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We study the Einstein relation for the diffusivity to mobility ratio �DMR� in quantum wires �QWs�
of III-V, ternary, and quaternary materials in the presence of light waves, whose unperturbed energy
band structures are defined by the three band model of Kane. It has been found, taking n-InAs,
n-InSb, n-Hg1−xCdxTe, n-In1−xGaxAsyP1−y lattice matched to InP as examples, that the respective
DMRs exhibit decreasing quantum step dependence with the increasing film thickness, decreasing
electron statistics, increasing light intensity and wavelength, with different numerical values. The
nature of the variations is totally band structure dependent and is influenced by the presence of the
different energy band constants. The strong dependence of the DMR on both the light intensity and
the wavelength reflects the direct signature of the light waves which is in contrast as compared to
the corresponding QWs of the said materials in the absence of photoexcitation. The classical
equation of the DMR in the absence of any field has been obtained as a special case of the present
analysis under certain limiting conditions and this is the indirect test of the generalized formalism.
We have suggested an experimental method of determining the DMR in QWs of degenerate
materials having arbitrary dispersion laws and our results find six applications in the field of
quantum effect devices. © 2008 American Institute of Physics. �DOI: 10.1063/1.2913515�

I. INTRODUCTION

The Einstein relation for the diffusivity �D� to mobility
��� ratio �DMR� of the carriers in semiconductor devices is
known to be very useful,1 since the diffusion constant �a
quantity often used in device analysis but whose exact ex-
perimental determination is rather difficult� can be obtained
from this ratio by knowing the experimental values of the
mobility. In addition, it is more accurate than any of the
individual relation for the diffusivity or the mobility, which
are the two widely used quantities of carrier transport of
modern nanostructured materials and devices. The classical
value of the DMR is equal to �kBT /e�, where kB, T, and e are
the Boltzmann constant, temperature, and the magnitude of
the carrier charge, respectively, which represents the well-
known Einstein relation and is valid for both types of carri-
ers. In this conventional form, it appears that, the DMR in-
creases linearly with T being independent of the carrier
concentration. This relation holds only under the condition of
carrier nondegeneracy, although its validity has been errone-
ously suggested for degenerate materials.2 The performance
of the electron devices at the device terminals and the speed
of operation of modern switching transistors are significantly
influence by the degree of carrier degeneracy present in these

devices,3 and the simplest way of analyzing them under de-
generate condition is to use the appropriate Einstein relation
to express the performance of the devices at the device ter-
minals and the switching speed in terms of the carrier
concentration.3

It is well-known from the fundamental work of
Landsberg4 that the Einstein relation for electronic materials
having degenerate electron concentration is essentially deter-
mined by their respective energy band structures. It has,
therefore, different values in different materials and varies
with the doping, with the magnitude of the reciprocal quan-
tizing magnetic field under magnetic quantization, with the
quantizing electric field as in inversion layers, with the nan-
othickness as in quantum wells �QWs� and QW wires, and
with superlattice period as in the quantum confined superlat-
tices of small gap semiconductors with graded interfaces
having various carrier energy spectra. The nature of these
variations has been extensively investigated in literature4–34

and some of the significant features, which have emerged
from these studies, are the following:

�a� The ratio increases monotonically with the increasing
electron concentration.

�b� The ratio increases with doping in heavily doped ma-
terials in the presence of band tails.

�c� The nature of variations is significantly influenced bya�Electronic mail: kamakhyaghatak@yahoo.co.in.
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the energy band constants of various materials having
different band structures.

�d� The ratio oscillates with inverse quantizing magnetic
field due to Shubnikov–de Haas effect.

�e� The ratio increases with the magnitude of the quantiz-
ing electric field in inversion layers

�f� The ratio exhibits composite oscillations with signifi-
cantly different values in superlattices and also in
quantum confined semiconductors.

The above information has been obtained through theo-
retical analyses and no experimental results are available in
literature in support of the predictions for QWs under pho-
toexcitation. In this paper, the experimental method of deter-
mination of the DMR in QWs for materials having arbitrary
band structures has been suggested and we have studied the
one-dimensional �1D� DMR for QWs of III-V, ternary, and
quaternary compounds in the presence of light waves.

With the advent of molecular beam epitaxy, fine line
lithography, and other experimental techniques, low-
dimensional structures having quantum confinement of one,
two, and three dimensions �such as QWs, wires, and dots�
have attracted much attention not only for their potential in
uncovering new phenomena in nanoscience but also for their
interesting applications in nanotechnology.35–37 In QWs, the
restriction of the motion of the carriers in the two directions
may be viewed as carrier confinement by two infinitely deep
1D square potential wells, leading to quantization �known as
quantum size effect� of the wave vectors along the two di-
rections, allowing 1D electron transport representing new
physical features not exhibited in bulk semiconductors. The
low-dimensional heterostructures based on various materials
are widely investigated because of the enhancement of car-
rier mobility. An enormous range of important applications
for nanoscience in the quantum regime together with a rapid
increase in computing power have generated much interest in
the analysis of nanostructured devices for investigating their
properties.38–41 Examples of such new applications are based
on the different transport properties of ballistic charge carri-
ers which include quantum wires,42–46 quantum resistors,47

resonant tunneling diodes and band filters,48,49 quantum
switches,50 quantum sensors,51–53 quantum logic gates,54,55

quantum transistors and subtuners,56–58 heterojunction field-
effect transistors,59 high-speed digital networks,60 high-
frequency microwave circuits,61 optical modulators,62 optical
switching systems,63 and other devices. The III-V materials
are being increasingly used in integrated optoelectronics,64

passive filter devices,65 distributed feedback lasers and Bragg
reflectors.66 We have used n-Hg1−xCdxTe and
n-In1−xGaxAsyP1−y lattice matched to InP as examples of ter-
nary and quaternary compounds, respectively. The
n-Hg1−xCdxTe is a classic narrow-gap compound and is an
important optoelectronic material because its band gap can
be varied to cover a spectral range from 0.8 to over 30 �m
by adjusting the alloy composition.67 The n-Hg1−xCdxTe
finds extensive applications in infrared detector materials68

and photovoltaic detector arrays69 in the 8–12 �m wave
bands. The above uses have spurred a Hg1−xCdxTe technol-
ogy for the production of high mobility single crystals, with

specially prepared surface layers which is also ideally suit-
able for narrow subband physics because the relevant mate-
rial constants are within the experimental reach.70 Moreover,
the quaternary compounds also find extensive applications in
optoelectronics, high electron mobility transistors, visible
heterostructure compounds lasers, infrared light emitting di-
odes, lasers for fiber optic systems,71 tandem solar cells,72

avalanche photodetectors,73 long wavelength light sources,
detectors in optical fiber communications,74 and new types of
optical devices that are also made from the quaternary
systems.75

In Sec. II A, we have formulated the dispersion relation
of the conduction electrons in the presence of light waves of
III-V, ternary, and quaternary materials, whose energy band
structures in the absence of photoexcitation are defined by
the three and two band models of Kane together with the
parabolic energy bands. The expressions for the electron con-
centration and DMR for QWs of the aforementioned materi-
als in the presence and absence of photoexcitation have been
formulated in Secs. II B and II C, respectively. In Secs. II D
and II E, we have formulated the DMR both in the presence
and absence of light waves for bulk materials of the afore-
mentioned compounds, respectively. In Sec. II F, we have
suggested an experimental method of determining the DMR
in nanomaterials having arbitrary carrier energy spectra in
the present case. In Sec. II G, we have suggested six specific
applications of the results of this paper in the fields of quan-
tum effect devices. The DMR has been numerically investi-
gated by using n-InAs and n-InSb as examples of III-V com-
pounds, n-Hg1−xCdxTe as an example of ternary compounds,
and n-In1−xGaxAsyP1−y lattice matched to InP as an example
of quaternary materials in accordance with the three and the
two band models of Kane together with parabolic energy
bands, respectively, for the purpose of relative comparison
both in the presence and absence of light waves.

II. THEORETICAL BACKGROUND

A. Formulation of the dispersion relation of the
conduction electrons of III-V, ternary,
and quaternary materials in the presence of light
waves

The Hamiltonian �Ĥ� of an electron in the presence of

light wave characterized by the vector potential A� can be
written as the following:76

Ĥ = ���p̂ + �e�A� ��2/2m� + V�r�� , �1�

in which p̂ is the momentum operator, V�r�� is the crystal
potential, and m is the free electron mass. Equation �1� can
be expressed as

Ĥ = Ĥ0 + Ĥ� �2�

where Ĥ0= p̂2 /2m+V�r�� and

Ĥ� =
�e�
2m

A� · p̂ . �3�

The perturbed Hamiltonian H�ˆ can be written as
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Ĥ� = �− i��e�
2m

��A� · �� , �4�

where i=�−1 and p̂=−i��. The vector potential �A� � of the
monochromatic light of plane wave can be expressed as

A� = A0��s cos�s�0 · r� − �t� , �5�

where A0 is the amplitude of the light wave, ��s is the polar-
ization vector, s�0 is the momentum vector of the incident
photon, r� is the position vector, � is the angular frequency of
light wave, and t is the time scale. The matrix element of

H�ˆ nl between initial state �l�q� ,r�� and final state �n�k� ,r�� in
different bands can be written as

Ĥnl� =
�e�
2m

	nk��A� · p̂�lq�
 . �6�

By using Eqs. �4� and �5�, we can rewrite Eq. �6� as

Ĥnl� = �− i��e�A0

4m
���s · ��	nk��e�is�0·r�� � �lq�
e−i�t�

+ �	nk��e�−is�0·r�� � �lq�
ei�t�� . �7�

The first matrix element of Eq. �7� can be written as

	nk��e�is�0·r�� � �lq�
 =� e�i�q�+s�0−k��·r��iq�u
n
*�k�,r��ul�q� ,r��d3r

+� e�i�q�+s�0−k��·r��u
n
*�k�,r�� � ul�q� ,r��d3r .

�8�

The functions u
n
*ul and u

n
*�ul are periodic. The integral over

all space can be separated into a sum over unit cells times an
integral over a single unit cell. It is assumed that the wave-
length of the electromagnetic wave is sufficiently large so
that if k� and q� are within the Brillouin zone, �q� +s�0−k�� is not
a reciprocal lattice vector.

Therefore, we can write Eq. �8� as

�nk�
e�is�0·r�� � �lq�


= � �2��3

�
��iq̄��q� + s�0 − k���nl + ��q� + s�0 − k��

	�
cell

u
n
*�k�,r�� � ul�q� ,r��d3r�

= � �2��3

�
����q� + s�0 − k���

cell
u

n
*�k�,r�� � ul�q� ,r��d3r� , �9�

where � is the volume of the unit cell and
�u

n
*�k� ,r��ul�q� ,r��d3r=��q� −k���nl=0, since n� l. The delta

function expresses the conservation of wave vector in the
absorption of light wave and s�0 is small compared to the
dimension of a typical Brillouin zone, and we set q� =k�. From
Eqs. �8� and �9�, we can write

Ĥnl� =
�e�A0

2m
��s · p̂nl�k����q� − k��cos��t� , �10�

where p̂nl�k��=−i��u
n
*�uld

3r=�u
n
*�k� ,r��p̂ul�k� ,r��d3r There-

fore, we can write

Ĥnl� =
�e�A0

2m
�� · p̂nl�k�� , �11�

where �� =��s cos �t.
When a photon interacts with a semiconductor, the car-

riers �i.e., electrons� are generated in the bands which are
followed by the interband transitions. For example, when the
carriers are generated in the valence band, the carriers then
make interband transition to the conduction band. The tran-

sition of the electrons within the same band, i.e., H�ˆ nn

= 	nk� �H�ˆ �nk�
 is neglected. Because, in such a case, i.e., when
the carriers are generated within the same bands by photons,
they are lost by recombination within the aforementioned
band resulting zero carriers.

Therefore,

	nk��Ĥ��nk�
 = 0. �12�

With n=c stands for conduction band and l=v stands for
valance band, the energy equation for the conduction elec-
tron can approximately be expressed as


�E� = ��2k2

2m*
� +

� �e�A0

2m
�2

	��� · p̂cv�k���2
av

Ec�k�� − Ev�k��
, �13�

where 
�E��E�aE+1��bE+1� / �cE+1�,a�1 /Eg0
, Eg0

is the
unperturbed band gap, b�1 / �Eg0

+��, � is the spin-orbit
splitting constant in the absence of any field, c�1 / �Eg0

+2� /3�, and 	��� · p̂cv�k���2
av represents the average of the
square of the optical matrix element �OME�. For the three
band model of Kane, we can write

�1k = Ec�k�� − Ev�k�� = �Eg0

2 + Eg0
�2k2/mr�1/2, �14�

where mr is the reduced mass and is given by mr
−1= �m*�−1

+mv
−1, and mv is the effective mass of the heavy hole at the

top of the valance band in the absence of any field.
The doubly degenerate wave functions u1�k� ,r�� and

u2�k� ,r�� can be expressed as21

u1�k�,r�� = ak+��is�↓�� + bk+�X� − iY�
�2

↑�� + ck+�Z�↓
�
� �15�

and

u2�k�,r�� = ak−��is�↑�� − bk−�X� + iY�
�2

↓�� + ck−�Z�↑�� ,

�16�

where s is the s-type atomic orbital in both unprimed and
primed coordinates, ↓� indicates the spin-down function in
the primed coordinates,

ak
 � ��Eg0
− �
0k
�2�Eg0

− ����1/2��Eg0
+ ���−1/2� ,
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�� ��6�Eg0
+ 2�/3��Eg0

+ ���/��1/2,

�� �6Eg0

2 + 9Eg0
� + 4�2� ,


0k
 � ���1k� Eg0
�

2��1k + ���
�1/2

,

�1k � Ec�k�� − Ev�k�� = Eg0�1 + 2�1 +
mc

mv
�
�E�

Eg0

�1/2
,

����Eg0

2 �����−1 X�, Y�, and Z� are the p-type atomic orbitals
in the primed coordinates, ↑� indicates the spin-up function
in the primed coordinates, bk
��
0k
, ���4�2 /3��1/2,
ck
� t
0k
, and

t � �6�Eg0
+ 2�/3�2/��1/2.

We can, therefore, write the expression for the OME as

OME = p̂cv�k�� = 	u1�k�,r���p̂�u2�k�,r��
 . �17�

Since the photon vector has no interaction in the same band
for the study of interband optical transition, we can, there-
fore, write

	S�p̂�S
 = 	X�p̂�X
 = 	Y�p̂�Y
 = 	Z�p̂�Z
 = 0

and

	X�p̂�Y
 = 	Y�p̂�Z
 = 	Z�p̂�X
 = 0.

There are finite interactions between the conduction band
�CB� and the valance band �VB�, and we can obtain

	S�P̂�X
 = î · P̂ = î · P̂x,

	S�P̂�Y
 = ĵ · P̂ = ĵ · P̂y ,

	S�P̂�Z
 = k̂ · P̂ = k̂ · P̂z,

where î , ĵ, and k̂ are the unit vectors along the x, y, and z
axes, respectively.

It is well-known that

�↑�

↓�
� = � e−i�/2 cos��/2� ei�/2 sin��/2�

− e−i�/2 sin��/2� ei�/2 cos��/2� �
	�↑

↓ � and �X�

Y�

Z�
�

= �cos � cos � cos � sin � − sin �

− sin � cos � 0

sin � cos � sin � sin � cos �
��X

Y

Z
� .

Besides, the spin vector can be written as

S� =
�

2
�� ,

where

�x = �0 1

1 0
�, �y = �0 − i

i 0
� and �z = �1 0

0 − 1
� .

From above, we can write

p̂CV�k�� = 	u1�k�,r���P̂�u2�k�,r��


= ��ak+
��iS�↓�� + bk+��X� − iY�

�2
�↑�� + ck+

�Z�↓���
	�P̂��ak−

��iS�↑�� − bk−��X� + iY�
�2

�↓�

+ ck−
�Z�↑����� .

By using above relations, we get

p̂CV�k�� = 	u1�k�,r���P̂�u2�k�,r��


=
bk+

ak−

�2
�	�X� − iY���P̂�iS
	↑��↑�
�

+ ck+
ak−

�	Z��P̂�iS
	↓��↑�
� −
ak+

bk−

�2
�	iS�P̂��X�

+ iY��
	↓��↓�
� + ak+
ck−

�	iS�P̂�Z�
	↓��↑�
� . �18�

From Eq. �18�, we can write

	�X� − iY���P̂�iS
 = 	�X���P̂�iS
 − 	�iY���P̂�iS


= i� u
X�
* P̂S −� − iu

Y�
* P̂iuX

= i	X��P̂�S
 − 	Y��P̂�S
 .

From the above relations, for X�, X�, and X�, we get

�X�
 = cos � cos ��X
 + cos � sin ��Y
 − sin ��Z
 .

Thus,

	X��P̂�S
 = cos � cos �	X�P̂�S
 + cos � sin �	Y�P̂�S


− sin �	Z�P̂�S
 = P̂r̂1,

where

r̂1 = î cos � cos � + ĵ cos � sin � − k̂ sin � ,

�Y�
 = − sin ��X
 + cos ��Y
 + 0�Z
 .

Thus,

	Y��P̂�S
 = − sin �	X�P̂�S
 + cos �	Y�P̂�S
 + 0	Z�P̂�S


= P̂r̂2,

where

r̂2 = − î sin � + ĵ cos � ,

so that

	�X� − iY���P̂�S
 = P̂�ir̂1 − r̂2� .

Thus,

094314-4 Ghatak et al. J. Appl. Phys. 103, 094314 �2008�

Downloaded 15 Sep 2010 to 131.180.130.114. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



ak−
bk+

�2
	�X� − iY���P̂�S
	↑��↑�
 =

ak−
bk+

�2
P̂�ir̂1 − r̂2�	↑��↑�
 .

�19�

Now since,

	iS�P̂��X� + iY��
 = i	S�P̂�X�
 − 	S�P̂�Y�
 = P̂�ir̂1 − r̂2� ,

we can write

− � ak+
bk−

�2
�	iS�P̂��X� + iY��
	↓��↓�
��

= − �ak+
bk−

�2
P̂�ir̂1 − r̂2�	↓��↓�
� . �20�

Similarly, we get

�Z�
 = sin � cos ��X
 + sin � sin ��Y
 + cos ��Z
 ,

so that

	Z��P̂�iS
 = i	Z��P̂�S


= iP̂�sin � cos �î + sin � sin � ĵ + cos �k̂�

= iP̂r̂3,

where

r̂3 = î sin � cos � + ĵ sin � sin � + k̂ cos � .

Thus,

ck+
ak−

	Z��P̂�iS
	↓��↑�
 = ck+
ak−

iP̂r̂3	↓��↑�
 . �21�

Similarly, we can write

ck−
ak+

	iS�P̂�Z�
	↓��↑�
 = ck−
ak+

iP̂r̂3	↓��↑�
 . �22�

Therefore, we obtain

ak−
bk+

�2
�	�X� − iY���P̂�S
	↑��↑�
� −

ak+
bk−

�2
�	iS�P̂��X� + iY��


		↓��↓�
�

=
P̂
�2

�− ak+
bk−

	↓��↓�
 + ak−
bk+

	↑ �↑�
��ir̂1 − r̂2� . �23�

Also, we can write

ck+
ak−

	Z��P̂�iS
	↓��↑�
 + ck−
ak+

	iS�P̂�Z�
	↓��↑�


= iP̂�ck+
ak−

+ ck−
ak+

�r̂3�	↓��↓�
� . �24�

By combining Eqs. �23� and �24�, we find

p̂CV�k�� =
P̂
�2

�ir̂1 − r̂2���bk+
ak−

�	↑��↑�
 − �bk−
ak+

�	↓��↓�
�

+ iP̂r̂3�ck+
ak−

− ck−
ak+

�	↓��↑�
 . �25�

From the above relations, we obtain

↑� = e−i�/2 cos��/2�↑ + ei�/2 sin��/2�↓ ,

�26�
↓� = − e−i�/2 sin��/2�↑ + ei�/2 cos��/2�↓ .

Therefore,

	↓��↑�
x = − sin��/2�cos��/2�	↑ �↑
x + e−i� cos2��/2�	↓ �↑
x

− ei� sin2��/2�	↑ �↓
x + sin��/2�cos��/2�	↓ �↓
x

�27�

However, we know from above that

�↑ �↑
x = 0, �↓ �↑
 =
1

2
, �↓ �↑
x =

1

2
and 	↓ �↓
x = 0.

Thus, from Eq. �27�, we get

	↓��↑�
x =
1

2
�e−i� cos2��/2� − ei� sin2��/2��

=
1

2
��cos � − i sin ��cos2��/2� − �cos �

+ i sin ��sin2��/2�� =
1

2
�cos � cos � − i sin �� .

�28�

Similarly, we obtain

	↓��↑�
y =
1

2
�i cos � + sin � cos ��

and 	↓��↑�
z =
1

2
�− sin �� .

Therefore,

	↓��↑�
 = î	↓��↑�
x + ĵ	↓��↑�
y + k̂	↓��↑�
z

=
1

2
��cos � cos � − i sin ��î + �i cos �

+ sin � cos �� ĵ − sin �k̂� =
1

2
���cos � cos ��î

+ �sin � cos �� ĵ − sin �k̂� + i�− î sin �

+ ĵ cos ��� =
1

2
�r̂1 + ir̂2� = −

1

2
i�ir̂1 − r̂2� .

Similarly, we can write

	↑��↑�
 =
1

2
�î sin � cos � + ĵ sin � sin � + k̂ cos �� =

1

2
r̂3

and 	↓��↓�
 = −
1

2
r̂3.

By using the above results and following Eq. �25�, we can
write
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p̂CV�k�� =
P̂
�2

�ir̂1 − r̂2���ak−
bk+

�	↑��↑�
 − �bk−
ak+

�	↓��↓�
�

+ iP̂r̂3��ck+
ak−

− ck−
ak+

�	↓��↑�
�

=
P̂

2
r̂3�ir̂1 − r̂2���ak−

bk+

�2
+

bk−
ak+

�2
��

+
P̂

2
r̂3�ir̂1 − r̂2���ck+

ak−
+ ck−

ak+
�� .

Thus,

p̂CV�k�� =
P̂

2
r̂3�ir̂1 − r̂2��ak+

�bk−

�2
+ ck−

� + ak−
�bk+

�2
+ ck+

�� .

�29�

We can write that

�r̂1� = �r̂2� = �r̂3� = 1

also P̂r̂3 = P̂x sin � cos �î + P̂y sin � sin � ĵ

+ P̂z cos �k̂ ,

where

P̂ = 	S�P̂�X
 = 	S�P̂�Y
 = 	S�P̂�Z
 ,

	S�P̂�X
 =� u
C
*�0,r��P̂uVX�0,r��d3r = P̂CVX�0� ,

	S�P̂�Y
 = P̂CVY�0� and 	S�P̂�Z
 = P̂CVZ�0� .

Thus,

P̂ = P̂CVX�0� = P̂CVY�0� = P̂CVZ�0� = P̂CV�0� ,

where

P̂CV�0� � � u
c
*�0,r��P̂uV�0,r��d3r � P̂

For a plane polarized light wave, we have the polarization

vertor ��s= k̂, when the light wave vertor is traveling along the
z axis. Therefore, for a plane polarized light wave, we have

considered ��s= k̂.
Then, from Eq. �29�,

��� · p̂CV�k��� = k� ·
P̂

2
r̂3�ir̂1 − r̂2��A�k�� + B�k���cos �t �30�

and

A�k�� = ak−
�bk+

�2
+ ck+

� ,

�31�

B�k�� = ak+�bk−

�2
+ ck−� .

Thus,

��� · p̂cv�k���2 = 
k̂ ·
P̂

2
r̂3
2

�ir̂1 − r̂2�2�A�k�� + B�k���2 cos2 �t

=
1

4
�P̂z cos ��2�A�k�� + B�k���2 cos2 �t . �32�

So, the average value of ��� · p̂cv�k���2 for a plane polarized
light wave is given by

	��� · p̂cv�k���2
av

=
2

4
�P̂z�2�A�k�� + B�k���2��

0

2�

d��
0

�

cos2 � sin �d���1

2
�

=
2�

3
�P̂z�2�A�k�� + B�k���2, �33�

where

�P̂z�2 = �1

2
��k� · p̂cv�0��2

and

�k� · p̂cv�0��2 =
m2

4mr

Eg0
�Eg0

+ ��

�Eg0
+

2

3
�� . �34�

We shall express A�k�� and B�k�� in terms of constants of the
energy spectra in the following way: By substituting ak


,
bk


, ck

, and 
0k


in A�k�� and B�k�� in Eq. �31�, we get

A�k�� = ��t +
�

�2
��� Eg0

Eg0
+ ��

�
0k+

2

− 
0k+

2 
0k−

2 �Eg0
− ��

Eg0
+ ��

��1/2

, �35�

B�k�� = ��t +
�

�2
��� Eg0

Eg0
+ ��

�
0k−

2

− 
0k+

2 
0k−

2 �Eg0
− ��

Eg0
+ ��

��1/2

, �36�

in which


0k+

2 �
�1k − Eg0

2��1k + ���
�

1

2
�1 − �Eg0

+ ��

�1k + ��
�� and 
0k−

2

�
�1k + Eg0

2��1k + ���
�

1

2
�1 + �Eg0

− ��

�1k + ��
�� .

By substituting x��1k+�� in 
0k

2 , we can write
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A�k�� = ��t +
�

�2
��� Eg0

Eg0
+ ��

�1

2
�1 −

Eg0
+ ��

x
�

−
1

4�Eg0
− ��

Eg0
+ ��

��1 −
Eg0

+ ��

x
�

	�1 +
Eg0

− ��

x
��1/2

.

Thus,

A�k�� =
�

2 �t +
�

�2
��1 −

2a0

x
+

a1

x2�1/2

,

where

a0 � �Eg0

2 + ��2��Eg0
+ ���−1 and a1 � �Eg0

− ���2.

After tedious algebra, one can show that

A�k�� =
�

2 �t +
�

�2
��Eg0

− ���� 1

�1k + ��

−
1

Eg0
+ ���1/2� 1

�1k + ��
−

�Eg0
+ ���

�Eg0
− ���2�1/2

. �37�

Similarly, from Eq. �36�, we can write

B�k�� = ��t +
�

�2
��� Eg0

Eg0
+ ��

�1

2
�1 +

Eg0
− ��

x
�

−
1

4�Eg0
− ��

Eg0
+ ��

��1 −
Eg0

+ ��

x
�

	�1 +
Eg0

− ��

x
��1/2

.

So that finally, we get

B�k�� =
�

2 �t +
�

�2
��1 +

Eg0
− ��

�1k + ��
� . �38�

By using Eqs. �33�, �34�, �37�, and �38�, we can write

� �e�A0

2m
�2 	��� · p̂cv�k���2
av

Ec�k�� − Ev�k��

= � �e�A0

2m
�22�

3
�k� · p̂cv�0��2

�2

4 �t +
�

�2
�2 1

�1k

	��1 +
Eg0

− ��

�1k + ��
� + �Eg0

− ���

	� 1

�1k + ��
−

1

Eg0
+ ���1/2

	� 1

�1k + ��
−

Eg0
+ ��

�Eg0
− ���2�1/2�2

. �39�

By following the work of Nag,77 it can be shown that

A0
2 =

I�2

2�2c3��sc�0

, �40�

where I is the light intensity of wavelength � and c is the
velocity of light. Thus, the simplified electron energy spec-
trum in III-V, ternary, and quaternary materials up to the
second order in the presence of light waves can approxi-
mately be written as

�2k2

2mc
= �0�E,�� , �41�

where

�0�E,�� � �
�E� − �0�E,��� ,

�0�E,��

�
�e�2

96mr�c3

I�2

��sc�0

Eg0
�Eg0

+ ��

�Eg0
+

2

3
��
�2

4

	�t +
�

�2
�2 1

�0�E���1 +
Eg0

− ��

�0�E� + ��
� + �Eg0

− ���

	� 1

�0�E� + ��
−

1

Eg0
+ ���1/2

	� 1

�0�E� + ��
−

Eg0
+ ��

�Eg0
− ���2�1/2�2

,

and

�0�E� � Eg0�1 + 2�1 +
m*

mv
�
�E�

Eg0

�1/2
.

Thus, under the limiting condition of k�→0, from Eq. �41�,
we observe that E�0 and is positive. Therefore, in the pres-
ence of external light waves, the energy of the electron does
not tend to zero when k�→0, whereas for the unperturbed
three band model of Kane, I�E�= ��2k2 / �2m*��, in which E
→0 for k�→0. As the conduction band is taken as the refer-
ence level of energy, therefore, the lowest positive value of E
for k�→0 provides the increased band gap ��Eg� of the semi-
conductor due to photon excitation. The values of the in-
creased band gap can be obtained by computer iteration pro-
cesses for various values of I and �.

1. Special Cases

�1� For the two band model of Kane, we have �→0. Under
this condition, 
�E�→E�1+aE�=�2k2 /2m*. Since �
→1, t→1, �→0, and ��→0 for �→0, from Eq. �41�,
we can write the energy spectrum of III-V, ternary, and
quaternary materials in the presence of external photo-
excitation whose unperturbed conduction electrons obey
the two band model of Kane as

�2k2

2mc
= �0�E,�� , �42�

where
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�0�E,�� � E�1 + aE� − B0�E,�� ,

B0�E,�� �
�e�2I�2Eg0

384�c3mr
��sc�0

1

�1�E���1 +
Eg0

�1�E�
�

+ Eg0� 1

�1�E�
−

1

Eg0

��2

,

�1�E� � Eg0�1 +
2m*

mr

aE�1 + aE��1/2

.

�2� In the case of relatively wide band gap semiconductors,
we can write a→0, b→0, c→0, and 
�E�→E. Thus,
from Eq. �42�, we can find

�2k2

2mc
= �0�E,�� , �43�

�0�E,�� � E −
�e�2I�2

96�c3mr
��sc�0

�1 + �2m*

mr
�aE�−3/2

.

�44�

B. Formulation of the Einstein relation in the
presence of light waves in QWs of III-V, ternary,
and quaternary materials

The DMR can, in general,5 be written as

D

�
=

1

e
N� �N

�ĒF
�−1

, �45�

where N is the electron concentration and ĒF is the Fermi
energy. It appears then that the formulation of the DMR re-
quires an expression of electron statistics, which, in turn, is
determined by the density-of-states DOS function.

�i� The 1D electron energy spectrum in QWs of III-V,
ternary, and quaternary materials, whose unperturbed
band structure is defined by the three band model of
Kane, in the presence of light waves can be expressed
from Eq. �41� as

�2kx
2

2mc
= �0�E,�� − � �2

2mc
�ny�

dy
�2

+
�2

2mc
�nz�

dz
�2� , �46�

where ny�=1,2 ,3 , . . . � and nz�=1,2 ,3 , . . . � are the size quan-
tum numbers along the y and z directions, while dy and dz are
the nanothickness along the y and z directions respectively.
The subband energies �En� can be expressed as

�0�En,�� = � �2

2mc
�ny�/dy�2 +

�2

2mc
�nz�/dz�2� . �47�

The 1D DOS function �N1D�E ,��� is given by

N1D�E,�� = ��2mc

��
� �

ny=1

nymax

�
nz=1

nzmax

�0��E,����0�E,��

− ��ny,nz��−1/2H�E − En� , �48�

where the prime indicates the differentiation of the differen-
tiable functions with respect to E,

��ny,nz� =
�2�2

2mc
��ny

dy
�2

+ �nz

dz
�2� ,

and H is the Heaviside step function. By combining Eq. �48�
with the Fermi Dirac occupation probability factor, the 1D
electron concentrations �n1D� can, thus, be written as

n1D =
2

�

�2mc

�
�
ny=1

nymax

�
nz=1

nzmax

�T1�EF,ny,nz,�� + T2�EF,ny,nz,��� ,

�49�

where T1�EF ,ny ,nz ,�����0�EF ,��−��ny ,nz��1/2, EF is the
Fermi energy in the present case, T2�EF ,ny ,nz ,��
��r=1

s0 ZrT1�EF ,ny ,nz ,��, Zr�2�kBT�2r�1
−21−2r���2r��2r /�EF

2r, ��2r� is the zeta function of order 2r,
and r is the set of positive integers whose upper limit is S0.78

The use of Eqs. �49� and �45� leads to the expression of the
1D DMR in this case as

D

�
=

1

e

�ny=1
nymax�nz=1

nzmax�T1�EF,ny,nz,�� + T2�EF,ny,nz,���

�ny=1
nymax�nz=1

nzmax�T1��EF,ny,nz,�� + T2��EF,ny,nz,���
.

�50�

�ii� By using Eq. �42�, the expressions for the 1D disper-
sion relation, the subband energies, the DOS function,
and the electron concentration for QWs of III-V, ter-
nary, and quaternary materials, whose unperturbed
band structure is defined by the two band model of
Kane, can, respectively, be written in the presence of
photoexcitation as

�2kx
2

2mc
= ��0�E,�� − ��ny,nz�� , �51�

�0�En,�� = ��ny,nz� , �52�

N1D�E,�� = ��2mc

��
� �

ny=1

nymax

�
nz=1

nzmax

�0��E,����0�E,��

− ��ny,nz��−1/2H�E − En� , �53�

n1D =
2

�

�2mc

�
�
ny=1

nymax

�
nz=1

nzmax

�T3�EF,ny,nz,��

+ T4�EF,ny,nz,��� , �54�

where

T3�EF,ny,nz,�� � ��0�EF,�� − ��ny,nz��1/2,
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T4�EF,ny,nz,�� � �
r=1

s0

ZrT3�EF,ny,nz,�� .

The use of Eqs. �54� and �45� leads to the expression of the
DMR in this case as

D

�
=

1

e

�ny=1
nymax�nz=1

nzmax�T3�EF,ny,nz,�� + T4�EF,ny,nz,���

�ny=1
nymax�nz=1

nzmax�T3��EF,ny,nz,�� + T4��EF,ny,nz,���
.

�55�

�iii� By using Eq. �43�, the expressions for the 1D disper-
sion relation, the subband energies, the DOS function,
and the electron concentration for QWs of III-V, ter-
nary, and quaternary materials, whose unperturbed
band structure is defined by the parabolic energy
bands, can, respectively, be written in the presence of
photoexcitation as

�2kx
2

2mc
= ��0�E,�� − ��ny,nz�� , �56�

�0�En,�� = ��ny,nz� , �57�

N1D�E,�� = ��2mc

��
� �

ny=1

nymax

�
nz=1

nzmax

�0��E,����0�E,��

− ��ny,nz��−1/2H�E − En� , �58�

n1D =
2�2mc

��
�
ny=1

nymax

�
nz=1

nzmax

�T5�EF,ny,nz,�� + T6�EF,ny,nz,��� ,

�59�

where

T5�EF,ny,nz,�� � ��0�EF,�� − ��ny,nz��1/2,

T6�EF,ny,nz,�� � �
r=1

s0

ZrT5�EF,ny,nz,�� .

The use of Eqs. �54� and �45� leads to the expression of the
DMR in this case as

D

�
=

1

e

�ny=1
nymax�nz=1

nzmax�T5�EF,ny,nz,�� + T6�EF,ny,nz,���

�ny=1
nymax�nz=1

nzmax�T5��EF,ny,nz,�� + T6��EF,ny,nz,���
.

�60�

C. Formulation of the Einstein relation in the absence
of light waves in QWs of III-V, ternary,
and quaternary materials

�i� The expressions for the 1D dispersion relation, the
subband energies, the DOS function, and the electron
concentration for QWs of III-V, ternary, and quater-
nary materials, whose unperturbed band structure is
defined by the three band model of Kane, can, respec-
tively, be written in the absence of photoexcitation as

�2kx
2

2mc
= �
�E� − ��ny,nz�� , �61�


�En� = ��ny,nz� , �62�

N1D�E� = ��2mc

��
� �

ny=1

nymax

�
nz=1

nzmax


��E��
�E�

− ��ny,nz��−1/2H�E − En� , �63�

n1D =
2�2mc

��
�
ny=1

nymax

�
nz=1

nzmax

�T7�EF0
,ny,nz� + T8�EF0

,ny,nz�� ,

�64�

where EF0
is the Fermi energy in the presence of size quan-

tization as measured from the edge of the conduction band in
the vertically upward direction in the absence of external
photoexcitation, T7�EF0

,ny ,nz���
�EF0
�−��ny ,nz��1/2, and

T8�EF0
,ny ,nz���r=1

s0 ZrT7�EF0
,ny ,nz�. The use of Eqs. �64�

and �45� leads to the expression of the DMR in this case as

D

�
=

1

e

�ny=1
nymax�nz=1

nzmax�T7�EF0
,ny,nz� + T8�EF0

,ny,nz��

�ny=1
nymax�nz=1

nzmax�T7��EF0
,ny,nz� + T8��EF0

,ny,nz��
. �65�

�ii� The expressions for the 1D dispersion relation, the
subband energies, the DOS function, and the electron
concentration for QWs of III-V, ternary, and quater-
nary materials, whose unperturbed band structure is
defined by the two band model of Kane, can, respec-
tively, be written in the absence of photoexcitation as

E�1 + aE� � ��ny,nz� +
�2kx

2

2mc
, �66�

En�1 + aEn� � ��ny,nz� , �67�

N1D�E� =
�2mc

��
�
ny=1

nymax

�
nz=1

nzmax

�1 + 2aE��E�1 + aE�

− ��ny,nz��1/2H�E − En� , �68�

n1D =
2�2mc�kBT

h
�
ny=1

nymax

�
nz=1

nzmax 1
�a0

��1 +
3

2
ab0�F−1/2��n�

+
3

4
akBTF1/2��n�� , �69�

where a0= �1+a��ny ,nz��, b0=��ny ,nz��1+a��ny ,nz��−1,
�n��EF0

−b0� /kBT, and Ft0
��n� is one-parameter Fermi–

Dirac integral of order t0 which can be written as79

Ft0
��n� = � 1

��t0 + 1���0

�

yt0�1 + e�y−���−1dy, y� − 1,

�70�

where ��t0+1� is the complete gamma function, or for all t,
analytically continued as a complex contour integral around
the negative axis,
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Ft0
��n� = At0�

−�

�0+�

yt0�1 + exp�− y − ���−1dy , �71�

in which At0
=��−t0� /2��−1. The use of Eqs. �69� and �45� leads to the expression of the DMR in this case as

D

�
=

kBT

e

�
ny=1

nymax

�
nz=1

nzmax 1
�a0

��1 +
3

2
ab0�F−1/2��n� +

3

4
akBTF1/2��n��

�
ny=1

nymax

�
nz=1

nzmax 1
�a0

��1 +
3

2
ab0�F−3/2��n� +

3

4
akBTF−1/2��n�� . �72�

�iii� Under the condition of a→0 as parabolic energy
bands, the expressions for the 1D dispersion relation,
the subband energies, the DOS function, the electron
concentration, and the DMR can be written as

E = ��ny,nz� +
�2kx

2

2mc
, �73�

En = ��ny,nz� , �74�

N1D�E� =
�2mc

��
�
ny=1

nymax

�
nz=1

nzmax

�E − ��ny,nz��−1/2H�E − En� ,

�75�

n1D =
2�2mc�kBT

h
�
ny=1

nymax

�
nz=1

nzmax

�F−1/2��n�� , �76�

D

�
=

kBT

e

�ny=1
nymax�nz=1

nzmax�F−1/2��n��

�ny=1
nymax�nz=1

nzmax�F−3/2��n��
. �77�

D. Formulation of the Einstein relation in the
presence of light waves in bulk specimens of III-V,
ternary,
and quaternary materials

�i� By using Eq. �41�, the DOS function for III-V, ternary,
and quaternary materials in the absence of size quan-
tization and in the presence of light waves whose un-
perturbed conduction electrons obey the three band
model of Kane can be expressed as

D0�E� = 4��2mc

h2 �3/2
��0�E,���0��E,�� . �78�

By combining Eq. �78� with the Fermi–Dirac occupation
probability factor and by using the generalized Sommerfeld’s
lemma,78 the electron concentration �n0� can be written as

n0 = �3�2�−1�2mc

�2 �3/2

�M1�EFB,�� + N1�EFB,��� , �79�

where M1�EFB ,�����0�EFB ,���3/2, N1�EFB ,��
��r=1

s0 ZrM1�EFB ,��, and EFB is the Fermi energy as mea-
sured from the edge of the conduction band in the vertically

upward direction in the absence of size quantization and in
the presence of photoexcitation. By using the Eqs. �79� and
�45�, we get

D

�
=

1

e

�M1�EFB,�� + N1�EFB,���
�M1��EFB,�� + N1��EFB,���

. �80�

�ii� The expressions of n0 and DMR for III-V, ternary, and
quaternary materials in the presence of light waves
whose unperturbed conduction electrons obey the two
band model of Kane can be expressed as

n0 = �3�2�−1�2mc

�2 �3/2

�M2�EFB,�� + N2�EFB,��� �81�

and

D

�
=

1

e

�M2�EFB,�� + N2�EFB,���
�M2��EFB,�� + N2��EFB,���

�82�

where

M2�EFB,�� � ��0�EFB,���3/2, N2�EFB,��

� �
r=1

s0

ZrM2�EFB,�� .

�iii� The expressions of n1D and DMR for III-V, ternary,
and quaternary materials in the presence of light
waves whose unperturbed conduction electrons obey
the parabolic energy bands can be expressed as

n0 = �3�2�−1�2mc

�2 �3/2

�M3�EFB,�� + N3�EFB,��� �83�

and

D

�
=

1

e

�M3�EFB,�� + N3�EFB,���
�M3��EFB,�� + N3��EFB,���

, �84�

where

M3�EFB,�� � ��0�EFB,���3/2,

N3�EFB,�� � �
r=1

s0

ZrM3�EFB,�� .
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E. Formulation of the Einstein relation in the absence
of light waves in bulk specimens of III-V, ternary,
and quaternary materials

�i� In the absence of external photoexcitations, the ex-
pressions of the n0 and the DMR in accordance with
the three band model of Kane assume the forms

n0 = �3�2�−1�2mc

�2 �3/2

�M4�EFB0� + N4�EFB0�� , �85�

D

�
=

1

e

�M4�EFB0� + N4�EFB0��
�M4��EFB0� + N4��EFB0��

, �86�

where M4�EFB0���
�EFB0��3/2, EFB0 is the Fermi energy as
measured from the edge of the conduction band in the verti-
cally upward direction in the absence of any field, and
N4�EFB0�=�r=1

s0 ZrM4�EFB0�.
�ii� In accordance with the two band model of Kane, the

corresponding expressions of the n0 and DMR are
given by

n0 = �3�2�−1�2mc

�2 �3/2

�M5�EFB0� + N5�EFB0�� , �87�

and

D

�
=

1

e

�M5�EFB0� + N5�EFB0��
�M5��EFB0� + N5��EFB0��

, �88�

where M5�EFB0���EFB0�1+aEFB0��3/2 and N5�EFB0�
��r=1

s0 ZrM5�EFB0�.
�iii� Under the constraints ��a−1 or ��a−1 together with

the condition of aEFB0�1, Eqs. �87� and �88� assume
the forms

n0 = Nc�F1/2��� + �15�kBT

4
�F3/2���� �89�

and

D

�
= � kBT

e
�� �F1/2��� + �15�kBT

4
�F3/2����

�F−1/2��� + �15�kBT

4
�F1/2����� , �90�

where NC=2�2�mckBT /h2�3/2 and �=EFB0 /kBT.
�iv� For relatively wide gap materials a→0 and from Eqs.

�89� and �90�, we can write4

n0 = NcF1/2��� �91�

and

D

�
= � kBT

e
�� F1/2���

F−1/2���� . �92�

Under the condition of carrier nondegeneracy, Eq. �92� gets
simplified into the classical equation of the DMR as given in
the Introduction.

F. Suggestion for the experimental determination of
the Einstein relation in materials having
arbitrary dispersion laws

It is well-known that the thermoelectric power of the
electrons in materials in the presence of a very large mag-
netic field is independent of the scattering mechanism and is
determined only by the dispersion law.80 The magnitude of
the thermoelectric power G in the present case can be ex-
pressed as80

G =
1

eTN��0

�

�E − ĒF�R�E��−
�f0

�E
�dE� , �93�

where R�E� is the total number of states and fo is the Fermi–
Dirac occupation probability factor. By following the work
of Tsidilkovski,81 Eq. �93� can be written under the condition
of carrier degeneracy as

G = ��2kB
2T

3eN
�� �N

�ĒF
� . �94�

The use of Eqs. �94� and �45� leads to the result

D

�
= ��2kB

2T/3Ge2� . �95�

Thus, the DMR for degenerate materials can be determined
by knowing the experimental values of G.

The suggestion for the experimental determination of the
DMR for degenerate materials having arbitrary dispersion
laws as given by Eq. �95� does not contain any band param-
eters. For a constant temperature, the DMR inversely varies
as G. Only the experimental values of G for any material as
a function of electron concentration will generate the experi-
mental values of the DMR for that range of N for that mate-
rial. Since G decreases with increasing N, from Eq. �95�, we
can conclude that the DMR will increase with increasing N.
This statement provides a compatibility test of our theoreti-
cal analysis. Equation �95� provides an experimental check
of the DMR and also a technique for probing the band struc-
tures of materials having arbitrary band structures.

G. Six applications of the results of this paper in the
field of quantum effect devices in general

�i� The carrier contribution to the elastic constants is very
important in studying the mechanical properties of the
nanomaterials and has been relatively been less inves-
tigated in the literature.82 The electronic contribution
to the second- and third-order elastic constants can be
written as82,83

�C44 = −
�0

2

9

�N

�ĒF

�96�

and

094314-11 Ghatak et al. J. Appl. Phys. 103, 094314 �2008�

Downloaded 15 Sep 2010 to 131.180.130.114. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



�C456 =
�0

3

27

�2N

�ĒF
2

, �97�

where �0 is the deformation potential constant. Thus, by us-
ing Eqs. �94�, �96�, and �97�, we can write

�C44 = �− N�0
2eG/�3�2kB

2T�� �98�

and

�C456 = �Ne�0
3G2/�3�4kB

3T���1 +
N

G

�G

�N
� . �99�

Thus, the experimental graph of G versus N allows us to
experimentally determine the electronic contribution to the
elastic constants for nanomaterials having arbitrary disper-
sion laws.
�ii� The effective mass of the carriers in materials, being

connected with the mobility, is known to be one of the
most important quantity used for the analysis of the
nanodevices under different physical conditions.84 It
must be noted that among the various definitions of
the effective electron mass,85 it is the momentum ef-
fective mass that should be regarded as the basic
quantity.86 This is due to the fact that it is this mass
which appears in the description of transport phenom-
ena and all other properties of the conduction elec-
trons in a band with arbitrary band nonparabolicity.86

It can be shown that it is the momentum effective
mass which enters in various transport coefficients
and plays the most dominant role in explaining the
experimental results of different scattering
mechanisms.87,88 The carrier degeneracy in semicon-
ductors influences the effective mass when it is energy
dependent.89 Under degenerate conditions, only the
electrons at the Fermi surface of n-type semiconduc-
tors participate in the conduction process and, hence,
the effective momentum mass �EMM� of the electrons
corresponding to the Fermi level would be of interest
in electron transport under such conditions. The Fermi
energy is again determined by the carrier energy spec-
trum and the carrier concentration and, therefore,
these two features would determine the dependence of
the EMM in degenerate materials under the degree of
carrier degeneracy. The expression of the EMM in the
ith direction is given by

m
i
*�EF� = �2
�ki0

� �ki0

�E
��


E=EF

, �100�

where io=x, y, and z. Thus, by combining Eq. �100� with
Eqs. �41�–�43�, �46�, �51�, �56�, �61�, �66�, and �73�, we can
obtain the expressions of the EMMs in QWs of III–V, ter-
nary, and quaternary materials both in the presence and ab-
sence of photoexcitation. The detailed investigation of the
EMMs will uncover new physics in this context.
�iii� The photoemission from nanostructures has been ex-

tensively investigated due to its importance in reveal-
ing many optical properties in the realm of nano-
science and technology,90 although the photoemission
from the 1D systems has yet to be investigated. The

generalized expression of the photoemitted current
from the 1D structures as discussed in this paper can
be written as

I =
ekBT

��
�
ny=1

nymax

�
nz=1

nzmax �F0�EF − �En + W − h��
kBT

�� , �101�

where W is the work function and h� is the incident photon
energy along the direction of the free motion of the electron.
From Eq. �101�, we can observe that this generalized relation
is valid for any 1D system where En is the only band struc-
ture dependent quantity.
�iv� The normalized diffusion coefficient of the minority

carriers in quantum wire lasers can be expressed4 as

Di/D0 = dEF/dEFB0, �102�

where Di and D0 are the diffusion coefficients of the minority
carriers both in the presence and absence of quantum con-
finements. Thus, our present study plays an important role in
determining the diffusion coefficients of the minority carriers
of quantum confined lasers with materials having arbitrary
band structures.
�v� The nonlinear response from the optical excitation of

the free carriers �p̄0� is given by91

p̄0 =
− e2

dydz�
2�2�

En

� �kx
�kx

�E
�−1

f0N1D�E�dE . �103�

From the band structure, we can formulate the term
�kx�kx /�E�, and by using the DOS function as formulated,
we can study p̄0 for all types of materials as considered in
this paper.
�vi� The third-order nonlinear optical susceptibility can be

written as92

�NP��1,�2,�3� =
n1De4	�4


24�1�2�3dydz��1 + �2 + �3��4 , �104�

where n1D	�4
=�En

� ��4E /�kx
4�N1D�E�f0dE and the other nota-

tions are defined in Ref. 84. The term ��4E /�kx
4� can be for-

mulated by using the band structure of different materials as
given in this paper together with the fact that the respective
DOS function has also been derived. Therefore, we can study
the �NP��1 ,�2 ,�3� for all materials as considered in this
paper.

Thus, we can summarize the whole theoretical back-
ground in the following way. In this paper, we have investi-
gated the 1D DMR in QWs of III–V, ternary, and quaternary
materials in the presence of photoexcitation on the basis of a
newly formulated electron dispersion laws whose unper-
turbed conduction electrons obey the three band model of
Kane. Under certain special conditions, we have also ob-
tained the special results for materials whose unperturbed
electron energy spectra are defined by the two band model of
Kane and that of the parabolic energy bands. We have also
investigated the DMR both in the presence and absence of
photoexcitation in bulk specimens of the aforementioned ma-
terials. The well-known classical equation of the DMR has
been obtained as special cases of our generalized analysis
under certain constraints.22 This indirect test not only exhib-
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its the compatibility of our formulation but also shows the
fact that our simple analysis is a more generalized one, since
one can obtain the corresponding results for relatively wide
gap three-dimensional materials having parabolic energy
bands under certain constraints from our present derivation.
We have suggested an experimental method for the determi-
nation of DMR, for nanomaterials having arbitrary disper-
sion laws. Besides, the results of this paper find six specific
applications in the realm of nanodevices.

III. RESULT AND DISCUSSIONS

Taking the values of the energy band constants as given
in Table I and using Eqs. �49�, �50�, �54�, �55�, �59�, and �60�,
in Figs. 1–4, we have plotted the normalized 1D DMR as a
function of the film thickness for QWs of n-InAs,93 n-InSb,93

Hg1−xCdxTe,93 and In1−xGaxAsyP1−y lattice matched to InP
�Ref. 93� in the presence �plots �a�, �b�, and �c�� and in the
absence of photoexcitation �plots �d�, �e�, and �f��, where the
said curves chronologically represent the three band model
of Kane, two band model of Kane, and that of the parabolic
energy bands, respectively. In Figs. 5–16, we have plotted
the normalized 1D DMR as a function of electron concentra-

tion per unit length, light intensity, and wavelength in the
visible region, respectively, for all cases of Figs. 1–4. In
Figs. 17 and 18, we have plotted the normalized 1D DMR as
a function of alloy composition for Hg1−xCdxTe and
In1−xGaxAsyP1−y lattice matched to InP, respectively, in the
present case.

From Figs. 1–8, we observe that the 1D DMR decreases
from the light off case to the light on case, since the value of
the mobility in the presence of light waves becomes larger
due to the increase in the electron velocity in the presence of
light as compared to the same in the absence of photoexci-
tation. Therefore, the numerical magnitude of the 1D DMR
in the presence of light is smaller as compared to the same in
the light off case in the whole range of the film thickness and
electron concentration per unit length as considered, al-
though the 1D DMR decreases with increasing film thickness
and increases with increase in carrier degeneracy.

The combined influences of the energy band constants
on the 1D DMR for all the said compounds can easily be
assessed from all the figures. For the purpose of relative
assessment, all the plots in the absence of light waves have
further been drawn. In Figs. 9–12, we observe that the 1D
DMR decreases with increasing light intensity, whereas in

TABLE I. Values of the energy band constants.

Hg1−xCdxTe
Eg= �−0.302+1.93x+5.35�10�−4�1−2x�T−0.810x2+0.832x3� eV, valid from x=0 to 0.6 and T=4–300 K,
mc= ��3�2Eg0�x ,T�� / �4P2�x���, P2�x�= ���2 /2m0��18+3x��a, �= �0.63+0.24x−0.27x2� eV,
�s�x�= �20.262−14.812x+5.2795x2��0

b

In1−xGaxAsyP1−x lattice matched to InP
Eg= �1.337−0.73y+0.13y2� eV, �= �0.114+0.26y−0.22y2� eV, mc= �0.080−0.039y�m0

�a� InAs: Eg=0.418 eV, �=0.38 eV, mc=0.026m0, mv=0.45m0, and T=4.2 K, �sc=12.25�0
c

�b� InSb: Eg=0.235 eV, �=0.803 eV, mc=0.0145m0, mv=0.43m0, T=4.2 K, �sc=15.68�0
c

�c� Hg1−xCdxTe: Eg=0.059 604 2 eV, �=0.6672 eV, mc=0.005 960 42m0, x=0.2, mv=0.4m0,
T=4.2 K, �sc=12.642�0

c

�d� In1−xGaxAsyP1−y lattice matched to InP: Eg=1.0045 eV, �=0.189 eV, mc=0.0605m0, y=0.5,
mv=0.724m0, T=4.2 K, �sc=11.82�0

c

aReference 35.
bReference 36.
cReference 93.

FIG. 1. Plot of the normalized 1D
DMR as a function of film thickness
for QWs of n-InAs in the presence of
light waves in which the curves �a�,
�b�, and �c� represent the three and two
band models of Kane and that of the
parabolic energy bands, respectively.
The curves �d�, �e�, and �f� represent
the same in the absence of external
photoexcitation.
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FIG. 2. Plot of the normalized 1D
DMR as a function of film thickness
for QWs of n-InSb in the presence of
light waves in which the curves �a�,
�b�, and �c� represent the three and two
band models of Kane and that of the
parabolic energy bands, respectively.
The curves �d�, �e�, and �f� represent
the same in the absence of external
photoexcitation.

FIG. 3. Plot of the normalized 1D
DMR as a function of film thickness
for QWs of n-Hg1−xCdxTe in the pres-
ence of light waves in which the
curves �a�, �b�, and �c� represent the
three and two band models of Kane
and that of the parabolic energy bands,
respectively. The curves �d�, �e�, and
�f� represent the same in the absence
of external photoexcitation.

FIG. 4. Plot of the normalized 1D
DMR as a function of film thickness
for QWs of In1−xGaxAsyP1−y lattice
matched to InP in the presence of light
waves in which the curves �a�, �b�, and
�c� represent the three and two band
models of Kane and that of the para-
bolic energy bands, respectively. The
curves �d�, �e�, and �f� represent the
same in the absence of external
photoexcitation.
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FIG. 5. Plot of the normalized 1D
DMR as a function of electron concen-
tration per unit length for QWs of
n-InAs in the presence of light waves
in which the curves �a�, �b�, and �c�
represent the three and two band mod-
els of Kane and that of the parabolic
energy bands, respectively. The curves
�d�, �e�, and �f� represent the same in
the absence of external
photoexcitation.

FIG. 6. Plot of the normalized 1D
DMR as a function of electron concen-
tration per unit length for QWs of
n-InSb in the presence of light waves
in which the curves �a�, �b�, and �c�
represent the three and two band mod-
els of Kane and that of the parabolic
energy bands, respectively. The curves
�d�, �e�, and �f� represent the same in
the absence of external
photoexcitation.

FIG. 7. Plot of the normalized 1D
DMR as a function of electron concen-
tration per unit length for QWs of
n-Hg1−xCdxTe in the presence of light
waves in which the curves �a�, �b�, and
�c� represent the three and two band
models of Kane and that of the para-
bolic energy bands, respectively. The
curves �d�, �e�, and �f� represent the
same in the absence of external
photoexcitation.
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FIG. 8. Plot of the normalized 1D
DMR as a function of electron concen-
tration per unit length for QWs of
In1−xGaxAsyP1−y lattice matched to InP
in the presence of light waves in
which the curves �a�, �b�, and �c� rep-
resent the three and two band models
of Kane and that of the parabolic en-
ergy bands, respectively. The curves
�d�, �e�, and �f� represent the same in
the absence of external
photoexcitation.

FIG. 9. Plot of the normalized 1D
DMR as a function of light intensity
for QWs of n-InAs in which the
curves �a�, �b�, and �c� represent the
three and two band models of Kane
and that of parabolic energy bands, re-
spectively. The curves �d�, �e�, and �f�
represent the same in the absence of
external photoexcitation.

FIG. 10. Plot of the normalized 1D
DMR as a function of light intensity
for QWs of n-InSb in which the curves
�a�, �b�, and �c� represent the three and
two band models of Kane and that of
parabolic energy bands, respectively.
The curves �d�, �e�, and �f� represent
the same in the absence of external
photoexcitation.
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the absence of external photoexcitation, the 1D DMR is in-
dependent of intensity. Figures 13–16 exhibit the fact that the
1D DMR decreases as the wavelength shifts from red color
to violet. The plots of Fig. 17 are valid for x�0.17, since for
x 0.17, the band gap becomes negative in n-Hg1−xCdxTe
leading to semimetallic state. The plots of Fig. 18 exhibit the
variation of the 1D DMR with the alloy composition for
n-In1−xGaxAsyP1−y lattice matched to InP.

The influence of quantum confinement on the aforemen-
tioned materials is immediately apparent from Figs. 1–4,
since the 1D DMR strongly depends on the thickness of the
size quantized materials, which is in direct contrast to their
respective bulk specimens. It appears from the said figures
that the 1D DMR decreases with the increasing film thick-
ness in a steplike manner both in the presence and absence of
photoexcitation for all types of materials as considered here,
although the numerical values widely vary and determined
by the constants of the energy spectra. The oscillatory depen-

dence is due to the crossing over of the Fermi level by the
size quantized levels. For each coincidence of a size quan-
tized level with the Fermi level, there would be a disconti-
nuity in the DOS function resulting in a peak of oscillations.
With large values of film thickness, the height of the steps
decreases and the 1D DMR will decrease with increasing
film thickness in nonoscillatory manner and exhibit mono-
tonic decreasing dependence. The height of step size and the
rate of decrement are totally dependent on the band structure.

The influence of light is immediately apparent from the
plots in Figs. 5–16, since the 1D DMR of QWs of the afore-
mentioned compounds depends strongly on I and � which is
in direct contrast as compared to the corresponding cases of
the same for their bulk specimens in the absence of external
photoexcitation. The variations of the 1D DMR in all the
figures reflect the direct signature of the light waves on the
electronic, optic, and the other band structure dependent
properties of semiconducting materials in the presence of

FIG. 11. Plot of the normalized 1D
DMR as a function of light intensity
for QWs of n-Hg1−xCdxTe in which
the curves �a�, �b�, and �c� represent
the three and two band models of
Kane and that of parabolic energy
bands, respectively. The curves �d�,
�e�, and �f� represent the same in the
absence of external photoexcitation.

FIG. 12. Plot of the normalized 1D
DMR as a function of light intensity
for QWs of In1−xGaxAsyP1−y lattice
matched to InP in which the curves
�a�, �b�, and �c� represent the three and
two band models of Kane and that of
parabolic energy bands, respectively.
The curves �d�, �e�, and �f� represent
the same in the absence of external
photoexcitation.
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light waves and the photon assisted transport for the corre-
sponding semiconductor devices. Although the 1D DMR
tends to decrease with the increasing intensity, wavelength,
and decreasing electron concentration per unit length, the
rate of variation is totally band structure dependent. It ap-
pears from the appropriate figures that the numerical values
of the 1D DMR are greatest for ternary materials and least
for quaternary compounds.

For both the ternary and quaternary materials, the 1D
DMR continuously decreases with increasing alloy composi-
tion which is clearly apparent from Figs. 17 and 18, respec-
tively. It appears from Figs. 5–8 that the 1D DMR increases
with increasing carrier degeneracy which also reflects the 1D
confinement through the steplike dependence. This oscilla-
tory dependence will be less and less prominent with increas-
ing film thickness and carrier concentration, respectively. Ul-
timately, for bulk specimens of the same material, the DMR
will be found to continuously increase with increasing elec-
tron concentration in a nonoscillatory manner.

The appearance of the humps of the respective figures is
due to the redistribution of the electrons among the quantized
energy levels when the size quantum number corresponding
to the highest occupied level changes from one fixed value to
the others. With varying electron concentration, a change is
reflected in the 1D DMR through the redistribution of the
electrons among the size quantized levels. Our experimental
suggestions for the determinations of the 1D DMR and, con-
sequently, the carrier contribution to the elastic constants are
valid for QWs having arbitrary dispersion relations. Since
the experimental curves of N versus G are not available in
literature for the present generalized systems, we cannot
compare our theoretical formulation with the proposed ex-
periment, although the generalized analysis as presented in
this context can be checked when the experimental investi-
gations of G would appear in the literature.

In recent years, the mobility of electrons in QWs of non-
parabolic semiconductors has been extensively investigated,
but the diffusion constant �a very important device parameter

FIG. 13. Plot of the normalized 1D
DMR as a function of wavelength for
QWs of n-InAs in which the curves
�a�, �b�, and �c� represent the three and
two band models of Kane and that of
parabolic energy bands respectively.
The curves �d�, �e�, and �f� represent
the same in the absence of external
photoexcitation.

FIG. 14. Plot of the normalized 1D
DMR as a function of wavelength for
QWs of n-InSb in which the curves
�a�, �b�, and �c� represent the three and
two band models of Kane and that of
parabolic energy bands, respectively.
The curves �d�, �e�, and �f� represent
the same in the absence of external
photoexcitation.
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which cannot be easily experimentally determined� of such
materials has been relatively less studied. Thus, the theoret-
ical results of our paper will be useful in determining the
diffusion constants even for relatively wide gap compounds
whose energy band structures can be approximated by the
parabolic energy bands, both in the presence and absence of
light waves. It is worth remarking that our basic Eq. �41�
covers various materials having different energy band struc-
tures. In this paper, the film thickness, electron concentration
per unit length, light intensities and wavelength in the visible
region dependences of the 1D DMR for n-InAs, n-InSb,
n-Hg1−xCdxTe and n-In1−xGaxAsyP1−y lattice matched to InP,
both for QWs and their corresponding bulk specimens, have
been studied. Thus, we have covered a wide class of QWs of
optoelectronic and allied compounds whose energy band
structures are defined by the three and two band models of
Kane both in the presence and absence of light waves. Under
certain limiting conditions, the result of the 1D DMR in the
absence of external photoexcitation leads to the well-known

expression of the DMR for relatively degenerate wide band
gap materials having parabolic energy bands as obtained by
Landsberg.4 This indirect test not only exhibits the math-
ematical compatibility of our formulation but also shows the
fact that our simple analysis is a more generalized one.

We can conclude that the influence of the presence of an
external photoexcitation is to radically change the original
band structure of the material. Our method is not at all re-
lated to the DOS technique as used in the literature.94 From
the Ek dispersion relation, we can obtain the DOS, but the
DOS technique as used in literature94 cannot provide the car-
rier energy spectrum. Therefore, our study is more funda-
mental than those of the existing literature because the Bolt-
zman transport equation, which controls the study of the
charge transport properties of semiconductor devices, can be
solved if and only if the Ek dispersion relation is known. We
have not considered the hot electron and many body effects
in this simplified theoretical formalism due to the lack of
availability in literature of proper analytical techniques for

FIG. 15. Plot of the normalized 1D
DMR as a function of wavelength for
QWs of n-Hg1−xCdxTe in which the
curves �a�, �b�, and �c� represent the
three and two band models of Kane
and that of parabolic energy bands, re-
spectively. The curves �d�, �e�, and �f�
represent the same in the absence of
external photoexcitation.

FIG. 16. Plot of the normalized 1D
DMR as a function of wavelength for
QWs of In1−xGaxAsyP1−y lattice
matched to InP in which the curves
�a�, �b�, and �c� represent the three and
two band models of Kane and that of
parabolic energy bands, respectively.
The curves �d�, �e�, and �f� represent
the same in the absence of external
photoexcitation.
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including them for the generalized systems as considered in
this paper. Our simplified approach will be useful for the
purpose of comparison when methods of tackling the formi-
dable problem of many body and the hot electron effects for
the present generalized systems appear. The inclusion of the
said effects would certainly increase the accuracy of the re-
sults, although the qualitative features of the DMR as dis-
cussed in this paper would not change in the presence of the
aforementioned effects. Besides, our suggestion for the ex-
perimental determination of the 1D DMR is independent of
the inclusion of the said effects. We have not considered
other types of optoelectronic materials and other external
variables to keep the presentation brief. The influence of en-
ergy band models and the various band constants on the 1D
DMR for different materials can also be studied from all the
figures of this paper.

It may be noted that the Einstein relation is a conse-

quence of Boltzmann transport equation �BTE�.21 The BTE
for QWs and wires is valid when the nanometer dimensions
dx or dy are of the order of de Broglie wavelength �d and is
not valid if the nanometer dimensions are much less than
�d.95 The order of �d is about 10 nm in semiconductors.96

Thus, our formulation is valid for �d!10 nm. For the pur-
pose of numerical computations, as shown in various graphs,
we have taken dx, dy�10 nm in this context.

The numerical results presented in this paper would be
different for other materials but the nature of variation would
be unaltered. The theoretical results as given here would be
useful in analyzing various other experimental data related to
this phenomenon. Finally, we can write that the present
analysis can be used to investigate the Burstien Moss shift,
the plasma frequency, various scattering mechanisms, the
specific heat, and other different transport coefficients of

FIG. 17. Plot of the normalized 1D
DMR as a function of alloy composi-
tion for QWs of Hg1−xCdxTe in the
presence of light waves in which the
curves �a�, �b�, and �c� represent the
three and two band models of Kane
and that of parabolic energy band, re-
spectively. The curves �d�, �e�, and �f�
represent the same in the absence of
external photoexcitation.

FIG. 18. Plot of the normalized 1D
DMR as a function of alloy composi-
tion for QWs of Hg1−xCdxTe in the
presence of light waves in which the
curves �a�, �b�, and �c� represent the
three and two band models of Kane
and that of parabolic energy band, re-
spectively. The curves �d�, �e�, and �f�
represent the same in the absence of
external photoexcitation.
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modern quantum effect devices operated under the influence
of external photon field.
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