<]
TUDelft

Delft University of Technology

Weighted non-autonomous L9(LP) maximal regularity for complex systems under mixed
regularity in space and time

Bechtel, Sebastian

DOI
10.1016/j.jde.2024.07.002

Publication date
2024

Document Version
Final published version

Published in
Journal of Differential Equations

Citation (APA)

Bechtel, S. (2024). Weighted non-autonomous Lq(Lp) maximal regularity for complex systems under mixed
regularity in space and time. Journal of Differential Equations, 409, 49-82.
https://doi.org/10.1016/j.jde.2024.07.002

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1016/j.jde.2024.07.002
https://doi.org/10.1016/j.jde.2024.07.002

T Available online at www.sciencedirect.com _—
‘ Journal of

et ScienceDirect Differential
: 4 Equations
ELSEVIER Journal of Differential Equations 409 (2024) 49-82 _—

www.elsevier.com/locate/jde

Weighted non-autonomous L7 (L?) maximal regularity
for complex systems under mixed regularity in space
and time

Sebastian Bechtel

Delft Institute of Applied Mathematics, Delft University of Technology, P.O. Box 5031, 2600 GA Delft, the Netherlands
Received 19 September 2023; revised 15 May 2024; accepted 1 July 2024

Abstract

We show weighted non-autonomous L9 (LP) maximal regularity for families of complex second-order
systems in divergence form under a mixed regularity condition in space and time. To be more precise, we let

P, q € (1,00) and we consider coefficient functions in Cf} *€ with values in C§+8

relation 28 + o = 1. If p < d/a, we can likewise deal with spatial Hf;"'s’d/ “ regularity. The starting point for

this result is a weak (p, ¢)-solution theory with uniform constants. Further key ingredients are a commutator
argument that allows us to establish higher a priori spatial regularity, operator-valued pseudo differential
operators in weighted spaces, and a representation formula due to Acquistapace and Terreni. Furthermore,
we show p-bounds for semigroups and square roots generated by complex elliptic systems under a minimal
regularity assumption for the coefficients.

© 2024 The Author. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Fix a finite time 7 > 0 and a dimension d > 1. Dong and Kim studied in a series of arti-
cles [14—17] solvability of the parabolic system in divergence form

oru —divy A(t, x)Viu+ku= f+divy F in (—o00,T) X RY,

Here, « > 0 is sufficiently large and A: (—o0, T) x R? — C9m*4m gatisfies ||Alloo < A and is
elliptic in the following sense: there exists A > 0 such that

> Re(A@.x0)MER g = ag? g eC™).

k=1

The number m is the size of the system. It turns out that a VMO condition for A (made precise
in Lemma 4.2) is sufficient to guarantee unique solvability in the class L/ (W)]C’p ) for right-hand
sides f, F e LI (L?) with p, g € (1, o). Given a parabolic Muckenhoupt weight, they also treat
weighted estimates. We restrict our attention to temporal Muckenhoupt weights w € A, in the
sequel.

On the finite time interval (0, T') their result implies well-posedness of the problem

du —divy A(t, x)Viu = f +divy F in  (0,T) x RY,
u(0) = 0.

ey

Observe that the right-hand side is in the class L] (w; W;l’p ). It follows from the equation that
diu € L? (w; W;l’p ) likewise. In other words, (1) has maximal regularity over L,q (w; W;l’p ).
If f =0, then the right-hand side is from the class L;’(w; W;l’p ) and it follows again from
the equation that d,u € L? (w; W;l’p ). However, if F = 0, then the right-hand side belongs to
L7 (w; LY), but the higher regularity d,u € L] (w; L?) of the time derivative is not known. It is
the purpose of this article to investigate under which additional conditions one can show the
improved regularity u € L] (w; LY) for the problem

du —divy A(t, x)Veu = f, in (0,7) xR,
u(0) =0.

(P)

To make the notation more precise, we define for each fixed * € (0, T') an elliptic operator in
divergence form in the following way: consider the bounded sesquilinear form'

ap: W)lc’2 X Wl’z — C, ap (1, v) = /A(t*,x)qu(x) - Vyev(x)dx.
Rd

! Here, V, denotes the gradient in the variable x. For the sake of readability, let us agree to omit the underlying sets
(0, T) and R¥ in the notation of function space; instead, we will indicate the underlying set by the indices ¢ and x. For

instance, we will simply write W]]C’2 instead of W}C’Z(Rd) and so on.
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Using the form a,+, we define the operator

L W}C’z — W;l’z via  (Lpu,v) 12 =dp (1, v) (u,ve Wl’z).
X

w2 w

Here, W;l’z is the space of conjugate-linear functionals on W}C’z. Eventually, the operators
—divy, A(t, x)Vy in (P) are defined by L;.

In the case p = g =2 and with w = 1 this question is known as Lions’ maximal regularity
problem and was investigated by many authors [1,6,13,19,25,33], see also the survey article [4].
For counterexamples that highlight the need of a certain regularity we refer to [10,20]. Our main
result reads as follows.

Theorem 1.1. Let p,g € (1,00), w € Ay, a, B, & > 0 such that 2 + o = 1. For the coefficient
function A, assume that

C?+8(Hi+e’d/u), ifp<d/oz,

A€
cPreete),  else.

Then, given f € L (w;LY), the unique weak (p, q)-solution u of (P) satisfies d,u € LI (w;LY)
in conjunction with the estimate

||3t”||L;1(w;Lf:) S, ”f”L?(w;Lf:)’

that is to say, problem (P) admits weighted maximal regularity. Implicit constants only depend
on the parameters fixed in Agreement I below.

Agreement 1. Throughout this article, we consider the numbers A and A, as well as the num-
bers «, B, and ¢ from Theorem 1.1, as fixed. Moreover, we reserve the symbol M for the

Cf te (H§+£’d/ “) respectively Cf te (Cg“)-norm of A. We refer to the numbers d and m as di-
mensions, and they are also considered fixed, likewise the integrability parameters p, g, and the
A,-weight w. Estimates do not depend on w itself but only on an upper bound of its A, charac-
teristic [w]a, , see Definition 2.3.

Before we come to a comparison of our main result with the literature, we would like to
comment on non-trivial initial values in the following remark first.

Remark 1.2. By linearity, a non-trivial initial value u#( can be included if we solve the initial
value problem
du —divy A(t,x)Voiu=0, in (0,T)x R?,
u(0) = ugp.
When w = 1, then by the perturbation argument presented in [1], which is applicable only

using the regularity condition A € C7(LS°), the above initial value problem is solvable pro-
vided ug € (Lf, D(Lo)),_1 e where (-, -)g,, denotes the (6, r)-real interpolation space and
e

Lo := —divy A0, -)V,. If w is a power weight, see Example 2.4, a similar statement can be
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formulated. We refrain from giving more details on this matter since it is not related to our mixed
regularity condition in space and time.

In the unweighted case, Fackler [21] has shown maximal regularity if A is uniformly in VMO,
and satisfies in addition the regularity condition

W,/ ALy, if p <2,

Ae
W;/He’p(Lio), else.

His condition is essentially the borderline case ¢ = 0 and § = 1/2 of the parabolic relation in
Theorem 1.1 when p < 2. The reason why — in contrast to Fackler — we have to work with a
Holder condition in time will be the presence of the weight (see for instance Lemma 2.5). In
the other borderline case « = 1 and 8 = 0 the domains of the elliptic operators are independent
of time. Consequently, maximal regularity follows from perturbation techniques [35]. In this
sense, our regularity condition interpolates between previously known sufficient conditions, and
extends these results to the time-weighted setting. Weights in time are interesting for non-linear
equations with rough initial values [36].

With the same parabolic relation, the unweighted and Hilbertian case on R? was treated by
Dier and Zacher [13]. Our spatial regularity condition always coincides with their hypothesis.
Using Fackler’s bootstrapping argument from [21, Thm. 6.4 & Prop. 5.1] we should be able
to match their temporal regularity hypothesis. Consequently, our approach would recover their
unweighted result and extend it to the non-Hilbertian setting.

1.1. Roadmap

In this roadmap, we intend to give the reader an extensive overview of our strategy. Our
proof follows a classical approach due to Acquistapace and Terreni, but incorporates an a priori
improvement of weak solutions in the spatial variable using a commutator argument.

The starting point is a weak solution theory for the generalized problem (P’). This generaliza-
tion permits us to use an approximation argument later on. Classically, this is due to Lions in the
Hilbertian situation. Fackler used the result of Priiss and Schnaubelt [35] to have a (p, g)-version
of Lions’ result at hand. We cannot do this, as [35] does not yield implied constants that are uni-
form in the coefficients. However, we will need such a control for the a priori improvement of
weak solutions in the spatial variable. We will come back to this at the very end of this roadmap.
Hence, instead, we employ a framework of Dong and Kim [17] to treat complex systems in di-
vergence form over spaces of the type L! (w; W;l’p ). Another advantage of the result of Dong
and Kim are weighted estimates in time for weak solutions. This will be done in Section 4, and
consists of relating their notions with ours, as well as verifying an oscillation condition.

As is classical in the Acquistapace—Terreni approach, we derive a representation formula for
weak (p, ¢)-solution in Section 5.1. Fix t* € (0, T'). The formula reads

t* t*
u(t*) = / e "B (B — B )u(s)ds + / e~ ("Bt £(5) ds,
0 0
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where the operator B;+ 4 «k replaces the operator £+ when passing from (P) to (P*) with regular-
ized coefficients. For maximal regularity, we have to estimate the term (5« 4 «)u(¢t*). Formally,
this leads to the operators

t*

S1(u)(t%) > /(B[* + K)ef(t*,s)(Bf*Jrlc)(Bt* — By)u(s)ds,
0

t*
Sz(f)(l*) > (B _}_K)/e*(t*,s)([j’t*ﬂ()f(s) ds.
0

The commutation between (B;+ + k) and the integral in S; will be justified during the proof of our
main result. Consequently, to establish maximal regularity, we have to bound the operators S; and
S>. This is the topic of Section 5. Observe, however, that the operator S, acts on the data f, but Sy
acts on the weak (p, g)-solution u. This has the following effect: for S», we plainly desire to show
LY (w; L?)-bounds. These will follow from a weighted and operator-valued pseudo-differential
operator result. For Sy, however, the target space is still LY (w; L?), but higher regularity of weak
solutions lets us vary the norm of the data space. To be more precise, in the classical approach as
employed by Fackler [21], the data space is L{ (w; W,lc’p ). The fundamental gain in our approach
is that we will replace that data space by the space LY (w; W.T®?). This has the effect that
less restrictive kernel bounds for S| compared to [21] suffice. We give more details on this in a
moment.

Let us come back to the operator S;. The classical approach is to rewrite this operator as a
pseudo-differential operator. This will be presented in Section 5.3. To do so, we have to restrict
to a class of more regular right-hand sides f. This is, however, not a restriction, since we can
use a standard approximation argument for the equation. This will be explained in Step 1 in the
proof of Theorem 1.1 in Section 7. We emphasize that this approximation argument does not
rely, yet, on the explicit control of implicit constants for weak (p, g)-solutions. Eventually, [34]
leads to boundedness of S, provided we can verify that (z,s) > 27it2uit + (B + ©))~! sat-
isfies some R-boundedness and regularity conditions. The precise assumption and its verification
are presented in Lemma 5.5. This uses two ingredients. First, that the coefficients are C7(LS°).
Second, that the operators (53« + k) are jointly R-sectorial. Let us remark that the results in [34]
are not weighted, but we will explain the necessary changes.

Uniform R-sectoriality is treated in Section 3.5. On the one hand, we have to carefully trace
the constants in well-known results on R-boundedness (more precisely, the approach based on
off-diagonal bounds from [31]). On the other hand, we combine the elliptic solvability theory
of Dong and Kim (see Proposition 3.6) with recent advances around the Kato square root prop-
erty [9] to eventually prove L”-boundedness for the semigroup generated by — (B« + «) with
uniform constants in Theorem 3.9. This result is complemented by further insights on elliptic
operators with minimal spatial regularity in Section 3. In contrast to [21], we are able to also
treat complex systems. This is because we do not rely on the Gaussian bounds from [8] anymore.

We come back to the operator S;. As already mentioned, the plan is to show the boundedness

Sp: LY (w; WPy o LY (w; LD).
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This will turn out to be sufficient owing to the a priori estimate ||u||L;1 (ws WP SIS ILs (i)
for weak solutions — this is the higher spatial regularity that was already alluded before. The
(weighted) boundedness for S; follows from a good bound of convolution type for its integral
kernel (this is the reason for the Holder condition in time), and Lemma 2.5. The kernel bound is
established in Lemmas 5.2 and 5.3. Lemma 5.2 is in some sense the central ingredient of this pa-
per, as it is the only result that uses the full mixed regularity in time and space. There, we use the
spatial regularity of our coefficients to have W'’ -multipliers at our disposal (Lemma 2.1), which
eventually leads to estimates against Wl—m’p . The spatial Sobolev condition for the coefficients
is optimal (up to an ¢) for this multiplier result.

The missing piece is the higher spatial regularity of weak solutions, the subject of Section 6.
Recall for this that the W. ™" -norm can be given by || - e + 18 - lly,

fractional derivative of order . Our plan is to control the latter term by showing that 07 u(t, x)
is a weak (p, g)-solution for some admissible right-hand side. Formally, one has

1.p, where 0¥ is the
X

3,(3%u) — divy B(t, x)V (9%u) + k(9%u) = 3% f — div,[B(t, ), 0]V, u. )
Then, the right-hand side is in LY (w; W} "*7) if the commutator

[B(t,-),07]:= B(t,-)dy — oy B(t,-)
is L;’ (w; Lf )-bounded (up to some absorption term in the case of Hi“’d/ * coefficients). Owing

to the spatial regularity of the coefficients, the latter fact is true according to Lemma 6.1. Nev-

ertheless, there remain some technical difficulties. In the first place, u is only in L? (w; Wl’p ),

so neither can we plug d%u into the equation, nor can we justify the necessary calculations to
show (2). The way out are an approximation argument in which we use regularized coefficients
in conjunction with the difference quotient method (see Steps 1 and 2 in the proof of Propo-
sition 6.2), and the fact that on the whole space 9 and V commute. Note that this step also
excludes spatial weights, since then the norm would not be translation invariant anymore. After-
wards, when we want to take the limit in order to get back to our original equation, it is crucial
to have control over the implied constants in the weak (p, g)-solution theory from Theorem 4.1
in terms of the coefficients.

Notation. The finite time 7 > 0 and dimension d > 1 as well as system size m were already
fixed in the introduction. The variables x and ¢ are supposed to be quantified over R¢ and (0, T),
respectively. By t* we indicate a fixed (but arbitrary) number in (0, 7). For ¢ € (0, ) write
Sy :={z € C\ {0}: |arg(z)| < ¢} for the open sector of opening angle ¢ around the positive
real axis; also put Sg := (0, c0). Write z: z > z for the identity map. It will be clear from the
context on which set z is defined, usually on an open sector. If T is an operator admitting a
functional calculus, we write f(7T) or [ f](T) for the operator T plugged into the function f
via its functional calculus. Often, f is defined by an expression that involves the function z, for
instance f =z(1+z)" L.

Acknowledgments

The author was partially supported by the Studienstiftung des Deutschen Volkes, the ANR
project RAGE: ANR-18-CE-0012-01, and the Humboldt Foundation. The author thanks Moritz

54



S. Bechtel Journal of Differential Equations 409 (2024) 49-82

Egert for hospitality and valuable discussions on the topic during a stay in Orsay in 2019. The
author thanks Fabian Gabel and Hannes Meinlschmidt for discussions on the topic. Finally, the
author thanks the anonymous referee for their remarks.

2. Function spaces and weights

In this section, we review some facts from function space theory and Muckenhoupt weights,
thereby introducing also our notation and some further conventions. However, we assume that
the reader is familiar with standard function space and weighted theory. For further background,
the reader can, for instance, consult the monographs [40] for function spaces and [24] for Muck-
enhoupt weights.

2.1. Spatial smoothness spaces

Fors € R and p € (1, 00), write H;'? for the Bessel potential space of order s and integrability

p. For a positive integer k one has H-” = W*”. We also put WS'¥ := H'"”. Our convention is
that we use the Wy -scale to denote regularity of solutions, and the H, -scale to measure regularity
of coefficients. The fractional Sobolev spaces respect the usual lifting property [40, Sec. 2.3.4].

Also, the L)% inner product extends to a duality pairing between the spaces H;'” and H, ™’ |
Moreover, the Hy'” spaces interpolate naturally by means of the complex interpolation method
due to Calderén—Lions.

Introduce the functional

sir=([( [ 1raem —f<x>|dy)2rl%)%.
0

[yI=1

If 0 < & < 1, then the space H}'? consists of all f € L? such that §* f e LY, and f I fllr +

IS* fll.» defines an equivalent norm on Hﬁ”’, see [39, Thm. 2.3]. This leads to the following
multiplier result.

Lemma 2.1 (Multiplier on fractional Sobolev spaces). Let p € (1,00), 0 <« < 1, and ¢ > 0. Let

o . . S -
X= Hf“”/” if p <dja and X = C%° otherwise. Then functions in X are multipliers on Wy'?
and one has the estimate

lmfllyer S lmllx ILf llwer
where the implicit constant depends on «, p, €, and dimension.
Proof. We appeal to the aforementioned characterization. First, [|mf |l » < |lm|l |l fll », and
llmlpoe < |lm| x is clear when X is a Holder space, and follows from the (fractional) Sobolev

embedding theorem when X is a Sobolev space.
Next, an expansion of S*(mf)(x) and the triangle inequality show

S¥(mf)(x) < llmllpee S f(x) + 1f (0)18“m(x),
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compare with [39, Thm. 2.1]. The first term can be estimated with the arguments from the be-
ginning of the proof, this time using S% f € L. For the second term, we distinguish cases for
X.

Case 1: X = C%*¢_ In the definition of S*m(x), we split the integral in r at height 1. If » < 1, we
use the Holder regularity of m, to estimate this part by a constant (independent of x). Similarly,
when r > 1, we use boundedness of m. In summary, S*m (x) is bounded by a constant depending
linearly on ||m ||C¢:+s, which concludes this case.

Case 2: X = Hgﬂﬁ/ *. With the relation 1/p — @/a =: 1/ (observe that g is finite by hypothesis
on p), we use Holder’s inequality to give || fS%mll;r < || fll 4 ||S“m||Ld/u. By choice of ¢, one

has the Sobolev embedding || f ||L§ <If ||H:,p, which concludes the proSf. O

Definition 2.2. The operator 97 is defined as the (unbounded) Fourier multiplication operator on
L)ZC with symbol |&|%. It extrapolates” to a bounded operator W5'? — L and we keep writing

7.
The mapping f + | fll.» + 110l » yields another equivalent norm on WP, see [38, p. 133].

Sometimes, we also use the Besov spaces B), , with s > 0. They consist of all functions f in
L? such that the norm

171y, =1 F e + ( / / ! (|y )__XJL(X)
R4 R4 Y

is finite. By real interpolation, one has for ¢ > s > 0 the continuous inclusion H;’p - B‘; '

P dydx )%
ly —x|4

2.2. Muckenhoupt weights and parabolic spaces

Definition 2.3 (Muckenhoupt weights). Let g € (1, 00). A locally integrable function w: R —
[0, 00) is a Muckenhoupt weight for g, write w € Ay, if the quantity

qg—1

1 1 _
[w]a, == sup —/wdx —/w a=T dx
! r\ Il 1]

I I

is finite, where the supremum is taken over all intervals I C R. If ¢ is clear from the context,
_ 1
define the dual weight to w by w' :=w™ 4-T.

Example 2.4 (Power weights). Let g € (1, 00) and —1 < k < g — 1. Consider the weight w(t) =

t“. Then w € A,. Weights of this type are called power weights. Such weights are prototypical
for the application of our theory in non-linear problems.

2 Here, this means that 0¥ extends from Wi’p N Wz'z to a bounded operator Wz’p — Lf by continuity.
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Let X be a spatial smoothness space, g € (1,00) and w € A;. We consider the weighted

parabolic spaces L? (w; X) =L90, T, w; X) and W,l 4 (w; X), where the latter space consists
of all u € L? (w; X) with d;u again in L? (w; X). Note that functions in L;](w; X) are locally
integrable by the A,-condition, hence the distributional derivative is well-defined.

If Y C X is dense, then C(O)O (R; Y) isdense in LY(R, w; X). One has the usual duality relation

(Ltq, (w'; X*)* = L? (w; X), which extends the pairing between unweighted spaces. The follow-
ing well-known lemma is a handy substitute for Young’s convolution inequality in the context of
weighted spaces (here, X = C).

Lemma 2.5. Let k: R — [0, 00) be measurable, radial, decreasing and integrable. Then

| Y S MM F)  (f €Ly,

where M is the maximal operator. In particular, if q € (1, 00) and w € Ay, one has the weighted
estimate

Ik f s gy S Kl @y (f €LY (R, w)),
3. Uniform estimates for elliptic operators

In Section 1 we have introduced the elliptic operators {£;}o<;<7. We will associate parts in
L)ZC with these operators, and show uniform bounds for their associated semigroups and square
roots. We will also transfer semigroup bounds to the space W;l’p . The cornerstone for the results

in this section is the well-posedness result for parabolic systems in divergence form due to Dong
and Kim [17].

3.1. Elliptic coefficients

We stay slightly more general here, which will become handy for technical reasons later on,
for instance in Section 6. That being said, we introduce the following class of regular elliptic
coefficients, which includes the coefficients of the non-autonomous problems studied in this
article.

Definition 3.1. Let y > 0 and N > 0. Denote by £(A, A, y, N) the class of elliptic coefficients
with coefficient bounds A and A that are C¥ with norm at most N. More precisely, this class
consists of all functions B: RY — C@mxdm which satisfy

IBx)| <A & Y Re(BWYeF|eH =g Eec®™),
k,0=1

and the regularity condition

|BG+h) — Bl _

d
e <N  (heR9\{O).

Remark 3.2. Note that A(t*,-) € E(A, A, &, M). In the case p < d/a, this follows from embed-
ding results for smoothness spaces, see [40, Thm. 2.8.1. (e)].
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3.2. Elliptic systems and weak (p, q)-solutions
We associate with a coefficient function B a form and an operator W)lc’2 — W;l’z.

Definition 3.3. Let B € £(A, A, ¥, N). Define the form

b: W2 x w2 ¢, b(u,v):/B(x)qu(x)-va(x)dx,
]Rd

and associate with it the operator

B: W}C’z — W;l’z via  (Bu, v)y-12 1.2 = b(u, v) (u,ve W,lc’z).

w

/
The form b is likewise bounded on W)lc’p X W,lc’p , so that B is also a bounded operator W}C’p —
W;l’p . We do not distinguish these objects notation-wise.

Given a family {B;}o<;<7 induced by coefficients B(t,-) € E(A, A, y, N) and a parameter
k € R, associate with them the non-autonomous evolution problem

ou(t) + Biu(t) +ku() = (1), u(0) =0. P)

The following definition makes precise what we understand under a solution to (P’). With the
choices B; = L; and « = 0, this clarifies in particular the solution concept for the problem (P)
from the introduction.

Definition 3.4. Given f € L?(w;W;l’p), p,q € (1,00), and xk € R, call a function u €
L (w; W}C’p) a weak (p, q)-solution of (P"), if u(0) = 0, and if the integral equation

T
/—90/(5)(14(5) 18) + @($)bs(u(s), &) + ke(s)(u(s)| g)ds
0
, (IE)
= /‘P(S)(f(s)y g>w;]~l7’w)1[-17/ ds
0

holds for all ¢ € C3°(0, T; C) and g € C*(RY; C).
Remark 3.5. We give some more clarifying comments regarding Definition 3.4.

(i) Functions in L] (w) with w € A, are locally integrable, hence the pairings in (IE) are well-
defined.
@ii) It follows from duality that a weak (p, g)-solution u of (P’) has a weak derivative d;u in

L (w; W;l’p) that coincides with f(t) — B(t)u(t) — ku(t) for almost all 7.
(iii)) A weak (p, g)-solution is continuous at O with values in W;l’p , which renders the initial
condition meaningful. For the weighted case, this is presented in [23, Lem. 4.1].
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(iv) Existence and uniqueness of weak (p, g)-solutions are independent of the parameter «.
Indeed, if u is a weak (p, g)-solution to the parameter «, then v(z) = e*"u(r) is a weak
(p, q)-solution to the right-hand side ¢** f with ¥ = 0, and vice versa. Note that this imports
a dependence on T for the implicit constants.

(v) The integral equation (IE) extends to g € W)IC"'7 l by continuity.

The parameter « is supposed to be taken sufficiently large (in particular, we tacitly assume
k > 1). This is quantified by the results in [17]. In particular, we can ensure ellipticity in this
way. We emphasize that the choice of « can be made uniform in the quantities mentioned in
Agreement 1.

Let us agree for the rest of this section that B denotes any fixed coefficient function from the
class E(A, A, e, M). Implicit constants are allowed to depend on p, A, A, &, M, and dimensions.

As a consequence of ellipticity, there is some w € [0, 7/2) depending on A, A, and « such that
the numerical range of b + k(- | -), is contained in the closed sector S,, of opening angle 2w.
Furthermore, using Definition 3.1 and the Lax—Milgram lemma, B + k + p is invertible for all
p > 0. In particular, 5 + « is itself invertible as an operator W}C’z — W;l’z.

As a consequence of the Holder regularity of the coefficients, B + k extrapolates moreover
to an isomorphism W}C’p — W;l’p for all p € (1, 00). The argument divides into two steps.
First, the autonomous problem associated with B + « is well-posed according to [17]. We will
give further information on that result and its applicability in our context in Section 4, see in
particular Lemma 4.2. Second, the well-posedness of the original elliptic problem together with
an estimate for its solutions follow by applying a cutoff argument to a stationary solution [16,
Proof of Thm. 2.2]. The result can then be summarized as follows.

Proposition 3.6. Let p € (1, 00). The operator B + k extrapolates to an invertible operator
W,lc"" — W;l’p. Given f € W;l’p, write u € W)lc"" for the unique solution to the equation
(B + «)u = f. Then, one has the estimate ||u||W1.p < ||f||W71.p.

X X

Remark 3.7. The solutions provided by Proposition 3.6 are compatible to Lax—Milgram solu-
tions in the following sense. Given f € W;l‘p N W;l’z, let u be the solution in W)]C’p provided
by Proposition 3.6, and v be the solution in W}C’Z provided by the Lax—Milgram lemma. Then
u and v coincide. Indeed, this is a consequence of local compatibility in complex interpolation
scales [30, Thm. 8.1] and the fact that Proposition 3.6 provides a solution for all p € (1, 00).

Remark 3.8. The result in [17] only requires that « is larger than a certain threshold quantified
by the parameters fixed in Agreement 1. Hence, to ensure that all results in Section 3 remain
true when « is replaced by «/2, we pick « a bit larger for good measure. We will exploit this
observation in Section 5.

3.3. The elliptic operator on L)% and mapping properties

In virtue of the embedding L2 C W;l’z, define the part of B in L2 and denote it as an abuse of
notation also by the symbol B (it will be clear from the context if B denotes the coefficient func-
tion or the part in L.2). Of course, the part of B+« in L2 coincides with B + k. One has that B+«
is a densely defined, invertible, and m-w-sectorial operator in Lﬁ with domain D(B +«) = D(B).
In particular, —(B + «) generates a holomorphic semigroup of contractions {e <81} __q_ Pw
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on Li. We will tacitly employ some properties of the sectorial functional calculus of B + . The
reader can consult [26, Chap. 7] for further background.

Owing to [9, Lem. 7.3], we deduce L?-bounds for the semigroup generated by —(B +«) as a
consequence of Proposition 3.6 and Remark 3.7.

Theorem 3.9. Let p € (1, 00) and ¢ € [0, 7/2 — w). One has the estimate

I flly SISl €Sy feLENLY).

Remark 3.10. In [9, Lem. 7.3], only the case p > 2 is presented. The case p < 2 either follows
by a duality argument with B* + «, or by repeating the calculation in [9], but changing the order
in which H®-calculus and (B + «)~! are applied.

3.4. Square roots and bounds on W;l’p

1
As an m-w-sectorial operator, B + k possesses a square root (B + k)Z. It acts as an iso-
morphism W}C’z — L)ZC according to the solution of the Kato square root problem [7]. As a

consequence of coefficient regularity, (B + K)% extrapolates to an isomorphism W)lc’p — L? for
all p € (1, 00). Similar ideas were already employed in [21], but relying on the Gaussian prop-
erty, which was only established in the scalar case m = 1 and is notably more technical. Instead,
we use recent results established by the author in [9, Thm. 1.1]. Indeed, in the case p < 2, its
application is justified by Theorem 3.9, whereas in the case p > 2, we appeal to Proposition 3.6
in conjunction with Remark 3.7.

Theorem 3.11. Let p € (1,00). Then (B + K)% extrapolates to a (compatible) isomorphism
wy? > L?
X X

Theorem 3.11 allows us to translate the Lf; -bounds for {e*(B+¥ )}Zesw from Theorem 3.9 to
W "”_bounds.

X
Proposition 3.12. Let p € (1, 00) and ¢ € [0, 7/2 — w). One has the estimate
_ —1,
I ot S ly-1r @E€Sp. feW, P ALY,

In particular, {e’Z(BJFK)}zesw extrapolates to a semigroup on W;l’p with generator —(B + k).

Proof. Letz €Sy and f € W;l’p N Li. As a primer, let us show
_1
I(B+K)"2fllp < IIfIIW;Lp- 3

We employ a duality argument. To this end, let & € LY n L,%. Note that the coefficient class
E(A, A, &, M) is invariant under taking adjoints. Calculate using Kato’s square root property and
Theorem 3.11 (applied with B* and p’ instead of B and p) that
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I(B+K)"2f )| =|(f|(B* + 1) 2h)]
<1y 1B 1) "2l 10

S ly-rp Al

Duality lets us conclude this first claim.
Next, write

e*Z(B‘H()f — e*z(B+K)(B + K)%(B —}-K)*%f = (B _i_K.)%e*Z(B‘HC)(B _i_,()*%f'

Letge W)lc’p N Lﬁ, and calculate similarly as above, but using furthermore Theorem 3.9, that

1 1
(e 2 BT £ e) = (e * BT (B + k) 2 f | (B* +k)2g)|
1 1
< e BTNB + 1) I flHIIB* +K)2 gl

1
SIB+)72 fllpllglyy -

Duality and (3) lead to [le™*B+) £ 1, SI(B + K)_%f”p SIflly-1r. O
3.5. Uniform R-sectoriality

As a preparation for Section 5.3, we show R-sectoriality for the set of operators {B+« ; B €
C}, where C consists of all operators associated with coefficients in £(A, A, &, M), and where the
R-bound only depends on the quantified parameters from Agreement 1. For further background
on R-boundedness and R-sectoriality, the reader can consult [31].

Proposition 3.13 (R-sectoriality of C). Let p € (1,00) and ¢ € [0,7/2 — w). Then, the set
(e72B+) . 7 ¢ Sy, B € C} satisfies the square function estimate

Nl—

(zj €Sy, Bj €C, f; eLYNL2).

k
(S

j=1

<),

In particular, for z € Sy, and B € C fixed, the operator e 2B+ extends from LY N Lﬁ to a
bounded operator Sg(z) on L, {Sp (2)}zes, is a strongly continuous and analytic semigroup
on LY, and the set {Sp(z) ; z € Sy, B € C} is R-bounded with R-bound depending only on the
parameters fixed in Agreement 1.

Remark 3.14. Proposition 3.13 shows in particular that the semigroup in L is R-sectorial of the
same angle as the semigroup on L%. Hence, we keep writing w instead of, say, wg.

Before we come to the justification of Proposition 3.13, let us record an important conse-
quence that we will need later on in Section 5.3.
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Corollary 3.15. Let p € (1, 00) and ¢ € [7/2, 7 — w). Let — By, denote the generator of the semi-
group {Sp(t)}:~0 from Proposition 3.13. Then the set {z(z + B[’;)_l ; 2 €Sy, B € C} of operators
on LY is R-bounded, and the R-bound depends only on the quantities fixed in Agreement I.

Proof. Fix z € Sy, and B € C. Split arg(z) = ¢ + ¢, where |¢| € [0, ¥ — 7/2) and |@] € [0, 7/2).
The operator (z + B;)_1 can be represented using the Laplace transform [26, Prop. 3.4.1 d)] via

o0
+BH = e*iw/eﬂlzle"""s,} (re”'%)ds.
0

Then, the claim follows from [31, Ex. 2.15]. Indeed, they show that z(z + B;)’1 is contained
in the strong closure of the absolute convex hull of the semigroup generated by —B;. Hence,
{z(z + BZ)_l ; 2 €Sy, B €C} is contained in the strong closure of the absolute convex hull of
{SB(2) ; z € Sy_=p, B € C}. But taking the strong closure of the absolute convex hull of a set
of operators preserves R-boundedness with the same R-bound, so we conclude using Proposi-
tion3.13. O

Given 1 <r <2 < s < oo such that p € (r,s), and B € C, Proposition 3.13 is a consequence
of so-called L, — L} off-diagonal estimates for {e_Z(B+K)}zesw. The general approach in the
context of homogeneous spaces was presented in [31], and for dependence of the implied con-
stants see [11, Sec. 5]. To be more precise, we suppose that, for some ¢ > 0 and for all measurable
sets E, FCR? and 7 € Sy, one has the bound

(E

A o dER)?
11pe 2B flls Szl e™ /T |1g fll,  (f eLiNL2). 4)

Inequality (4) for r = s =2 is known under the name Gaffney estimates and is well-known
in the literature. A version of this result that carefully keeps track of the implicit constants can
be found in [9, Prop. 3.2]. Likewise, (4) is known for r =2, s € (2, 00), and with ¢ =0, as a
consequence of the LY -bounds for the semigroup provided by Theorem 3.9 and [5, Prop. 3.2 (1)].
In this case, we speak of hypercontractivity of the semigroup. Finally, (4) is then a consequence
of interpolation of Gaffney estimates with hypercontractivity, taking duality and composition
into account.

4. Existence and uniqueness of weak (p, ¢)-solutions

In this section, we consider a family of operators {5;}o<;<7 associated with coefficients
B(t,-) € E(A, A, e, M) that depend C%, on t.> The prototype for such a family of operators is
the family {L;}o<;<7 from Section 1 (keep Remark 3.2 in mind). We aim to prove the existence
and uniqueness of solutions to the associated problem (P’) in the sense of Definition 3.4. To do
so, we recast our original problem in the framework originating from the works of Dong and Kim
[14—17]. This includes the introduction of a global extension in time of our original problem on

3 Say that a family {B;}g<;<7 S E(A, A, o, M) depends Cf ont if By € E(A, A, a, M) and the mapping ¢ — By is
B-Holder continuous with values in C¥, that is, the scalar-valued function 7 - || B, ”Cg lies in the class Cf.
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R as outlined in [14, Rem. 1]. Implicit constants in this section are allowed to depend on p, ¢,
[w]a " A, X, o, B, Holder regularity, and dimensions.

We begin by extending our coefficient family {B;}o<;<7 to all of R. We extend constantly at
the endpoints, that is, we set B; := By for all + < 0 and B; := Bt for all # > T. For such 7, we
associate of course also a form b; with B;. Note that this extension does not affect the assumed
Holder regularity of the coefficients. Furthermore, we isometrically extend the right-hand side
f eLyw; W, "?) outside of (0, T) by zero to arrive at a function in LY(R, w; W} ¥, which
we denote by F. Also in the sequel, we will systematically denote functions on R by capital
letters to better distinguish them from their local analogs. Given the extensions of { B;}o<;<7 and
S, we look for solutions U € LY (R, w; Wl’p ) fulfilling the extended integral equation

/—CD’(S)(U(S) 18) + @(s)bs(U(s), 8) +kP(s)(U(s)|g)ds

R (EIE)
:/dJ(s)(F(s),g)W rds,

R

—1,p Lp
x Wy

where we use test functions @ € C8° (R) and g € Cgo (Rd). Dong and Kim solved a similar

problem in [17]. They show that, for a given F € H;’Iq,w(R x RY) with F = Fo + Y4 8, F;,

F; € LY(R, w; LY), there exists a solution U € 7—[}) 4.0 (R x R?) satisfying the integral equation

/—(U(S)I‘l‘/(S))+bs(U(S),‘lf(S))+K(U(S)I‘P(S))dS=/(F(S),\I‘(S))dS (DKIE)
R R

for all test functions ¥ € C3°(R x R?). We explain and compare the used function spaces in the
sequel of this section. For the notion of weak solutions employed by Dong and Kim, see also [14,
p. 896] and [15, p. 3286]. Furthermore, solutions to (DKIE) are subject to the a priori estimate

d d
NN w2y + D€ PN U e R wor 2y S WFollo® sy + D6 PIFi o winry 5

i=1 i=1

according to [17, Thm. 7.2], where the implicit constant depends on p, g, [w]a o DA dimen-
sion, and the parameters y and Ry appearing in Lemma 4.2. In particular, choosing F' =0 in (5)
shows the uniqueness of solutions to (DKIE).

The rest of this section is divided into two steps: First, we will relate the solution concepts of
(DKIE) and (EIE) and show that the former implies the latter. Eventually, this leads to a solution
for the original problem (P’). Second, we will check the validity of the regularity assumptions
on {B;} from [17, Thm. 7.2] to harvest the results of the first step. At the end of the day, this will
prove the following theorem.

Theorem 4.1. Given f € L (w; W;l’p), there exists a unique weak (p, q)-solution u to (P’),
and one has the estimate

0ty w2+ IVt ity + N 2y S 1 g o=t
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Step 1: Compatibility with Dong and Kim. In order to solve (DKIE), Dong and Kim consider

right-hand sides F in the spaces H;’Iq’w(R x R¥). These spaces are isomorphic to the spaces

LY(R, w; W;l’p ) as can bee seen from a parabolic variant of [3, Thm. 3.9]. This means that the
admissible right-hand sides for (DKIE) and (EIE) coincide. Now, [17, Sec. 8] gives the existence
of a solution U to (DKIE) in the regularity class # ! (R x R?), which denotes the closure

p.qw
of C3°(R x R?) in the space H}, , ,(R x R?). Since we work spatially in RY, #), (R x
RY) = H},’q,w(R x R?). A function U € H},,q,w(R x R?) is by its very definition an element

of LY(R, w; Wl’p ). Conversely a function in LY (R, w; Wl‘p ) that satisfies (EIE) is a member of
”H,},) aw R x ]Rd). For complete definitions of the above function spaces, the reader can consult
[15, p.3284] and [17, Sec. 4].

Comparing the classes of test functions employed in (EIE) and (DKIE) reveals that Dong and
Kim use a larger class of test functions in their integral formulation. In particular, this shows
that a solution to (DKIE) is also a solution to (EIE). On the other hand, recall that a function
UeliR, w; W,lc’p ) solving (EIE) is also an admissible function for (DKIE). Using the fact that
the tensors ®(¢)g(x) with ® € C3°(R) and g € Cf° (R?) are dense in Lq/(]R, w'; W;l’p/), we
deduce by continuity (compare with Remark 3.5 (v)) that (EIE) in particular remains to hold for
test functions in C3° (R x R9). Hence, we get that U is also a solution for (DKIE), and is as such
again unique.

Next, we focus on the a priori estimate (5) and its relation to the maximal regularity estimate
in Theorem 4.1. Recall ¥ > 1. Then, we have

d
1/2
10l @ owtory S 6NV Mo ey + 26 210U I sty SENFll g -t

i=1

Up to now, we have only worked out the existence and uniqueness of solutions to the extended
integral equation (EIE). Hence, it remains to get back to (P’). Recall that F = 0O outside of the
interval (0, T') by construction. Consequently, U = 0 on (—o0, 0) by uniqueness, hence U (0) =0
by continuity (see Remark 3.5 (iii)). Additionally, the solution U € L?(R, w; W)lc’p ) that has been

constructed via the method above gives rise to a restriction u = U (o, 1) € L (w; W)lc’p ). Then u
satisfies #(0) = U (0) = 0 by continuity and solves (IE). This shows that u is the unique (p, g)-
solution of (P’).

Step 2: Verification of the assumptions of Dong and Kim. The following lemma shows that the
mean oscillation condition in Assumption [17, Asm. 7.1] is fulfilled. Hence, [17, Thm. 7.2 &
Sec. 8] is applicable in our setting.

Lemma 4.2. Let y € (0, 1/4). Then there exists Ry € (0, 1] depending only on y and the Holder
regularity of {B;};cRr such that, for any (¢, x) € R¥! and r € (0, Ro], we have

][ ‘sz(yuﬁ) - ][ B¥(y1,2)dzdr|dyds <y (k,e=1,...,m),
Qr(t,x) Q.(t.%)
where Q, and Q.. denote the parabolic cylinders given by
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Qr(t.x)=(t—r*.1) xB,(x) and Q(t.%):=(t—r’ 1) x B,(&),
respectively, and x = (x1, %) with x; € R and ¥ e R?~1,

Proof. Let r > 0 and (¢, x) € R?*T! Fix (s, y) € R4t We decompose the integrand as

Bonn - f Bondaie]
Q1.5

< ][ |BE ) = BE )| + [ BE (1, 9) = BE (1, 2)] diz .
Q.5

Now, for the first term, we have using regularity of B that
B ) = B G| < 1BY = B oo Sl — 21" Sls — 1 + 1t — 71 S 7 (©)
and, for the second term,
[BE G, 5) = BE G, 2| S15 - 2 1BM s < @ ™

Observe that both estimates are uniform in s and y, to calculate the average over Q, (¢, x) as

flponn - f sonnda]aas s+ e,
Q(1,x) Q.5

where the implicit constant depends on the Holder regularity of B and ¢. Now, given y € (0, 1/4),
choose Ry € (0, 1] small enough (depending on the implicit constant) to conclude. O

Remark 4.3. Note that the proof of Lemma 4.2 did not need the full mixed Holder regularity of
{B:};cr- Indeed, the calculations in the proof show that estimates (6) and (7) both only rely on
Holder regularity in one of the two variables, uniformly with respect to the other variable.

5. Estimates for the solution formula

In this section, we consider a family of operators {5;}o<;<7 associated with coefficients
B(t,)) € E(A, e, M). Moreover, B € CPT*(H**"/*) if p < d/u and B € CP™*(C¥**) oth-
erwise. The prototype for such a family of operators is the family {£;}o<;<7 from Section 1.
First, we derive a solution formula for weak (p, g)-solutions to the associated non-autonomous
problem. Second, we derive suitable estimates for it, which depend heavily on the regularity as-
sumption for the coefficients. Implicit constants are throughout this section allowed to depend on
p.q, [w]Aq, A, A, a, B, e, Holder regularity, and dimensions.
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5.1. Representation formula by Acquistapace and Terreni

For a weak (p, g)-solution u of (P’), we rely on a well-known representation formula due to
. .. -Lp . . .
Acquistapace and Terreni in W, " given pointwise by

t* r*
u(t*) = / e~ "Bt (B — By )u(s)ds + / e ("Bt £(5) ds. ©)
0 0

In the unweighted situation, the proof is well-known in the literature [2,12,21,25], but we give a
streamlined version that directly works with absolute continuity.

Proof of (O). Consider on [0, t*] the function v(s) = e_(’*_s)(Bt*“LK)u(s). Moreover,let0 <t <
t*. We claim the identity

T

v(1) = v(0) + / (Bys + i)~ 9Bty gy 4 o= =B 0)y/ (5 ds. 8)
0

Before we turn to the proof of (8), we show how it implies (©). Note that the function
(B +1)e= =Bty (6) e~ =B+ (5) s in LY (w; W;l’p), since u is a weak (p, ¢)-
solution (keep Remark 3.5 (ii) in mind) and the semigroup is bounded on W;l’p owing to
Proposition 3.12. Hence, by Lebesgue’s theorem, we can take the limit 7 — ¢* on the right-
hand side of (8). Equally, we can take this limit on the left-hand side, owing to the facts that u is
uniformly continuous over [0, r*] with values in W;I’P , and the family {e_(’*_s)(Bt*"”()}OSSS,*
is strongly continuous and bounded as a family of operators on W;l’p . Then, plugging in the
actual definition of v and using Remark 3.5 (ii) yield (©).

Let us come back to the proof of (8). On the interval [0, t], s — e ("B

+6)  considered
as a family of operators on W;l’p , has a bounded derivative due to Proposition 3.12 and an-

alyticity. As u is a weak (p, g)-solution, u: [0, 7] — W;]’P is likewise absolutely continuous
(see [23, Lem. 4.1] for the time-weighted argument). Hence, observing u(0) = 0, deduce (8)
from Lemma 5.1 below. O

Lemma 5.1. Let X, Y be Banach spaces, T > 0, {T (s)}o<s<c be a differentiable family of op-
erators X — Y with bounded derivative, and g: [0, t] — X be absolutely continuous. Then
s> T(s)g(s) € Y is an absolutely continuous function on [0, t] with derivative T'(s)g(s) +
T(s)g'(s).

Proof. The assumption on 7 implies in particular that s — T'(s) is absolutely continuous on
[0, T]. Now, use absolute continuity of both T and g, and the Fubini—Tonelli theorem, to give

T

/T/(S)g(S) +T(s)g'(s)ds

0
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N s

- /T/(s)<g(0)+/g/(u)du) ds+/(T(0)+/T’(u)du)g’(s)ds
0 0

0 0
= /T’(s)dsg(O)+T(O)/g’(s)ds—i—//T’(s)g/(u)duds.
0 0 0 0

All remaining integrals can now be evaluated using absolute continuity, and we only remain with
T (t)g(r) — T(0)g(0) after having canceled all superfluous terms. Rearranging terms gives the
claim. 0O

Motivated by (), we are going to consider the operators

t*
S1(u)(t*) / (Bys + 10)e=CIBet0 (B Boyu(s) ds,
° )

*

t
Sz(f)(t*) > (Bys +K)/e—(t*_s)(8t*+K)f(s) ds.
0

Up to some technicalities, boundedness of S7 and S will lead to the maximal regularity estimate
for u later on in Section 7.

5.2. Estimates for the kernel of S|

The following lemma is simple, but central in our argument, as it is the only result that uses
the full simultaneous regularity in the spatial and temporal variables.

Lemma 5.2. Let s € (0,t*). The operator B+ — Bs acts as a bounded operator Wl—m’p —

W;H_a’p along with the estimate

1Be = Byllytraup_ gyt S 167 = s|7F.

dlo .
Proof. Let s € (0,*) and f € WP n' W2, Put X = H*™ if p < d/u and X = C¥**
otherwise, and recall from Lemma 2.1 that an X-function is a multiplier on the space W3 ", and
that its operator norm can be controlled by its X-norm. Hence, for g € W}f‘x’p N W,lc’2, estimate

(B — By frg)l = | / (B(*,x) — B(s. x)V f(x) - V() d |
Rd

< (B, ) = B(s, DV fllwer Vgl -

SIB@E*, ) = Bs, )x IV fllwerlglly-ap-
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Using the regularity of A and duality, we deduce
1B = Bo) fllyy-toar S 1% = 5PNV Fllyer < 165 = 517N fll v D

Lemma 5.3. Let s € (0, t*). The operator (By+ + K)e_(’*_s)(Bf* <) acts as a bounded operator
W;Ha’p — LY, and satisfies the estimate

—(t*—s)(B, _B—1
IBre +10)e™ I ETD sy S 1% =8P

Proof. By duality, it suffices to show that ((B;)* + k)e~ ¢ =)((Br)"™+) maps L.V — lefa’p
with norm controlled by |r* — s|~#~1. We are going to show that ((B;+)* + ic)e~ (=) (Bpe)"+x)
maps LY — L? with estimate against |t* —s|~' and LY — W}C’p with norm controlled by
|t* — s|~"2. Then the claim is a consequence of complex interpolation, keeping the relation
(@=3)/2=—p — 1 in mind.

Note that as a consequence of Theorem 3.9, the H*-calculus of (B;+)* is bounded on Lf
with control of the implicit constants. Hence, in conjunction with Theorem 3.11, calculate

(R )* 3 ©)F
1By ie)e™ IO f Ly S I(Br)* 410y 2e” Bl gy

= (t* =) (2" = (B + ) fIl

-3
SE =9I

The calculation for L? — L”" is similar. This completes the proof. O
5.3. Boundedness of Sa
Recall the operator S from (9). The aim of this subsection is to show the following.

Proposition 5.4. Let p, g € (1,00), w € Ay, then one has the estimate

12 F Ity SUF Mo urry  (F €CFAE ALY,
Implicit constants only depend on the quantities from Agreement 1.

In the unweighted case, it is well-known in the literature [21,27,34] that such bounds for S,
follow from the boundedness of some pseudo-differential operator with operator-valued kernel.
For the reader’s convenience, we include a proof. For further background on such pseudo-
differential operators, the reader may consult [29,34] and the references therein. In Remark 5.6,
we will comment on the extension to the weighted setting.

For technical reasons, we extend f by 0 outside of (0, T'), and we extend the operator fam-
ily {B;}o<r<7 to R constantly at the endpoints (we performed the same extension already in
Section 4). Using the vector-valued Fourier transform F (see [28, Sec. 2.4.c] for further infor-
mation) and the Fubini—Tonelli theorem (its application is justified by integrability of F f and
exponential decay of the semigroup), calculate
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r* ')

/e—(t*—s)(Bt*-H()f(s) dS — / e_(t*_S)(Bt*+K)1[O,oo)(t* _ S)f(s) ds
0 —00
o o0
— / e_(t*_S)(BI*-H{)l[O,OO)(I* _S) / Ff(r)elﬂisf drds
—00 —00 (10)
o o0
— / / e—(l‘*_s‘)(B,*-‘rK)l[o’oo)(t* _ s)eZJTl'S‘[ ds ]:f(f) dr
—00 —00
o
= / I(z,t")F f(r)dt,
—00

where I(z, t*) is implicitly defined by the latest identity. Using the transformation u = t* — s and
the relationship between a semigroup and its generator in virtue of the Laplace transform (apply
for instance [26, Prop. 3.4.1 d)] to By + «/2), deduce

o0
I(z, %) = 27" /e_“(BI*+K)e_2”i“T du = e Qrit 4+ (B + 1)) "L
0
Plug this back into (10) to conclude with the definition of S, that
o0
() = (B + ) / Qmit+ (B + )" F (1) dr. (11)
—0o0

The integral [ [|[(Bys + k) 2mit + (B + )~ F £ (2)e?™ ™" || 2 dt is finite, so we can com-
mute (B + «) with the integral in (11) owing to Hille’s theorem. This means that S>(f) can be
represented as the pseudo-differential operator with symbol

(t,8) > By + 1) 2rit + By +x) 7
Of course, by expansion, we can equally study boundedness of the pseudo-differential operator
associated with the symbol (z,s) — 2wit(2rit + (Bs + ©))~ . In the following lemma, we

study this symbol thoroughly.

Lemma 5.5. For all £ > 0, the symbol a(z,s) =2mwit it + (B +«)) "' isin S?’O(e, £, Lf),
that is to say, there is some constant C > 0 such that, for k =0, ..., £, one has the R-bound

R{(1+ |z dka(r,s); s,t e R} < C,
and for s, h, T € R one has the regularity condition
lof[atz.s) —a(@. s+ W] r_p < CIAFA+2D "
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Proof. For brevity, we rescale 27t to 7 in the definition of the symbol a. Fix ¢ € (w, 7/2)
and ¥ € (7/2, w) such that ¢ + <, and let s, h € R. Define on Sy, U B(0, ¥/2) the function
AW =0 +MD[A+ B+ )=+ Bygn + )7

Step 1: Reduction to the case k = 0. Since the function A is holomorphic in A and defined on a
sector that strictly includes the half-plane as well as a ball around the origin of fixed radius, the
regularity condition reduces, as a consequence of Cauchy’s formula for derivatives, to bounded-
ness of A, which is the case k =0 (but in a larger region). With a similar auxiliary function, the
same is true for the R-boundedness condition, see [31, Ex. 2.16].

Step 2: Verification of the case k = 0. The R-boundedness condition follows directly from Corol-
lary 3.15. Hence, it only remains to show that the function A is bounded in operator norm with
control against |h|®. For A € Sy, UB(0, #/2), expand A(A) using the functional calculus as

1
1 72
(1+2)2 [m} (Bs +«/2) (F1)
(B +%/2)" 2 [Bosn — By Byyn +4/2)72 (F2)
1
1403 | — 2 | Byyn +4/2) (F3)
x( Nzt s+h .

Using composition, we can treat all three factors separately. The decay in |2| comes from (F2),
whereas the other two are merely bounded. Moreover, (F1) and (F3) have the same structure,
so we only present the estimate for (F1). Recall that, according to Remark 3.8, all results from
Section 3 can be applied to By + «/2.

Define on S, the function g5 = 2 (A +z+«/2)~. As a consequence of Theorem 3.9, the H>-
calculus of By + «/2 is bounded on L!, compare with the proof of Lemma 5.3. This means that
we have to bound || g, ||« in an appropriate way. Using the reverse triangle inequality on sectors
and the case distinction |z| > |A| 4+ «/2 and |z| < |A| + «/2, we indeed find readily | gx|lco <
(/24 |A])~"2. Using (/2 4+ |A])~"2 & (1 + |A])~"/2, the factor in front of g; (B + «/2) cancels
out, which completes the treatment of (F1).

It remains to treat (F2). The crucial ingredient is the estimate

1Bs — Basnllgglo_yg-10 S A1, (12)

whose proof follows the lines of Lemma 5.2, but it suffices to have coefficients in C*(R; L°).
Recall from Theorem 3.11 the estimate ||(Bs + K/z)i%f”er_p < ||f||L§.’ for f € Lf N L)zc. The
same estimate holds of course if 35 and p are replaced by (és)* and p’. Hence, we can estimate
by duality and using (12) that, for g € LY /,

By +/2) 72 Byn — B Byn +4/27 1 f19)]
— |(Bysh — By) Byt + /272 £ 1 (By)* +5/2)" 2 )]

< 1Bsan = BB +5/2 flly 1o 1B 45722 gll g1
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1
SN Bsn +4/272 fllyrrollgll

SIRENS N lgll -
Consequently,

1 1
By +%/2)72 By — Bs) Bsyn ++/2) 2lprp S1HI°. O

Proof of Proposition 5.4. We have already seen that the bound for S follows from the bound
for the pseudo-differential operator associated with the symbol a(t,t) = 2xitQrit + (B; +
lc))’l. It was shown in [34, Thm. 5] that boundedness for such a pseudo-differential operator
follows if the symbol a is in S?,O(e, 6, sz ) and w = 1. The condition on a was just verified in
Lemma 5.5. Dependence of implicit constants becomes apparent from an inspection of the proof.
Moreover, the result in [34] extends to w € Ay, see Remark 5.6. O

Remark 5.6 (Weighted operator-valued pseudo-differential operators). The proof of [34,
Thm. 5] consists of 4 steps: 1) Decomposition of a general symbol into an “error symbol”
and a symbol that is smooth in s. 2) Representation of smooth symbols by elementary sym-
bols. 3) Estimate for pseudo-differential operators associated with an error symbol. 4) Estimate
for pseudo-differential operators associated with an elementary symbol. Steps 1) and 2) stay,
of course, valid. In Step 3), Schur’s test is used, but the kernel estimate directly falls under
the scope of Lemma 2.5. Finally, in Step 4), a vector-valued Littlewood—Paley decomposition,
a vector-valued Mikhlin theorem and R-boundedness of Littlewood—Paley operators are used.
These ingredients remain true in the weighted setting, see [32] or [22]. Finally, Schur’s test is
used once again, this time with a more complicated kernel bound, which nevertheless can be
captured by Lemma 2.5.

6. Higher regularity of weak solutions

In this section, we consider a family of operators {5;}o<;<7 associated with coefficients
B(t,) € E(A, A, e, M). If p <d/a, we assume in addition that B € L;’O(H§+€’d/a), otherwise
we require B € L®(CY*¢). Note that we do not require any regularity in time in this section.
Provided that the associated problem (P’) admits a solution, we show higher spatial regularity
for this solution in Proposition 6.2. This is based on a commutator argument that already ap-
peared in [6]. Implicit constants are allowed to depend on p, ¢, [w]Aq, A, A, «, &, k, Holder
constants, and dimensions.

Recall the fractional derivative 9¥ from Section 2. We use the representation of 92 as a hy-
persingular integral to show the following commutator estimates.

Lemma 6.1 (Commutator estimates). Let p € (1,00). Assume that b is a smooth and bounded

scalar function on R4, Then the commutator [0, b] .= 0%b — baY, initially defined on W‘;*”,
extends to a bounded operator on LY, and satisfies the estimate

102, 61 e < Wblloss I flle — (f € WEP). (13)
Moreover, if p < d/a, then, for all ¢ > 0, there exists a constant C; > 0 such that
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a,p
195, b1f e < Cellbliie Il fllLy + elbll joreda 197 flly — (f € W),
- X

Proof. Observe that, since [0, b]: Wf;‘p — Lf is bounded, it suffices, in virtue of density and
Fatou’s lemma, to establish (13) for f smooth and bounded.

According to [37, Sec. 25.4], the fractional derivative 9¢ acts on bounded and smooth func-
tions g as the hypersingular integral given for x € R? by

g(y) —gx) d

ayg)=c e

R4

We can apply this identity to f and bf in virtue of the assumption on b and the reduction at the
beginning of this proof. Consequently, the commutator can be written as

a;;‘,b]f(x)zc(/ b(y)f(Y)—b(x)f(x)d Cbix )/Mdy)

|y _x|d+a _x|d+oz
R<
_ (b(y) — b(x))f(y)d
- ly — x|d+e
R<

Let 2 <1 and split the integral into the regions |y — x| < h and |y — x| > h to rewrite the latest
expression as

/ b)) —=b(x) f(y) dy 4 c / b)) —=bx) f(y)
ly — x|+ ly — x|+
ly—x|>h ly—x|<h

dy =T+1IL

Use boundedness of b for term I to estimate |I| < %3 (1‘ |=hl - | 74— % |f|)(x). Note that
I zal - 17970 =A% 1y=1] - 179791 < h~ by scaling.

Part 1: Holder coefficients. We specify & = 1. Use Holder-regularity of b to bound |II| <

[D]ce+e (1‘.‘51| . |_d+8 * |f|)(x). The convolution kernel 1|y‘51|y|_d+8 is likewise integrable.
In summary, Young’s convolution inequality yields the claim.

Part 2: Sobolev coefficients. Write |y —x|* = |y —x|~*|y —x|**%/*, and use Holder’s inequality
to estimate

1
L —d+er'/a i 1b(y) —
T O A S

[y—x|=<1 [y—x|<h

dy )%
ly —x|4

The first factor is bounded by a constant depending on d, p, and €. Using this estimate and the
bound for I in conjunction with Young’s convolution inequality yields

b b
e T R e

R4 [y—x[<h

P dydx
ly — x|

d)%. (14)
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Now use Holder’s inequality with 1/p — «/d =: 1/4 (observe that g is finite by the assumption
P < d/a) to bound the second term in (14) by

b(y) —b(x)|e dydx \§ gos dydx \g
(// ly = x[e T |y—x|d) X</ / Py = |y—x|d>'

R4 [y—x[<h Re |y—x|<h

d
o

The first factor is dominated by the Bj/jz/zd norm of b, which in turn is under control by the

dfg . . . .
Hzﬂ’ /* norm of b. Furthermore, the second factor is controlled by i I\ f [y« in virtue of

Fubini’s theorem. Finally, we bound || fll;« < [|¢ fll,» using boundedness of the fractional
integral, see for instance [37, Thm. 2.5.2], where we use again the restriction on p.
Plugging everything back into (14) gives

0%, b1 f e S A~ Nblliee | fllr + h€/4”b”Hz+s,d/a 105 fllp-
Choosing & sufficiently small gives the claim. O

Proposition 6.2. Given a weak (p, q)-solution u of (P’) for some right-hand side f € L] (w;LY),
one has higher spatial regularity in the sense u € L] (w; W}C—Hx’p ) together with the estimate

”u”L?(w;WiH"") S, ”f”Lf’(w;Lf)'
Proof. The proof divides into four steps.

Step 1: Regularization of the equation. Let p € CSO(Rd ) be positive with integral one and define
the usual mollifier sequence p, (x) = nd p(nx).Put B, := p, *, B, where *, denotes convolution
in the x-variable. One has

Bn(t,x)é-n=/pn(y)B(t,x—y)E'ndy (&,neC™),
Rd

hence B, is elliptic with the same bounds as B. In conjunction with the calculation

| Bn(t, x) — By(t, Y|l < /pn(z)llB(t, x—2)— B, y—2)|dz (15)
Rd
<Mlx —y|°,

this shows that B, is again in the class E(A, A, &, M). If p > d/a, the calculation in (15) moreover
shows B, € L® (Cz+€), where the norm is controlled by M. Otherwise, B, € LY (Hgﬂ’d/ “),
since the Bessel potential commutes with mollification. Similarly to (15), we derive for fixed n
using smoothness of p that B, is Lipschitz in the x variable uniformly in ¢. Now, according to
Theorem 4.1, there exist unique weak (p, g)-solutions u, to equation (P’) with B replaced by
B,, in the definition of B;.
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Step 2: Qualitative higher regularity for solutions of the regularized equations. Using the
method of difference quotients, we show that the solutions u,, from Step 1 belong to the class
L (w; Wi’p ). This is a non-quantitative technical necessity to justify certain calculations in
Step 3. To keep the notation concise, we will omit the subscript n and simply write u instead
of u, for the solution, and B instead of B, for the coefficients. We emphasize that, in this step,
the only quantitative property of the regularized coefficients that we are going to use is the Lips-
chitz property in x uniform in ¢.

For y € R?, define the translation operator Sy in the x-variable by f +— f(-+y). We extend
Sy by pointwise application in ¢ to parabolic spaces like L] (w; LY) (for simplicity, we keep
writing the symbol S, for this extension). Then, set for j =1,...,d and h € R the difference
quotient operator D‘/,u = %(Sheju —u), where e; is the jth unit vector in R?. Observe that the
operator D,Jl leaves the space of test functions invariant.

Using the chain rule and translation in the x-variable, one gets for ¢* fixed, y € R¢, and
g€ W)lc’p ' the identity

by (Syu(t), g)

= /B(t*,x)Vu(t*,x +y)-Vg(x)dx
R4 (16)

= /[B(r*, x) = B, x + )]Vt x +y) - Vg(oydx + b (u(r*)., S_y8).
R4

Note that S_, is the adjoint of Sy, and, consequently, —Di ;, 1s the adjoint of D;’l Hence, if we

plug D,{u in (IE), and use the adjoint of D;{ for the first and third, and (16) for the second term,
we obtain

T
/ —¢/(5)(D]u(s)| &) + ¢(s)bs (Dl u(s), §) + ¢(s)c(Dlu(s) | g) ds
0

T

_ /(p(s)/(B(S’x)_Bh(s’x+hej))Vu(s,x+hej)-—Vg(x)dxds
0 R4

T
- / —¢/()(w(s)| D, 8) + ¢(s)bs (u(s), D, &) + p(s)xc(u(s) | D!, ¢) ds
0
=141

To bound term II, we use first that u is a solution for the right-hand side f, followed by the fact
that we can estimate the difference quotients of g by V g, see for instance [18, Sec. 5.8.2. Thm. 3].
So, write
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T

jf-—qﬂ(s>(u<s>|z)ihg)-+-w(s>bs(u(s>,l>£hg)-+-¢(s>x(u(s)|l)£hg)ds
0
T
=i/¢@Xf6)Hﬂh@d&
0

and for s € (0, T) fixed and all & € R, estimate the pairing in its integrand by

(f()| D! 9)l < IIf(S)IILfllthgIILp/ SOl Vel »

Using Holder’s inequality in the f-variable reveals that term II defines a functional on
L?/(w’ ; W)lc’p /) and is thus induced by a function in L (w; W;l’p ), with bound independent
of h. To treat term I, use that B is Lipschitz in the x-variable uniformly in s € (0, T'), along with
Holder’s inequality and translation invariance of the L?-norm.

Eventually, we see that D}{ u is a weak (p, g)-solution to some right-hand side in L?(w;

W;l’p ), where the norm of the right-hand side can be controlled independently of 4. Conse-
quently, the estimate from Theorem 4.1 gives

||D{lu||L;1(w;W{.’p) Sﬂ’l ”f”L;I(w,Lf;) (h € R’ .] = 15 . 5d) (17)

With the symbol <,, we emphasize that the implicit constant here depends on the regularization

from Step 1. In part1cular we deduce from (17) that there is a sequence (1, ), of positive numbers

such that /,, converges to 0, and such that Dl u converges to a weak limit point v € L (w; W1 .

We claim that, for almost every s € (0, T), the function v(s) is the jth weak derivative in the x-
variable of u(s). Indeed, it follows from the “integration by parts”-identity

/whkM=—/fwg@m,

which is a simple consequence of translation in the integral, that one has, for ¢ € Cg° (R%) and
¥ € C°(0, T), the identity

T T
—//aj(p(x)u(s,x)dx Y(s)ds = —lign//Dihnq)(x)u(s,x) dx ¥r(s)ds

0 R4 0 R4
T
zlim//go(x)D,{nu(s,x)dx ¥ (s)ds.
]

Integration against ¢(x)v (s) gives rise to a functional on L] (w; L?), hence weak convergence
of Dj, u identifies the latest limit with
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T
//@(X)v(s,X)dx ¥(s)ds.

0 R4

Finally, the fundamental lemma of the calculus of variations shows

— / djo()u(s, x)dx = /(p(x)v(s,x) dx for almost every s € (0, T),
R4 R4

which reveals 9;u(s,x) = v(s, x) for almost every s € (0,7) and j =1,...,d. But as v €

LY (w; W}C’p ), the lifting property for Sobolev spaces shows u € L{ (w; Wi’p ).

Step 3: Uniform bounds using a commutator argument. The current step is the essence of this
proof, filling in the details of the heuristic given in the roadmap in Section 1.1. As in Step 2, we
continue to work with the regularized coefficients, but still omit the subscript # in the notation.
However, now we will also rely on the properties established in Step 1 that are uniform in 7.
Note that 0% commutes with V, and 9;, where the former fact is a consequence of its definition
as a Fourier multiplier.
Our goal is to show that d%u is a weak (p, g)-solution to some admissible right-hand side.

Note that 3%u € LY (w; W), owing to the higher spatial regularity of u established in Step 2,
which allows us to plug this term into the equation. That being said, calculate

T
/—w’(S)(a)’é‘u(S) [8) + ()b (87 u(s), &) + ¢(s)k (95 u(s)| g)ds
0
T
= / =@ (5)(u(s)|9¢g) + ()b (u(s), 3 g) + ¢(s)k (u(s) | 9¢ g) ds
0

T
+/<P(S)[bs(3§‘u(5),g) — by (u(s), 87 g)] ds.
0

Note that 9% g € W)lc’p since g is smooth and compactly supported. Hence, in the light of Re-
mark 3.5 (v), use the equation for u#, and expand the definition of by, to rewrite the last expression
as

T T
/(p(s)(f(s) |9Yg)ds + /gﬁ(s) / B(s, x)V%u(s) - Vg — B(s, x)Vu(s) - Vo?g dx ds
0 0 R4

=I1+1I

We have to check that the terms I and II are induced by right-hand sides in L] (w; W;l’p ). For
term I, this is a direct consequence of the mapping properties of 9 described in Definition 2.2,

and the LY (w; W "*”)-norm can be controlled by || FILs sy
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Let us proceed with term II. Keep in mind that B(s, x) is Lipschitz in x, and thus is a multiplier

on W)]C’p . We use this fact and higher regularity of u from Step 2 to commute 9% with V, to
rewrite the integral over R? in II as

/B(s, xX)Va%u(s) - Vg — B(s, x)Vu(s) - Va?g dx = /[B(s, x), ag]vu(s) -Vgdx.

R4 R4
Now, we apply the commutator estimates from Lemma 6.1 for all times s. We only present the
case p < d/a, the other case is even easier. Keep in mind that B(s, -) is smooth and bounded by the
regularization in Step 1. Hence, the latter part of Lemma 6.1 along with Holder’s inequality show

that term II is induced by an L;’ (w; W;l’p ) function as well. This time, the Ltq (w; W;l’p )-norm

. o S
is controlled by CS”M”L?(w;Wi',p) + 8||8xu||L;1(w;wl,,,) for any ¢ > 0, where implicit constants

depend on the Sobolev regularity of the coefficients, which is also under control by Step 1.
Observe that we have used once more that 0 and V commute.

Under the line, Theorem 4.1 gives d0¢u € L? (w; W)]C’p ) with estimate
||8xau||L:1 (w;wiyp) 5 ”f”L;I(w,Lf;) + Cé‘ ”u”L?(w,W}C’p) + 8||8;lu||L?(w’wl¥’P)

Choosing ¢ sufficiently small, we can absorb the term |0 u||Lq (WP into the left-hand side.

Finally, apply Theorem 4.1 once more, but this time for u instead of 9% u, to deduce
il g ey S Nl ety + 19800 o,
S, ”f”L?(w;L_];) +C: ”u”L;I(w;lep)
5 ||f||L?(w;L)f(’)~

Step 4: Taking the limit in Step 1. The solutions u, to the regularized equations from Step 1
satisfy the identity

T

/SD/(S)(Mn(S) 18) +@(s)(f(s)18) — @)k (un(s)|g)ds

0

T (18)
= /(p(s)/Bn(S,x)VMn(S)'V—gdxds.

0 R4

Moreover, we have seen in Step 3 that ||u,,||Lq(w,W1+a,p) < ||f||L;1(w-L”) holds uniformly in n.
t s Wx JTX

Since p and g are in the reflexive range, we find a subsequence (which we still denote by u,,) for

which u,, and Vu, converge weakly in L? (w; Lf ) to some limit v € L? (w; W)I(Jra’p ). Moreover,

vl LY w;whHer) <I\f ”L,q(w;Lf)' The former fact directly enables us to pass to the limit

T

/(P/(S)(U(S) 1g) + o) (f(s)]g) +o)k(vis)[g)ds

0
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on the left-hand side of (18). For the right-hand side, write

T T

/(p(s)/Bn(s,x)Vu,,(s,x)-Vg(x)dxds:/go(s)/Vu,,(s,x)~Bn(s,x)*Vg(x)dxds.
0 R4 0 R4

Clearly, B,(s,x)* is uniformly bounded, and, by C regularity of B, one has B, (s, x)* —
B(s, x)* pointwise. Hence, the dominated convergence theorem gives ¢(s) B, (s, x)*Vg(x) —

@(s)B(s, x)*Vg(x) strongly in L,q/(w’; L)'C’/). Hence, the right-hand side of (18) converges to

T

/(p(s)/B(s,x)Vv(s,x)-Vg(x)dxds.
0 R4

In summary, taking the limit in (18) results in

T
/w/(S)(v(S) [8) +@()(f(s)|8) —p(s)(v(s)|g)ds
0
T
:/(p(s)/B(s,x)Vv(s,x)~Vg(x)dxds.
0 R

This shows that # and v solve the same equation. Uniqueness of solutions leads to u = v €
LY (w; W}C—m’p ) as desired. The corresponding estimate was already mentioned above. O

Remark 6.3. In Step 3, we have used that the fractional derivative can be written as a Fourier
multiplier, and hence commutes with V. This is the central reason that ties us to the whole-space
in the x variable. Moreover, the limiting argument in Step 4 relies on the control of the implied
constants from Theorem 4.1.

7. Proof of Theorem 1.1

Following the plan outlined in the roadmap in Section 1.1 we assemble the results from the
previous sections to prove Theorem 1.1.

Proof of Theorem 1.1. Let f € L? (w; Lf: ). In virtue of Remark 3.5 (iv), we consider the shifted
problem (P’) with B; = L, instead of (P). Let u be its unique (p, g)-solution from Theorem 4.1.
We want to show L,u(t) € Ltq(w; Lf ) with estimate against || f ||L§1(w;LP)- This happens in three
steps.

Step 1: Reduction to right-hand sides in C8° (Lf N L)ZC). Let (f,), be a sequence in C8° (Lf N Lﬁ)

that converges to f in LY (w; LY). Let u, be the weak (p, ¢)-solution of (P*) with B, = £, and

right-hand side f,, provided by Theorem 4.1. Suppose the maximal regularity estimate
||£tun(t)”L:/(w;Lf) 5 ||fn||L;1(w;L§) (19)
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with implicit constant independent of 7. In the sequel, we allow tacitly passing to subsequences,
even without changing the notation. Since the u,, are weak (p, g)-solutions, arguing as in Step 4
of the proof of Proposition 6.2, we see that u, converges weakly to u in L] (w; LY) and that

Vu, converges weakly to Vu in L] (w; LY). Let v e Lf/(w/; Lfc’/) NL2(L2). Then, in particular,
Ly (%) |0(#*)) > (Lu(t™) | v(t*)) for almost every ¢t*. Consequently, we find by Fatou’s
lemma and (19) that

T

T
‘/(Etu(t), v(t))dt‘ glin}linf‘/(ﬁlun(t), V(t)) dr
0

0
< Tims
Nthmf”f”||L?(Lf)||v||L:1’(w;L)!('/)

= ”f”L?(wQLf)”U”L?/(w’;L.];,)'
Hence, duality yields ||£;u(t) ||L;’(w;Lf) < ||f||L;’(w;Lf)» provided we can show (19).

Step 2: Treating the first term in (). We write u and f instead of u, and f, for this part
to emphasize that this step does not rely on the regularization of the right-hand side. Let v €

L?/(w’ LY /) NL2(L2). We aim to estimate S by duality. To this end, write

T t
‘ / / ((L; + 1)e"CIEAD (L £ Yu(s) |v(t)) ds dt‘
00 20)

t

T
= ‘//(u(s) | (L + ) C=9EHD (£ £)) u(r)) ds dt‘.
0 0

For  and s fixed, the operator (£, + «)e~ (=)L) (£, — £ maps W)lf“’p — L with norm
controlled by |t — s|~!*¢ as combining Lemmas 5.2 and 5.3 shows. Consequently, its adjoint

maps L? e W;l_a’p " with the same bound. Use this together with the W)lc—m’p —W;l_a’p " du-
ality pairing in (20) to bound its right-hand side by

t

/ Izt (5l 1 (L1 + K)e LA (L L) () g1 ds
0

t

T
0
T
—1
S//IIM(S)I|W1+a.p|t—SI @l dsdr.
00

By Holder’s inequality, this can be bounded by

t

| [ =54 )y s

0

t ’ /. 21
L?(w)”v( Mg 'y 21
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By Lemma 2.5 (the convolution kernel s > |s|~!*¢ is radial, decreasing, and integrable over

(0, T)) and Proposition 6.2, control (21) by ”u“L?(w;WiW’p)”v”Lf/(w';Lf/) < ”f”Ltq(w:Lf) X
vl

’ /. Hence, duality shows in summar
LY (wiLY) ’ y y

t
I / (Ls + )™ CTIEF L — LoOuls) ds g ey S 1 F Iy (22)
0
In particular, the above calculation (applied with v constant) shows that
t

/ (L + )e =Lt Es)M(S)IILg ds < o0 for almost every t € (0, T).

0
Whence, Hille’s theorem shows

t
(Li +x) / e TIEFO (L, — Lou(s)ds = S1(u)(0),
0

so that (22) translates to

151 (M)HL?(W;Lf) ,S ”f”L?(w;Lf)'

Step 3: Treating the second term in (©). Thanks to the reduction to more regular right-hand sides
in Step 1, Proposition 5.4 directly yields ||S2(fn)||L§1(w;Lf) <\ fn ||L;1(w;L§) < ”f”L?(w;Lf)-
In summary, Steps 2 and 3 in conjunction with Theorem 4.1 give

||£tun(t)||L?(w;L)’(’) ,S I S1 (un)”L;’(w;Lf) + ||Sz(fn)||L?(w;L£) +K””"”Ltq(w;Lf) 5 ”f”L?(w;Li.’)’

which is (19). Hence, ||£,u(t)||L;1(w;L£) < ||f||L;1(w;L§) as was demonstrated in Step 1. This com-
pletes the proof. O
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