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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/MCM-QMUL/
InvDes_BO.git

The rise of machine learning and additive manufacturing has enabled the design of architected materials with
tailored properties that surpass those of natural materials. Inverse design offers a data-efficient alternative
to trial-and-error methods, yet most existing approaches depend on either large datasets or scarce high-
fidelity data from simulations and experiments. These requirements pose a particular challenge for architected
materials with nonlinear mechanical responses, where capturing complex deformation modes requires expen-
sive evaluations. To address this, a Multi-Fidelity Bayesian Optimisation (MFBO) framework for the inverse
design of cellular composites that directly targets their full nonlinear response is introduced. By integrating
information from multiple fidelity sources and scalarising the response using a similarity score, the framework
enables efficient exploration of the design space while reducing reliance on costly evaluations. As a proof of
concept, the method is applied to spinodoid cellular composites using finite element models, validated with
compression tests on short carbon-fibre reinforced PET-G composites. Four target responses were considered,
with three multi-fidelity strategies benchmarked against a standard single-fidelity approach. Across all cases,
MFBO achieved higher similarity scores and consistently recovered the targeted responses, outperforming
the single-fidelity baseline under the same evaluation budget, while also successfully recovering all targeted
responses. These results demonstrate the effectiveness of MFBO for inverse design of stochastic architected
materials, where high-quality data is scarce but lower-cost proxies exist. By efficiently navigating complex
design spaces, MFBO enables the creation of cellular composites with precisely tailored nonlinear mechanical
behaviour.
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1. Introduction objectives, such as stiffness, strength, or energy absorption, constrain

the set of viable configurations, raising a fundamental challenge: how

Cellular composites are advanced lightweight structures composed
of interconnected networks of struts or walls, forming architectures that
may be either periodic or stochastic. Enabled by recent advances in
additive manufacturing, these structures can be realised using a wide
range of constituent materials, including fibre-reinforced composites,
resulting in an expansive design space defined by both geometry and
material combinations. This versatility gives rise to a rich spectrum
of mechanical behaviours, which can be tailored to meet specific
performance requirement across a broad range of engineering appli-
cations, including energy-absorbing cores for crashworthy automotive
and aerospace structures, damping and impact-resistant materials for
leading-edge protection in wind turbine blades, lightweight sandwich
panels for civil and marine infrastructure, and biomedical scaffolds
requiring controlled stiffness and porosity. However, practical design

to systematically identify the appropriate combination of geometry
and material that yields a desired mechanical response. Traditional
approaches often rely on iterative, intuition-driven exploration of the
structure-property relationship, which becomes increasingly impracti-
cal as the dimensionality or nonlinearity of the design space grows. This
challenge motivates the adoption of more systematic design paradigms,
as discussed herein.

From a broader perspective, forward design focuses on predicting
the effects that result from a specified model configuration, following
a straightforward cause-and-effect relationship in which governing
equations and input parameters are known. In contrast, inverse design
works backwards from a desired effect to determine the underlying
design parameters or model configuration required to achieve it. By
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directly targeting performance objectives rather than exhaustively ex-
ploring the design space, inverse approaches offer a more efficient
and systematic way to identify optimal solutions. While forward prob-
lems are well-suited to analysis, they become inefficient for design
exploration in high-dimensional spaces, particularly when complex
nonlinear responses are involved. In such cases, inverse design provides
a more direct and systematic framework for identifying structures
that achieve target performance, making it a powerful paradigm for
navigating complex architected material design spaces. Here, inverse
design can therefore be interpreted as a specific instance of a broader
class of inverse problems, in which the objective is to obtain system
configurations from observed or desired responses.

Motivated by these advantages, researchers have increasingly turned
to inverse design methodologies. Rather than mapping the structure-
to-property relationship, inverse design focuses on directly discovering
structures that exhibit desired target properties, thereby minimising re-
liance on expert domain knowledge [1-4]. While effective approaches
exist, many implementations remain confined to simplified assump-
tions, such as linear elastic behaviour, which may fail to capture
complex real-world responses. Efforts to extend these methods to
account for large deformation and nonlinear material behaviour have
been reported [5-7], but significant challenges remain, particularly in
handling complex geometries. Incorporating such nonlinearities often
results in considerable computational cost, motivating the adoption
of data-driven surrogate models to efficiently approximate structural
responses and navigate the design space [8-11].

An alternative strategy involves directly mapping performance met-
rics to design parameters [12]. The inherent characteristic of such
strategies is that multiple distinct design configurations can correspond
to the same set of performance metrics, which leads to a many-to-one
relationship. This non-uniqueness makes the inverse design mapping
ill-posed, as it lacks a well-defined solution. Approaches such as dual-
network models have been proposed to achieve unique mappings [1,3,
13], although they may limit generalisation and restrict the ability to
generate multiple valid solutions. To address this, probabilistic methods
have been introduced, modelling the solution space as a distribution
and enabling the generation of diverse candidate designs [9,14,15].
Despite their flexibility, such methods typically require large volumes
of training data, particularly when high-fidelity data are involved.

However, in many practical applications, generating such exten-
sive datasets is prohibitively expensive. This limitation has driven the
development of indirect inverse design methods, which avoid learn-
ing an explicit property-structure mapping and instead search for
optimal designs through optimisation heuristics. Metaheuristic algo-
rithms, including genetic algorithms [16-18], and evolutionary strate-
gies [19], have been widely applied, alongside experimentally informed
approaches [20]. Nevertheless, these methods often suffer from in-
efficient sampling and sensitivity to hyperparameter tuning, limiting
their effectiveness in high-cost evaluation settings. More recent ap-
proaches, such as deep neural operators [21] and physics-informed
neural networks [20], offer improved efficiency but still rely on access
to high-quality data.

Within this landscape, Bayesian optimisation (BO) has emerged as
a sample-efficient framework for inverse design problems involving
expensive evaluations [22-26]. Its application to architected materials
has demonstrated a reduction in the number of required evaluations
compared to conventional approaches [27]. However, most existing
implementations assume access to a single high-fidelity information
source. To overcome this, multi-fidelity Bayesian optimisation (MFBO)
methods have gained increasing attention [28-31], enabling the inte-
gration of multiple information sources, where lower-fidelity models
serve as computationally inexpensive approximations of higher-fidelity
simulations.

Despite the promise of MFBO, its application to inverse design
frameworks remains largely focused on optimising reduced or scalar
performance metrics, such as stiffness or energy absorption [32,33].
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While such quantities are convenient for optimisation, they provide
only limited insight into the full mechanical behaviour of architected
materials, particularly under complex loading conditions. In many
practical applications, however, performance is governed not by a
single metric but by the entire nonlinear stress-strain response, which
captures key phenomena such as yielding, strain hardening, and failure.
Although previous studies have successfully addressed multi-objective
trade-offs between competing scalar metrics [34,35] and have explored
inverse design targeting stress—strain curves [36], these approaches
generally do not incorporate multiple fidelity sources and thus remain
limited in their ability to optimise the full mechanical response with
very expensive problems directly. Two complementary approaches ex-
ist in the literature: multi-fidelity optimisation, which improves sample
efficiency, and full-response inverse design, which captures complex
mechanical behaviour, yet they remain largely disconnected. This un-
derscores the need for an inverse design framework that simulta-
neously leverages multi-fidelity information while directly targeting
high-dimensional stress—strain responses in a computationally efficient
manner.

To directly target full stress—strain behaviour, a pointwise evalu-
ation strategy can be employed. In this approach, stress values are
sampled at fixed, uniformly spaced strain intervals across all designs,
ensuring that each curve is represented on a common basis and al-
lowing direct comparison of stress values regardless of the underlying
design parameters. Despite this standardisation, the resulting curves
remain inherently high-dimensional, as they consist of stress values
evaluated over many strain points. This high dimensionality poses
significant challenges for optimisation, particularly within BO frame-
works. Several strategies have been proposed to address this issue, in-
cluding principal component analysis (PCA), which projects responses
into a lower-dimensional subspace [37], autoencoders and variational
autoencoders (VAEs), which learn compact latent representations [38],
and scalarisation methods, which reduce multi-dimensional outputs to
a single objective. While latent-variable approaches offer advantages
such as transfer learning, they introduce reconstruction errors and
additional modelling complexity. In contrast, scalarisation provides a
practical and efficient alternative, as it does not require additional
training data or constraints on explained variance.

Building on these considerations, this work presents a novel inverse
design framework that integrates MFBO with scalarised objectives to
efficiently target the full nonlinear mechanical response of spinodoid
cellular composites. The framework addresses two key gaps: the limited
integration of MFBO within black-box inverse design methodologies for
high-dimensional problems, and the lack of sample-efficient strategies
for matching complete mechanical response profiles under realistic
loading and manufacturing conditions. The proposed approach lever-
ages multiple fidelity sources to improve sampling efficiency and guide
the optimisation process towards high-quality designs. As a proof
of concept, the framework is applied to the inverse design of spin-
odoid structures using validated finite element models that incorporate
elastic—plastic behaviour, damage evolution, manufacturing-induced
anisotropy, and fabrication defects. Several acquisition functions, in-
cluding both utility-based and information-theoretic strategies, are
benchmarked to evaluate convergence performance relative to single-
fidelity approaches, demonstrating the generality and robustness of the
proposed framework.

2. Methodology

This section presents the multi-fidelity inverse design framework
developed to optimise the nonlinear mechanical response of spinodoid
cellular composites. The proposed approach integrates finite element
simulations, data-driven surrogate modelling based on multi-output
GPs, and BO to identify the set of design parameters that achieve the
target mechanical performance. The methodology comprises three main
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Fig. 1. Workflow for inverse design using multi-fidelity Bayesian optimisation. The process begins by generating an initial pool of candidate designs using a
Sobol’ sequence, with each point evaluated at three fidelity levels. A similarity score quantifies the difference between simulated and target responses and serves
as the optimisation objective, with inputs 8. A multi-output Gaussian process surrogate model is trained on the collected data to predict the objective behaviour
across the design space. An acquisition strategy is then employed to select new candidates for evaluation (in this figure, the acquisition function aims to reduce
variance per unit cost). This iterative process continues until the convergence criteria are met. Finally, the optimal design is selected at the highest fidelity,

corresponding to the highest similarity value.

components: (1) formulation of the inverse design problem, includ-
ing the parameterisation of spinodoid architectures and experimental
validation of finite element setup to ensure predictive accuracy; (2)
construction of a multi-fidelity surrogate model using multi-output GPs
to capture structure-property relationships across fidelities as well as
cross-fidelity knowledge transfer; and (3) implementation of various
acquisition functions to sequentially and efficiently select new sam-
ple points at appropriate fidelity levels to evaluate. Ultimately, the
dataset then expands iteratively throughout the optimisation process,
minimising the number of expensive high-fidelity evaluations required
compared to conventional BO. This workflow is depicted in Fig. 1.

2.1. Problem formulation

The goal of this work is the inverse design of spinodoid cellular com-
posites, whose topologies are generated via a Gaussian Random Field
(GRF) model inspired by spinodal decomposition [1]. The geometry is
controlled through a set of design parameters described by:

(€8]

where p is the relative density determining porosity, 4 is the wavenum-
ber which dictates the microstructural feature size, and 0;Z1’2’3 are
conical angles defining anisotropy in the principal directions. These
parameters together define the material’s 3D architecture, allowing
the properties to be tuned, resulting in isotropic to highly anisotropic
topologies. However, by considering p = 0.3 and 4 = 15z to be fixed
constants, this reduces the design space to a subset

O ={p,1,0,,0,,05}

0=1{60,,0,,0;} CO (2

which defines the effective (or reduced) set of design variables. A value
of 0.3 was chosen mainly to reduce computational cost, as higher values
would require more elements to discretise the denser geometry, thereby
increasing the simulation time. The wavenumber was selected to ensure
a clear separation of scales between the microscale and macroscale,
which is primarily used to obtain homogenised properties [39].

While the full set of design parameters in @ can be considered
in principle, allowing for a broader range of microstructural con-
figurations and potentially more diverse stress—strain responses, this
would significantly increase the complexity of the design space. A
higher-dimensional space introduces more possible parameter com-
binations, each potentially yielding distinct mechanical behaviour,
which may increase the optimisation time. In this work, p and 4
are fixed to demonstrate the proposed inverse design framework in a
reduced setting, which serves as a proof of concept without loss of
generality. In addition, FEM setup and experimental validation can
be found in Supplementary material S1-S5. The effect of mesh size,
bulk material Young’s modulus, time/mass scaling, fracture energy is
discussed.

2.2. Target responses

Four target cases spanning from Columnar, Isotropic, Cubic to
Lamellar topologies (see Fig. 2) were selected to evaluate the robustness
of the inverse design framework. These targets exhibit distinct nonlin-
ear mechanical responses and were chosen to cover both achievable
designs within the design space and an idealised, energy-absorbing
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Fig. 2. Four topologies (a) Columnar, (b) Isotropic, (c) Cubic, (d) Lamellar were generated by varying 6 with p = 0.3 and A = 15x, serving as validation
benchmarks. They range from anisotropic column-like structures and layered structures to isotropic or cubic structures defined by conical angles. Schematic in
(d) shows the magnified microstructure post fabrication, where short-fibres are oriented parallel to the x;, — x, plane.
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Fig. 3. Four target mechanical responses with insets of (a)-(c) showing generated structures, while (d) is an arbitrary mechanical response based on an ideal

energy absorber.

structure [40]. The generated structures, along with the mechanical
responses, are illustrated in Fig. 3.

2.3. Adapting MFBO for inverse design

Under standard optimisation settings, the goal is typically to find
inputs x that maximise or minimise an unknown objective function. In

contrast, inverse design reframes the problem. Rather than searching
for an extremum, the goal is to identify a set of inputs x that produce
an output as close as possible to a specified target.

The fundamental shift requires modifying the objective function
used in BO. Instead of treating the output of the black-box function
as an unknown quantity to be maximised/minimised, the optimisation
is reoriented towards minimising the discrepancy/similarity between
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Resolution 30

Fig. 4. Illustration of how mesh resolution influences the generated structure, using the ‘Isotropic’ topology as an example. Resolution increases from 20 to 30
(left to right). This primarily changes the number of elements, whereby resolution of 20 results in 13,562 elements, 22,622 elements for resolution of 25, and

33,634 for resolution of 30.

the predicted output and a predefined target. Formally, if f(x) is the
surrogate model prediction and y* is the target output, the inverse
design problem becomes

Xipy = argmin||£(x) - y*||* = arg max —| £ (x) = y*||? ®3)

where x;,, is the input value that minimises the discrepancy between
the predicted and the target. This frames the optimisation problem as
one of seeking optima to similarity matching.

This work adopts a scalarisation approach for simplicity and inter-
pretability, as well as ease of implementation. The scalarised objective
function is defined by a similarity score S, where

Emax N
HOES / 6(e) - 6™ (e)||*de ~ = Y (6; — ;"5 @
0

i=1

~ ~ target
Here, 6; = 6(¢;) and o; set — o8 (¢,) correspond to stress values at

the ith uniformly spaced strain point, with N = 101 points sampled

between 0 and ¢,, = 0.5.

2.4. Mesh resolution as different fidelities

Evaluating S(0) remains computationally expensive due to the cost
of FEM simulations, whose runtime is strongly influenced by mesh
resolutions. Finer meshes reduce discretisation error and better capture
mechanical behaviour, but at substantially higher computational cost.
Coarser meshes, by contrast, are far cheaper to evaluate but introduce
numerical error and increased output variance, reducing surrogate
model reliability. Fig. 4 illustrates how resolution affects the generated
geometry and mesh density.

To balance accuracy and efficiency, a mesh convergence study was
first conducted to identify a suitable reference resolution (Supplemen-
tary material S2). However, for nonlinear simulation with complex
geometries, even this converged mesh is too costly to apply uniformly
across the entire design space. This motivates the use of a multi-
fidelity framework, where simulations at different mesh resolutions,
and therefore different numerical fidelities, are combined to accelerate
optimisation.

To assess the suitability of using multiple mesh resolutions as fi-
delity levels, the correlation between outputs obtained at different
resolutions was evaluated using an initial Sobol’ sample of 35 design
points. Strong Pearson correlation coefficients were observed between
the medium- and high-resolution simulations, with slightly lower, but
still informative, correlations for the coarse mesh. These results confirm
that effective information transfer across fidelities is feasible (complete
results provided in Supplementary material S6).

2.5. Multi-fidelity Bayesian optimisation

Real-world optimisation problems, including the one addressed in
this study, typically involve the optimisation of an objective func-
tion, f. Evaluating this function can be computationally expensive,
especially when using high-fidelity simulations such as fine-mesh FEM
models or detailed physical experiments. However, in some cases, it
is possible to obtain lower-fidelity approximations of the objective
functions. These approximations may be less accurate, but can still
provide valuable information about the underlying function landscape.

To take advantage of this structure, MFBO integrates information
from multiple fidelity levels to accelerate convergence. Each fidelity
level is treated as a different but related task, denoted as f)(x), where
s € {1,...,S} indexes the fidelity level. These are ordered such that
s = 1 represent the lowest fidelity and s = .S the highest (most accurate
yet expensive) fidelity. It should be noted that here, it is assumed that
fidelity levels are discrete. However, this strategy can be extended to a
continuous fidelity space [41].

2.5.1. Multi-output Gaussian processes

BO relies on a probabilistic surrogate model to guide the search for
the optimum. For this, GPs are commonly used as surrogate models
due to their ability to provide predictions for the mean and uncer-
tainty [23]. These are two common ways to incorporate multiple
fidelities into GP surrogate models, which are then used within BO:

(1) Single-output GP

A straightforward approach is to treat all outputs as coming from
a standard single-output GP (Eq. (5)), where the fidelity level s is
considered as another input parameter. In this formulation, the GP
learns a single posterior over all the joint input-fidelity space. This
approach is simple to implement and imposes a lower computational
burden compared to more complex GP-based surrogates. Moreover, it
also provides an interpretable mapping from inputs to outputs. How-
ever, a significant caveat of this approach is the lack of inter-fidelity
knowledge transfer, which limits data efficiency. Nonetheless, this
method can still be effective in scenarios where outputs across fidelities
are not strictly ordered, for example, when lower-fidelity evaluations
do not consistently fall below those at the highest fidelity [42].

The standard single-output GP prior is defined as

FX) ~ GP(m(x), k(x, X)) ()

where m(x) is the mean function, and k(x,x’) is the covariance kernel
(e.g., RBF, Matern, etc.). Also, recalling the predictive distribution for
test input x* and training set O = {X,y} = {(x;,¥;)} I]i | is obtained using

u(x*) = kX, x) Ky 6)

0205 (X)) = k(x*,x*) — k(X x*)T K3 k(X x*) (%)

pos
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where X are the training points and Ky = k(X,X)+ I and 62 denotes
the observation noise variance.

(2) Multi-task Gaussian process (MTGP)

A multi-output GP generalises the standard single-output GP by
jointly modelling multiple related outputs and capturing the correla-
tions between fidelity levels, which is especially beneficial in data-
scarce multi-fidelity settings. Let f*(x) denote the function at fidelity
level s. The joint prior is

£(x) ~ GP(m(x), K(x,x")) ®

where f(x) = [fD(x),...,fO®)]T, and m(x) = [mPV(x),...,mO®]7,
typically assumed to be zero, with outputs being normalised and stan-
dardised and K encodes both input-space and cross-fidelity correla-
tions. The Intrinsic Coregionalisation Model (ICM) is adopted, in which
the covariance between fidelity levels s and s’ factorises as

ko (x,X") =B, g k(x,x) 9)

where B € R5*S is a positive semi-definite coregionalisation matrix.
This induces a block-structured covariance matrix over all observed
data.

Similar to a single-output GP, given an observed dataset (X,y), to
obtain the predictive posterior for a test point x* and s*, where s* is
the queried fidelity level, the following equations can be utilised

u () = kI Kypy ao
2% _ T-1
o2 () =k, k[ Kyk, 1)
where k, = [k (X*, X))oy, 5.1~ iS the covariance vector be-
tween the test point and training points across all fidelity levels and
K, = kg «(x*,x*) is the variance at the test point. This results in

a similar structure as the single-fidelity case, but the covariances are
vectorised (full details in Supplementary material S7). In this study,
the mesh resolution is varied to obtain evaluations at different fidelity
levels. The physical interpretation of mesh resolution is demonstrated
in the succeeding sections.

2.5.2. Multi-fidelity acquisition functions

The primary goal of MFBO is to leverage inexpensive low-fidelity
approximations to improve the surrogate model’s understanding of the
objective at the highest fidelity. While the MTGP surrogate model
captures the relationship between the design variables and outputs
across fidelities, an effective strategy is still required to navigate this
surrogate space. This is achieved through acquisition functions, which
jointly determine both the next input location and the fidelity level for
the next evaluation.

Most MFBO acquisition functions extend single-fidelity formulations
by incorporating fidelity-dependent costs and correlations. In this work,
three representative examples are considered: Multi-Fidelity Expected
Improvement (MF-EI), Multi-Fidelity Upper Confidence Bound (MF-
UCB), and sequential Multi-Fidelity Max Entropy Search (MF-MES)
strategy using Logarithmic Expected Improvement (Log-EI). A brief
overview is given below,

(1) MF-EI

This acquisition function is built on top of the single-fidelity Log-EI
function, which is defined as

Log-EI(x) = Log [EI(x) + €] 12)

where EI depends on the GP posterior mean and variance. In MFBO,
Log-El is scaled by (i) the cost ratio (CR) between fidelities and (ii) the
correlation (5) between low- and high-fidelity outputs. This yields

MF-Log-EI = Log-EI(x) - CR - 5(s) 13)

where the correlation term encourages using fidelities that better
approximate the highest fidelity.
(2) MF-UCB
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In contrast, MF-UCB does not rely on such multiplicative fidelity
correlations. Instead, it retains the UCB structure but uses MTGP pre-
dictions at each fidelity
MF-UCB(x, 5) = @) - 4*(X) + @, - 6 (X) - CR (14)

pos!

where the adaptive weights ©,, w,, are derived from the highest-

fidelity posterior and balance exploitation and exploration. As only
the uncertainty term is cost-scaled, the method prefers exploratory
sampling at lower fidelities while exploiting high-fidelity predictions
only when uncertainty is low.

(3) Sequential MF-MES

A two-step approach is utilised where the sampling decision is made
sequentially. First, the next location is found by using the predictions
at the highest fidelity, which is undertaken using the Log-EI acquisition
function,

Xpext = arg max Log-EI(x, §) (15)

followed by the choice of fidelity at which to evaluate, found by
maximising the information gain per unit cost,

I(y*;¥°10, Xpext)

Snext = C(s) 16)

Full expressions for the mutual-information term and its multi-fidelity
extension are given in Supplementary material S8, along with the full
Mathematical formulations.

It should be noted that the kernel functions used in GP regression
require tuning the model parameters, which are additional param-
eters within the kernel that control properties such as smoothness,
length-scale, signal variances, etc. For clarity, the notation for these
parameters has been suppressed in the descriptions of single-task GPs
and MTGPs. Hyperparameter learning is a crucial part of GP training
and typically occurs whenever the surrogate model is updated. In prac-
tice, this is achieved by maximising the (marginal) log-likelihood (MLL)
using multi-start, gradient-based optimisers such as Adam or L-BFGS-
B. In addition, the acquisition function optimisation requires solving a
separate inner-loop optimisation problem to identify the next evalua-
tion point. This study utilised the L-BFGS-B algorithm for optimising
both the MLL and the acquisition function with 10 random restarts,
initialised from 512 quasi-random samples of the design space. These
settings help mitigate poor local optima and improve the robustness of
the optimisation process.

Although hyperparameter tuning and acquisition function optimi-
sation are central to building accurate GP surrogates, the overall ef-
ficiency of the optimisation framework also depends on the compu-
tational cost of evaluating candidate designs. To characterise this,
simulation wall times were measured across representative spinodoid
structures at different mesh resolutions. Because evaluation time varies
with both resolution and design parameters 6, a dedicated GP surro-
gate was trained to model this cost, enabling fidelity-aware acquisi-
tion. Additional details on the MTGP and BO methodology, including
budget management, stopping criteria, surrogate model choices, mod-
elling assumptions, and computational configuration, are provided in
Supplementary S9.

3. Results

Four targets were utilised to assess the performance of the proposed
framework, as outlined in Section 2.2. Across all targets, the same
initial dataset was employed. While the choice of initial dataset can
influence the rate of convergence — particularly if the Sobol’ sequence
yields samples that are locally concentrated in objective space due
to nonlinear input-output mappings — it provides a consistent and
unbiased starting point for comparison. This ensures a fair evaluation
across different target cases and allows the robustness of the inverse
design framework to be assessed under uniform initial conditions.
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Benchmark studies on synthetic multi-fidelity functions further demon-
strate that optimisation performance can be sensitive to the specific
Sobol’ realisation used to generate the initial dataset, especially in
higher-dimensional settings, leading to increased run-to-run variability
(Further details on benchmarking can be found in Supplementary in-
formation S10). Fixing the initial dataset therefore avoids introducing
additional sources of variance and ensures that observed performance
differences arise from the optimisation strategies themselves rather
than from stochastic initialisation effects. This effect is further miti-
gated by the reduced dimensionality of the spinodoid design space.
While reusing data from previous inverse design runs would be both
feasible and practical in real-world applications, potentially improving
efficiency, it is omitted here to avoid introducing unnecessary bias.

The optimisation begins by using a Sobol’ sequence to sample the
input parameter space 6. Depending on whether a single- or multi-
fidelity strategy is employed, the initial dataset consists of evaluations
performed either exclusively at the highest fidelity or distributed across
multiple fidelity levels. In all cases, the total computational cost of the
initial dataset is fixed at 30,000 s to ensure a fair comparison between
methods. Four optimisation strategies are considered, as outlined in
Section 2.5.2.

The resulting dataset is used to train a GP surrogate model, which
provides a probabilistic approximation of the objective function over
the design space. BO then proceeds iteratively by using this surrogate
to predict both the mean and uncertainty of the similarity score of
unobserved inputs. At each iteration, an acquisition function leverages
this information to balance exploration and exploitation of already
evaluated regions of the design space, selecting the next input param-
eters and in the multi-fidelity case, the fidelity level to be evaluated.
The newly obtained evaluation is subsequently incorporated into the
dataset, and the GP model is updated, allowing the optimisation to
progressively refine its estimate of the optimal design parameters.
Further details can be found in [43].

3.1. Optimisation walk-through of target 1 (illustrative example)

To illustrate the operation of the proposed Bayesian inverse design
framework, Target 1 is examined in detail as a representative example.
This case is used to demonstrate how different acquisition strategies
interact with different fidelity levels, how candidate optima are iden-
tified, and how convergence is achieved under a fixed computational
budget for both single- and multi-fidelity methods

Four methods were employed to reconstruct the desired nonlinear
mechanical response, following the workflow described in Section 2.
For Target 1, the point-wise optimisation history is shown in Fig. 5(a-
d). In the early iterations, all methods display exploitative behaviour,
with low variability in the similarity score following each evaluation.
This behaviour is particularly pronounced for the single-fidelity and
MEF-MES methods, with exploratory behaviour increasing later in the
optimisation. This is in line with the greedy nature of the acquisition
function used for single-fidelity and MF-MES for determining the input
design location, where short-term gains are prioritised by Log-EL. On
the other hand, MF-UCB transitions more gradually from exploitation
to exploration due to the interaction between its cost-aware acquisition
formulation and the limited evaluation budget. With only 35 total eval-
uations across all fidelities, the surrogate model becomes overconfident
early in the optimisation, favouring exploitation through higher-fidelity
evaluations. As additional high-fidelity observations are acquired, the
inferred input-output landscape is revised, which in turn increases the
uncertainty with these additional evaluations. This subsequently shifts
the behaviour, favouring exploration through low-fidelity evaluations.
It should be noted that since cost is estimated using a GP, additional
evaluations also influences its input-output landscape, thus contribut-
ing in the shift in behaviour. MF-EI maintains a broader exploration
of the design space throughout the process due to its multiplicative,
correlation-weighted acquisition function continuing to assign value to
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Table 1

Target 1 — Comparison of recommended 6’s obtained from each optimisation
method, along with their similarity score S with respect to the target mechan-
ical response, evaluated at highest fidelity.

Method Rec. # 0, 0, 05 S
Target 1 - 1.69 30.44 6.49 -
Single-Fidelity 1 7.54 27.2 0.8 —-0.0041
1 37.38 4.35 3.07 —0.0025
MF-EI 2 30.11 0 10.4 —0.0056
3 27.79 12.6 6.34 —-0.0087
1 39.08 0 0 —0.0032
MF-UCB 2 29.52 6.4 0.75 —0.0041
3 36.69 2.08 0.19 —-0.0059
1 0 28.34 3.87 —-0.0021
MF-MES 2 0 40.03 0 —-0.004
3 34.27 0 12.41 —-0.041

uncertain region across the design space, even after promising solutions
have been identified. However, such behaviour from MF-EI is not
observed for Targets 2 and 3.

The convergence trends in Fig. 5(e) indicate that all multi-fidelity
methods converge more rapidly then the single-fidelity approach when
measured against cumulative computational budget. Among them, MF-
UCB converges the fastest, followed by MF-EI and MF-MES. This be-
haviour is likely to be closely linked to the fidelity usage shown in Fig.
5(f). MF-UCB strongly favours evaluations at the lowest-cost fidelity
level, enabling a larger number of function evaluations within the same
budget. MF-EI distributes evaluations more evenly across fidelities,
while MF-MES shows a preference for intermediate-to-high fidelity
evaluations, particularly the intermediate resolutions.

Two distinct approaches were employed to determine the recom-
mended parameter sets and corresponding similarity scores by minimis-
ing the discrepancy between the model output and the target response.
In the single-fidelity method, all evaluations were conducted at the
highest fidelity level, and the input set yielding the highest similarity
score was selected as the optimal solution. In contrast, the multi-fidelity
methods operate across three discrete fidelity levels, corresponding
to mesh resolutions of 20, 25, and 30, thus generating three unique
maximisers, one at each fidelity level. The resulting optima from each
method at each fidelity level are illustrated in Fig. 6. These candidates
are subsequently evaluated at the highest fidelity, and the solution with
the highest similarity score is selected as the final optimum.

The design parameter sets yielding the highest similarity scores are
summarised in Table 1. The single-fidelity method performs reason-
ably well, achieving results comparable to the median performance of
the multi-fidelity approaches; however, it is consistently outperformed
overall, with the multi-fidelity methods providing an average improve-
ment in similarity scores of approximately 37% for Target 1. Although
the optimal parameters is 6 = (1.69, 30.44, 6.49), many recommendations
involve configurations where 6; > 6, and 6, ~ 30°. These configurations
yield designs that are geometrically identical but oriented perpendic-
ularly within the same plane. This is also a contributing factor in
the exploitative behaviour exhibited by the single- and multi-fidelity
methods. Full optimisation results for all the targets can be found in
Supplementary material S11.

3.2. Comparison of single- and multi-fidelity optimisation performance

Building on the illustrative example, the performance of single- and
multi-fidelity optimisation strategies is compared across all four target
mechanical responses. For each target, the best results obtained by each
method, including the corresponding design inputs and the resulting
structures, are presented in Fig. 7.

Across the four targets, all methods achieve low-magnitude simi-
larity scores, indicating that the inverse design framework is generally
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Fig. 5. Target 1 — Evolution of similarity scores and fidelity usage across four optimisation methods. (a-d) Similarity score S plotted against cumulative
computational budget (in seconds) for each method: (a) Single-fidelity, (b) MF-EI, (c) MF-UCB, and (d) MF-MES. Each marker is coloured according to the
fidelity level (resolution) at which the corresponding input was evaluated. (e) Comparison of the cumulative maximum similarity score showing their relative
optimisation performance under budget constraints. (f) Stacked bar chart indicating the number of evaluations performed at each fidelity level for all methods,

illustrating their resource allocation strategies across fidelities.

effective at reproducing the desired mechanical responses. However,
as shown by the tables and bar charts in the inset of Fig. 7, the multi-
fidelity methods consistently outperform the single-fidelity benchmark.
On average, multi-fidelity optimisation yields an improvement of ap-
proximately 35% in the similarity score relative to the single-fidelity
approach. MF-MES and MF-UCB achieve the highest similarity scores
for two targets each, followed by the MF-EI and then the single-fidelity
method.

In terms of convergence speed, multi-fidelity methods demonstrate
clear advantages. Similar to the convergence plot, illustrated in
Fig. 5(e), similar approach was applied to the rest of the targets. Most,
if not all, methods for all targets resulted in multi-fidelity approaches
converging faster with lower accumulated cost with higher similarity
scores. In addition, the wall time for each inverse design run ranged
from approximately 3 to 6 days, depending on the target and the
method employed. Single-fidelity and MF-EI runs generally required
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Fig. 6. Target 1 — (a) Results with the highest similarity score from each method. (b-d) Comparison between the target response and the top three input
configurations, based on similarity score, obtained using (b) MF-EI, (c) MF-UCB, and (d) MF-MES. All selected inputs were evaluated at the highest fidelity level.

similar runtimes, while MF-UCB tended to take slightly longer due to
its preference for evaluations at the lowest fidelity level, which leads
to a larger number of accumulated evaluations. MTGPs scale poorly
with increasing dataset size because the covariance matrix, which
comprises both task-related and data-related components, is required to
be inverted. This slows the subsequent iteration progression. MF-MES
required the longest runtime, owing to the computationally expensive
acquisition function and its two-step optimisation procedure, which
effectively doubles the number of acquisition optimisations required. It
should be noted that wall time is distinct from the evaluation budget.
Although wall time roughly tracks the evaluation budget, additional
time may be needed to tune the model parameters of the complex
MTGP kernels or acquisition function.

Overall, MF-UCB is recommended when rapid convergence and
computational efficiency are priorities, MF-MES is preferable when
the highest possible solution accuracy is required and computational
resources are available, and MF-EI provides a balanced compromise
between these two extremes.

3.3. Mapping target mechanical responses to design parameters

Across all targets, the similarity scores achieved by the optimisation
methods vary noticeably, with some cases covering much closer to
the desired response than others. This variability is not primarily a
consequence of the optimisation strategy itself, but instead reflects
differences in the underlying input-output relationships between the
design parameters 0 and the resulting mechanical response.

In particular, when larger values of 0 are required, the resulting
structures become more isotropic and thus exhibit similar mechanical
responses. This creates a broad region of the design space where many
parameter combinations yield comparable responses, making the in-
verse design process more likely to identify high-similarity solutions if
larger 0 values are required to produce the target response. Acquisition
functions further reinforce this effect, as their exploratory behaviour
often drives evaluations towards the extreme value of 0, increasing
the likelihood of stumbling upon valid solutions in these broad re-
gions. In contrast, when smaller 0 values are required, the response
is highly sensitive to perturbations, so even minor deviations in 6 lead
to very different behaviour and thus lower similarity scores from the
optimisation.

This is exemplified using Target 2, where only small values of 0,
and 6, are needed in combination with a larger 6; (> 10) to produce
‘Lamellar’-like, more compliant structures. This creates a wide “solution
window” in which many parameter combinations yield mechanically
similar responses. As a result, the GP can easily capture the trend and
effectively traverse the design space, making high-similarity solutions
easier to obtain. This contrasts with Targets 1 and 3, where even minor
variations in the combination of § values result in different solutions.

While similarity scores provide a direct measure of how well the
target responses are reproduced, additional insight can be gained by
examining the closeness of the recovered input parameters 6 to the
original target configurations. For Targets 1-3, where the ground-truth
parameter sets are known, this comparison reveals how effectively each
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Fig. 7. Summary of inverse design results illustrating the response obtained from four methods across four distinct targets: (a) Target 1, (b) Target 2, (c) Target 3,
and (d) Target 4. The inset within the stress—strain graph presents the similarity scores for each method, while the accompanying table lists the design parameters
alongside their respective scores. The geometry highlighted in the red square represents the target geometry used to generate the desired response, and the
structures shown below the table depict the designs produced with parameters achieving the highest similarity score.

method recovers not just the output behaviour but also the underlying
design variables. Illustrations of Targets 1 to 3 are shown in Fig. 3.
When considering only the closeness of the recovered 6 values to the
original target configurations (Targets 1-3), all methods perform rea-
sonably well. For Target 1, the recovered parameters were consistently
centred around either 6, or 6,, with one of these taking much larger
values than the other two. Although the target response was originally
defined by 6, ~ 30°, some methods instead recovered 6, ~ 30°. This
arises from the symmetry of the design space, where 6, and 6, are
interchangeable, as they only change the orientation of the geometry
along the plane perpendicular to the loading direction and therefore do
not alter the structure along the loading direction. Across all methods,

10

the common feature of the recovered sets was that 0; remained the
smallest parameter, as this directly governs the structure in the loading
direction. In terms of parameter closeness, however, MF-MES produced
values most consistent with the Target 1 configuration. A similar trend
is observed for Target 3, where the desired response corresponds to
0, = 15° and 6, = 5°. In contrast, the recovered parameters from the
methods often placed greater weight on 6, rather than 6,. Despite this
variation, all methods consistently identified that 6; must remain very
small or zero to reproduce the target response. In terms of parameter
closeness, the single-fidelity method yielded values nearest to the target
configuration, whereas MF-MES achieved the response most similar to
the desired behaviour.
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For Target 2, the desired response was achieved with 6; ~ 50° and
relatively small values of 6, and 6,. These latter parameters control the
stiffness of the layer-like structure: larger 6, and 6, reinforce adjacent
layers with additional material, thereby increasing stiffness in the x;
direction. Among all targets, this case yielded the highest similarity
scores across methods, reflecting the broader solution window in which
many parameter combinations converge to the desired response. Con-
sistently, all methods recovered values close to 6; ~ 50° with low 6,
and 6,. In terms of parameter closeness, MF-EI produced the set most
similar to the target, while MF-UCB achieved the highest similarity
score. Further discussion on links between design parameters and their
effects on mechanical response can be found in Supplementary material
S12.

4. Discussion

Designing cellular composites for realistic working conditions typi-
cally demands extensive physical testing or high-fidelity simulations,
both of which are time- and resource-intensive. Instead of relying
on a trial-and-error or, more generally, forward approaches, inverse
design offers a more efficient pathway. This entails directly tailor-
ing the mechanical response of cellular composites for their use in
energy-absorbing applications. However, even within an inverse de-
sign framework, relying solely on high-fidelity models can be pro-
hibitively expensive. This motivates the incorporation of information
from multiple fidelity sources, where evaluations at lower-fidelities act
as inexpensive proxies of high-fidelity data, used to guide the search.

In this work, a general framework for the inverse design of spin-
odoid cellular composites’ mechanical response is introduced, which
leverages multi-fidelity Bayesian optimisation. Validated finite ele-
ment simulations that account for both manufacturing defects and
fabrication-induced anisotropy were used to construct a fidelity-driven
hierarchy. The fidelity levels were defined by mesh resolution, with
mesh sensitivity analysis guiding how resolution affects stress—strain
behaviour. This hierarchical structure was then modelled using multi-
task Gaussian processes, which capture correlations between outputs
across fidelity levels. Next, a similarity score was utilised to quantify
the difference between the target mechanical response and the best-
performing simulated stress—strain response. This effectively reduced
the high-dimensional stress vector to a single scalar measure. Crucially,
inter-fidelity correlation coefficients were computed to ensure robust
knowledge transfer between outputs from different fidelities. It should
be noted that the framework is not limited to data from simulations;
a mixture of experimental or simulation data can also be utilised.
Additionally, the performance of different multi-fidelity strategies,
including utility-based and information-theoretic acquisition functions,
was benchmarked against a single-fidelity method under an equivalent
evaluation budget.

Although this study focused on tailoring the mechanical behaviour
of spinodoid cellular composites, the proposed framework is broadly
applicable to the inverse design of any scalar property, for instance,
energy absorption, or multifunctional properties such as thermal con-
ductivity. Furthermore, the framework extends naturally to function
mapping, as demonstrated here, allowing approximations of complete
response profiles. Crucially, it can also be applied to investigate the
mechanical response under other material behaviours, such as hypere-
lasticity.

However, it is essential to acknowledge the limitations of the frame-
work. The inverse design methodology provides only approximations
of the desired response, and obtaining better representations would
require a greater number of evaluations. MTGPs, while effective, scale
poorly with data, which may hinder deployment at larger scales unless
more efficient surrogates are employed. Sparse GPs, for instance, re-
duce computational complexity by introducing inducing points [44,45].
In addition, the choice of similarity function, or the weighting of
specific strain ranges, can bias the inverse design process towards
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different features of the response, leading to different optimal designs.
Similarly, the choice of GP kernel for modelling the design parameters
shapes the representation of the design space and, in turn, the trajectory
of the inverse design process. In principle, the influence of kernel
hyperparameters and initialisation heuristics could be mitigated by
repeating the inverse design process with different Sobol’ sequence
seeds for the initial data. However, this was not pursued here, as
the primary objective was to highlight the plug-and-play nature of
the proposed framework while keeping the evaluation cost minimal.
Nonetheless, the study relies on validated FEM simulations, which,
while robust, may not capture all sources of uncertainty. Experimental
results typically show variation in stress—strain response due to fab-
rication imperfections or testing variability. As a result, utilising this
framework with both experimental data and multi-fidelity simulation
data would provide a good test for real-world deployment.

Another limitation arises from the target-specific nature of the
inverse design process. This stems from the need to transform the
objective function using a similarity score relative to a given target. If a
surrogate model is trained directly on this transformed objective, then
each new target response requires re-optimising the surrogate model
parameters, which is a computationally expensive task, particularly for
MTGPs, as discussed earlier. An alternative is to decouple the surrogate
from the target. This involves adopting dimensionality reduction tech-
niques such as PCA or autoencoders to obtain a latent representation
of the stress—strain response. Surrogate models are fit on this latent
representation rather than the full response. The target response is
also projected into the same latent space. By sampling the posterior
of the surrogate model, the difference between the target and sampled
surrogate posterior values can then be found. These transformed poste-
rior samples are then passed to the acquisition function to identify the
next sampling point. While the drawbacks of this approach have been
discussed, it could provide valuable opportunities for future studies.

For high-dimensional designs, such as graded spinodoids (further
details on the method for generating graded spinodoids in S13), this
expansion significantly increases the input space. Importantly, graded
spinodoids have been shown to exhibit greater energy absorption than
their homogeneous counterparts [46], highlighting the practical benefit
of exploring such complex architectures. While the present study re-
duced the design space, retaining the full design space or introducing
functional grading would substantially increase the dimensionality of
the optimisation problem, which is known to slow convergence and
increase sensitivity to the initial dataset. Insights from the synthetic
multi-fidelity benchmarks already highlight this behaviour: higher-
dimensional functions exhibit greater run-to-run variability and slower
convergence unless the initial dataset provides sufficiently rich cover-
age of the design space. Nevertheless, these benchmarks also demon-
strate that multi-fidelity strategies remain advantageous in higher-
dimensional settings, consistently outperforming single-fidelity opti-
misation by leveraging inexpensive low-fidelity evaluations to guide
exploration, especially in the case of MF-EI. When extending the frame-
work to fully parameterised or graded spinodoid architectures, ad-
ditional scalability measures would therefore be required. Possible
remedies include dimensionality reduction via Sobol’ sensitivity anal-
ysis [33,34,47,48], by exploiting known optima around previously
evaluated points to form trust regions (TuRBO) [49], or utilising ran-
dom embedding strategies to allow high-dimensional problems to be
represented in lower-dimensional subspaces [50].

Future work could also extend the finite element models by incor-
porating strain-rate dependency through models such as Johnson-Cook
plasticity, or a viscoelastic model with fracture behaviour, allowing for
more complex material behaviour to be captured. Additionally, while
the present study addresses a single scale or mapped function, many ap-
plications require inverse designing multiple objectives simultaneously.
This could be achieved by replacing the Log-El-based two-step ap-
proach in the MF-MES method with a multi-objective acquisition func-
tion, such as Expected Hypervolume Improvement (EHVI) [51], multi-
objective knowledge gradient [52], or entropy-based methods [53] to
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extend the framework to accommodate multi-objective multi-fidelity.
Finally, although demonstrated here at the unit-cell level, future studies
could implement the proposed strategy on a macroscale or within
multi-scale structures to assess its efficacy.

5. Conclusion

This work introduces a general and flexible framework for the
inverse design of spinodoid cellular composites using multi-fidelity
Bayesian optimisation. By combining validated finite element simula-
tions, a fidelity-driven hierarchy was adopted in tandem with MTGPs
capable of modelling inter-fidelity correlations. The proposed frame-
work provides an efficient and robust approach for tailoring complex
mechanical responses. A similarity-based objective function enabled the
comparison between simulated and target stress—strain curves, allowing
the inverse design problem to be reformulated as a scalar optimisation
task without loss of information.

Four representative target responses were selected, along with
four optimisation strategies. The results showed that multi-fidelity ap-
proaches consistently outperformed the single-fidelity method, achiev-
ing, on average, 35% higher similarity scores. This demonstrates that
leveraging low-fidelity evaluations to guide high-fidelity exploration
yields more accurate and efficient recovery of target behaviours. More-
over, the framework successfully identified not only stress—strain re-
sponses that closely match the targets but also input parameter com-
binations that reflect the underlying deformation mechanisms. Despite
its effectiveness, the framework has limitations. MTGPs scale poorly
with dataset size, and optimisation outcomes remain sensitive to the
similarity metric, kernel choice, and initial dataset. Target-specific
surrogate training also limits reusability across different inverse design
tasks. Finally, extending the framework to graded or heterogeneous
spinodoids will require strategies to mitigate high dimensionality.

Overall, the proposed MFBO framework establishes a powerful and
generalisable foundation for the inverse design of architected materials.
While challenges related to scalability, surrogate modelling, and target-
specific optimisation remain, the results demonstrate the potential of
multi-fidelity strategies to accelerate the discovery of high-performance
cellular composites and to expand the accessible design space.
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