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ABSTRACT

It is shown that the pre-dual of a o-finite von Neumann algebra has pro-
perty (k) in the sense of Figiel, Johnson and Pelczyniski [12]. This resolves
in the affirmative an open question raised in [12]. It is shown further
that a weakly sequentially complete symmetric space E of T-measurable
operators affiliated with a semifinite o-finite von Neumann algebra has

property (k).
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1. Introduction

The present paper finds its origins in the work of Figiel, Johnson and Pel-
czynski [12] which isolates a certain Banach space invariant which they call
“property (k)” and which is a weakening of a stronger invariant, called “pro-
perty (K)”, introduced earlier and studied by Kalton and Pelczynski [16]. Pre-
cise definitions are given below.

It is shown in [12] that each separable subspace of the pre-dual of a von
Neumann algebra has property (k) and that each weakly sequentially complete
Banach lattice with a weak unit has property (k). A principal result of this
paper (Theorem 4.4) is that the pre-dual of each o-finite von Neumann algebra
has property (K) and therefore has the weaker property (k). This resolves in
the affirmative an open question raised in [12] Problem 6.6. Our approach here
is to show that the Mackey topology on a o-finite von Neumann algebra with
respect to its pre-dual is metrizable on norm bounded sets. This, in turn, rests
on combining the classical criterion of Akemann [26] that each weakly relatively
compact subset of the pre-dual of a von Neumann algebra is of uniformly abso-
lutely continuous norm (equi-integrable) with a characterisation of such sets in
the pre-dual of a o-finite von Neumann algebra, due to Raynaud and Xu [24].

We show further (Theorem 8.6) that if (M, 7) is a semi-finite and o-finite von
Neumann algebra, then each weakly sequentially complete symmetric space of
7-measurable operators has property (k), and this is an exact non-commutative
counterpart to the corresponding Banach lattice result in [12] referred to above.

Our approach to this latter result is based on the introduction and study,
itself of independent interest, of natural variants of property (k) and property
(K). Indeed, suppose that X is a Banach space and let & be a collection of
bounded subsets of X. The Banach space X will be said to have property
(Ke) if every weak*-null sequence {z}} in X* has a sequence of consecutive
convex combinations which converges to 0 uniformly on each member of &. If
G is the class of all relatively weakly compact sets of X, then property Kg
coincides with property (K). On the other hand, if & is the class of all subsets
of X which are the continuous linear image of some relatively weakly compact
subset of L1(0,1), then property Kg coincides with property (k). The classes
of sets which play a central role in establishing Theorem 8.6 are the class &, of
order-bounded subsets and the class G, (see Section 7) of bounded subsets of
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uniformly absolutely continuous norm in a symmetric space E of m-measurable
operators affiliated with a semifinite von Neumann algebra

A key step in the proof of Theorem 8.6 is that the topology of uniform con-
vergence on the class &, is metrizable on norm bounded subsets of the Banach
dual E* in the case that E has order continuous norm and the underlying von
Neumann algebra is o-finite (Theorem 7.1). This result is based on a recent
characterisation [7] of sets of uniformly absolutely continuous norm (or E-equi-
integrable sets) in symmetric spaces F of 7-measurable operators, in terms of
sets which are, in some sense, “almost” order-bounded in E. This characterisa-
tion goes back to a similar characterisation due to Raynaud and Xu [24] in the
setting of the non-commutative Haagerup L,-spaces

The final section of the paper studies property (K) in non-commutative sym-
metric spaces in the case that the trace is finite. In particular, it is shown that
certain non-commutative Orlicz and Lorentz spaces have property (K) and Pro-
position 9.8 shows that property (K) can be “lifted” from a given symmetric
function space E on the interval [0,7(1)) with order continuous norm to the

corresponding non-commutative symmetric space E(7).

2. Preliminaries

In this section we recall some of the basic definitions from the theory of non-
commutative integration and also introduce notation and terminology that will
be used.

Let H be a Hilbert space. If a : ®(a) — H, where D(a) C H is the domain
of a, is a self-adjoint operator, the spectral measure of a is denoted by e®.
Suppose that M is a von Neumann algebra on H and that M is equipped with a
fixed faithful normal semi-finite trace 7 : M+ — [0, 00]. The unit element of M
will be denoted by 1 and P(M) denotes the complete lattice of all self-adjoint
projections in M. The operator norm in M will be denoted by || - ||oc-

A linear operator x : ®(x) — H is said to be affiliated with M if zu = ux for
all unitary u € M’, where M’ is the commutant of M. A self-adjoint operator
a is affiliated with M if and only if e*(B) € P(M) for all Borel sets B C R.

A closed, densely defined linear operator x in H is called 7-measurable if x
is affiliated with M and there exists 0 < s € R such that 7(el*/(s, 00)) < oo.
The collection of all T-measurable operators is denoted by S(7), which is a
x-algebra with respect to strong sum and product (and with respect to the
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measure topology, S(7) is a complete metrizable topological algebra in which
M is dense). For details we refer to, e.g., [20], [27].

For x € S(7), the spectral distribution function d(|z|) : [0,00) — [0, 0]
of |z| is defined by setting

d(s; |z]) = 7(el*l(s,00)), 520,

which is right-continuous, decreasing and satisfies lim;_, o d(s, |z]) = 0. The
generalized singular value function p(z) : [0,00) — [0,00] of x € S(7) is
then defined to be the right-continuous inverse of d(|x|), that is,

p(t;z) =inf{s > 0:d(s;|x|) <t}, ¢t>0.

Note that pu(x) is decreasing, right-continuous and u(t;x) < oo for all ¢ > 0.

Furthermore, £(0; 2) < oo if and only if 2 € M, in which case p(0; z) = ||z|| p(a),

where B(H) is the algebra of all bounded linear operators in the Hilbert space H.
If z,y € S(r) are such that

t t
[ utsints < [ utsids, =0,
0 0

then we say that x is submajorized by y, which is denoted by x << y.
The following terminology will be used.

Definition 2.1: If E C S(7) is a linear subspace equipped with a norm | - ||g
such that (E,| - ||g) is a Banach space, then (E, || - ||g) is termed a:

(i) Banach M-bimodule (of 7-measurable operators) if vzw € E and
[vzw|e < [vlcllwlelzle, =€ B, v,weM;

(ii) symmetric space if it follows from x € S(7), y € FE and u(x) < p(y)
that z € F and ||z||g < ||yl &;

(iii) strongly symmetric space if E is a symmetric space and its norm has
the additional property that ||z||g < ||y||z whenever x,y € E satisfy
r <<,

(iv) fully symmetric space if it follows from z € S(7), y € F and x << y
that z € F and ||z||g < ||ly||&-

Every symmetric space is a Banach M-module and it is clear that every fully
symmetric space is strongly symmetric. If E C S(7) is a Banach M-bimodule,
then 2* € F and ||z*||g = ||z||g whenever 2 € E. Furthermore, if |z| < |y| in
S(r) and y € E, then z € E and ||z]| g < ||yl -
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If 2 € S(7), then the projection onto the closure of the range of |z| is called
the support of x and is denoted by s(z).
The carrier projection cg € P(M) of E is defined by

CE = \/{s(:c) cx € B},

which is a central projection. For further details, see [6], Section 3.1. Without
loss of generality, we will always assume that cg = 1.
Given a Banach M-module E C S(7), we define

E,={a€FE:a" =a},
which is a real vector space. For x € F, let

1 * 1 *
Rez = 2(:17+:c ), Imz= 2@,(177:0 ),

and note that x =Re z+i Im z with Re z, Im x € E},. Consequently, E=FE;, ®iE},.
Furthermore, we define ET = {a € E}, : a > 0}, a proper closed cone in Ej
which is also generating (for any a € Ej, we have a = a™ —a™). So E}, is an
ordered Banach space.

Suppose now that E C S(7) is a strongly symmetric space. By the assumption
that cg = 1, it follows that

Ll(T)ﬂM gEng(T)-i-M
with continuous embeddings. See [6], Lemma 25. Here
Li(7) = {z € S(r) : 2], () < o0},

where

P - / w(z)dm

[0,00)
and m denotes Lebesgue measure.
The K6the dual E* of F is defined by

E*X ={ye S(r):sup(r(Jzy|) : x € E, ||z||g < 1) < o0}
and
Iyl gx =sup(r(|zyl) 12 € B, ||z]|g < 1), ye E*.

The space (E*,| - ||gx) is a fully symmetric space with the Fatou property
(that is, if 0 < y, T4 in E* and sup,, ||y« || px < 00, then there exists 0 <y € E*
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such that y, 1o y and |ly]|zx = sup, ||yallzx). For the details we refer the
reader to [9]. If y € E* and we define

<x7¢y> = T(SCy), HAS E7

then ¢, € E* (the Banach dual of E) and ||¢y||g- = ||y gx. In the sequel, we
denote (z, ¢,) by (z,y) and this is termed trace duality.

A functional ¢ € E* is called normal if (z,,y) — 0 whenever z, |, 0
in F, and ¢ is called singular if ¢ vanishes on some order dense order ideal
in E (for the details we refer to [5]). The collections of normal and singular
functionals on E are denoted by E) and E7, respectively, which are closed
linear subspaces of E*. Furthermore, E* = E & E7, that is, every ¢ € E* has
a unique decomposition ¢ = ¢,, + ¢s with ¢, € E} and ¢ € E}; this is called
the Yosida—Hewitt decomposition of ¢. The corresponding projection P,
in E* onto E} along E7 is called the Yosida—Hewitt projection and satisfies
| P,|| < 4. Furthermore, the map y — ¢, y € E*, is a linear isometry from
E* onto E.

A strongly symmetric space E C S(7) is said to have order continuous
norm if ||z4||g Jo O whenever z, o 0 in E. It should be observed that
E has order continuous norm if and only if E* = E and that any strongly
symmetric space with order continuous norm is actually fully symmetric (see
[9]). Furthermore, a strongly symmetric space E C S(7) has the Fatou property
if and only if E** = E (isometrically).

A strongly symmetric space E C S(7) is called a K B-space if every upwards
directed system (z,,)22 { CE™ satisfying sup,)||#/| g <oo is norm convergent in F.

It is well-known that a strongly symmetric space E is a K B-space if and only
if F has order continuous norm and the Fatou property. See, for example, [8,
Proposition 3.2]. Furthermore, every strongly symmetric K B-space is actually
fully symmetric. If E C S(7) is a strongly symmetric K B-space, then E has
order continuous norm and so the dual space E* may be identified with its
Kothe dual E* via trace duality. Furthermore, since F has the Fatou property,
we also have E** = E (isometrically). It should also be noted that a strongly
symmetric space F is weakly sequentially complete if and only if FE is a K B-
space ([4, Proposition 4.8], [8, Proposition 3.2]).

A very extensive class of strongly symmetric M-bimodules E(7) may be
constructed from concrete symmetric spaces F on the positive semi-axis as may

be found in [17].
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If E is a symmetric space on the interval [0,7(1)), set

E(r) ={z e S(r): px) € B}, |zllpm = In@)lle, = E(7).

It is shown in [8], [9] (see also [2], [6], [18]) that if E is a strongly symmetric
space, then E(7) is a strongly symmetric space. It should be noted (see [Theo-
rem 5.6][9]) that E(7)* = E* (7).

Next we discuss some properties and terminology related to linear operators
between Banach M-bimodules, which will be used, in particular, in Section 8.
Suppose that M and N are two semi-finite von Neumann algebras and that
E and F are Banach M- and AN-bimodules, respectively (note that this also
includes the case FF = C). We denote by L(E, F) the Banach space of all
bounded linear operators from E into F' (equipped with the operator norm).
For any T € L(E, F) we define the operator T € L(E, F) by

Tx = (Tz*)*, z€E.

It is clear that ||T|| = ||T|. An operator T € L(E, F) is called hermitian if
T =T (the reader is warned that this notion of “hermitian” is not related to a
similarly termed concept in the setting of general Banach space theory!).

LEMMA 2.2: An operator T € L(E, F) is hermitian if and only if Ta € Fy, for
all a € Ey,.

Proof. Suppose that T' € L(FE, F) is hermitian and that a € Ej. Then
(Ta)* = (Ta*)* =Ta=Ta
and so T'a € F},. Assume now that T'a € Fj, whenever a € E;,. Given x € E we
have that
Tz = (T(Rez) —iT(Imz))* = T(Rez) +iT(Imz) = Tz
andso T =T.

The collection of all hermitian operators in L(F, F') is denoted by L, (E, F),
which is a real linear subspace of L(E, F'). For T € L(E, F) we define
1

1 _ _
ReT = (I'+T), ImT= (T-T)

i
Observing that (ReT)(a) = Re(Ta) and (ImT)(a) = Im(Ta) for all a € E}, it
is clear that ReT and ImT belong to L,(E,F) and that T = ReT + ¢ImT.
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Hence
L(E,F) = L,(E,F) & iLln(E,F).
If T € Ln(E, F), then it follows from Lemma 2.2 that
(1) Ty =T |g,: En, — Fy,
and so T, € L(Ep, Fy).

LEMMA 2.3: The map T +— Ty, T € Lp(E,F), is an R-isomorphism from
,Ch(E, F) onto ﬁ(Eh, Fh).

Proof. Evidently, the map T +—— T}, is R-linear and ||Tx| < ||T| for all
T € Ly (E, F). Furthermore, if T' € £, (E, F) and x € E, then
[Tz]lp =T Rex) +iT(Imz)||p < [[Th(Rez)|r + | Tn(Im )|
<l Realls + [Tl Imals < 2174 ]

which shows that ||T|| < 2[|Th]|. .
Now, let S € L(E}, Fy) be given. Define the map T': E' — F' by setting

Tz =SRex)+iS(Imz), z¢€E.
It is easily verified that T€ £, (E, F) and that Tp=S. The proof is complete.

Remark 2.4: If in Lemma 2.3 we take F' = C, then it is easy to verify that the
map ¢ — ¢p, ¢ € (E*)p, is an isometric isomorphism from (E*), onto (Ep)*
(and so there is no danger of confusion to use the notation E;).

An operator T € L(E, F) is called positive if Tz > 0 whenever 0 < z € E.
The set of all positive operators in L£(F, F) is denoted by LT (E, F). Every
T € LT(E, F) is hermitian. Indeed, if a € Ej, then

Ta=T(a")-T(a") € F" —F* = F,.

Hence, by Lemma 2.2, T € L, (E, F).
Via the map T —— T}, the cone L1 (E, F)) may be identified (up to isomor-
phism) with the cone LT (Ep, Fy,).

Definition 2.5: An operator T € Ly, (F, F) is called regular if ' = T1 — T with
Ty, T € LT(E,F). An operator T' € L(FE, F) is called regular if ReT and Im T
are both regular.
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It should be observed that an operator T € L, (E, F) is regular if and only if
the corresponding operator Tj, € L(E}, F},) is regular.

We will now conclude this section by making some additional remarks con-
cerning regular operators.

Remark 2.6: The concept of regular operator, being a linear combination of
positivity preserving operators, is a long established notion in the theory of
partially ordered vector spaces and Banach lattices. For convenience, let E, F'
be (real Banach lattices) and recall that a linear operator T : E — F is said to
be order-bounded if T" maps order-bounded sets in E to order-bounded sets
in F. Clearly, every regular linear operator 7' : E — F' is order-bounded, and if
F is Dedekind complete, then each order-bounded linear operator T : E — F
is regular, by the classical Riesz—Kantorovich theorem. Consequently, if E is
Dedekind complete, then the regular linear operators coincide with the order-
bounded operators.

More recently, Pisier [22] introduced the following concept. A linear operator
T : E — F is called regular (in the sense of Pisier) if there exists a constant
C > 0 such that

(2) [sup [Tyl < Cllsup |2:l| &,
i<n i<n

for all z1,29,...,2, € E and all n € N. We shall refer to operators which
satisfy (2) as Pisier regular. It is easy to see that if T : E — F is regular,
then T is Pisier regular, and if F' is an M-space, that is

luv ol =max{|Julp [lv]r}, wveFT,

then every bounded linear operator 7' : E — F' is Pisier regular. However, not
every Pisier regular operator is regular. By way of example, let E = L ([0, 7])
and let F' = ¢ equipped with the sup-norm || - ||.. Evidently, ¢g is an M-space.
For f € L1([0,7]) and n € N, define

an(f) = 72T/07f f(t)cos(nt)dt.

By the Riemann-Lebesgue Lemma, a,,(f) —, 0. Now define the bounded linear
operator T : L1([0,7]) — ¢y by setting

T(f) = A{an(H}nz1, [ € La([0,7]).
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From the above remarks, it follows that T is Pisier regular. However, T is not
order-bounded, and so is not regular. Indeed, if ¢,(t) = cos(nt), t € [0, 7],
n € N, then the sequence {¢,}n>1 is order-bounded in L4 ([0, 7]); however, T'
maps the sequence {¢,}n>1 to the unit vector basis {en}n>1 in ¢o and the
sequence {ep }n>1 is not order-bounded in c.

To obtain a more positive result, recall first that a Banach lattice F' is said to
have the weak Fatou property if every norm-bounded increasing net in the
positive cone of F' has a least upper bound in F. It follows immediately that
any Banach latttice with this property is necessarily Dedekind complete. It is
a straightforward exercise now to show that, if the Banach lattice F' has the
weak Fatou property, then every Pisier regular operator is order-bounded. In
particular, it follows that, if the Banach lattice F' has the weak Fatou property,
then the classes of regular, Pisier regular and order-bounded operators from the
Banach lattice F into F' coincide.

It should be observed that, in particular, for operators between L,-spaces,
the notions of regularity, Pisier regularity and order-boundedness all coincide.

3. Some general observations

We start this section with some general definitions and simple observations.
First, we recall the following definition.

Definition 3.1: Let (2,,)2; be a sequence in a (real or complex) vector space
X. A sequence (yx)72, in X is called a CCC sequence of (z,,)52, if there

exists a sequence 1 = N7 < Ny < --- in N and a sequence {¢;}32; in RT such
that
Nys1—1
Z Cj =1
J=Ng
for all £ and
Nys1—1
Yk = Z cjrj, k=1,2,....
Jj=Ng

Here CCC stands for “concecutive convex combinations”.

Evidently, if (x,) is a sequence in a locally convex space (X, 7T) satisfying
Ty L, 0 and if (yx) is a CCC sequence of (z,), then yy 2, 0. The following
simple observation will be useful.
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LEMMA 3.2: Suppose that (x,)52; is a sequence in a locally convex Hausdorff
space (X, T) and let C,, be the convex hull of the set {z} : k > n}, n € N.
Suppose, furthermore, that C C X is such that C,, C C for all n and that T
is metrizable on C. If x € C and x € (), CnT, then there exists a CCC

sequence (yi) of (x,,) such that y, LA

Proof. Denote by T¢ the relative topology induced by 7 in C and let d be a
metric on C which induces 7. Observe that

c."nc=c," foraln.

Since z € C’lTﬁC’: C’lTC, there exist No >1and 0<¢; € R, 1 <j <Ny -1
with Z;V:zl_l ¢; = 1 such that the convex combination y; = Zj\gl—l c;jxj satis-
fies d(x,y1) < 1. Since x € CNZT NC = C’N2TC, it follows that there exist
N3 > Ny and a convex combination yo = Zjng,i c;x; such that d(z,y2) < 1/2.

Continuing this way, we obtain a CCC sequence (yi) of (x,) such that
d(x, yr) < 1/k,
k € N, and the result follows.

As a simple illustration of the above lemma, if X is a Banach space and if
(x) is a sequence in X such that x,, TXXT), € X, then there exists a CCC
sequence (yi) of (x,) such that yr — z in norm. Indeed, in view of Mazur’s
theorem (for convex sets in X the weak and norm closures coincide) we may
apply the above lemma with 7 being the norm topology in X.

Suppose that (X, || - ||) is a Banach space with norm dual X*. The following

simple observation will be useful.

LEMMA 3.3: For a sequence (x})0%, in X* satisfying x, — 0 with respect to

o(X*, X), the following two statements are equivalent.
(i) For every sequence (x,,) in X such that x,, — 0 with respect to o(X, X*)
we have (x,,z}) — 0 as n — oo.
(ii) For every relatively o(X, X*)-compact set A C X we have
sup [(z,z;)] = 0, n — oco.
€A

Proof. 1f x, TXXD 0 in X, then the set A = {z,, : n € N} is relatively

o(X, X*)-compact and so the implication (ii)=-(i) is evident.
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(i)=-(ii). It should be observed that if a sequence (x}) has the stated pro-
perty, then so has any subsequence of (z}) this property. Let A C X be a rela-
tively o(X, X*)-compact set and suppose that sup,c 4 |(z,z})| - 0 as n — oo.
By passing, if necessary, to a subsequence, we may assume that there exists
0 < € € R such that sup,c 4 |[(z, )| > ¢ for all n € N. For each n € N, there
exists z,, € A such that |[(z,,2})| > . Since A is relatively (X, X*)-compact,
it follows from the Eberlein-Smulian theorem that (x.,,) has a subsequence (2, )

o(X,X™")

such that x,, x for some xz € X, that is,

o(X,X")

Tp, —& — 0 as k — oo.

By the assumption on the sequence (), this implies that
(Tn, —x,25,) =0, k— oo.

Since
e < [zny, 23, )| < K@n, — 2,250 + [z, 27,)|

for all k € N and [(z,z;, )| — 0 as k — oo (as z}, XX by hypothesis),

this is a contradiction. Therefore, we may conclude that (ii) holds and the proof
is complete.

Let (X,] - ||x) be a Banach space. For any bounded subset A C X, the
semi-norm p4 : X* — [0,00) is defined by setting

pa(e”) = sup{[(z,2")| s x € A},

Given a non-empty collection & of bounded subsets of X, the locally convex
topology Ts in X* generated by the semi-norms

{pa:Ae &}

is called the topology of uniform convergence on the sets of G. It follows
from the Hahn-Banach theorem that 7g is Hausdorff if and only if the linear
span of | J 4. A is norm dense in X.

Recall that the Mackey topology 7(X*, X) on X* is defined as the topo-
logy of uniform convergence on all (X, X*)-compact absolutely convex subsets
of X. In the present setting, the Mackey—Arens theorem states: if T is a Haus-
dorff locally convex topology on X*, then the dual space of (X*,7T) equals X
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if and only if T = Tg, where & is some collection of o(X, X*)-compact abso-
lutely convex subsets of X satisfying (J,.q A = X (see, e.g., [25, Chapter III,
Section 7]). It follows, in particular, that any such topology T satisfies

o(X*,X)C T C (X", X).

Moreover, by [25, Proposition 8] it follows that for any convex set C' C X we
have

o(X"X) _ 47(X".X)

c c

for any convex set C' C X*

It should be recalled furthermore that (by a theorem of M. Krein and V. Smu-
lian; see, e.g., [11], V.6.4) the absolutely convex hull of any relatively o (X, X*)-
compact subset of X is again relatively o(X, X*)-compact. Consequently, the
Mackey topology 7(X*, X) is also equal to the topology of uniform convergence
on all relatively o(X, X*)-compact subsets of X. It should be observed that
condition (ii) of Lemma 3.3 states that 2 — 0 with respect to 7(X*, X).

We recall the following definition (see [16], Section 2).

Definition 3.4: A Banach space X is said to have property (K) if every sequence
() in X* satisfying ), — 0 with respect to o(X™*, X) has a CCC sequence

(y3) such that (zx, y)) — 0 for every sequence (zy) in X satisfying x; — 0 with
respect to o (X, X*).

Evidently, every reflexive space has property (K) (cf. the remarks following
Lemma 3.2, applied to X* instead of X). Recall now that a Banach space X
is a Grothendieck space if every weak™ null sequence in X* is a weak null
sequence. If X is a Grothendieck space, and if {z} C X* is a weak® null
sequence, then it follows from the remarks following Lemma 3.2, that there
exists a CCC sequence {y}} of {«} such that {y)} converges to 0 in norm. In
particular, it follows that X has property (K). Consequently, each space L>(u),
and more generally, any von Neumann algebra, has property (K), since each of
these spaces are Grothendieck spaces [21]. It is observed in [16] Proposition B
that L'(u) has property (K) for any finite measure p. It is noted also in [16]
that cg fails to have property (K). A sharpened version of this result is given
in [12, Proposition 4.9]. See the remark following Definition 4.5 below.

The remarks preceding Definition 3.4 yield immediately the following charac-
terization of Banach spaces with property (K).
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LeEMMA 3.5: If X is a Banach space, then the following two statements are
equivalent:

(i) X has property (K);

*

(ii) every sequence (x}) in X* satisfying x}, — 0 with respect to o(X*, X)
has a CCC sequence (y;,) such that y; — 0 with respect to the Mackey

topology 7(X*, X).

Proof. Suppose that X has property (K) and let (z) be a sequence in X*

satisfying u 0. By hypothesis, there exists a CCC subsequence (y;)

of (z7) such that (zy,y;) — 0 for every sequence (xy) in X satisfying z — 0
with respect to o(X, X*). Since y; — 0 with respect to o(X*, X), it follows
from Lemma 3.3 that y; — 0 with respect to 7(X*, X). This shows that (i)
implies (ii).

Suppose now that (ii) holds and let (x) be a sequence in X* satisfying

x T2, 0. Let (y3) be a CCC sequence of () such that y; RGN T

(xr) is a sequence in X satisfying ka 0, then the set A={z):k€N} is
relatively o (X, X*)-compact and so sup,¢ 4|(z, ;)| =0 as k— oo, which implies,
in particular, that (zx, y5)—0 as k—oo. Hence X has property (K).

In view of the above observations, the following definition seems to be natural.

Definition 3.6: Given a class of bounded subsets G of a Banach space X, we will
say that X has property (Kg) if every sequence (z) in X* satisfying = — 0
with respect to o(X*, X) has a CCC sequence (y;) such that y; — 0ask — oo
with respect to Ts, that is, sup,c 4 [(z,y5)| = 0as k — oo for all A € &.

According to Lemma 3.5, property (K) corresponds to (Kg) where & consists
of all (absolutely convex) relatively o(X, X™)-compact sets. But we may also
take for & the collection of all order-bounded sets in the Banach lattice setting or
the collection of all sets which are of uniformly absolutely continuous norm in a
symmetric (non-commutative) space (for the definitions, see the next sections).

The following observation is useful.

PROPOSITION 3.7: Let X be a Banach space and let & be a collection of boun-
ded subsets of X such that the linear span of | J 4. A is norm dense in X and
Ts C 7(X*, X). If Ts is metrizable on norm bounded subsets of X*, then X
has property (Kg).
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Proof. Let (z%) be a sequence in X* such that z¥ — 0 with respect to o(X*, X)
and define the convex sets C,, by C,, = co{x} : k > n} for n € N. By hypothesis,

we have

o(X*,X) o T(XTX)

0ecC, c, cc,’™, nen,

andso0€( CnTG. Denoting by K the absolutely convex hull of the sequence
(x), it is clear that 0 € K and that K is norm bounded in X* (as the sequence
(z7) is norm bounded by the Uniform Boundedness Principle). By hypothesis,

n

Te is metrizable on K and so the result now follows from Lemma 3.2.
Via Lemma 3.5 we immediately obtain the following consequence.

COROLLARY 3.8: If X is a Banach space such that the Mackey topology in X*
is metrizable on norm bounded subsets of X*, then X has property (K).

Remark 3.9: It may be of some interest to point out some ideas related to the
discussion in the present section. As above, suppose that X is a Banach space
and suppose that & = {A4,, : n € N} is a countable collection of relatively
o(X, X*)-compact subsets of X such that the linear span of (J,, A, is dense in
X. Let 7s be the locally convex topology in X* of uniform convergence on
the sets A,,. Then it is clear that Tg C 7(X*, X) and that Tg is metrizable.
Suppose that C' is a convex subset of X* and that zf € C U(X*’X). It follows
(X*,X)

that af € C
exists a sequence (z)52, in C such that z} — z§ as k — oo uniformly on all
sets A,, n € N.

This observation has the following interesting (but, sometimes overlooked)

and so zjy € C’TG. Consequently, by Proposition 3.7, there

consequence, in the commutative setting due to A. Grothendieck [13] (with a
similar proof). Let M be a von Neumann algebra equipped with a faithful
normal trace 7 satisfying 7(1) = 1. The corresponding non-commutative L,-
spaces (1 < p < oo) satisfy Ly, (1) € Lp,(7) and || - [lp, < || - |, whenever
1 < ps < p1 < oo. Recall furthermore that L,(7)* = Lg(7) via trace duality,
whenever 1 < p < oo and p~! + ¢7! = 1. If B, denotes the closed unit
ball in L, = L,(7), then By is o(Ly, Ly)-compact (p~! + ¢~ = 1) and hence
(relatively) (L1, Loo)-compact in Ly whenever 1 < ¢ < oo. Let (g,)52 be a
sequence in (1, 00) satisfying g, | 1 and put A, = By, , n € N. The collection
G = {A4,, : n € N} of subsets of X = L; satisfies the conditions of the first part
in this Remark. If (y;)52, is a sequence in Lo such that y, — y € Lo uniformly
on the sets A,, then ||y — yk|l,, — 0 as k — oo for all n (p,* + ¢, = 1). Since
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P, T 00, this implies that ||y — yx||, — 0 for all 1 < p < co. Therefore, we may
conclude that: if C' C Lo (1) = M is a convex set and if y € C’U(Lw’Ll), then
there exists a sequence (yi) in C such that ||y — yx||, = 0 as k — oo for all
1<p<oo.

4. Property (K) in pre-duals of von Neumann algebras

In the present section it will be shown that the pre-dual M, of any o-finite von
Neumann algebra M has property (K ), as defined in Definition 3.4. Recall first
that a von Neumann algebra is said to be o-finite if it admits at most countably
many mutually orthogonal projections. See [26, Definition 1.3.8].
For any ¢ € M, and x € M, the elements z¢ and ¢z of M, are defined by
setting
(o) (y) = ¢lyx), (p2)(y) = @(ay), yeM.
A subset A C M, is said to be of uniformly absolutely continuous norm if
Pa +a 0 in P(M) implies that
sup [[pa®pallm. —a 0.
peA
It is convenient now to recall the well-known theorem of C. A. Akemann
(see [26], Theorem III.5.4) that a bounded set A C M., is relatively (M., M)
compact if and only if A is of uniformly absolutely continuous norm.
The unit ball in M will be denoted by Bas. We shall need the following
simple observation.

LEMMA 4.1: If ¢ € M,, then each of the sets By, wBag are of uniformly
absolutely continuous norm (and hence are relatively o(M., M) compact).

Proof. Tt may clearly be assumed that 0 < . It will suffice to show that Bap
is of uniformly absolutely continuous norm. To this end, suppose that p, o 0
holds in P(M). Using the fact that ¢ > 0 and the Cauchy-Schwarz inequality
([26], Proposition 1.9.5), it follows that

sup [[pazpalm. = sup |p(pazpar)|

r€EB M x,2€EBMm
* 1 * 1
< sup P(paz2pa)? sup (' par)?
z€BMm r€EB M
1 1
< p(pa)2p(l)2 =4 0,

where the final assertion follows from the normality of ¢.
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The following result, due to Raynaud and Xu ([24], Proposition 4.13), will
be crucial in what follows. It is a refinement in the special case of o-finite
von Neumann algebras of a characterisation of sets of uniformly absolutely
continuous norm in arbitrary von Neumann algebra pre-duals. As details needed
to derive this refinenent are not given in [24], they will be included here for the

convenience of the reader.

PROPOSITION 4.2: Suppose that M is a o-finite von Neumann algebra. There
exists a 0 < g € M, such that for every A C M, of uniformly absolutely
continuous norm and every ¢ > 0, there exists a constant 0 < C. € R such that

A C Ce(poBam + Bmypo) +€Ba., -

Proof. Let € > 0 be given and suppose that A C M, is a bounded set of
of uniformly absolutely continuous norm. By [Proposition 4.13 (ii)][24], there
exists . € M, such that

A C @By + Bpmpe + B,

Since M is o-finite, it follows from [Proposition 11.3.19][26] that there exists

0 < o € M, with support s(¢g) = 1. By [Lemma 4.7][24], M - ¢q and ¢q - M
are dense in M. Consequentiy, there exist z.,y. € B and positive constants
0 < A., B, such that

Pe € poBeye +eBm.
and

e € Aceipo + B, -
If now C. = max{A., B.} then

AC poBy.Bpm +eBum, - Bpm+ A:Bpxe - 0o +eBag, - B+ B,
C C.(po - Bam + Bat - o) + 3B, -

ProrosITION 4.3: If M is a o-finite von Neumann algebra, then the Mackey
topology (M, M.) is metrizable on norm bounded subsets of M.

Proof. Let 0 < ¢y € M, be as in Proposition 4.2 and set W = pgBas + Bapo-
Define the semi-norm p on M by setting p(z) = sup,ew |¢(2)], * € M, and
let 7y denote the locally convex topology in M generated by p. By Lemma 4.1,
W is o(M., M)-compact, so it is clear that 7o C 7(M, M..).

We claim that 7o and 7(M, M..) coincide on norm bounded subsets of M.
It suffices to show that the two topologies agree on the unit ball By. For this
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purpose, suppose that (z,) is a sequence in By and & € Ba is such that
plx —xy) = 0asn — oco. Let A C M, be a relatively o(M., M)-compact set.
By Akemann’s theorem (cited above), A is of uniformly absolutely continuous
norm. Consequently, given ¢ > 0, it follows from Proposition 4.2 that there
exists a constant 0 < C.; € R such that A C C.W +eBxq,. If ¢ € A and we
write ¢ = @1 + 2, with 1 € C.W and @2 € €Bay,, then we find that

lp(z = zn)| <lpr(z — zn)| + |2z — 20|
<Cep(x —p) + 2¢

and so

sup |p(z — zp)| < Cep(x — zy) + 26.
pEA

Since p(x — x,) — 0 as n — oo, this implies that

lim sup sup |p(z — z,,)| < 2e.
n—oo €A

This holds for all € > 0 and hence limsup,,_, . Sup,e 4 [p(z — )| = 0. This
suffices to complete the proof of the proposition.

It should be observed that this result may be considered a strengthening
of the result that may be obtained by a combination of Theorem III.5.7 and
Proposition I1.2.7 in [26], as we do not assume that the underlying Hilbert space
is separable.

The next result follows immediately from a combination of Proposition 4.3
and Corollary 3.8.

THEOREM 4.4: If M is a o-finite von Neumann algebra, then the pre-dual M.,
has property (K).

In their paper [12], T. Figiel, W. B. Johnson and A. Pelczyniski introduced
the following property in Banach spaces.

Definition 4.5: A Banach space X is said to have property (k) if for every

o(X*, X)-null sequence (z},)52, in X* there exists a CCC sequence (y;)7>, of
(x)22, such that for every bounded linear operator 7" : L1(0,1) — X and for
every weakly null sequence (f)72, in Li(0,1) satisfying supy, || fx]leo < 00, we

have
(T fr, yy) = 0.

lim
k— o0
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PROPOSITION 4.6: If a Banach space X has property (K), then X has pro-
perty (k).

Proof. If (fi)72, is a weakly null sequence in L;(0,1) and
T:L(0,1) —» X

is a bounded linear operator, then (7' f)) is a weak null sequence in X. Let
(2£)22; be a weak* null sequence in X*. Since X has property (K), there

n/n=1
*
n

exists a CCC sequence (yy) of («}) such that y; —, 0 uniformly on each

relatively weakly compact subset of X. In particular
sup{T fr,yr) —n 0,
k
and this implies that X has property (k).

It should be noted that it is shown in [12, Proposition 4.9] that, if a Ba-
nach space X contains a complemented subspace isomorphic to ¢g, then X fails
property (k) (and so also fails property (K)). In particular, ¢y does not have
property (k).

Theorem 4.4 together with Proposition 4.6 now has the following immediate
consequence, which answers affirmatively Problem 6.6 raised in [12] and is one
of the main results of this paper.

COROLLARY 4.7: The pre-dual M, of every o-finite von Neumann algebra M
has property (k).

The preceding Corollary 4.7 was established in [12, Proposition 4.7] in the
special case that the von Neumann algebra M has separable pre-dual. It is
worth noting, therefore, that a o-finite von Neumann algebra M need not have
separable pre-dual, even in the case that M is commutative. Indeed, if o is the
product measure on an uncountable number of copies of the unit interval [0, 1]
equipped with Lebesgue measure, and if M is L*°(o) acting by multiplication
on L?(o), then M is a finite (and hence o-finite) von Neumann algebra, but the
pre-dual M, = L(o) is not separable. Details may be found in [28, Exercise
23.21].

It might be helpful for the reader’s understanding to point out further that
the o-finiteness assumption in Theorem 4.4 and Corollary 4.7 is crucial. Indeed,
this is the case even in the commutative setting as is shown by [12, Example
4.1] which exhibits an abstract L-space that fails property (k).
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5. Property (K,;) in Banach lattices

In the present section we will discuss property (Ke,,) for Banach lattices E,
where G, is the class of order-bounded sets. Only real Banach lattices will be
considered as the extension to the complex case is straightforward. For basic
properties and terminology from the theory of Banach lattices, we refer to [19].

Let E be a Banach lattice and recall that a subset A C E is called order-
bounded if there exists 0 < w € E such that A C [—w, w], where

[~w,w]={x € E:—w<z<w}.

The collection of all order-bounded sets in F is denoted by &,,. Let T, denote
the locally convex topology in E* of uniform convergence on order-bounded
subsets of F, that is, 7T, is the locally convex topology in E generated by the
collection {p4 : A € Gy} of semi-norms on E*, where

pa(z”) =sup{|(z,z*)|:z € A}, A€ Gy.

Since each A € &, is contained in [—w,w] for some 0 < w € E, it is clear
that 7o is the locally convex topology generated by the lattice semi-norms
{pw : 0 <w € E}, where

B)  pule®) =sup{[(z,2%)]: z € B, |z] Sw} = (w,|2"]), 2" € E*

where the last equality is given in [19, Theorem 1.3.2]. We will say that E has
property (K,p) if it has property (Kes,,), as introduced in Definition 3.6. Note
the following simple observation.

LEMMA 5.1: For a Banach lattice E, the following two conditions are equivalent:
(i) E has property (Kop);

(ii) every sequence (z) in E* satistying x — 0 with respect to o(E*, E)

has a CCC sequence (y3) such that |y;| — 0 with respect to o(E*, E).

Proof. It will be sufficient to show that a sequence (y;) in E* satisfies
sup,ca |{(x,y5)| — 0 as kK — oo for all order-bounded subsets A C E if and
only if |yf| — 0 with respect to o(E*, E).
If the sequence (y;) in E* is such that sup,c 4 [(x, y;)| — 0 as k — oo for all
order-bounded subsets A C E, then
Yk l(u) = Sup [(z,yi)] =0, k= o0,

for all 0 < u € E, which implies that |y);| — 0 with respect to o(E*, E).
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Now suppose that (y;) in E* is such that |y;| — 0 with respect to o(E*, E).
If A C E is order-bounded, then there exists 0 < u € F such that A C [—u,u].
Consequently,

sup [(z, yi)| < sup (2, yi)| = yil(w)
z€EA |z|<u

and so sup,¢ 4 |(z,y5)| = 0 as k — oo.

We recall that an element 0 < e in the Banach lattice E is said to be a weak
order unit for F if and only if e Ax = 0,2 € E implies = 0. The Banach
lattice E is said to have order continuous norm if ||z||g Jo 0 whenever
ZTa o 0in E.

PRrROPOSITION 5.2: If E is a Banach lattice with order continuous norm and
weak order unit, then the topology Top is metrizable on norm bounded subsets
of E*.

Proof. It is sufficient to show that 7, is metrizable on the closed unit ball Bg«
in E*. Let 0 < w € E be a weak order unit. It will be shown that 7., on Bg« is
the same as the topology induced by the semi-norm p,, (see (3)). The topology
induced by p,, is evidently weaker than the one induced by 7T,p.

We claim that for every 0 < v € E and € > 0 there exists k € N such that

(4) [—v,v] C k[—w,w] + eBg.
Indeed, since w is a weak order unit, we have v A (kw) 11 v and so the order
continuity of the norm implies that
lv—vA (kw)|| -0 ask — occ.
Given € > 0, let k € N be such that |[v —v A (kw)|| < e, that is, |[(v—kw)"|| <e.
If x € [—v,v], it follows that |z|A (kw) € k[0, w] and ||(|z| —kw) ™| < e. Writing
T = x1 + x2 with
v = {a" A (kw) —2~ A (kw)}, 22 ={(zt —kw)" — (27 — kw)"}
we have
—(|z| A (kw)) < 21 < |z| A (kw) and  — (Jz| — kw)t < 29 < (|2| — kw) ™,

which implies that 2; € k[—w, w] and x5 € eBg. This proves the claim.
Suppose that (z}) is a sequence in Bg« such that p, (2§ — z}) — 0 for some

xy € Bp-. It will be sufficient to show that p,(z§ — ) = 0forall0 <wv e E.

Given 0 < v € E and € > 0, it follows from the first part of the present proof
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that there exists k& € N such that (4) holds. If z € [—wv,v], then z = 21 +
with 21 € k[—w,w] and x2 € eBg, so

[, g — )| <[{e1, 25 — 20)] + [(2, 20 — 27,)

Skpw(zg - :17;;) + 2e,
and hence p, (2§ — x) < kpy(xf — x)) + 2. This implies that

lim sup py (a5 — z,) < 2e.
n—00

This holds for all € > 0 and so we may conclude that p,(z§—x}) — 0 as n — oco.
The proof is complete.

The above proposition has the following consequence, which is the main result
in the present section.

THEOREM 5.3: If E is a Banach lattice with order continuous norm and weak
order unit, then E has property (Kp).

Proof. Since E has order continuous norm, each order interval in F is o (E, E*)-
compact (see, e.g., [1], Theorem 12.9) and so o(E*, FE) C To» C 7(E*, E). By
Proposition 5.2, T, is metrizable on norm bounded subsets of E* and hence,
by Proposition 3.7, E has property (Kop).

Even for Banach lattices with a strong order unit, the converse of Theorem 5.3
is not valid. Indeed, it follows from the remarks following Definition 3.4 that
each Grothendieck Banach lattice has property (K,p). In particular, I°° has
property (K,p), but the norm on I* is not order continuous.

In combination with Lemma 5.1, we obtain the following consequence of The-
orem 5.3
COROLLARY 5.4: Let E be a Banach lattice with order continuous norm and
weak order unit. If (z¥) is a sequence in E* satisfying x, M 0, then ()
has a CCC sequence () such that |y;| — 0 with respect to o(E*, E).

The above result is implicit in the proof of Proposition 4.5 in [12] and improves
Sublemma 2.5 in [15].
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6. Sets of uniformly absolutely continuous norm in non-commutative

symmetric spaces

Let M be a semi-finite von Neumann algebra on a Hilbert space H, equipped
with a fixed semi-finite, normal, faithful trace 7 : M — [0,00]. We assume
that E C S(7) is a strongly symmetric space with carrier projection equal to 1,
that is, \/{s(z) : # € E} = 1. In that case we have

(L1 0 Loo)(m) € E C (L1 + Loo)(7),
with continuous embeddings. The hermitian part of F is denoted by Fj,, that
is,
En={ac€E:a=a"},
and the positive cone of E is denoted by ET, that is,
Et ={a€Ey:a>0}
For w € ET, the order interval [—w,w| C E}, is defined by setting
[—w,w]={x € Ep: —w <z <w}.

It should be observed that any strongly symmetric space with order continu-
ous norm is actually fully symmetric, that is, if z € S(7), y € F and z << v,
then z € F and ||z||g < ||ly|l&.

The following terminology and results will be used. See [7, Definition 3.3].

Definition 6.1: A subset A C F is said to be of uniformly absolutely conti-
nuous norm if A is bounded and

sup{|lenxen|g:x € A} =0, n— oo,
for all sequences (e,)2; in P(M) satisfying e,, | 0.

Note that if the set A C E is of uniformly absolutely continuous norm, then
also the set A* = {z* : x € A} is of uniformly absolutely continuous norm
and consequently, the sets Re A and Im A are both of uniformly absolutely
continuous norm.

Examples of sets of uniformly absolutely continuous norm are provided in the

following lemmas.

LEMMA 6.2: Suppose that E has order continuous norm. If w € E™, then the
order interval [—w, w] is of uniformly absolutely continuous norm.
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Proof. Tt should be observed that E* is a 2-normal cone, that is, it follows from
a < b < cin Ej that ||b||p < 2max(||a||g, ||lc]|g) (see [5]). Indeed, it follows
from b < ¢ that

0 < b = e’[0,00)be’[0, 00) < €b[0, 00)ce’[0, o0)

and so ||bF]|z < ||€®]0, 00)ceb[0, 00)||z < ||¢||z. Similarly, —b < —a implies that
16~ || < ||la||g, from which the claim follows.

Suppose now that (e,)5, in P(M) is such that e, | 0. If z € [—w, w], then
—epwey, < epre, < eywe, and so |lepze, | B < 2|lepwen| g for all n. The order
continuity of the norm implies that ||e,we,||g — 0 as n — oo (see [7, Theorem
3.1]) and the result follows.

LEMMA 6.3: If E has order continuous norm, then for every y € E, the sets
yBa and Bay are of uniformly absolutely continuous norm.

9]
n=1

Proof. Suppose that (e,) is a sequence in P(M) satisfying e,, J.0. If 2 € By,

then
lenyzen|lr < llenyllellrenlloo < llenylls

and 80 sup,¢,p,, llenzenllE < [lenyl|m. Since E has order continuous norm, it
again follows from [7, Theorem 3.1] that |le,y||g — 0 as n — oo and we may
conclude that yBa, is of uniformly absolutely continuous norm. The proof for
Bay is similar.

The proposition which follows is a special case of [7, Theorem 3.12]. For the
case of non-commutative L,-spaces (1 < p < 00), this result may be obtained
from the paper [24] by Y. Raynaud and Q. Xu.

PROPOSITION 6.4: Suppose that E C S(7) is a strongly symmetric space with
order continuous norm and suppose that (p,) is a sequence in P(M) such that
Pn Tn 1 and 7(py,) < oo for alln. If A C E is of uniformly absolutely continuous
norm, then for every € > 0 there exists n = n(¢) € N and 0 < C. € R such that

AC Cs(pnBM + BMpn> +¢eBEg.
We shall need the following result, which is [7, Proposition 4.1].

PROPOSITION 6.5: Suppose that E C S(7) has order continuous norm. If
A C F is of uniformly absolutely continuous norm, then E is relatively weakly
compact.
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A particular consequence of the preceding proposition and Lemma 6.2 is that
order intervals are relatively weakly compact in any strongly symmetric spaces
E C S(7) with order continuous norm.

7. Property (Kg) in symmetric spaces

As before, we assume that E C S(7) is a strongly symmetric space, where
(M, 7) is a semi-finite von Neumann algebra. The collection of all subsets
of E which are of uniformly absolutely continuous norm is denoted by &,,.
The topology in E* of uniform convergence on sets of &,,, is denoted by Tg.,.
Assuming that E has order continuous norm, it follows from Lemma 6.5 that

o(E*,E)=0(E*,E) C Ton CT(E*,E)=7(E*,E),

where, as before, 7(E*, E) denotes the Mackey topology. The following result
is one of the key ingredients in the present section. In contrast with some of
the previous results, the hypothesis of being o-finite is essential in the following
theorem.

THEOREM 7.1: Suppose that (M, 7) is a semi-finite and o-finite von Neumann
algebra. If E C S(7) is a strongly symmetric space with order continuous norm,
then the topology Tan is metrizable on norm bounded subsets of E*.

Proof. Since M is semi-finite and o-finite, there exists a sequence (p, )22 ; of
projections in P(M) such that p, 11 and 7(p,) < oo for all n € N. Define the
set W,, C E by setting

Wy =pnBm + Bpmpn, neEN,
and define the semi-norms p,, : E* — [0,00) by

pn(y) = sup [(z,y)|, yeE.
zeW,
Observe that the semi-norms p,, n = 1,2, ..., separate the points of £*. Indeed,
if y € EX is such that p,(y) = 0 for all n, then, in particular, 7(p,zy) = 0 for
all x € By and all n. Taking & = v*, where y = v|y| is the polar decomposition
of y, it follows that 7(p,|y|) = 0 for all n. Since p, 1T 1, the normality of the
trace implies that y = 0.
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Let 7o be the metrizable locally convex topology in E* generated by
{pn : n € N}. By Lemma 6.3, each of the sets W,, is of uniformly absolu-
tely continuous norm and so 79 C 74,. We claim that 7, and Ty coincide on
norm bounded subsets of E*. It suffices to show that 7, and 7y coincide on
the closed unit ball Bgx. To this end, suppose that (yx)72, is a sequence in
Bgx and that y € Bgx such that yx — y with respect to 7g. Let A C E be
a set of uniformly absolutely continuous norm. Given ¢ > 0, it follows from

Proposition 6.4 that there exist n € N and 0 < C, € R such that
A Q Can + EBE.
If x € A, then x = 1 + x5 with 7 € C.W,, and x5 € eBg and so

Kz, y — ye)| <[(z1,y — k)| + [(x2,y — yw)
<Cepn(y — yr) + 2¢,

which shows that
sup @,y — i) < Cepn(y —yr) + 2¢
xrc

for all k. By hypothesis, p,(y — yx) — 0 as k — oo and so

lim sup sup |{(z,y — yr)| < 2e.
k—oo z€A
This holds for all e> 0, hence limg_, oo Sup, ¢ 4%, y—y&)| =0. This holding for any
set A C E which is of uniformly absolutely continuous norm, we may conclude
that vy, — y with respect to 74,. This suffices to complete the proof.

We will say that a strongly symmetric space E C S(7) has property (K, ) if it
has property (Ks,, ). The following corollary is now an immediate consequence
of Theorem 7.1 in combination with Proposition 3.7 and Proposition 6.5.

COROLLARY 7.2: Suppose that (M,7) is a semi-finite and o-finite von Neu-
mann algebra. If E C S(71) is a strongly symmetric space with order continuous
norm, then E has property (K,y,), that is, every sequence (z,) in E* satisfying
zn, — 0 with respect to o(E*, E) has a CCC sequence (yi) such that yr — 0
uniformly on all subsets of E which are of uniformly absolutely continuous norm.

Before formulating the next result, it is convenient to introduce the following
terminology.
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Definition 7.3: Let E C S(7) be a strongly symmetric space. A subset A C F
is called order-bounded if there exist w,v € ET such that

A C [—w,w] + i[—v,v].

Note that a subset A C E is order-bounded if and only if there exists w € ET

such that
A C [—w,w] + i[—w, w]

(indeed, replace w and v in the definition by w + v). The collection of all
order-bounded subsets of E will be denoted by &,,. If F has order continuous
norm, then it follows from Lemma 6.2 that every order-bounded subset of F is
of uniformly absolutely continuous norm, that is, Sy, C Sqp,.

A strongly symmetric space E C S(7) is said to have property (K,p) if it has
property (Ks,,). In view of the above observations, the following result is now
clear.

COROLLARY 7.4: Suppose that (M,7) is a semi-finite and o-finite von Neu-
mann algebra. If E C S(71) is a strongly symmetric space with order continuous
norm, then E has property (Kop).

Proof. By Corollary 7.2, E has property (K,,). Since Gy C Sgp, it follows
that F has property (Kop).

The following proposition is another consequence of Corollary 7.2 which may
be noteworthy. It will be convenient to prove first the next lemma. For x € S(1)
we denote

Nz)={ye S(r) 1y << z}.
If E C S(7) is a strongly symmetric space with order continuous norm, then
Q(x) C E for every x € E, as F is fully symmetric.

LEMMA 7.5: If 7(1) < o0 and E C S(7) is a strongly symmetric space with
order continuous norm, then for each x € E, the set Q(x) is of uniformly
absolutely continuous norm.

Proof. Let x € E be given. We claim that for every € >0 there exists 0<C; €R
such that

Q(z) C C.Bm +¢eBg.
Indeed, since E has order continuous norm and 7(1) < oo, it follows from [9,
Proposition 1.8], that M = Lo (7) is norm dense in E. Therefore, there exists
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x1 € M such that ||z — z1||g < e. If y € Q(x), then
y<<zx=x1+(x—121)

and so, there exist yi1,y2 € S(7) such that y = y1 + y2, y1 << 1 and
ya << x —x1 (see [9], Proposition 4.10). This implies that ||y1]lcc < [|21]co
and ||yz2||g < ||z — 21]| g and hence

y € Cc.Bm + €BE,

with C; = ||z1]|co. This proves the claim.
By Lemma 6.3, the set By is of uniformly absolutely continuous norm in
E. Tt now follows easily that Q(z) is also of uniformly absolutely continuous

norm.

PROPOSITION 7.6: Suppose that 7(1) < oo and that E C S(7) is a strongly
symmetric space with order continuous norm. If (z,)  is a sequence in E*

such that z, — 0 with respect to o(E*, E), then there is a CCC sequence (yx)
of (zy,) such that

[ e omupde 0, koo
0

for every x € E.

oo

Proof. Suppose that (2,)52,
to o(E*, E). By Corollary 7.2, the space E has property (Kg») and so there is
a CCC sequence (yi) of (z,) such that y; — 0 uniformly on subsets of E which

is a sequence in E* such that z, — 0 with respect

are of uniformly absolutely continuous norm. By Lemma 7.5, this implies that

sup |(y,yk)| — 0
yeQ(z)

forall z € E.

Recalling that
/ (s )t yo)dt = sup{[r(yyi)] g << 2} = sup |{y, )]
0 yeQ(x)

(see [8], Theorem 4.12), the result of the proposition follows.

Remark 7.7: If 7(1) = oo, then the result of Proposition 7.6 does not hold. By
way of example, let E=L;(0, 00) and define the sequence (z,,) in E*= L (0, 00)
by setting z,, = X(n,00) for all n € N. If (y) is any CCC sequence of (), then
for every k there exists N €N such that yx(t)=1 for all t> Ny and so pu(yx)=1
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for all k. Consequently, if € L1(0,00), then [ u(t; x)u(t; yr)dt = ||z]|1 for
all k.

8. Property (k) in symmetric spaces

The following characterization of property (k) will be convenient.
LEMMA 8.1: For a Banach space X the following statements are equivalent:
(i) X has property (k);

(ii) every weak™ null sequence (x7,)22

n=1

in X* has a CCC sequence (y;)52,
such that for every bounded linear operator T : L1(0,1) — X and for
every order-bounded set A C L1(0,1) we have

sup (T f,yi)| = 0, k — oc;
feA

(iii) every weak® null sequence (x})0%, in X* has a CCC sequence (y;)72
such that for every bounded linear operator T : L1(0,1) — X and for

every relatively weakly compact set A C L1(0,1) we have
sup [(T'f,yp)| =0, k — oo.
feA

Proof. (i)=(ii). Let (z})52, be a weak™ null sequence in X* and let (yj) be a
CCC sequence of () satisfying the condition of Definition 4.5. First, suppose
that A C L1(0, 1) satisfies A C [~1,1]. If supsc 4 (T f,yf)| » 0 as k — 0, then,
by passing to a subsequence if necessary, we may assume that [(T' fx, y5)| > ¢ >0
for all £ and some sequence (fx) in A. Since [—1,1] is weakly compact, we may

also assume (by passing to a further subsequence) that fj M fel-1,1].

Since fr—f L) 6 and | fe— flloo < 2 for all k, it follows from the property
of the sequence (y;) that (T'fr — T f,y;) — 0 as k — oo. Since (yj) is a weak™
null sequence (being a CCC sequence of the weak* null sequence (z)), it follows
that (T'f,y;) — 0 and hence, (T f,y;) — 0. This is a contradiction and so we
may conclude that sup e 4 [(T'f,y3)| — 0 as k — 0.

Suppose now that A is an arbitrary order-bounded subset of L1(0,1), that is,
A C [—w,w] for some 0 < w € L1(0,1). Since ||w —wAnl|; — 0asn — oo, it
follows that for every € > 0 there exists n € N such that A C n[—1,1] +eBj,.
Since, by the first part of the present proof, supsc;_q 1) [(T'f, yj)| — 0, it now
follows easily that sup e 4 [(T'f,y5)| — 0 as k — 0.

(if)=(iii). If A C L1(0,1) is relatively weakly compact, then it follows from
the well-known Dunford—Pettis theorem (see [19] Theorem 2.5.4) that for every
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e > 0 there exists 0 < w € L1(0,1) such that A C [—w,w] 4+ eBr,. The
implication now readily follows.

(iii)=-(i). This is evident, since for any weak null sequence (fz) in L;(0,1)
the set A = {fi : k € N} is relatively weakly compact.

Remark 8.2: As was observed in [12], Remark 4.4, the condition supy, || fx||co <00
may be omitted in Definition 4.5. Note that this follows immediately from the
equivalence (i)<(iii) in Lemma 8.1.

Let M be a semi-finite von Neumann algebra equipped with a fixed semi-finite
normal faithful trace 7 : M — [0, 0o]. The main purpose of the present section
is to show that any strongly symmetric K B-space E C S(7) has property (k)
whenever M is o-finite (Theorem 8.6). One of the main ingredients in the proof
is Proposition 8.5. For the proof of this proposition we need some preparation.

Recall the following definitions and facts concerning ordered Banach spaces:

(1) Suppose that (V,] - ||) is an ordered Banach space, that is, V is a real
Banach space with a closed positive cone VT which induces a partial
ordering in V. The positive cone is called proper if VTN (—=V*) = {0}
and it is called generating if V =V — VT,

(2) The positive cone VT of an ordered Banach space V is called a-normal
(for some 0 < « € R) if it follows from ¢ < = < b in V that
lz|| < amax(]|al|, ||b]|). Note that any a-normal positive cone is proper.
The cone V7 is called a-generating if every x € V admits a decom-
position & = x1 — x9, where x1,22 € V1 and ||a1]| + ||z2|| < of|z].

(3) Let (V,||-]|) be an ordered Banach space. The dual positive cone (V*)*
in V* is defined by setting

(VHT ={pecV*:¢(x) >0V e VT}

(4) According to a theorem of J. Grosberg and M. Krein (1939), if V' is
an ordered Banach space with a-normal cone VT, then the dual cone
(V*)T is a-generating in V* (see, e.g., [14], Theorem 3.6.7).

(5) A Banach lattice F is called injective if, whenever F' is a Banach
lattice, G C F' a Banach sublattice and T': G — F is a positive linear
operator, there exists a positive linear operator T : F — E such that
T |a=T and ||T|| = ||T|| (see [19], Definition 3.2.3).

(6) Suppose that F is a Banach lattice and that E is a Banach sublattice of
F. If E is injective, then there exists a positive projection P : F — F
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such that P(F) = E and ||P|| = 1. Indeed, the identity operator
Ig : E — E has a positive extension P: FF — E C F.
(7) If K is an extremally disconnected compact Hausdorff space, then the
Banach lattice C(K; R) is injective (indeed, C(K;R) is a Dedekind com-
plete M-space with unit; see [19], Theorem 3.2.4).
The proposition which follows and its dual version Proposition 8.5 may be
a kind of folklore, but we were not able to trace the relevant proofs in the
literature.

ProposITION 8.3: If V is an ordered Banach space with an a-normal positive
cone V1, then every bounded linear map T : V — L% (0,1) is regular, that is,
there exist positive bounded linear maps T; : V — L% (0,1), j = 1,2, such that

T=T —1T5
(and ||T5|| < o[ T])-

Proof. The space L% (0, 1) is Banach lattice isometrically isomorphic to a space
C(K;R), where K is an extremally disconnected compact Hausdorff space. The-
refore, we may consider 7' : V' — C(K;R). Let ¢ (K;R) be the Banach lat-
tice of all real bounded functions on K (equipped with the sup-norm). Since
C(K;R) is a Banach sublattice of £o(K;R) and C(K;R) is an injective Banach
lattice, there exists a positive projection P : oo (K;R) — £oo(K;R) onto the
subspace C(K;R) with ||P| = 1.

For t € K we define the positive linear functional §; on £ (K;R) by setting

For each t € K define ¢; € V* by setting
(x, @) = (Tx,8s), z€V.

Note that ||¢¢| < ||T|| for all ¢ € K. Since the positive cone VT is assumed to
be a-normal, the dual cone (V*)* is a-generating and so for each ¢t € K there
exist ¢§”,¢§2> € (V*)T such that

1 2 1 2
oo =" =07, oI+ 1981l < all .
For j = 1,2, define the linear operator S; : V — £ (K;R) by setting

(S;2)(t) = (x,6), teK,zeV.
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Note that
1(S52) ()] = |(z, &) < |6 112]| < allge ]|l < al|T|lz]l, ¢€ K,

50 Sjz € oo (K;R) and ||Sjz||ec < of|T||||z||, x € V. Hence the operators S;
are bounded with ||S;|| < «||T||, = 1,2. Moreover, since the functionals (b,(ﬂ)
are positive, it is also clear that the operators S; are positive.

For every z € V we have

(T2)(t) = (2, 60) = (2,8") — (x,6{) = (S12)(t) — (Sez)(t), te€ K,

and so T'= S1 — Ss (considering T" as a map from V into £ (K;R)).
Defining T; = PS;, j = 1,2, it follows that T; : V. — C(K;R) are positive
bounded linear operators such that T'=T7 — 1> and ||Tj| < «||T||.

Now we return to the situation where (M, 7) is a semi-finite von Neumann
algebra and (E, || - ||g) is a Banach M-bimodule. It should be observed that
the positive cone ET is 2-normal (see the proof of Lemma 6.2).

COROLLARY 8.4: If E C S(1) is a Banach M-bimodule, then every bounded
linear operator T : E — Lo(0,1) is regular.

Proof. Writing T'=ReT + ¢Im T, it is sufficient to consider the case that T is
hermitian. Let

S=T,:E, — LE(0,1)

be the corresponding operator S € L(Ey,, L% (0,1)) as defined in Section 2 via
(1). As observed above, Ej, is an ordered Banach space with 2-normal cone E.
Hence it follows from Proposition 8.3 that there exist S; € £*(Ep, LE (0,1)),
j = 1,2, such that S = S; — S5. Now define T; € LT (E, L% (0,1)), j = 1,2,
such that S; = (Tj);, (see Lemma 2.3). It is now clear that T'=T; — T and so
we may conclude that T is regular.

The following result is well-known in the Banach lattice setting (see, e.g., [1],
Theorem 15.3).

PROPOSITION 8.5: If E C S(7) is a strongly symmetric K B-space, then every
bounded linear operator T : L1(0,1) — E is regular.

Proof. As in the proof of Corollary 8.4, it is sufficient to consider the case that
T is hermitian. Consider now the adjoint operator T* : E* = E* — L(0,1)
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and observe that T* is hermitian as well. Indeed, if y = y* € E*, then for all
f € L1(0,1) we have

(f;Try) =(f, T*y) = (T(f),y) = (T f)*,y)
=(Tf,y") =(Tf,y)=(f, T"y)

and , T*y = T*y, that is, T*y € L% (0,1).
It follows from Corollary 8.4 that there exist positive operators

S; € LY(E*,Ls(0,1)), j=1,2,

such that T* = Sy — S3. This implies that T** = S} — S5 and it is clear that
S and S5 are positive operators. Let P, : (E*)* — (E*)* be the Yosida—
Hewitt projection (see Section 2). In particular, P, is a positive projection
onto (E*)* = E**. Since E has the Fatou property, we also have E** = E.
Hence P may be considered as a positive linear map P : (E*)* — E. Defining

TJ :PS]* |L1(011)L1(0,1)—>E, _7: 1,2,

it is now clear that T; € £L7(L1(0,1), E) and T = T} — T5. Therefore, we may
conclude that T is regular.

It was shown by Figiel, Johnson and Pelczynski (see [12], Proposition 4.5)
that any weakly sequentially complete Banach lattice with a weak unit has
property (k). Keeping in mind that a Banach lattice is weakly sequentially
complete if and only if it is a (K B) space, we now present a non-commutative
counterpart which is the principal result of this section.

THEOREM 8.6: Let M be a semi-finite and o-finite von Neumann algebra. If
E C S(7) is a strongly symmetric K B-space, then E has property (k).

Proof. We will show that F satisfies condition (ii) of Lemma 8.1. Let ()

be a sequence in E* = E* such that z, M 0. By Corollary 7.4, E

has property (Ko,) and so there is a CCC sequence (yj) of (x,) such that
yr — 0 uniformly on all order-bounded subsets of E. Let T : L;(0,1) — E be a
bounded linear operator and A C L;(0, 1) an order-bounded set. By Proposition
3.7, T is regular from which it follows that the set T'(A4) is order-bounded in E.
Consequently,

sup [(T'f, yg)l = sup [(z,y3)] =0, k— oo.
feA 2€T(A)
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This suffices to complete the proof of the theorem.
This theorem has the following immediate consequence.

COROLLARY 8.7: Let M be a semi-finite and o-finite von Neumann alge-
bra. If E is a symmetric K B-space on [0,7(1)), then the corresponding non-
commutative symmetric space E(1) C S(r) has property (k).

Proof. Since FE is a symmetric K B-space on [0,7(1)), it follows that E(r) is
a strongly symmetric K B-space. Indeed this follows from [9], Proposition 3.6
and Proposition 5.2.

Hence the result follows now from Theorem 8.6.

As observed earlier (see the remarks following Corollary 4.7), the assumption
that M be o-finite is essential, even in the case that M is commutative.

9. Property (K) in non-commutative symmetric spaces

It might be observed that if (M, 7) is a semi-finite, o-finite von Neumann al-
gebra and if E C S(7) is any strongly symmetric space with order continuous
norm with the further property that each relatively weakly compact set is of
uniformly absolutely continuous norm, then it follows from Corollary 7.2 that
has property (K). For the special case that E = L'(7), this is a special case of
Theorem 7.3. However, there is a large class of spaces for which the notions of
relative weak compactness and uniformly absolutely continuous norm coincide.
For the case that 7(1) < oo, such spaces may be characterised as those with
the property that sequences which are null sequences for both the weak and
measure topologies are null sequences for the norm topology. Spaces with this
latter property are said to have Property (Wm). The following result is proved
in [7], Proposition 6.10.

PROPOSITION 9.1: Suppose E C S(7) is strongly symmetric. If 7(1) < oo then
the following statements are equivalent:

(i) E has property (Wm).

(ii) Each relatively weakly compact set in F is of uniformly absolutely con-

tinuous norm.

It is worth noting that if 7(1) < oo and if E C S(7) is a strongly symmetric
space with property (Wm), then E is a K B-space. See [7], Lemma 6.9.
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From the preceding proposition, and Corollary 7.2, we now obtain the follo-

wing consequence.

COROLLARY 9.2: Suppose E C S(7) is strongly symmetric. If 7(1) < oo and
if E has property (Wm), then E has property (K).

By way of example, let ¢ denote an increasing concave function on [0,7(1))
for which ¢(0) = 0 = ¢(0+) and let Ay be the corresponding Lorentz space on
[0,7(1)) with norm given by

s, = / u(z)dg.
[0,7(1))

It is shown in [7, Corollary 6.14] that each Lorentz space Ay(7) has property
(Wm).

COROLLARY 9.3: If7(1) < oo, then the Lorentz space Ay (7) has property (K).

It is, perhaps, not without interest to note that the spaces A(¢) are not
Grothendieck spaces.

Suppose now that ® is an increasing convex function on [0,00) such that
®(0) = 0. Let Lg be the corresponding Orlicz space on [0, 7(1)) equipped with
the norm

[2]|Le = inf {)\ :A> 0, / O(|z(t)|/N)dt < 1},
[0,7(1)

and let ¥ be the complementary function. The class of Orlicz spaces Lg for
which the complementary function ¥ satisfies the condition

lim W(CH)/W(t) = o0

for some C' > 0 will be denoted by As. It is shown in [7, Proposition 6.19] that
if 7(1) < oo and if Ly € Ag then the corresponding non-commutative space
L (7) has property (Wm). Consequently,

COROLLARY 9.4: If7(1) < oo and if Ly € Ag, then the Orlicz space Ly (7) has
property (K).

We recall that a Banach lattice E is said to be a K B-space if every norm-
bounded upwards directed system in F is convergent, and to have the Fatou
property if 0 < z, 1,C F and sup, ||zs||r < oo implies that there exists
0 <z € E such that © = supx,, holds in F and ||z| g = sup, ||zl &-
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It is well known that the Banach lattice F is a K B-space if and only if E has
order continuous norm and has the Fatou property.

PROPOSITION 9.5: Let E be a Banach lattice with order continuous norm. If
E has property (k) (in particular, if E has property (K)), then E has the Fatou

property.

Proof. If E does not have the Fatou property, then E is not a K B-space. It
follows from [19, Theorem 2.4.12] that there exists a closed vector sublattice F
of E which is a vector lattice and norm isomorphic to cy. Since the norm on F
is order continuous, it follows from [19] Corollary 2.4.3 that F' is complemented
in E. By [12, Proposition 4.9], it follows that F' does not have property (k). It
then follows that E does not have property (K) and this is a contradiction.

Now suppose that 7(1) = 1 and that A/ C M is a von Neumann subalgebra
with trace o given by the restriction 7|A of 7 to M. The conditional expectation

En i LY(1) — L'(0)
is defined as in the commutative setting via the equality
(5) o(zEn(y)) = T(zy), z €N, yeLl(r)

and an appeal to the fact that L!(o), N are dual in the sense of Kéthe. See [9,
Theorem 5.6]. The following observation will be needed. See [10, Lemma 5.1].

LEMMA 9.6: If E is a fully symmetric space on [0,7(1)), then Ex(y) € E(o)
for all y € E(T) and

(6) o(z€n(y)) = (xy), we E(0)", ye Er).

Observe that M may be identified via the map * — =z ® 1 with the von
Neumann subalgebra M ®C1 of the von Neumann tensor product M®L>[0, 1)
equipped with the tensor product trace 7 ®@dm, with dm denoting Lebesgue me-
asure. Let &£ denote the corresponding conditional expectation. Using Lemma
9.6, the result which follows is proved in [10, Theorem 5.2].

LEMMA 9.7: If E is a fully symmetric space on [0, 1), then the mapping
r—z®1€ E(rdn)*, ze€E(T)*

iso(E(r)*, E(7)) to o(E(r ® dm)*, E(T ® dm)) continuous.
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PROPOSITION 9.8: Suppose that E is a symmetric space on [0,1) with order
continuous norm. If E has property (K) then E(7) has property (K).

Proof. We assume first that M is non-atomic, that is, M does not have any
minimal projections. Since E has order continuous norm, it follows from [9,
Proposition 3.6] that E(7) has order continuous norm and so E(7)* = E(7)*.
Suppose now that (z,)32; is a sequence in E(7)* such that z, —, 0 for the
weak topology o(E(7)*, E(7)). It follows from Proposition 7.6 that there exists
a CCC sequence (y;,) of (x,) such that

/ w(t; 2)p(t; yn)dt —n 0, Vo € E(T).
0.1

This implies that u(y,) —» 0 for the weak topology o(E*,E). Indeed,
suppose that f € E. Using the fact that M is non-atomic, let 7 : E — E(7) be
an isometric *-isomorphism which preserves singular values. See, for example,
[2], Proposition 2.2 and Remark 2.1. Tt follows that

} ﬂmwwmﬂs/ ult, )l yn)di
[0,1) [0,1)

:/ (7))t g )t > 0.
[0,1)

Since E has property (K), there exists a CCC sequence (g;)32; of the sequence
((yr))32, such that

(7) swp [ Ft)g;(0)dt = 0

feB J{o,1)
for each relatively o(E, E*) = o(E, E*) compact subset B C FE. For each
7 >1, set

nj+1-1 nj+1-1

gj = Z i i(Yi), Z ajp; =1, a5 20, np<nyg<ng---.

z:nj Z:’n]‘

Now set
njzlfl
Zj = Z Qi5Yi, ) Z 1.

1=n;

It follows that (z;)32, C E(7)* is a CCC sequence of the sequence (y )72, and

o0

o2 1, it follows also that

since the latter is a CCC sequence of the sequence (zy,)
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(27)52; is a CCC sequence of the sequence (x,);2 ;. Note that
njy1—1
plz) << Y aip(y) =gj, §>1.
i=n;
Suppose now that A C E(7) is relatively o(E, E*) compact and set
B ={u(x):x € A}.

By Proposition 9.5, E has the Fatou property. This implies that the natural
embedding of E into E** is a surjective isometry, so that E may be identified
with E**. It now follows from [8, Proposition 2.10] (or [10, Theorem 5.4]) that
B is relatively o(F, E*) = o(E, E*) compact. Now observe that

sup |7(zz;)] < sup/ w(t; ) p(t; z)dt < sup/ w(t; 2)p(t; g;)dt
z€A €A J[0,1) €A J[0,1)
< sup F@)plt; gj)dt =5 0,
reB o)

where the final assertion follows from (7).

To remove the assumption that M is non-atomic, we identify M via the map
z = 2®1, z € M with the von Neumann subalgebra M ® C1 of the non-
atomic von Neumann algebra tensor product M®L>[0, 1), equipped with the
tensor product trace 7 ® dm. We denote by £ the corresponding conditional
expectation. Suppose then that (z,)5; is a sequence in E(7)* such that
X —p 0 for the weak topology o(E(7)*, E(7)). It follows from Lemma 9.7
that z, ® 1 —, 0 for the weak topology o(E(T ® dm)*, E(T ® dm)). Since
M®L>[0,1) is non-atomic, it now follows from the first part of the proof that
there exists a CCC sequence (y, )52 of (z,)5%; such that, if B C E(r ® dm)
is o(E(T @ dm), E(T ® dm)*) relatively compact, then

(8) sup{|T ® dm((y, ® 1)w)| : w € B} —, 0.

Now suppose that A C E(7) is o(E(7), E(7)*) relatively compact. Since E* is
fully symmetric and E = E**, the equality (6) may be applied to E* rather
than to E. Consequently, if w € E(7 ® dm)*, then there exists a unique
z € E(1)* such that £(w) = z ® 1. Consequently, for all y € E(r),

T@dm((y @ Nw) =7 @ dm((y © 1)E(w)) = 7(y2).

This implies that the map y —» y®1 € E(t®dm), y € E(7), is o(E(7), E(1)*)
to o(E(T ® dm), E(t ® dm)*) continuous. Therefore, B = A ® 1 is relatively
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o(E(t @ dm), E(t ® dm)*) compact. It now follows from (8) that

sup{|7(ynz)| : 2 € A} =, 0

and this suffices to complete the proof of the Proposition.
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