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Abstract

Existing sonar systems typically rely on a minimum signal strength of a single echo,
which limits their performance in low signal-to-noise conditions. This thesis explores
the concept of coherent integration for active sonar, with the aim of improving imaging
and detection capabilities under low signal-to-noise conditions. The goal is to provide
signal processing methods that achieve long-time coherent integration of the received
echoes, thereby maximising the processing gain. Additionally, this research explores
waveform design by comparing the performance of pseudo-random noise with chirps.
Two applications are seen in this thesis: moving target detection, which involves static
sonar sensors, and synthetic aperture imaging, where the sensors move while the imag-
ing scene remains static. For moving target detection, a processing methods is proposed
which achieves coherent integration for constant velocity targets in a computationally
efficient manner, and improves the detection performance by implementing a clutter
filtering stage. For the second application, a processing method for imaging from a
moving sensor pair is proposed. The resulting point-spread function for a circular
sensor trajectory is investigated, from which a set of design rules are established. Ad-
ditionally, a least squares algorithm is applied, which shows that the resulting image
can be improved in terms of resolution and sidelobe interference. Finally, the imaging
and detection methods are tested and verified using an in-air demonstrator.
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Introduction 1
Active sonar refers to the technique of measuring the distance to an underwater object,
by means of transmitting a pulse of sound, commonly referred to as a ‘ping’, and
subsequently listening to the echo. By analysing the delay of the received echo, the
distance to the object can be determined, using the speed of sound in water (c ≈ 1500
m/s). This basic mechanism is depicted in Figure 1.1. Sonar systems are typically
mounted on the hull of a ship, e.g., to determine the depth of the seabed, or to detect
certain objects under the ship, such as a school of fish.

The use of sonar is particularly preferred for underwater surveillance systems. This
is primarily because of the low attenuation of sound in water, which surpasses that other
surveillance methods such as radar or visual. It can be used to detect moving targets
such as human divers, for example, in an intruder alarm system to protect a harbour
from underwater terrorist threats. State-of-the-art active sonar systems capable of
detecting moving targets most often rely on beamforming to make an ‘echograph’,
which shows the positions of objects that have a strong echo [2]. The detection of a
moving target is addressed by looking for tracks that form in the echograph, which
is updated after each transmitted pulse. Hence, the response of the moving target
signal in the echograph is constrained to the strength of a single echo. The maximum
detection range of such systems may vary, but is several hundred of meters at most.
This limitation often restricts the coverage of the system to the immediate waters of
the harbour. Increasing the detection range potentially enables the detection of an
intruder approaching the harbour. This would allow the operator to respond sooner,
consequently reducing the risk of harm posed by the intruder. However, detecting
long-range or weakly reflecting targets is challenging, due to a low signal-to-noise ratio
(SNR) of a single echo, making it difficult to detect. This motivates the need to extend
the coherent processing interval to integrate the signal of multiple pulses. In addition,

Figure 1.1: Schematic showing the fundamental principle of active sonar, by courtesy of [1].

1



(a) Sonar system for detecting a moving target (b) Sonar system for synthetic aperture imaging

Figure 1.2: Schematic drawing of the envisioned sonar systems for imaging and detection.

a disadvantage of existing systems for long-range detection is increased attenuation,
due to the high frequencies used for beamforming, with typical carrier frequencies of
around 100 kHz [2]. Therefore, the idea of using low-to-medium (10-100 kHz) frequency
sonar for lower absorption, combined with coherent integration over multiple pulses,
is considered in this thesis for improving long-range detection of moving targets. To
illustrate the problem, a schematic for moving target detection is shown in Figure 1.2.
As indicated by the arrows, the sonar not only receives echoes from the target but
also from the environment, including the seabed and the (moving) sea surface, which
introduces additional challenges for detecting the moving target.

Sonar can also be used to make images of the seabed, or static structures that lie on
the seabed, such as pipelines or shipwrecks. Imaging sonars typically use an array of
sonar elements for directional signal transmission and reception, by using beamforming
[3]. An example is the multibeam echosounder, which relies on the technique of
beamforming to map the received echoes to a 3D image of the seabed. In such a
system, the transmit and receive array are placed in a ‘Mills Cross’ arrangement, to
steer a narrow transmit beam in the across-track direction, and a narrow receive beam
in the along-track direction of the ship. Another type of imaging sonar is synthetic
aperture sonar (SAS). SAS refers to the technique of coherently combining the echoes
of multiple pulses from a moving platform, thereby forming a larger ‘synthetic’ array
[4]. The advantage of a SAS system is that a higher imaging resolution is obtained,
than that of the aperture provided by the physical array. However, accurate position-
ing of the system is required in order to coherently integrate the echoes of multiple
pulses. More specifically, the accuracy in positioning required is a small fraction of
the wavelength, which can be hard to achieve for high frequency (above 100 kHz)
systems [5]. Current implementations of SAS use high frequencies for beamforming,
but often rely on micro-navigation, to compensate for the lack of positioning accuracy
that is required for these frequencies. Micro-navigation is achieved by exploiting the
correlation of the echo signal measured from different sensor positions [6]. This puts
a requirement on the minimum SNR that is needed for a single echo, which poses
challenges to employ SAS in a low SNR scenario. To overcome these challenges,
an interest is taken in low-to-medium frequency systems (in the order of 10 kHz),
since fully coherent apertures can be synthesised over long distances using accurate
positioning of the sensors. One approach to maximise the exposure and capture the
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scene from all angles is to follow a circular trajectory (known as circular SAS) [7].
Similarly to long-range moving target detection, the proposed frequency range can be
considered for long-range SAS, e.g., for imaging from the surface at increased depths.
Another potential application of using low frequencies is that penetration in the seabed
is increased, which could be used to image or detect (partially) buried objects on the
seabed, such as pipelines or unexploded ordnances (UXO). The processing methods to
achieve such large coherent apertures from a moving platform are considered in the
second part of this thesis. In Figure 1.2, a possible application of SAS imaging from
an unmanned surface vessel is illustrated.

The goal of this thesis is to provide signal processing methods for improving the
coherent integration time of a low-to-medium frequency sonar system. This can be
considered a missing link in sonar signal processing, and is therefore explored in this
thesis, with the aim of imaging and detection under low SNR conditions. In order to
maximise the SNR gain, a continuous wave1 pseudo-random noise (CW PRN) transmit
signal is considered for imaging and detection. The performance of pseudo-random
noise is compared to more traditional signals, such as chirps. Two applications of
long time coherent integration are considered: detection of moving targets (chapter
2), and synthetic aperture imaging (chapter 3). The main difference between the two
applications is that for imaging the sensor position relative to the (static) scene is
assumed to be accurately known over time, while the motion of a moving target is
generally unknown. From this perspective, the integration time for synthetic aperture
imaging could be arbitrarily long. However, for moving target detection we need to
model the motion, e.g, with a constant velocity, which in practice remains valid for a
limited duration.

1.1 Thesis outline

The preliminary work is provided in section 1.2.1, where first the proposed low-to-
medium operating frequencies for imaging and detection are substantiated. Secondly,
in section 1.2.2 the matched filter for ranging is explained as the basic detection principle
of a sonar.

In section 2.1, the matched filter response is extended to Doppler shifted signals
(ambiguity function), comparing the correlation properties of PRN and chirps. Next,
in section 2.2 a signal model is derived for a constant velocity moving target. Using
this model, a method is proposed for imaging a moving target in the presence of clutter
interference, which utilises a Radon-Fourier transform to achieve coherent integration
over multiple pulses. The method is tested and verified in section 2.3 on synthetic
data and using an in-air demonstrator for moving target detection. Here it is shown
that HFM outperforms PRN for coherent integration over multiple pulses. Finally, the
applicability of the proposed method to a real-world scenario is discussed in section 2.4.

In section 3.1, coherent integration is applied to synthetic aperture imaging. Here,

1Continuous wave in some texts refers to a waveform with constant frequency and amplitude. However,
here continuous wave refers to a waveform that is continuously on, in contrast to a pulsed signal which includes
silences in the transmission.
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a signal model is derived for the received echoes using the estimated delays of the
signal over the trajectory of the sensors. Using this model, a matched filter for imag-
ing is derived and the point-spread-function (PSF) of the system is analysed. Next,
in section 3.2 an attempt is made to improve the imaging resolution by solving the
inverse problem, which is tackled using regularised least squares. In section 3.3, the
imaging methods are also tested and verified in the in-air demonstrator. The compar-
ison between PRN and HFM is repeated, which shows that PRN has better imaging
performance.

Finally, the most important conclusions of this thesis are repeated and some sug-
gestions for future work are discussed in chapter 4.

1.2 Background

To substantiate the use of low-to-medium frequencies for long-range imaging and detec-
tion, section 1.2.1 provides a simplified link budget analysis on the SNR as a function
of the operating frequency. Thereafter, the idea of pulse compression as the basis of
sonar signal processing, is explained in section 1.2.2.

1.2.1 Sonar equation

The sonar equation is used to estimate the performance (in terms of SNR) of a sonar
system, dependent on different parameters, such as the operating frequency. Below,
the sonar equation is given [8], and some estimates are provided to justify the proposed
frequency range for long-range detection:

SNR = SL+ PG+ TS − TPL−NL (1.1)

• The source level (SL) is commonly defined in sonar as the ratio of transmit
source intensity, I, to a reference intensity, Iref = 6.67 · 10−19 W/m2. This
can alternatively be expressed in terms of the source power Ps in Watts, as:
SL = 10log10(

I
Iref

) = 10log10(
Ps

4πIref
) = 10log10(Ps) + 170 dB.

• The processing gain (PG) depends on the bandwidth B and the duration T
over which the target signal is coherently integrated, and is given by PG =
10log10(BT ).

• The target strength (TS) is the coefficient describing the ratio of the power that
is reflected from a target relative to the incident power. For example, the target
strength of a diver, which is assumed to be constant over the considered frequency
range, is estimated to be around -20 dB [9].

• The total path loss (TPL) is given by the geometrical spreading of the signal plus
the absorption of the signal in water. For spherical spreading the two-way path
loss increases with 1/R4.

TPLspherical = 40log10(R) + 2TL, (1.2)
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Figure 1.3: The frequency dependent losses in SNR due to noise and attenuation. An optimal
frequency is found by minimising the sum of the noise level and the attenuation. For ranges
above 250 m attenuation plays a significant role, thereby lowering the optimal operating
frequency of the system. The optimal frequencies in this figure are given by 58 kHz at 250
m, 29 kHz at 500 m and 19 kHz at 1000 m range.

where TL is the transmission loss caused by absorption in the water, and given by

TL =
αR

1000
, α = 3.3 · 10−3 +

0.11f 2

1 + f 2
+

44f 2

4100 + f 2
+ 3 · 10−4f 2. (1.3)

For the noise level NL, an empirical model of the ambient noise level based on
harbour measurements is used [9]. According to this model, the noise level in dB
relative to 1µPa2 (which cancels with the reference intensity of the SL), is given by

NL = 170 + 10log10
( 1

2(fc − B
2
)2

− 1

2(fc +
B
2
)2

)
. (1.4)

In this model, the operating frequency only has an influence on the noise level and
the signal attenuation. In short, the lower frequency range contains a higher ambient
noise level and higher frequencies suffer more from attenuation. Therefore, an optimal
frequency is estimated by minimising the losses due to the combined effect of noise
and attenuation as seen in Figure 1.3. A centre frequency of up to 20 kHz could be
considered for a range up to 1000 meter, above which the attenuation will cause a
significant loss of SNR. However, better estimates of the optimal frequency could be
made, using a more accurate model for the noise characteristics specific to the site
being observed, e.g., by measuring it.

In the rest of this thesis, two different frequency ranges will be extensively used, one
relating to the signals used for the in-air measurements and one relating to the signals
used during the harbour trials conducted by Fugro. For the in-air measurements, a
tweeter is used as transmitter and a set of analog microphones act as receivers. The
signal used during these measurements employ a centre frequency of fc = 8 kHz with
a bandwidth of B = 8 kHz, giving the frequency range f ∈ [4, 12] kHz. The signals
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considered for the initial harbour trials use a centre frequency of fc = 12.5 kHz and a
bandwidth of 5 kHz, giving the frequency range f ∈ [10, 15] kHz. It is important to
note that the frequencies are chosen to accommodate the hardware that was available
for the measurements, and might not be ideal in terms of the sonar equation. The
signals provided in this thesis merely serve as a means to compare different methods
or results. They might therefore differ in frequency range from the signals ideally used
for imaging and detection purposes.

1.2.2 Pulse compression

Radar and sonar systems require resolution in range in order to estimate the distance
to a target. A high range resolution could be achieved by sending very short pulses so
that the distance to the target can be computed from the delay of the reflected pulse

R =
c∆t

2
, (1.5)

using the propagation speed in the medium c (in m/s). A disadvantage of using very
short pulses is that the average transmitted power is low and therefore a loud ’ping’
is required. Pulse compression is a technique used to obtain good range resolution
for longer (modulated) pulses by correlating the received signal with the transmitted
pulse. The advantage is that the average transmit power is potentially increased, which
increases the SNR at the receiver, thus the maximum detection range of the system
[10]. Another point of view is that for the same transmit power, the required peak
power is reduced as compared to a short pulse with similar performance.

Figure 1.4: Structure of a linear time-invariant filter.

Given the (noise-free) received signal xr(t), the output of a linear time-invariant
filter is given by the convolution with a filter h(t), as seen in Figure 1.4.

y(t) =

∫ ∞

−∞
h(t− τ)xr(τ)dτ. (1.6)

If we represent the received waveform as a delayed and scaled version of the transmitted
signal xr(t) = ax(t− td), this becomes

y(t) = a

∫ ∞

−∞
h(t− τ)x(τ − td)dτ. (1.7)

If the transmitted signal x(t) is known, the matched filter is given by the complex
conjugated of the time-reversed signal. This is known to maximise the output SNR in
the presence of white noise [11]:

h(t) = x∗(−t), (1.8)
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Substituting this gives

y(t) = a

∫ ∞

−∞
x∗(τ − t)x(τ − td)dτ, (1.9)

which maximises the output y(t) for t = td

max
t

|y(t)| = y(td) = a

∫ ∞

−∞
|x(τ − td)|2dτ = a

∫ ∞

−∞
|x(τ)|2dτ (1.10)

and the peak in y(t) is proportional to the energy of the signal x(t). Here, a is a
positive scalar and has no influence on the performance of the matched filter. Below, a
derivation of the matched filter is shown (adopted from [12]), to provide an explanation
for the SNR and gain of a matched filter.

The spectrum of x(t) is defined via the Fourier transform

X(f) =

∫ ∞

−∞
x(t)e−j2πftdt, (1.11)

and the spectrum of the matched filter is

H(f) =

∫ ∞

−∞
x∗(−t)e−j2πftdt = X∗(f). (1.12)

Using the fact that convolution in time domain leads to multiplication in the frequency
domain, Eq. 1.6 can be written in the frequency domain as

Y (f) = H(f)Xr(f) = H(f)X(f)e−j2πftd , (1.13)

and taking the inverse Fourier transform to obtain

y(t) =

∫ ∞

−∞
H(f)X(f)ej2πf(t−td)df. (1.14)

With additive white noise n(t) at the input, the noise power spectrum (single-sided)
is constant N(f) = N0, so the noise power at the output of the matched filter is given
by

E[|yn(t)|2] = N0

∫ ∞

−∞
|H(f)|2df. (1.15)

Then, the SNR of the matched filter output at the peak (t = td) is

SNR =
|y(td)|2

E[|yn(t)|2]
=

|
∫∞
−∞H(f)X(f)df |2

N0

∫∞
−∞ |H(f)|2df

. (1.16)

From the Schwartz inequality it is known that

|
∫ ∞

−∞
H(f)X(f)df |2 ≤ (

∫ ∞

−∞
|H(f)|2df) · (

∫ ∞

−∞
|X(f)|2df), (1.17)

which implies that the SNR is bounded by
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SNR ≤ 1

N0

∫ ∞

−∞
|X(f)|2df =

E

N0

, (1.18)

where E =
∫∞
−∞ |X(f)|2df =

∫∞
−∞ |x(t)|2dt is the energy of x(t). Eq. 1.18 holds with

equality for H(f) = X∗(f), which therefore maximises the SNR at the output of
the filter. Interestingly, the matched filter output SNR is seen to be independent of
bandwidth. This might seem contradicting at first, since increasing the bandwidth
should lead to more noise power. Indeed, this is true for the input SNR of the matched
filter, which is given in terms of power as

SNRin =
Px

Pn

=
E/T

N0B
, (1.19)

where B is the bandwidth of the received signal. Then the ratio of the output to input
SNR is the gain of the matched filter (the processing gain in Eq. 1.2.1)

G =
SNRout

SNRin

= BT. (1.20)

If the bandwidth of the received signal is increased, the decrease in input SNR is
compensated by the increase in gain achieved by the matched filter. Therefore, the
output SNR is independent of the bandwidth in the case of white noise as seen from
Eq. 1.18. This means that if the power spectral density of the noise is fixed, the only
way to improve the output SNR of the matched filter is to increase the total signal
energy.

However, the bandwidth does have a determinate effect on the mainlobe and sidelobe
structure produced by the matched filter, which generally improves with bandwidth in
terms of peak-to-sidelobe levels. The width of the mainlobe is an indication of the
achievable range resolution. The sidelobes are unwanted since the return of a strong
target can produce sidelobes that have a larger amplitude than the main lobe of weaker
targets at another range, thereby potentially masking them. The range resolution of a
simple pulse of duration τ is defined as

∆R =
cτ

2
, (1.21)

which is the minimal difference in range measurable using that pulse. The bandwidth
of the simple pulse is found by the inverse of the pulse duration B = 1/τ . This is used
to define the range resolution of a signal with bandwidth B and corresponds to the
Rayleigh resolution, equivalent to 4 dB width in the matched filter response [13].

∆R =
c

2B
. (1.22)

Therefore, in order to send longer pulses (high energy), we need to increase the band-
width of the signal to improve the range resolution. This is a reason for using frequency
modulated or phase modulated pulses, for which a few examples will be shown in the
next section.
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Moving target detection 2
This chapter aims to improve the detection capabilities of active sonar for a low SNR
moving target using coherent integration over multiple pulses. Here only a single sensor
is considered1, being a microphone for the in-air experiments, and a hydrophone or
sonar transducer for a harbour. This work could be used as the basis for a long-range
diver detection sonar, which potentially uses multiple such sensors. While no explicit
detector is proposed in this chapter, the methods of imaging serve as a preliminary
to the detection of a moving target. There are two questions to be answered in this
chapter:

1. How to apply coherent integration over multiple pulses for moving target detec-
tion?

2. What is the optimal transmit waveform for detecting a moving target in a clutter
dominated environment?

A processing method for coherent integration over multiple pulses is proposed in
section 2.2 as an answer to the first question. In attempt to answer the second ques-
tion, two different types of waveforms are compared: pseudo-random noise (PRN) and
frequency modulated sweeps (chirps). First, the waveforms are compared in section
2.1 based on their correlation properties in the presence of a Doppler shift (ambiguity
function). In section 2.2, first a general signal model is given for the received signal of
a (constant velocity) moving target, given an arbitrary transmit waveform. Then, the
signal is demodulated to baseband and split up in short time segments, over which the
Doppler shift is assumed to be negligible, thereby simplifying the subsequent process-
ing steps. Applying a short-time matched filter results in a signal model for targets in
range-time, in which the ambiguity function of the transmit waveform comes back. The
main reason for this approach is that the resulting range-time image can be analysed
and interfering signals from static targets (clutter) can be more easily filtered out, as
discussed in section 2.2.3. The ‘traditional’ method of moving target detection is dis-
cussed in section 2.2.4. To overcome the limitations of this method, a Radon-Fourier
transform (RFT) is proposed in section 2.2.5. The RFT is shown to achieve coherent
integration and is compared to a matched filter bank for moving targets in 2.3.1.

In section 2.3 the proposed method is tested using synthetic data of an ideal moving
target, and the different waveforms are compared in terms of imaging performance. The
methods are tested using the in-air demonstrator as seen in Figure 2.1, to see the effect
of noise and clutter interference. Finally, the conclusions and some considerations for
implementation in a realistic scenario are given in section 2.4.

1A single sensor, meaning a single receiver. If the transmit signal is continuous wave, then the source and
receiver need to be on two separate elements, but for a pulsed signal the source and receiver can sometimes be
implemented on the same element, such as a sonar transducer.
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Figure 2.1: Schematic of the in-air demonstrator for moving target detection. The yellow
bulb represents the moving target, which moves towards the receiver (blue) while reflecting
the signal from the loudspeaker (red).

2.1 Ambiguity function

The type of waveform that is used in active sonar will affect the ability of the system
to detect targets. It is therefore useful to study the resolution that a specified wave-
form has for estimating the range and Doppler of a target. As a rule of thumb, the
range resolution improves proportionally to the bandwidth and the Doppler resolution
improves with the time duration of the signal. The ambiguity function is the most used
tool to inspect the correlation properties of a waveform and is the main focus of this
section.

If the sonar system and the reflector are not at rest with respect to each other,
the frequency of the echo will slightly differ from the incoming frequency due to the
Doppler effect. The received frequency of a Doppler shifted signal is equal to

fr =
(1 + v/c

1− v/c

)
f = ηf, (2.1)

where c is the medium velocity and v is the radial velocity of the moving target towards
the receiver. The compression factor η can be simplified by writing the denominator
as a series, so that:

η = (1 + v/c)[1 + (v/c) + (v/c)2 + . . . ] = [1 + 2(v/c) + 2(v/c)2 + . . . ]. (2.2)

In radar and sonar the targets usually move at a small fraction of the medium veloc-
ity v/c ≪ 1 and the expression is simplified by discarding the second-order and higher
order terms [11]. The Doppler frequency is therefore approximated by the frequency
difference of the incoming signal and the echo as

10



fD = (η − 1)f ≈ 2v

c
f =

2v

λ
. (2.3)

If the received signal contains a Doppler shift and is left uncompensated, this could
result in a loss of the matched filter output. This effect is studied using the wide-
band ambiguity function (WAF), which is given by the 2D-correlations over delay and
Doppler scaling [14]:

χ(τ, η) =
√
η

∫ ∞

−∞
s(t)s∗(η(t− τ))dt. (2.4)

Under the narrowband assumption the WAF reduces to the (Woodward’s) ambiguity
function [15]:

χNB(τ, fD) =

∫ ∞

−∞
s(t)s∗(t− τ)ej2πfDtdt. (2.5)

Since the frequency range dealt with in this thesis are mostly considered wideband,
the proposed signals shall be investigated using the WAF. To be able to compare the
peak to sidelobe ratio of different waveforms it is useful to apply a normalisation, such
that the maximum value at zero delay and zero Doppler (v = 0, so η = 1) is unity
|χn(0, 1)| = 1. The normalized WAF is then defined as

χn(τ, η) =
χ(τ, η)

||x(t)||2
=

χ(τ, η)

χ(0, 1)
. (2.6)

2.1.1 Frequency modulated waveforms

A common pulse modulation technique is frequency modulation, which is a sinusoid
that increases or decreases its frequency over time. The simplest and most common
example is linear frequency modulation (LFM), leading to a linear chirp. The LFM
waveform can be represented by the complex exponential

s(t) = ej
(
2π(f1t+

1
2
kt2)+ϕ0

)
, 0 ≤ t ≤ T. (2.7)

Here ϕ0 is the phase at t = 0 and k = f2−f1
T

is the sweep rate, based on the lower and
upper frequencies. For an FM signal with f1 < f2, the frequency sweeps from f1 to f2
during time period T .

Using Euler’s equation we can represent a sinusoidal signal as the real part of the
complex exponential since

Re{ejϕ(t)} = Re{cos(ϕ(t)) + jsin(ϕ(t))} = cos(ϕ(t)), (2.8)

where ϕ(t) is the phase of the signal, whose instantaneous frequency is f(t) = 1
2π

dϕ(t)
dt

.
Therefore, the instantaneous frequency of the LFM waveform is given by

f(t) =
1

2π

d

dt

(
2π(f1t+

1

2
kt2) + ϕ0

)
= f1 + kt. (2.9)
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For wideband signals, hyperbolic frequency modulation (HFM) is often used, which
is represented by

s(t) = ej
(

2π
b
ln(1+bf1t)+ϕ0

)
, 0 ≤ t ≤ T, (2.10)

where b = (f1 − f2)/(f1f2T ). The instantaneous frequency is then given by

f(t) =
1

2π

d

dt

(2π
b
ln(1 + bf1t) + ϕ0

)
=

f1
1 + bf1t

. (2.11)

2.1.1.1 Doppler tolerance of frequency modulated waveforms

Doppler tolerance refers to the property of a waveform to maintain its shape, despite
the frequency changes that occur from the Doppler effect. The HFM pulse has the
property that a Doppler shifted version of the signal can be represented by a time
shifted version of the pulse, which is also called a Doppler-invariant property [16]. This
property holds under the assumption that the target has a constant radial velocity. The
HFM pulse is in this case maximally Doppler tolerant, since correlation of a Doppler
shifted echo with the transmitted pulse is maintained. The received echo of a moving
target can be represented as

r(t) = a
√
ηs
(
η(t− τ)

)
, (2.12)

where τ = 2R
c

is the delay of the two-way propagation to the target at range R, η is
the Doppler scaling factor given by Eq. 2.1 and a is an amplitude scaling factor.

Applying this shift to the HFM signal of Eq. 2.10 (assuming ϕ0 = 0) gives

r(t) = a
√
ηej

2π
b
ln(1+bf1(η(t−τ)). (2.13)

The instantaneous frequency of the Doppler-shifted received pulse is

fD(t) =
d

dt

(1
b
ln(1 + bf1(η(t− τ)))

)
=

f1η

1 + bf1η(t− τ)
, (2.14)

whereas the frequency of the transmitted pulse is given by

f(t) =
f1

1 + bf1(t− τ)
. (2.15)

To show that the HFM pulse satisfies the Doppler-invariant property for a given time
shift t0, we can equate

fD(t) = f(t− t0), (2.16)

which by substitution gives

f1η

1 + bf1η(t− τ)
=

f1
1 + bf1(t− t0 − τ)

. (2.17)

Then solving for t0 leads to a constant
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t0 =
(η − 1)

ηbf1
=

(η − 1)f2T

η(f1 − f2)
, (2.18)

which shows that the Doppler shifted HFM pulse is equivalent to the original pulse,
shifted in time by a constant t0. This effect, commonly termed range-Doppler coupling,
is generally unwanted, but is a compromise with Doppler insensitivity [17]. For a target
with a positive radial velocity (moving towards the receiver), η > 1 and f2 > f1 gives
a negative time shift t0 < 0. Therefore, after directly applying a matched filter, this
target appears closer than it actually is.

Repeating this procedure for LFM shows that the time shift needed to satisfy Eq.
2.16 includes a time dependency, showing that the Doppler shifted LFM signal is not
equivalent to a (constant) time shifted version. However, HFM will approach LFM if
the signal is sufficiently narrowband. From a series expansion of the HFM frequency
function we get

f(t) ≈
[ f1
1 + bf1t′

−
( bf 2

1

(1 + bf1t′)2
)
(t− t′) +

( b2f 3
1

(1 + bf1t′)3
)
(t− t′)2 + . . .

]
t′=0

, (2.19)

where: b = (f1 − f2)/f1f2T. The terms including b2, b3, · · · are approximately zero for
narrowband frequencies, thus reducing to

f(t) ≈ f1 − bf 2
1 t = f1 −

f1 − f2
f1f2T

f 2
1 t ≈ f1 +

f2 − f1
T

t, (2.20)

which is the expression for LFM. Therefore, LFM is equivalently Doppler tolerant under
the assumption that the signal is narrowband, i.e. the centre frequency fc = (f1+f2)/2
is much higher than the bandwidth B = f2 − f1. However, since the low-to-medium
frequency pulses considered in this thesis are not necessarily narrowband, HFM is
preferred.

The wideband ambiguity function for the proposed frequency modulated waveforms
is not easily derived. Therefore, the WAF is analysed numerically, by computing the
Doppler shifted signals and correlating them to the original. As example, the normalised
WAF given by Eq. 2.6, are shown for LFM and HFM pulses of 1 second duration in
Figure 2.2. From the WAF of LFM it is seen that both the correlation gain and the
mainlobe resolution degrades for echoes with an increased Doppler shift.

2.1.2 Pseudo-random waveforms

Another common type of pulse modulation is phase modulation, for which one of the
simplest forms is binary phase modulation, or binary phase shift keying (BPSK) as used
in communications. The waveform consists of a random binary sequence modulated on
a carrier, where the bitrate determines the bandwidth of the waveform. BPSK pulses
have been previously considered for long-range low-frequency active sonar [18], mainly
due to their ability to unambiguously identify a target echo in both range and Doppler
using a single pulse. The BPSK waveform is given by the complex exponential
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(a) LFM (b) HFM

Figure 2.2: Normalised wideband ambiguity function |χn(τ, η)|2 in dB for a single pulse of
LFM and HFM, with a duration of 1 second, with B = |f2 − f1| = 5 kHz bandwidth and
fc = 12.5 kHz centre frequency.

s(t) = ej
(
2πfct+θb(t)+ϕ0

)
, 0 ≤ t ≤ T. (2.21)

Here θ(t) is the binary signal alternating between 0, π and fc is the carrier frequency.
The ambiguity function for BPSK with a random binary sequence is almost identical
to white noise that is bandpass filtered over the same bandwidth. Bandpass filtered
noise is therefore expected to have similar performance to the BPSK waveform, but
BPSK could be preferred since it is more easily generated in hardware. However, both
have similar correlation performance and will therefore be referred to as pseudo-random
noise (PRN) in the rest of this thesis.

The SNR gain of a PRN waveform after applying pulse compression is equal to BT ,
which for a random binary phase coded waveform is equal to FbT = N , the number
of bits, for a given bitrate Fb and signal duration T . The peak amplitude increases
with BT due to coherent integration, whereas the sidelobe level increases with

√
BT

(non-coherent integration). This means that the peak-to-sidelobe ratio improves with
the duration of the signal. This is not the case for frequency modulated waveforms,
which stretch out in time if the duration of a single chirp is increased. The normalised
WAF for 1 second of PRN (using random BPSK) is shown in Figure 2.3. The resolution
of this waveform in Doppler is said to be almost identical to the CW signal with the
frequency of the carrier [19], for which the 4-dB (in amplitude) resolution is ∆v = c

fcT
.

From the ambiguity function in Figure 2.3, it is observed that the PRN waveform is
not Doppler-tolerant, as opposed to the frequency modulated waveforms. The advan-
tage is that a moving target can be uniquely identified in both range and velocity using
a single pulse, as there is no coupling between range and Doppler. However, a relatively
high level of sidelobes is obtained over the entire range-Doppler domain of the pulse.
The width of the mainlobe in range and velocity is given by ∆R = c

2B
and ∆v = c

fcT
,

respectively. The autocorrelation sidelobes for HFM and PRN are compared in Figure
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Figure 2.3: Normalised wideband ambiguity function |χ(η, τ)|2 for 1 second of PRN (random
BPSK) waveform with B = 5 kHz and fc = 12.5 kHz carrier frequency. Observed is a single
mainlobe plus sidelobe plateau in range-Doppler.

Figure 2.4: A comparison of the autocorrelation of PRN and HFM. Both pulses are 1 second
long, with a carrier frequency of 12.5 kHz and 5 kHz bandwidth. The coloured lines represent
the envelope of the peaks in the autocorrelation. From the peak envelope, the average sidelobe
level is computed in the region outside of the 4-dB mainlobe, and is shown by the dashed
lines. The average peak level of the sidelobes for the PRN pulse is -34 dB and -57 dB for the
HFM pulse.

2.4, which is the zero-Doppler cut of their ambiguity function. Noticeably, the range
sidelobes of HFM are much lower than that of PRN for a pulse of 1 second duration.
A similar sidelobe level for PRN is obtained when the signal duration is increased to
over 100 seconds.
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Figure 2.5: Pipeline of the proposed processing method. The individual blocks in this figure
are explained in the next subsections.

2.2 Coherent integration of moving target signals

In this section, a processing algorithm is proposed for detecting a low SNR moving
target. The detection algorithm itself is beyond the scope of this thesis, but should be
a straightforward extension. To ensure the detectability of a low SNR target, a long
integration time might be required, potentially extending to many pulse durations. This
requires an accurate model of the target’s signal, which could be difficult to obtain, as
the motion of the target is generally unknown. To address this problem, we assume
that over a certain period of time, the target’s motion can be accurately modelled with
a constant radial velocity towards the sensors. The trajectory of the target over this
interval can then be described by two parameters: initial range and velocity, which we
aim to estimate.

First, the signal model of a moving target in baseband is derived in section 2.2.1.
There are two reasons for processing baseband signals: to reduce the computational
cost, as we can often down-sample, and to measure the phase of the signal. Secondly,
the signal is split up in short time-segments, over which the target’s movement is
negligible. We can then apply a matched filter for static targets, below named the
‘short-time matched filter’, which simplifies the processing and allows for a method
to image in range-time. This intermediate stage, is used to separate the target signal
from the clutter. The final step is to integrate the signal of the target in range-time,
knowing the phase changes and range walk that correspond to a certain initial range
and velocity.

In Figure 2.5, the proposed processing pipeline is shown, which follows the same
order as the coming subsections and should therefore give a clearer picture of how
the individual methods are combined. The first step in the processing algorithm is
to demodulate the measured signal s(t) to baseband, after which a low-pass filter is
applied. The complex baseband data is then split up in a fast-, slow-time matrix and
a matched filter (for static targets) is applied to obtain a range-time image. On the
output of the matched filter, the clutter filter is applied, which is implemented with an
MTI filter and/or CLEAN, as explained in section 2.2.3. The final step is integration
from the range-time image, which is implemented with the Radon-Fourier transform,
as explained in section 2.2.5. In section 2.3.1, the proposed method is compared against
a matched filter bank for constant velocity targets.

16



2.2.1 Signal model of a moving target

In this section, the baseband signal model of a moving target is shown. This model
is later used to derive the short-time matched filter for a moving target. A complete
derivation of the short-time matched filter was not found and is therefore provided in
section 2.2.2 with intermediate steps, using the work of N. Petrov [20] as a basis.

Consider the transmit waveform, which is given by the real part of the complex
envelope g(t) modulated by a carrier at frequency fc, as

sT (t) = Re
{
g(t)ej2πfct

}
, 0 ≤ t ≤ T, (2.22)

for a transmission of length T (in seconds). If this transmission is reflected from a point
target at range r0, the delay of its echo is given by τ = 2r0/c. Writing the received
signal as a scaled and delayed version of the transmission then gives

sr(t) = asT (t− τ) = Re{ag
(
t− 2r0

c

)
ej2πfc(t−

2r0
c

)}. (2.23)

The complex baseband signal is obtained by multiplying the complex signal

sr,bb(t) = a
(
g(t− τ)ej2πfc(t−τ)

)
e−j2πfct = ag(t− τ)e−j2πfcτ , (2.24)

writing fcτ = fc
2r0
c

= 2r0
λ
, where λ is the wavelength of the carrier, gives the received

signal in complex baseband for a static target

sr,bb(t) = ag
(
t− 2r0

c

)
e−j4π

r0
λ . (2.25)

From this expression it is seen that in baseband, a delayed signal is a time shifted
version of the baseband signal g(t) with an additional phase shift of the carrier. This
is used in chapter 3 to derive the matched filter for imaging from the baseband signal.

Suppose that there is a moving target whose range is given by its initial range r0
and constant radial velocity v towards the sensors, as

r(t) = r0 − vt, 0 ≤ t ≤ T. (2.26)

We can find the echo delay τ as a function of time by realising that a signal received
at time t reflected from the moving target at time t− τ

2
. Then τ(t) is found by solving

for the two-way propagation distance [21]

cτ(t) = 2
(
ro − v(t− τ(t)

2
)
)
, (2.27)

τ(t) =
2(r0 − vt)

c− v
, (2.28)

which is approximated by

τ(t) =
2(r0 − vt)

c
, (2.29)
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under the condition that the target radial velocity is low compared to the medium
velocity v/c ≪ 1, which is assumed in the following derivations. Substituting this
expression for τ(t) in Eq 2.24 leads to the following expressions for the received signal
of a moving target

sr(t) = Re
{
ag

(
(1 +

2v

c
)t− 2r0

c

)
ej2πfc(t(1+

2v
c
)− 2r0

c
)
}
, (2.30)

and its baseband representation

sr,bb(t) = ag
(
(1 +

2v

c
)t− 2r0

c

)
ej2πfc(

2v
c
t− 2r0

c
). (2.31)

From this equation we see that the received signal is a copy of the transmit signal
with a time dilation or compression (1 + 2v

c
) and a frequency shift, due to the Doppler

effect. The exponential in the baseband expression can be written as the product of a

time-varying phase shift and a constant ej2πfc(
2v
c
t− 2r0

c
) = ej2π(

2v
λ
)te−j4π

r0
c , where 2v

λ
= fD

is the Doppler frequency of the carrier. Including the phase and attenuation constants
in a new (complex-valued) constant α gives

sr,bb(t) = αg
(
(1 +

2v

c
)t− 2r0

c

)
ej2πfc

2v
c
t. (2.32)

In pulsed radar and sonar systems, the measured signal is split up in fast-time (time
within one pulse duration) and slow-time (from pulse to pulse). Adopting this method,
we define fast time as t′ = t − mTw with t′ ∈ [0, Tw], such that τ(t) = τ(t′ + mTw),
where m = 0, 2 . . .M − 1 is slow-time. The baseband signal can then be written as [20]

sr,bb(t
′,m) = ag

(
t′ − τ(t′ +mTw)

)
e−j2πfcτ(t′+mTw). (2.33)

Using Eq. 2.29, τ(t′ +mTw) =
2r0
c
− 2v(t′+mTw)

c
, substituting this gives

sr,bb(t
′,m) = ag

(
(1 +

2v

c
)t′ +

2v

c
mTw − 2r0

c

)
ej2πfc

(
2v
c
(t′+mTw)− 2r0

c

)
. (2.34)

Here the time length of a window Tw is chosen such that the radial displacement of the
target within the duration of the window is below the range resolution: |vTw| ≪ ∆R.
It is thus assumed that over a short period of time the target is static. However, the
targets movement over multiple of such windows (slow-time) cannot be neglected and
is referred to as range migration.

Under the assumption that the target is static in fast-time, the time dilation of the
complex envelope in fast-time can be neglected:

sr,bb(t
′,m) ≈ αg(t′ +

2v

c
mTw − 2r0

c
)ej2πfc

(
2v
c
(t′+mTw)

)
. (2.35)

This means that in fast-time the received baseband signal is a delayed version of the
transmit baseband signal with τ = 2r0

c
− 2v

c
mTw, scaled with a complex-valued constant,

and multiplied with the phase term ej2πfc(
2v
c
(t′+mT )). We can then apply a matched

filter over fast-time (which is translated to range) for each slow-time sample (giving
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time) to obtain a range-time image. This approach is explained and derived below
in section 2.2.2. Applying this rearrangement of the signal is obvious when sending
repetitive pulses with a fixed pulse repetition interval (PRI), as these have inherent
range ambiguities. However, here the procedure is applied to continuous transmit
waveforms as well. The main reason for applying this signal rearrangement to PRN
is that it allows for more flexibility in the processing, as we can choose any window
length Tw. The other reason is that the intermediate domain of range-time makes
sense intuitively, and can be used to separate the moving target signal and clutter
interference.

2.2.2 Short-time matched filter

In this section, a matched filter for static targets (see section 1.2.2) is applied to each
fast-time window from Eq. 2.35. This approach is ‘matched’ over a short period of time,
during which the motion of the target is assumed to be negligible, hence the name short-
time matched filter. Below, we derive the short-time matched filter response of a moving
target as a function of the transmit signal in baseband. This can be implemented using
linear convolution of the signals in time, or using their Fourier transform, as shown
below, which achieves circular convolution. Both can be used, but it is important to
note that the latter requires zero-padding of the time domain sequences in order to
achieve the same result as linear convolution. For CW PRN, the linear convolution is
extended to the next window to avoid losses due to edge effects.

Using the frequency domain notation, given in Eq. 1.12, the matched filter can be
written as an inverse Fourier transform:

sMF (t
′,m) =

∫
Sr,bb(f,m)G∗(f,m)ej2πft

′
df, (2.36)

where Sr,bb(f,m) and G(f,m) are the Fourier transform of sr,bb(t
′,m) and g(t′,m),

respectively. Using the expression from Eq. 2.35, Sr,bb(f,m) is given by

Sr,bb(f,m) =

∫ Tw

t′=0

sr,bb(t
′,m)e−j2πft′dt′

= αej2πfc(
2v
c
)mTw

∫
g
(
t′ +

2v

c
mTw − 2r0

c

)
ej2πfc(

2v
c
)t′e−j2πft′dt′. (2.37)

This integral is first simplified by the following substitution:

t′ = t′′ − (
2v

c
mTw − 2r0

c
), dt′ = dt′′, (2.38)

so that the integral term in Eq. 2.37 is written as
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∫
g
(
t′ +

2v

c
mTw − 2r0

c

)
ej2πfc(

2v
c
)t′e−j2πft′dt′ (2.39)

=

∫
g(t′′)ej2πfc(

2v
c
)(t′′− 2v

c
mTw+

2r0
c

) · e−j2πf(t′′− 2v
c
mTw+

2r0
c

)dt′′

=

∫
g(t′′)ej2πfc(

2v
c
)(

2r0
c

− 2v
c
mTw) · ej2πfc(

2v
c
t′′) · e−j2πf(

2r0
c

− 2v
c
mTw) · e−j2πft′′dt′′

= ej2π(fc
2v
c
−f)(

2r0
c

− 2v
c
mTw)

∫
g(t′′)e−j2π(f−fc
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c
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= ej2π(fc
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c
).

The Fourier transform of the received signal in baseband is therefore given by

Sr,bb(f,m) = αej2πfc(
2v
c
)mTwej2π(fc

2v
c
−f)(

2r0
c

− 2v
c
mTw)G(f − fc

2v

c
), (2.40)

which simplifies because

ej2π(fc
2v
c
−f)(

2r0
c

− 2v
c
mTw) = ej2πfc(

4vr0
c2

−( 2v
c
)2mTw)︸ ︷︷ ︸

≈ 1, since v
c2

, v2

c2
≈ 0.

ej2πf(
2r0
c

+ 2v
c
mTw) ≈ ej2π

(
f( 2v

c
mTw− 2r0

c
)
)
,

(2.41)
finally giving

Sr,bb(f,m) ≈ αej2πfc(
2v
c
)mTwej2πf(

2v
c
mTw− 2r0

c
)G(f − fc

2v

c
). (2.42)

Substituting this expression in Eq. 2.36, gives the matched filter output:

sMF (t
′,m) = αej2πfc(

2v
c
)mTw

∫
ej2πf(

2v
c
mTw− 2r0

c
)G(f − fc

2v

c
)G∗(f)ej2πft

′
df (2.43)

= αej2πfc(
2v
c
)mTw

∫
G(f − fc

2v

c
)G∗(f)ej2πf(t

′+ 2v
c
mTw− 2r0

c
)df

= αej2πfc(
2v
c
)mTw

∫
G(f − fc

2v

c
)G∗(f)ej2πft

′′
df

= αej2πfc(
2v
c
)mTwχg,NB

(
t′′, fc

2v

c

)
,

in which we recognise the ambiguity function of the baseband transmit signal g(t′,m)
(the last step is derived in appendix A), centred at t′′ = t′− (2r0

c
− 2v

c
mTw) = t′− τ(m).

Furthermore, we can use that fc
2v
c
= fD is the Doppler frequency, to get

sMF (t
′,m) = αej2πfDmTwχg,NB

(
t′ − τ(m), fD

)
. (2.44)

Note that this result is obtained if for each short-time window, the baseband trans-
mission g(t) is the same (e.g. for repetitive pulses). However, it might be that the
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transmission signal is different in each window. This is the case for PRN, or when
processing in windows shorter than the pulse duration: Tw < Tp. To indicate that the
ambiguity function of every short-time segment can be different, a slow-time subscript
is added to the AF:

sMF (t
′,m) = αej2πfDmTwχgm,NB

(
t′ − τ(m), fD

)
. (2.45)

From this expression we see that output of the matched filter in baseband represents a
slice of the 2D AF of that short-time segment at a specific fD, multiplied with a phase
term that changes in slow-time, corresponding to the Doppler shift of the carrier. Note
that here the narrowband ambiguity function is obtained (as in Eq. 2.5). This means
that the output of the matched filter in baseband for short window m is approximated
by the narrowband ambiguity function, under the made assumption that the target
velocity is relatively low v/c ≪ 1.

2.2.3 Clutter suppression

In practise, the transmitted signal will reflect not only from the moving target, but also
from the (static) reflectors present in the surrounding. These static or slowly moving
reflectors are called clutter and will interfere with the signal of the moving target if
received simultaneously. The sidelobes can potentially mask the target if the clutter
signal is much stronger than the target signal. The simplest way of tackling this is by
introducing gaps in the transmission, or silent-periods, so that the clutter and target
signal do not overlap in time.

Considering a CW PRN transmit signal for higher SNR gain, we have to assess
whether the target signal could come above the clutter interference level, given a certain
integration time. In the case of a continuous transmission, sending and receiving has
to be done from two separate nodes. The strongest interference signal is then normally
the direct-path interference from the transmitter. The direct-path is expected to be
truly static, and could likely be filtered out. However, there might be components that
have a low Doppler shift, such as the reflections from the moving sea surface, whose
echoes might not be easily removed from the measured signal, and will thus contribute
to sidelobes over the whole range domain.

As seen in section 2.1.2, the peak-to-sidelobe ratio for PRN improves with the BT -
product. Assuming we can coherently integrate a target signal, having a power of
Ptarget, the integration time needed for the integrated target signal to come above the
sidelobe level of the clutter (having a power Pclutter) is

BTint · Ptarget > Pclutter, Tint >
Pclutter

B · Ptarget

. (2.46)

This gives the minimum integration time that is needed to detect a target in the
presence of an uncompensated clutter signal. If this condition is not satisfied after
clutter filtering, then the target will be masked by sidelobes. Therefore, satisfying this
condition is necessary in order for a CW transmission to have an advantage, independent
of the level of noise. This is further discussed in section 2.4, in the context of the sonar
equation for a realistic target detection scenario.
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MTI filter

A moving target indication (MTI) filter, also called a pulse canceller, is used to suppress
the static components in the pulsed compressed echoes. It is assumed that the measured
signal is a superposition of echoes from the clutter and from the moving target. The
clutter signal is expected to be the same for two consecutive echoes, however, the
signal of the moving target has undergone a phase shift over one PRI. This motivates
the simplest MTI, also called a two-pulse canceller, which takes the difference of the
matched filter output sMF (t

′,m) over two successive slow-time samples [22].
The filter is described by the transfer function H(z) = 1 − z−1, where z = ej2πfn

and fn = fTw ∈ [−0.5, 0.5] is the normalised frequency corresponding to the Nyquist
frequency range [−PRF/2, PRF/2]. The frequency response of the filter is then

H(f) = (1− e−j2πfTw) = e−jπfTw(ejπfT − e−jπfTw) = 2je−jπfTwsin(πfTw). (2.47)

The magnitude of this frequency response, |H(f)| = |2sin(πfTw)|, shows a high-pass
behaviour, having a null at zero frequency to suppress the clutter and two maxima at
f = ±PRF/2. For a moving target with a Doppler frequency f < PRF/2, the clutter
suppression for the two-pulse canceller is accompanied by an attenuation of the target
signal. Therefore, a higher order MTI filter could be designed, having a more flat pass
band response, or a wider clutter suppression band.

An MTI filter can also be implemented in the time domain (i.e., before pulse com-
pression), if the transmit signal is identical for each pulse. However, if the transmit
signal varies in each window, such as in the case of PRN, then applying an MTI filter
can only be done after pulse compression, which would only filter out the main lobe of
the clutter and not the sidelobes. Therefore, MTI is suggested as a clutter filter for the
chirps (HFM pulses) since they are identical each pulse.

CLEAN

CLEAN is a deconvolution algorithm, originally proposed for improving radio astron-
omy images. However, identically titled methods for removing clutter interference have
been proposed in radar literature (e.g., in [23]) and are used in this section. In this
section CLEAN is implemented in time-domain as a serial subtraction of the estimated
clutter signals. It is assumed that the clutter signal can be represented as a delayed
and attenuated version of the transmitted signal. By finding the highest peaks in the
matched filter for static targets, we can estimate the delay at which these signals are
received and subtract them from the measured signal. Since the moving target will not
correlate at one single range, the target signal will be likely not affected. The drawback
is that the algorithm should stop at the point the clutter signal strength is similar to
that of the moving target, thereby potentially not suppressing weak clutter signals.

The algorithm can be summarised by a series of subtractions in time-domain, giving
one iteration of CLEAN for the received signal y(n) as:

y(k+1)(n) = y(k)(n)− Âτx(n− τ), (2.48)
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given a transmit signal x(n), where the amplitude Aτ corresponds to the signal compo-

nent at delay τ in the cross-correlation: ryx(τ) =
∑N−1

n=0 y(n)x(n− τ). This amplitude
can be estimated by the correlation amplitude if we assume that this was the only
component contributing to the correlation: ryx =

∑N−1
n=0 Aτx

2(n). However, if we have
multiple signals at different delays, then the signal will have contributed only partly
we should apply a scaling 0 < α < 1:

Âτ =
αryx(τ)∑N−1
n=0 x2(n)

=
αryx(τ)

||x||2
. (2.49)

The procedure should be repeated until an appropriate stopping-criteria is met, for
example, stop after the energy in the CLEAN signal is not significantly decreasing
anymore per iteration. In the context of our signal model, y(n) is a sampled version of
the receive signal st(t) and x(n) a sampled version of the transmit signal sT (t).

CLEAN is proposed for processing PRN, to estimate and then subtract (in
time-domain) the interference of the direct-path and clutter signal. Using an MTI
filter after pulse compression would, in the case of PRN, only suppress the peaks of the
clutter signals. However, applying an MTI filter after the CLEAN procedure could help
remove any remaining clutter main-lobes, which is verified in the example shown below.

In Figure 2.6, the results of a moving target experiment in the in-air demonstrator
are shown. The transmit waveform is CW PRN, which is sampled synchronously with
the received signal at Fs = 48 kHz (measurement setup is described in section 2.3.2).
The short-time matched filter sMF (t

′,m) is shown in (a), where multiple straight lines
(constant range over time) are observed. These are the main-lobes of the clutter in-
terference, which is in this case the static reflections in the room. The first line at
approximately 0.75 m corresponds to the direct-path interference from transmitter to
receiver. In (b) the MTI filter, in this case a two-pulse canceller, is applied on the short-
time matched filter sMF (t

′,m). The main-lobes of the static reflections are suppressed,
and the target track is revealed, however, the sidelobe levels are not reduced. In (c),
CLEAN is applied using 2000 iterations, which removes most of the clutter interference
and thereby reduces the sidelobe level by about 6 dB. In (d), both CLEAN and the
MTI filter are applied, which appears to give the best performance in terms of imaging
the moving target in the case of PRN.

2.2.4 Traditional moving target detection

The traditional processing method for moving target detection in radar is pulse-Doppler
processing, which aims to extract the pulse-to-pulse phase change of the pulsed com-
pressed signals over some coherent processing interval (CPI) [22]. In this section, we
utilise pulse-Doppler processing on the range-time image (sMF (t

′,m) as given in sec-
tion 2.2.2). It is important to note that pulse-Doppler processing is typically applied
to pulsed signals only, but is here applied to either pulsed- or CW signals. The method
is applied below, from which it is concluded that it falls short in providing sufficient
coherent processing time due to the range migration of the target. Therefore, it serves
as a starting point for the (more advanced) method in section 2.2.5.
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(a) Short-time matched filter (b) Short-time matched filter using MTI filter

(c) Short-time matched filter using CLEAN (d) Short-time matched filter using CLEAN + MTI

Figure 2.6: Range-time images using clutter filtering for a moving target experiment in the
in-air demonstrator. CW PRN is as transmit waveform. Shown is the normalised output of
|sMF (t

′,m)|2 in dB for segments of 4096 samples, or Tw ≈ 85 ms. The straight lines seen in
(a ) are main-lobes corresponding to the clutter and are removed in (b) using an MTI filter.
The sidelobes are only removed in (c) and (d) using CLEAN. The best result is obtained
using CLEAN + MTI.

From Eq. 2.45 it is seen that sMF (t
′,m) is modulated by a Doppler shift over

slow-time m. The frequency content, or the rate of change of this phase term, is then
extracted using a Fourier transform over slow-time. That is, a Fourier transform over
the columns of the range-time image (so at fixed range indices). A derivation is given
below to determine the resolution that is obtained with this method. If the target
is within the same range bin for multiple slow-time windows (one CPI), a Fourier
transform of the signal over slow-time, is given by
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sMF (t
′, f) =

∫
αej2πfDmTwχg,NB(t

′ − τ(m), fD)e
−j2πfmdm. (2.50)

Here we assume that we can approximate χg,NB(t
′− τ(m), fD) as a rectangular window

in slow-time m, centred at m0 = (2r0
c

− t′) · c
2vTw

. The width of the window is the

number of slow-time samples of the target in a range-bin: Nm = TCPI/Tw ≈ ∆R
vTw

,

where TCPI ≈ ∆R/v is the time the target spends in the range bin. This gives the
following expression for the Fourier transform over slow-time:

sMF (t
′, f) =

∫ m0+
TCPI
2Tw

m=m0−
TCPI
2Tw

αe−j2πm(f−fDTw)dm =
jα

2π(f − fDTw)

[
e−j2πm(f−fDTw)

]m0+
TCPI
2Tw

m0−
TCPI
2Tw

(2.51)

=
jα

2π(f − fDTw)

(
e−j2π(m0+

TCPI
2Tw

)(f−fDTw) − e−j2π(m0−
TCPI
2Tw

)(f−fDTw)
)

=
jα

2π(f − fDTw)
e−j2πm0(f−fDTW ) · −2jsin

(
2π

TCPI

2Tw

(f − fDTw)
)

= α
sin

(
π(TCPI

TW
)(f − fDTw)

)
π(f − fDTw)

· e−j2πm0(f−fDTw),

which is a sinc-function with a mainlobe width of ∆f = 2Tw

TCPI
. From this expression it

is clear that the Doppler resolution increases with the coherent processing time TCPI ,
so a wide window in slow-time leads to a narrow peak, thus a more accurate estimation
of Doppler. The target frequency is estimated by the maximum of the sinc-function
such that f = fDTw, where fD = 2v

c
fc. The target velocity is then found by

v = f
c

2fcTw

. (2.52)

The resolution in velocity is then found from the mainlobe width of the frequency
spectrum, which is the 2Tw

TCPI
width of the sinc-function:

∆v = ∆f · c

2fcTw

=
2Tw

TCPI

· c

2fcTw

=
c

fcTCPI

. (2.53)

Interestingly, this result is the same as the expected resolution from the ambiguity
function of PRN (see section 2.1.2) for a signal of length T = TCPI .

The frequency is bounded by the Nyquist frequency, which since f is normalised by
the PRF (f = fDTw = fD/PRF ), is bounded by fmax = 1

2
. Therefore, the maximum

detectable velocity using this method is

vmax = fmax ·
c

2fcTw

=
c

4fcTw

. (2.54)

In Figure 2.7, the range-time image of a simulated moving target is given in (a) and the
pulse-Doppler processing method in (b). It is concluded that the traditional method of
moving target detection only achieves a short coherent integration time, namely TCPI ,
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(a) Short-time matched filter in dB power (b) Fourier transform over the columns of sMF (t
′,m)

in dB power

Figure 2.7: Simulation of a moving target at r0 = 2 m with constant velocity v = 0.1 m/s,
using a CW PRN signal. Shown is the matched filter output (a) and a Fourier transform over
the columns of sMF (t

′,m) (b). The resolution in Doppler is limited by the time a target is
observed at a constant range.

which is limited by the range migration of the target and therefore gives insufficient
gain and resolution. In order to extend the coherent integration time of a moving
target, the range migration should be considered. Luckily, the coupling between the
phase term and the angle of the migrating target can be used to simplify, as will be
explained in the next section.

2.2.5 Coherent integration using the Radon-Fourier transform

The short-time matched filter operates on short-time intervals in which the target
appears static. Aside from the simplifications caused by the assumption that v ≪ c
and |vTw| ≪ ∆R, the output of the matched filter method should contain all the
information of the moving target signal. In this section, long time coherent integration
of the target is therefore proposed by integrating over the output of the short-time
matched filter.

The time delay of an echo from a moving target with a constant radial velocity vT
and initial range r0, is τ(t) = 2(r0−vT t)

c
. This generates a straight line in range-time,

under an angle that corresponds to the velocity of the target and an initial range at
t = 0. Furthermore, the Doppler shift of the signal reflecting from a target is also
dependent on its’ velocity. Therefore, there is a coupling in range-time between the
angle and the Doppler phase shift of the straight line, which we aim to exploit in this
section. If the Fourier transform is used to extract the Doppler, as seen in the previous
section, the Doppler resolution is limited by the time the target spends in one range
resolution cell. However, if the integral could be applied over a line under the right angle
(Radon transform), the integration time and thus resolution would increase. However,
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computing the Fourier transform for all angles and then detecting where it obtains a
maximum, is not very efficient as it spans an extra dimension.

Rather, we can use the coupling between the Doppler induced phase-shift and the
range migration to express both in terms of the velocity of the target. More specifically,
the delay in slow-time is τ(m) = 2r0

c
− 2vT

c
mTw and the Doppler phase shift in the output

of Eq. 2.45 is given by ej2πfDmTw = ej2π
2vT
c

fcmTw , both expressed in terms of the target
speed vT . Combining the integration over a line-segment while compensating for the
phase (Fourier) term, gives the so called Radon-Fourier transform (RFT) [24]. In this
thesis the RFT is written as a function of the short-time matched filter, giving

sRFT (r, v) =

∫ T

mTw=0

sMF (τs(m),m)e−j2π 2v
c
fcmTwdm, (2.55)

where τs(m) = 2r
c
− 2v

c
mTw is the search delay, for which we use initial range r and

a search velocity v for a constant velocity model. However, the search could be easily
extended to include acceleration (e.g., by substituting v′ = v + a(mTw)). Using the
expression for sMF (t

′,m), we see that the RFT method is ‘matched’:

sRFT (r, v) =

∫
αχgm,NB(τs(m)− τ(m),

2vT
c

fc)e
j2π

2vT
c

fcmTwe−j2π 2v
c
fcmTwdm, (2.56)

as the peak amplitude in sRFT (r, v) will be observed at initial range r = r0 and
v = vT , which maximises the ambiguity function for τs(m) = τ(m) and cancels the
complex exponential. As seen from Eq. 2.56, the amplitude of the RFT peak is
given by integrating the short-time ambiguity functions over m, evaluated at their
peaks: |χgm,NB(0,

2v
c
fc)|. The amplitude of the peak of the RFT method will then be:

|sRFT (r0, vT )| = |Σm(χgm,NB(0,
2vT
c
fc))|. Comparing this to |Σm(χgm,NB(0, 0))|, gives

the loss due to the assumption that Doppler is negligible within one segment.
Figure 2.8 shows the result of the RFT for a moving target simulation using CW

PRN for an in-air scenario. The peak corresponds to the moving target as detected by
the Radon-Fourier transform of the short-time matched filter output. The RFT result
reveals it’s the similarity with the ambiguity function of the transmit signal, but then
centred at a non-zero initial range and velocity. The ambiguity function essentially
describes the matched filter response to a Doppler shifted echo, therefore, the RFT can
be seen as an extension of a matched filter for multiple pulses.

The most notable sidelobe pattern observed in the RFT in Figure 2.8 are two line
crossing the peak. These can be attributed to partial correlations of the moving target
signal with the signal produced by a different trajectory that overlap at a certain
point. For example, integration in range-time from the correct initial range but with
an incorrect velocity, produces a vertical sidelobe line, as seen in the RFT. In Figure
2.8, the RFT is also compared to a Radon transform on the absolute value of the output
of the short-time matched filter, which neglects the phase content. What is seen is that
the RFT obtains the peak-to-sidelobe ratio of coherent integration, whereas the Radon
transform achieves only half the peak-to-sidelobe ratio (in dB power).
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(a) Radon transform of |sMF (t
′,m)| in dB power for

a simulated moving target
(b) Radon-Fourier transform of sMF (t

′,m) in dB
power

Figure 2.8: Radon transforms on a simulated range-walk with an initial range r0 = 2 meter
and target velocity vT = 0.1 m/s. Both the Radon transform of |sMF (t

′,m)| and the RFT
show a peak of 111.4 dB. Compared to an exact matched filter, which achieves 20log10(s

Hs) =
112.1 dB, the loss is limited to 0.7 dB in power. The background of the RFT is lower, at
approximately 50 dB below peak, than the background of the Radon transform of sMF (t

′,m),
which is approximately 25 dB below peak.

2.3 Results

In this section, the proposed (RFT-based) method for coherent integration is verified
and compared to a matched filter bank for moving targets in section 2.3.1. Then, after
having established that the RFT method gives the desired output, the method is used
to compare the imaging performance for a simulated moving target using PRN and
HFM pulses. Lastly, the results of the in-air measurements of a moving target using
the proposed waveforms are given in section 2.3.2.

2.3.1 Simulations

Comparison with a matched filter bank

To test the RFT-based method, the signal of a moving target is simulated for a harbour
scenario (c = 1500 m/s). The signal is generated by interpolating the digital transmis-
sion, which is a real-valued bandpass signal, with a set of indices that correspond to
the delay τ(t) of the target. The matched filter bank, which we compare the proposed
method against, is computed in the same way, but then for a wide range of velocities.

The proposed method using the RFT is implemented first without the clutter filter,
since the simulated received signal is clutter-free. Here the simulated target has an
initial range r0 = 10 m, with a velocity v = 0.2 m/s. The transmit signal is chosen to
be a 20 seconds CW PRN signal, with fc = 12.5 kHz and a bandwidth B = 5 kHz,
over-sampled at a rate of Fs = 100 kHz. The range-time window length are chosen
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(a) RFT (b) Matched filter bank

Figure 2.9: A comparison of the (zoomed in) output of the matched filter bank and the
proposed method (RFT), for a simulated moving target. An approximate peak-to-sidelobe
ratio of 10log10(5 · 105 · 20) = 50 dB is observed, as expected from coherent integration. An
almost identical pattern is observed for the RFT and the MF bank, the difference being that
for the RFT the envelope of the MF bank output is observed.

to be Lw = 1024 samples, corresponding to Tw ≈ 10 ms. In this case the condition
|vTw| << ∆R is satisfied by 1 << 75.

Figure 2.9 show the output of the matched filter bank and of the proposed method.
It shows that both give almost identical output, which was expected. The main differ-
ence is that the RFT uses the baseband signal, whereas the matched filter bank here
operates on the bandpass signals. The effect can be seen in the zoomed plots on the
right, as the modulation of the carrier is visible for the MF bank, whereas for the RFT
the envelope is visible.

Comparison of waveforms

To see which pulse type has better sidelobes in the initial range-velocity domain, the
RFT method is applied to pulsed PRN and HFM. First, a close-by target (harbour
scenario) at an initial range of 10 meters is considered, the same as in Figure 2.9. A
PRI of 100 ms and a pulse duration of 10 ms is chosen. This gives a maximum detection
range of Rmax = PRI · c/2 = 75 m. As noted before, Tw = 10 ms is a short enough
window size such that |vTw| ≪ ∆R, we can therefore apply the short-time matched
filter per PRI. The simulation results of pulsed PRN and HFM are shown in Figure
2.10. The main difference that is observed is that the sidelobe level in both range-time
and initial range-velocity is better for HFM.

When the target is far out, the echo can take much longer to return and so the PRI
and pulse duration will be increased. Here an example is considered where the PRI = 1
s and the pulse duration is 0.2 s, corresponding to a detection range of min 150 m and
max 750 m. Using these parameters, a target is simulated, moving from 500 m with a
constant radial velocity of v = 0.5 m/s. Now the PRI is too long to neglect Doppler

29



(a) Short-time matched filter for PRN pulses (b) Short-time matched filter for HFM pulses

(c) RFT for PRN pulses (d) RFT for HFM pulses

Figure 2.10: Comparison of the performance of PRN and HFM in a noise- and interference-
free harbour scenario for a close-by moving target. The PRI is 0.1 s with a pulse duration of
10 ms (200 short pulses). The matched filter response per pulse are stacked to get range-time,
as seen in (a) and (b). The sidelobes of the target are limited in range, since the pulse ends
within the correlation window (Rsl = ±cTpulse/2 = ±7.5 m from the position of the target).
Sidelobe levels in range-time are lower for HFM, as expected from the ambiguity function of
the waveforms.

during one PRI. We could again split up the signal into short enough segments (which
would now be shorter than one pulse duration) and apply the short-time matched filter.
Integrating over the sub-pulses then again leads to coherent integration of the target
signal. However, now we consider the effect of applying a short-time matched filter over
the whole PRI, where the Doppler is non-negligible over the pulse duration. Hopefully,
we can use the Doppler tolerant property of the HFM pulses to maintain the gain of
the matched filter. The advantage would be that we have less samples in slow-time,
which speeds up the RFT method for HFM and achieves the same processing gain.

Simulation results are shown in Figure 2.11 for both pulsed PRN and HFM pulses.
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(a) Pulsed PRN (b) HFM pulses

Figure 2.11: Comparison of the performance of PRN and HFM for a simulated far-out target,
with a PRI of 1 s and pulse duration of 0.2 s (20 long pulses). Here the pulse duration is such
that the Doppler is no longer negligible. A loss of about 20 dB in power for the pulsed PRN
signal is observed, while the correlation gain for a HFM pulse is preserved. A translation in
range (∆r̂0 ≈ 0.2 m) is observed for the same target position using HFM compared to PRN
pulses.

What is seen is that for a constant velocity moving target, the correlation gain of the
PRN pulse deteriorates if we process the signal over the whole PRI, while the HFM
pulse maintains correlation gain. This is expected from the ambiguity functions of the
two signals, where the MF response of a HFM pulse will simply translate in range in the
presence of uncompensated Doppler. After having detected the velocity of the target
in the RFT, the shift in initial range can be predicted from the ambiguity function of
a single pulse, thus being easily compensated. So, the Doppler tolerant property of the
HFM can be exploited to speed up the RFT-method, because a sub-PRI segmentation
of the signal is not required for this waveform, as long as the target can be assumed to
have a constant velocity over the pulse duration.

2.3.2 In-air measurements

To verify the methods and simulations, a moving target experiment is performed in
the in-air demonstrator. A schematic of the setup can be seen in Figure 2.1. A bulb
is hoisted up towards the ceiling of the room, using a thin wire connected to the shaft
of an electric drill, to emulate a moving target. The object is hoisted up in between
the tweeter and microphone, which are on the ceiling of the room, while the tweeter
transmits various acoustic signals. The analog microphone and tweeter are connected
to an audio interface placed outside the room, as seen in Figure 2.12. The transmit
signals have a bandwidth B = 8 kHz at a centre frequency of fc = 8 kHz. The tweeter
is placed at about 25 cm from the microphone, and so the direct path is the main
source of interference during these measurements. The strongest noise source during
these measurements was the electric drill, as seen in the sample recording shown in
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Figure 2.12: Audio interface (Focusrite 18i8) used to make the measurements (shown on the
left). Two microphones (Superlux ECM999) are connected through the XLR cables on the
front of the interface. On the back are three line inputs, one for the encoder and two for
the analog transmit signal. The interface is connected to a laptop through USB, from which
the transmit signal is played. On the right the used recording software (Reaper) is displayed,
from which the four channels are synchronously recorded. Recordings are exported to WAV
files and then processed using MATLAB.

Figure 2.13: A section of an in-air moving target measurement (bandpass filtered) using HFM
pulses. Here the PRI = 50 ms and the pulse duration is 5 ms. The direct path interference
from the transmitter to receiver has the largest amplitude. The reflections are received after
the direct path peak and consist of static reflections from the room and the target. The drill
noise is introduced at around 1.3 seconds and has a similar signal power to the reflections.

Figure 2.13. In total, three different waveforms were tested: CW PRN, pulsed PRN
and pulsed HFM. For the pulsed signals a pulse repetition interval of PRI = 50 ms,
and a pulse duration of Tp = 5 ms are chosen, which accommodate an unambiguous
detection range of Rmin = 0.86 m, Rmax = 8.56 m.

The proposed method for coherent integration is applied to obtain a range-time
and initial range-velocity image of the moving target. In these measurements, the
clutter signals were removed using a combination of CLEAN and MTI filtering. The
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(a) Short-time matched filter (b) RFT

(c) Short-time matched filter (CLEAN + MTI) (d) RFT (CLEAN + MTI)

Figure 2.14: Results for CW PRN measurements. (a) shows the output of the short-time
matched filter and (b) the corresponding RFT. Noticeable is the direct path interference,
which is the strongest component in (a) and (b). Furthermore, the effect on a non-constant
radial velocity is significant since the moving target was relatively close to the baseline of
the transmit-receive pair. The effect in the RFT is that the velocity migrates towards a
lower velocity as the target comes towards the middle of the transmit-receive pair. In (c) the
CLEAN + MTI procedure is applied, filtering out the peak + sidelobe interference of the
clutter. The remaining sidelobes are seen to originate from the target, because they grow
with the target signal.

results for CW PRN are shown in Figure 2.14 and the results for pulsed PRN and
HFM are shown in Figure 2.15 and Figure 2.16, respectively. Here the power of the
filter outputs, without normalisation, is shown: 10log10(|sMF (t

′,m)|2) for range-time
and 10log10(|sRFT (r, v)|2) for initial range-velocity. The outputs for CW PRN are 20
dB higher than that of the pulsed PRN and HFM, which is expected due to the 10%
duty cycle of the pulsed signals, giving a 10 dB loss in amplitude (thus 20 dB in power)
of the filter outputs. Comparing the PRN and HFM pulses, it is seen that the HFM
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(a) Short-time matched filter (b) RFT

(c) Short-time matched filter (CLEAN + MTI) (d) RFT (CLEAN + MTI)

Figure 2.15: Results for pulsed PRN measurements. In the short-time matched filter, each row
corresponds to one pulse. The effect of introducing silence gaps in the transmission is seen, if
we compare the results against the CW PRN results in Figure 2.14. Sidelobe interference is
not spread out over the entire image, but only proportional to to the pulse duration, as seen
in Figure (c). Now the effect of noise and sidelobes can also be distinguished, for example
the noise band stretching from T = 3 to T = 18 s, due to the noise of the drill.

pulses have a better peak to sidelobe performance in both the range-time and initial
range-velocity domain. Furthermore, clutter suppression is easier for repetitive pulses
(HFM), using MTI, than for non-repetitive pulses (PRN), which required first CLEAN
and then MTI. Noticeably, the integration gain using the RFT method is not as high
as the simulations for a constant-velocity target. This is caused by the migration of the
target in initial range-velocity, which is observed from the RFT results. This migration
is caused by separation of the receiver and transmitter (0.25 m), which is relatively large
compared to the distance of the target and sensors (2 m to 0.25 m). This introduces an
acceleration component in the two-way range to the target, which limits the processing
gain of the RFT.
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(a) Short-time matched filter (b) RFT

(c) Short-time matched filter (MTI) (d) RFT (MTI)

Figure 2.16: Results for HFM measurement. In (a) the effect of the drill noise is seen in
between T = 2 and T = 16 s. Outside this band we see that there is little noise and the
clutter components can be separated, due to the low sidelobe level of the HFM pulse (again
one row corresponds to one pulse). The coherent integration of the large number of HFM
pulses (≈ 300 pulses) is seen to unambiguously reveal the target velocity and initial range in
(d), with a wider mainlobe but lower sidelobe level than that for pulsed PRN.

2.4 Discussion and Conclusion

In this chapter, an answer is provided to the question posed in the start of this chapter:
“How to apply coherent integration over multiple pulses for moving target detection?”.

The answer is given as a proposed processing method, which requires a model
of the target’s motion. A constant velocity model is adopted in this chapter, but
more complicated models could be considered in the future. In the proposed method,
the short-time correlations of the transmit signal with the echo are extracted using
the ‘short-time matched filter’. Secondly, the clutter interference is filtered out,
ideally only leaving the correlations corresponding to the moving target. Coherent
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integration is then achieved using the Radon-Fourier transform (RFT), which is
shown to provide an estimate of the initial-range and velocity of the target over the
integration interval. The method is shown to be equivalent to a matched filter bank
for (clutter-free) moving targets, but achieves coherent integration more efficiently.
The actual detection of the moving target is not covered in this chapter, but can be
implemented by setting an appropriate threshold on the output of the proposed method.

Whether a realistic moving target can be accurately modelled by having a constant
velocity remains a question, and will be highly dependent on the moving target.
If the target is deviating from a constant velocity over the period of integration,
the integration gain will be decreased. Therefore, it is important to find a suitable
integration time, which is not investigated in this thesis. Furthermore, the integration
losses that occur are increased if the range resolution and velocity resolution of the
system are increased. As seen in this chapter, the resolution in range and velocity
improves with bandwidth and carrier frequency, respectively. Therefore, limiting
the carrier frequency and bandwidth could make the system more robust against
integration losses for non-ideal moving targets. However, modifying these parameters
has a direct impact on the SNR, as illustrated by the sonar equation in section
1.2.1. This makes it challenging to find the optimal system parameters without prior
knowledge of the moving target. A final aspect that is considered regarding the
constant velocity assumption, is the effect of the target angle, i.e., if the target is
moving radially towards to the sonar or under an angle. From the analysis provided in
section 2.4, it is concluded that the target angle is not expected to have a significant
effect on the constant velocity assumption for the considered ranges.

In attempt to answer the other question posed in this chapter: “What is the optimal
transmit waveform for detecting a moving target in a clutter dominated environment?”,
two waveforms have been proposed: pseudo-random noise (PRN) and chirps (HFM). If
the integration interval is limited to only a single pulse, then PRN appears to be a good
candidate, since it can unambiguously resolve a target in range and Doppler. However,
as shown in this thesis, HFM can also be used to resolve the target unambiguously using
coherent integration over multiple pulses. Under the condition that multiple pulses can
be integrated, it is concluded that HFM pulses perform better than PRN pulses. This
is concluded from the results obtained from simulations and in-air measurements, based
on the following three reasons:

1. The sidelobe performance for HFM pulses is superior to that of PRN pulses.

2. Clutter is removed more efficiently using HFM pulses, i.e., using an MTI filter.

3. The processing is simplified with HFM pulses due to their Doppler tolerant prop-
erty.

However, as demonstrated in this thesis, using CW transmit signal such as CW
PRN could result in a higher processing gain. Therefore, the question remains whether
a pulsed or CW transmit signal is better for detecting a moving target. The answer
is that it will depend on the clutter interference and the extend to which it can be
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r0 = 100 m r0 = 250 m r0 = 500 m r0 = 1000 m r0 = 2000 m

vT = 0.25 m/s 23.7 s 38.0 s 54.0 s 76.7 s 108.8 s

vT = 0.5 m/s 11.9 s 19.0 s 27.0 s 38.3 s 54.4 s

vT = 1.0 m/s 5.9 s 9.5 s 13.5 s 19.2 s 27.2 s

Table 2.1: Integration time in seconds from which the velocity error will exceed the velocity
resolution. Results are shown for a target moving at various speeds and initial ranges at an
angle of θ = 45deg.

cancelled in a realistic scenario. Namely, any uncompensated clutter interference will
produce sidelobes over the whole imaging range. In section 2.4, estimates are provided
for the remaining clutter interference that is ‘allowed’ for CW PRN in order to detect
a moving target. A similar analysis could be done for CW HFM signals, but is not
provided here. The conclusion drawn from this analysis is that in a practical long-range
detection scenario, it is unlikely that a CW transmission can be used.

Considering the effect of the target angle

The angle of the moving target with respect to the transmitter and receiver will have
an effect on the measured radial velocity. For non-radial motion, an acceleration com-
ponent is introduced as seen in the in-air measurements. This will limit the duration
over which we can assume the target has a constant radial velocity and thus the in-
tegration gain if we process for only constant velocities. However, this effect dimin-
ishes as R ≫ vTTint, for an integration time Tint, and will be well approximated by
vr ≈ vT cos(θ), where θ is the off-radial angle to the sensors. The following analysis
provides insight in the ranges and target velocities for which the target angle can be
neglected.

Consider the path of a target moving at a constant velocity, in the xy-plane as:

x(t) = x0 + vxt = x0 + sin(θ)vT t, y(t) = y0 − vyt = y0 − cos(θ)vT t, (2.57)

where the radius to a target with initial coordinates (x0, y0) at a fixed angle θ can then
be expressed as

r(t) =
√

x2(t) + y2(t) =
√

(x2
0 + y20) + (vT t)2 + (2x0sin(θ)− 2y0cos(θ))vT t. (2.58)

The true radial velocity defined towards the sensors at (0, 0) is

vr(t) = −dr(t)

dt
= − v2T t+ (x0sin(θ)− y0cos(θ))vT√

(vT t)2 + (2x0sin(θ)− 2y0cos(θ))vT t+ (x2
0 + y20)

(2.59)

To determine how large the error is in assuming a constant radial velocity over a
certain time interval, the error made by assuming vr = cos(θ)vT is compared against
the velocity resolution that would be achieved by coherent integration over the interval.

37



The following parameters were assumed for a realistic target speed and distance in a
harbour scenario: c = 1500 m/s, fc = 8 kHz, and a target angle of θ = 45 deg.

Using the result that the expected resolution in velocity is ∆v = c
fcTint

, we can find

the integration time t = Tint for which the velocity error ve(t) = |vT cos(θ) − vr(t)|
equals the velocity resolution. In table 2.1 the results of a numerical analysis on the
maximum integration time are shown. It is seen that the maximum integration time
roughly halves for doubling the speed of the target and that the error has less effect
the larger the range is. It is concluded that the constant velocity approximation can be
used for at least up to Tint = 10 seconds, for velocities up to 1 m/s, as the error made by
the approximation is then within the velocity resolution. At all angles |θ| ≤ 45 deg the
velocity error is even less, so similar to better integration times should be achievable for
a constant velocity target. The main takeaway of this analysis is that the target angle
can be neglected for a low-speed target at large range. The actual manoeuvring, e.g.,
an acceleration or change of direction of the target, is expected to have more impact
on the constant velocity assumption.

Conditions for CW PRN

If the integrated signal of the moving target is stronger than the sidelobes of remaining
clutter, then a CW transmit signal has an advantage because of the additional noise
suppression. In section 2.2.3 the conditions for detection of a moving target using CW
PRN are given. This is important if clutter signal remains after having applied a clutter
filter (CLEAN + MTI in the case of CW PRN), which is expected in a realistic scenario
due to non-static clutter signals, e.g., from reflections of the sea surface. Currently,
CLEAN and MTI filtering are proposed, but can only handle purely static clutter.
Therefore, more sophisticated clutter filters could be designed that can, for example,
track the slowly moving clutter signal in range-time to accurately remove it.

In order to make some simple estimates, the condition for a CW transmit signal (Eq.
2.46) is rewritten in terms of relative target strength and range, assuming spherical
spreading (power drops as ∝ 1/R4) of the two-way signal. Here the relative target
strength is defined as TSr = TStarget/TSclutter, such that the clutter to target power

can be written as Ptarget

Pclutter
= ( Rtarget

Rclutter
)4 1

TSr
. Substituting this in Eq 2.46 gives the following

condition in terms of decibels:

10log10(BTint) > 40log10(Rtarget/Rclutter)− 10log10(TSr). (2.60)

Using this expression, the required integration time for CW PRN is given in Figure 2.17
for a bandwidth of 5 kHz. The target strength TS of the strongest clutter component
is assumed to be at least as strong as the TS of the moving target. This figure shows
that if there is remaining clutter interference at, for example, 1/10th the range of
the moving target, that an integration time of 1 to 10 seconds will be enough for an
optimistic relative target strength in between 0 dB and -10 dB. However, if the distance
is at 1/20th to 1/30th of the target, then is unlikely that the integration time can be
achieved for any reasonable TSr. For detection on a kilometer range, an uncompensated
clutter component at a range of more than 100 m, will likely mask the moving target,
therefore prohibiting the use of CW PRN.
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Figure 2.17: Integration time in seconds for CW PRN with B = 5 kHz, at which the clutter
sidelobe level equals the integrated target level. The integration time is given as a function
of relative target strength and relative range of the target and clutter.

Note that in Figure 2.17, the integration time for which the average sidelobe level
of a PRN clutter signal equals the moving target level. To make a working detector,
the target signal should be above the interference level, thus a higher integration time
is actually needed than that given in the figure. In conclusion, it is expected that
in practical scenarios where clutter interference cannot be completely mitigated, it is
essential to include periods of silence in the transmit signal.
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Synthetic aperture imaging 3
In this chapter, coherent integration is applied to synthetic aperture imaging with the
aim to improve the imaging capabilities under low SNR conditions. The use of low-
to-medium frequencies and a high positioning accuracy of the sensors is considered for
coherent integration over the sensor trajectory. This overcomes some of the limitations
of existing SAS systems, which require a minimum echo strength of a single pulse.
Similar to the previous chapter, the application of high duty-cycle or CW transmit
signals such as PRN is explored in this chapter to maximise the SNR gain.

In contrast to the previous chapter, the sonar sensors (transmitter and receiver)
are now in motion and the imaging scene is static. From the motion of the sensor
a ‘synthetic aperture’ is created, which means that the echoes received from multiple
sensor positions are combined to form an image of a specific point in the scene. The
sensor position is assumed to be known accurately over time within a small fraction
of the wavelength1. Again, imaging from a single sensor is considered, which could be
used as the basis for a low-to-medium frequency imaging system that uses an array of
sensors. This leads to the formulation of the following two questions:

1. How to process the received echoes in order to achieve coherent integration from a
moving sensor pair?

2. What are the key parameters that influence the imaging resolution, and how can
it be improved?

The first question is discussed in section 3.1, where a signal model is provided for the
echo of a static point reflector, as measured from a moving transmitter and receiver.
Using the signal model, a matched filter is proposed to produce an image from the
received echoes. To address the second question, the point-spread-function (PSF) is
analysed and a geometrical interpretation is provided to gain insight into the parameters
that influence the imaging resolution, such as the movement of the moving receiver
and transmitter with respect to the scene. Then in section 3.2, the imaging model is
treated as a linear system of equations. By incorporating a model for the PSF, an
attempt is made to improve the imaging resolution through the application of inversion
techniques. In section 3.3 the proposed processing techniques are compared in terms
of imaging resolution based on simulations. Furthermore, the imaging performance is
compared again for PRN and chirps (HFM), similar to chapter 2. Finally, the imaging
methods are applied to real data, which is measured using a similar in-air demonstrator
as for moving target detection (see Figure 3.1).

1Here the wavelength refers to the centre frequency λ = c
fc
. However, since the signals being considered

are wideband, it is important to consider the wavelength of the highest frequency component to maintain
coherence across all frequencies in the signal.

41



Figure 3.1: Schematic of the in-air demonstrator for synthetic aperture imaging. Similar to
the setup for moving target detection, there is a separate transmitter (red) and receiver (blue)
placed on the ceiling of the anechoic room. The scene that is imaged is depicted by the blue
object, which is imaged on the discretized grid, after having completed one full rotation of the
table on which it lies. The rotating table should emulate the relative motion for a synthetic
aperture, in which the sensors themselves move.

3.1 Coherent integration for synthetic aperture imaging

In this section, a processing method for synthetic aperture imaging from a single sensor
is described. The main assumption is that the position of the sensor is accurately known
over time, which is used to estimate the signal delay to each point in the imaging
domain, as described in section 3.1.1. A commonly made approximation for delay
estimation is discussed, but the ‘full solution’ is provided as well, to show that the
delay estimation problem is non-trivial. Using the signal delays to a point reflector
over a given trajectory of the sensors, a matched filter for imaging is described in 3.1.2.
The PSF resulting from a circular trajectory of the sensors is described in section
3.1.3. There, an intuitive explanation of the PSF is provided, based on the geometry
of the trajectory with respect to the point reflector. This gives an approximation
for the imaging resolution that is obtained. Furthermore, more complicated scenarios
are investigated using simulations for various reflector positions. Finally, the imaging
resolution is examined for various sensor placements, leading to some suggestions on
how to maximise the imaging resolution.
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3.1.1 Time delay estimation

This section described the problem of estimating the time delay of a sonar echo from a
static reflector, considering that the pulse is send and received from a moving platform.
For simplicity, below the transmitter and receiver are assumed to be co-located in the
first steps. Later in this section, it is explained how to extend the model for the scenario
where the transmitter and receiver are spatially separated.

First, consider a static sonar sensor at position ps = (xs, ys, zs) and a reflector at
pr = (xr, yr, zr) as seen in Figure 3.2. If the sensor transmits a pulse, the delay of the
echo is constant over time and is determined by the propagation distance between the
sensor and the reflector:

τ =
2

c
||ps − pr||, (3.1)

where c is the medium velocity of sound, which is assumed to be constant. The cor-
responding delay can be found from the received echo, by applying pulse compression.
Having estimated the delay, the point reflector is known to be located somewhere on
the surface of a sphere surrounding the sensor, as seen in Figure 3.2 (a), whose radius
is given by r = τc

2
. The shell thickness of this sphere is determined by the width of the

mainlobe of the pulse-compressed signal, as described in section 1.2.2.
Now consider that the sensor is not static, but moving continuously from position

pA at t = tA to pB at t = tB, as seen in Figure 3.2 (b). At pA, the sensor transmits a
short pulse, which reflects from the point reflector when the sensor is at pC and reaches
the sensor again at pB. The total delay of the echo is then given by the time from
transmitter to reflector plus the time back to the receiver, as

τ = tAC + tCB. (3.2)

Knowing the position at which the pulse is transmitted (pA), the time it takes the
signal to reach the reflector at pC is given by

tAC =
1

c
||pA − pr||, (3.3)

where pC is found by pC = ps(tC), with tC = tA + tAC . pC is also known as the
phase centre of pA and pB, which is a widely used in SAS processing to simplify the
processing using the Phase Centre Approximation (PCA) [6]. In the PCA, the two-way
propagation distance is approximated as ||pA − pr|| + ||pr − pB|| ≈ 2||pC − pr||. The
delay of the echo using the PCA is then given by

τPCA =
2

c
||pC − pr||. (3.4)

The PCA provides a good trade-off between computational complexity and image
quality for short-range imaging systems if the phase errors are relatively small. The
assumption made in the PCA is that the sensors follow a straight line. However, for
long-range imaging the delay of an echo can be much larger. The position of the sensor
can deviate significantly from a straight line, since it might follow any arbitrary path,
and therefore increases the phase error made by the PCA.
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(a) Static sonar sensor and ideal point reflector (b) Moving sonar sensor

Figure 3.2: Illustration of the time delay estimation problem. In (a) the delay for a static
sonar sensor is simply given by the distance between the sensor and reflector. The blue sphere
indicates all points with equivalent path length to that of the reflector. In (b), the sensor
moves continuously, transmitting a short pulse at pA, and receiving the echo at pB. The
phase centre is reached at pC , whose path length to pr is used in the PCA to estimate the
delay of the echo for the moving sensor.

A more advanced technique of estimating the delay is to solve for the delay using
the sensor position. Consider Eq. 3.2, where tAC is easily computed using Eq. 3.3.
However, finding tCB involves solving for time, because we have to find the time at
which the moving sensor intersects the echo originating from pr at t = tC . The following
method is proposed in this thesis to find tCB:

tCB = argmin
t

(
||ps(tC + t)− pr|| − ct

)2
, t ≥ 0. (3.5)

which finds the intersection of a sphere that extends linearly with time from pr with the
sensor position ps(t), by minimising the squared error between the two. Thus, it is not
necessary to assume any parameterization of the sensor trajectory, which can therefore
be any arbitrary path. This method is expected to be more robust if the delay is large,
as it takes in account the motion of the sensor when receiving the echo. An obvious
disadvantage of this method is computational effort, as it involves an exhaustive search
over a set of sensor positions. To limit the computational effort, only a small subset
of sensor positions should be chosen and the delay estimation should not be performed
on an unnecessarily fine grid. However, this method is not further used in this thesis,
since the imaging scenarios considered are mostly short-range. In these scenarios the
PCA provided adequate performance and is therefore preferred for its computational
efficiency.
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Spatially separated transmitter and receiver

Before we assumed that the transmit and receive sensor are co-located. However, it
might be that the transmitter and receiver are spatially separated, which require an
extension to the equations showed for estimating the delay. In this case, the delay of
an echo can be written as the time it takes from transmitter to the reflector tAC,T , plus
the time it takes back to the receiver tCB,R

τ = tAC,T + tCB,R =
1

c

(
||pA,T − pr||+ ||pr − pB,R||

)
. (3.6)

Applying the PCA approximation to estimate the path length from reflector back to
the receiver, gives

||pA,R − pr||+ ||pr − pB,R|| ≈ 2||pC,R − pr|| (3.7)

=⇒ ||pr − pB,R|| ≈ 2||pC,R − pr|| − ||pA,R − pr||,

where ||pA,T − pr|| is computed in the same way as Eq. 3.3, but for the transmitter
position ps,T . The total delay is then approximated by

τPCA =
1

c

(
||pA,T − pr|| − ||pA,R − pr||+ 2||pC,R − pr||

)
. (3.8)

Alternatively, using the minimisation method given in Eq. 3.5, the delay can be solved
by computing tCB,R as

tCB,R = argmin
t

(
||ps(tC,R + t)− pr|| − ct

)2
, t ≥ 0. (3.9)

3.1.2 Signal model for point reflector

In this section, the signal model for a point reflector is given in terms of the delay
found in the previous section. The model is then used to compute the signal response
that would result from an ideal point reflector at some fixed position. Furthermore, we
assume that the measured signal is a superposition of the individual contributions of the
point reflectors in the image. Then, correlating the measured signal with the computed
response of a point reflector at a given location, provides evidence for the presence of
a point reflector at that location. This method is also known as a matched filter, and
is computed for a set of discretized points in 3D (what is called a voxel, similar to
a pixel in 2D) to make an image of the reflective structure. The signal delay τ is a
continuous function of t, since the sensors are moving continuously while transmitting
and receiving signal. However, the delay has to be computed on some discretized grid
as the matched filter operates on discrete signals (samples). The resolution of the grid
on which the delay is computed should be fine enough to maintain coherence, e.g., over
a period of time short enough such that the sensors have moved only a small fraction
of the wavelength.

45



(a) PSF using bandpass signal (correlation) (b) PSF using baseband signal (real part of complex
correlation)

Figure 3.3: The PSF as resulting from a (normalised) matched filter per pixel, for a centred
point reflector, as computed from the bandpass signal sT (t) in (a), and the baseband signal
sr,bb(t) in (b).

The matched filter can be computed from the bandpass signal sr(t) or the directly
from the baseband signal. Using the bandpass signal sr(t), the received signal is given
by Eq. 2.23 as

sr(t) = asT (t− τ(t)), (3.10)

where τ(t) is the delay to the point reflector as a function over time. This model ignores
that the attenuation of the signal amight vary over the duration of the measurement, as
the sensor moves closer or further away from the point reflector. The discrete signal can
be reconstructed by interpolating the transmit signal sT (t) with the estimated delays
τ . The baseband expression for the received signal is given in Eq. 2.24 as

sr,bb(t) = ag(t− τ(t))e−j2πfcτ(t), (3.11)

here the same function for delay is applied. Now the received signal of a point reflec-
tor in baseband (complex-valued) can be reconstructed by interpolating the baseband
transmit signal g(t) with t − τ(t), and applying a point-wise multiplication with the
phase terms e−j2πfcτ(t).

To show equivalence of both methods, the resulting matched filter image is shown
for a noise-free simulation of an ideal point reflector, also called a Point spread function
(PSF). The delay was computing using the PCA, on a per-sample grid, and the signals
are generated for a set of points in the xy-plane, using linear-interpolation. Shown in
Figure 3.3, are the results of the simulation of one circular trajectory of the (co-located)
transmitter and receiver at a radius of 0.5 meter, 1 meter above the point reflector.
The transmit waveform is CW PRN with a bandwidth of 8 kHz, carrier of 8 kHz and
a sampling rate of 48 kHz.
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(a) Visualisation of the PSF in 3D (b) PSF of partial trajectory in the xy-plane

Figure 3.4: Diagram of the imaging procedure. The co-located transmitter and receiver are
on a circular trajectory at an angle ϕ to the point reflector as seen in (a). Here the PSF
is imagined as a sum of short-time correlations while the sensor pair is moving over the
trajectory, which provides a visual explanation of the PSF in 3D. Imaging in 2D, as seen for
the xy-plane in (b), can then be understood by taking a slice of the 3D PSF.

3.1.3 Analysis of the PSF

The PSF essentially describes the correlation between the received signal from one
point and that of other points in the image. The signal is transmitted and received
continuously from a moving sensor, potentially spanning many pulses or a long CW
signal. This can make it challenging to understand the signal’s behaviour. Therefore,
the PSF is imagined as a superposition of short-term correlations. Over a short period
of time, the signal from a point reflector correlates with the transmit signal, which
results in a spherical shell in the 3D image, centred at the position of the sensor at
that time, as seen in Figure 3.2. Therefore, as the sensor moves over the trajectory, the
signal of the point reflector will sum up coherently in the image at the actual location
of the reflector, while the remaining surface of the spheres only partially overlap in
space. This creates a mainlobe in the image at the location of the point reflector, and
imaging sidelobes on the places where the spheres partially overlap. Intuitively, it can
be understood that adjacent spheres sum up mostly on the outside of the shape that is
traced out, and less on the inside of it. This effect can be seen in Figure 3.4 (b), where
the outside of the circles mostly overlap on the edges of the traced figure.

The thickness of the spherical shells is given by the range resolution ∆R = c
2B

. It is
important to note that the PSF is defined in 3D, as seen in Figure 3.4 (a). However, for
a centred point reflector and a circular trajectory, the spherical shells have a constant
radius and thus also a constant resolution component in the xy-plane. Therefore,
the imaging resolution in the xy-plane can be obtained by using a tangent plane to
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approximate the surface of the spheres as they intersect the point reflector. The imaging
resolution is then approximated by the xy-component of the tangent plane as

∆Rxy ≈
1

sin(ϕ)
∆R, (3.12)

where ϕ is the angle between the z-axis and the tangential component as seen in Figure
3.4. Therefore, the imaging resolution is only dependent on the range resolution of the
waveform and the geometry of the trajectory with respect to the reflector. For example,
for a trajectory with a large angle (ϕ → 90 deg), the resolution in xy is improved, but
a poor resolution in z is obtained. Vice versa if the reflector is relatively deep with
respect to the radius of the trajectory (ϕ → 0 deg), a good resolution in z but a poor
resolution in xy is obtained.

When the position of the ideal point reflector is non-centred, the distances to the
sensor will vary over its trajectory. This will create a more complicated PSF for non-
centred points, which following the same logic, can be understood by the superposition
of spheres (or circles in 2D) with varying radii. In Figure 3.5, the simulated PSFs for a
circular trajectory are shown for four different points in the same xy-plane. The width
of the mainlobe is consistent with ∆Rxy ≈ 3 cm for all four PSFs, thus Eq. 3.12 can be
used for other points in the xy-plane as well. The centred PSF in Figure 3.5 confirms
that the largest imaging sidelobes form a circle around the point reflector. In a similar
fashion, more complicated sidelobe patterns are produced by imaging a non-centred
point as seen in the remaining three figures. Notice that as the point reflector is placed
further off-centre, or even outside of the circular trajectory of the sensor, the imaging
sidelobes will start to overlap with the mainlobe of the point reflector. This means that
if we image a scene inside of the circular trajectory, a strong reflector outside of the
circle could produce sidelobes that overlap the image. This is obviously problematic,
as a strong reflector could produce sidelobes that are stronger than the mainlobe of the
reflectors in our scene, thereby potentially masking them.

Now that the effect of the position of the reflector with respect to the trajectory
is understood, we consider the effect of the placement of the sensors in the xy-plane,
in the case of a spatially separated transmitter and receiver. This could be required,
for example, in the case of CW PRN as transmit signal. Similarly, as explained in
chapter 2, the problem with using a CW signal is that direct path interference from the
transmitter arises, resulting in sidelobes over the entire image. However, this section
does not further discuss this particular problem as similar conditions can be applied
as discussed in section 2.4. In Figure 3.6, the simulated PSF for a centred reflector is
shown, where the transmitter and receiver rotate in the same direction, from various
initial positions. The resulting imaging resolution is shown to be best when the receiver
and transmitter are positioned close to each other. With the sensors at the same radius
and 90-degree offset, the imaging resolution is worsened and area of coverage without
imaging sidelobes is reduced. This effect is further exacerbated by placing one of the
sensors in the centre. Finally, the imaging resolution in almost completely lost by
placing the sensors opposite to each other.
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Figure 3.5: The imaging PSF (normalised in dB power) for four different points in the xy-
plane (z = −1.0 m) using a circular trajectory and CW PRN as transmit waveform. The
transmitter and receiver are co-located and make one full rotation in the xy-plane at z = 0
m. The starting position of the sensors (x0, y0, z0) = (0.5, 0, 0) is indicated by the red circle.
The imaging sidelobes form a large circle around the point for point near the centre. The
sidelobes start to bend inwards and create a loop, as the point moves outside of the circular
sensor trajectory.

3.2 Inverse imaging

In this section, the aim is to enhance the imaging resolution and to suppress the imaging
sidelobes that arise from the matched filter described in the previous section. Now that
an intuitive understanding of the PSF has been established, the signal model in Eq.
3.11 is used to formalise the matched filter for imaging. Consider that the imaging
domain is discretized in a number evenly-spaced voxels in x-y-z: N = NxNyNz and the
underlying image is represented as a set of reflection coefficients: v = [v1, v2, · · · vN ]T .
Writing the received signal as a linear combination of the contributions from each voxel
gives
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Figure 3.6: The imaging PSF (normalised in dB power) of a centred point reflector in the
xy-plane (z = −1.0 m) for four separated transmitter and receiver configurations, ranking
in imaging resolution from top-left to bottom-right. The receiver and transmitter follow a
circular trajectory with a radius of the indicated starting point, given by the red circle and
cross, respectively. The best resolution is achieved for a co-located sensor pair, and the worst
when the sensors are opposing each other.

sr,bb = Av, A =

 | | |
s1,bb s2,bb . . . sN,bb

| | |

 . (3.13)

Here theNsamples×Nv matrixAmaps the set of point reflectors to the received baseband
signal sr,bb. The correlation coefficient of the received signal and the signal of the n-
th point reflector, is given by sHn,bbsr,bb, where {.}H denotes the conjugate transpose.
Ideally, the signal of a point reflector only correlates with the reference signal from the
corresponding voxel. However, from the observed PSF in section 3.4 we know this is
not the case, as partial correlations of the signals from different voxels create imaging
sidelobes. Using Eq. 3.13, the matched filter for the complete image can be directly
written as
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vMF = AHsr,bb, (3.14)

which is written in terms of the underlying image v, using Eq. 3.13, as

vMF = AHAv. (3.15)

Here AHA is an Hermitian matrix, whose entries are given by the inner products of
the columns of matrix A. Therefore, the model includes all the intervoxel correlations
that arise from the matched filtering process. Thus, the PSF for each point in v is fully
specified by AHA.

3.2.1 Regularised least squares

By leveraging our knowledge of the imaging PSF, we can attempt to reverse its effect
on the image. This is the idea of inverse imaging, where our goal is to reconstruct the
underlying image v from the observed data, which is essentially an inverse problem.
The difficulty with most inverse imaging problems is that they are inherently ill-posed
[25], which means the solution is very sensitive to input disturbances such as noise
or modelling errors. This poses a significant challenge in accurately recovering the
underlying image from the observed data. To tackle these obstacles, this section will
explore standard regularisation methods aimed at providing a feasible solution for the
specific imaging problem at hand.

Consider the noise free signal model given in 3.13, where A might be a tall or wide
matrix. The least squares solution for v is found by

min
v

= ||Av̂ − s||22, (3.16)

for which the closed form solution is given by

v̂ = (AHA)−1AHs. (3.17)

Here the matrix (AHA)−1AH = A† is known as the pseudo-inverse of A, where we
directly estimate v from the observed data s. This result can also be interpreted as the
matched filter image AHs, from which we estimate the underlying image by inverting
for the PSF. This estimate can be computed if the inverse (AHA)−1 exists, which is
the case if the columns of A are linearly independent [26].

It might be that two columns are nearly identical, e.g. if they correspond to two
neighbouring voxels. Therefore, the imaging grid itself is likely to have an influence on
the conditioning of this inverse. The singular value decomposition (SVD) can be used
to examine the conditioning of the matrix. The SVD of an (m× n) matrix is given by

A = U
(m×m)

Σ
(m×n)

V H

(n×n)
, (3.18)

where U and V are orthogonal matrices and Σ a diagonal matrix, containing the
singular values of A. The (n×n) matrix AHA can be written in terms of the SVD, as
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Figure 3.7: Singular values of matrix A in order of largest amplitude.

AHA = (UΣV H)H(UΣV H) = V ΣUHU︸ ︷︷ ︸
I

ΣV H = V Σ2V H . (3.19)

The inverse of this matrix is determined from the SVD, as

V Σ−2V H , (3.20)

where the inverse of the singular values in Σ2 is given by

Σ−2 =


1
σ2
1

1
σ2
2

. . .
1
σ2
n

 . (3.21)

If one of the singular values goes towards zero, then this inverse becomes unstable.
Therefore, a small constant is often added to the diagonal elements of the matrix.
This process is known as regularisation and helps stabilise the inverse computation, by
preventing division by small singular values. The regularised least squares estimate of
v is given by

v̂ = (AHA+ λI)−1AHs, (3.22)

where λ is the regularisation parameter. Notice that for λ = 0, the least squares solution
given in Eq. 3.17 is obtained, and as λ → ∞ the expression reduces to a scaled version
of the matched filter: v̂/λ → AHs. Finding the optimal λ, which lies somewhere in
between these two extremes, can be difficult.

In Figure 3.7 the singular values σ1, σ2, · · ·σN are shown for for the imaging grid
used to image the PSF in Figure 3.5. However, the imaging grid resolution is decreased
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to 2 cm (≈ λ/2) to be able to perform the SVD on a PC. What is noticed is that the
matrix is full rank (no zero singular values), but there are many low singular values.
It is not clear from the singular values, which contribute to the image and which could
be discarded (e.g. by computing the inverse with a truncated SVD). Increasing the
imaging resolution (smaller spacing between voxels), will lower the smallest singular
values even further, thereby making the inverse computation less stable.

Direct methods for solving the least squares problem, such as in Eq. 3.22, require
the matrix A to be stored in memory. However, for practical applications, the matrix
quickly becomes too large to work with. For example, storing the A matrix for the 2D
images seen in Figure 3.5 would already require over 100 GB of memory. Computing
the matched filter image can luckily be performed in parallel, by computing the matrix
vector products of AHs. Then the matrix AHA could be computed separately, which
could be smaller than storing A if the system contains more samples than voxels, but
still contains Nv ×Nv entries.

Alternatively, iterative methods designed for solving large linear systems exist, which
only require to compute matrix vector products in each iteration, which can be done
without storing the entire matrix in memory at once. In this thesis, LSQR is applied
to iteratively solve the least squares problem, since it is considered numerically stable
and only requires few iterations to converge [27]. The first iteration of LSQR uses the
matched filter: AHs as an approximate solution, and subsequent iterations are used
to refine the solution, which at each iteration provides a solution that is similar to
regularised least squares [28].

3.3 Results

In this section the results for synthetic aperture imaging are given. First, a comparison
of the PSF for the proposed waveforms plus noise is given in section 3.3.1. There,
the methods of regularised least squares are applied to improve the PSF in terms
of resolution and imaging sidelobes. Next, the results of the in-air demonstrator for
imaging are provided in section 2.3.2.

3.3.1 Simulations

This chapter provided a few important simulation results in section 3.1.3, to explain
the PSF resulting from a circular sensor trajectory. Supplementary, here the PSFs for
PRN and HFM pulses are compared for both the matched filter and for regularised
least squares, as seen in Figure 2.4. White Gaussian noise is added, to provide a more
realistic least squares reconstruction, such that the received signal has an SNR of 10 dB
in power. In total 5 seconds of HFM and PRN is integrated (with PRI = Tp = 50 ms,
thus 100 pulses) to obtain the PSF images for a circular trajectory of the co-located
sensor pair. The imaging resolution, as defined by the -8dB (in power) width of the
mainlobe (see section 1.2.2), is approximately ∆Rxy ≈ 2.5 cm for PRN and ∆Rxy ≈ 3.0
cm for HFM. This is slightly higher than the mainlobe width of their autocorrelation:
∆R = c

2B
≈ 2.1 cm, as expected from the sensor trajectory. Interestingly, the matched
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(a) Matched filter, PRN (b) Regularised least squares, PRN

(c) Matched filter, HFM (d) Regularised least squares, HFM

Figure 3.8: A comparison of the PSF for PRN and HFM pulses, as resulting from a matched
filter and regularised least squares (implemented by 6 iterations of LSQR) on a 1 cm grid.

filter image for PRN shows lower sidelobe levels than for using HFM pulses, indicating
that PRN results in less inter-pixel correlation than HFM.

In Figure 3.8 (b) and (d) the PSF resulting from a least squares estimate is given,
which is implemented using LSQR. The algorithm is stopped after 6 iterations, af-
ter which the residual error did not significantly decrease any further. The resulting
imaging resolution improved to approximately ∆Rxy ≈ 2 cm for both waveforms. The
imaging sidelobes for PRN, formed by the circle with a radius of 1 meter, were at a
level of about -30 dB in the matched filter, and are suppressed to about -40 dB using
the least squares algorithm. Similarly, a suppression of about 10 dB was achieved with
least squares for HFM, but the PSF exhibits a higher peak to sidelobe than for PRN.
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Figure 3.9: Picture of the rotating table, taken inside the in-air demonstrator. Seen is the
‘Fugro’ logo made from sanded styrofoam letters.

3.3.2 In-air measurements

In this sections the results of the in-air measurements for synthetic aperture imaging
are provided. The goal of these measurements is to see how the methods provided in
this section perform on real data, including the effect of any unwanted interference such
as noise. The schematic of this setup was provided in the start of this chapter in Figure
3.1. Furthermore, a picture taken inside the anechoic room is given in Figure 3.9, where
the imaging scene is seen. The scene consists of a set of styrofoam letters with some
surface roughness and a layer of sand for increased acoustic contrast. The images in
this section are given using a linear scale, instead of decibels, since using positive and
negative correlation values provided the most informative representation of the image.

The in-air demonstrator for imaging suffers from the interference of static reflections
in the room (clutter), similarly as in the moving target measurements provided in
section 2.3.2. This is a disadvantage of the measurement setup, since the relative
motion between the scene and sensors is achieved by rotating the scene, while keeping
the sensors fixed. In practice this would be reversed, i.e., static scene and a moving
sensor pair (e.g. from a moving ship), in which the reflections from the environment
are not static. Since the interfering static reflections are essentially the same as
during the moving target measurements, the filtering methods proposed in section
2.2.3 are also applied for these measurements. The distance of the imaging grid to
the sensors (thus delay) is estimated from the angle of the rotating table, which is
measured using a 12 bit encoder (encoding the angle in 4096 discrete steps) over
one full rotation. The audio interface seen in Figure 2.12 provides synchronous
recording of the microphone signals, the analog transmit signal fed to the loud-
speaker and the encoder signal at a sampling rate of 48 kHz. Using these three signals,
the matched filter image can be constructed, using the methods explained in section 3.1.
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(a) Matched filter image (b) Matched filter image after clutter filter

Figure 3.10: Matched filter image for a centred logo. Static reflections are seen to create
concentric rings in the image (a), which are removed in (b) using the CLEAN procedure.
Furthermore, imaging sidelobes are created for the letters that partly come under the sensor
pair, as expected from the PSF.

Initially, the logo is placed in the middle of the table with a microphone (receiver)
at pr = (0.5, 0, 0) m and loudspeaker (transmitter) at pt = (1, 0, 0) m. A matched filter
image for the centred logo using CW PRN as transmit signal is provided in Figure
3.10. The imaging grid is defined by a xy-plane at z = −2.27 m, where z = 0 m is the
plane containing the sensors. Noticed from Figure 3.10 (a) is that the static reflections
create concentric circles in the image. Static reflections experience no Doppler shifts,
therefore the corresponding signals are expected to correlate somewhere in the centre of
the circular trajectory (along z-axis), since for these points the delay remains constant
over the sensor trajectory. However, if that point is not in the same height (z) as
the image, then only its imaging sidelobes will be observed. Therefore, the concentric
imaging artefacts can be interpreted as imaging sidelobes of the static reflections. In
Figure 3.10 (b) the clutter interference is filtered out using the CLEAN procedure
(1000 iterations), which largely removes the imaging artefacts. In Figure 3.10, the
outer letters (‘F’ and ‘O’) show significant imaging sidelobes, as expected from the
PSF for a point that comes under the sensor trajectory. Therefore, the images are
expected to improve in terms of resolution and imaging sidelobes by placing the sensor
further out from the centre.

Next, the logo is placed away from the centre as seen in Figure 3.9 to avoid
overlap of the logo with the imaging artefacts. Additionally, the bulb used for the
moving target experiments is placed below the logo to see the imaging sidelobes
of a point-like reflector. In Figure 3.11 (a) the matched filter image is given for a
receiver at pm1

= (0.5, 0, 0) m. This produces a low resolution image of the scene,
since the placement of the logo with respect to the receiver is non-ideal. To see if
(regularised) least squares can help improve the resolution in this case, 6 iterations
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(a) Matched filter, receiver position 1 (b) Regularised least squares, receiver position 1

(c) Matched filter, receiver position 2 (d) Regularised least squares, receiver position 2

Figure 3.11: Matched filter and regularised least squares images using CW PRN + CLEAN
for a microphone positioned at pr1 = (0.5, 0, 0) m in (a) and (b) and pr2 = (1.3, 0, 0) m in
(c) and (d). The resolution achieved with position 1 is poor, as expected from the placement
of the logo nearly under the sensor pair, but improves by placing the sensor further from the
centre as seen in (c). Regularised least squares, implemented with 6 iterations of LSQR, is
applied in attempt to improve the imaging resolution. The resolution appears to improve
using RLS, but the logo is better visible using a matched filter.

of LSQR are applied as shown in Figure 3.11 (b). In Figure 3.11 (c), the matched
filter image is given for a receiver at pm1

= (1.3, 0, 0) m and similarly, 6 iterations
of LSQR are applied to this measurement. The resulting image is seen in 3.11 (d),
from which it is concluded that the imaging resolution appears to increase using the
least squares method. However, placing the sensors further out, such that the imaging
PSF improves, seems to have more effect on the overall image quality than least squares.
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(a) HFM (b) PRN

Figure 3.12: Matched filter images using HFM (a) and PRN pulses (b). Clutter interference
is filtered out using CLEAN for both HFM and PRN. The observed sidelobe levels for HFM
are higher than for PRN.

Finally, HFM and PRN pulses are compared using the same imaging scene. Similarly
to the pulsed measurements for moving target detection (section 2.3), a PRI = 50 ms
and a pulse duration Tp = 5 ms is used at fc = 8 kHz with B = 8 kHz. Now CLEAN is
applied to both HFM and PRN pulses, since it is not straightforward how to apply the
MTI filter to imaging without corrupting the image. Figure 3.12 shows the resulting
matched filter images. While the image using HFM pulses appears to have slightly more
contrast on the letters, PRN pulses appear to image the scene with a higher resolution
and lower sidelobe levels.

3.4 Discussion and Conclusion

In this chapter, the concept of coherent integration is explored for high-resolution
imaging using a single acoustic sensor. The key assumption is that the position of
the sensor is known accurately over time, such that coherence can be maintained
over a long sensor trajectory. In part, this is facilitated by the use of relatively low
frequencies (thus long wavelengths), which requires less positioning accuracy.

The first question posed in the start of this chapter: “How to process the received
echoes in order to achieve coherent integration from a moving sensor pair?”, is
answered in section 3.1.1, where the methods for estimating the propagation delay are
discussed. It is assumed that the echo has a constant attenuation factor over the sensor
trajectory. However with a varying distance the attenuation might change, e.g., due
to spherical spreading, which might have played a role in the imaging result from the
in-air demonstrator. In this thesis, the phase centre approximation (PCA) is used to
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in simulations and processing of the measured data. Additionally, an alternative (more
advanced) method is proposed, which takes in account the motion of the receiving
sensor. However, this method is not further investigated in this thesis and is therefore
also considered as future work.

To be able to answer the second question: “What are the key parameters that influ-
ence the imaging resolution, and how can it be improved?”, it is important to under-
stand how the point spread function (PSF) is established, which is explained in detail
in section 3.1.3. There, an intuitive explanation of the PSF is provided, and more com-
plex scenarios, such as a non-centred point, or spatially separated receive and transmit
sensors, are analysed with simulations of the PSF. What is observed from the PSF
is that a point outside of the (circular) trajectory of the sensors can create imaging
sidelobes that overlap with the image of the scene. Therefore, methods to suppress the
echoes from outside the imaging scene, should be investigated further. The range res-
olution and imaging sidelobes are seen to be dependent on the geometry of the sensor
trajectory with respect the imaged point. In the xy-plane, increasing the radius of the
circular trajectory is seen to improve the imaging resolution. Furthermore, the optimal
sensor placement in terms of resolution and sidelobes is expected to be achieved using
a co-locating the sensors. In section 3.2, the PSF is treated as a linear system of equa-
tions, and an extension to improve upon the matched filter image is explored through
the use of regularised least squares. The results of least squares are given in section
3.3, where the PSF is seen to improve upon the matched filter in terms of mainlobe
resolution and suppression of the imaging sidelobes.

The comparison of HFM and PRN is repeated for the PSF, which revealed that
PRN has the least inter-voxel correlation, leading to lower sidelobe levels compared to
HFM. Interestingly, this conclusion is the exact opposite of what we have found for
moving target target detection, where HFM excelled in terms of sidelobe performance.

Finally, the methods are verified on real data in section 3.3.2, in which a (more
complex) scene is imaged in 2D. The observations mostly agree with the simulation
results, in that the resolution is improved by the proper sensor placement and that
HFM produces more imaging sidelobes than PRN. An application of least squares to
real data is seen, which appears to improve the imaging resolution and sidelobe levels,
but decreased the image contrast. Furthermore, modelling errors were introduced by
the static reflections in the measurement setup, which was partly solved with a clutter
filter, but is thought to have limited the effectiveness of least squares.
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Conclusion 4
In this thesis, coherent integration is used to improve the imaging and detection capa-
bilities of an active sonar under low SNR conditions. For these two applications, high
duty-cycle transmit pulses are considered for maximising the signal energy, comparing
chirps (HFM) with pseudo-random noise (PRN). Furthermore, coherent integration
over multiple pules is explored to maximise the post-processing SNR. This is shown
to overcome some of limitations of sonar systems for imaging and detection, which
typically rely on a minimum signal strength of a single echo.

In chapter 2, a processing method is proposed for moving target detection, which
uses a signal model for constant velocity targets. Coherent integration is achieved in
a computationally efficient manner, by integrating over short-time correlations of the
echo and transmit signal using the Radon-Fourier transform (RFT). The interference of
clutter signals is tackled using clutter filtering: CLEAN + MTI for PRN and an MTI
filter for HFM. The methods are tested on synthetic data and on real data measured
in the in-air demonstrator, from which it is concluded that the post-processing SNR is
improved compared to processing a single echo. It is demonstrated that HFM pulses,
which are maximally ambiguous in range-Doppler, can unambiguously resolve a moving
target through integration over multiple pulses. It is shown that the resulting peak to
sidelobe ratio is superior to that of PRN pulses. Furthermore, the clutter interference is
suppressed more effectively using HFM, allowing for better target detection in clutter-
dominated environments.

In chapter 3, the processing methods for synthetic aperture imaging are discussed.
The main assumption is that the sensor position is accurately known over time, which
is used to model the received signal using delay estimation techniques. Subsequently, a
matched filter for imaging is proposed, and the resulting point-spread function (PSF) is
analysed for a circular sensor trajectory. This has provided valuable insight on how to
obtain the best imaging resolution in terms of the sensor placement. Most importantly,
the imaging resolution is improved by placing the sensors closer to each other and at
an increased radius. Furthermore, it is demonstrated that the imaging performance
of PRN is superior to HFM, as it achieves lower sidelobe levels. Additionally, a least
squares algorithm is applied, which is shown to improve the imaging resolution and
effectively suppress imaging sidelobes. The methods for imaging are tested in the in-air
demonstrator, which verified the proposed methods. However, modelling errors, due
to the interference of reflectors outside of the image are thought to have limited the
effectiveness of least squares.
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4.1 Future work

An interesting consideration for future work is to investigate if the proposed (RFT-
based) method for moving target detection can be generalised, so that it can applied
to synthetic aperture imaging. The image would then be obtained by a per-voxel
integration over the range-time image, which contains the pulse compressed echoes.
In contrast to moving target detection, the integral will not be over a straight line,
but over a curve, which makes it more difficult to find the Doppler component on
that line. However, successful implementation of this technique might give a more
computationally efficient method for imaging. Furthermore, it expected to facilitate
other clutter filtering techniques than CLEAN, such as MTI, which would improve the
clutter suppression that can be achieved.

Another crucial area for future work is the extension of the presented processing
methods for a single sonar sensor to an array of sensors. This will improve the imaging
and detection capabilities by providing directional signal transmission and reception,
using beamforming techniques. This could have several advantages for moving target
detection, including improved target localisation, increased SNR, and the ability to
focus the transmit pulse in the plane of the (shallow) water. This could provide similar
advantages to synthetic aperture imaging, for example by steering the transmit pulse
towards the region of interest, or to suppress signals received from outside of the region
of interest, which could help mitigate imaging sidelobes.

A practical disadvantage of lowering the frequency is that it necessitates a larger
spacing between the sensors elements, which means that fewer sensors can be packed in
the same space. Therefore, it is crucial to consider the array implementation in order
to conclude whether or not the proposed methods can actually improve imaging and
detection performance compared to high frequency systems that rely on beamforming
of a single pulse echo.

Taking a wider view, it is important to realise that the methods in this thesis
rely on a number of assumptions that might not hold in a real-world application. If
left unnoticed, these factors could introduce modelling errors and should therefore
be considered carefully. For example, it is assumed that the medium has a constant
propagation speed, which in water might vary due to differences in temperature or
salinity. Additionally, there might be dynamic changes in the environment, such as the
motion of the sea surface, which are currently not taken into account in the proposed
methods. These factors could significantly impact the performance of the proposed
clutter filtering techniques in a marine environment.
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Appendix A
The ambiguity function as an inverse Fourier transform

Consider the narrowband ambiguity function χNB(τ, fD) =
∫∞
−∞ s(t)s∗(t − τ)ej2πfDtdt,

with a substitution t′ = t− τ :

χNB(τ, fD) =

∫
s∗(t′)s(t′ + τ)ej2πfD(t′+τ)dt′. (A.1)

In this form, the ambiguity function for a fixed fD can be written as a convolution:

χNB(τ, fD) = s∗(−t′) ∗
(
s(t′)ej2πfDt′

)
. (A.2)

Using the convolution theorem, χNB(τ, fD) is given by the inverse Fourier transform as

χNB(τ, fD) = F−1
(
F
(
s∗(−t′)

)
· F

(
s(t′)ej2πfDτ

))
, (A.3)

whose components are given by

F
(
s∗(−t′)

)
= S∗(f), (A.4)

F
(
s(t′)ej2πfDt′

)
=

∫
s(t′)ej2πfDt′e−j2πft′dt′ =

∫
s(t′)e−j2π(f−fD)t′dt′ = S(f − fD).

(A.5)
Therefore, the ambiguity function can be written as an inverse Fourier transform:

χNB(τ, fD) =

∫
S∗(f)S(f − fD)e

j2πfτdf. (A.6)

This is used to show that the last step in Eq. 2.43 can be written using the narrowband
ambiguity function of the baseband signal g(t):∫

G(f − fc
2v

c
)G∗(f)ej2πft

′′
df = χg,NB

(
t′′, fc

2v

c

)
, (A.7)

if we substitute s(t) = g(t), τ = t′′ and fD = fc
2v
c
in Eq. A.6.
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