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Abstract

Front-end Monolithic Microwave Integrated Circuits (MMICs) have recently become commer-
cially available for frequencies above 100 GHz. However, achieving low-loss and broadband
interconnections between the antenna and MMICs is challenging for integrated front ends at
these frequencies. This thesis presents the characterization of a flip-chip interconnection used
for an integrated front end at 150 GHz (G-band) with an on-package leaky-wave dual lens an-
tenna. Two paths for the front-end integration have been proposed. The first path adopts
CPW transmission lines on 500 �m-thick fused silica and provides easy assembly and seam-
less flip-chip capabilities. The second uses microstrip transmission lines on 50 �m-thick fused
silica and provides lower transmission line loss but a challenging assembly and flip-chip inter-
connection. In this thesis, a path toward microstrip and CPW flip-chip interconnections has
been outlined at the high millimeter-wave frequencies. Two-port test structures using CPW
transmission lines were developed, adopting a double Thru-Reflect-Line calibration and allow-
ing for accurate extracting of the interconnection response. The final interconnection to the
MMICs has been realized using a via-less CPW to microstrip transition with high impedance
transmission line S11 matching compensation. The simulated S11 and S22 are below -12 dB,
Ohmic loss below 0.6 dB, radiation loss below 0.4 dB, and transmission line losses around
0.15 dB/mm.
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1
Introduction

Front-end Monolithic Microwave Integrated Circuits (MMICs) have recently become commer-
cially available for frequencies above 100 GHz. However, achieving low-loss and broadband
interconnections between the antenna and MMICs is challenging for integrating front ends at
submillimeter frequencies. At these frequencies, there are integrated solutions where anten-
nas and electronics are integrated within the same package, for example by employing IC to
waveguide interfaces [1], adopting an antenna-on-chip [2] or utilizing a near system-on-chip
solution using EM-coupling [3]. At frequencies above 100GHz and below 300GHz, theMMICs
that are commercially available are sold separately from the antenna. The packaging and in-
tegration of these chips are in the hands of the front-end integration designer. The packaging
technology that is currently available typically uses one of these three MMIC interconnection
technologies (see Fig. 1.1): wire bonding or flip-chip bonding in the low millimeter band or
beam-lead bonding in the higher millimeter band (above 300 GHz).

(a)Wire-bonding [4] (b) Flip-chip bonding [5]

(c) Beam-lead bonding [6]

Figure 1.1: MMIC interconnection technologies
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At frequencies above 60 GHz, high inductance effects of wire-bonding lead to an S11 mis-
match. Furthermore, high radiation losses are associated with the bond-wires at mm-wave
frequencies [7]. The distance between the MMIC and the carrier as well as from the pads to
the edge of the MMIC/carrier restricts the minimum length of the wire-bonds to around 100 �m
[8]. The parasitic inductance associated with these wire-bonds may be compensated for, but
this results in a narrowband behavior.

Beam-lead bonding results in lower losses at mm-wave frequencies. Arias Campo et al. [6]
mention losses of 0.2 dB per interconnect over the H-band, using a differential air-bridge in-
terconnect, from GaAs to Quartz. However, beam-lead bonding is unsuitable for integration
using commercial MMICs because the lengths of the beam leads are limited. Furthermore,
beam-lead bonding is significantly more costly than other interconnection methods and not
widely available, in contrast to flip-chip and wire-bonding.

Flip-chip technology is very suitable for commercial applications because it is well established
for use at microwave and millimeter-wave frequencies [8]–[10]. The height of the flip-chip
studs is much shorter than the wire-bonds, reducing the inductance and losses. Furthermore,
radiation effects are critical for the performance of flip-chip interconnections above 100 GHz
and should thus be reduced. Lastly, parallel plate line (PPL) modes should be suppressed [11].

Sinha et al. [11] present a broadband interconnection using the flip-chip approach for fre-
quencies up to 500 GHz using a BCB stack. At 500 GHz, they report a total loss of 0.9 dB
and reflection below -18 dB. Although their approach does not use commercial MMICs, the
design principles hold, and the potential of the flip-chip technology at high frequencies has
been proven. By shrinking the dimensions of the flip-chip studs, the parasitics are reduced.
Yet, the effect of the carrier on the MMIC circuitry should also be considered for commercial
MMICs. Flip-chip interconnections up to 100 GHz are typically modeled by an equivalent �-
circuit, consisting of a few lumped elements [12]. If dimensions scale linearly with frequency,
this description can be extended to higher frequencies [11]. Nonetheless, due to fabrication
limitations, this is not the case.

The impact of the parasitic effects in the interconnection plays a very important role in the
system performance at high mm-wave frequencies. However, the packaging using commer-
cial MMICs using a flip-chip interconnection has not been studied in detail at frequencies above
100 GHz. Thus, there is a need to study the parasitic effects of the flip-chip interconnection at
the G band frequency range and suppress them to realize a low-loss broadband interconnec-
tion to commercial MMICs.

1.1. Background and project context
The rapid growth of cellular data and smartphones creates challenges for providers of wireless
services in terms of the available bandwidth [13]. Millimeter-wave frequencies in the range of
30-300 GHz provide the bandwidths required for mobile broadband applications [14]. Wireless
links will support data rates towards 100 Gbps for point-to-point mobile applications at these
frequencies [15].
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The fifth-generation mobile technology standard for broadband cellular networks (5G) facili-
tates high-speed communications. 5G builds upon existing technology platforms while inte-
grating new radio concepts such as phased-arrays, massive MIMO, and ultra-dense networks
to increase the network capacity. However, the most demanding situations with high connec-
tion density reflect challenges not properly addressed by the current technologies implemented
in 5G [16].

The scenario that is the most demanding in terms of simultaneous user connections and has
high bandwidth requirements is a stadium hosting an audience of several people. Similar sce-
narios include other congested locations like shopping malls, festivals in the open air, and
conference halls. The Fly’s Eye concept [17] proposes to combine quasi-optical beam form-
ing with a mm-wave broadband operation to enable a single base station providing more than
Tbit/sec overall (front-end) capacity to a dense environment with tens of thousands of users.
A complete base station will contain an array of thousands of directive lenses covering a band-
width of over 20%. The developed technology can be potentially exploited for future 6G use
cases [18].

The final goal of the Fly’s Eye project is to demonstrate the concept and performance by
developing an integrated front-end prototype. Scalable lens arrays are realized in the form of
modular planar panels, each generating multiple simultaneous beams, as depicted in Fig. 1.2.
The antenna architecture consists of a core and shell lens and a fused silica wafer, on which
the antenna feed is placed. The antenna design and single-pixel architecture are developed
by Nick van Rooijen, a Ph.D. candidate at the Terahertz Sensing group.

Figure 1.2: Sketch exemplifying the multi-beam base station synthesis for the link demo using N lens array
panels. The example shows M=7 panels with a 16x16 lens array per panel (N=256).

This thesis presents the characterization of a flip-chip interconnection used for an integrated
front end at 150 GHz (G band) with a leaky-wave on-package dual lens antenna using com-
mercial MMICs. The work presented in this thesis is part of the development of a single-pixel
prototype, as depicted in Fig. 1.3a. This prototype will demonstrate the front-end integration,
after which the single module will be scaled by placing the elements in an array of desired size,
as depicted in Fig. 1.3b.
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(a) Single-pixel architecture (b) 3D view of a packaged multi-pixel lens antenna array
element

Figure 1.3: Fly’s Eye demonstration at 150 GHz

For the single-pixel prototype, two commercially available MMICs and a feeding antenna are
integrated on a single fused silica wafer, as shown in Fig. 1.4. The first MMIC provides a
multiplication (x6) stage, followed by a subharmonic IQ mixer acting as a frequency doubler to
end up at the G band. As indicated in Fig. 1.4 by the red dotted lines, three flip-chip intercon-
nections are required. A transmission line on the fused silica connecting the mixer MMIC and
the multiplier MMIC requires two flip-chip interconnections, whereas the final connection from
the mixer to the transmission line for the antenna feed on the fused silica requires another
flip-chip interconnection.

I, Q

11.67GHz – 14.167 GHz 71-86 GHz

140-170 GHz

Multiplier MMIC

Fused Silica Wafer

Mixer MMIC

×6
RF out

Figure 1.4: Circuit diagram of the MMIC integration. The red dotted lines indicate the locations of the
interconnections.

1.2. Study of the acquired MMICs
Advances in technology for high electron mobility transistors (HEMTs) and low-noise ampli-
fiers (LNAs) have led to the development of MMICs above 100 GHz [19], [20]. However,
very few companies sell MMICs or packaged components above 100 GHz. Virginia Diodes
produces MMICs based on Schottky diode technology and Goteborg Microwave Integrated
Circuits (Gotmic) AB, a spinoff company from Chalmers University, provides GaAs MMICs
technology. The latter offers a performance oriented for communications applications, possi-
ble to be implemented for applications with a high number of array elements.
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�7�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H �R�I �D �&�3�: �L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H �U�D�W�L�R �R�I �W�K�H �Z�L�G�W�Ks �R�I �W�K�H �F�H�Q�W�U�D�O
�P�H�W�D�O �V�W�U�L�S �W�R �W�K�H �J�D�Sg �E�H�W�Z�H�H�Q �W�K�H �V�W�U�L�S �D�Q�G �R�Q�H �R�I �W�K�H �J�U�R�X�Q�G�V�� �,�Q �)�L�J���������D�� �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F
�L�P�S�H�G�D�Q�F�H �R�I �D �&�3�: �S�U�L�Q�W�H�G �R�Q ������� �P���W�K�L�F�N �I�X�V�H�G �V�L�O�L�F�D �L�V �S�O�R�W�W�H�G �I�R�U �G�L�I�I�H�U�H�Q�Ws/ g�� �Z�K�L�O�H
�P�D�L�Q�W�D�L�Q�L�Q�Jt = s + 2g �F�R�Q�V�W�D�Q�W �D�W ������� �P�� �7�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H �L�V �D�U�R�X�Q�G ������
 �I�R�U
�D �U�D�W�L�Rs/ g �R�I �D�U�R�X�Q�G ������ �D�Q�G �G�U�R�S�V �W�R �D�U�R�X�Q�G ����
 �Z�K�H�Qs/ g �L�V �D�U�R�X�Q�G ������ �6�X�E�V�H�T�X�H�Q�W�O�\�� �W�K�H
�U�D�G�L�D�W�L�R�Q �O�R�V�V�H�V�� �2�K�P�L�F���G�L�H�O�H�F�W�U�L�F �O�R�V�V�H�V�� �D�Q�G �W�K�H �W�R�W�D�O �O�R�V�V�H�V �D�U�H �S�O�R�W�W�H�G �I�R�U �E�R�W�K ����
 �D�Q�G ������

 �L�Q �)�L�J���������E�� �7�K�H�U�H �L�V �D �W�U�D�G�H���R�I�I �E�H�W�Z�H�H�Q �2�K�P�L�F �O�R�V�V�H�V �D�Q�G �U�D�G�L�D�W�L�R�Q �O�R�V�V�H�V�� �Z�L�G�H�U �&�3�:�V
�V�X�I�I�H�U �I�U�R�P �U�D�G�L�D�W�L�R�Q �L�Q�W�U�R�G�X�F�H�G �E�\ �W�K�H �H�[�F�L�W�D�W�L�R�Q �R�I �W�K�H �V�X�U�I�D�F�H �Z�D�Y�H �P�R�G�H�� �E�X�W �Q�D�U�U�R�Z�L�Q�J �W�K�H
�&�3�: �Z�L�O�O �L�Q�F�U�H�D�V�H �W�K�H �2�K�P�L�F �O�R�V�V�H�V��

���D���&�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H �R�I �W�K�H �&�3�: �I�R�Ut = 100 �m ���E���/�R�V�V�H�V �R�I �W�K�H �&�3�:�� �I�R�U50
 �D�Q�G100
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�I�R�X�Q�G �X�V�L�Q�J �W�K�H �7�/ �7�R�R�O �>���� �@

�&�R�Q�F�O�X�G�L�Q�J�� �W�K�H �&�3�: �Z�L�G�W�Kt = s + 2g �V�K�R�X�O�G �E�H �L�Q �W�K�H �R�U�G�H�U �R�I ������� �P �D�F�F�R�P�S�O�L�V�K�L�Q�J ��������
�G�%���P�P �R�I �W�R�W�D�O �O�R�V�V��

�������������0�L�F�U�R�V�W�U�L�S �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �I�R�U �)�U�R�Q�W �H�Q�G �L�Q�W�H�J�U�D�W�L�R�Q
�7�K�H �V�H�F�R�Q�G �R�S�W�L�R�Q �L�V �W�R �U�H�D�O�L�]�H �W�K�H �I�U�R�Q�W���H�Q�G �L�Q�W�H�J�U�D�W�L�R�Q �X�V�L�Q�J �P�L�F�U�R�V�W�U�L�S �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V�� �D�V
�G�H�S�L�F�W�H�G �L�Q �)�L�J���������E�� �)�R�U �W�K�L�V �J�H�R�P�H�W�U�\�� �D �V�W�U�L�S �R�I �Z�L�G�W�Ks �L�V �S�U�L�Q�W�H�G �R�Q �D ����� �P���W�K�L�F�N �I�X�V�H�G �V�L�O�L�F�D
�Z�D�I�H�U �D�Q�G �D �J�U�R�X�Q�G �S�O�D�Q�H �L�V �O�R�F�D�W�H�G �R�Q �W�K�H �R�S�S�R�V�L�W�H �V�L�G�H �R�I �W�K�H �Z�D�I�H�U�� �D�V �L�Q�G�L�F�D�W�H�G �L�Q �)�L�J������������
�%�R�Q�G�L�Q�J �R�I �W�K�L�V �Z�D�I�H�U �W�R �W�K�H �W�K�L�F�N�H�U �Z�D�I�H�U �S�U�H�V�H�Q�W�H�G �E�H�I�R�U�H �L�V �U�H�T�X�L�U�H�G �W�R �I�R�U�P �D �O�H�D�N�\ �Z�D�Y�H
�F�D�Y�L�W�\ �I�R�U �W�K�H �D�Q�W�H�Q�Q�D�� �7�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H �D�Q�G �O�R�V�V�H�V �D�U�H �D�J�D�L�Q �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J
�W�K�H �7�/ �W�R�R�O �>���� �@ �D�Q�G �S�O�R�W�W�H�G �L�Q �)�L�J������������ �:�K�H�Q �L�Q�F�U�H�D�V�L�Q�J �W�K�H �Z�L�G�W�K �R�I �V�W�U�L�Ss �W�R �D�U�R�X�Q�G ������� �P��
�W�K�H �O�R�V�V�H�V �D�U�H �U�H�G�X�F�H�G �W�R �E�H�O�R�Z �������� �G�%���P�P�� �\�L�H�O�G�L�Q�J �D �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H �R�I �D�U�R�X�Q�G
���� 
 �� �7�K�H �O�R�V�V�H�V �D�U�H �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�R�Z�H�U �W�K�D�Q �I�R�U �W�K�H �&�3�: �F�D�V�H�� �Z�K�L�F�K �U�H�V�X�O�W�V �I�U�R�P �W�K�H �I�D�F�W �W�K�D�W
�W�K�H�U�H �L�V �Q�R �V�X�U�I�D�F�H �Z�D�Y�H �U�D�G�L�D�W�L�R�Q �S�U�H�V�H�Q�W �I�R�U �W�K�L�V �F�R�Q�I�L�J�X�U�D�W�L�R�Q�� �,�Q �F�R�Q�F�O�X�V�L�R�Q�� �W�K�L�V �R�S�W�L�R�Q �L�V
�S�U�H�I�H�U�U�H�G�� �D�V �W�K�H �O�R�V�V �U�H�G�X�F�W�L�R�Q �I�D�F�L�O�L�W�D�W�H�V �J�R�R�G �D�Q�W�H�Q�Q�D �S�H�U�I�R�U�P�D�Q�F�H�� �+�R�Z�H�Y�H�U�� �D�V �G�L�V�F�X�V�V�H�G
�E�H�I�R�U�H�� �W�K�H �P�L�F�U�R�V�W�U�L�S �I�U�R�Q�W���H�Q�G �L�Q�W�H�J�U�D�W�L�R�Q �L�V �P�R�U�H �F�K�D�O�O�H�Q�J�L�Q�J �W�R �I�D�E�U�L�F�D�W�H �F�R�P�S�D�U�H�G �W�R �W�K�H
�&�3�: �I�U�R�Q�W���H�Q�G �L�Q�W�H�J�U�D�W�L�R�Q��
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�7�K�H �P�D�L�Q �S�D�U�W �R�I �W�K�L�V �W�K�H�V�L�V �F�R�Q�W�D�L�Q�V �I�R�X�U �F�K�D�S�W�H�U�V�� �,�Q �&�K�D�S�W�H�U���� �V�H�Y�H�U�D�O �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H
�L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V �R�Q �I�X�V�H�G �V�L�O�L�F�D �D�U�H �V�W�X�G�L�H�G �X�V�L�Q�J �I�X�O�O���Z�D�Y�H �V�L�P�X�O�D�W�L�R�Q�V�� �7�K�H �W�U�D�Q�V�L�W�L�R�Q�V �D�U�H
�V�X�E�G�L�Y�L�G�H�G �L�Q�W�R �I�O�L�S���F�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V �D�Q�G �S�U�R�E�H �O�D�Q�G�L�Q�J �W�U�D�Q�V�L�W�L�R�Q�V�� �)�R�U �E�R�W�K�� �&�3�: �D�Q�G
�P�L�F�U�R�V�W�U�L�S �W�U�D�Q�V�L�W�L�R�Q�V �D�U�H �F�R�Q�V�L�G�H�U�H�G�� �7�K�H �W�U�D�Q�V�L�W�L�R�Q�V �D�U�H �R�S�W�L�P�L�]�H�G �L�Q �W�H�U�P�V �R�I �W�K�H �6������ �U�H�G�X�F��
�L�Q�J �U�D�G�L�D�W�L�R�Q �O�R�V�V�H�V �D�Q�G �L�P�S�U�R�Y�L�Q�J �6�������6���� �P�D�W�F�K�L�Q�J��

�&�K�D�S�W�H�U�� �F�R�Y�H�U�V �W�K�H �G�H�V�L�J�Q �R�I �G�R�X�E�O�H �7�5�/ �W�H�V�W �V�W�U�X�F�W�X�U�H�V �W�R �D�F�F�X�U�D�W�H�O�\ �H�[�W�U�D�F�W �W�K�H �L�Q�W�H�U��
�F�R�Q�Q�H�F�W�L�R�Q �U�H�V�S�R�Q�V�H�� �7�K�H �W�H�V�W �V�W�U�X�F�W�X�U�H�V �D�U�H �E�D�V�H�G �R�Q �W�K�H �R�S�W�L�P�L�]�H�G �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H �L�Q��
�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V �I�U�R�P �&�K�D�S�W�H�U���� �7�K�H �I�L�U�V�W �W�Z�R �V�H�F�W�L�R�Q�V �F�R�Y�H�U �W�K�H �G�H�V�L�J�Q �R�I �W�K�H �W�H�V�W �V�W�U�X�F�W�X�U�H�V��
�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �W�Z�R �7�5�/�V�� �D�Q�G �Y�H�U�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �F�R�G�H �D�Q�G �W�K�H �G�H�V�L�J�Q�� �,�Q �W�K�H �O�D�V�W �W�Z�R
�V�H�F�W�L�R�Q�V �R�I �&�K�D�S�W�H�U���� �W�Z�R �P�D�V�N �G�H�V�L�J�Q�V �E�D�V�H�G �R�Q �W�K�H �W�H�V�W �V�W�U�X�F�W�X�U�H �G�H�V�L�J�Q�V �D�U�H �S�U�H�V�H�Q�W�H�G��

�,�Q �&�K�D�S�W�H�U���� �W�K�H �R�S�W�L�P�L�]�H�G �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �I�U�R�P �&�K�D�S�W�H�U�� �D�U�H �L�Q�F�R�U�S�R�U�D�W�H�G �L�Q�W�R �W�K�H �G�H�V�L�J�Q
�R�I �W�K�H �I�O�L�S���F�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �W�R �W�K�H �0�0�,�&�V�� �%�R�W�K �&�3�: �D�Q�G �P�L�F�U�R�V�W�U�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V �D�U�H
�F�R�Q�V�L�G�H�U�H�G��
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�V�X�S�S�R�U�W�L�Q�J �W�K�H �I�X�O�O���Z�D�Y�H �V�L�P�X�O�D�W�L�R�Q�V �R�I �W�K�H �G�H�V�L�J�Q�H�G �7�5�/ �V�W�U�X�F�W�X�U�H�V��
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�P�L�V�V�L�R�Q �O�L�Q�H �J�H�R�P�H�W�U�L�H�V�� �6�L�Q�F�H �U�D�G�L�D�W�L�R�Q �O�R�V�V�H�V �D�U�H �Q�R�W �G�H���H�P�E�H�G�G�H�G �E�\ �W�K�H �7�5�/ �F�D�O�L�E�U�D�W�L�R�Q
�P�H�W�K�R�G�� �W�K�H�L�U �U�H�G�X�F�W�L�R�Q �Z�L�O�O �H�Q�V�X�U�H �S�U�R�S�H�U �F�D�O�L�E�U�D�W�L�R�Q �R�I �W�K�H �W�H�V�W �V�W�U�X�F�W�X�U�H�V �D�Q�G �L�P�S�U�R�Y�H �W�K�H
�S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �I�L�Q�D�O �G�H�V�L�J�Q��

�7�K�L�V �&�K�D�S�W�H�U �L�V �G�L�Y�L�G�H�G �L�Q�W�R �W�Z�R �S�D�U�W�V�� �,�Q �6�H�F�W�L�R�Q�������� �W�K�U�H�H �V�\�P�P�H�W�U�L�F �I�O�L�S���F�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F��
�W�L�R�Q�V �D�U�H �H�[�D�P�L�Q�H�G�� �D �&�3�: �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�� �D �P�L�F�U�R�V�W�U�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �X�V�L�Q�J �Y�L�D�V�� �D�Q�G �D
�Y�L�D���O�H�V�V �P�L�F�U�R�V�W�U�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�� �6�X�E�V�H�T�X�H�Q�W�O�\�� �6�H�F�W�L�R�Q������ �F�R�Y�H�U�V �W�Z�R �W�U�D�Q�V�L�W�L�R�Q�V �U�H�T�X�L�U�H�G
�W�R �O�D�Q�G �W�K�H �5�) �S�U�R�E�H�V �R�Q �W�K�H �W�H�V�W �V�W�U�X�F�W�X�U�H�V��

���������)�O�L�S���&�K�L�S �7�U�D�Q�V�P�L�V�V�L�R�Q �/�L�Q�H �,�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V
�7�K�H �I�O�L�S���F�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V �F�R�Q�V�L�G�H�U�H�G �L�Q �W�K�L�V �F�K�D�S�W�H�U �D�U�H �E�D�V�H�G �R�Q �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H
�J�H�R�P�H�W�U�L�H�V �X�V�H�G �I�R�U �W�K�H �I�U�R�Q�W���H�Q�G �L�Q�W�H�J�U�D�W�L�R�Q �R�I �W�K�H �0�0�,�&�V�� �D�V �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q�������� �7�K�H
���' �H�O�O�L�S�V�R�L�G�D�O �V�W�X�G �P�R�G�H�O �I�U�R�P �)�L�J���������E�L�V �X�V�H�G �W�R �P�R�G�H�O �W�K�H �V�W�X�G�V�� �7�K�H �V�H�S�D�U�D�W�L�R�Q �E�H�W�Z�H�H�Q
�W�K�H �V�W�X�G�V �Z�L�O�O �E�H ����� �P�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �G�L�V�W�D�Q�F�H �V�H�W �E�\ �W�K�H �G�L�P�H�Q�V�L�R�Q�V �R�I �W�K�H �0�0�,�&�V��
�D�V �V�K�R�Z�Q �L�Q �)�L�J���������E��

�������������)�O�L�S���&�K�L�S �&�3�: �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q
�7�K�H �I�O�L�S���F�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �X�V�L�Q�J �&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �K�D�V �W�K�H �V�P�R�R�W�K�H�V�W �I�L�H�O�G �W�U�D�Q�V�L�W�L�R�Q��
�D�V �W�K�H �I�L�H�O�G �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �D �&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H �P�D�W�F�K�H�V �E�H�V�W �W�R �W�K�H �I�L�H�O�G �L�Q �E�H�W�Z�H�H�Q �W�K�H
�V�W�X�G�V�� �7�K�H �I�O�L�S���F�K�L�S �&�3�: �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �L�V �G�H�S�L�F�W�H�G �L�Q �)�L�J����������

����



���� �&�K�D�S�W�H�U ���� �2�S�W�L�P�L�]�D�W�L�R�Q �R�I �7�U�D�Q�V�P�L�V�V�L�R�Q �/�L�Q�H �7�U�D�Q�V�L�W�L�R�Q�V �I�R�U �)�O�L�S���&�K�L�S �W�H�V�W �V�W�U�X�F�W�X�U�H�V

���D�����' �P�R�G�H�O �X�V�H�G �I�R�U �&�6�7 �V�L�P�X�O�D�W�L�R�Q�V���E���6�W�X�G �S�O�D�F�H�P�H�Q�W �D�Q�G �G�L�P�H�Q�V�L�R�Q�V

�)�L�J�X�U�H ���������)�O�L�S���&�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �X�V�L�Q�J �&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V��

�9�H�U�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �U�D�G�L�D�W�L�R�Q �O�R�V�V �U�H�G�X�F�W�L�R�Q
�7�K�H �&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �V�X�I�I�H�U �I�U�R�P �U�D�G�L�D�W�L�R�Q �O�R�V�V�� �D�V �H�[�S�O�D�L�Q�H�G �L�Q �6�H�F�W�L�R�Q�������� �7�K�H�U�H�I�R�U�H��
�W�K�H �G�L�P�H�Q�V�L�R�Q�V �R�I �W�K�H �&�3�:�V �R�Q �E�R�W�K �Z�D�I�H�U�V �D�U�H �U�H�G�X�F�H�G�� �7�K�H �Z�L�G�W�K �R�I �W�K�H �F�H�Q�W�U�D�O �V�W�U�L�Ss
���L�Q�G�L�F�D�W�H�G �L�Q �)�L�J���������E�� �L�V �U�H�G�X�F�H�G �W�R ����� �P �L�Q �R�U�G�H�U �W�R �O�H�D�Y�H �V�X�I�I�L�F�L�H�Q�W �V�S�D�F�H �I�R�U �W�K�H �I�O�L�S���F�K�L�S
�E�X�P�S�V�� �7�K�H �J�D�Sg ���V�H�H �)�L�J���������E�� �E�H�W�Z�H�H�Q �W�K�H �F�R�Q�G�X�F�W�R�U�V �L�V �U�H�G�X�F�H�G �W�R ����� �P�� �W�D�N�L�Q�J �L�Q�W�R
�D�F�F�R�X�Q�W �W�K�H �P�L�Q�L�P�X�P �G�L�P�H�Q�V�L�R�Q�V �D�Q�G �W�R�O�H�U�D�Q�F�H�V �R�I �W�K�H �I�D�E�U�L�F�D�W�L�R�Q�� �D�V �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q
�������� �7�K�H �P�R�G�H�O �G�L�V�S�O�D�\�H�G �L�Q �)�L�J���������D�Z�D�V �V�L�P�X�O�D�W�H�G �I�R�U �Y�D�U�\�L�Q�Js ���)�L�J���������E�� �W�R �Y�H�U�L�I�\ �W�K�H
�U�H�G�X�F�W�L�R�Q �R�I �W�K�H �U�D�G�L�D�W�L�R�Q �O�R�V�V�� �7�K�H �O�R�V�V�H�V �Z�H�U�H �H�[�W�U�D�F�W�H�G �X�V�L�Q�J �W�K�H �D�S�S�U�R�D�F�K �G�L�V�F�X�V�V�H�G �L�Q
�$�S�S�H�Q�G�L�[�$������ �7�K�H �U�H�V�X�O�W �L�V �S�O�R�W�W�H�G �L�Q �)�L�J���������� �F�R�Q�I�L�U�P�L�Q�J �W�K�H �U�H�G�X�F�W�L�R�Q��

�)�L�J�X�U�H ���������5�D�G�L�D�W�L�R�Q �O�R�V�V �I�R�U �Y�D�U�\�L�Q�J �&�3�: �Z�L�G�W�K �I�R�U �W�K�H �I�O�L�S���F�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �X�V�L�Q�J �&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V

�6�W�X�G�\ �R�I �W�K�H �&�3�: �L�P�S�H�G�D�Q�F�H�V
�6�X�E�V�H�T�X�H�Q�W�O�\�� �W�K�H �L�P�S�H�G�D�Q�F�H �P�D�W�F�K�L�Q�J �L�Q �W�K�H �W�U�D�Q�V�L�W�L�R�Q �L�V �V�W�X�G�L�H�G�� �7�K�H�U�H�I�R�U�H�� �W�Z�R �W�U�D�Q�V�P�L�V��
�V�L�R�Q �O�L�Q�H �V�W�U�X�F�W�X�U�H�V �Z�H�U�H �V�L�P�X�O�D�W�H�G �L�Q �&�6�7�� �R�Q�H �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �E�R�W�W�R�P �Z�D�I�H�U ���)�L�J���������D��
�D�Q�G �D�Q�R�W�K�H�U �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �W�R�S �Z�D�I�H�U ���)�L�J���������E���� �L�Q �W�K�H �S�U�H�V�H�Q�F�H �R�I �W�K�H �R�W�K�H�U �I�X�V�H�G �V�L�O�L�F�D
�Z�D�I�H�U�� �7�K�H�V�H �V�L�P�X�O�D�W�L�R�Q�V �Y�H�U�L�I�\ �W�K�D�W �W�K�H �0�0�,�& �S�H�U�I�R�U�P�D�Q�F�H �G�R�H�V �Q�R�W �Y�D�U�\ �L�Q �W�K�H �S�U�H�V�H�Q�F�H �R�I
�W�K�H �I�X�V�H�G �V�L�O�L�F�D �Z�D�I�H�U �F�O�R�V�H �W�R �W�K�H �L�Q�W�H�U�I�D�F�H ���X�S �W�R ����� �P���� �7�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H �R�I
�E�R�W�K �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �L�V �F�R�P�S�X�W�H�G �I�U�R�P �W�K�H �6���S�D�U�D�P�H�W�H�U �U�H�V�X�O�W�V �I�U�R�P �&�6�7 �V�L�P�X�O�D�W�L�R�Q�V �D�Q�G
�G�H�S�L�F�W�H�G �L�Q �)�L�J���������F�� �&�R�Q�F�O�X�G�L�Q�J�� �W�K�H�U�H �L�V �S�U�D�F�W�L�F�D�O�O�\ �Q�R �P�L�V�P�D�W�F�K �E�H�W�Z�H�H�Q �W�K�H �&�3�:�V �D�Q�G
�W�K�H �H�I�I�H�F�W �R�I �W�K�H �E�R�W�W�R�P �Z�D�I�H�U �L�V �Q�H�J�O�L�J�L�E�O�H��



�������� �)�O�L�S���&�K�L�S �7�U�D�Q�V�P�L�V�V�L�R�Q �/�L�Q�H �,�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V ����

���D���&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H �R�Q
�E�R�W�W�R�P �Z�D�I�H�U

���E���&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H �R�Q
�W�K�H �W�R�S �Z�D�I�H�U �D�W ����� �P �I�U�R�P �W�K�H

�E�R�W�W�R�P �I�X�V�H�G �V�L�O�L�F�D �Z�D�I�H�U

���F���5�H�D�O �S�D�U�W �R�I �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H�� �I�U�R�P �I�X�O�O���Z�D�Y�H
�&�6�7 �V�L�P�X�O�D�W�L�R�Q�V

�)�L�J�X�U�H ���������&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �I�R�U �W�K�H �I�O�L�S���F�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q��

�(�I�I�H�F�W �R�I �W�K�H �E�X�P�S �V�L�]�H���V�K�D�S�H �R�Q �6�������6����
�&�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �H�I�I�H�F�W �R�I �D�G�G�L�Q�J �W�K�H �V�W�X�G�V �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �L�V �V�W�X�G�L�H�G �E�\
�U�H�S�O�D�F�L�Q�J �W�K�H �H�O�O�L�S�V�R�L�G�D�O �V�W�X�G�V �Z�L�W�K �F�\�O�L�Q�G�H�U�V �R�I �Y�D�U�\�L�Q�J �G�L�D�P�H�W�H�U�� ����� �P�� ���� � �P�� �D�Q�G ����� �P��
�D�V �G�L�V�S�O�D�\�H�G �L�Q �)�L�J����������

���D�����' �P�R�G�H�O �R�I �W�K�H �&�3�: �W�U�D�Q�V�L�W�L�R�Q �X�V�L�Q�J �F�\�O�L�Q�G�H�U�V
�W�R �U�H�S�U�H�V�H�Q�W �W�K�H �V�W�X�G�V

���E���'�U�D�Z�L�Q�J�V �R�I �F�\�O�L�Q�G�H�U�V �R�I �G�L�D�P�H�W�H�Ua = 30 � �P��
a = 45 � �P�� �D�Q�Ga = 65 � �P�� �F�R�Q�Q�H�F�W�L�Q�J �W�K�H �W�Z�R

�&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V

�)�L�J�X�U�H �����������' �P�R�G�H�O�V �R�I �W�K�H �I�O�L�S���F�K�L�S �&�3�: �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �I�R�U �Y�D�U�\�L�Q�J �F�\�O�L�Q�G�U�L�F�D�O �V�W�X�G�V��

�7�K�H �6���� �D�Q�G �6���� �R�I �W�K�H �I�O�L�S���F�K�L�S �&�3�: �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �I�R�U �W�K�H �F�\�O�L�Q�G�U�L�F�D�O �V�W�X�G�V �R�I �Y�D�U�\�L�Q�J �G�L��
�D�P�H�W�H�U�V �D�U�H �S�O�R�W�W�H�G �L�Q �)�L�J���������D�W�R �D�V�V�H�V�V �W�K�H �H�I�I�H�F�W �R�I �W�K�H �V�K�D�S�H �D�Q�G �V�L�]�H �R�I �W�K�H �V�W�X�G�V�� �7�K�H
�6�������6���� �P�D�W�F�K�L�Q�J �L�P�S�U�R�Y�H�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �Z�K�H�Q �W�K�H �F�\�O�L�Q�G�H�U �G�L�D�P�H�W�H�U �L�V �U�H�G�X�F�H�G �D�Q�G �U�H�V�H�P��
�E�O�H�V �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �H�O�O�L�S�V�R�L�G�D�O �V�W�X�G�V �I�R�U �F�\�O�L�Q�G�H�U�V �R�I �G�L�D�P�H�W�H�U65 � �P�� �7�K�H �R�E�V�H�U�Y�D�W�L�R�Q
�W�K�D�W �V�P�D�O�O �G�L�D�P�H�W�H�U �V�W�X�G�V �L�P�S�U�R�Y�H �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �Z�D�V �D�O�V�R �P�D�G�H �L�Q �O�L�W�H�U�D�W�X�U�H �>���� �@�� �7�K�H �U�D��
�G�L�D�W�L�R�Q �O�R�V�V �L�V �L�Q�F�U�H�D�V�H�G �E�\ ������ �G�% �Z�K�H�Q �W�K�H �F�\�O�L�Q�G�H�U �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V�� �D�V �L�V �S�O�R�W�W�H�G �L�Q �)�L�J��
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�������������9�L�D���O�H�V�V �)�O�L�S���&�K�L�S �P�L�F�U�R�V�W�U�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q
�6�X�E�V�H�T�X�H�Q�W�O�\�� �D �Y�L�D���O�H�V�V ����
 �P�L�F�U�R�V�W�U�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �Z�D�V �H�Q�G�H�D�Y�R�U�H�G�� �$�V �D �V�W�D�U�W�L�Q�J �S�R�L�Q�W��
�W�K�H �V�W�X�G�V �D�U�H �S�O�D�F�H�G �R�Q �D �&�3�:���O�L�N�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q�� �Z�L�W�K �W�K�H �V�D�P�H �G�L�P�H�Q�V�L�R�Q�V �D�V �W�K�H �&�3�:�V �L�Q
�6�H�F�W�L�R�Q������������s = 60 � �P��g = 15 � �P���� �+�R�Z�H�Y�H�U�� �W�K�H �&�3�: �J�U�R�X�Q�G �F�R�Q�G�X�F�W�R�U�V �R�Q �E�R�W�K �V�L�G�H�V
�D�U�H �W�U�X�Q�F�D�W�H�G �L�Q �D �T�X�D�U�W�H�U �F�L�U�F�X�O�D�U �V�K�D�S�H�� �L�Q �R�U�G�H�U �W�R �I�D�F�L�O�L�W�D�W�H �W�K�H �W�U�D�Q�V�L�W�L�R�Q �I�U�R�P �D �&�3�: �W�R �D
�P�L�F�U�R�V�W�U�L�S �I�L�H�O�G �G�L�V�W�U�L�E�X�W�L�R�Q�� �)�X�U�W�K�H�U�P�R�U�H�� �I�R�U �W�K�H �P�L�F�U�R�V�W�U�L�S �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�� �D �J�U�R�X�Q�G �S�O�D�Q�H
�P�H�W�D�O�O�L�]�D�W�L�R�Q �L�V �U�H�T�X�L�U�H�G�� �O�R�F�D�W�H�G �E�H�O�R�Z �W�K�H ����� �P���W�K�L�F�N �I�X�V�H�G �V�L�O�L�F�D�� �+�R�Z�H�Y�H�U�� �H�[�W�H�Q�G�L�Q�J �W�K�H
�J�U�R�X�Q�G �S�O�D�Q�H �E�H�O�R�Z �W�K�H �&�3�: �Z�L�O�O �H�[�F�L�W�H �W�K�H �J�U�R�X�Q�G�H�G �&�3�: ���&�3�:�*���&�%�&�3�:�� �P�R�G�H�� �L�Q�W�U�R��
�G�X�F�L�Q�J �D �P�L�V�P�D�W�F�K ���6�������6�������� �7�K�H�U�H�I�R�U�H�� �W�K�H �J�U�R�X�Q�G �S�O�D�Q�H �L�V �W�D�S�H�U�H�G �L�Q �D �T�X�D�U�W�H�U �F�L�U�F�X�O�D�U
�V�K�D�S�H �D�V �Z�H�O�O�� �D�V �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J�X�U�H�������D�� �7�K�H �P�L�F�U�R�V�W�U�L�S �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �R�Q �E�R�W�K �V�L�G�H�V
�D�U�H �G�H�V�L�J�Q�H�G �D�Q�G �Y�H�U�L�I�L�H�G �D�W ����
 �X�V�L�Q�J ���' �&�6�7 �V�L�P�X�O�D�W�L�R�Q�V��
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�%�R�W�K �T�X�D�U�W�H�U �F�L�U�F�X�O�D�U �V�K�D�S�H�V �D�U�H �R�S�W�L�P�L�]�H�G �I�R�U �W�K�H �U�H�G�X�F�W�L�R�Q �R�I �U�D�G�L�D�W�L�R�Q �O�R�V�V �I�U�R�P �W�K�H �H�[�F�L�W�D�W�L�R�Q
�R�I �V�X�U�I�D�F�H �Z�D�Y�H�V �L�Q �W�K�H �G�L�H�O�H�F�W�U�L�F�� �7�K�H �U�D�G�L�X�V �R�I �W�K�H �T�X�D�U�W�H�U �F�L�U�F�O�H �Z�D�V �I�R�X�Q�G �W�R �E�H �R�S�W�L�P�D�O �D�W
�D�U�R�X�Q�G ������� �P�� �D�V �G�H�S�L�F�W�H�G �L�Q �)�L�J���������� �7�K�L�V �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\� /4 �D�W �W�K�H �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\��
�Z�K�H�U�H� ���Z�D�Y�H�O�H�Q�J�W�K�� �Z�D�V �I�R�X�Q�G �X�V�L�Q�J �W�K�H �H�I�I�H�F�W�L�Y�H �S�H�U�P�L�W�W�L�Y�L�W�\ �R�I �W�K�H �V�L�P�X�O�D�W�H�G �P�L�F�U�R�V�W�U�L�S
�W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�� �:�K�H�Q �L�Q�F�U�H�D�V�L�Q�J �R�U �G�H�F�U�H�D�V�L�Q�J �W�K�H �U�D�G�L�X�V �R�I �W�K�H �T�X�D�U�W�H�U �F�L�U�F�O�H�V�� �W�K�H �6�������6����
�P�D�W�F�K�L�Q�J �L�V �G�H�W�H�U�L�R�U�D�W�H�G�� �D�V �G�L�V�S�O�D�\�H�G �L�Q �)�L�J���������D�� �)�X�U�W�K�H�U�P�R�U�H�� �G�H�F�U�H�D�V�L�Q�J �W�K�H �U�D�G�L�X�V �O�H�D�G�V
�W�R �D�Q �L�Q�F�U�H�D�V�H �L�Q �U�D�G�L�D�W�L�R�Q �O�R�V�V�H�V�� �D�V �V�K�R�Z�Q �L�Q �)�L�J���������E��
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�U�D�G�L�X�Vr �R�I220 � �P��275 � �P�� �D�Q�G330 � �P��
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�9�H�U�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �H�I�I�H�F�W �R�I �W�K�H �J�U�R�X�Q�G �S�O�D�Q�H �W�U�X�Q�F�D�W�L�R�Q
�$�V �G�H�S�L�F�W�H�G �L�Q �)�L�J���������D�� �W�K�H �J�U�R�X�Q�G �S�O�D�Q�H�V �D�U�H �W�U�X�Q�F�D�W�H�G �X�V�L�Q�J �T�X�D�U�W�H�U �F�L�U�F�X�O�D�U �V�K�D�S�H�V �W�R
�D�Y�R�L�G �H�[�F�L�W�L�Q�J �W�K�H �&�3�:�* �P�R�G�H�� �7�K�H �H�I�I�H�F�W �R�I �W�K�L�V �W�U�X�Q�F�D�W�L�R�Q �Z�D�V �Y�H�U�L�I�L�H�G �X�V�L�Q�J �&�6�7 �I�X�O�O���Z�D�Y�H
�V�L�P�X�O�D�W�L�R�Q�V �R�I �W�K�H �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �Z�L�W�K ���V�H�H �)�L�J���������D�� �D�Q�G �Z�L�W�K�R�X�W ���V�H�H �)�L�J���������E�� �W�U�X�Q�F�D�W�L�R�Q
�R�I �W�K�H �J�U�R�X�Q�G �S�O�D�Q�H�� �,�Q �W�K�H �O�D�W�W�H�U �F�D�V�H�� �W�K�H �J�U�R�X�Q�G �S�O�D�Q�H �L�V �H�[�W�H�Q�G�H�G �W�R �W�K�H �H�Q�G�L�Q�J �R�Q �W�K�H
�P�L�F�U�R�V�W�U�L�S�� �7�K�H �U�H�V�X�O�W�L�Q�J �F�R�P�S�D�U�L�V�R�Q �L�V �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J������������ �7�K�H �6�������6���� �P�D�W�F�K�L�Q�J �K�D�V
�E�H�H�Q �L�P�S�U�R�Y�H�G �I�U�R�P �E�H�O�R�Z ������ �G�% �W�R �E�H�O�R�Z ������ �G�%��
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�Q�R�Q���W�U�X�Q�F�D�W�H�G �J�U�R�X�Q�G �S�O�D�Q�H��

�3�H�U�I�R�U�P�D�Q�F�H �D�Q�G �E�D�Q�G�Z�L�G�W�K
�7�K�H �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �P�R�G�H�O �D�V �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J���������D�Z�D�V �V�L�P�X�O�D�W�H�G �X�V�L�Q�J �&�6�7 �W�R �D�V�V�H�V�V �W�K�H
�S�H�U�I�R�U�P�D�Q�F�H �D�Q�G �E�D�Q�G�Z�L�G�W�K �R�I �W�K�H �W�U�D�Q�V�L�W�L�R�Q�� �$ �P�D�W�F�K�L�Q�J �E�H�O�R�Z ������ �G�% �D�Q�G �O�R�V�V �E�H�O�R�Z ���� �G�%
�L�V �W�R �E�H �H�[�S�H�F�W�H�G �R�Y�H�U �D �O�L�P�L�W�H�G �E�D�Q�G�Z�L�G�W�K �R�Q�O�\�� �D�V �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J������������
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�H�[�W�H�Q�G�H�G �W�R �������������� �*�+�] �W�R �G�H�P�R�Q�V�W�U�D�W�H �W�K�H �O�L�P�L�W�H�G �E�D�Q�G�Z�L�G�W�K��

�9�L�V�X�D�O�L�]�D�W�L�R�Q �R�I �W�K�H ���' �H�O�H�F�W�U�L�F �I�L�H�O�G
�7�K�H ���' �H�O�H�F�W�U�L�F �I�L�H�O�G �Z�D�V �R�E�W�D�L�Q�H�G �I�U�R�P �&�6�7 �V�L�P�X�O�D�W�L�R�Q�V�� �W�R �Y�L�V�X�D�O�L�]�H �W�K�H �F�K�D�Q�J�H �R�I �W�K�H �H�O�H�F�W�U�L�F
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�I�L�H�O�G �R�Y�H�U �W�K�H �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�� �;�\���F�X�W�V �$�� �%�� �D�Q�G �& �D�U�H �L�Q�G�L�F�D�W�H�G �L�Q �)�L�J������������ �D�Q�G �W�K�H �H�O�H�F�W�U�L�F
�I�L�H�O�G �L�V �S�O�R�W�W�H�G �X�V�L�Q�J �F�R�Q�W�R�X�U �S�O�R�W�V �D�Q�G �Y�H�F�W�R�U �S�O�R�W�V �L�Q �)�L�J������������

�)�L�J�X�U�H �����������7�R�S �Y�L�H�Z ���[�]���S�O�D�Q�H�� �R�I �W�K�H �Y�L�D���O�H�V�V �)�O�L�S���&�K�L�S �P�L�F�U�R�V�W�U�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�� �Z�L�W�K �$�� �%�� �D�Q�G �& �L�Q�G�L�F�D�W�L�Q�J
�G�L�I�I�H�U�H�Q�W �[�\���F�X�W�V��

�,�Q �F�X�W �$�� �W�K�H �I�L�H�O�G �G�L�V�W�U�L�E�X�W�L�R�Q �L�V �L�G�H�Q�W�L�I�L�H�G �D�V �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �D �P�L�F�U�R�V�W�U�L�S�� �Z�K�H�U�H �W�K�H �I�L�H�O�G
�L�V �F�R�Q�F�H�Q�W�U�D�W�H�G �E�H�W�Z�H�H�Q �W�K�H �V�W�U�L�S �D�Q�G �W�K�H �J�U�R�X�Q�G �S�O�D�Q�H �D�O�R�Q�J �\�� �6�X�E�V�H�T�X�H�Q�W�O�\�� �L�Q �F�X�W �%�� �W�K�H
�J�U�R�X�Q�G �S�O�D�Q�H �L�V �W�U�X�Q�F�D�W�H�G �L�Q �W�K�H �F�H�Q�W�H�U �S�D�U�W�� �E�H�Q�G�L�Q�J �W�K�H �I�L�H�O�G �L�Q �W�K�H �S�R�V�L�W�L�Y�H �D�Q�G �Q�H�J�D�W�L�Y�H �[��
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���G���9�H�F�W�R�U �S�O�R�W �L�Q �F�X�W �$���H���9�H�F�W�R�U �S�O�R�W �L�Q �F�X�W �%���I���9�H�F�W�R�U �S�O�R�W �L�Q �F�X�W �&

�)�L�J�X�U�H �������������' �(�O�H�F�W�U�L�F �I�L�H�O�G �U�H�O�D�W�L�Y�H �W�R �W�K�H �P�D�[�L�P�X�P �L�Q �[�\���F�X�W�V �$�� �%�� �D�Q�G �&�� �D�V �L�Q�G�L�F�D�W�H�G �L�Q �)�L�J������������

�7�K�H �&�3�: �I�L�H�O�G �S�D�W�W�H�U�Q �L�Q �F�X�W �% �L�V �Y�H�U�\ �V�L�P�L�O�D�U �W�R �W�K�H �I�L�H�O�G �S�D�W�W�H�U�Q �E�H�W�Z�H�H�Q �W�K�H �V�W�X�G�V�� �7�K�H �O�D�W�W�H�U
�U�H�V�H�P�E�O�H�V �W�K�H �&�3�: �H�T�X�L�Y�D�O�H�Q�F�H �R�I �D �W�Z�L�Q �O�L�Q�H ���R�U �W�Z�R���Z�L�U�H���� �D�V �G�H�S�L�F�W�H�G �L�Q �)�L�J������������

���D���&�R�Q�W�R�X�U �S�O�R�W ���E���9�H�F�W�R�U �S�O�R�W

�)�L�J�X�U�H �������������' �(�O�H�F�W�U�L�F �I�L�H�O�G �U�H�O�D�W�L�Y�H �W�R �W�K�H �P�D�[�L�P�X�P �L�Q �W�K�H �[�\���S�O�D�Q�H �R�I �W�K�H �V�W�X�G�V �I�R�Uy = d/2 �� �Z�K�H�U�Hd �L�V �W�K�H
�V�H�S�D�U�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �R�U �W�K�H �W�R�W�D�O �K�H�L�J�K�W �R�I �W�K�H �V�W�X�G�V��



�������� �3�U�R�E�H �O�D�Q�G�L�Q�J �W�U�D�Q�V�L�W�L�R�Q�V ����

�&�R�P�S�D�U�L�V�R�Q �Z�L�W�K �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �X�V�L�Q�J �Y�L�D�V
�7�K�H �F�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �L�Q �W�H�U�P�V �R�I �6�������6���� �D�Q�G �U�D�G�L�D�W�L�R�Q �O�R�V�V �E�H�W�Z�H�H�Q �W�K�H �P�L��
�F�U�R�V�W�U�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �X�V�L�Q�J �Y�L�D�V �D�Q�G �W�K�H �Y�L�D���O�H�V�V �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �L�V �G�H�S�L�F�W�H�G �L�Q �)�L�J������������
�7�K�H �P�D�W�F�K�L�Q�J �K�D�V �V�O�L�J�K�W�O�\ �L�P�S�U�R�Y�H�G�� �Z�K�L�O�H �W�K�H �U�D�G�L�D�W�L�R�Q �O�R�V�V �L�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �U�H�G�X�F�H�G�� �I�U�R�P
�D�E�R�Y�H �� �G�% �W�R �E�H�O�R�Z ������ �G�%��

���D���6���� �D�Q�G �6���� �P�D�W�F�K�L�Q�J ���E���5�D�G�L�D�W�L�R�Q �O�R�V�V

�)�L�J�X�U�H �����������&�R�P�S�D�U�L�V�R�Q �R�I �6�������6���� �P�D�W�F�K�L�Q�J �D�Q�G �U�D�G�L�D�W�L�R�Q �O�R�V�V �E�H�W�Z�H�H�Q �W�K�H �I�O�L�S���F�K�L�S �P�L�F�U�R�V�W�U�L�S
�L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �X�V�L�Q�J �Y�L�D�V �D�Q�G �W�K�H �Y�L�D���O�H�V�V �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q��

�7�K�H �P�L�F�U�R�V�W�U�L�S �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �G�R �Q�R�W �D�G�G �D�G�G�L�W�L�R�Q�D�O �U�D�G�L�D�W�L�R�Q �W�R �W�K�L�V�� �X�Q�O�L�N�H �L�Q �W�K�H �F�D�V�H �R�I
�W�K�H �&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H�U�H �L�V �Q�R �Q�H�H�G �I�R�U �F�R�P�S�O�H�P�H�Q�W�D�U�\ �W�U�D�Q�V�L�W�L�R�Q�V �W�R
�W�K�H �P�L�F�U�R�V�W�U�L�S���I�H�G �D�Q�W�H�Q�Q�D�� �7�K�H �Y�L�D���O�H�V�V �P�L�F�U�R�V�W�U�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �L�V �W�K�H�U�H�I�R�U�H �F�R�Q�V�L�G�H�U�H�G �L�Q
�W�K�H �Q�H�[�W �S�K�D�V�H �H�[�D�P�L�Q�L�Q�J �W�K�H �G�H�V�L�J�Q �R�I �W�K�H �I�O�L�S���F�K�L�S �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q �W�R �W�K�H �0�0�,�&�V��

���������3�U�R�E�H �O�D�Q�G�L�Q�J �W�U�D�Q�V�L�W�L�R�Q�V
�7�K�H �I�O�L�S���F�K�L�S �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V �G�L�V�F�X�V�V�H�G �L�Q �W�K�H �S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q �D�U�H �L�P�S�O�H��
�P�H�Q�W�H�G �L�Q �W�K�H �G�H�V�L�J�Q �R�I �E�D�F�N���W�R���E�D�F�N �W�H�V�W �V�W�U�X�F�W�X�U�H�V �W�K�D�W �D�U�H �P�H�D�V�X�U�H�G �X�V�L�Q�J ����
 �5�) �S�U�R�E�H�V
�Z�L�W�K ������� �P �S�L�W�F�K�� �7�K�H�U�H�I�R�U�H�� �W�U�D�Q�V�L�W�L�R�Q�V �I�U�R�P �E�R�W�K �&�3�: �D�Q�G �P�L�F�U�R�V�W�U�L�S �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �W�R
�5�) �S�U�R�E�H �O�D�Q�G�L�Q�J �S�D�G�V �D�U�H �H�[�D�P�L�Q�H�G��

�7�K�H �O�D�Q�G�L�Q�J �S�D�G�V �D�U�H �G�H�I�L�Q�H�G �E�\ �W�K�H �5�) �S�U�R�E�H�V�� �Z�K�L�F�K �H�[�F�L�W�H �D �&�3�: �P�R�G�H�� �7�K�H �G�L�P�H�Q�V�L�R�Q�V
�R�I �W�K�H �O�D�Q�G�L�Q�J �S�D�G�V �D�U�H �U�H�G�X�F�H�G �W�R �D�Y�R�L�G �W�K�H �H�[�F�L�W�D�W�L�R�Q �R�I �W�K�H �F�R�P�P�R�Q �P�R�G�H�� �)�L�U�V�W�O�\�� �W�K�H �Z�L�G�W�K
�R�I �W�K�H �F�H�Q�W�H�U �V�W�U�L�S �L�V �U�H�G�X�F�H�G �W�R ����� �P�� �Z�K�L�F�K �L�V �W�K�H �P�L�Q�L�P�D�O �Z�L�G�W�K �R�Q �Z�K�L�F�K �W�K�H �5�) �S�U�R�E�H�V
�D�U�H �H�Q�V�X�U�H�G �W�R �O�D�Q�G �V�X�F�F�H�V�V�I�X�O�O�\�� �6�H�F�R�Q�G�O�\�� �W�K�H �J�D�S �E�H�W�Z�H�H�Q �W�K�H �F�R�Q�G�X�F�W�R�U�V �L�V �U�H�G�X�F�H�G �W�R
���� � �P�� �L�Q �D�F�F�R�U�G�D�Q�F�H �Z�L�W�K �W�K�H �I�D�E�U�L�F�D�W�L�R�Q �O�L�P�L�W�D�W�L�R�Q�V�� �/�D�V�W�O�\�� �W�K�H �&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H �L�V
�W�D�S�H�U�H�G �I�U�R�P ����� �P �W�R ����� �P �I�R�U �O�D�Q�G�L�Q�J �W�K�H �5�) �S�U�R�E�H�V�� �D�V �G�H�S�L�F�W�H�G �L�Q �)�L�J������������ �7�K�H �O�H�Q�J�W�K
�R�I �W�K�H �S�D�G�V �L�V ����� �P �W�R �O�H�D�Y�H �V�X�I�I�L�F�L�H�Q�W �V�S�D�F�H �I�R�U �O�D�Q�G�L�Q�J �W�K�H �S�U�R�E�H�� �+�R�Z�H�Y�H�U�� �L�Q �W�K�H �F�D�V�H
�R�I �W�K�H �P�L�F�U�R�V�W�U�L�S �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�� �D �W�U�D�Q�V�L�W�L�R�Q �W�R �D �&�3�: �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H �L�V �U�H�T�X�L�U�H�G �W�R �E�H
�G�H�V�L�J�Q�H�G�� �7�K�H �U�H�V�X�O�W�L�Q�J �S�U�R�E�H �O�D�Q�G�L�Q�J �W�U�D�Q�V�L�W�L�R�Q�� �L�Q�F�O�X�G�L�Q�J �W�K�H �G�L�P�H�Q�V�L�R�Q�V�� �L�V �G�H�S�L�F�W�H�G �L�Q �)�L�J��
����������



���� �&�K�D�S�W�H�U ���� �2�S�W�L�P�L�]�D�W�L�R�Q �R�I �7�U�D�Q�V�P�L�V�V�L�R�Q �/�L�Q�H �7�U�D�Q�V�L�W�L�R�Q�V �I�R�U �)�O�L�S���&�K�L�S �W�H�V�W �V�W�U�X�F�W�X�U�H�V

�)�L�J�X�U�H �����������&�3�: �S�U�R�E�H �O�D�Q�G�L�Q�J
�W�U�D�Q�V�L�W�L�R�Q

���D���7�R�S �Y�L�H�Z ���E���%�R�W�W�R�P �Y�L�H�Z

�)�L�J�X�U�H �����������0�L�F�U�R�V�W�U�L�S �S�U�R�E�H �O�D�Q�G�L�Q�J �W�U�D�Q�V�L�W�L�R�Q

�2�S�W�L�P�L�]�D�W�L�R�Q �R�I �P�L�F�U�R�V�W�U�L�S �W�R �&�3�: �W�U�D�Q�V�L�W�L�R�Q
�%�H�I�R�U�H �D�U�U�L�Y�L�Q�J �D�W �W�K�H �I�L�Q�D�O �G�H�V�L�J�Q�� �W�K�H �W�U�D�Q�V�L�W�L�R�Q �I�U�R�P �P�L�F�U�R�V�W�U�L�S �W�R �&�3�: �Z�D�V �R�S�W�L�P�L�]�H�G �L�Q
�W�H�U�P�V �R�I �W�K�H �6������ �P�L�Q�L�P�L�]�L�Q�J �E�R�W�K �U�D�G�L�D�W�L�R�Q �D�Q�G �P�L�V�P�D�W�F�K�� �7�K�H�U�H�I�R�U�H�� �W�K�H �J�H�R�P�H�W�U�\ �G�H�S�L�F�W�H�G
�L�Q �)�L�J�����������D�Z�D�V �V�L�P�X�O�D�W�H�G �L�Q �&�6�7�� �7�K�H �&�3�: �F�H�Q�W�U�D�O �V�W�U�L�S �L�V �W�D�S�H�U�H�G �W�R �D �Z�L�G�W�Kdms �D�W �W�K�H
�E�H�J�L�Q�Q�L�Q�J �R�I �W�K�H �P�L�F�U�R�V�W�U�L�S�� �$�V �V�K�R�Z�Q �L�Q �)�L�J�����������E�� �W�K�H �6���� �L�V �R�S�W�L�P�D�O �I�R�Udms = 46 � �P�� �7�K�H
�U�D�G�L�D�W�L�R�Q �O�R�V�V �L�Q�F�U�H�D�V�H�V �Z�K�H�Qdms �L�V �L�Q�F�U�H�P�H�Q�W�H�G �L�Q �W�K�H �I�L�U�V�W �S�O�D�F�H�� �D�V �G�L�V�S�O�D�\�H�G �L�Q �)�L�J�����������F��
�,�Q�F�U�H�D�V�L�Q�Jdms �Z�L�G�H�Q�V �W�K�H �&�3�: �R�Y�H�U �W�K�H �W�U�D�Q�V�L�W�L�R�Q�� �O�H�D�G�L�Q�J �W�R �W�K�H �H�[�F�L�W�D�W�L�R�Q �R�I �P�R�U�H �V�X�U�I�D�F�H
�Z�D�Y�H�V��

���D���'�U�D�Z�L�Q�J ���E���6����

���F���5�D�G�L�D�W�L�R�Q �O�R�V�V�H�V ���G���6�������6���� �P�D�W�F�K�L�Q�J

�)�L�J�X�U�H �����������2�S�W�L�P�L�]�D�W�L�R�Q �R�Idms �R�I �W�K�H �P�L�F�U�R�V�W�U�L�S �W�R �&�3�: �W�U�D�Q�V�L�W�L�R�Q �I�R�U �S�U�R�E�H �O�D�Q�G�L�Q�J��



�������� �3�U�R�E�H �O�D�Q�G�L�Q�J �W�U�D�Q�V�L�W�L�R�Q�V ����

�,�Q �W�K�H �V�H�F�R�Q�G �S�O�D�F�H�� �E�R�W�K �L�Q�F�U�H�D�V�L�Q�J �D�Q�G �G�H�F�U�H�D�V�L�Q�Jdms �I�U�R�P �L�W�V �R�S�W�L�P�D�O �Y�D�O�X�H �F�D�X�V�H�V �6�������6����
�P�L�V�P�D�W�F�K�� �D�V �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J�����������G�� �7�K�L�V �P�L�V�P�D�W�F�K �L�V �G�X�H �W�R �W�K�H �F�K�D�Q�J�H �L�Q �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F
�L�P�S�H�G�D�Q�F�H �R�I �W�K�H �P�L�F�U�R�V�W�U�L�S�� �7�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H �L�V �D�U�R�X�Q�G ����
 �I�R�Udms = 46 � �P��
�Z�K�L�F�K �P�D�W�F�K�H�V �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�H �R�I �W�K�H �&�3�: �L�Q �W�K�H �W�D�S�H�U��

�)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �G�L�V�W�D�Q�F�Hw �E�H�W�Z�H�H�Q �W�K�H �&�3�: �J�U�R�X�Q�G �D�Q�G �W�K�H �F�H�Q�W�U�D�O �V�W�U�L�S �D�W �W�K�H �H�Q�G �R�I
�W�K�H �W�D�S�H�U ���L�Q�G�L�F�D�W�H�G �L�Q �)�L�J�����������D�� �Z�D�V �D�O�V�R �R�S�W�L�P�L�]�H�G �L�Q �W�H�U�P�V �R�I �W�K�H �6������ �D�V �G�H�S�L�F�W�H�G �L�Q �)�L�J��
���������� �$�O�W�K�R�X�J�K �G�H�F�U�H�D�V�L�Q�Jw �U�H�G�X�F�H�V �W�K�H �U�D�G�L�D�W�L�R�Q �O�R�V�V�H�V ���)�L�J�����������D���� �D �P�L�V�P�D�W�F�K �L�Q �6����
�D�Q�G �6���� ���)�L�J�����������E�� �L�V �L�Q�W�U�R�G�X�F�H�G �I�R�U �V�P�D�O�Ow�� �7�K�X�V�� �W�K�H�U�H �L�V �D �W�U�D�G�H���R�I�I �E�H�W�Z�H�H�Q �U�D�G�L�D�W�L�R�Q
�O�R�V�V �D�Q�G �6�������6���� �P�D�W�F�K�L�Q�J�� �7�K�H �R�S�W�L�P�D�O �Y�D�O�X�H �R�Iw�� ���� � �P �Z�D�V �V�H�O�H�F�W�H�G��

�)�L�J�X�U�H �����������2�S�W�L�P�L�]�D�W�L�R�Q �R�Iw �R�I �W�K�H �P�L�F�U�R�V�W�U�L�S �W�R �&�3�: �W�U�D�Q�V�L�W�L�R�Q �I�R�U �S�U�R�E�H �O�D�Q�G�L�Q�J�� �6������
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�>���� �@ �L�Q�W�U�R�G�X�F�H�G �W�K�H �W�K�U�X���U�H�I�O�H�F�W���O�L�Q�H ���7�5�/�� �F�D�O�L�E�U�D�W�L�R�Q �W�H�F�K�Q�L�T�X�H�� �Z�K�L�F�K �Z�D�V �W�K�H �I�L�U�V�W �P�H�W�K�R�G �Q�R�W
�U�H�T�X�L�U�L�Q�J �D�O�O �V�W�D�Q�G�D�U�G�V �W�R �E�H �L�G�H�D�O �R�U �I�X�O�O�\ �N�Q�R�Z�Q�� �/�L�Q�H���5�H�I�O�H�F�W���0�D�W�F�K ���/�5�0�� �Z�D�V �G�H�Y�H�O�R�S�H�G �W�R
�L�P�S�U�R�Y�H �W�K�H �E�D�Q�G�Z�L�G�W�K �R�I �W�K�H �F�D�O�L�E�U�D�W�L�R�Q �>���� �@�� �+�R�Z�H�Y�H�U�� �6�2�/�7 �D�Q�G �/�L�Q�H���5�H�I�O�H�F�W���0�D�W�F�K ���/�5�0��
�D�U�H �O�X�P�S�H�G���V�W�D�Q�G�D�U�G �E�D�V�H�G �F�D�O�L�E�U�D�W�L�R�Q �P�H�W�K�R�G�V�� �Z�K�L�F�K �J�L�Y�H �G�L�I�I�L�F�X�O�W�L�H�V �W�R �D�F�K�L�H�Y�H �U�H�O�L�D�E�O�H �P�H�D��
�V�X�U�H�P�H�Q�W �U�H�V�X�O�W�V �D�W �P�P���Z�D�Y�H �I�U�H�T�X�H�Q�F�L�H�V �>���� �@�� �$�I�W�H�U �W�K�H �L�Q�W�U�R�G�X�F�W�L�R�Q �R�I �W�K�H �7�5�/�� �Q�X�P�H�U�R�X�V
�R�W�K�H�U �V�H�O�I���F�D�O�L�E�U�D�W�L�R�Q �P�H�W�K�R�G�V �Z�H�U�H �G�H�Y�H�O�R�S�H�G�� �R�S�W�L�P�L�]�H�G �I�R�U �G�L�I�I�H�U�H�Q�W �D�S�S�O�L�F�D�W�L�R�Q�V��



�������� �7�5�/ �W�R �G�H���H�P�E�H�G �W�K�H �6���S�D�U�D�P�H�W�H�U�V �L�Q �E�H�W�Z�H�H�Q �W�K�H �H�U�U�R�U �E�R�[�H�V ���7�5�/��������

�7�K�H �7�5�/ �F�D�O�L�E�U�D�W�L�R�Q �S�U�R�F�H�G�X�U�H �S�U�R�Y�L�G�H�V �W�K�H �D�E�L�O�L�W�\ �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �S�U�R�S�D�J�D�W�L�R�Q �F�R�Q�V�W�D�Q�W �R�I
�W�K�H �O�L�Q�H �V�W�D�Q�G�D�U�G�� �7�K�L�V �H�Q�D�E�O�H�V �W�K�H �F�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �R�I �I�D�E�U�L�F�D�W�H�G �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �U�H�T�X�L�U�H�G
�W�R �L�Q�W�H�J�U�D�W�H �0�0�,�&�V�� �)�L�Q�D�O�O�\�� �W�K�H �7�5�/ �F�D�O�L�E�U�D�W�L�R�Q �P�H�W�K�R�G �L�V �F�K�R�V�H�Q �V�L�Q�F�H �L�W �K�D�V �W�K�H �O�H�D�V�W �U�H��
�T�X�L�U�H�P�H�Q�W �R�I �V�W�D�Q�G�D�U�G�V �D�Q�G �L�W �G�R�H�V �Q�R�W �Q�H�H�G �O�X�P�S�H�G �V�W�D�Q�G�D�U�G�V�� �O�L�N�H �/�5�0 �R�U �6�2�/�7��

���������7�5�/ �W�R �G�H���H�P�E�H�G �W�K�H �6���S�D�U�D�P�H�W�H�U�V �L�Q �E�H�W�Z�H�H�Q �W�K�H �H�U�U�R�U �E�R�[�H�V
���7�5�/����

�7�5�/�� �F�R�Q�V�L�V�W�V �R�I �� �V�W�U�X�F�W�X�U�H�V�� �D �W�K�U�X�� �D�Q �R�S�H�Q �D�Q�G �V�K�R�U�W �I�R�U �W�K�H �U�H�I�O�H�F�W �V�W�D�Q�G�D�U�G�� �D �O�L�Q�H�� �D�Q�G �D
�O�R�Q�J �O�L�Q�H �W�R �F�K�D�U�D�F�W�H�U�L�]�H �W�K�H �O�R�V�V�H�V�� �D�V �G�H�S�L�F�W�H�G �L�Q �)�L�J���������D�� �7�K�H �P�H�D�V�X�U�H�G �6���S�D�U�D�P�H�W�H�U�V �I�R�U
�W�K�H �V�W�U�X�F�W�X�U�H�V �R�I �W�K�H �7�5�/ �D�U�HST ��SR ��SL �� �D�Q�GSLL �� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �W�K�U�X�� �U�H�I�O�H�F�W�� �O�L�Q�H�� �D�Q�G
�O�R�Q�J �O�L�Q�H�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �D�V �L�Q�G�L�F�D�W�H�G �L�Q �)�L�J���������E�� �7�K�H �H�U�U�R�U �E�R�[�H�V �R�I �W�K�H �7�5�/ �D�U�H �P�R�G�H�O�H�G �D�V
�6���P�D�W�U�L�[ �E�O�R�F�N�VSP 1 �D�Q�GSP 2��

���D�����' �P�R�G�H�O

���E���6�F�K�H�P�D�W�L�F

�)�L�J�X�U�H ���������7�5�/�� �V�W�U�X�F�W�X�U�H�V

�)�R�U �W�K�H �7�K�U�X �V�W�D�Q�G�D�U�G�� �W�K�H �H�U�U�R�U �E�R�[�H�V �D�U�H �G�L�U�H�F�W�O�\ �F�R�Q�Q�H�F�W�H�G�� �D�Q�G �W�K�H �U�H�I�H�U�H�Q�F�H �S�O�D�Q�H�V �F�R�L�Q��



���� �&�K�D�S�W�H�U ���� �'�H�V�L�J�Q �R�I �'�R�X�E�O�H �7�5�/ �7�H�V�W �6�W�U�X�F�W�X�U�H�V �I�R�U �)�O�L�S���&�K�L�S �&�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �!������ �*�+�]

�F�L�G�H�� �Z�K�L�O�H �I�R�U �W�K�H �5�H�I�O�H�F�W �D�Q�G �/�L�Q�H �V�W�D�Q�G�D�U�G�V�� �W�K�H �U�H�I�H�U�H�Q�F�H �S�O�D�Q�H�V �D�U�H �V�H�S�D�U�D�W�H�G �E�\ �D �F�H�U�W�D�L�Q
�O�H�Q�J�W�Kl1�� �,�Q �W�K�H �F�D�V�H �R�I �W�K�H �5�H�I�O�H�F�W �R�S�H�Q ���R�U �V�K�R�U�W���� �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H�V �D�U�H �W�H�U�P�L�Q�D�W�H�G �Z�L�W�K
�D�Q �R�S�H�Q �F�L�U�F�X�L�W ���R�U �V�K�R�U�W �F�L�U�F�X�L�W�� �D�W �W�K�H �U�H�I�H�U�H�Q�F�H �S�O�D�Q�H�V�� �2�Q �E�R�W�K �V�L�G�H�V�� �D �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W
��� 1��� 2�� �G�H�I�L�Q�H�V �W�K�H �5�H�I�O�H�F�W �V�W�D�Q�G�D�U�G�� �7�K�H �/�L�Q�H �V�W�D�Q�G�D�U�G �K�D�V �D �V�H�F�W�L�R�Q �R�I �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H �R�I
�O�H�Q�J�W�Kl1 �Z�L�W�K �F�K�D�U�D�F�W�H�U�L�V�W�L�F �L�P�S�H�G�D�Q�F�HZ1 �D�Q�G �S�U�R�S�D�J�D�W�L�R�Q �F�R�Q�V�W�D�Q�W
 1 = � 1 + j� 1�� �Z�K�H�U�H� 1

�L�V �W�K�H �D�W�W�H�Q�X�D�W�L�R�Q �F�R�Q�V�W�D�Q�W ���O�R�V�V�H�V�� �D�Q�G� 1 �W�K�H �S�K�D�V�H �F�R�Q�V�W�D�Q�W�� �7�K�H �O�R�Q�J �O�L�Q�H �R�Q�O�\ �G�L�I�I�H�U�V �I�U�R�P
�W�K�H �/�L�Q�H �V�W�D�Q�G�D�U�G �L�Q �O�H�Q�J�W�Kl1L �� �7�K�H �O�H�Q�J�W�K �R�I �W�K�H �/�L�Q�H �V�W�D�Q�G�D�U�Gl1 �K�D�V �W�R �E�H� /4 ���R�U ���� �G�H�J�U�H�H�V��
�D�W �W�K�H �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\ �R�I �W�K�H �E�D�Q�G�Z�L�G�W�K �R�I �L�Q�W�H�U�H�V�W�� �7�K�L�V �O�H�Q�J�W�K �L�V �U�H�T�X�L�U�H�G �W�R �G�L�V�W�L�Q�J�X�L�V�K �W�K�H
�/�L�Q�H �V�W�D�Q�G�D�U�G �I�U�R�P �W�K�H �7�K�U�X �L�Q �W�H�U�P�V �R�I �S�K�D�V�H �F�R�Q�V�W�D�Q�W� �R�Y�H�U �W�K�H �H�Q�W�L�U�H �E�D�Q�G�Z�L�G�W�K �R�I �L�Q�W�H�U�H�V�W��
�7�K�H�U�H�I�R�U�H�� �D �O�H�Q�J�W�Kl1 = 300� �P �Z�D�V �V�H�O�H�F�W�H�G�� �Z�K�L�F�K �L�V �D�U�R�X�Q�G� /4 �D�W �W�K�H �F�H�Q�W�H�U �I�U�H�T�X�H�Q�F�\��
�)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V� 1 �D�Q�G� 2 �K�D�Y�H �W�R �E�H �N�Q�R�Z�Q �Z�L�W�K�L�Q� 90�ƒ�� �+�R�Z�H�Y�H�U��
�W�K�H �H�[�D�F�W �Y�D�O�X�H�V �D�U�H �G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H �7�5�/��

�������������7�5�/ �S�U�R�F�H�G�X�U�H �X�V�H�G �I�R�U �7�5�/��
�7�K�H �7�5�/ �G�H�U�L�Y�D�W�L�R�Q�V �D�Q�G �H�T�X�D�W�L�R�Q�V �J�L�Y�H�Q �L�Q �W�K�L�V �V�H�F�W�L�R�Q �Z�H�U�H �I�L�U�V�W �L�Q�W�U�R�G�X�F�H�G �E�\ �(�Q�J�H�Q �D�Q�G
�+�R�H�U �>���� �@�� �7�K�H �H�T�X�D�W�L�R�Q�V �D�U�H �Z�U�L�W�W�H�Q �L�Q �W�K�L�V �V�H�F�W�L�R�Q �D�V �W�K�H�\ �Z�H�U�H �L�P�S�O�H�P�H�Q�W�H�G �L�Q �0�$�7�/�$�%��
�U�H�O�D�W�L�Q�J �W�K�H�P �W�R �W�K�H �G�H�V�L�J�Q�H�G �7�5�/�� �V�W�U�X�F�W�X�U�H�V��

�7�K�H �6���S�D�U�D�P�H�W�H�U�V �R�I �W�Z�R���S�R�U�W�V �U�H�O�D�W�H �W�K�H �U�H�I�O�H�F�W�H�G �Z�D�Y�H �D�P�S�O�L�W�X�G�H�Vb1 �D�Q�Gb2 �W�R �W�K�H �W�K�H �L�Q��
�F�L�G�H�Q�W �Z�D�Y�H �D�P�S�O�L�W�X�G�H�Va1 �D�Q�Ga2�� �E�\

b1 = S11a1 + S12a2 ���������D��

b2 = S21a1 + S22a2 ���������E��

�$�W �W�K�L�V �S�R�L�Q�W�� �L�W �L�V �F�R�Q�Y�H�Q�L�H�Q�W �W�R �F�R�Q�Y�H�U�W �W�R �H�L�W�K�H�U �W�U�D�Q�V�P�L�V�V�L�R�Q �P�D�W�U�L�F�H�V ���$�%�&�'���S�D�U�D�P�H�W�H�U�V��
�R�U �V�F�D�W�W�H�U�L�Q�J �W�U�D�Q�V�I�H�U �S�D�U�D�P�H�W�H�U�V ���7���S�D�U�D�P�H�W�H�U�V���� �7�K�H �D�G�Y�D�Q�W�D�J�H �R�I �E�R�W�K �R�Y�H�U �6���S�D�U�D�P�H�W�H�U�V
�L�V �W�K�H �S�U�R�S�H�U�W�\ �W�R �D�F�K�L�H�Y�H �W�K�H �Q�H�W�Z�R�U�N �S�D�U�D�P�H�W�H�U�V �R�I �W�Z�R �F�D�V�F�D�G�H�G �W�Z�R���S�R�U�W�V �E�\ �F�R�P�S�X�W�L�Q�J
�W�K�H �P�D�W�U�L�[ �S�U�R�G�X�F�W �R�I �W�K�H �L�Q�G�L�Y�L�G�X�D�O �Q�H�W�Z�R�U�N �S�D�U�D�P�H�W�H�U �P�D�W�U�L�F�H�V�� �+�R�Z�H�Y�H�U�� �7���S�D�U�D�P�H�W�H�U�V��
�O�L�N�H �6���S�D�U�D�P�H�W�H�U�V�� �U�H�O�D�W�H �L�Q�F�L�G�H�Q�W �D�Q�G �U�H�I�O�H�F�W�H�G �Z�D�Y�H�V�� �Z�K�L�O�H �$�%�&�'���S�D�U�D�P�H�W�H�U�V �U�H�O�D�W�H �Y�R�O�W��
�D�J�H�V �D�Q�G �F�X�U�U�H�Q�W�V�� �7�K�H�U�H�I�R�U�H�� �W�R �F�R�Q�Y�H�U�W �I�U�R�P �6���S�D�U�D�P�H�W�H�U�V �W�R �$�%�&�'���S�D�U�D�P�H�W�H�U�V�� �W�K�H �F�R�P��
�S�O�H�[ �I�U�H�T�X�H�Q�F�\���G�H�S�H�Q�G�H�Q�W �V�R�X�U�F�H �D�Q�G �O�R�D�G �L�P�S�H�G�D�Q�F�H�V �D�U�H �U�H�T�X�L�U�H�G �W�R �E�H �N�Q�R�Z�Q�� �X�Q�O�L�N�H �7��
�S�D�U�D�P�H�W�H�U�V �>���� �@�� �7�K�H�U�H�I�R�U�H�� �7���S�D�U�D�P�H�W�H�U�V �D�U�H �X�V�H�G �D�W �W�K�L�V �S�R�L�Q�W��

�6���S�D�U�D�P�H�W�H�U�V �W�R �7���S�D�U�D�P�H�W�H�U�V �F�R�Q�Y�H�U�V�L�R�Q
�7�K�H �7���S�D�U�D�P�H�W�H�U�V �D�U�H �I�R�X�Q�G �I�U�R�P �W�K�H �6���S�D�U�D�P�H�W�H�U�V �E�\ �U�H�Z�U�L�W�L�Q�J �(�T�X�D�W�L�R�Q ���������D�� �D�Q�G �(�T�X�D�W�L�R�Q
���������E�� �I�R�Ub1 �D�Q�Ga1 �D�V �D �I�X�Q�F�W�L�R�Q �R�Ia2 �D�Q�Gb2�� �D�V

b1 = �
�G�H�W(S)

S21
a2 +

S11

S21
b2 = T11a2 + T12b2 ���������D��

a1 = �
S22

S21
a2 +

1
S21

b2 = T21a2 + T22b2 ���������E��

�Z�K�H�U�H �G�H�W(S) �L�Q�G�L�F�D�W�H�V �W�K�H �G�H�W�H�U�P�L�Q�D�Q�W �R�IS�� �7�K�H �7���S�D�U�D�P�H�W�H�U�VTT �� TR �� TL �� TLL �� TP 1�� �D�Q�G
TP 2 �D�U�H �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �6���S�D�U�D�P�H�W�H�U�VST �� SR �� SL �� SLL �� SP 1�� �D�Q�GSP 2 �U�H�V�S�H�F�W�L�Y�H�O�\�� �X�V�L�Q�J
�(�T�X�D�W�L�R�Q ���������D�� �D�Q�G �(�T�X�D�W�L�R�Q ���������E����



�������� �7�5�/ �W�R �G�H���H�P�E�H�G �W�K�H �6���S�D�U�D�P�H�W�H�U�V �L�Q �E�H�W�Z�H�H�Q �W�K�H �H�U�U�R�U �E�R�[�H�V ���7�5�/��������

�7���S�D�U�D�P�H�W�H�U�V �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H �7�K�U�X �D�Q�G �/�L�Q�H �F�R�Q�Q�H�F�W�L�R�Q�V
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�E�H�W�Z�H�H�Q �W�K�H �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �L�P�S�O�H�P�H�Q�W�H�G �H�T�X�D�W�L�R�Q�V �D�Q�G �&�6�7 �V�L�P�X�O�D�W�L�R�Q�V �R�I �W�K�H �7�5�/
�V�W�U�X�F�W�X�U�H�V �D�Q�G �W�K�H �U�H�I�H�U�H�Q�F�H �V�L�P�X�O�D�W�L�R�Q �R�I �W�K�H �X�Q�L�I�R�U�P �W�U�D�Q�V�P�L�V�V�L�R�Q �O�L�Q�H��

���D���3�K�D�V�H �F�R�Q�V�W�D�Q�W �R�Y�H�U �I�U�H�H �V�S�D�F�H �Z�D�Y�H�Q�X�P�E�H�U���E���$�W�W�H�Q�X�D�W�L�R�Q �F�R�Q�V�W�D�Q�W �L�Q �G�% �S�H�U �P�P

�)�L�J�X�U�H ���������3�U�R�S�D�J�D�W�L�R�Q �F�R�Q�V�W�D�Q�W �U�H�V�X�O�W�V�� �X�V�L�Q�J �7�5�/�� �H�T�X�D�W�L�R�Q�V �I�U�R�P �V�L�P�X�O�D�W�H�G �7�5�/�� �V�W�U�X�F�W�X�U�H�V ���E�O�X�H�� �D�Q�G
�V�L�P�X�O�D�W�L�R�Q �R�I �D �X�Q�L�I�R�U�P �U�H�I�H�U�H�Q�F�H �O�L�Q�H ���U�H�G����



�������� �7�5�/ �W�R �G�H���H�P�E�H�G �W�K�H �6���S�D�U�D�P�H�W�H�U�V �L�Q �E�H�W�Z�H�H�Q �W�K�H �H�U�U�R�U �E�R�[�H�V ���7�5�/��������

�9�H�U�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V �D�Q�G �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �5�H�I�O�H�F�W �V�W�D�Q�G�D�U�G�V
�7�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V� 1 �D�Q�G� 2 �D�U�H �F�D�O�F�X�O�D�W�H�G �D�V �S�D�U�W �R�I �W�K�H �7�5�/ �X�V�L�Q�J �(�T�X�D�W�L�R�Q ������������
�D�Q�G �(�T�X�D�W�L�R�Q ������������ �D�Q�G �L�Q�G�L�F�D�W�H�G �L�Q �)�L�J�X�U�H�������E�� �7�K�H �U�H�V�X�O�W�V �I�R�U �E�R�W�K �W�K�H �5�H�I�O�H�F�W�� �R�S�H�Q �F�L�U�F�X�L�W
�D�Q�G �5�H�I�O�H�F�W�� �V�K�R�U�W �F�L�U�F�X�L�W ���D�V �L�Q�G�L�F�D�W�H�G �L�Q �)�L�J���������D�� �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J���������� � 1 �D�Q�G� 2 �D�U�H
�L�G�H�Q�W�L�F�D�O �E�H�F�D�X�V�H �W�K�H �V�W�U�X�F�W�X�U�H�V �D�U�H �S�H�U�I�H�F�W�O�\ �V�\�P�P�H�W�U�L�F �L�Q �W�K�H �V�L�P�X�O�D�W�H�G �F�D�V�H�� �$�Q �L�G�H�D�O �U�H�I�O�H�F�W
�V�W�D�Q�G�D�U�G �P�H�D�Q�V �W�K�D�W �W�K�H �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �H�T�X�D�O�V ���� �)�X�U�W�K�H�U�P�R�U�H�� �I�R�U �W�K�H
�R�S�H�Q �F�L�U�F�X�L�W�� �W�K�H �D�Q�J�O�H �R�I �W�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �L�V �L�G�H�D�O�O�\ �� �G�H�J�U�H�H�V�� �7�K�X�V�� �W�K�H�U�H �L�V �� �G�H�J�U�H�H�V
�S�K�D�V�H �D�Q�J�O�H �E�H�W�Z�H�H�Q �W�K�H �L�Q�F�L�G�H�Q�W �D�Q�G �U�H�I�O�H�F�W�H�G �Z�D�Y�H�V�� �2�Q �W�K�H �F�R�Q�W�U�D�U�\�� �I�R�U �W�K�H �V�K�R�U�W �F�L�U�F�X�L�W��
�W�K�H�U�H �L�V ������ �G�H�J�U�H�H�V �S�K�D�V�H �G�L�I�I�H�U�H�Q�F�H�� �+�R�Z�H�Y�H�U�� �E�R�W�K �V�K�R�U�W �D�Q�G �R�S�H�Q �D�U�H �Q�R�Q���L�G�H�D�O �D�Q�G �W�K�H
�V�K�R�U�W �L�V �S�H�U�I�R�U�P�L�Q�J �V�O�L�J�K�W�O�\ �E�H�W�W�H�U �W�K�D�Q �W�K�H �R�S�H�Q�� �7�K�H �P�D�J�Q�L�W�X�G�H �D�Q�G �D�Q�J�O�H �R�I �W�K�H �U�H�V�X�O�W�L�Q�J� 1

�D�Q�G� 2 �D�U�H �S�O�R�W�W�H�G �L�Q �)�L�J���������� �6�K�R�U�W�� �D�Q�G �R�S�H�Q�� �D�U�H �W�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W� 1 �D�W �S�R�U�W �� �I�R�U
�W�K�H �V�K�R�U�W �D�Q�G �R�S�H�Q�� �Z�K�H�U�H�D�V �V�K�R�U�W�� �D�Q�G �R�S�H�Q�� �D�U�H �W�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W� 2 �D�W �S�R�U�W �� �I�R�U
�W�K�H �V�K�R�U�W �D�Q�G �R�S�H�Q �F�L�U�F�X�L�W�� �)�R�U �F�R�P�S�D�U�L�V�R�Q �W�R �W�K�H �V�K�R�U�W�� ������ �G�H�J�U�H�H�V �Z�H�U�H �D�G�G�H�G �W�R �W�K�H �D�Q�J�O�H
�R�I �W�K�H �R�S�H�Q �F�L�U�F�X�L�W �S�O�R�W�W�H�G �L�Q �)�L�J���������E��

���D���0�D�J�Q�L�W�X�G�H �R�I �W�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V���E���$�Q�J�O�H �R�I �W�K�H �U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V �L�Q �G�H�J�U�H�H�V�� �S�O�R�W�W�H�G �L�Q �W�K�H
�U�D�Q�J�H ���������� �G�H�J��

�)�L�J�X�U�H ���������5�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �7�5�/ �I�R�U �E�R�W�K �5�H�I�O�H�F�W�� �V�K�R�U�W �D�Q�G �5�H�I�O�H�F�W�� �R�S�H�Q�� �� �D�Q�G
�� �D�V �L�Q�G�L�F�D�W�H�G �L�Q �)�L�J���������E�� �6�K�R�U�W�� �D�Q�G �R�S�H�Q�� �D�U�H �W�K�H� 1 ���U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �D�W �S�R�U�W ���� �I�R�U �W�K�H �V�K�R�U�W �D�Q�G �R�S�H�Q

�F�L�U�F�X�L�W�� �Z�K�H�U�H�D�V �V�K�R�U�W�� �D�Q�G �R�S�H�Q�� �D�U�H �W�K�H� 2 ���U�H�I�O�H�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �D�W �S�R�U�W ���� �I�R�U �W�K�H �V�K�R�U�W �D�Q�G �R�S�H�Q �F�L�U�F�X�L�W��

�9�H�U�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �G�H���H�P�E�H�G�G�H�G �6���S�D�U�D�P�H�W�H�U�V �L�Q �E�H�W�Z�H�H�Q �W�K�H �H�U�U�R�U �E�R�[�H�V
�7�K�H �E�D�F�N���W�R���E�D�F�N �V�W�U�X�F�W�X�U�H �G�H�V�L�J�Q�H�G �L�V �U�H�S�U�H�V�H�Q�W�H�G �E�\ �6���S�D�U�D�P�H�W�H�U �E�R�[�H�V �D�V �V�K�R�Z�Q �L�Q �)�L�J��
�������� �7�K�H �G�H���H�P�E�H�G�G�H�G �V�X�E�S�D�U�W �R�I �W�K�H �E�D�F�N���W�R���E�D�F�N �V�W�U�X�F�W�X�U�H �L�V �G�H�S�L�F�W�H�G �L�Q �)�L�J����������

�)�L�J�X�U�H ���������%�D�F�N���W�R���E�D�F�N �W�H�V�W �V�W�U�X�F�W�X�U�H �Z�L�W�K �W�K�H �G�H���H�P�E�H�G�G�H�G �V�X�E�S�D�U�W �L�Q�G�L�F�D�W�H�G �L�Q �E�O�D�F�N



���� �&�K�D�S�W�H�U ���� �'�H�V�L�J�Q �R�I �'�R�X�E�O�H �7�5�/ �7�H�V�W �6�W�U�X�F�W�X�U�H�V �I�R�U �)�O�L�S���&�K�L�S �&�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �!������ �*�+�]

�7�K�H �6���S�D�U�D�P�H�W�H�U�VSX �R�I �W�K�H �K�L�J�K�O�L�J�K�W�H�G �S�D�U�W �D�U�H �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �7�5�/ �F�R�G�H �D�Q�G �W�K�H �V�L�P�X��
�O�D�W�H�G �7�5�/�� �V�W�U�X�F�W�X�U�H�V�� �)�L�U�V�W�� �W�K�H �V�W�U�X�F�W�X�U�H �Z�D�V �V�L�P�X�O�D�W�H�G �L�Q �&�6�7�� �R�E�W�D�L�Q�L�Q�J �6���S�D�U�D�P�H�W�H�U�VSM ��
�6�X�E�V�H�T�X�H�Q�W�O�\��SM �Z�D�V �F�R�Q�Y�H�U�W�H�G �W�R �7���S�D�U�D�P�H�W�H�U�VTM �X�V�L�Q�J �(�T�X�D�W�L�R�Q ���������D�� �D�Q�G �(�T�X�D�W�L�R�Q
���������E���� �D�Q�GTX �Z�D�V �I�R�X�Q�G �X�V�L�Q�J �(�T�X�D�W�L�R�Q ������������ �D�Q�G �F�R�Q�Y�H�U�W�H�G �W�RSX �� �7�K�H �K�L�J�K�O�L�J�K�W�H�G �S�D�U�W �L�Q
�)�L�J�������� �Z�D�V �D�O�V�R �V�L�P�X�O�D�W�H�G �L�Q �&�6�7�� �S�O�D�F�L�Q�J �W�K�H �S�R�U�W�V �G�L�U�H�F�W�O�\ �R�Q �W�K�H �U�H�I�H�U�H�Q�F�H �S�O�D�Q�H �O�R�F�D�W�L�R�Q�V��
�D�Q�G �R�E�W�D�L�Q�L�Q�J �W�K�H �&�6�7 �U�H�I�H�U�H�Q�F�H �6���S�D�U�D�P�H�W�H�U�V�� �7�K�H �F�R�P�S�D�U�L�V�R�Q �L�V �G�H�S�L�F�W�H�G �L�Q �)�L�J�������� �D�Q�G
�V�K�R�Z�V �H�[�F�H�O�O�H�Q�W �D�J�U�H�H�P�H�Q�W�� �7�K�L�V �D�J�U�H�H�P�H�Q�W �Y�H�U�L�I�L�H�V �W�K�H �7�5�/ �G�H���H�P�E�H�G�G�L�Q�J �F�R�G�H �D�Q�G �W�K�H
�G�H�V�L�J�Q�H�G �7�5�/�� �V�W�U�X�F�W�X�U�H�V��

�)�L�J�X�U�H ���������&�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �W�K�H �G�H���H�P�E�H�G�G�H�G �6���S�D�U�D�P�H�W�H�U�V �L�Q �E�H�W�Z�H�H�Q �W�K�H �H�U�U�R�U �E�R�[�H�V �X�V�L�Q�J �7�5�/�� �Y�V
�&�6�7 �U�H�I�H�U�H�Q�F�H �V�L�P�X�O�D�W�L�R�Q

���������7�5�/ �W�R �R�E�W�D�L�Q �W�K�H �6���S�D�U�D�P�H�W�H�U�V �R�I �D �V�L�Q�J�O�H �W�U�D�Q�V�L�W�L�R�Q ���7�5�/����
�,�Q �W�K�H �S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q�� �W�K�H �6���S�D�U�D�P�H�W�H�U�VSX �Z�H�U�H �G�H���H�P�E�H�G�G�H�G �X�V�L�Q�J �7�5�/���� �+�R�Z�H�Y�H�U�� �W�K�H
�F�R�U�U�H�V�S�R�Q�G�L�Q�J �V�X�E�S�D�U�W ���V�H�H �)�L�J���������D�� �F�R�Q�W�D�L�Q�V �W�Z�R �I�O�L�S���F�K�L�S �&�3�: �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�V�� �7�K�H �J�R�D�O
�L�V �W�R �R�E�W�D�L�Q �W�K�H �6���S�D�U�D�P�H�W�H�U�V �R�I �D �V�L�Q�J�O�H �L�Q�W�H�U�F�R�Q�Q�H�F�W�L�R�Q�� �$�V �G�H�Q�R�W�H�G �L�Q �)�L�J���������� �W�K�H �V�X�E�S�D�U�W
�L�V �V�\�P�P�H�W�U�L�F �D�Q�G �H�D�F�K �K�D�O�I �L�V �U�H�S�U�H�V�H�Q�W�H�G �E�\ �D�Q �6���S�D�U�D�P�H�W�H�U �E�O�R�F�NSF ��

���D�����' �G�U�D�Z�L�Q�J �R�I �W�K�H �V�X�E�S�D�U�W ���E���6�F�K�H�P�D�W�L�F �R�ISX

�)�L�J�X�U�H ���������6�X�E�S�D�U�W �R�I �E�D�F�N���W�R���E�D�F�N �&�3�: �W�H�V�W �V�W�U�X�F�W�X�U�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�RSX



�������� �7�5�/ �W�R �R�E�W�D�L�Q �W�K�H �6���S�D�U�D�P�H�W�H�U�V �R�I �D �V�L�Q�J�O�H �W�U�D�Q�V�L�W�L�R�Q ���7�5�/��������

�������������6���S�D�U�D�P�H�W�H�U �E�L�V�H�F�W�L�R�Q
�7�K�H �I�L�U�V�W �D�S�S�U�R�D�F�K �L�V �W�R �V�R�O�Y�H �I�R�USF �D�Q�D�O�\�W�L�F�D�O�O�\�� �E�\ �X�V�L�Q�J �W�K�H �P�H�W�K�R�G �R�I �6���S�D�U�D�P�H�W�H�U �E�L�V�H�F�W�L�R�Q��
�)�L�U�V�W��SX �L�V �Z�U�L�W�W�H�Q �D�V �D �S�U�R�G�X�F�W �X�V�L�Q�J �7���S�D�U�D�P�H�W�H�U�V �D�V

"
tX; 11 tX; 12

tX; 21 tX; 22

#

=

"
tF;11 tF;12

tF;21 tF;22

# "
tF;11 � tF;21

� tF;12 tF;22

#

=

"
t2
F;11 � t2

F;12 � tF;11tF;21 + tF;12tF;22

tF;11tF;21 � tF;12tF;22 t2
F;22 � t2

F;21

#

������������
�Z�K�H�U�HtX;ij �D�U�H �W�K�H �H�O�H�P�H�Q�W�V �R�I �W�K�H �7���S�D�U�D�P�H�W�H�U�VTX �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�RSX �D�Q�GtF;ij �R�ITF

�F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�RSF ���F�R�Q�Y�H�U�V�L�R�Q �X�V�L�Q�J �(�T�X�D�W�L�R�Q ���������D�� �D�Q�G �(�T�X�D�W�L�R�Q ���������E������ �6�L�Q�F�HSX �D�Q�G
SF �D�U�H �U�H�F�L�S�U�R�F�D�O ��S12 = S21���� �W�K�H �G�H�W�H�U�P�L�Q�D�Q�W �R�ITX �D�Q�GTF �V�K�R�X�O�G �E�H �H�T�X�D�O �W�R ���� �$�G�G�L�W�L�R�Q�D�O�O�\��
SX �L�V �V�\�P�P�H�W�U�L�F ��SX; 11 � SX; 22�� �D�Q�G �W�K�H�U�H�I�R�U�HtX; 12 = � tX; 21�� �7�K�L�V �J�L�Y�H�V �W�K�H �I�R�O�O�R�Z�L�Q�J �V�H�W �R�I
�Q�R�Q�O�L�Q�H�D�U �H�T�X�D�W�L�R�Q�V��

tX; 11 = t2
F;11 � t2

F;12 �����������D��

tX; 12 = � tF;11tF;21 + tF;12tF;22 �����������E��

tX; 21 = tF;11tF;21 � tF;12tF;22 �����������F��

tX; 22 = t2
F;22 � t2

F;21 �����������G��

�,�W �L�V �X�V�H�I�X�O �W�R �F�R�Q�Y�H�U�W �W�K�H�V�H �H�T�X�D�W�L�R�Q�V �E�D�F�N �W�R �6���S�D�U�D�P�H�W�H�U�V�� �J�L�Y�L�Q�J

SX; 11 = SX; 22 = SF;11 +
SF;22 + S2

F;12

1 � S2
F;22

�����������D��

SX; 12 = SX; 21 =
S2

F;12

1 � S2
F;22

�����������E��

SX �L�V �E�R�W�K �V�\�P�P�H�W�U�L�F ���(�T�X�D�W�L�R�Q �����������D���� �D�Q�G �U�H�F�L�S�U�R�F�D�O ���(�T�X�D�W�L�R�Q �����������E������ �P�H�D�Q�L�Q�J �W�K�H�U�H �D�U�H
�W�Z�R �H�T�X�D�W�L�R�Q�V �R�Q�O�\�� �+�R�Z�H�Y�H�U�� �W�K�H�V�H �H�T�X�D�W�L�R�Q�V �K�D�Y�H �P�X�O�W�L�S�O�H �S�K�\�V�L�F�D�O �D�Q�G �S�D�V�V�L�Y�H �V�R�O�X�W�L�R�Q�V
��0 < jSF;ij j < 1�� �Z�K�H�Q �V�R�O�Y�H�G �I�R�USF �� �7�K�L�V �Z�R�X�O�G �E�H �V�X�I�I�L�F�L�H�Q�W �R�Q�O�\ �L�ISF �L�W�V�H�O�I �Z�R�X�O�G �E�H �V�\�P��
�P�H�W�U�L�F ��SF;11 = SF;22���� �Z�K�L�F�K �L�V �Q�R�W �W�K�H �F�D�V�H�� �7�K�X�V�� �D�G�G�L�W�L�R�Q�D�O �V�W�U�X�F�W�X�U�H�V �K�D�Y�H �W�R �E�H �L�Q�F�O�X�G�H�G��
�S�U�R�Y�L�G�L�Q�J �D�Q�R�W�K�H�U �V�H�W �R�I �H�T�X�D�W�L�R�Q�V �W�K�D�W �D�O�O�R�Z �V�R�O�Y�L�Q�J �I�R�USF ��

�������������7�5�/�� �G�H�V�L�J�Q
�'�H�V�L�J�Q�L�Q�J �D�Q�R�W�K�H�U �7�5�/ �G�R�H�V �S�U�R�Y�L�G�H �R�Q�H �V�R�O�X�W�L�R�Q �I�R�USF �� �)�R�U �W�K�L�V �7�5�/�� �U�H�I�H�U�U�H�G �W�R �D�V �7�5�/����
�W�K�H �U�H�I�H�U�H�Q�F�H �S�O�D�Q�H�V �D�U�H �O�R�F�D�W�H�G �R�Q �W�K�H �W�R�S �V�W�U�X�F�W�X�U�H�V �R�I �W�K�H �E�D�F�N���W�R���E�D�F�N �G�H�V�L�J�Q�� �D�V �L�Q�G�L�F�D�W�H�G
�L�Q �)�L�J�������� �E�\ �´�5�H�I�� �3�O�D�Q�H �7�5�/���´�� �)�R�X�U �E�D�F�N���W�R���E�D�F�N �W�H�V�W �V�W�U�X�F�W�X�U�H�V �D�U�H �U�H�T�X�L�U�H�G�� �Z�K�L�F�K �D�U�H �D�O�O
�G�H���H�P�E�H�G�G�H�G �X�V�L�Q�J �W�K�H �S�U�R�F�H�G�X�U�H �R�I �7�5�/�� �H�[�S�O�D�L�Q�H�G �L�Q �W�K�H �S�U�H�Y�L�R�X�V �V�X�E�V�H�F�W�L�R�Q��



���� �&�K�D�S�W�H�U ���� �'�H�V�L�J�Q �R�I �'�R�X�E�O�H �7�5�/ �7�H�V�W �6�W�U�X�F�W�X�U�H�V �I�R�U �)�O�L�S���&�K�L�S �&�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �!������ �*�+�]

���D���7�5�/�� �7�K�U�X ���E���7�5�/�� �5�H�I�O�H�F�W�� �R�S�H�Q

���F���7�5�/�� �5�H�I�O�H�F�W�� �V�K�R�U�W ���G���7�5�/�� �/�L�Q�H

�)�L�J�X�U�H �����������' �P�R�G�H�O�V �R�I �W�K�H �7�5�/�� �V�W�U�X�F�W�X�U�H�V��

�7�K�H �7�5�/�� �7�K�U�X ���)�L�J���������D���� �5�H�I�O�H�F�W �R�S�H�Q���V�K�R�U�W ���)�L�J���������E���)�L�J���������F���� �D�Q�G �/�L�Q�H ���)�L�J���������G�� �D�U�H
�U�H�S�U�H�V�H�Q�W�H�G �E�\SXT ��SXR �� �D�Q�GSXL �U�H�V�S�H�F�W�L�Y�H�O�\ �L�Q �)�L�J������������ �7�K�H �H�U�U�R�U �E�R�[�H�V �D�U�H �L�Q �W�K�L�V �F�D�V�H
SF �E�H�F�D�X�V�H �W�K�H �F�D�E�O�H �D�Q�G �S�U�R�E�H�V �K�D�Y�H �E�H�H�Q �D�O�U�H�D�G�\ �G�H���H�P�E�H�G�G�H�G �X�V�L�Q�J �7�5�/����

�)�L�J�X�U�H �����������6�F�K�H�P�D�W�L�F �R�I �7�5�/�� �X�V�L�Q�J �6���S�D�U�D�P�H�W�H�U �E�R�[�H�V

�������������7�5�/ �S�U�R�F�H�G�X�U�H �X�V�H�G �I�R�U �7�5�/��
�7�K�H �S�U�R�F�H�G�X�U�H �L�Q�W�U�R�G�X�F�H�G �I�R�U �7�5�/�� �K�D�V �W�K�H �D�G�Y�D�Q�W�D�J�H �W�K�D�W �W�K�H �H�U�U�R�U �E�R�[�H�V �G�R �Q�R�W �K�D�Y�H �W�R �E�H
�L�G�H�Q�W�L�F�D�O�� �D�Q�G �L�W �L�V �Q�R�W �U�H�T�X�L�U�H�G �W�R �F�D�O�F�X�O�D�W�H �W�K�H �6���S�D�U�D�P�H�W�H�U�V �R�I �W�K�H �H�U�U�R�U �E�R�[�H�V�� �R�Q�O�\ �W�R �U�H�P�R�Y�H
�W�K�H�L�U �H�I�I�H�F�W�� �,�Q �W�K�H �F�D�V�H �R�I �7�5�/���� �W�K�H �6���S�D�U�D�P�H�W�H�U�V �R�I �W�K�H �H�U�U�R�U �E�R�[�H�V �D�U�H �R�I �L�Q�W�H�U�H�V�W�� �7�K�H�U�H�I�R�U�H��
�W�K�H �D�S�S�U�R�D�F�K �L�V �V�O�L�J�K�W�O�\ �G�L�I�I�H�U�H�Q�W��SXT ��SXR �D�Q�GSXL �D�U�H �I�L�U�V�W �F�R�Q�Y�H�U�W�H�G �W�R �7���S�D�U�D�P�H�W�H�U�VTXT ��
TXR �� �D�Q�GTXL �U�H�V�S�H�F�W�L�Y�H�O�\�� �X�V�L�Q�J �(�T�X�D�W�L�R�Q ���������D�� �D�Q�G �(�T�X�D�W�L�R�Q ���������E���� TXT �D�Q�GTXL �D�U�H



�������� �7�5�/ �W�R �R�E�W�D�L�Q �W�K�H �6���S�D�U�D�P�H�W�H�U�V �R�I �D �V�L�Q�J�O�H �W�U�D�Q�V�L�W�L�R�Q ���7�5�/��������

�Z�U�L�W�W�H�Q �X�V�L�Q�J �F�D�V�F�D�G�L�Q�J �7���P�D�W�U�L�F�H�V �D�V �G�H�S�L�F�W�H�G �L�Q �)�L�J���������E�� �D�V

TXT =

"
tF;11 tF;12

tF;21 tF;22

# "
tF;11 � tF;21

� tF;12 tF;22

#

������������

TXL =

"
tF;11 tF;12

tF;21 tF;22

# "
e� 
 2 l2 0

0 e
 2 l2

# "
tF;11 � tF;21

� tF;12 tF;22

#

������������

�Z�K�H�U�HtF;ij �D�U�H �W�K�H �H�O�H�P�H�Q�W�V �R�I �V�F�D�W�W�H�U�L�Q�J �W�U�D�Q�V�I�H�U �S�D�U�D�P�H�W�H�U�VTF �� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�RSF �� �)�R�U
�(�T�X�D�W�L�R�Q ������������ �D�Q�G �(�T�X�D�W�L�R�Q �������������� �W�K�H �V�H�F�R�Q�GTF �K�D�V �E�H�H�Q �Z�U�L�W�W�H�Q �G�L�I�I�H�U�H�Q�W�O�\�� �E�H�F�D�X�V�H �W�K�L�V
SF �L�V �P�L�U�U�R�U�H�G��

tXT; 11 = t2
F;11 � t2

F;12 �����������D��

tXT; 12 = � tF;11tF;21 + tF;12tF;22 �����������E��

tXT; 22 = � t2
F;21 + t2

F;22 �����������F��

�Z�K�H�U�H �E�\ �V�\�P�P�H�W�U�\tXT; 12 = � tXT; 21 �D�Q�G �E�\ �U�H�F�L�S�U�R�F�L�W�\ �G�H�W(TXT ) = 1 �� �(�[�S�D�Q�G�L�Q�J �(�T�X�D�W�L�R�Q
������������ �L�Q�W�R �L�W�V �H�O�H�P�H�Q�W�V �J�L�Y�H�V

tXL; 11 = e� 
 2 l2 t2
F;11 � e
 2 l2 t2

F;12 �����������D��

tXL; 12 = � e� 
 2 l2 tF;11tF;21 + e
 2 l2 tF;12tF;22 �����������E��

tXL; 22 = � e� 
 2 l2 t2
F;21 + e
 2 l2 t2

F;22 �����������F��

�:�K�H�Q �F�R�Q�Y�H�U�W�L�Q�J �E�D�F�N �W�R �6���S�D�U�D�P�H�W�H�U�V�� �G�X�H �W�R �U�H�F�L�S�U�R�F�L�W�\ ��SXT; 12 = SXT; 21 �D�Q�GSXL; 12 =
SXL; 21�� �D�Q�G �V�\�P�P�H�W�U�\ ��SXT; 11 = SXT; 22 �D�Q�GSXL; 11 = SXL; 22���� �W�K�H �U�H�V�X�O�W�L�Q�J �H�T�X�D�W�L�R�Q�V �D�U�H

SXT; 11 = SF;11 +
SF;22S2

F;12

1 � S2
F;22

�����������D��

SXT; 12 =
S2

F;12

1 � S2
F;22

�����������E��

SXL; 11 = SF;11 +
SF;22S2

F;12e� 2
 2 l2

1 � S2
F;22e� 2
 2 l2

�����������D��

SXL; 12 =
S2

F;12e� 2
 2 l2

1 � S2
F;22e� 
 2 l2

�����������E��

�7�K�H�V�H �I�R�X�U �H�T�X�D�W�L�R�Q�V �D�U�H �H�T�X�L�Y�D�O�H�Q�W �W�R �R�Q�H�V �J�L�Y�H�Q �E�\ �3�R�]�D�U �>���� �@�� �7�K�H �I�R�O�O�R�Z�L�Q�J �V�W�H�S�V �D�U�H �J�L�Y�H�Q
�E�\ �3�R�]�D�U �D�V �Z�H�O�O�� �(�T�X�D�W�L�R�Q �����������E�� �L�V �V�R�O�Y�H�G �I�R�US2

F;12 �D�Q�G �V�X�E�V�W�L�W�X�W�H�G �L�Q�W�R �(�T�X�D�W�L�R�Q �����������D��
�D�Q�G �(�T�X�D�W�L�R�Q�V �����������D���E���� �J�L�Y�L�Q�J

SXT; 11 = SF;11 +
SF;22(1 � S2

F;22)SXT; 12

1 � S2
F;22

�����������D��

SXL; 11 = SF;11 +
SF;22(1 � S2

F;22)SXT; 12e� 2
 2 l2

1 � S2
F;22e� 2
 2 l2

�����������E��



���� �&�K�D�S�W�H�U ���� �'�H�V�L�J�Q �R�I �'�R�X�E�O�H �7�5�/ �7�H�V�W �6�W�U�X�F�W�X�U�H�V �I�R�U �)�O�L�S���&�K�L�S �&�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q �!������ �*�+�]

SXL; 12 =
(1 � S2

F;22)SXT; 12e� 2
 2 l2

1 � S2
F;22e� 
 2 l2

�����������F��

SF;11 �L�V �H�O�L�P�L�Q�D�W�H�G �E�\ �V�X�E�W�U�D�F�W�L�Q�J �(�T�X�D�W�L�R�Q �����������E�� �I�U�R�P �(�T�X�D�W�L�R�Q �����������D���� �D�U�U�L�Y�L�Q�J �W�R

SXT; 11 � SXL; 11 = SF;22SXT; 12 �
SF;22(1 � S2

F;22)SXT; 12e� 2
 2 l2

1 � S2
F;22e� 2
 2 l2

������������

�6�R�O�Y�L�Q�J �(�T�X�D�W�L�R�Q �����������F�� �I�R�USF;22 �D�Q�G �V�X�E�V�W�L�W�X�W�L�Q�J �L�Q�W�R �(�T�X�D�W�L�R�Q ������������ �J�L�Y�H�V �D �T�X�D�G�U�D�W�L�F �H�T�X�D��
�W�L�R�Q �I�R�Ue
 2 l2 �� �Z�K�L�F�K �V�R�O�X�W�L�R�Q �L�V �J�L�Y�H�Q �E�\��

e
 2 l2 =
S2

XL; 12 + S2
XT; 12 � (S2

XT; 11 + SXL; 11) � K

2SXL; 12SXT; 12
�����������D��

K =

r h
S2

XL; 12 + S2
XT; 12 � (SXT; 11 � SXL; 11)2

i 2
� 4S2

XL; 12S2
XT; 12 �����������E��

�7�K�H �F�K�R�L�F�H �R�I �W�K�H �V�T�X�D�U�H �U�R�R�W �L�V �P�D�G�H �L�Q �W�K�H �V�D�P�H �Z�D�\ �D�V �H�[�S�O�D�L�Q�H�G �I�R�U �7�5�/���� �X�V�L�Q�J �W�K�H �U�H�I�O�H�F�W
�V�W�D�Q�G�D�U�G�� �(�T�X�D�W�L�R�Q �����������E�� �D�Q�G �(�T�X�D�W�L�R�Q �����������D�� �D�U�H �H�D�F�K �P�X�O�W�L�S�O�L�H�G �E�\SF 22 �D�Q�G �V�X�E�W�U�D�F�W�H�G
�I�U�R�P �(�T�X�D�W�L�R�Q �����������E�� �D�Q�G �(�T�X�D�W�L�R�Q �����������D�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �J�L�Y�L�Q�J

SXT; 11 = SF;11 + SF;22SXT; 12 ������������

SXL; 11 = SF;11 + SF;22SXL; 12e
 2 l2 ������������

�7�K�H�V�H �U�H�V�X�O�W�V �D�U�H �V�X�E�W�U�D�F�W�H�G �I�U�R�P �H�D�F�K �R�W�K�H�U�� �H�O�L�P�L�Q�D�W�L�Q�JSF;11�� �D�Q�G �V�R�O�Y�H�G �I�R�USF;22�� �\�L�H�O�G�L�Q�J

SF;22 =
SXT; 11 � SXL; 11

SXT; 12 � SXL; 12e
 2 l2
������������

�7�K�H�Q �(�T�X�D�W�L�R�Q ������������ �L�V �V�R�O�Y�H�G �I�R�USF;11�� �J�L�Y�L�Q�J

SF;11 = SXT; 11 � SF;22SXT; 12 ������������

�/�D�V�W�O�\�� �(�T�X�D�W�L�R�Q �����������E�� �L�V �V�R�O�Y�H�G �I�R�US2
F;12�� �D�V

S2
F;12 = SXT; 12(1 � S2

F;22) ������������

SF �K�D�V �E�H�H�Q �I�X�O�O�\ �F�K�D�U�D�F�W�H�U�L�]�H�G �L�Q �W�H�U�P�V �R�ISXT �D�Q�GSXL ��

�������������9�H�U�L�I�L�F�D�W�L�R�Q �R�I �7�5�/�� �0�$�7�/�$�% �I�X�Q�F�W�L�R�Q �D�Q�G �G�H�V�L�J�Q
�7�K�H �6���S�D�U�D�P�H�W�H�U�V �R�I �W�K�H �V�W�U�X�F�W�X�U�H�V �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J�������� �Z�H�U�H �G�H���H�P�E�H�G�G�H�G �X�V�L�Q�J �7�5�/��
�I�U�R�P �&�6�7 �V�L�P�X�O�D�W�L�R�Q�V �R�I �W�K�H �I�X�O�O �E�D�F�N���W�R���E�D�F�N �V�W�U�X�F�W�X�U�H�V �L�Q�F�O�X�G�L�Q�J �W�K�H �S�U�R�E�H �O�D�Q�G�L�Q�J �W�U�D�Q�V�L�W�L�R�Q�V��
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