successfully sat-
isfy the operational design criteria, maintaining the RMSE well within the target
requirements of 5–10 cm for position and 5–10 cm/s for velocity. Within this envel-
ope, the EKF systematically holds the lower boundary for both average tracking
precision and peak transient errors across all evaluated operational profiles.

6.3 Runtime Performance

To evaluate the computational efficiency of the EKF and UKF frameworks, exe-
cution times were profiled to isolate the processing cost of the algorithms. During
profiling, the total runtime of the simulation was recorded. Subsequently, the simu-
lation was run again with the estimation pipeline deactivated to capture the runtime
of the overhead. Subtracting these leaves the execution duration consumed strictly
by the state estimation.

The simulations were executed on an HP ZBook Studio G5 equipped with an Intel
Core i7-9750H processor. When deployed on an actual vessel, different hardware
and production-optimized code implementations will be used. Consequently, these
measurements serve as a comparative indication of computational effort rather than
absolute benchmarks.

Table 6.4 summarizes the performance profiles. As expected, the execution time for
the true system dynamics remains highly consistent across configurations within
the same scenario, varying by only a few tenths of a second. This consistency con-
firms that changing the internal filter configuration does not alter the underlying
simulation environment.

Analyzing the isolated estimation times reveals two distinct trends. First, utilizing
a simplified rigid internal model reduces estimation computation time by approxim-
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Table 6.4: Computational execution profiling and normalized runtime ra-
tios for the state estimators, averaged over five independent execution
runs. The normalized time represents the execution time expressed as a
percentage of the physical simulated duration, where values below 100%
indicate faster-than-real-time execution.

Configuration Total
Time [s]

Overhead
Time [s]

Estimation
Time [s]

Normalized
Time [s/s]Scenario Model Est.

Scenario 1:
Rigid

EKF 28.93 10.49 18.44 2.6%
Nominal
Transfer

UKF 32.62 10.44 22.17 3.2%

Flexible
EKF 36.57 10.13 26.45 3.8%
UKF 36.88 10.73 26.15 3.7%

Scenario 2:
Rigid

EKF 29.42 10.69 18.72 2.7%
Disturbance
Rejection

UKF 30.71 10.80 19.90 2.8%

Flexible
EKF 34.14 10.91 23.23 3.3%
UKF 38.40 10.65 27.75 4.0%

Scenario 3:
Rigid

EKF 27.37 9.624 17.75 2.7%
Coordinated
Path

UKF 28.51 9.902 18.60 2.9%

Flexible
EKF 31.67 9.755 21.91 3.4%
UKF 33.78 9.736 24.05 3.7%

Scenario 4:
Rigid

EKF 4.327 1.891 2.436 2.4%
Stress Test UKF 4.565 1.881 2.684 2.7%

Flexible
EKF 4.821 1.943 2.878 2.9%
UKF 5.181 1.837 3.344 3.3%

ately 30% compared to the flexible model configuration. Second, the EKF system-
atically requires less processing time than the UKF, showing an average decrease of
roughly 11%.

Interestingly, this performance gap between the two algorithms is noticeably smal-
ler than theoretically expected. Because the current UKF configuration utilizes
43 sigma points, the state transition function (defined in (4.25)) must be evalu-
ated as many times at every integration step, whereas the EKF only evaluates this
function a single time. However, the EKF is forced to numerically calculate its
system Jacobians. Due to the high dimensionality of the state vector, this numer-
ical differentiation introduces significant computational overhead, balancing out the
execution cost and bringing the total runtime of the EKF close to that of the UKF.

To establish a baseline for real-time feasibility, the final column of Table 6.4 presents
the normalized execution time, defined as the percentage of the available physical
simulation timeline consumed by the filter calculations. This metric highlights that
the calculation time is mostly dependent on the internal model of the estimator.
Across all evaluated configurations, the algorithms require only 2.4%–4.0% of the
actual duration of the crane maneuvers to execute, satisfying the real-time execution
compatibility requirement while leaving substantial computational headroom.
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Chapter 7

Conclusions

This thesis addressed the critical problem of heavy-lift offshore crane lower-block
(hook) localization, where wave-induced vessel motions excite unactuated load sway
and massive structural boom elasticity corrupts conventional joint-encoder meas-
urements. To overcome the limitations of state-of-the-art approaches that rely on
vulnerable hook-mounted active hardware or assume an unrealistic rigid crane struc-
ture, a real-time state estimation framework was developed that does not rely on
mounting active sensors on the lower-block. This work derived a coupled, non-linear
multi-body dynamic model incorporating a flexible boom alongside wave-induced
vessel motion to serve as the predictor step for a multi-rate filtering architecture.
By fusing boom-mounted 3D LiDAR data, joint encoders, and a vessel Motion Ref-
erence Unit (MRU), the framework successfully reconstructs lower-block position
and velocity states under active environmental disturbances.

The results demonstrate that accounting for structural boom flexibility is import-
ant for reliable offshore lower-block localization. Under model-matching simulation
conditions, these results confirm that the core mathematical architecture is sound
and capable of decoupling complex structural states. While an estimator utilizing a
rigid boom model suffers from tracking errors that scale up rapidly during aggress-
ive operations, the flexible model explicitly accounts for these transient structural
states. Consequently, the flexible framework maintains a stable, centimeter-level
error envelope regardless of whether the crane is executing nominal load transfers
or navigating wave-induced vessel motions.

7.1 Requirement Validation

To evaluate the effectiveness of the Extended Kalman Filter (EKF) and Unscented
Kalman Filter (UKF) estimators, their tracking metrics were validated against the
core target design requirements. Table 7.1 synthesizes these design targets against
the achieved operational boundaries, evaluated on a per-axis basis to align with
industrial criteria. Both estimation frameworks successfully fulfill all quantitative
tracking requirements across the full envelope of operational scenarios. The achieved
position and velocity Root Mean Square Errors (RMSE) reside comfortably within
the strict target thresholds required for active anti-sway control. Furthermore, ex-
ecution profiling on a standard processor (Intel Core i7-9750H) reveals that both
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Table 7.1: Requirement validation matrix for the EKF and UKF offshore
crane lower-block localization frameworks. Accuracy values represent
the performance envelope (minimum to maximum RMSE) across all eval-
uated axes and scenarios. Real-time execution denotes the percentage
of the total available computational time budget consumed.

Requirement Component Target Boundary Achieved (EKF) Achieved (UKF)

Update Rate ≥ 25Hz 200Hz 200Hz

Position Accuracy 5.0–10.0 cm 1.67–3.58 cm 1.71–3.58 cm

Velocity Accuracy 5.0–10.0 cm/s 0.66–5.52 cm/s 0.76–5.51 cm/s

Real-Time Execution ≤ 100% ≤ 3.8% ≤ 4.0%

filters consume less than 4.0% of the available real-time allocation window, con-
firming their computational viability and leaving significant processing margin for
sensor processing and control loops.

7.2 Architectural Recommendation
Based on the comparative analysis, the EKF is recommended over the UKF as the
optimal estimator for this localization architecture due to two primary engineering
factors:

Higher Tracking Precision The EKF systematically minimized tracking errors
within this framework, achieving an average 5.2% lower position RMSE and a 14.3%
reduction in peak transient errors (Maximum Absolute Error). This unexpected
performance gain occurs because the crane’s smooth trajectories allow the EKF’s
first-order linearizations to remain highly accurate, whereas the UKF’s determin-
istic sampling provides no additional benefit under the selected tuning parameters.
Notably, this outcome remains specific to the evaluated simulation profiles, noise
models, and filter tuning parameters utilized in this study; alternative operational
conditions or a physical, real-world deployment could alter the comparative per-
formance of the two estimators.

Reduced Computational Load The EKF demonstrated an approximate 11%
reduction in estimation runtime compared to the UKF. Minimizing the state es-
timator’s processing overhead is highly advantageous for physical deployment, as it
preserves valuable computation time for upstream sensor pre-processing and down-
stream anti-sway control loops.
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Chapter 8

Limitations and Future Work

8.1 Limitations of the Study

While the state estimation framework successfully validates the core tracking re-
quirements, several modeling simplifications and environmental abstractions bound
the scope of this study, as listed in this section.

Process Model Simplifications To maintain a manageable mathematical rep-
resentation, several physical phenomena were simplified or omitted from the dynam-
ics. First, the vessel’s center of rotation was assumed to be stationary, neglecting
how it shifts dynamically due to changing mass distributions as the crane boom and
load move. Because boom-tip acceleration is heavily dominated by vessel pitch and
roll moment-arms at this scale, any pivot shift distorts the estimator’s dominant
acceleration terms. Secondarily, vessel translational motions (surge, sway, heave)
and yaw were excluded, which could introduce unmodeled acceleration components
under severe sea states or translational drift. Finally, the internal model treats wire
ropes as massless, rigid links, neglecting axial elasticity and high-frequency string
oscillations, while structural vibrations were omitted entirely. As demonstrated by
the rigid-model analysis, operating under such severe model mismatches can induce
tracking degradation and destabilize the estimator during aggressive operations.

Sensor and Environmental Abstractions The simulation environment relies
on idealized measurement behaviors that abstract away some harsh offshore realities.
The framework emulates sensor uncertainties using zero-mean additive white Gaus-
sian noise and assumes that the primary LiDAR data are perfectly pre-processed
into clean 3D coordinate vectors. In physical offshore conditions, however, sensor
noise is rarely strictly Gaussian. Furthermore, LiDAR performance degrades under
environmental disturbances such as sea spray, heavy rain, and dense fog. These
maritime conditions introduce data dropouts, erroneous reflections, and variable
processing latencies that were not captured within this simulation framework. In
a physical implementation, such point cloud distortions and data gaps would in-
troduce measurement outliers or temporary measurement deprivation, directly cor-
rupting the filter correction step and risking estimator divergence if left unmitigated.
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8.2 Future Work
To expand upon the contributions of this thesis and bridge the gap toward industrial
deployment, the following research directions are organized in a proposed order of
engineering execution. This progression moves systematically from model validation
to real-world sensor robustness and eventual control system integration.

Dynamic Model Verification The analytical equations of motion derived in this
study should be verified against an independent multi-body physics engine. While
this thesis demonstrated that the EKF and UKF achieve high tracking precision
when the internal model aligns with the simulation environment, validation on an
external platform is a critical next step. Testing the framework on an independent
physics engine would confirm whether the derived flexible model accurately captures
coupled structural states before transitioning to physical hardware.

Model Linearization and Simplification The analytical equations incorpor-
ating structural flexibility states are highly intractable and computationally dense,
limiting direct physical interpretation and increasing estimator runtime. As re-
vealed during execution profiling, dynamically calculating the numerical Jacobians
for these high-dimensional states introduces significant computational overhead. To
eliminate this overhead and minimize the computational footprint, future research
should investigate symbolic model reduction techniques or localized, operating-point
linearization, following methodologies similar to those established for flexible robotic
mechanisms, as presented in [2]. Simplifying these symbolic expressions would also
facilitate physical insight into the coupled dynamics of the crane system. Further-
more, linearizing the non-linear plant dynamics would open up the possibility of
deploying mathematically optimal linear estimators, such as the standard Kalman
Filter.

Latency and Sensor Dropouts Real-world implementations must handle asyn-
chronous sensor dropouts and a combination of distinct latencies. Specifically,
the framework needs to manage non-constant measurement latencies, LiDAR pre-
processing delays, and downstream estimation lag before data reach the anti-sway
loop. Expanding the framework to incorporate delayed-measurement compensation
techniques is critical to ensure the filters can use late measurements and preserve
tracking stability when a sensor signal is lost.

Feed-Forward of Operator and Motor Data The current framework oper-
ates strictly reactively, observing motions driven by external dynamics. Tracking
precision could be improved by introducing an input vector (u) to incorporate feed-
forward data. Integrating operator joystick inputs and motor drive torques into
the state transition step would allow the filter to predict structural and lower-block
movements before they are registered by the sensors.

Anti-Sway Control Integration The state estimator should ultimately be in-
tegrated within a control framework, such as Model Predictive Control or a Linear
Quadratic Regulator. Testing the estimator and controller combination will verify
if this high tracking precision successfully reduces load sway without overloading
the actuators or causing unwanted structural vibrations.
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Appendix A

Equations of Motion

A.1 Crane with a Static Base

Below are the EoMs describing the movement of a swinging lower-block for a crane
with a static base.

α̈ =
1

l

(
− 2α̇l̇ − ν̈ℓ sinβ − g sinα cosβ − ν̇2b cosα− 2ν̇ l̇ sinβ

+ ν̈b sinα sinβ − Lµ̈ sinµ cosα− β̇2ℓ sinα cosα

− Lµ̇2 cosα cosµ− Lν̇2 cosα cosµ+ Lν̈ sinα sinβ cosµ

+ ν̇2ℓ sinα cosα cos2 β + Lµ̇2 sinα sinµ cosβ

− Lµ̈ sinα cosβ cosµ− 2β̇ν̇ℓ cos2 α cosβ

− 2Lµ̇ν̇ sinα sinβ sinµ
)

(A.1)

β̈ =
1

l cosα

(
− g sinβ − ν̈b cosβ − 2β̇l̇ cosα+ Lµ̇2 sinβ sinµ

− Lµ̈ sinβ cosµ− Lν̈ cosβ cosµ+ ν̈ℓ cosα cosβ tanα

+ ν̇2ℓ sinβ cosα cosβ + 2α̇β̇ℓ cosα tanα

+ 2α̇ν̇ℓ cosα cosβ + 2Lµ̇ν̇ sinµ cosβ

+ 2ν̇ l̇ cosα cosβ tanα
)

(A.2)

A.2 Vessel-Mounted Crane

Below are the EoMs describing the movement of a swinging lower-block for a crane
mounted on a moving vessel.

α̈ =
1

l

(
− 2α̇l̇ − ν̈ℓ sinβ − ν̇2b cosα− ṗ2b cosα− 2ν̇ l̇ sinβ

+ ν̈b sinα sinβ + r̈cx sinα cosβ + r̈cz cosα cos ν

+ r̈h cosα cos ν + g sin ν sin p cosα+ ṙ2cz sinα cosβ

+ ṙ2h sinα cosβ − Lµ̈ sinµ cosα− p̈ℓ sinβ sin r − r̈ℓ cosβ cos ν

− β̇2ℓ sinα cosα− ṙ2ℓ sinα cosα− Lµ̇2 cosα cosµ
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− Lν̇2 cosα cosµ− Lṗ2 cosα cosµ− ṙ2b cosα cos2 ν

− ṗ2cx cosα cos ν − ṙ2cx cosα cos ν − ṗ2cy sin ν cosα

− 2l̇ṗ sinβ sin r − 2l̇ṙ cosβ cos ν + Lν̈ sinα sinβ cosµ

+ p̈ℓ sin ν cosβ cos r + p̈b sinα sinβ sin r + p̈cx sin ν sin r cosα

+ Lr̈ sinµ cosα cos ν + r̈b sinα cosβ cos ν + g sinα sinβ sin p cos ν

+ ν̇2ℓ sinα cosα cos2 β + ṗ2ℓ sinα cosα cos2 β

+ ṗ2ℓ sinα cosα cos2 r + Lµ̇2 sinα sinµ cosβ

+ Lṙ2 sinα sinµ cosβ + ṗ2b cosα cos2 ν cos2 r

+ ṗ2cx cosα cos ν cos2 r + ṗ2cx sinα sinβ sin ν

+ ṙ2cx sinα sinβ sin ν + ṗ2cz sinα cosβ cos2 r

+ ṗ2h sinα cosβ cos2 r − Lµ̈ sinα cosβ cosµ− p̈cy sin r cosα cos ν

− p̈cy sinα cosβ cos r − p̈cz sin ν cosα cos r − p̈h sin ν cosα cos r

− r̈cz sinα sinβ sin ν − r̈h sinα sinβ sin ν − g sin r cosα cos ν cos p

− g sinα cosβ cos p cos r − ṙ2ℓ sinβ sin ν cos ν − Lṙ2 cosα cosµ cos2 ν

− ṗ2cy sinα sinβ cos ν − 2β̇ν̇ℓ cos2 α cosβ

− 2ν̇ṗb sin r cosα+ 2ν̇ṙℓ sin ν cosβ + 2l̇ṗ sin ν cosβ cos r

+ 2ṙ2ℓ sinα cosα cos2 ν + Lp̈ sinα sinβ sin r cosµ

+ p̈cx sinα sinβ sin r cos ν + p̈cy sinα sinβ sin ν sin r

+ Lr̈ sinα cosβ cosµ cos ν + g sinα sinβ sin ν sin r cos p

+ ṗ2ℓ sinβ sin ν cos ν cos2 r + ṗ2ℓ sin r cosβ cos ν cos r

+ Lṗ2 cosα cosµ cos2 ν cos2 r + Lṗ2 sinα sinµ cosβ cos2 r

+ ṙ2b sinα sinβ sin ν cos ν + ṗ2cz sin r cosα cos ν cos r

+ ṗ2h sin r cosα cos ν cos r − Lp̈ sinµ sin ν cosα cos r

− p̈b sinα sin ν cosβ cos r − p̈cz sinα sinβ cos ν cos r

− p̈h sinα sinβ cos ν cos r − Lr̈ sinα sinβ sinµ sin ν

− ṙ2ℓ sinα cosα cos2 β cos2 ν − ṗ2cx sinα sinβ sin ν cos2 r

− ṗ2cx sinα sin r cosβ cos r − 2β̇ṗℓ sin r cos2 α cosβ

− 2β̇ṙℓ sinα sin ν cosα− 2Lµ̇ν̇ sinα sinβ sinµ

− 2Lν̇ṗ sin r cosα cosµ− 2ν̇ṙℓ sin ν cos2 α cosβ

− 2ν̇ṙb sinα sin ν cosβ − 2ṗṙℓ sinβ cos2 α cos r

− 2ṗṙℓ sinβ cos2 ν cos r − 2ṗ2ℓ sinα cosα cos2 β cos2 r

− 2ṗ2ℓ sinα cosα cos2 ν cos2 r + 2β̇ṙℓ sinβ cos2 α cos ν

+ 2Lµ̇ṙ cosα cosµ cos ν + 2ν̇ṗℓ cosβ cos ν cos r

+ 2ṗṙcx sin ν cosα cos r + 2ṗṙcz sin ν sin r cosα

+ 2ṗṙh sin ν sin r cosα+ 2ṙ2ℓ sinβ sin ν cos2 α cos ν

+ ṗ2ℓ sinα cosα cos2 β cos2 ν cos2 r + Lṗ2 sinµ sin r cosα cos ν cos r

+ Lṙ2 sinα sinβ sin ν cosµ cos ν − Lp̈ sinα sin ν cosβ cosµ cos r
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− Lp̈ sinα sinβ sinµ cos ν cos r − ṗ2b sinα sinβ sin ν cos ν cos2 r

− ṗ2b sinα sin r cosβ cos ν cos r − ṗ2cz sinα sinβ sin ν sin r cos r

− ṗ2h sinα sinβ sin ν sin r cos r − 2β̇ṗℓ sinβ sin ν cos2 α cos r

− 2β̇ṗℓ sinα cosα cos ν cos r − 2Lµ̇ṗ sin ν cosα cosµ cos r

− 2Lµ̇ṗ sinα sinβ sinµ sin r − 2Lµ̇ṙ sinα sinµ cosβ cos ν

− 2Lµ̇ṙ sinα sinβ sin ν cosµ− 2ν̇ṗℓ cos2 α cosβ cos ν cos r

− 2ν̇ṗb sinα cosβ cos ν cos r − 2Lν̇ṙ sinα sin ν cosβ cosµ

− 2ṗṙℓ sin ν sin r cos2 α cosβ − 2ṗ2ℓ sinβ sin ν cos2 α cos ν cos2 r

− 2ṗ2ℓ sin r cos2 α cosβ cos ν cos r + 2ν̇ṗℓ sinα sin r cosα cos2 β

+ 2Lṗṙ sinµ sin ν sin r cosα+ 2ṗṙb sinα sinβ cos2 ν cos r

+ 2ṗṙb sin ν cosα cos ν cos r + 2ṗṙcx sinα sinβ cos ν cos r

+ 2ṗṙcz sinα sinβ sin r cos ν + 2ṗṙh sinα sinβ sin r cos ν

+ 4ṗṙℓ sinβ cos2 α cos2 ν cos r

− Lṗ2 sinα sinβ sin ν cosµ cos ν cos2 r

− Lṗ2 sinα sin r cosβ cosµ cos ν cos r

− Lṗ2 sinα sinβ sinµ sin ν sin r cos r

− 4ṗṙℓ sinα sin ν cosα cos ν cos r

− 2Lµ̇ṗ sinα sinβ cosµ cos ν cos r

− 2Lν̇ṗ sinα cosβ cosµ cos ν cos r

− 2ν̇ṙℓ sinα sinβ cosα cosβ cos ν

+ 2Lµ̇ṗ sinα sinµ sin ν cosβ cos r

+ 2Lṗṙ sinα sinβ cosµ cos2 ν cos r

+ 2Lṗṙ sin ν cosα cosµ cos ν cos r + 2Lṗṙ sinα sinβ sinµ sin r cos ν

− 2ṗṙℓ sinα sinβ sin r cosα cosβ cos ν

+ 2ν̇ṗℓ sinα sinβ sin ν cosα cosβ cos r

+ 2ṗṙℓ sinα sin ν cosα cos2 β cos ν cos r

+ 2ṗ2ℓ sinα sinβ sin ν sin r cosα cosβ cos r
)

(A.3)

β̈ =
1

l cosα

(
r̈cx sinβ + ṙ2cz sinβ + ṙ2h sinβ − ν̈b cosβ − 2β̇l̇ cosα

+ r̈b sinβ cos ν + r̈cz sin ν cosβ + r̈h sin ν cosβ + Lµ̇2 sinβ sinµ

+ Lṙ2 sinβ sinµ+ ṗ2cy cosβ cos ν + ṗ2cz sinβ cos2 r

+ ṗ2h sinβ cos2 r − Lµ̈ sinβ cosµ− Lν̈ cosβ cosµ− p̈b sin r cosβ

− p̈cy sinβ cos r − r̈ℓ sin ν cosα− g sin p cosβ cos ν − g sinβ cos p cos r

− ṗ2cx sin ν cosβ − ṙ2cx sin ν cosβ − 2l̇ṙ sin ν cosα

+ ν̈ℓ cosα cosβ tanα+ p̈cz cosβ cos ν cos r + p̈h cosβ cos ν cos r

+ Lr̈ sinµ sin ν cosβ + Lr̈ sinβ cosµ cos ν + ν̇2ℓ sinβ cosα cosβ

+ ṗ2ℓ sinβ cosα cosβ + Lṗ2 sinβ sinµ cos2 r

+ ṗ2cx sin ν cosβ cos2 r − p̈ℓ cosα cos ν cos r − Lp̈ sin r cosβ cosµ
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− p̈b sinβ sin ν cos r − p̈cx sin r cosβ cos ν − p̈cy sin ν sin r cosβ

− g sin ν sin r cosβ cos p− ṙ2b sin ν cosβ cos ν − ṗ2cx sinβ sin r cos r

− 2ν̇ṙℓ cosα cos ν − 2ν̇ṙb sinβ sin ν − 2l̇ṗ cosα cos ν cos r

+ 2α̇β̇ℓ cosα tanα+ 2α̇ν̇ℓ cosα cosβ

+ 2Lµ̇ν̇ sinµ cosβ + 2ν̇ l̇ cosα cosβ tanα

+ p̈ℓ sin r cosα cosβ tanα+ Lp̈ sinµ cosβ cos ν cos r

+ ṗ2ℓ sin ν sin r cosα cos r + ṗ2b sin ν cosβ cos ν cos2 r

+ ṗ2cz sin ν sin r cosβ cos r + ṗ2h sin ν sin r cosβ cos r

− Lp̈ sinβ sin ν cosµ cos r − r̈ℓ sinβ cosα cos ν tanα

− ṙ2ℓ sinβ cosα cosβ cos2 ν − Lṙ2 sin ν cosβ cosµ cos ν

− ṗ2b sinβ sin r cos ν cos r − 2α̇ṙℓ sinβ cosα cos ν

− 2Lµ̇ṙ sinβ sinµ cos ν − 2ν̇ṗb sinβ cos ν cos r

− 2Lν̇ṙ sinβ sin ν cosµ− 2l̇ṙ sinβ cosα cos ν tanα

− 2ṗṙb cosβ cos2 ν cos r − 2ṗṙcx cosβ cos ν cos r

− 2ṗṙcz sin r cosβ cos ν − 2ṗṙh sin r cosβ cos ν

− 2ṗ2ℓ sinβ cosα cosβ cos2 r + 2α̇ṗℓ sin r cosα cosβ

+ 2α̇ṙℓ sin ν cosα tanα+ 2Lµ̇ṗ sinµ sin r cosβ

+ 2Lµ̇ṙ sin ν cosβ cosµ+ 2ν̇ṗℓ sin ν cosα cos r

+ 2ν̇ṙℓ cosα cos2 β cos ν + 2l̇ṗ sin r cosα cosβ tanα

+ p̈ℓ sinβ sin ν cosα cos r tanα+ ṗ2ℓ sinβ cosα cosβ cos2 ν cos2 r

+ ṙ2ℓ sin ν cosα cosβ cos ν tanα+ Lṗ2 sin ν cosβ cosµ cos ν cos2 r

+ Lṗ2 sinµ sin ν sin r cosβ cos r − Lṗ2 sinβ sin r cosµ cos ν cos r

− 2ν̇ṗℓ sin ν cosα cos2 β cos r − 2Lν̇ṗ sinβ cosµ cos ν cos r

− 2Lṗṙ cosβ cosµ cos2 ν cos r − 2Lṗṙ sinµ sin r cosβ cos ν

− 2ṗ2ℓ sin ν sin r cosα cos2 β cos r + 2α̇ṗℓ cosα cos ν cos r tanα

+ 2α̇ṗℓ sinβ sin ν cosα cos r + 2Lµ̇ṗ cosβ cosµ cos ν cos r

+ 2Lµ̇ṗ sinβ sinµ sin ν cos r + 2ν̇ṗℓ sinβ sin r cosα cosβ

+ 2ν̇ṙℓ sinβ sin ν cosα tanα+ 2l̇ṗ sinβ sin ν cosα cos r tanα

+ 2ṗṙℓ sin r cosα cos2 β cos ν + ṗ2ℓ sinβ sin r cosα cos ν cos r tanα

− ṗ2ℓ sin ν cosα cosβ cos ν cos2 r tanα

+ 2ν̇ṗℓ sinβ cosα cos ν cos r tanα

+ 2ṗṙℓ cosα cosβ cos2 ν cos r tanα

+ 2ṗṙℓ sinβ sin ν cosα cosβ cos ν cos r
)

(A.4)

A.3 Vessel-Mounted Crane with Flexible Boom

As established in Section 4.2.4, evaluating the expanded Euler-Lagrange equations
for the crane system yields a complex set of coupled, non-linear differential equa-

60



tions. To prevent the symbolic expressions from swelling further, these equations
are not solved analytically for individual coordinate accelerations. Instead, they are
factored into a matrix-vector form:

M(q)q̈ = F(q, q̇), (A.5)

where:

• q = [α, β, νf ]
T is the 3× 1 vector of generalized coordinates representing the

two sway angles and the lateral boom deflection angle, respectively.
• M(q) is the 3 × 3 symmetric mass matrix, representing the configuration-

dependent inertia properties of the system.
• F(q, q̇) is the 3 × 1 generalized forcing vector, incorporating gravitational

forces, Coriolis forces, centrifugal forces, and non-conservative generalized dis-
sipation forces.

During numerical simulation, the instantaneous accelerations are resolved at each
time step by computing q̈ = M−1F using numerical linear system solvers, bypassing
the need for a costly symbolic matrix inversion.

A.3.1 System Matrices and Vectors
The components of the mass matrix M(q) are given by the symmetric matrix:

M(q) =

M11 M12 M13

M21 M22 M23

M31 M32 M33.

 (A.6)

Due to the symmetry of the mass matrix, M12 = M21, M13 = M31, and M23 = M32.

The total generalized forcing vector F(q, q̇) is composed of the conservative and
inertial forces derived directly from the system Lagrangian (FL), combined with the
non-conservative structural damping derived via the Rayleigh dissipation function
(Fdamping):

F(q, q̇) = FL(q, q̇) + Fdamping(q̇), (A.7)

F(q, q̇) =

FL,1(q, q̇)
FL,2(q, q̇)
FL,3(q, q̇)

+

 0
0

−cf ν̇f

 . (A.8)

where FL contains the Coriolis, centrifugal, gravitational, and torsional spring stiff-
ness forces (−kfνf ). The torsional damping coefficient cf operates strictly as a
non-conservative force opposing the velocity of the boom deflection coordinate νf
in the third row.

A.4 Symbolic Expressions
The explicit, unsimplified symbolic expressions for each unique element of the mass
matrix and the Lagrangian forcing vector are detailed below:

M11 = l2m,
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M12 = 0,

M13 = Lℓm (− sinα sinβ cos νf + sin νf cosα) cosµ,

M22 = l2m cos2 α,

M23 = Lℓm cosα cosβ cosµ cos νf ,

M33 = L2 (m+mb) cos
2 µ.

Similarly, the entries of the forcing vector derived from the system Lagrangian (prior
to appending the explicit Rayleigh damping term) are defined as:

FL,1 = −ν̈l2m sinβ − 2α̇l̇ℓm− p̈l2m sinβ sin r − r̈l2m cosβ cos ν

− ν̇2bℓm cosα− ṗ2bℓm cosα− β̇2l2m sinα cosα

− ṙ2l2m sinα cosα− 2ν̇ l̇ℓm sinβ + ν̈bℓm sinα sinβ

+ p̈l2m sin ν cosβ cos r + r̈cxℓm sinα cosβ + r̈czℓm cosα cos ν

+ r̈hℓm cosα cos ν + gℓm sin ν sin p cosα+ ṙ2czℓm sinα cosβ

+ ṙ2hℓm sinα cosβ + ν̇2l2m sinα cosα cos2 β

+ ṗ2l2m sinα cosα cos2 β + ṗ2l2m sinα cosα cos2 r

− ṙ2bℓm cosα cos2 ν − ṗ2cxℓm cosα cos ν − ṙ2cxℓm cosα cos ν

− ṗ2cyℓm sin ν cosα− ṙ2l2m sinβ sin ν cos ν

− 2β̇ν̇l2m cos2 α cosβ − 2l̇ṗℓm sinβ sin r

− 2l̇ṙℓm cosβ cos ν + 2ν̇ṙl2m sin ν cosβ

+ 2ṙ2l2m sinα cosα cos2 ν + p̈bℓm sinα sinβ sin r

+ p̈cxℓm sin ν sin r cosα+ Lr̈ℓm sinµ cosα cos ν

+ r̈bℓm sinα cosβ cos ν + gℓm sinα sinβ sin p cos ν

+ Lµ̇2ℓm sinα sinµ cosβ + Lṙ2ℓm sinα sinµ cosβ

+ ṗ2bℓm cosα cos2 ν cos2 r + ṗ2cxℓm cosα cos ν cos2 r

+ ṗ2cxℓm sinα sinβ sin ν + ṙ2cxℓm sinα sinβ sin ν

+ ṗ2czℓm sinα cosβ cos2 r + ṗ2hℓm sinα cosβ cos2 r

+ ṗ2l2m sinβ sin ν cos ν cos2 r + ṗ2l2m sin r cosβ cos ν cos r

− Lµ̈ℓm sinµ cosα cos νf − Lµ̈ℓm sinα cosβ cosµ

− Lν̈ℓm sin νf cosα cosµ− p̈cyℓm sin r cosα cos ν

− p̈cyℓm sinα cosβ cos r − p̈czℓm sin ν cosα cos r

− p̈hℓm sin ν cosα cos r − r̈czℓm sinα sinβ sin ν

− r̈hℓm sinα sinβ sin ν − gℓm sin r cosα cos ν cos p− gℓm sinα cosβ cos p cos r

− Lµ̇2ℓm cosα cosµ cos νf − Lν̇f
2ℓm cosα cosµ cos νf

− Lν̇2ℓm cosα cosµ cos νf − Lṗ2ℓm cosα cosµ cos νf

− Lṙ2ℓm cosα cosµ cos νf − ṗ2cyℓm sinα sinβ cos ν

− ṙ2l2m sinα cosα cos2 β cos2 ν − 2β̇ṗl2m sin r cos2 α cosβ

− 2β̇ṙl2m sinα sin ν cosα− 2ν̇ṗbℓm sin r cosα

− 2ν̇ṙl2m sin ν cos2 α cosβ − 2ṗṙl2m sinβ cos2 α cos r
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− 2ṗṙl2m sinβ cos2 ν cos r − 2ṗ2l2m sinα cosα cos2 β cos2 r

− 2ṗ2l2m sinα cosα cos2 ν cos2 r + 2β̇ṙl2m sinβ cos2 α cos ν

+ 2ν̇ṗl2m cosβ cos ν cos r + 2l̇ṗℓm sin ν cosβ cos r

+ 2ṙ2l2m sinβ sin ν cos2 α cos ν + Lν̈ℓm sinα sinβ cosµ cos νf

+ p̈cxℓm sinα sinβ sin r cos ν + p̈cyℓm sinα sinβ sin ν sin r

+ Lr̈ℓm sinα cosβ cosµ cos (ν + νf ) + gℓm sinα sinβ sin ν sin r cos p

+ Lṗ2ℓm cosα cosµ cos νf cos
2 r + Lṗ2ℓm sinα sinµ cosβ cos2 r

+ Lṙ2ℓm sin ν sin (ν + νf ) cosα cosµ+ ṙ2bℓm sinα sinβ sin ν cos ν

+ ṗ2czℓm sin r cosα cos ν cos r + ṗ2hℓm sin r cosα cos ν cos r

+ ṗ2l2m sinα cosα cos2 β cos2 ν cos2 r

− Lµ̈ℓm sinα sinβ sinµ sin νf − Lp̈ℓm sin νf sin r cosα cosµ

− Lp̈ℓm sinµ sin ν cosα cos r − p̈bℓm sinα sin ν cosβ cos r

− p̈czℓm sinα sinβ cos ν cos r − p̈hℓm sinα sinβ cos ν cos r

− Lr̈ℓm sinα sinβ sinµ sin ν − Lµ̇2ℓm sinα sinβ sin νf cosµ

− Lν̇f
2ℓm sinα sinβ sin νf cosµ− Lν̇2ℓm sinα sinβ sin νf cosµ

− Lṗ2ℓm sinα sinβ sin νf cosµ− ṗ2cxℓm sinα sinβ sin ν cos2 r

− ṗ2cxℓm sinα sin r cosβ cos r − 2β̇ṗl2m sinβ sin ν cos2 α cos r

− 2β̇ṗl2m sinα cosα cos ν cos r − 2Lν̇f ν̇ℓm cosα cosµ cos νf

− 2ν̇ṗl2m cos2 α cosβ cos ν cos r − 2ν̇ṙbℓm sinα sin ν cosβ

− 2ṗṙl2m sin ν sin r cos2 α cosβ

− 2ṗ2l2m sinβ sin ν cos2 α cos ν cos2 r

− 2ṗ2l2m sin r cos2 α cosβ cos ν cos r + 2Lµ̇ν̇f ℓm sinµ sin νf cosα

+ 2Lµ̇ν̇ℓm sinµ sin νf cosα+ 2Lµ̇ṙℓm cosα cosµ cos ν

+ 2ν̇ṗl2m sinα sin r cosα cos2 β + 2ṗṙcxℓm sin ν cosα cos r

+ 2ṗṙczℓm sin ν sin r cosα+ 2ṗṙhℓm sin ν sin r cosα

+ 4ṗṙl2m sinβ cos2 α cos2 ν cos r

+ Lp̈ℓm sinα sinβ sin r cosµ cos νf + Lṗ2ℓm sinµ sin r cosα cos ν cos r

+ Lṙ2ℓm sinα sinβ sin ν cosµ cos (ν + νf )

− Lp̈ℓm sinα sin (ν + νf ) cosβ cosµ cos r

− Lp̈ℓm sinα sinβ sinµ cos ν cos r

− Lṗ2ℓm sin ν sin (ν + νf ) cosα cosµ cos2 r

− ṗ2bℓm sinα sinβ sin ν cos ν cos2 r − ṗ2bℓm sinα sin r cosβ cos ν cos r

− ṗ2czℓm sinα sinβ sin ν sin r cos r − ṗ2hℓm sinα sinβ sin ν sin r cos r

− 4ṗṙl2m sinα sin ν cosα cos ν cos r

− 2Lµ̇ν̇f ℓm sinα sinβ sinµ cos νf

− 2Lµ̇ν̇ℓm sinα sinβ sinµ cos νf − 2Lµ̇ṗℓm sin ν cosα cosµ cos r

− 2Lµ̇ṙℓm sinα sinµ cosβ cos (ν + νf )

− 2Lµ̇ṙℓm sinα sinβ sin ν cosµ
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− 2Lν̇f ν̇ℓm sinα sinβ sin νf cosµ

− 2Lν̇f ṗℓm sin r cosα cosµ cos νf

− 2Lν̇f ṙℓm sinα sin (ν + νf ) cosβ cosµ

− 2Lν̇ṗℓm sin r cosα cosµ cos νf − 2ν̇ṗbℓm sinα cosβ cos ν cos r

− 2Lν̇ṙℓm sinα sin (ν + νf ) cosβ cosµ

− 2ν̇ṙl2m sinα sinβ cosα cosβ cos ν

+ 2Lµ̇ṗℓm sinµ sin νf sin r cosα+ 2Lṗṙℓm sinµ sin ν sin r cosα

+ 2ṗṙbℓm sinα sinβ cos2 ν cos r + 2ṗṙbℓm sin ν cosα cos ν cos r

+ 2ṗṙcxℓm sinα sinβ cos ν cos r + 2ṗṙczℓm sinα sinβ sin r cos ν

+ 2ṗṙhℓm sinα sinβ sin r cos ν

− Lṗ2ℓm sinα sinβ sin ν cosµ cos2 r cos (ν + νf )

− Lṗ2ℓm sinα sin r cosβ cosµ cos r cos (ν + νf )

− Lṗ2ℓm sinα sinβ sinµ sin ν sin r cos r

− 2Lµ̇ṗℓm sinα sinβ cosµ cos ν cos r

− 2Lµ̇ṗℓm sinα sinβ sinµ sin r cos νf

− 2Lν̇f ṗℓm sinα cosβ cosµ cos r cos (ν + νf )

− 2Lν̇f ṗℓm sinα sinβ sin νf sin r cosµ

− 2Lν̇ṗℓm sinα cosβ cosµ cos r cos (ν + νf )

− 2Lν̇ṗℓm sinα sinβ sin νf sin r cosµ

− 2ṗṙl2m sinα sinβ sin r cosα cosβ cos ν

+ 2Lµ̇ṗℓm sinα sinµ sin (ν + νf ) cosβ cos r

+ 2ν̇ṗl2m sinα sinβ sin ν cosα cosβ cos r

+ 2Lṗṙℓm sin ν cosα cosµ cos r cos (ν + νf )

+ 2Lṗṙℓm sinα sinβ cosµ cos νf cos r

+ 2Lṗṙℓm sinα sinβ sinµ sin r cos ν

+ 2ṗṙl2m sinα sin ν cosα cos2 β cos ν cos r

+ 2ṗ2l2m sinα sinβ sin ν sin r cosα cosβ cos r

− 2Lṗṙℓm sinα sinβ sin ν sin (ν + νf ) cosµ cos r,

FL,2 = −r̈l2m sin ν cos2 α− 2β̇l̇ℓm cos2 α+ ν̈l2m sinα cosα cosβ

+ r̈cxℓm sinβ cosα+ ṙ2czℓm sinβ cosα+ ṙ2hℓm sinβ cosα

+ ν̇2l2m sinβ cos2 α cosβ + ṗ2l2m sinβ cos2 α cosβ

− ν̈bℓm cosα cosβ − p̈l2m cos2 α cos ν cos r

− 2ν̇ṙl2m cos2 α cos ν − 2l̇ṙℓm sin ν cos2 α

+ 2α̇β̇l2m sinα cosα+ 2α̇ν̇l2m cos2 α cosβ

+ p̈l2m sinα sin r cosα cosβ + r̈bℓm sinβ cosα cos ν

+ r̈czℓm sin ν cosα cosβ + r̈hℓm sin ν cosα cosβ

+ Lµ̇2ℓm sinβ sinµ cosα+ Lṙ2ℓm sinβ sinµ cosα

+ ṗ2cyℓm cosα cosβ cos ν + ṗ2czℓm sinβ cosα cos2 r
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+ ṗ2hℓm sinβ cosα cos2 r + ṗ2l2m sin ν sin r cos2 α cos r

− Lµ̈ℓm sinβ cosα cosµ− p̈bℓm sin r cosα cosβ

− p̈cyℓm sinβ cosα cos r − r̈l2m sinα sinβ cosα cos ν

− gℓm sin p cosα cosβ cos ν − gℓm sinβ cosα cos p cos r

− ṗ2cxℓm sin ν cosα cosβ − ṙ2cxℓm sin ν cosα cosβ

− ṙ2l2m sinβ cos2 α cosβ cos2 ν − 2α̇ṙl2m sinβ cos2 α cos ν

− 2l̇ṗℓm cos2 α cos ν cos r − 2ṗ2l2m sinβ cos2 α cosβ cos2 r

+ 2α̇ṗl2m sin r cos2 α cosβ + 2α̇ṙl2m sinα sin ν cosα

+ 2ν̇ l̇ℓm sinα cosα cosβ + 2ν̇ṗl2m sin ν cos2 α cos r

+ 2ν̇ṙl2m cos2 α cos2 β cos ν + Lµ̈ℓm sinµ sin νf cosα cosβ

+ p̈czℓm cosα cosβ cos ν cos r + p̈hℓm cosα cosβ cos ν cos r

+ p̈l2m sinα sinβ sin ν cosα cos r + Lr̈ℓm sinµ sin ν cosα cosβ

+ Lr̈ℓm sinβ cosα cosµ cos (ν + νf )

+ Lµ̇2ℓm sin νf cosα cosβ cosµ+ Lν̇f
2ℓm sin νf cosα cosβ cosµ

+ Lν̇2ℓm sin νf cosα cosβ cosµ+ Lṗ2ℓm sinβ sinµ cosα cos2 r

+ Lṗ2ℓm sin νf cosα cosβ cosµ+ ṗ2cxℓm sin ν cosα cosβ cos2 r

+ ṗ2l2m sinβ cos2 α cosβ cos2 ν cos2 r

+ ṙ2l2m sinα sin ν cosα cosβ cos ν − Lν̈ℓm cosα cosβ cosµ cos νf

− p̈bℓm sinβ sin ν cosα cos r − p̈cxℓm sin r cosα cosβ cos ν

− p̈cyℓm sin ν sin r cosα cosβ − gℓm sin ν sin r cosα cosβ cos p

− ṙ2bℓm sin ν cosα cosβ cos ν − ṗ2cxℓm sinβ sin r cosα cos r

− 2ν̇ṗl2m sin ν cos2 α cos2 β cos r − 2ν̇ṙbℓm sinβ sin ν cosα

− 2l̇ṙℓm sinα sinβ cosα cos ν

− 2ṗ2l2m sin ν sin r cos2 α cos2 β cos r

+ 2α̇ṗl2m sinβ sin ν cos2 α cos r

+ 2α̇ṗl2m sinα cosα cos ν cos r

+ 2ν̇ṗl2m sinβ sin r cos2 α cosβ

+ 2ν̇ṙl2m sinα sinβ sin ν cosα+ 2l̇ṗℓm sinα sin r cosα cosβ

+ 2ṗṙl2m sin r cos2 α cos2 β cos ν + Lp̈ℓm sinµ cosα cosβ cos ν cos r

+ ṗ2bℓm sin ν cosα cosβ cos ν cos2 r

+ ṗ2czℓm sin ν sin r cosα cosβ cos r + ṗ2hℓm sin ν sin r cosα cosβ cos r

+ ṗ2l2m sinα sinβ sin r cosα cos ν cos r

− Lp̈ℓm sin r cosα cosβ cosµ cos νf

− Lp̈ℓm sinβ sin (ν + νf ) cosα cosµ cos r

− Lṙ2ℓm sin ν cosα cosβ cosµ cos (ν + νf )

− ṗ2bℓm sinβ sin r cosα cos ν cos r

− ṗ2l2m sinα sin ν cosα cosβ cos ν cos2 r
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− 2Lµ̇ṙℓm sinβ sinµ cosα cos (ν + νf )

− 2Lν̇f ṙℓm sinβ sin (ν + νf ) cosα cosµ

− 2ν̇ṗbℓm sinβ cosα cos ν cos r

− 2Lν̇ṙℓm sinβ sin (ν + νf ) cosα cosµ

− 2ṗṙbℓm cosα cosβ cos2 ν cos r − 2ṗṙcxℓm cosα cosβ cos ν cos r

− 2ṗṙczℓm sin r cosα cosβ cos ν − 2ṗṙhℓm sin r cosα cosβ cos ν

+ 2Lµ̇ν̇f ℓm sinµ cosα cosβ cos νf

+ 2Lµ̇ν̇ℓm sinµ cosα cosβ cos νf + 2Lµ̇ṙℓm sin ν cosα cosβ cosµ

+ 2Lν̇f ν̇ℓm sin νf cosα cosβ cosµ

+ 2ν̇ṗl2m sinα sinβ cosα cos ν cos r

+ 2l̇ṗℓm sinα sinβ sin ν cosα cos r

+ 2ṗṙl2m sinα cosα cosβ cos2 ν cos r

+ Lṗ2ℓm sin ν cosα cosβ cosµ cos2 r cos (ν + νf )

+ Lṗ2ℓm sinµ sin ν sin r cosα cosβ cos r

− Lṗ2ℓm sinβ sin r cosα cosµ cos r cos (ν + νf )

− 2Lν̇f ṗℓm sinβ cosα cosµ cos r cos (ν + νf )

− 2Lν̇ṗℓm sinβ cosα cosµ cos r cos (ν + νf )

− 2Lṗṙℓm cosα cosβ cosµ cos νf cos r

− 2Lṗṙℓm sinµ sin r cosα cosβ cos ν

+ 2Lµ̇ṗℓm cosα cosβ cosµ cos ν cos r

+ 2Lµ̇ṗℓm sinµ sin r cosα cosβ cos νf

+ 2Lµ̇ṗℓm sinβ sinµ sin (ν + νf ) cosα cos r

+ 2Lν̇f ṗℓm sin νf sin r cosα cosβ cosµ

+ 2Lν̇ṗℓm sin νf sin r cosα cosβ cosµ

+ 2ṗṙl2m sinβ sin ν cos2 α cosβ cos ν cos r

+ 2Lṗṙℓm sin ν sin (ν + νf ) cosα cosβ cosµ cos r,

FL,3 = −ν̇fcf − νfkf − L2ν̈m cos2 µ− L2ν̈mb cos
2 µ

− L2p̈m sin r cos2 µ− L2p̈mb sin r cos
2 µ

+ Lr̈czm sin (ν + νf ) cosµ+ Lr̈hm sin (ν + νf ) cosµ

+ L2r̈m sinµ sin (ν + νf ) cosµ+ Lr̈czmb sin (ν + νf ) cosµ

+ Lr̈hmb sin (ν + νf ) cosµ+ L2r̈mb sinµ sin (ν + νf ) cosµ

+ Lṗ2cym cosµ cos (ν + νf ) + Lṗ2cymb cosµ cos (ν + νf )

− Lν̈bm cosµ cos νf − Lν̈bmb cosµ cos νf − Ll̈m sinα sin νf cosµ

− Lgm sin p cosµ cos (ν + νf )− Lgmb sin p cosµ cos (ν + νf )

− Lν̇2bm sin νf cosµ− Lṗ2bm sin νf cosµ− Lṙ2bm sin νf cosµ

− Lṗ2cxm sin (ν + νf ) cosµ− Lṙ2cxm sin (ν + νf ) cosµ

− L2ṙ2m sin ν cos2 µ cos ν − L2ṙ2m sin νf cos
2 µ cos νf

− Lν̇2bmb sin νf cosµ− Lṗ2bmb sin νf cosµ− Lṙ2bmb sin νf cosµ
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− Lṗ2cxmb sin (ν + νf ) cosµ− Lṙ2cxmb sin (ν + νf ) cosµ

− L2ṙ2mb sin ν cos
2 µ cos ν − L2ṙ2mb sin νf cos

2 µ cos νf

+ 2L2µ̇ν̇fm sinµ cosµ+ 2L2µ̇ν̇fmb sinµ cosµ

+ 2L2µ̇ν̇m sinµ cosµ+ 2L2µ̇ν̇mb sinµ cosµ

+ 2L2µ̇ṙm sin (ν + νf ) cos
2 µ

+ 2L2µ̇ṙmb sin (ν + νf ) cos
2 µ+ 2L2ṗṙm cos2 µ cos r

+ 2L2ṗṙmb cos
2 µ cos r + Lν̈ℓm sinα cosµ cos νf

+ Lp̈czm cosµ cos r cos (ν + νf ) + Lp̈hm cosµ cos r cos (ν + νf )

+ L2p̈m sinµ cosµ cos r cos (ν + νf )

+ Lp̈czmb cosµ cos r cos (ν + νf ) + Lp̈hmb cosµ cos r cos (ν + νf )

+ L2p̈mb sinµ cosµ cos r cos (ν + νf ) + Lα̇2ℓm sinα sin νf cosµ

+ Lν̇2ℓm sinα sin νf cosµ+ Lṗ2ℓm sinα sin νf cosµ

+ Lṙ2ℓm sinα sin νf cosµ+ Lṗ2bm sin νf cosµ cos2 r

+ Lṗ2cxm sin (ν + νf ) cosµ cos2 r + L2ṗ2m sin ν cos2 µ cos ν cos2 r

+ L2ṗ2m sin νf cos
2 µ cos νf cos

2 r + Lṗ2bmb sin νf cosµ cos2 r

+ Lṗ2cxmb sin (ν + νf ) cosµ cos2 r

+ L2ṗ2mb sin ν cos
2 µ cos ν cos2 r

+ L2ṗ2mb sin νf cos
2 µ cos νf cos

2 r − Ll̈m sinβ cosα cosµ cos νf

− Lp̈bm sin r cosµ cos νf − Lp̈cxm sin r cosµ cos (ν + νf )

− Lp̈cym sin r sin (ν + νf ) cosµ− Lp̈bmb sin r cosµ cos νf

− Lp̈cxmb sin r cosµ cos (ν + νf )

− Lp̈cymb sin r sin (ν + νf ) cosµ− Lgm sin r sin (ν + νf ) cosµ cos p

− Lgmb sin r sin (ν + νf ) cosµ cos p− Lṙ2bm sin ν cosµ cos (ν + νf )

− Lṙ2bmb sin ν cosµ cos (ν + νf )− 2Lα̇l̇m sin νf cosα cosµ

− 2L2ṗṙm cos2 µ cos2 ν cos r − 2L2ṗṙm cos2 µ cos2 νf cos r

− 2L2ṗṙmb cos
2 µ cos2 ν cos r − 2L2ṗṙmb cos

2 µ cos2 νf cos r

+ 2L2µ̇ṗm cos2 µ cos r cos (ν + νf ) + 2L2µ̇ṗm sinµ sin r cosµ

+ 2L2µ̇ṗmb cos
2 µ cos r cos (ν + νf )

+ 2L2µ̇ṗmb sinµ sin r cosµ+ 2Lν̇l̇m sinα cosµ cos νf

+ 2L2ṙ2m sin ν sin νf sin (ν + νf ) cos
2 µ

+ 2L2ṙ2mb sin ν sin νf sin (ν + νf ) cos
2 µ

+ Lp̈ℓm sinα sin r cosµ cos νf + Lα̇2ℓm sinβ cosα cosµ cos νf

+ Lβ̇2ℓm sinβ cosα cosµ cos νf + Lν̇2ℓm sinβ cosα cosµ cos νf

+ Lṗ2ℓm sinβ cosα cosµ cos νf

+ Lṙ2ℓm sinα sin ν cosµ cos (ν + νf )

+ Lṗ2bm sin ν cosµ cos2 r cos (ν + νf )

+ Lṗ2czm sin r sin (ν + νf ) cosµ cos r
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+ Lṗ2hm sin r sin (ν + νf ) cosµ cos r

+ L2ṗ2m sinµ sin r sin (ν + νf ) cosµ cos r

+ Lṗ2bmb sin ν cosµ cos2 r cos (ν + νf )

+ Lṗ2czmb sin r sin (ν + νf ) cosµ cos r

+ Lṗ2hmb sin r sin (ν + νf ) cosµ cos r

+ L2ṗ2mb sinµ sin r sin (ν + νf ) cosµ cos r

− Lν̈ℓm sinβ sin νf cosα cosµ

− Lr̈ℓm sin (ν + νf ) cosα cosβ cosµ

− Lṗ2ℓm sinα sin νf cosµ cos2 r − 2Lβ̇l̇m cosα cosβ cosµ cos νf

− 2Lν̇l̇m sinβ sin νf cosα cosµ− 2Lν̇ṗbm sin νf sin r cosµ

− 2Lν̇ṗbmb sin νf sin r cosµ

− 2Ll̇ṙm sin (ν + νf ) cosα cosβ cosµ− 2Lṗṙbm cosµ cos νf cos r

− 2Lṗṙcxm cosµ cos r cos (ν + νf )

− 2Lṗṙczm sin r cosµ cos (ν + νf )

− 2Lṗṙhm sin r cosµ cos (ν + νf )

− 2L2ṗṙm sinµ sin r cosµ cos (ν + νf )− 2Lṗṙbmb cosµ cos νf cos r

− 2Lṗṙcxmb cosµ cos r cos (ν + νf )

− 2Lṗṙczmb sin r cosµ cos (ν + νf )

− 2Lṗṙhmb sin r cosµ cos (ν + νf )

− 2L2ṗṙmb sinµ sin r cosµ cos (ν + νf )

− 2L2ṗ2m sin ν sin νf sin (ν + νf ) cos
2 µ cos2 r

− 2L2ṗ2mb sin ν sin νf sin (ν + νf ) cos
2 µ cos2 r

+ 2Lα̇ν̇ℓm cosα cosµ cos νf + 2Lα̇l̇m sinα sinβ cosµ cos νf

+ 2Ll̇ṗm sinα sin r cosµ cos νf

+ Lṙ2ℓm sinβ sin ν sin (ν + νf ) cosα cosµ

− Lp̈ℓm cosα cosβ cosµ cos r cos (ν + νf )

− Lp̈ℓm sinβ sin νf sin r cosα cosµ

− Lṗ2ℓm sinα sin ν cosµ cos2 r cos (ν + νf )

− 2Lβ̇ν̇ℓm sin νf cosα cosβ cosµ

− 2Ll̇ṗm cosα cosβ cosµ cos r cos (ν + νf )

− 2Ll̇ṗm sinβ sin νf sin r cosα cosµ

+ 2Lα̇β̇ℓm sinα cosβ cosµ cos νf

+ 2Lα̇ν̇ℓm sinα sinβ sin νf cosµ

+ 2Lα̇ṗℓm sin r cosα cosµ cos νf

+ 2Lα̇ṙℓm sinα sin (ν + νf ) cosβ cosµ

+ 2Lβ̇ṙℓm sinβ sin (ν + νf ) cosα cosµ

+ 2Lν̇ṗℓm sinα sin νf sin r cosµ+ 2Lṗṙℓm sinα cosµ cos νf cos r

+ 2Lṗṙbm sin ν sin (ν + νf ) cosµ cos r
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+ 2Lṗṙbmb sin ν sin (ν + νf ) cosµ cos r

+ 4L2ṗṙm sin ν sin νf cos
2 µ cos r cos (ν + νf )

+ 4L2ṗṙmb sin ν sin νf cos
2 µ cos r cos (ν + νf )

− Lṗ2ℓm sinβ sin ν sin (ν + νf ) cosα cosµ cos2 r

− Lṗ2ℓm sin r sin (ν + νf ) cosα cosβ cosµ cos r

− 2Lβ̇ṗℓm sin νf sin r cosα cosβ cosµ

− 2Lṗṙℓm sinα sin ν sin (ν + νf ) cosµ cos r

+ 2Lα̇ṗℓm sinα cosβ cosµ cos r cos (ν + νf )

+ 2Lα̇ṗℓm sinα sinβ sin νf sin r cosµ

+ 2Lβ̇ṗℓm sinβ cosα cosµ cos r cos (ν + νf )

+ 2Lν̇ṗℓm sinβ sin r cosα cosµ cos νf

+ 2Lṗṙℓm sin r cosα cosβ cosµ cos (ν + νf )

+ 2Lṗṙℓm sinβ sin ν cosα cosµ cos r cos (ν + νf ).
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Appendix B

Symbolic Dynamics Calculator

To eliminate the tedious and error-prone nature of manual analytical derivations,
a framework was developed in Python using the SymPy symbolic mathematics lib-
rary [46]. The framework automates the kinematic chain configuration, frame trans-
formations, velocity derivations, and energy formulations required to compute the
complex system matrices across diverse operational configurations. Ultimately, it
utilizes an automated code-generation pipeline to export optimized, execution-ready
equations directly compatible with Python, MATLAB/Simulink, and LATEX type-
setting engines.

B.1 Kinematic Chain and Reference Frame Archi-
tecture

The software structures the vessel–crane–load system as a series of sequential refer-
ence frames and relative position vectors, following the configuration established in
Section 3.3 and Section 4.2. The four distinct reference systems (Inertial Frame, Ves-
sel Frame, Crane Frame, and Load Frame) are implemented using the Reference-
Frame class within SymPy’s mechanics module.

Position vectors mapping the distances between joint links are defined using sym-
bolic parameters. The kinematic chain starts at the inertial origin O, maps to
the vessel-mounted crane base via offset constants (cx, cy, cz), continues through
the vertical mast height (h) and mast-boom offset (b), tracks the boom length (L)
with the structural deflection angle (νf ), and terminates at the lower-block via the
wire rope length (ℓ). Linear and angular velocities are automatically resolved by
evaluating symbolic time derivatives relative to the designated inertial frame using
build-in differentiation methods.

B.2 Multi-Configurational Design (Dynamics Level)

To verify the symbolic derivation pipeline, the calculator implements a modular,
scalable architecture governed by a DynamicsLevel enumeration. This allows the
software to scale systematically from a basic static pendulum up to the full vessel-
mounted flexible-boom model:
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class DynamicsLevel(Enum):
StaticBasePendulum = 0
StaticBaseCrane = 1
StaticPitchRoll = 2
Vessel = 3
StaticBaseCraneFlexibleBoom = 4
StaticPitchRollFlexibleBoom = 5
VesselFlexibleBoom = 6

Conditional logic within the framework determines whether parameters such as
luffing (µ), slewing (ν), rope length (ℓ), and vessel wave states (p, r) are treated
as static constants or time-variant dynamicsymbols. This capability enables the
validation of individual mechanical phenomena during system development.

B.3 Symbolic Matrix Extraction
Once the positions and velocities are fully established, the framework calls a gen-
eralized Euler-Lagrange solver method. This method formulates the global system
Lagrangian by isolating the kinetic and potential energies of both the lower-block
point mass and the concentrated boom tip mass.

Rather than executing a computationally expensive analytical matrix inversion sym-
bolically, the calculator extracts and isolates the equations directly into a configu-
ration-dependent mass matrix M(q) and a generalized forcing vector F(q, q̇) (see
Appendix A.3 for the mathematical details). The resulting symbolic structures are
passed to algebraic simplification algorithms, applying SymPy’s trigsimp, expand,
and factor methods to eliminate redundant trigonometric expressions and collect
matching groupings. The finalized matrices are subsequently parsed by an auto-
mated translation function that maps pythonic syntax (such as ** for powers) to
target-compliant syntax (such as ˆ) while organizing the raw expressions into struc-
tured math blocks.

B.4 Computational Optimization via Common Sub-
expression Elimination

A core contribution of the scripting pipeline is the automation of real-time deploy-
ment code preparation. Raw, unoptimized symbolic expressions for the flexible-
boom configuration easily expand into thousands of individual floating-point oper-
ations. This makes direct numerical evaluation within high-frequency estimation
loops computationally heavy due to CPU overhead constraints.

When the factorization pipeline is enabled, the flattened matrix structures are
passed into a specialized Common Subexpression Elimination (CSE) method. This
optimization algorithm parses the global execution tree to detect repeating algeb-
raic combinations, extracting them into a sequential array of temporary interme-
diate cache variables which are subsequently substituted back into the terminal
system matrices. Crucially, the routine overrides default automated simplification
behaviors by filtering out and rejecting trivial replacements where a temporary vari-
able is assigned to a basic constant, a base dynamic symbol, or a first-order time
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derivative. This structural filtering reduces the overall floating-point operational
count, turning complex symbolic formulations into high-efficiency functions ready
for compilation.

73



74



Appendix C

MATLAB Implementation
Framework

To evaluate the state estimation algorithms under controlled conditions, a simu-
lation and filtering environment was developed within MATLAB/Simulink. This
framework is responsible for propagating the continuous-time system dynamics to
generate the system ground truth, emulating physical sensors, and executing the
discrete state estimation filters.

The entire simulation workspace is initialized and managed via an automated set
of auxiliary MATLAB scripts. Prior to model execution, an initialization script
defines the structural geometric and mass parameters, compiles the physical sensor
variances into a global environment structure, and initializes the filter covariance
matrices (P0, Q, and R). Furthermore, to bridge the gap between symbolic deriv-
ation and numerical execution, the complex mass matrices M(x) and generalized
forcing vectors F(x) generated by the symbolic tool (Appendix B) are automatically
parsed into optimized MATLAB code, preventing manual transcription errors.

All continuous-time integrations within the system subsystems are executed using a
fixed-step fourth-order Runge-Kutta numerical solver (ode4) with a base simulation
step size of ∆tsim = 0.005 s (200Hz).

C.1 Simulink Subsystem Topology

The Simulink model architecture is structured into modular subsystems to decouple
the environmental physics from the discrete estimation algorithms. This modular
layout simplifies the debugging process and provides a clean interface for executing
comparative tracking studies.

Figure C.1 illustrates the complete top-level data loop inside the Simulink canvas.
The process moves sequentially through five major operational phases: continuous
state propagation, true 3D lower-block coordinate calculation, sensor emulation,
discrete state estimation, and estimated 3D lower-block coordinate calculation.
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Figure C.1: Global top-level Simulink architecture, illustrating the rout-
ing between the continuous-time plant, true 3D lower-block coordinate
calculation, measurement emulation, discrete filter blocks, and estimated
3D lower-block coordinate calculation.

C.1.1 Ground Truth Data Generation
The ground truth generation subsystem acts as the virtual physical system, comput-
ing the continuous-time evolution of the vessel–crane–load system. State propaga-
tion relies on the numerical integration of a non-linear, state-space formulation:

ẋ = f(x). (C.1)

To ensure code reusability and eliminate any mathematical differences between the
true system physics and the internal filter models, an identical state-space structure
is utilized across both the ground truth simulation and the estimation algorithms.
Within this unified architecture, the global state vector x is augmented to include
the drive and wave accelerations (µ̈, ν̈, ℓ̈, p̈, r̈) as internal states. While the estim-
ators model these unmeasured acceleration dynamics, the ground truth subsystem
handles them deterministically by directly overriding these specific elements inside
the state vector with prescribed profiles before evaluating the equations.

As shown in Figure C.2, the subsystem groups these equations within a Dynamics
block, which can be toggled between the rigid crane model and the flexible-boom
model. This block evaluates the system dynamics to output the state derivative
vector ẋ, which is subsequently passed through a continuous integrator block (1/s)
to resolve the state vector x for the next integration step.

Simultaneously, a deterministic Scenario block reads predefined time series of the
five acceleration profiles from an external file. A localized function block streams
these values directly into the integration loop to overwrite the acceleration states,
ensuring that the continuous integration is driven by a physically consistent, pre-
defined reference trajectory.

C.1.2 Forward Kinematics and Metric Extracti
Prior to executing the sensor emulation stage, the uncorrupted physical quantities
tracked by the sensors must be extracted from the continuous state vector x. This
extraction is handled inside the forward kinematics subsystem shown in Figure C.3.

This subsystem contains the structural transformations required to translate the
states into physical positions and orientations. An embedded MATLAB function
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Figure C.2: Internal topology of the ground truth generation subsystem,
showing the continuous integrator feedback loop driven by prescribed
input acceleration profiles.

Figure C.3: Forward kinematics extraction subsystem layout, using em-
bedded MATLAB functions to resolve true 3D Cartesian tracking para-
meters, crane orientations, and vessel pose from the state vector.

block computes the real-world 3D Cartesian coordinates of the system, outputting
the absolute and relative positions and velocities of the suspended lower-block. Con-
currently, the measurement models are used to output the real-time crane pose and
vessel pose. These raw, ideal signals serve as the true inputs for the measurement
emulation and data-logging components.

C.1.3 Sensor Emulation

The sensor emulation subsystem distorts the measured values to accurately mimic
the physical limitations and imperfections of real-world instrumentation. This block
models hardware measurement uncertainties and introduces discrete time-sampling
bounds.

As illustrated in Figure C.4, the raw position, crane pose, and vessel orientation
signals are routed into parallel instrumentation channels. Each channel corrupts
the true signal by adding Gaussian noise. The continuous noise profiles are gen-
erated using Simulink Band-Limited White Noise blocks. To maintain physical
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Figure C.4: Detailed sensor emulation pipeline showing the injection of
the Band-Limited White Noise combined with discrete Zero-Order Hold
sampling blocks.

consistency when changes are made to the numerical solver step size, the internal
noise power spectral density parameter P is explicitly scaled within the block con-
figuration based on the targeted sensor variance σ2 and the specific block execution
period ∆t according to the analytical relationship:

P = σ2 ·∆t. (C.2)

Following noise injection, the corrupted continuous signals are passed through Zero-
Order Hold (ZOH) blocks. These blocks sample the continuous data streams to
physical operating frequencies (e.g., 20Hz or 100Hz ranges depending on the sensor
characteristics), generating the discrete measurement profiles that are ultimately
used by the discrete filtering algorithms.

C.1.4 State Estimation Subsystem
The discrete, noisy measurement streams are fed directly into the state estimation
subsystem, which contains the implementations of the filtering frameworks.

As depicted in Figure C.5, the subsystem is organized into an itemized model matrix
containing four independent filtering configurations: the EKF tracking rigid crane
dynamics, the UKF tracking rigid crane dynamics, the EKF tracking flexible-boom
dynamics, and the UKF tracking flexible-boom dynamics. This multi-model layout
allows the user to route active signals to any desired filter block configuration.
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Figure C.5: State estimation block matrix, showing the modular subsys-
tem routing for evaluating EKF and UKF performance variants under
matching or mismatched plant models.

Crucially, the internal non-linear process model embedded within the filter blocks
can be selected independently of the system model selected in the ground truth
generation stage (Section C.1.1). This decoupling provides a tool for analyzing filter
performance and robustness under conditions of structural model mismatch, such
as running a rigid-body estimator configuration while the true system simulation is
experiencing elastic boom deflection.

C.1.5 Forward Kinematics of the Estimation

Because the ultimate metrics of interest, namely the positioning accuracy and velo-
city tracking of the suspended lower-block, are real-world 3D Cartesian coordinates
rather than direct entries in the system’s state vector, a final reconstruction step is
required.

The forward kinematics estimation subsystem maps the discrete, filtered state es-
timate vector x̂ output by the estimator block back into 3D space. By evaluating
the relative frame translations and rotation chains established in Chapter 4, this
block computes the estimated absolute inertial position, relative position, absolute
velocity, and relative velocity of the lower-block.
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C.1.6 Constants and Data Logging Pipelines

To maintain a clean and readable model canvas, auxiliary tasks like parameter rout-
ing and dataset compilation are isolated into dedicated support blocks.

Figure C.6 displays the internal layouts of these auxiliary subsystems. Figure C.6(a)
highlights the constants vector serialization routine, which bundles individual sys-
tem parameters (such as gravity g, sample period Ts, mass properties m and mb,
geometric offsets L, b, h, cx, cy, cz, and flexibility coefficients kf , cf ) into a single
structural bus variable. This bus can be distributed cleanly across the canvas
without cluttering the model layout with cross-cutting signal lines.

Figure C.6(b) shows the configuration of the data logger subsystem. This block ag-
gregates the true system state trajectories, estimated state streams, and calculated
3D tracking metrics into a unified multi-channel bus. This bus is routed to a loc-
alized To Workspace (out.data) logging block, which caches the time histories in
the MATLAB workspace. This cached data is then exported to standardized data
formats for analysis and 3D rendering within the Python visualization framework
(Appendix D).

C.2 Automation and Post-Processing Pipeline

To ensure complete experimental reproducibility and eliminate manual configura-
tion overhead, the graphical Simulink framework is backed by an automated pro-
grammatic scripting pipeline developed in MATLAB. This underlying software layer
acts as an execution engine that manages the simulation lifecycle across four dis-
tinct operational phases: workspace parameterization, input profile preprocessing,
multi-dimensional batch simulation, and transient-filtered metric extraction.

C.2.1 Workspace Initialization and Filter Parameterization

Before the numerical solver executes the model, a centralized initialization script
constructs the complete MATLAB workspace environment. Rather than hard-
coding physical properties, the script utilizes a structured data-ingestion pipeline
that reads standardized JSON scenario files. It parses these configuration profiles
to extract the system’s geometric constants (L, b, h), mass properties (m, mb),
crane-base coordinate offsets (cx, cy, cz), and localized boom elasticity character-
istics (kf , cf ).

In addition to defining the deterministic plant variables, this initialization script
configures the stochastic state-space properties required by the discrete estimators.
It sets up the initial error covariance matrix P0, the measurement noise covariance
matrix R, and the discrete-time process noise covariance matrix Q, as explained in
Section 4.6.2.

C.2.2 Automated Batch Simulation Execution Engine

To evaluate and compare the state estimators under a wide range of operational
conditions, a master batch simulation script was developed. This script replaces
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(a) Constants vector serialization. (b) Data logger aggregation bus.

Figure C.6: Auxiliary subsystems layout, illustrating the automated mat-
rix parameters serialization block and the consolidated real-time dataset
logging pipeline.

manual model execution with a fully automated, multi-loop parameter sweep.

The batch engine contains an execution loop that makes use of four nested testing
dimensions:

• Scenario Configuration Profile: Iterates through diverse environmental
operational paths (e.g., pure hoisting, coupled slewing-luffing, and active
multi-axis wave disturbances).

• System Dynamics Model: Toggles the true underlying system generation
block between the rigid crane configuration and the flexible-boom configura-
tion.

• Estimator Algorithm Selection: Switches the active filtering block archi-
tecture between the EKF and the UKF.

• Estimator Process Model Configuration: Toggles the internal process
model embedded within the filter between rigid equations and flexible equa-
tions.

During each iteration, the script updates the model’s simulation options parameter
structure, executes the core command sim(model_name, options), isolates the
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resulting time histories from the output structures, and routes them to the post-
processing pipeline. This automated execution loop is essential for analyzing filter
response and tracking performance under structural model mismatches.

C.2.3 Metric Calculation and Data Serialization
Once a simulation run concludes, the raw time histories are processed by a dedic-
ated statistical analysis script to evaluate tracking performance.

When an estimator is initialized, it typically experiences a brief initialization tran-
sient as the state estimates x̂ converge from their initial guesses toward the true
system states x. To prevent these large, temporary initial errors from biasing the
steady-state performance metrics, the script applies a filter that discards the first
5 seconds of simulation time. Using this dataset, the script computes two primary
statistical performance metrics: the RMSE (see (5.1)) and the MaxAE (see (5.2)).

The calculated tracking statistics are compiled into data tables within the MATLAB
workspace, allowing for rapid performance comparisons between the EKF and UKF
architectures. Finally, an export script flattens the multi-channel data streams
into structured, comma-separated value (CSV) files. These files can be used by
the Python visualization tool (Appendix D) for 3D trajectory rendering and visual
analysis.
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Appendix D

Equation of Motion Visualizer
Framework

To verify the analytical derivations of the EoMs, a 3D visualization tool was de-
veloped in Python. This tool implements the geometric constraints of the vessel-
mounted offshore crane system.

The Python framework served two main purposes during development. First, it fa-
cilitated the visual validation of whether the derived EoMs exhibited physically con-
sistent behavior under wave disturbances. Because the equations are too complex
for direct analytical interpretation, and the implementation of an external phys-
ics engine was infeasible within the project’s timeline, qualitative visual inspection
provided the primary way of ensuring structural and behavioral correctness.

Second, the tool facilitated a direct comparison of ground truth simulations. By
executing identical configurations independently in both Python and MATLAB/Si-
mulink, the results from both environments could be cross-checked. Comparing
these independent results allowed for isolating mathematical differences and pro-
gramming errors across both implementations.

D.1 Simulation Configuration

The visualizer configures the simulation parameters by loading standardized JSON
scenario profiles (same file as MATLAB/Simulink). A primary challenge in ex-
ecuting these simulations is in balancing the step-size constraints of the numerical
integrator against the visual update frequency of the graphics engine. While the
graphical frontend operates at a conventional visual refresh frequency (e.g., 25 Hz,
corresponding to a frame period of 0.04 s), the underlying physical model requires
a substantially smaller time step to maintain stability during numerical integration
(e.g., 100 Hz, or 0.01 s).

To resolve this difference, the framework reads the target frames per second (FPS)
and the maximum allowable simulation time step from the configuration file. It
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then uses a ceiling function to calculate an integer sub-stepping ratio:

∆tvis =
1

target_fps
, (D.1)

substep =

⌈
∆tvis

∆tmax

⌉
, (D.2)

∆tsim =
∆tvis

substep
. (D.3)

By selecting an adjusted simulation time step that is an integer divisor of the visual
playback period, the framework guarantees that each rendered frame aligns precisely
with a calculated state vector. This mathematical alignment prevents timing drift
and ensures that transient dynamics are captured accurately on screen without
requiring artificial data interpolation.

D.2 Numerical Simulation and Integration Pipeline
To bridge the gap between structural parameters and visual rendering, the frame-
work implements a numerical simulation engine. This pipeline handles state track-
ing, continuous input interpolation, and multi-model configuration loops.

D.2.1 State Space Representation and Input Vector

The dynamic layout of the multi-body vessel–crane–load system is captured by a
generalized 16-dimensional state space vector, implemented as an overloaded object
container using Python’s NamedTuple (State). The global state vector is explicitly
structured as:

x =
[
α α̇ β β̇ µ µ̇ ν ν̇ νf ν̇f ℓ ℓ̇ p ṗ r ṙ

]T
, (D.4)

where α and β represent sway angles, µ is the luffing angle, ν is the slewing angle, νf
is boom deflection, ℓ is the hoisting cable length, and p, r are the wave-induced pitch
and roll displacements of the vessel. To keep the integration math concise and read-
able, the State class overrides standard algebraic operators (__add__, __mul__),
permitting direct vector arithmetic during updates.

Input commands are passed into the EoMs via an acceleration input vector (Inputs):

u =
[
µ̈ ν̈ ℓ̈ p̈ r̈

]T
. (D.5)

D.2.2 Runge-Kutta Integration and Input Ingestion

The forward simulation is driven by the simulate function, which loops through
the discrete time array using a classic fourth-order Runge-Kutta (RK4) algorithm.
Because command histories or sea-state data profiles are often logged at arbit-
rary or variable frequencies, the framework evaluates the input accelerations at
each fractional RK4 sub-step (k1, k23, k4) using continuous linear interpolation
(np.interp). The interpolation routine ensures smooth acceleration transitions
across high-frequency integration intervals, avoiding artificial step discontinuities.
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D.2.3 Model Configurations and JIT Compilation
To allow for modular testing and component isolation, the framework incorporates
an enumeration flag (ODE_Function) that dynamically selects between six environ-
mental and physical configurations:

• STATIC_BASE_CRANE: The crane base is fixed at the Inertial / Vessel origin.
The crane can luff, slew, and hoist.

• STATIC_VESSEL: The crane base is offset from the Inertial / Vessel origin. In
contrast to the previous model, the vessel may have a static pitch and roll.

• VESSEL: The STATIC_VESSEL model, but now with dynamic pitch and roll.
• STATIC_BASE_CRANE_FLEXIBLE_BOOM: The STATIC_BASE_CRANE model, but

with a flexible boom.
• STATIC_VESSEL_FLEXIBLE_BOOM: The STATIC_VESSEL model, but with a flex-

ible boom.
• VESSEL_FLEXIBLE_BOOM: The VESSEL model, but with a flexible boom.

Each selected model variant isolates its explicit structural configurations into an un-
derlying matrix solver function. This function builds up the system’s mass matrix
M(x) and force vector F(x,u) to solve for the target accelerations of the generalized
coordinates, as detailed in Appendix A.3.

Because the symbolic matrix structures are dense and execution speed is vital for in-
teractive processing, these numerical evaluation steps are optimized using Numba’s
Just-In-Time compiler via the @njit(cache=True) decorator. This compiles the
complex linear algebra matrix evaluations (np.linalg.solve) directly into cached
machine code, avoiding Python interpreter overhead.

D.3 Kinematic Pose Reconstruction
The core geometric engine of the visualizer is managed by the CranePose class,
which maps the state vector into a 3D visual space. Rather than evaluating the
dense, fully expanded symbolic expressions output by the automated dynamics cal-
culator (Appendix B), the visualizer reconstructs the system’s instantaneous pose
step-by-step using the explicit, sequential rotation and translation matrices estab-
lished in Section 4.2.

Implementing the visual reconstruction via an independent forward kinematics
pipeline provides a crucial diagnostic cross-verification mechanism. Because the
automated Lagrangian derivation framework yields symbolic expressions that are
too complex to verify via manual analytical inspection, driving the 3D graphics
with a separate, modular geometric coordinate chain ensures that any structural
derivation errors, sign mismatches, or algebraic discrepancies in the EoMs will im-
mediately manifest as unphysical behavior or visual breaks on screen.

D.3.1 Vessel Reference and Base Motion
To provide a basic visual reference for the vessel, a simple rectangular plane is
defined in the local vessel frame using estimated length and beam dimensions. To
simulate wave-induced deck motions, the coordinates of this rectangle are trans-
formed into the earth-fixed inertial frame at each time step. This is accomplished
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by applying the time-varying rotation matrix Riv, which is updated continuously
using the instantaneous pitch (p) and roll (r) states:

pi = Rivpv. (D.6)

This straightforward representation avoids unnecessary computational overhead
while clearly showing how the rotational movements of the vessel’s deck propag-
ate through the crane foundation.

D.3.2 Sequential Kinematic Chain Implementation
Once the moving base frame is established, the framework constructs the physical
components of the crane assembly sequentially from the deck upward. The Python
architecture chains a series of relative translations and frame rotations to evaluate
the exact inertial coordinates of each structural link.

First, the absolute position of the crane base is calculated. The framework trans-
forms the offsets (cx, cy, cz) defined within the local Vessel Frame into absolute
inertial coordinates using the vessel-to-inertial transformation:

pbase = Riv

cxcy
cz

 . (D.7)

Next, the position of the boom tip is resolved. The visualizer accomplishes this by
first defining the tip coordinates relative to the local Crane Frame, denoted as ptc.
This operation synthesizes the crane mast height (h), the mast-to-boom offset (b),
the luffing angle (µ), and the boom length (L), while treating the lateral elastic
deflection (νf ) as a localized rotational disturbance in the slewing direction:

ptc =

b+ L cosµ cos νf
L cosµ sin νf
h+ L sinµ

 . (D.8)

To isolate the final absolute coordinates of the boom tip in the Inertial Frame (pti),
this local vector is rotated into the Vessel Frame via the crane-to-vessel rotation
matrix Rvc, added to the crane-base offsets, and subsequently transformed by the
vessel rotation matrix Riv:

pti = pbase +RivRvcptc. (D.9)

Isolating νf within the local vector makes it possible to visually distinguish and
inspect how structural boom flexibility deflects the tip trajectory independently of
the rigid-body slewing and luffing inputs.

D.3.3 Cable and Lower-Block Projection
The terminal link in the forward kinematics chain determines the absolute position
of the lower-block. The orientation of the hoisting cable relative to the boom tip
suspension point is modeled using the sway angles α and β. The visualizer maps
these angles to a 3D unit direction vector within the local Load Frame:

Ω =

 − sinα
cosα sinβ

− cosα cosβ

 . (D.10)
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Given an instantaneous rope hoist length ℓ, the absolute coordinates of the lower-
block (pli) are fully determined by projecting along this directional vector from the
calculated inertial boom tip position pti using the combined rotational transforma-
tion chain:

pli = pti + ℓRivRvc

 − sinα
cosα sinβ

− cosα cosβ

 . (D.11)

This sequential reconstruction ensures that every geometric component aligns with
the underlying mechanical structure, providing a reliable baseline for the dual-model
rendering validation.

D.4 Graphical Rendering Engine and Dual-Model
Synchronization

To render the reconstructed kinematic states in real time, a 3D graphics engine
was developed using the PyQt6 framework and pyqtgraph.opengl. By using an
OpenGL-backed canvas widget (GLViewWidget), the tool offloads rendering calcu-
lations to the GPU. This optimization ensures a steady visual refresh rate that
matches the target playback frame rate.

D.4.1 Geometric Asset Abstraction
The structural components of the vessel and crane are abstracted into geometric
primitives. This approach simplifies the scene while preserving physics clarity:

• Vessel: Represented as a flat rectangular plane via a GLMeshItem, which
rotates dynamically to mirror the wave-induced movements.

• Crane Mast and Boom Structures: Modeled as single-segment skeletal
line primitives using GLLinePlotItem. This abstraction highlights the ri-
gid orientation changes induced by slewing (ν) and luffing (µ), alongside the
elastic deflections (νf ).

• Hoisting Cable: Rendered as a single linear segment stretching continuously
between the calculated inertial boom tip pti and the lower-block position pli.

• Lower-Block: Rendered as a point mass at the end of the cable using a
localized GLScatterPlotItem.

By using these low-overhead primitives, the application can quickly update the
vertices on the fly.

D.4.2 Dual-Model Synchronization and Error Amplification
A key feature of this visualization framework is its ability to render two separate
simulation trajectories simultaneously within the same spatial environment. This
synchronized presentation proved highly valuable for cross-checking the independ-
ent Python integration outputs against the MATLAB/Simulink reference logs, as
well as qualitatively evaluating the estimation performance of the EKF and UKF
architectures derived in Chapter 4.

The framework instantiates two separate kinematic instances: a reference model
(representing the ground truth simulation trajectory) and an estimation model
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Figure D.1: Graphical interface of the 3D EoM visualizer. The reference
simulation trajectory is rendered in red, while the filtered state estima-
tion model is superimposed in blue. The interactive workspace supports
real-time camera manipulations (panning and zooming) with an auto-
mated loop routine for continuous trajectory inspection.

(representing the filtered state estimates). To preserve visual clarity during con-
current display, the framework uses a color-coded rendering scheme, displaying the
ground truth trajectory in red and the estimated model in blue. Any tracking lag,
coordinate alignment mismatches, or numerical drift between the two environments
appears immediately as a visible separation between the two models.

Furthermore, small estimation errors in the sway angles (α, β) can be difficult to
spot visually because the hoisting cable is very long. To address this, the visu-
alizer includes an error amplification function. This feature scales up the spatial
differences between the simulated lower-block position (pli,sim) and the estimated
lower-block position (pli,est) by a user-defined factor κ:

pli,rendered = κ pli,est + (1− κ) pli,sim. (D.12)

By scaling up these small variations, it is possible to visually isolate and diagnose
tiny tracking differences and subtle non-linear modeling errors that might otherwise
show up only as minor background noise in raw data plots.
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D.4.3 Real-Time Playback
The synchronization loop is driven by a high-resolution QtCore.QTimer configured
to trigger at precise intervals matching the visual frame period. Upon each timer
tick event, the playback engine computes the current simulation timestamp (tplay),
scaled by an optional user-defined acceleration factor.

Since the simulation datasets are logged at discrete intervals, the framework maps
the continuous playback time to a discrete array index i using a localized minimum
distance search mapping:

i = argmin
j

|tj − tplay|. (D.13)

Upon resolving the instantaneous frame index i, the respective state vectors for both
the reference and estimation datasets are passed directly to their corresponding
CranePose instances. These instances update their respective forward kinematic
pipelines, modify the underlying OpenGL vertices, and command a canvas repaint.
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