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The effect of pore surface roughness on Knudsen diffusion in nanoporous media is investigated by
dynamic Monte Carlo simulations and analytical calculations. A conceptual difference is found
between the roughness dependence of the macroscopic, transport diffusivity and the microscopic,
self-diffusivity, which is reminiscent of diffusion in zeolites, where a similar difference arises due

to adsorption effects and intermolecular interactions. Because of the dependence of the
self-diffusivity on molecular residence times, self-diffusion may be roughness dependent, while
transport diffusion is not. Detailed proofs are given. The differences become significant when the
pore surface is rough down to molecular scales, as is the case, e.g., for many common sol—gel
materials. Simulations are in good agreement with analytical calculations for several tested rough,
fractal pore structures. These results are important for the interpretation of experimental diffusion
measurements and for the study of diffusion-reaction processes in nanoporous catalysts with a rough
internal surface. €2003 American Institute of Physic§DOI: 10.1063/1.1584652

I. INTRODUCTION tion>*2 Such studies were also performed to study viscous
flow in sandstones and other porous rocks, where both topo-
The physics of diffusion in disordered media has at-logical and morphological effects are known to influence the
tracted a lot of attention, due to its significance in majorpermeability> Pores are usually represented as straight cy-
technological areas such as catalysis, electrochemistry, anighdrical channels in order to considerably simplify the simu-
separations:® One of the main challenges in modeling het- lation procedure&-*° More complicated shapes have been
erogeneous catalytic processes is the realistic representatigonsidered to test the effect of the pore shape on diffuion.
of the texture of the porous cataly'st® The most frequently ~ Others have attempted to represent the complex catalyst mor-
used modelling approach is to consider the catalyst particlehology by randomly superposing solid sphétes by sub-
as a pseudo-homogeneous system where the diffusion of reracting spheres and cylinders from a solid mafrixith dif-
actants and products is described by effective diffusiorfusion in the remaining pore space studied by a Monte Carlo
coefficients’ Such continuum models may serve as an apmethod. The effects of detailed pore shape and surfame
proximation for some monodisperse catalysts or catalystphologyare usually ignored, either because of problems in
with well connected porebput more realistic network mod- modeling them realistically/ or because their influence is
els are generally preferred. When continuum models or pamssumed to be negligible.
allel pore models are used, different effective diffusivities  In many applications involving gases in mesoporous ma-
may be obtained by various experimental and operatingerials, which are materials with most pore sizes between 2
methods, because the detailed catalyst geometry influencedid 50 nm, Knudsen diffusion is the predominant transport
the results. mechanism. Knudsen diffusion is a result of collisions of gas
In a heterogeneously catalysed reaction, molecules difmolecules with the pore walls, rather than intramolecular
fuse through the pore network, collide with the pore wallscollisions (Brownian motion, so that the effect of the wall
and react on active sites on these walls. The topology of theoughness should be investigatédThere is experimental
pore network and the morphology of the pores affect theevidence for the fractal roughness of the internal surface of
molecular movements and the accessibility of the activanany amorphous catalysts over a finite scaling range that
sites. Hence, the diffusivities of the components and, thereincludes the size of typical diffusing molecul€<® The ir-
fore, the conversion and product distributions of the reacregular catalyst morphology and its influence on diffusion
tions as well as the rate of catalyst deactivation may depengdnd reaction can therefore be modeled in a realistic way us-
on the catalyst geometty=*?In recent years, much effort ing fractal geometry. Fractal pore models therefore can be
has been devoted to the study of diffusion in disorderedised to study the effect of surface roughness on Knudsen
networks?® The effect of networkopology and in particular  diffusion. Smoluchowski already showed in 1910 that pore
pore interconnectivity, can be accounted for by using methshape in general has an effect on Knudsen diffuétofn
ods from statistical physics, such as percolation theoryanalytical formula was derived for fractal pores by Coppens
renormalization group theory and Monte Carlo simula-and Fromerf®?® indeed predicting a considerable effect of
surface roughness on the Knudsen diffusivity. However,
3Author to whom correspondence should be addressed. Electronic maiantra and Sapovéliperformed simulations that showed no
m.o.coppens@tnw.tudelft.nl such effect. Experimental evidence seems contradictory as
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well.?® Recently reported experimental results by Geiereffect of pore networks, we will consider a single pore. The
et al?® show that the apparent tortuosity factor in the Knud-results remain valid for pore networks as well, if morphology
sen regime may be significantly larger than that in the bulkand topology are uncorrelaté@i?>3!Note also that percola-
regime for one and the same porous medium. The observeibn effects only come about in situations where the connec-
difference between the tortuosity factors in the bulk andtivity is low, the molecules large, the pore size distribution
Knudsen regimes may have its origin in the different influ-very wide, or blocking occur$®

ence of the geometrical detaiis;., roughness, of the inter-
crystalline pore surface on diffusion.

To resolve this apparent disagreement, we recently pe
formed dynamic Monte Carlo simulations of Knudsen diffu-
sion in two- and three-dimensional fractally rough pdres. Self-diffusivity is a measure of the translational mobility
These simulations showed that the origin of the discrepancgf individual molecules. Under conditions of thermodynamic
might lie in an up to now neglected difference between self£quilibrium, a molecule is tagged and its trajectory followed
(or tracey and transportor collective diffusivities in rough ~ over a long time. If the motion is diffusive, and in a medium
mesopores, with results for the self-diffusivity that are inWwithout long-range correlations, the squared displacement of
agreement with earlier analytical predictiozﬁg_zg the molecule from its original position will eventually grow

The difference between the parametric dependence d'mearly with time(Einstein’s equatioh To reduce statistical
self- and transport diffusivities is well recognized for zeo- €rrors in simulations, the self-diffusivit}s, of a species is
lites, where self- and transport diffusion depend in a differendefined from ensemble averaging Einstein’s equation over a
way on molecular concentration, because molecules interattrge enough number of moleculéds,
with each other. In the Knudsen regime, however, molecules N

. 0 ) 1 1
move independently of each other so that a similar differ- p_= _) 2 lim = (|F(t) — i (0)[?), (1)
ence, now as a function of roughness, seems less obvious. In BN/K=1 o t

thi; paper, we present deta”e‘?' analytical model§ and _CalCL\'/V/hereFk(t) is the position of thé&th molecule of specieisat
lations, supported by dynamic Monte Carlo simulations,;,e ¢ Only one species is considered, since species diffuse

showing that the self-diffusivity has the predicted rothneS?ndependently of each other in the Knudsen diffusion regime,

dependence, while the transport diffusivity is roughness iy, 1o jngey will generally be dropped in the notations. The

dependent, at I_e ?St when the molecules (_)nly ke Wi_th thgelf-diffusivity is easily shown to be equivalent to ttracer
walls upon.colllsmn. Becau;e of the qualitative gene.rahty Ofdiffusivity.32’33 Its observation necessitates some labeling of
the derivations, results are independent of the details of thﬁ1e molecules involved. In usual experimental measurements

roughness model, and also hold for non-fractal geometricall)()f the self-diffusivity, a tracer technique is used, where a

heterogeneous systems. The fractal pore model, however, Sflaction of the diffusing species is distinguished from the

ables us to compare analytical results with dynamic Monteremaining molecules, e.g., by the use of isotopes, without
Carlo simulations. affecting their mobility.

Using a finite passage time calculation, a practical and
simple expression for the roughness dependence of Knudsen
self-diffusion in a porous medium with a fractal internal sur-

Gas molecules move through a channel in a porous solidace has been derived. Only the main results will be summa-
In the Knudsen diffusion regime, the molecules do not inter+ized here, as a general derivation of this analytical formula
act with one another, so that they move in straight lines beboth in 2D and 3D can be found in Refs. 22 and 28.
tween points on the pore channel surface. Upon collision A general pore with a fractal surface can be mentally
with the surface, a molecule adsorbs for a brief time. Theconstructed by a fractal perturbation on top of a pore with a
direction of a molecule again leaving the surface is indepensmooth surface. In 2D, the surface reduces to two fractal
dent of the direction of incidence and follows Lambert’s co-lines. Along the pore, there are a large number of fjords with
sine law, similar to diffuse light scattering. Surface rough-a hyperbolic(power law size distribution within the fractal
ness is sometimes quoted as the reason for this cosimange,[dmin.dmad (Fig. 1. As a result of the finite inner
distribution law, but it has been shown already more than 7@utoff 55;,, there is a finite probability,&>; /554> Cc, for a
years ago that it is fundamental in nature and can be exmolecule not to enter any 3D fjord, but just hit a segment of
tracted from the principle of microscopic reversibility and unperturbed pore wallD. is the fractal dimension of the
the second law of thermodynamits® The time of physical ~cross-section of the fractal surface with the smooth unper-
adsorption on the surface is neglected with respect to thaurbed surface. In order to estimate geometric diffusivity
time of flight, although its effect may be easily includ@d. changes with roughness, the effects of all surface specifica-
Statistical methods, e.g., finite-passage time methods, can liens should be considered, yet these can be collected into
used to find the roughness dependence of the Knudsen difwo parameters, namely: The fractal dimension of the sur-
fusivity, accounting for the molecular accessibility distribu- face,D .45, and the return probability,, which is the prob-
tion over the pore surface. Using such a model, diffusion cambility for a molecule to leave a fjord, once it is in’ftThe
be simulated in a general porous medium with a fractal in-above model can account for the non-uniform accessibility,
ternal surface. However, since we focus on surface morphdeading to the following expression for the Knudsen

logical effects only, and in order to avoid the topological self-diffusivity:?%%

'A. Knudsen self-diffusion

Il. ROUGHNESS DEPENDENCE
OF KNUDSEN DIFFUSIVITY
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(a) B. Knudsen Fickian (transport ) diffusion

Fickian diffusivity D is defined as proportionality con-
T stant between the macroscopic fliband the negative of the

"ﬁ-"_ - - T . . —
B 090 0 concentration gradieri C:
T J=-D,VC. (4
(h) ” f Most practical applications of molecular transport in na-
noporous materials occur under nonequilibrium conditions,

in which a macroscopic concentration or chemical potential
ﬁ gradient is present. The transport or collective diffusion co-
l/ f’//& efficient D, accounts for the collective motion of particles
under the influence of a concentration gradient, as opposed
to the self- or tracer diffusion coefficiellig, which quanti-
! fies the individual microscopic motion of the molecules.
ijds There is a whole class of macroscopic experiments available
that probe the transport diffusivity, such as uptake rate
FIG. 1. Schematic representation of an unperturtagénd a perturbecb) measuremen@, permeation rate measureme?ﬁsand fre-
surface. quency response analys&slust very recently, two micro-
scopic techniques have become available that measure in-
tracrystalline transport diffusiotl:*® Up to now, only few
D, 1 simulation_techniques have been c_JeveIoped for diffusion un-
50" T af 1= (8P (2) der _c_on_dmons where the system is not in thermo_dynamlcal
Ds +a[1-(8")"] equilibrium?® The nonequilibrium simulation techniques all

in which DO is the Knudsen self-diffusivity in the unper- try to mimic an experimental technique: Either a relaxation
turbed medlum with the same overall topology and pore volexperiment(where an initial chemical potential gradient is
ume as the real porous medium, but a Euclidean smootfllowed to relak, or a steady state experimefwhere the
surface, and’ = 5/ 55,,, is the normalized effective diameter gradient is kept constant by an external force fieloth
of a molecule of size5. In 2D and 3D, the parametessand ~ Methods probe the same property, i.e., the transport diffusion
B can be analytically calculated from .4 and p,.2> For ~ coefficient. This is in contrast to the self-diffusion coeffi-
smaller molecules or a larger outer cutéémall 8') the cient, which is typically evaluated at thermodynamic equilib-
reduction in Knudsen self-diffusivity is stronger, because offium, either in experiments as thequivalent tracer diffu-
the restrictions imposed on the molecular movement. sion coefficient in a PFG-NMR measurement or in
Since the above procedure is based on a perturbation gmulations by calculating the mean-square displacement of
smooth pore walls, the effect of a possible increase in poréacer particles in a system without gradients. To our knowl-
volume resulting from the fractal perturbation in a self- €dge, the roughness dependence of transport diffusion in the
similar fractal pore, as compared to the unperturbed por&nudsen regime has not been theoretically investigated. Very
space, must be accounted for. Assume a 3D Koch pore witfecent grand canonical molecular dynamics simulations

average diameted and a regular polygonal cross section (GCMDY of diffusion in a single pore and simulations of
with Q edges, i.e., for a square cross sect®s 4, and for transport in a packed-bed column with mesoporous particles

an octagonal cross secti@h=8. Also assume thadl . is the show that transport diffusion is hardly influenced by pore
number of cubes located on top of any of tNe surface  Structure and pore roughneé¥¢ In this section, we derive
segments of the generator in any iteration stepand that ~ &" explanation of this experimental finding, which corrobo-

the edge of a cube of the generator is reduced by a factor JSates our earlier theoretical predictioffaiVe also refer to the
1/\ after each generation. The general equation for the manaIyS|s of the simulation method that is used further on in
crease in enclosed pore volumé,, upon constructing a thiS paper for evaluating the transport diffusivity. =~
fractal 3D Koch pore from a smooth pore, with enclosed Let us first look at the schematic pore diagram in Fig. 2.

volumeV,, is2® In this illustration, any type of perturbation, whether it comes
' from geometrical irregularitye.g., a pore with rough fractal
2 n . . . . .
Q Smax Ng walls in mesoporous materigler chemical inhomogeneity
Vp=Voy 1+ MCX()\3_N ) X|—1 |1~ 3 (e.g., adsorption sites in crystalline microporous zeolites
S d represented astaapping zoneDuring diffusion, a molecule

3) may enter a trajicollide with the walls of a fjord or adsorb
In calculations for 3D pores with a deterministic fractal sur-on a lattice sitg stay there for a while, and then leave the
face, Knudsen diffusivity should be corrected for pore vol-trap. In the following discussion, we describe the effect of
ume changes upon perturbing the pore space, by using thikese geometrical or chemical traps on the transport diffusiv-
equation. For the statistically self-similar pore walls consid-ity. This representation refers to a system in the presence of
ered in the Monte Carlo simulations in Sec. lll, the averagdrapping barriergsince the framework is inert, there is no
volume or area change is zero by construction. energetic barrigr Molecules enter the pore from a reservoir
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J!G. 3. Comparison of the real motion in the vicinity of the rough pore
walls with the equivalent effective motion projected on to the unperturbed
pore surface.

FIG. 2. Schematic illustration of the cross section of a pore with perturbe
walls; any type of perturbation is represented as a trapping zone.

(concentrationCy) on the left-hand sideAX) and leave the ] )
pore either on the same sid&)( or on the other side), since the innermost sum has. a length of elther OLor
where there is a vacuurfzero concentration There is a — eq @nd the vectors are collinear. Now, consider a pore
so-calledentrance effedor transport diffusion, meaning that With @ rough surface. Diffusion in that pore is similar to
not all molecules entering the left-hand sid) (of the pore  diffusion in a smooth pore with traps, in which a molecule
should be considered, but only those crossing a certain cros&!MPS along the unperturbed surface instead of colliding
sectionB inside the pore, to allow them to equilibrate. When With the walls within a circle of diameter, corresponding to
molecules leave the pore again through the entrancbe- the _|nlet @amgter qf a fjord or indentatio(Big. 3). If &; is
fore ever reachind, they are out of consideration, also in the imaginary jumping vector along the unperturbed surface,
the simulations discussed in Sec. IIl. We now argue and wilfn€ transmission probability is given by
prove that the probability for a molecule to leave the right- SN |proj~EM(”)(r-+§-)|
hand side C) once it has crosse is independent of rough- f,= n=il =l i) o
ness. N-(L—Leg)
Let us refer to the situation described earlier for apqr 4 jarge number of molecules with collisions in a long
smooth(unperturbegland perturbed pore wall. In both cases enough pore, Eq.(7) converges to Eq.(6), ie.

transport diffusivity is defined on the basis of the fraction of xN 1|proj~EM(Q)5-|HO because of the principle of micro-
n= 7=j=1 %] '

molecules leaving the pore through the opposite side, say, ig;qpic reversibility, i.e., for each step there is one statistically
the_ posmvez direction. This fraction is th_e trapsm|33|orj €O- equiprobable step in the opposite direction. This holds for
efficientf,. There are many results, starting with Clausing inapy, sjtyation where the interstep correlations in the trajectory
the 1930, which show that the transmission probability, even,qe finite, as is the case for a long rough pore or a lattice
in smooth pores, is a nonlinear function of pore Igrr’ﬁth. representative of a pure Si zeolite. The pore has to be long
Changes in chemical potential in directions perpendicular t%nough for the sums to converge: Consider the diffusion of
the pore axis are zero, because there can be no net transpg{fecules in a long cylindrical channel with traffig. 2.
in such directiongsecond law of thermodynamicsin the When the molecules enter the pore via shlethey can get
steady state, this is the basis for the fact that transport diﬁufrapped and stay in each trap for a period of time. Molecules
sivity is the same for pores with a smooth and a rough surg4 jeave the pore again via the in&t or leave it through
fgce. For a better understanding of the problem, we_look. at $he other sideC. However, there should be enough traps
fiord or *trap” and what can happen there during diffusion 4 5nq the trajectory for the trajectory steps to be uncorrelated
of molecules in the Knudsen diffusion regime inside theynq the transmission probability to become independent of
pore. First consider a smooth, unperturbed pore. VEctors rgganning This means that only molecules that pass a cross-
lated to the individual steps along the trajectory of a mol-ge tigng should be considered to avoid entrance effects that
ecule can be projected on a Cartesian coordingtewhere .5 affect transport diffusivity values. Past the equilibration
the z axis coincides with the pore axis: length AB, the number of molecules that croBsand exit

I /= proj( rj) (5) throughC does not depend on the number and distribution of

o traps anymore. This is important in the calculation of trans-
in which [; is the step vector between collision poigts1  port diffusivity values from Monte Carlo simulations.
and j. Assume that afteM collisions with the wall, the The above expressions also show that the transmission
molecule leaves the pore of length-L, (Leg is equal to  probability [Eq. (7)] and, therefore, the transport diffusivity,
the AB equilibrium distance or entrance zone in Fig. 2 are merely a function of the way collision angles are distrib-
Then, forN molecules entering the pore during a timeghe  uted and possible correlations of the molecules with the
transmission factor can be expressed as walls or “traps.” Because for both smooth and rough pores
e . > the collision angle follows a cosine distribution, there is no
_ EE:1|E}V':(Q)proE( 1)l _ Ef’:l:ﬂ proliEJM:(Q)( )l effect of roughn%ss on transport diffusivity under steady state
t — — (6) o
N-(L—Legg N-(L—Lgg) conditions.

)
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D=197, p,~15

c Inlet

FIG. 4. Segment of a 3D pore with square cross section and a randon
second-generation Koch surface for whigh (13/9).

D =197, p~1/9
(a)
IIl. DYNAMIC MONTE CARLO SIMULATIONS
A. Methodology

Model fractal pores are generated in a similar way to oul
previous worlé’~2°42A typical three-dimensional pore seg-
ment is shown in Fig. 4. The pore surface consists of statis
tically self-similar Koch surfaces that are recursively gener-
ated using an iterative construction algorithm, which
repeatedly replaces square tiles by a reduced copy of tr
generatof® Applying this generator in random directions
generates a random fractal pore, while a deterministic fracte
pore is formed if the generator rule is always applied in the
same direction. The variables are pore width, length, ani
number of generations (or outer/inner cutoff The irregu- (b)
larity or roughness factog¢ of a three-dimensional pore at
any generation is characterized by the ratio of the pore sur-

face area of the rough pore to the pore surface area of HG. 5. _(a) Generators_ of Kc_)ch surfaces with dlff_erent return probability,
o. D¢ is the fractal dimension of the cross section of the fractal surface

Unp‘?rturbed smooth pore with the same average Crosgﬁth the smooth, nonperturbed surface, which is a Sierpinski carpet in this
sectional area. For example, for the 3D pore in Fig£4, case(Ref. 28. New pores with a high value d@; can be constructed using

=(13/9)" wheren is the iteration number or order of the variations on such generatof®) 3D fractal pore generator with octagonal
applied fractal generat6f. cross section.

Different fractal generators produce pore structures with
different values of the fractal dimension and return probabil-
ity po [Fig. 5a)]. Pores constructed from these generatorsn the middle of the poregself-diffusion. This molecule
have a different lacunariff? Lacunarity is a counterpart to moves for a distancl in a random direction until it hits the
the fractal dimension and describes the texture of a fractal. kystem boundary. If the impact position lies on the pore sur-
is related to the size distribution of the holes. Roughly speakface, it is saved as the first collision point. The molecule is
ing, if a fractal has large gaps or holes, it has high lacunarityassumed to undergo a diffuse reflection at this point, as ex-
on the other hand, if a fractal is almost translationally invari-plained elsewher&*°We take the same unit of time in all
ant, it has low lacunarity. Different fractals can be con-our simulations, which is the time needed to cross a length
structed that have the same dimension but look widely difequivalent to one pore diameter. Assuming an independent
ferent because they have different lacunarity. In order tovelocity distribution, for sufficiently long trajectories consist-
understand the effect of the pore shape and make quantitativieg of subsequent movds, the time spent is directly pro-
comparisons with experiments, the pore cross section coulportional to the distance. In this context, it is interesting to
also be changed, e.g., simulations could be performed omention that Smoluchowski showed the velocity distribution
pores with a polygonal cross section that is closer to a circuto be different from the classical Maxwell distribution for
lar cross sectiofiFig. 5(b)]. Knudsen diffusiorf? If the collision point lies on the inlet or

The simulation procedure of particle trajectories is anoutlet boundary sides of the pore volume, the molecule
extension of the one used in our former studie€® We leaves the pore volume or may re-enter it through the oppo-
consider an orthonormal Cartesian coordinate system possite end. In the latter case, the boundaries are virtual, since
tioned in such a way that theaxis is parallel to the direction periodic boundary conditions in thedirection are applied.
of the pore axis, while the axis is parallel to one of the This allows saving computer memory for the representation
sides of the cross section. A test molecule is assigned a raof long and complex pores.
dom initial position, either at the inlétransport diffusionor The molecules in our computations are represented by
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point mass particles, so that the results are approximate 1
order 5~ 8;,,,/3"; molecules of size> § cannot see features
smaller than~&. A hard sphere potential for the collision
with the walls is assumed. Application of molecular
dynamicé*“® and grand canonical ensemble Monte Carlo
simulation4® would allow for a more accurate analysis of the
collision and diffusion dynamics. Here, a purely mesoscopic
geometrical approach is presented, which allows us to focu
on effects induced exclusively by the pore geometry.

The self-diffusivity, D¢, is obtained from Einstein’s re-
lation, Eq. (1), after calculating the end-to-end square dis-
placement and the total trajectory length in an infinitely ex-
tended pore following a large number of collisions, and
ensemble averaging over a large number of molecules. O
the other hand, imposing a concentration gradient over .
pore of finite length. using the same simulation program for
the collisions as when simulating self-diffusion, yields the 8

transport diffusivity. Since the molecules move indepen- b .

- - . . . S Fractal region
dently in the Knudsen regime, transport diffusion can be in- 7T ]
vestigated by releasing molecules “one by one” from one °..
end of the pore and studying their motion until they leave the o KR 1
pore. The possible presence of other componésitsary or sl . ® i

multicomponent mixturgds unimportant, since in the Knud-
sen regime different species do not interact, by definition, st
that our results are relevant to mixtures as well. Results ar

0910[Ncol(ll)]
~
R
w @
8
L)
%

averaged over a sufficient number of molecules, so that th= 3} ':’\ e o 8 .
results become time independent: we are studying the tran 01‘?"{ -&
port diffusion process in the steady state. When a molecul 2r 0;"\.. . |
exits the real pore inlet or outlet, it does not re-enter througt |
the other side, but periodic boundary conditions may be ap .
plied to parts of the pore. A crucial point in these transport 0 . . .
simulations is the consideration of the aforementiofeec. () 0 1 2 3 |033(//85‘ )
1 min

[IB) entrance effects near the inlet, i.e., it is necessary tu
remove molecules that cannot enter deeply into a )00  FIG. 6. (a) Typical example of part of a trajectory in 2D, as calculated by
more thanLeqs Zoafnay)_ Removing this effect is important, computer simulations(b) Histogram of the path Ienglh_betweep two suc-
as it eliminates the artificiality of correlations of the motion cessive collisions, for pores with &= (5/3)° degree of irregularityrough-

. i . . . nes$. The line shows the outer cutoff of the fractal-scaling region. Dashed
with the specific sh_ape of the inlet region, by allowing the i e shows the power law behavior Bsy(1)~1~“ and a=0.55.
molecules to equilibrate after crossing a few segments.
Transport diffusion is therefore considered over the pore
stretching_ out from the equilibration Iength, e.g., from pomtsmooth pore with diameted, f,=4d/3(L—L.g, so that
B on until the other pore en@€, and with respect to the
imposed concentration gradient over this same pieCg, (
—0)/(L—L¢y (see Fig. 2 In other words, the fraction of
molecules that leave the pore through the far éhdis cal-
culated with respect to those that have crossed the equilibr
tion length atB. The transport diffusivityD,, is evaluated
using Eq.(4), which can be expressed as a function of theB. Discussion of the results
transmission probabilityf;, i.e., the fraction of equilibrated

molecules that leave the pore on the other side, pore is shown in Fig. @). In contrast to the case of a smooth
(L—Leg CeU_ (L—Leg U(L—Leg pore, the relative number of short distances covered by a
Di=d—(c—=fipX—(—=f——— (8 molecule between two successive collisions increases enor-
B B mously when the degree of irregularity is increased. Our ear-
In comparing smooth and rough pores, it suffices to comparter studie$”?®showed that the corresponding distribution of
the respective transmission probabilitigs as the other pa- the individual trajectory segments is a power law within the
rameters are the same; the average molecular velocity is ifhormalized fractal scaling rangg3™",1], so that the trajec-
dependent of roughness and given by the kinetic theory ofories arelevy flightswith an outer cutoff on the order of the
gases,u=+8RT/7M. Equation(8) shows that the entire largest fjord sizg§Fig. 6(b)]. An important property of sys-
roughness dependence of the transport diffusivity is includedematic Lery processes is the fact that they are subordinated
in f,. Knudse’ showed that for a very long cylindrical to ordinary Brownian motion: The corresponding probabil-

D,=du/3, while Clausing’ derived equations for pores of
arbitrary finite lengths. In our simulations, we therefore aim
to verify our analytical prediction that the transmission prob-
g_bility of long pores [>Ly is roughness independent.

A typical example of part of a trajectory in a 2D fractal
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ity density function(PDF of the stepsx, normalized with o1 _ " »
respect to the inner cutoffy;,(I;=x- &;,), can be represented -
in the form:
0.8¢
0= — p( Xz) (d
p(xX)=| —=exp —=—|p(r)dr e
0 27T 27 one .
¢ .
_f“ 1 X2 o a? q Q
o Wex T o Tl+a/2\/§ex — 5,97 0.4 .
20—z a (3 « ~
= J— _—— 0.2_
O+ B Wr(z 2] ®

wherea is the Levy distribution index and the variableis @) 13
called the operational time of the procé8dzor =1, this
yields the Cauchy distribution. The interpretation of the
above equation is that Mg flights can be considered as
stemming from a highly irregular sampling of trajectories
generated by simple diffusiojrdinary random walk Here,
the diffusion trajectorya random walk in a discrete case
parameterized by the operational timésay, the number of
steps of the random walkwhich itself is a random function
of the physical time. The random procesg) is a process
with positive increments, and the distribution«gt) is given

by a Levy distribution, having a power law tailp(7)
«7-17e2 Deviations can occur for very long paths, which
are influenced by the shape of the pore and the detailed shap  ©-

—o- Smooth pore

. —> 1% generation
of the generator, as a result of both inner and outer cutoff —o 2" generation
effects. This is to be contrasted with the case of the smooth 0 . . . . . . . . .
pore. For a two-dimensional smooth porgs d/cos(;) and (b) o2z 3 ,im“e [Co,;r}putereunit] [ 10140
X

asp(l;)dlj=2 sing;xcosg; dg;, one can write
— FIG. 7. (a) Self- and transport diffusivity as a function of the roughnéss
2d? The lines show analytical results using a first-passage time approach, while
p(l j) = |_3 (10 the points show dynamic Monte Carlo results. The normalized transmis-
i sion probabilityf,/f? versus diffusion timef? is the transmission probabil-

The existence of a'lw distribution for paths much smaller ity through gsmooth pore in the stegdy stdtes¢2). One unit is the time to
than the pore width is a specific consequence of the poraverse a distancéy, equal to the inner cutoff.
irregularity. These results clearly show that for increasingly
rough fractal pores, the average of the path length betweeg normalized with respect to the time needed to cross a
successive collisions Changes from the order of the pore dlength equiva|ent to one pore diameter. Transmission prob-
ameter for a smooth pore to the order of the inner cutoffapijlity increases with time until it converges after a suffi-
Smin. for a very rough, highly irregular poré:*"#? ciently long time. This time is longer for a rough than for a
The effect of pore surface roughness on self- and transsmooth pore. Obviously, the transport diffusivity may only
port diffusivities is presented as a function of roughness irhe estimated at steady state. When the diffusion time is not
Fig. 7(a). For a 3D pore witd= 5;,,,, there clearly is a large an issue, whether a molecule stays for a long or a short time
effect of roughness on self-diffusion: The self-diffusivity de- in a pore does not have any effect on the outlet through
creases significantly as the roughness faétorcreases. On  which it leaves the pore. Convergence is slower for a rough
the other hand, the transport diffusivity does not vary véith pore, as a result of the same confinement effects that reduce
and is therefore independent on roughness in the steady statee self-diffusivity, but the transmission probability in the
These results confirm our analytical predictions and can bsteady state is roughness independent. In a long enough pore
explained by considering the conceptual differences betweeand under the influence of a moderate concentration gradient,
these two kinds of diffusivities. Since the residence time disthe transport diffusivity is therefore not a function of wall
tribution does not affect the transmission probability, trans-surface irregularity either. The latter is different for self-
port diffusion is independent on the residence time of indi-diffusion, which is aninherentlydirect function of the indi-
vidual molecules, so that only the concentration gradienvidual molecular trajectories, the total trajectory length or
over the pore and the average pore cross section are impaesidence time. Trajectory lengths increase with increasing
tant. Figure ) shows the normalized transmission prob- surface irregularity, and depend on molecular size and
ability f,/f0 versus diffusion timgwhere f{ is the steady shap&?*2*Roughness only has an effect on self-diffusion
state transmission probability through a smooth pore with théf it leads to trapping in the axial direction. In order to verify
same cross-sectional area as the rough)péiebefore, time  this, we also carried out simulations of diffusion in 3D struc-

Downloaded 10 Sep 2010 to 131.180.130.114. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



2808 J. Chem. Phys., Vol. 119, No. 5, 1 August 2003 K. Malek and M.-O. Coppens

Pore cross section Pore Diffusivity 18 T T
=0 — =t
I:l D=0.0142 161 --.t=t /50 |
D=0.0141 N I t=t, /100
141
_ i
n=1
D=0.0142 )
2
‘@
n=2 5
D=0.0142 P
D=0.0143 <
I3
o
n=3
D=0.0141
D,=0.0142
FIG. 8. Simulation results of diffusion in a 3D pore with a 2D fractal
cross-section but straight along the pore ggisisotropically rough pores 20 40 60 80 VV_J1 00

S
Pore length [Smax]

tures with a 2D fractal cross-section perpendicular to the 18 ' y
pore axis, but straight in the axial directidRig. 8). This 16k —o— Rough
anisotropicwall roughness does indeed not affect axial dif-
fusion, as the equal self- and transport diffusion values cor-4- 14r
responding to the different fractal generations of the cross & 45|
section in Fig. 8 demonstrate. These values were correcte(:i
for the volume increase after each generation. Figure 8’%
shows that there is no significant difference between self-3 gt
and transport diffusion when there is no roughness in the

Particl

direction of diffusion, i.e., the axis. The latter is again in 6
agreement with the analytical approach to the roughness in-
dependence of transport diffusion in Sec. Il, since the trans-
B . ot L
mission probability through the pore only depends on the *
projection of all the individual collision vectors on thexis, 0 20 e ~ %0 100
which is the same for a smooth pore. The MC results can be Pore length [5°_]

compared to the analytical solutions for self- and transport
diffusion in a random 3D fractal pore on the basis of Eg$. FIG. 9. Molecular density profile along a pore) Density profile for a
and (7). In the case of self-diffusiorpo can be calculated rough pore[g_:(13/9)2] after differe'nt cIocktimest(nf' isalopg time, when
. . . steady state is reachedb) Comparison of the density profiles in a smooth

from the ratio of the areécorresponding to the length in 2D _ 0 o rough pore.
of a fjord’s opening to the aredength of its (unperturbedl
walls. For the Koch pore models considered earligys,
=1/5 for 3D simulations. Lines in Fig.(@ show the ana- calculated, at various clock timds the concentratior{or
lytical calculations. The agreement between these analyticaholecular density profile inside rough and smooth pores
results and the MC simulations is excellent. that connect reservoirs of concentratioBg (left) and 0

As discussed earlier, constancy of the transport diffusiv{right). Figure 9a) shows the density profile for a rough pore
ity with varying surface roughness is caused from the inde{second generationn=2) at different clock times. The
pendence of the transport fluxes on the residence time dafteady state at=t;; was verified. Near the pore inlet, a
individual molecules. An increase in residence time for amaximum appears because of the equilibrating entrance ef-
given incoming flux and a constant transmission probabilityfect. Many molecules do not penetrate deeply into the pore,
should imply that the molecular concentration in the porebut bounce back into the reservoir on the left, which is kept
space increases with roughness. Particular attention is necest-a constant concentrati@y. This effect is especially pro-
sary here not to confuse an equilibrium with a nonequilib-nounced for rough pores, where it leads to a concentration
rium situation. The residence time of molecules increasescrease in the entrance zone. Such a zone does not appear in
when the surface is rougher. This first produces an increase smooth poréFig. Ab)]. A density decay in the pore starts
in molecular concentration inside the pore in a transient situafter the equilibrium distance. At long enough times, the den-
ation where the molecules are abruptly started being injectedity profile converges to a curve, which, for rough pores,
at clock time zero, from one pore erde., the boundary peaks in the entrance zones, and then drops linearly to a low
condition at entrancé\ is a Heaviside function with step value near the outlet. For a smooth pore the drop is linear
height Cy). The concentration is more localized when thethroughout the pore from entrance to ouflEtg. 9b)]. The
surface is rougher, especially near the pore inlet, which leadsrossing of the entrance zone is harder for a rough pore than
to the aforementioned entrance effect. Therefore, the conceffier a smooth one, after which the transmission properties are
tration increase compensates for the time-delay that is caus¢lde same. This behavior is very reminiscent of adsorption
by surface roughness. To analyze and visualize this, we hawand transport diffusion in microporous solids such as zeo-
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FIG. 10. Effect of(a) the ratiod/ &y, and (b) the shape of the pore cross g, 11. simulation results for diffusion in pores of different lacunariy.
section on the roughness dependence of the self-diffusivity. D.=1.89; (b) po=1/5. The lines show analytical results using Egj.

lites, a similarity that will be discussed in the next section. regime is dominated by intermolecular collisions and there-
The pore diameter has an important effect on the magfore only depends on total cross-section void space and not
nitude of the roughness dependence of self-diffusion. In factgo much on pore wall effects. For Knudsen flow, while the
the relevant dimensionless parameter is the ratio of pore diylindrical pore formula derivation is presented in many
ameter to outer cutoff of the surface irregularit)st,,.  Places,***%'the effect of a noncircular cross section on the
When a molecule diffuses through a pore with a @bsmax transport rate is oﬁen ignored; nevertheless, the deviations
value, even with very rough walls in absolute terms, the por&'© Often small, as it has been shown that the Knudsen equa-
walls act as if they were smooth, so that there is no signifilion for flow through circular pores may be used for most

cant difference with a truly smooth wall, because path Segporous materials with a noncircular pore cross sedloAln _
- . e order to better understand the effect of pore cross section,
ments on the order ad dominate diffusion. The effects of

— T S pores with cross sections of different polygonal shapes were
d/ 5ax 0N the self-diffusivity are presented in Fig.(&0 The  constructed. An example was shown in Figh)Sor the first
effect of roughness on self-diffusivity is less pronounced iNgeneration of the fractal generator. Simulations of Knudsen
pores for which the largest surface indentations are CO”S'Cgiffusion show similar results to those in pores with a square
erably smaller than the pore diameter, i®.5},, is large?®  cross section, Fig. 10). The values of the diffusivities are a
However, there is a significant roughness dependence fasit higher in the octagonal poréghe effect of surface rough-
self-diffusion in nanoporesivith a roughness up to the size ofiess is slightly less pronoundedbecause of the smaller in-
the pores themselves,,,~d), a typical situation in sol-gel ner cutoff 5;,;, accessible to the diffusing molecules.
synthesized disordered materidls. In Sec. lllA we introduced fractal generators to con-
In solids with not too narrow pores, combinations of thestruct pores of different lacunaritiifferent py). Figure 11
appropriate transport laws appear to predict the overall trangresents simulation results of self-diffusion in such pores,
port behavior very welf? We focused on Knudsen diffusion and compares these to analytical results predicted byZq.
because there should be no significant effect of the roughnesgknes). Increasingp,, the self-diffusivity increases, since a
morphology on molecular diffusion, since diffusion in this molecule on average stays for a shorter time in each fjord.
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By increasing the fractal dimension of the pore, the diffusiv-(molecule randomly hops from site to itd@his is like trap-

ity goes down, as the surface is rougher. These results agaping in a fjord in a rough mesopore. The transmission prob-

confirm our analytical predictions. ability, however, is clearly independent of the adsorption co-
efficient (or trapping strength In this case, only the time
after which the molecule leaves the line is changed, not its

IV. COMPARISON WITH DIFFUSION IN ZEOLITES; overall motion. In short, trappin(from adsorption or rough-
DIFFUSION IN MESOPORES VERSUS MICROPORES ness leads to a decrease in self-diffusivity, but not in trans-

The results can also be qualitatively compared to what i©0't diffusivity, when the imposed gradient is expressed in
known for diffusion in crystalline, microporous zeolitedu- ~ t€rms of concentrations of the adsorbed specézpial to
minosilicatey. The diffusion mechanisms in zeolites and SPECies in the pojePerhaps the name “transport diffusiv-
rough mesoporous materials are different, so the comparisdfy” iS @ misnomer as only the self-diffusivity characterizes
is qualitative at most. In zeolites, molecules are of almost thdh€ truly diffusive behavior, but the name has stuck, espe-
same size as the pores they are diffusing through, so th&t@lly as a way to interpret transport data from a membrane,
diffusion typically consists of activated hops between ad-Cr @ & proportionality factor in Fick's law. .
sorption sites. The diffusion of a single adsorbed species in LS interesting to consider how the ideas emerging from
zeolites can again be characterized by either the self- or thig€ discussion above may apply to several aspects of molecu-
transport diffusivity?>3 The self-diffusivity at a given con- lar transport in nanoporous mate_:rlals. For the diffusion of
centration,D(C), measures the displacement of a tagged™0lecules in mesoporous materials such as MCM-41, we
molecule as it diffuses at equilibrium inside a crystal of a®XPect that the open nature of the pores in these materials
zeolite where the total adsorbate concentratiod f&q.(1)].  Will offer a favorable environment for g}‘e transfer of mo-
Macroscopic diffusion of a single adsorbed species in zeoMentum between ads_or-baf"ésaeyese.t al”" provided a phe-
lites can be characterized by using the transport diffusivity?0menological description of diffusion in porous solids. In

[Eq. (4)]. Recognizing that the chemical potential is a moretheir dpscription, molecules within a zeolite 'crys.tal pnly
appropriate driving force for diffusion than concentration, MOVe in an adsorbed state so that surface diffusion is the

the transport diffusivity is rewritten as only mode of transporfEq. (11)], unlike the case of meso-
porous materials in which the possibility of a dual transport
mechanism involving gas and surface diffusions is well
documented. The steric effects that cause a rapid decrease in
self-diffusivities as a function of loading in micropor&<?

also exist in rough amorphous mesoporous materials, as we
have just demonstrated. It is suggested that whenever trap-
ping occurs in microporous or mesoporous materials, self-
diffusivities will rapidly decrease with pore loading, but
transport (collective diffusivities will be a much weaker

dinf
Dt(c):DO(C)<m)- (12)
Here,f is the fugacity of the bulk phase that is in equilibrium
with the adsorbed phase when the latter has concentr@tion
and Dy(C) is called the corrected diffusivity, which is re-
lated to the self-diffusivity but is not necessarily identical to
it, especially for multicomponent mixtures. The term involv-
ing the logarithmic derivative of the fugacity is referred to as ! )
the thermodynamic correction factor. Note again that each Of'unctlon of pore loading.
the three diffusivities defined above, self-, transport and cor-
rected diffusivity, may have other commonly used namesy' CONCLUSION
The self-diffusivity is also known as the tracer diffusivity. In summary, both our simulations and analytical calcu-
The transport diffusivity is also referred to as the Fickianlations show that surface roughness can affect self-diffusivity
diffusivity,>® the chemical diffusivity or the collective of gas molecules in the Knudsen regime. This is particularly
diffusivity.>® Finally, the corrected diffusivity is also known so when the pores aféractally) rough and perturbed on the
as the jump diffusivity® Tracer and collective diffusion are same scale as the local pore diameter. The latter is the case
essentially different, and this difference only disappeardor many sol—gel based catalysts and supports. On the other
when there are no correlations present in the system. This isand, our simulations as well as our mathematical analysis of
well known for zeolites, where it is a result of correlations the molecular trajectories in smooth and rough pores showed
induced by intermolecular interactions. All diffusivities coin- the independence of transport diffusivity on surface rough-
cide in the limit of very low concentrations, where different ness. This results from the fact that the projection of the
molecules do not hinder one another. molecular trajectory pathway in a pore with a rough surface
Although the actual dependence on molecular loading ois equivalent to that in a pore with a smooth surface when the
concentration depends on the chemical details of thenolecule performs surface jumps around regions on the or-
molecule—zeolite system, simple lattice models predict thatler of the diameter of the fjord inlet size. These jumps
transport diffusion in a pure Si zeolite (Al/SD) is indepen-  quickly decorrelate, hence the transmission probability is
dent of molecular loading, while self-diffusivity decreasesroughness independent. Calculations were performed for
with loading®’®® For a better understanding of the similari- pore structures with different cross sections, fractal dimen-
ties between what happens in a rough mesoporous materigions and lacunarity. All simulation results are in good agree-
and in a zeolite, consider a one-dimensional line withment with analytical calculations. The self-diffusivity is the
equivalent sites on which molecules are hopping. Assume more fundamental diffusivity, expressing how the position of
single molecule hopping along this line. If the adsorption isa molecule changes with time as a result of its random mo-
strong, the self-diffusivity decreases, as the motion is slowetions, influenced by its environment. The total trajectory
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length is influenced by this environment; a rougher surfacék. Malek and M.-O. Coppens, Colloids Surf.,206, 335(2002.
corresponds to more molecular traps along the surface arf&'\/' -O. Coppens and K. Malek, Chem. Eng. S@n press.

leads to a decrease in self-diffusivity, whereas transport di
fusion or transmission probability are unaffected by the preSsz 3 Kar

ence of these traps.
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