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I ntroduction

Modern digital technology has made it possible to manipulate multi-dimensional
signals with systems that range from simple digital circuitsto advanced parallel
computers. The goal of this manipulation can be divided into three categories:

* Image Processing imagein® image out
* Image Analysis image in® measurements out
* Image Understanding imagein® high-level description out

We will focus on the fundamental concepts of image processing. Space does not
permit us to make more than a few introductory remarks about image analysis.
Image understanding requires an approach that differs fundamentally from the
theme of this book. Further, we will restrict ourselves to two—-dimensional (2D)
image processing although most of the concepts and techniques that are to be
described can be extended easily to three or more dimensions. Readers interested in
either greater detail than presented here or in other aspects of image processing are
referred to [1-10]

We begin with certain basic definitions. An image defined in the “real world” is
considered to be a function of two real variables, for example, a(x,y) with a as the
amplitude (e.g. brightness) of the image at the real coordinate position (x,y). An
image may be considered to contain sub-images sometimes referred to as
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regions-of—interest, ROIs, or simply regions. This concept reflects the fact that
images frequently contain collections of objects each of which can be the basisfor a
region. In a sophisticated image processing system it should be possible to apply
specific image processing operations to selected regions. Thus one part of animage
(region) might be processed to suppress motion blur while another part might be
processed to improve color rendition.

The amplitudes of a given image will ailmost always be either real numbers or
integer numbers. The latter isusually aresult of a quantization process that converts
a continuous range (say, between 0 and 100%) to a discrete number of levels. In
certain image-forming processes, however, the signal may involve photon counting
which implies that the amplitude would be inherently quantized. In other image
forming procedures, such as magnetic resonance imaging, the direct physical
measurement yields a complex number in the form of areal magnitude and a real
phase. For the remainder of this book we will consider amplitudes as reas or
integers unless otherwise indicated.

Digital Image Definitions

A digital image a[m,n] described in a 2D discrete space is derived from an analog
image a(xy) in a 2D continuous space through a sampling process that is
frequently referred to as digitization. The mathematics of that sampling process will
be described in Section 5. For now we will look at some basic definitions
associated with the digital image. The effect of digitization is shown in Figure 1.

The 2D continuous image a(x,y) is divided into N rows and M columns. The
intersection of arow and a column istermed a pixel. The value assigned to the
integer coordinates [m,n] with {m=0,1,2,...,M-1} and {n=0,1,2,...,N-1} is a[m,n].
In fact, in most cases a(x,y)—which we might consider to be the physical signal
that impinges on the face of a 2D sensor—is actually a function of many variables
including depth (), color (1), and time (). Unless otherwise stated, we will
consider the case of 2D, monochromatic, static images in this chapter.
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Figure 1: Digitization of a continuousimage. The pixel at coordinates
[m=10, n=3] hasthe integer brightness value 110.

The image shown in Figure 1 has been divided into N = 16 rows and M = 16
columns. The value assigned to every pixel is the average brightness in the pixel
rounded to the nearest integer value. The process of representing the amplitude of
the 2D signal at a given coordinate as an integer value with L different gray levelsis
usualy referred to as amplitude quantization or Simply quantization.

2.1 CoMMON VALUES

There are standard values for the various parameters encountered in digital image
processing. These values can be caused by video standards, by agorithmic
requirements, or by the desire to keep digital circuitry simple. Table 1 gives some
commonly encountered values.

Parameter Symbol  Typical values

Rows N 256,512,525,625,1024,1035
Columns M 256,512,768,1024,1320
Gray Levels L 2,64,256,1024,4096,16384

Table 1. Common values of digital image parameters

Quite frequently we see cases of M=N=2K where {K = 8,9,10}. This can be
motivated by digital circuitry or by the use of certain algorithms such as the (fast)
Fourier transform (see Section 3.3).
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The number of distinct gray levelsis usually apower of 2, that is, L=2B where B is
the number of bitsin the binary representation of the brightness levels. When B>1
we speak of agray-level image; when B=1 we speak of abinary image. In abinary
image there are just two gray levelswhich can be referred to, for example, as
“black” and “white” or “0” and “1”.

2.2 CHARACTERISTICSOFIMAGE OPERATIONS

Thereisavariety of waysto classify and characterize image operations. The reason
for doing so is to understand what type of results we might expect to achieve with a
given type of operation or what might be the computational burden associated with
agiven operation.

2.2.1 Typesof operations
The types of operations that can be applied to digital images to transform an input
image am,n] into an output image b[m,n] (or another representation) can be
classified into three categories as shown in Table 2.

Operation Characterization Generic

Complexity/Pixel

* Point — the output value at a specific coordinate is dependent constant
only on the input value at that same coordinate.

* Local — the output value at a specific coordinate is dependent on p2
the input values in the neighborhood of that same
coordinate.

* Global — the output value at a specific coordinate is dependent on N2

all the values in the input image.

Table 2: Types of image operations. Imagesize= N “ N; neighborhood size
=P~ P. Notethat the complexity is specified in operations per pixdl.

Thisis shown graphically in Figure 2.

a b a
Y e

TS o IS

Point Local
a Global b

Y ® = [m=mg, N=No]

o

Figure 2: lllustration of various types of image operations
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2.2.2 Typesof neighborhoods
Neighborhood operations play a key role in modern digital image processing. It is
therefore important to understand how images can be sampled and how that relates
to the various neighborhoods that can be used to process an image.

* Rectangular sampling — In most cases, images are sampled by laying a
rectangular grid over an image asillustrated in Figure 1. This resultsin the type of
sampling shown in Figure 3ab.

» Hexagonal sampling — An alternative sampling scheme is shown in Figure 3c and
is termed hexagonal sampling.

Both sampling schemes have been studied extensively [1] and both represent a
possible periodic tiling of the continuous image space. We will restrict our
attention, however, to only rectangular sampling asit remains, due to hardware and
software considerations, the method of choice.

L ocal operations produce an output pixel value b[m=mg,n=ng] based upon the pixel
values in the neighborhood of alm=mg,n=ny]. Some of the most common
neighborhoods are the 4-connected neighborhood and the 8-connected
neighborhood in the case of rectangular sampling and the 6-connected
neighborhood in the case of hexagonal sampling illustrated in Figure 3.

Figure 3a Figure3b Figure 3c
Rectangular sampling Rectangular sampling Hexagonal sampling
4-connected 8-connected 6-connected

2.3 VIDEO PARAMETERS

We do not propose to describe the processing of dynamically changing imagesin
thisintroduction. It is appropriate—given that many static images are derived from
video cameras and frame grabbers— to mention the standards that are associated
with the three standard video schemes that are currently in worldwide use —NTSC,
PAL, and SECAM. Thisinformation is summarized in Table 3.
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Sandard NTSC PAL SECAM

Property

images / second 29.97 25 25
ms/ image 33.37 40.0 40.0
lines/ image 525 625 625
(horiz./vert.) = aspect ratio 4:3 4:3 4:3
interlace 2:1 2:1 2:1
ps/ line 63.56 64.00 64.00

Table 3. Standard video parameters

In an interlaced image the odd numbered lines (1,3,5,...) are scanned in half of the
alotted time (e.g. 20 ms in PAL) and the even numbered lines (2,4,6,...) are
scanned in the remaining half. The image display must be coordinated with this
scanning format. (See Section 8.2.) The reason for interlacing the scan lines of a
video image is to reduce the perception of flicker in adisplayed image. If oneis
planning to use images that have been scanned from an interlaced video source, it is
important to know if the two half-images have been appropriately “ shuffled” by the
digitization hardware or if that should be implemented in software. Further, the
analysis of moving objects requires special care with interlaced video to avoid
“zigzag” edges.

The number of rows (N) from a video source generally corresponds one-to—one
with lines in the video image. The number of columns, however, depends on the
nature of the electronics that is used to digitize the image. Different frame grabbers
for the same video camera might produce M = 384, 512, or 768 columns (pixels)

per line.

3. Tools

Certain tools are centra to the processing of digita images. These include
mathematical tools such as convolution, Fourier analysis, and datistical
descriptions and manipulative tools such as chain codesand run codes. We will
present these tools without any specific motivation. The motivation will follow in
later sections.

3.1 CONVOLUTION

There are several possible notations to indicate the convolution of two (multi-
dimensional) signalsto produce an output signal. The most common are:

c=aAb=a*b (1)
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We shall use thefirst form, c =a A b, with the following formal definitions.

In 2D continuous space:

+¥ +¥
c(xy) =a(x y)A b(xy)= ¢ (¢ ,z)b(x - ¢,y- z)dcdz 2
¥ -¥
In 2D discrete space:
) ¥
cmn] =a[m,nfA bimn]= a aa[j.kjgm- j,n- K ©)
j=- ¥ k=-¥

3.2 PROPERTIES OF CONVOLUTION

There are a number of important mathematical properties associated with
convolution.

« Convolution is commutative.

c=aAb=bAa (4)

« Convolution is associative.
c=aA(Ad)=(@Ab)Ad=aAbAd (5)

» Convolution is distributive.
c=aA (b+d)=(aA b)+(aA d) (6)

wherea, b, ¢, and d are all images, either continuous or discrete.

3.3 FOURIER TRANSFORMS

The Fourier transform produces another representation of a signal, specifically a
representation as a weighted sum of complex exponentials. Because of Euler's
formula:

e!? = cos(q) + jsin(q) (7)

where j2 =-1, we can say that the Fourier transform produces a representation of
a (2D) signal as aweighted sum of sines and cosines. The defining formulas for
the forward Fourier and the inverse Fourier transforms are as follows. Given an
image a and its Fourier transform A, then the forward transform goes from the
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spatial domain (either continuous or discrete) to the frequency domain which is
always continuous.

Forward — A=F {a} (8)

The inverse Fourier transform goes from the frequency domain back to the spatial
domain.

Inverse — a=F -1{A} 9)
The Fourier transform is a unique and invertible operation so that:

a=FYF{d} aa a=F{F{a} (10)

The specific formulas for transforming back and forth between the spatial domain
and the frequency domain are given below.

In 2D continuous space:

+¥ +¥
Forward — AUN) = ¢ Sax y)e 1P W dxdy (12)
VIR,
+¥ ¥ _
Inverse — a(x,y) = e O OAU Ve X Wdudy (12)
-¥-¥
In 2D discrete space:
¥ ¥ _
Forward — AWY)= & & dmn]e ! WmYm (13)
m=-¥ n=- ¥
p+p )
Inverse — a[m,n] = yru O QAW Y e TN YD gy (14)
-p-p

3.4 PROPERTIESOF FOURIER TRANSFORMS

There are a variety of properties associated with the Fourier transform and the
inverse Fourier transform. The following are some of the most relevant for digital
image processing.
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» The Fourier transform is, in general, a complex function of the real frequency
variables. As such the transform can be written in terms of its magnitude and
phase.

AuY) =|Auvie! @Y AWY) =|AWY)lel (WY) (15)

» A 2D signal can aso be complex and thus written in terms of its magnitude and
phase.

a(x,y) =lapcy)e” Y am,n] =lam,njle” ™" (16)
* If a2D signal isreal, then the Fourier transform has certain symmetries.
AUN) = A (-u- V) AWY) = A (-W,-Y) (17)

The symbol (*) indicates complex conjugation. For real signals eq. (17) leads
directly to:

|AQU| =|A(- u,- V) J (W =-j (-u-v)

AWY)I = AC WYY ] (WY) =] (- W-Y) 49
* If a2D signal isreal and even, then the Fourier transform isreal and even.
A(u,v) = A- u,-v) AWY) = A-W-Y) (19)
* The Fourier and the inverse Fourier transforms are linear operations.
F {wa+wb =F {wa}+ F {w,8 =wA+w,B 20)

F-l{W1A+ WzB} = F-l{wlp} + F-l{WZB} = Watwyb

where aand b are 2D signals (images) and w; and w, are arbitrary, complex
constants.

* The Fourier transform in discrete space, A(W,Y ), is periodic in both Wand Y .
Both periods are 2p.

AW+ 2p5,Y +2pk) = A(W,Y) J, kK integers (21)

* The energy, E, in asignal can be measured either in the spatial domain or the
frequency domain. For asignal with finite energy:
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Parseval’s theorem (2D continuous space):

B 1 ¥
E= 9 datyl dxdy =—5 & AUV dudv 22)
“¥-¥ P vy

Parseval’ s theorem (2D discrete space):

o , 1 P )
E= & Alamnlf == ¢ GAWY ) awdy (23)
m=¥ n=-¥ P -p-p

This “signal energy” is not to be confused with the physical energy in the
phenomenon that produced the signal. If, for example, the value afm,n] represents a
photon count, then the physical energy is proportional to the amplitude, a, and not
the square of the amplitude. Thisis generally the case in video imaging.

* Given three, multi-dimensional signals a, b, and ¢ and their Fourier transforms A,
B, and C:

F
c=zaAb « C=A<B
and (24)
F 1 .
c=ae*b « C=—2AAB

4p

In words, convolution in the spatial domain is equivalent to multiplication in the
Fourier (frequency) domain and vice-versa. Thisis a central result which provides
not only a methodology for the implementation of a convolution but also insight
into how two signals interact with each other—under convolution—to produce a
third signal. We shall make extensive use of thisresult |ater.

* If atwo-dimensional signal a(x,y) isscaled in its spatial coordinates then:

If axy) ® a(Mx-x,My-y)

®, v 0 (25)
Then A(uv) ® AVMX,/MyB/|MX-My|
* If atwo-dimensional signal a(x,y) has Fourier spectrum A(u,v) then:
+¥ +Y
AU=0y=0)= ) ¢p(x y)dxdy
“¥-¥
v (26)
a(x=0y =0)=— O QA(u,v)dxdy
SV

10
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* If atwo-dimensional signal a(x,y) has Fourier spectrum A(u,v) then:

F F
Wa.("_XX,Y) « jUA(U V) W « JVA(U,V)
Tlax,y) F > T2axy) F g
T « - U“Aluv T « -V AU,V)

3.4.1 Importance of phase and magnitude
Equation (15) indicates that the Fourier transform of an image can be complex.
This is illustrated below in Figures 4a-c. Figure 4a shows the origina image
alm,n], Figure 4b the magnitude in a scaled form as log(|JA(W,Y )|), and Figure 4c
the phasej (WY).

Figureda Figure4b Figure4c
Original log(JA(WY)]) j (WY)

Both the magnitude and the phase functions are necessary for the complete
reconstruction of an image from its Fourier transform. Figure 5a shows what
happens when Figure 4a is restored solely on the basis of the magnitude
information and Figure 5b shows what happens when Figure 4ais restored solely
on the basis of the phase information.

11
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Figure5a Figure5b
j(WY)=0 IA(W,Y )| = constant

Neither the magnitude information nor the phase information is sufficient to restore
the image. The magnitude—only image (Figure 5a) is unrecognizable and has severe
dynamic range problems. The phase-only image (Figure 5b) is barely recognizable,
that is, severely degraded in quality.

3.4.2 Circularly symmetric signals
An arbitrary 2D signal a(x,y) can always be written in a polar coordinate system as
a(r,q). When the 2D signal exhibits acircular symmetry this means that:

a(x,y) = a(r,q) =a(r) (28)

wherer2 = x2 + y2 and tang = y/x. As a number of physical systems such as lenses
exhibit circular symmetry, it is useful to be able to compute an appropriate Fourier
representation.

The Fourier transform A(u, v) can be written in polar coordinates A(w,,x) and then,
for acircularly symmetric signal, rewritten as a Hankel transform:

¥
Auy) =F {a(x.y)} = 2p ga(r)Jo(w r)rdr = Aw,) (29)
0
where W? =u? +v? and tanx = v/u and Jo(*) isaBessel function of thefirst kind

of order zero.

Theinverse Hankel transform is given by:

¥

a(r) = %(y\(wr oW, w,ch, (30)
0

12
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The Fourier transform of acircularly symmetric 2D signal is afunction of only the
radial frequency, w,. The dependence on the angular frequency, X, has vanished.
Further, if a(x)y) = a(r) isreal, then it is automatically even due to the circular
symmetry. According to equation (19), A(w;) will then be real and even.

3.4.3 Examplesof 2D signals and transforms

Table 4 shows some basic and useful signals and their 2D Fourier transforms. In
using the table entries in the remainder of this chapter we will refer to a spatial
domain term as the point spread function (PSF) or the 2D impulse response and its
Fourier transforms as the optical transfer function (OTF) or simply transfer
function. Two standard signals used in thistable are u(¢), the unit step function, and
J1(*), the Bessel function of the first kind. Circularly symmetric signals are treated
asfunctionsof r asin eq. (28).

3.5 SrtaTISTICS

In image processing it is quite common to use simple statistical descriptions of
images and sub—images. The notion of a statistic is intimately connected to the
concept of a probability distribution, generally the distribution of signal amplitudes.
For a given region—which could conceivably be an entire image—we can define
the probability distribution function of the brightnesses in that region and the
probability density function of the brightnesses in that region. We will assumein
the discussion that follows that we are dealing with adigitized image a[m,n].

3.5.1 Probability distribution function of the brightnesses
The probability distribution function, P(a), is the probability that a brightness
chosen from the region is less than or equal to agiven brightnessvalue a. As a
increases from —¥ to +¥, P(a) increases from 0 to 1. P(a) is monotonic, non-
decreasing in a and thus dP/da 3 O.

3.5.2 Probability density function of the brightnesses
The probability that a brightnessin aregion falls between a and a+Da, given the
probability distribution function P(a), can be expressed as p(a)Da where p(a) is the
probability density function:

P20,

Da =
p(apa=F—2

(31)

13
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F assin(aw, ) 698in(bw, )0

T.1 Rectangle R,p(X,y) =
«
L : :
u(az _ X2)u(b2 _ y2) é aWX é be 7]
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Table 4: 2D Images and their Fourier Transforms
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Because of the monatonic, non-decreasing character of P(a) we have that:

+¥
p(a3 0 and op(a)da=1 (32)
¥

For an image with quantized (integer) brightness amplitudes, the interpretation of
Da is the width of a brightness interval. We assume constant width intervals. The
brightness probability density function is frequently estimated by counting the
number of times that each brightness occurs in the region to generate a histogram,
h[a]. The histogram can then be normalized so that the tota area under the
histogram is 1 (eg. (32)). Said another way, the p[a] for aregion is the normalized
count of the number of pixels, L, in aregion that have quantized brightness a:

pla] = %h[a] with L =8 ha] (33)

The brightness probability distribution function for the image shown in Figure 4ais
shown in Figure 6a. The (unnormalized) brightness histogram of Figure 4a which
is proportional to the estimated brightness probability density function is shown in
Figure 6b. The height in this histogram corresponds to the number of pixelswith a
given brightness.

1.00 - 1600 T
0.75 - 1200 +
0.50 - 800 +
0.25 - 400 +
0.00 - 1 1 1 1 1 1 ! 0 1 ! ! ! ! ! ! !
0 32 64 96 128 160 192 224 256 0 32 64 96 128 160 192 224 256
Brightness Brightness
@ (b)

Figure 6: (a) Brightness distribution function of Figure 4a with minimum, median, and
maximum indicated. See text for explanation. (b) Brightness histogram of Figure 4a

Both the distribution function and the histogram as measured from aregion are a
statistical description of that region. It must be emphasized that both P[a] and p[a]
should be viewed asestimates of true distributions when they are computed from a
specific region. That is, we view an image and a specific region as one realization of

16
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the various random processes involved in the formation of that image and that
region. In the same context, the statistics defined below must be viewed as
estimates of the underlying parameters.

3.5.3 Average
The average brightness of aregion is defined as the sample mean of the pixel
brightnesses within that region. The average, m,, of the brightnesses over the L
pixelswithin aregion (A) is given by:

1 o
Mg =7 a mn] (34)

>>r91.

(m,

Alternatively, we can use a formulation based upon the (unnormalized) brightness
histogram, h(a) = L ep(a), with discrete brightness values a. This gives:

m, = =8 a-hial (35)

The average brightness, m,, is an estimate of the mean brightness, m, of the
underlying brightness probability distribution.

3.5.4 Standard deviation
The unbiased estimate of the standard deviation, s, of the brightnesses within a
region (A) with L pixelsis caled the sample standard deviation and is given by:

S \/ é(ﬂmn]- m,)’

A

\/ a a[mn]- Lm? 0

m,ni A

L-1

Using the histogram formulation gives:

&, 0
¢a a’eaj:-L «m?

€ a a
= 7
% L-1 (37)

The standard deviation, s,, is an estimate of s, of the underlying brightness
probability distribution.

17
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3.5.5 Coefficient-of-variation
The dimensionl ess coefficient—of—variation, CV, isdefined as:

CV =2 100% (38)
m,

3.5.6 Percentiles
The percentile, p%, of an unquantized brightness distribution is defined as that
value of the brightness a such that:

P(a) = p%
or equivalently

Op@)da = p% (39)

—¥

Three specia cases are frequently used in digital image processing.

* 0% the minimum value in the region
* 50% themedian valuein the region
* 100% the maximum value in the region

All three of these values can be determined from Figure 6a.

3.5.7 Mode
The mode of the distribution is the most frequent brightness value. Thereis no
guarantee that a mode exists or that it is unique.

3.5.8 Signalto-Noiseratio
The signd—tonoise ratio, SNR, can have severa definitions. The noise is
characterized by its standard deviation, s,,. The characterization of the signal can
differ. If the signal is known to lie between two boundaries, a,i, £ a £ a0 then
the R is defined as:

Ca. b
Boundedsignal —  SNR =20 |ogloaei"‘axSﬁ 8min~ 4B (40)
4]

If the signa is not bounded but has a datistical distribution then two other
definitions are known:

Sochastic signal —

. &m, O
S& N inter-dependent NR =20lo + dB 41
glogg (41)

18
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5
S& N independent NR = 20|0910§+ dB (42
(4]

where m, and s, are defined above.

The various statistics are given in Table 5 for the image and the region shown in
Figure7.

Satistic Image ROI
Average 137.7 219.3
Standard Deviation 495 4.0
Minimum 56 202
Median 141 220
Maximum 241 226
Mode 62 220
SNR (db) NA 333
Figure7 Table5
Region isthe interior of thecircle. Statistics from Figure 7

A SNR calculation for the entireimage based on eg. (40) is not directly available.
The variationsin the image brightnesses that lead to the large value of s (=49.5) are
not, in general, due to noise but to the variation in local information. With the help
of the region thereis away to estimate the SNR. We can use the si (=4.0) and the
dynamic range, 8yax — amin, fOr the image (=241-56) to calculate a global SNR
(=33.3 dB). The underlying assumptions are that 1) the signal is approximately
constant in that region and the variation in the region is therefore due to noise, and,
2) that the noise is the same over the entire image with a standard deviation given

by s,=SA.

3.6 CONTOUR REPRESENTATIONS

When dealing with aregion or object, several compact representations are available
that can facilitate manipulation of and measurements on the object. In each case we
assume that we begin with an image representation of the object as shown in Figure
8a,b. Several techniques exist to represent the region or object by describing its
contour.

3.6.1 Chain code
This representation is based upon the work of Freeman [11]. We follow the
contour in a clockwise manner and keep track of the directions as we go from one
contour pixel to the next. For the standard implementation of the chain code we

19
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consider a contour pixel to be an object pixel that has a background (non-object)
pixel as one or more of its 4-connected neighbors. See Figures 3aand 8c.

The codes associated with eight possible directions are the chain codes and, with x
asthe current contour pixel position, the codes are generaly defined as:

3 21
Chain codes = 4 x O (43)
56 7
i
Digitization
>
i
(b)
Contour Run Lengths
(c) V o

Figure 8: Region (shaded) asit is transformed from (&) continuous to (b)
discrete form and then considered as a (c) contour or (d) run lengths
illustrated in aternating colors.

3.6.2 Chain code properties
» Even codes {0,2,4,6} correspond to horizontal and vertical directions; odd codes
{1,3,5,7} correspond to the diagonal directions.

* Each code can be considered as the angular direction, in multiples of 45°, that we
must move to go from one contour pixel to the next.

* The absolute coordinates [m,n] of the first contour pixel (e.g. top, leftmost)

together with the chain code of the contour represent a complete description of the
discrete region contour.
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» When there is a change between two consecutive chain codes, then the contour
has changed direction. This point is defined as acorner.

3.6.3 “Crack” code
An aternative to the chain code for contour encoding is to use neither the contour
pixels associated with the object nor the contour pixels associated with background
but rather the line, the “crack”, in between. Thisisillustrated with an enlargement
of aportion of Figure 8in Figure 9.

The “crack” code can be viewed as a chain code with four possible directions

instead of eight.
1
Crack codes= 2 x O (44)
3
o
Close up
>
HE
(@) (b)

Figure 9: (a) Object including part to be studied. (b) Conto ur
pixels as used in the chain code are diagonally shaded. The
“crack” is shown with the thick black line.

Thechain code for the enlarged section of Figure 9b, from top to bottom, is
{5,6,7,7,0}. The crack codeis{3,2,3,3,0,3,0,0}.

3.6.4 Run codes
A third representation is based on coding the consecutive pixels along arow—a
run—that belong to an object by giving the starting position of the run and the
ending position of the run. Such runs are illustrated in Figure 8d. There are a
number of aternatives for the precise definition of the positions. Which alternative
should be used depends upon the application and thus will not be discussed here.
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4. Perception

Many image processing applications are intended to produce images that are to be
viewed by human observers (as opposed to, say, automated industrial inspection.)
It istherefore important to understand the characteristics and limitations of the
human visua system—to understand the “receiver” of the 2D signals. At the outset
it isimportant to realize that 1) the human visual system is not well understood, 2)
no objective measure exists for judging the quality of an image that corresponds to
human assessment of image quality, and, 3) the “typical” human observer does not
exist. Nevertheless, research in perceptua psychology has provided some
important insights into the visual system. See, for example, Stockham [12].

4.1 BRIGHTNESS SENSITIVITY

There are several ways to describe the sensitivity of the human visual system. To
begin, let us assume that a homogeneous region in an image has an intensity as a
function of wavelength (color) given by I(l ). Further let usassumethat I(1 ) = 1, a
constant.

4.1.1 Wavelength sensitivity
The perceived intensity as afunction of | , the spectral sensitivity, for the “typical
observer” isshown in Figure 10 [13].

1.00 -

0.75

0.50 +

0.25 -

Relative Sensitivity

0.00 : 1 : : : ; ‘
350 400 450 500 550 600 650 700 750

Wavelength (nm.)

Figure 10: Spectra Sengitivity of the “typical” human observer

4.1.2 Stimulus sensitivity
If the constant intensity (brightness) I, is allowed to vary then, to a good
approximation, the visual response, R, is proportional to the logarithm of the
intensity. Thisis known as the Weber—Fechner law:
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R=log(l,) (45)

The implications of this are easy to illustrate. Equal perceived steps in brightness,
DR = k, require that the physical brightness (the stimulus) increases exponentially.
Thisisillustrated in Figure 11ab.

A horizontal line through the top portion of Figure 11ashowsalinear increasein
objective brightness (Figure 11b) but a logarithmic increase in subjective
brightness. A horizontal line through the bottom portion of Figure 11a shows an
exponential increase in objective brightness (Figure 11b) but alinear increase in
subjective brightness.

256 T

192 +

128 +

D
g
,

Pixel Brightness

o

Sampled Postion

Figurella Figure11b
(top) Brightness step DI = k Actua brightnesses plusinterpolated values

(bottom) Brightness step DI = kel

TheMach band effect is visible in Figure 11a. Although the physical brightnessis
constant across each vertical stripe, the human observer perceives an “undershoot”
and “overshoot” in brightness at what is physically a step edge. Thus, just before
the step, we see adlight decrease in brightness compared to the true physical value.
After the step we see a dlight overshoot in brightness compared to the true physical
value. Thetota effect isone of increased, local, perceived contrast at a step edge in
brightness.

4.2 SPATIAL FREQUENCY SENSITIVITY

If the constant intensity (brightness) 1, isreplaced by a sinusoidal grating with
increasing spatial frequency (Figure 12a), it is possible to determine the spatial
frequency sensitivity. The result is shown in Figure 12b [14, 15].
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To trandlate these data into common terms, consider an “ideal” computer monitor
at a viewing distance of 50 cm. The spatial frequency that will give maximum
response is at 10 cycles per degree. (See Figure 12b.) The one degree at 50 cm
trandates to 50 tan(1°) = 0.87 cm on the computer screen. Thus the spatia
frequency of maximum response f,,5 = 10 cycles/0.87 cm = 11.46 cycles/cm at
this viewing distance. Trandating thisinto ageneral formulagives:

( __ 10 _5729
MX " detan(1°)  d

cycles/cm (46)

where d = viewing distance measured in cm.

4.3 COLOR SENSITIVITY

Human color perception is an exceedingly complex topic. As such we can only
present a brief introduction here. The physical perception of color is based upon
three color pigmentsin the retina.

4.3.1 Standard observer
Based upon psychophysical measurements, standard curves have been adopted by
the CIE (Commission Internationale de |’ Eclairage) as the sensitivity curves for the
“typical” observer for the three “pigments’ X(l ), y(I), and Z(l ). These are
shown in Figure 13. These are not the actual pigment absorption characteristics
found in the “standard” human retina but rather sensitivity curves derived from
actual data[10].
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Figure 13: Standard observer spectral sensitivity curves.

For an arbitrary homogeneous region in an image that has an intensity as afunction
of wavelength (color) given by I(l ), the three responses are called the tristimulus
values

¥ ¥ ¥
X=g)x()d Y=gy zZ=g(@)z)d (47)
0 0 0

4.3.2 CIE chromaticity coordinates
The chromaticity coordinateswhich describe the perceived color information are
defined as.

X Y
X =TV Y X Tvez z=1- (x+y) (48)
The red chromaticity coordinate is given by x and the green chromaticity coordinate
by y. The tristimulus values are linear in I(l ) and thus the absolute intensity
information has been lost in the calculation of the chromaticity coordinates { x,y}.
All color distributions, I(l ), that appear to an observer as having the same color
will have the same chromaticity coordinates.

If we use atunable source of pure color (such as adye laser), then the intensity can
be modeled asi(l ) =d(I —1 o) withd() as the impulse function. The collection of
chromaticity coordinates {x,y} that will be generated by varying | , givesthe CIE
chromaticity triangleas shown in Figure 14.
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Figure 14: Chromaticity diagram containing the CIE chromaticity
triangleassociated with pure spectral colors and the triangle associated
with CRT phosphors.

Pure spectral colors are along the boundary of the chromaticity triangle. All other
colors are inside the triangle. The chromaticity coordinates for some standard
sources are given in Table 6.

Source X y

Fluorescent lamp @ 4800 °K 0.35 0.37
Sun @ 6000 °K 0.32 0.33
Red Phosphor (europium yttrium vanadate) 0.68 0.32
Green Phosphor (zinc cadmium sulfide) 0.28 0.60
Blue Phosphor (zinc sulfide) 0.15 0.07

Table 6: Chromaticity coordinates for standard sources.

The description of color on the basis of chromaticity coordinates not only permits
an analysis of color but provides a synthesis technique as well. Using a mixture of
two color sources, it is possible to generate any of the colors aong the line
connecting their respective chromaticity coordinates. Since we cannot have a
negative number of photons, this means the mixing coefficients must be positive.
Using three color sources such asthe red, green, and blue phosphors on CRT
monitors leads to the set of colors defined by the interior of the “phosphor
triangle” shown in Figure 14.
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The formulas for converting from the tristimulus values (XY,Z) to the well-known
CRT colors (R,G,B) and back are given by:

RU 619107 -05326 -0.2883U éXL

a_e a, &, u
gG@‘e' 09843 19984 -0.0283 gvu (49)
@0 600583 -0.1185 08986 O €z(

and
éXu é0.6067 0.1736 0.2001u éRu

8 u_ 8 0, 8.
a¥g= 20.2988 0.5868 0.1143;+ Gy (50)
éz0 €0.0000 00661 1.1149G éB(

Aslong as the position of adesired color (X,Y,Z) isinside the phosphor trianglein
Figure 14, thevaues of R, G, and B as computed by eq. (49) will be positive and
can therefore be used to drive a CRT monitor.

It isincorrect to assume that a small displacement anywhere in the chromaticity
diagram (Figure 14) will produce a proportionally small change in the perceived
color. An empirically-derived chromaticity space where this property is
approximated isthe (u’,v') space:

4x y 9y

u_-2x+12y+3 C2x+12y +3

and (51)
oM y=—
6u- 16V +12 6u'- 16v' +12

Small changes almost anywhere in the (u’,v') chromaticity space produce equally
small changes in the perceived colors.

4.4 OPTICAL ILLUSIONS

The description of the human visual system presented above is couched in standard
engineering terms. This could lead one to conclude that there is sufficient
knowledge of the human visual system to permit modeling the visual system with
standard system analysis techniques. Two simple examples of optica illusions,
shown in Figure 15, illustrate that this system approach would be a gross
oversimplification. Such models should only be used with extreme care.
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Figure 15: Optical Illusions

The left illusion induces the illusion of gray vaues in the eye that the brain
“knows’ does not exist. Further, there is a sense of dynamic change in the image
due, in part, to the saccadic movements of the eye. Theright illusion, Kanizsa's
triangle, shows enhanced contrast and false contours [14] neither of which can be
explained by the system-oriented aspects of visual perception described above.

| mage Sampling

Converting from a continuous image a(xy) to its digital representation b[m,n]
requires the process of sampling. In the ideal sampling system a(x,y) is multiplied
by anideal 2D impulse train:

+¥ +¥
Beea[Mn]  =a(xy)e & Qdx- mX,y- nY)
m=-¥ n=-¥
¥ ¥
= a. aa(mxo’nYo)d(X' mxo’y' nYo)

m=- ¥ n=-¥

(52)

where X, and Y, are the sampling distances or intervals and d(e,e) is the idedl
impulse function. (At some point, of course, the impulse function d(xy) is
converted to the discrete impulse function d{m,n].) Square sampling implies that X,
=Y, Sampling with an impulse function corresponds to sampling with an
infinitesmally small point. This, however, does not correspond to the usual
situation asillustrated in Figure 1. To take the effects of a finite sampling aperture
p(x,y) into account, we can modify the sampling model asfollows:

+¥ +¥
bimn] =(a(xy)A p(xy)* & & d(x- mXy,y- ny,) (53)
m=-¥ n=-¥
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The combined effect of the aperture and sampling are best understood by
examining the Fourier domain representation.

+¥ ¥

B(WY) :i2 A A AW MW, Y - nY)e P(W- mW,, Y- nYy (54)
4p m=-¥ n=-¥

where W, = 2p/X, is the sampling frequency in the x direction and Y g = 2p/Y, is

the sampling frequency in the y direction. The aperture p(x,y) is frequently square,

circular, or Gaussian with the associated P(W)Y ). (See Table 4.) The periodic

nature of the spectrum, described in eq. (21) is clear from eqg. (54).

5.1 SAMPLING DENSITY FOR | MAGE PROCESSING

To prevent the possible aliasing (overlapping) of spectral terms that isinherent in
eg. (54) two conditions must hold:

« Bandlimited A(u,v) —

A(uvyl°c0 for JU>u, and M>\v, (55)

* Nyquist sampling frequency —

Wg>2eu. and Yg>2ev, (56)

where u; and v, are the cutoff frequenciesin the x and y direction, respectively.
Images that are acquired through lenses that are circularly-symmetric, aberration-
free, and diffraction-limited will, in general, be bandlimited. The lens acts as a
lowpass filter with a cutoff frequency in the frequency domain (eg. (11)) given by:

_2NA

Uz =V¢ |

(57)

where NA is the numerical aperture of thelensand | isthe shortest wavelength of
light used with the lens[16]. If the lens does not meet one or more of these
assumptions then it will still be bandlimited but at lower cutoff frequencies than
those given in eg. (57). When working with the F-number (F) of the optics instead
of theNA and in air (with index of refraction= 1.0), eq. (57) becomes:

22¢ 1 O
Ue =V, (58)

1 &Jar2+10
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5.1.1 Sampling aperture
The aperturep(x,y) described above will have only amarginal effect on the final
signa if the two conditions egs. (56) and (57) are satisfied. Given, for example, the
distance between samples X, equals Y, and a sampling aperture that is not wider
than X,, the effect on the overal spectrum—due to the A(u,v)P(u,v) behavior
implied by eq.(53)—isillustrated in Figure 16 for square and Gaussian apertures.

The spectra are evaluated along one axis of the 2D Fourier transform. The Gaussian
aperture in Figure 16 has awidth such that the sampling interval X, contains +3s
(99.7%) of the Gaussian. The rectangular apertures have a width such that one
occupies 95% of the sampling interval and the other occupies 50% of the sampling
interval. The 95% width trandatesto afill factor of 90% and the 50% width to a fill
factor of 25%. Thefill factor is discussed in Section 7.5.2.

1.0 — e e
09 NGO T . — Square aperture,
1 | ‘ | ‘ fill = 25%
-~ ‘ ‘ ‘ ‘ . — Gaussian
L 08 - N aperture
= \ \ \ \
a | | | | |
OV e |
! ! ! ! * — Square aperture,
fill = 90%
0.6 : : : : :
0.0 0.1 0.2 0.3 0.4 0.5
Fraction of Nyquist frequency

Figure 16: Aperture spectra P(u,v=0) for frequencies up to half the Nyquist
frequency. For explanation of “fill” see text.

5.2 SAMPLING DENSITY FOR IMAGE ANALYSIS
The “rules’ for choosing the sampling density when the goal isimage analysis—as
opposed to image processing—are different. The fundamental difference isthat the
digitization of objectsin an image into a collection of pixelsintroduces aform of
gpatial quantization noise that is not bandlimited. This leadsto the following results
for the choice of sampling density when one is interested in the measurement of
areaand (perimeter) length.
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5.2.1 Sampling for area measurements
Assuming square sampling, X, = Y, and the unbiased algorithm for estimating area
which involves ssimple pixel counting, the CV (see eq. (38)) of the area
measurement is related to the sampling density by [17]:

2D:  limCV(9=kS ¥? 3D: lim CV(S)=ksS ? (59)
S® ¥ S® ¥

and in D dimensions;

lim CV(S) = kpS (P2 (60)
S® ¥

where Sis the number of samples per object diameter. In 2D the measurement is
area, in 3D volume, and in D-dimensions hypervolume.

5.2.2 Sampling for length measur ements
Again assuming square sampling and algorithms for estimating length based upon
the Freeman chain-code representation (see Section 3.6.1), the CV of the length
measurement is related to the sampling density per unit length as shown in Figure
17 (see[18, 19].)

100.0% T -~~~ ---a-=c s

: Pixel Count
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Figure 17: CV of length measurement for various agorithms.

The curvesin Figure 17 were developed in the context of straight lines but similar
results have been found for curves and closed contours. The specific formulas for
length estimation use a chain code representation of aline and are based upon a
linear combination of three numbers:

L=asNg+beNy+geN, (61)
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where Ng is the number of even chain codes, N, the number of odd chain codes,
and N the number of corners. The specific formulas are givenin Table 7.

Coefficients a b g
Formula Reference
Pixel count 1 1 0 [18]
Freeman 1 J2 0 [11]
Kulpa 0.9481 0.9481 ¢ /2 0 [20]
Corner count 0.980 1.406 —0.091 [21]

Table 7: Length estimation formulas based on chain code counts (Ng, Ng, N¢)

5.2.3 Conclusions on sampling
If oneisinterested in image processing, one should choose a sampling density
based upon classical signal theory, that is, the Nyquist sampling theory. If oneis
interested in image analysis, one should choose a sampling density based upon the
desired measurement accuracy (bias) and precision (CV). In a case of uncertainty,
one should choose the higher of the two sampling densities (frequencies).

6. Noise

Images acquired through modern sensors may be contaminated by a variety of
noise sources. By noise we refer to stochastic variations as opposed to deterministic
distortions such as shading or lack of focus. We will assume for this section that
we are dealing with images formed from light using modern electro-optics. In
paticular we will assume the use of modern, charge-coupled device (CCD)
cameras where photons produce electrons that are commonly referred to as
photoel ectrons. Nevertheless, most of the observations we shall make about noise
and its various sources hold equally well for other imaging modalities.

While modern technology has made it possible to reduce the noise levels associated
with various electro-optical devicesto amost negligible levels, one noise source can
never be eliminated and thus forms the limiting case when all other noise sources
are “eliminated”.

6.1 PHOTON NoIsSE
When the physical signal that we observe is based upon light, then the quantum
nature of light plays asignificant role. A single photonat | = 500 nm carries an
energy of E = hn = hel = 3.97 © 10719 Joules. Modern CCD cameras are
sensitive enough to be able to count individual photons. (Camera sensitivity will be
discussed in Section 7.2.) The noise problem arises from the fundamentally
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statistical nature of photon production. We cannot assume that, in a given pixel for
two consecutive but independent observation intervals of length T, the same
number of photons will be counted. Photon production is governed by the laws of
guantum physics which restrict us to talking about an average number of photons
within a given observation window. The probability distribution for p photonsin an
observation window of length T seconds is known to be Poisson:

T)Pe'T

P(pIr.T) =% (€2)

wherer isthe rate or intensity parameter measured in photons per second. It is
critical to understand that even if there were no other noise sources in the imaging
chain, the statistical fluctuations associated with photon counting over afinite time
interval T would still lead to afinite signal-to-noise ratio (SNR). If we use the
appropriate formulafor the SNR (eq. (41)), then due to the fact that the average
value and the standard deviation are given by:

. average=rT 63

Poisson process — < = \/ﬁ (63)
we have for the SNR:

Photon noise — NR =10l0g;x(r T) dB (64)

The three traditional assumptions about the relationship between signal and noise
do not hold for photon noise:

« photon noise is not independent of the signdl;
* photon noiseis not Gaussian, and;
* photon noise is not additive.

For very bright signals, wherer T exceeds 1(P, the noise fluctuations due to photon
statistics can be ignored if the sensor has a sufficiently high saturation level. This
will be discussed further in Section 7.3 and, in particular, eg. (73).

6.2 THERMAL NOISE

An additional, stochastic source of electrons in a CCD well is thermal energy.
Electrons can be freed from the CCD material itself through thermal vibration and
then, trapped in the CCD well, be indistinguishable from “true” photoelectrons. By
cooling the CCD chip it is possible to reduce significantly the number of “thermal
electrons’ that give rise to thermal noise or dark current. Asthe integration time T
increases, the number of thermal electronsincreases. The probability distribution of

33



...Image Processing Fundamentals

thermal electrons is also a Poisson process where the rate parameter is an
increasing function of temperature. There are alternative techniques (to cooling) for
suppressing dark current and these usually involve estimating the average dark
current for the given integration time and then subtracting this value from the CCD
pixel values before the A/D converter. While this does reduce the dark current
average, it does not reduce the dark current standard deviation and it also reduces
the possible dynamic range of the signal.

6.3 ON-cHIP ELECTRONIC NOISE

This noise originates in the process of reading the signal from the sensor, in this
case through the field effect transistor (FET) of a CCD chip. The general form of
the power spectral density of readout noiseis:

-b

Tw W<Wp, b>0
|

Readout noise — SaW)HT K Wi <W <Wpay (65)
L w? W>W,, a>0

where a and b are constants and w is the (radial) frequency at which the signal is
transferred from the CCD chip to the “ outside world.” At very low readout rates (w
< Wmin) the noise has a 1/f character. Readout noise can be reduced to manageable
levels by appropriate readout rates and proper electronics. At very low signal levels
(see eg. (64)), however, readout noise can still become a significant component in
the overall SNR [22].

6.4 KTC Noise

Noise associated with the gate capacitor of an FET istermed KTC noise and can be
non-negligible. The output RM S value of this noise voltageis given by:

KT
KTC noise (voltage) — SkTc = < (66)

where C isthe FET gate switch capacitance, kis Boltzmann’'s constant, and T is the
absolute temperature of the CCD chip measured in K. Using the relationships
Q=CeV=N_ * e , the output RM S value of the KTC noise expressed in terms
of the number of photoelectrons (N ) isgiven by:

KTC noise (electrons) — SN, = ETC (67)

where e is the dectron charge. For C = 0.5 pF and T = 233 K this gives
N,- =252 electrons. Thisvalueisa*“onetime” noise per pixel that occurs during
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signal readout and is thus independent of the integration time (see Sections 6.1 and
7.7). Proper electronic design that makes use, for example, of correlated double
sampling and dual-slope integration can almost completely eliminate KTC noise
[22].

6.5 AMPLIFIER NOISE

The standard model for this type of noiseis additive, Gaussian, and independent of
the signal. In modern well-designed electronics, amplifier noise is generaly
negligible. The most common exception to thisisin color cameras where more
amplification is used in the blue color channel than in the green channel or red
channel leading to more noise in the blue channel. (See aso Section 7.6.)

6.6 QUANTIZATION NOISE

Quantization noise is inherent in the amplitude quantization process and occurs in
the anal og-to-digital converter, ADC. The noise is additive and independent of the
signal when the number of levelsL 3 16. Thisisequivalent to B 3 4 bits. (See
Section 2.1.) For asignal that has been converted to electrical form and thus has a
minimum and maximum electrical value, eg. (40) is the appropriate formulafor
determining the SNR. If the ADC is adjusted so that O corresponds to the minimum
electrical value and 2B-1 corresponds to the maximum electrical value then:

Quantization noise — NR=6B+11 dB (68)
For B 3 8 hits, thismeansa S\R 3 59 dB. Quantization noise can usualy be

ignored as the tota SNR of a complete system is typicaly dominated by the
smallest SNR. In CCD cameras thisis photon noise.

7. Cameras

The cameras and recording media available for modern digital image processing
applications are changing at a significant pace. To dwell too long in this section on
one major type of camera, such asthe CCD camera, and to ignore developmentsin
areas such as charge injection device (CID) cameras and CMOS camerasisto run
the risk of obsolescence. Nevertheless, the techniques that are used to characterize
the CCD cameraremain “universal” and the presentation that followsis given in
the context of modern CCD technology for purposes of illustration.
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LINEARITY

It is generally desirable that the relationship between the input physical signa (e.g.
photons) and the output signal (e.g. voltage) be linear. Formally this means (asin
eg. (20)) that if we have two images, a and b, and two arbitrary complex constants,
w1 and w, and alinear camera response, then:

c=R {wa+wb} =wR {g +w,R {b} (69)

where R{ } isthe cameraresponse and cisthe cameraoutput. In practice the
relationship between input a and output c is frequently given by:

c =gaine*a’ + offset (70)

where gis the gamma of the recording medium. For atruly linear recording system
we must have g= 1 and offset = 0. Unfortunately, the offset is almost never zero
and thus we must compensate for this if the intention is to extract intensity
measurements. Compensation techniques are discussed in Section 10.1.

Typica vaues of gthat may be encountered are listed in Table 8. Modern cameras
often have the ability to switch electronically between various values of g.

Sensor Surface g Possible advantages

CCD chip Silicon 1.0 Linear

Vidicon Tube SboSs 0.6 Compresses dynamic range ® high contrast scenes
Film Silver halide <1.0 Compresses dynamic range ® high contrast scenes
Film Silver halide >1.0 Expands dynamic range ® low contrast scenes

7.2

Table 8: Comparison of gof various sensors

SENSITIVITY

There are two ways to describe the sensitivity of a camera. First, we can determine
the minimum number of detectable photoelectrons. This can be termed the absolute
sensitivity. Second, we can describe the number of photoelectrons necessary to
change from one digital brightness level to the next, that is, to change one analog-
to-digital unit (ADU). This can be termed the relative sensitivity.

7.2.1 Absolute sensitivity

To determine the absolute sensitivity we need a characterization of the camerain
terms of its noise. If the total noise hasa s of, say, 100 photoel ectrons, then to
ensure detectability of asignal we could then say that, at the 3s level, the minimum
detectable signal (or absolute sensitivity) would be 300 photoelectrons. If all the
noise sources listed in Section 6, with the exception of photon noise, can be reduced
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to negligible levels, this means that an absolute sensitivity of less than 10
photoel ectrons is achievable with modern technology

7.2.2 Relative sensitivity
The definition of relative sengitivity, S, given above when coupled to the linear case,
eg. (70) withg= 1, leads immediately to the result:

S= Jlain = gain™* (71)
The measurement of the sensitivity or gain can be performed in two distinct ways.

* If, following eq. (70), the input signal a can be precisely controlled by either
“shutter” time or intensity (through neutral density filters), then the gain can be
estimated by estimating the slope of the resulting straight-line curve. To translate
this into the desired units, however, a standard source must be used that emits a
known number of photons onto the camera sensor and the quantum efficiency (h)
of the sensor must be known. The quantum efficiency refers to how many
photoel ectrons are produced—on the average—per photon at a given wavelength.
Ingeneral O£ h(l ) £ 1.

* If, however, the limiting effect of the camerais only the photon (Poisson) noise
(see Section 6.1), then an easy-to-implement, alternative technique is available to
determine the sendtivity. Using equations (63), (70), and (71) and after
compensating for the offset (see Section 10.1), the sengtivity measured from an
image cisgiven by:

E{cd m

5= Var{c} - gzc (72

where m; and s; are defined in equations (34) and (36).

Measured data for five modern (1995) CCD camera configurations are given in

Table9.
Camera Pixels Pixel size Temp. S Bits
Label HMX um K e /ADU

Cc-1 1320 x 1035 6.8x 6.8 231 7.9 12
Cc-2 578x385  22.0x220 227 9.7 16
C-3 1320 x 1035 6.8x6.8 293 48.1 10
c4 576x 384  23.0x23.0 238 90.9 12
C5 756 x 581 11.0x55 300 109.2 8

Table 9: Sensitivity measurements. Note that a more
sensitive camera has alower value of S.
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The extraordinary sensitivity of modern CCD camerasis clear from these data. In a
scientific-grade CCD camera (C-1), only 8 photoelectrons (approximately 16
photons) separate two gray levelsin the digital representation of the image. For a
considerably less expensive video camera (C-5), only about 110 photoelectrons
(approximately 220 photons) separate two gray levels.

7.3 SNR

As described in Section 6, in modern camera systems the noise is frequently
limited by:
» amplifier noisein the case of color cameras;
» thermal noise which, itself, islimited by the chip temperature K and the
exposure time T, and/or;
» photon noise which is limited by the photon production rate r and the
exposuretimeT.

7.3.1 Thermal noise (Dark current)

Using cooling techniques based upon Peltier cooling elementsit is straightforward
to achieve chip temperatures of 230 to 250 K. This leads to low thermal electron
production rates. As a measure of the thermal noise, we can look at the number of
seconds necessary to produce a sufficient number of thermal electrons to go from
one brightness level to the next, an ADU, in the absence of photoelectrons. Thislast
condition—the absence of photoelectrons—is the reason for the name dark current.
Measured data for the five cameras described above are given in Table 10.

Camera Temp. Dark Current
Label K Seconds/ ADU
c1 231 526.3
c2 227 0.2
C-3 293 8.3
c4 238 24
C-5 300 233

Table 10: Thermal noise characteristics

The video camera (C-5) has on-chip dark current suppression. (See Section 6.2.)
Operating at room temperature this camera requires more than 20 seconds to
produce one ADU change due to thermal noise. This means at the conventional
video frame and integration rates of 25 to 30 images per second (see Table 3), the
thermal noiseis negligible.

7.3.2 Photon noise

From eq. (64) we see that it should be possible to increase the SNR by increasing
the integration time of our image and thus “capturing” more photons. The pixelsin
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CCD cameras have, however, afinite well capacity. Thisfinite capacity, C, means
that the maximum SNIR for a CCD camera per pixel isgiven by:

Capacity-limited photon noise — NR =1010g;4(C) dB (73)

Theoretical aswell as measured data for the five cameras described above are given

in Table 11.

Camera C Theor. SNR Meas. SNR Pixel size Well Depth
Label #e— dB dB pMX pJm #e— /um?

Cc-1 32,000 45 45 6.8x6.8 692

Cc-2 340,000 55 55 22.0x22.0 702

C3 32,000 45 43 6.8x6.8 692

c4 400,000 56 52 23.0x23.0 756

C5 40,000 46 43 11.0x5.5 661

Table 11; Photon noise characteristics

Note that for certain cameras, the measured SNR achieves the theoretical,
maximum indicating that the SNR is, indeed, photon and well capacity limited.
Further, the curves of SNR versus T (integration time) are consistent with equations
(64) and (73). (Data not shown.) It can also be seen that, as a consequence of CCD
technology, the “depth” of a CCD pixel well is constant at about 0.7 ke~ / pm?.

7.4 SHADING

Virtualy all imaging systems produce shading. By this we mean that if the physical
input image a(x,y) = constant, then the digital version of the image will not be
constant. The source of the shading might be outside the camera such asin the
scene illumination or the result of the cameraitself where a gain and offset might
vary from pixel to pixel. The model for shading is given by:

c[m,n] =gain[mn] «a[m, n] + offset[m,n] (74)

where a[m,n] is the digital image that would have been recorded if there were no
shading in the image, that is, alm,n] = constant. Techniques for reducing or
removing the effects of shading are discussed in Section 10.1.

7.5 PixXeEL Form

While the pixels shown in Figure 1 appear to be square and to “cover” the
continuous image, it isimportant to know the geometry for a given camera/digitizer
system. In Figure 18 we define possible parameters associated with a camera and
digitizer and the effect they have upon the pixel.
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|:| = photosensitive region

. = nonsensitive region

Figure 18: Pixel form parameters

The parameters X, and Y, are the spacing between the pixel centers and represent
the sampling distances from equation (52). The parameters X; and Y, are the
dimensions of that portion of the camera’ s surface that is sensitive to light. As
mentioned in Section 2.3, different video digitizers (frame grabbers) can have
different values for X, while they have acommon value for Y,

7.5.1 Square pixels

As mentioned in Section 5, square sampling implies that X, = Y, or alternatively X,
I Yq = 1. It is not uncommon, however, to find frame grabbers where X,/ Y, = 1.1
or Xo/ Yo =4/3. (Thislatter format matches the format of commercial television.
See Table 3) The risk associated with non-square pixelsis that isotropic objects
scanned with non-square pixels might appear isotropic on a camera-compatible
monitor but analysis of the objects (such as length-to-width ratio) will yield non-
isotropic results. Thisisillustrated in Figure 19.

Analog object Digitizing raster Digital image

1:1 Sampling +

4:3 Sampling +

Figure 19: Effect of non-square pixels
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Theratio X,/ Y, can be determined for any specific camera/digitizer system by
using a calibration test chart with known distances in the horizontal and vertical
direction. These are straightforward to make with modern laser printers. The test
chart can then be scanned and the sampling distances X, and Y,, determined.

7.5.2 Fill factor

In modern CCD cameras it is possible that a portion of the camera surface is not
sengitive to light and is instead used for the CCD eectronics or to prevent
blooming. Blooming occurs when a CCD well is filled (see Table 11) and
additional photoelectrons spill over into adjacent CCD wells. Anti-blooming
regions between the active CCD sites can be used to prevent this. This means, of
course, that afraction of the incoming photons are lost as they strike the non-
sensitive portion of the CCD chip. The fraction of the surface that is sensitive to
light istermed the fill factor and is given by:

: Xa*VYa.
fill factor :a—Y"" 100% (75)

(o]

The larger the fill factor the more light will be captured by the chip up to the
maximum of 100%. This helps improve the S\NR. As a tradeoff, however, larger
values of the fill factor mean more spatial smoothing due to the aperture effect
described in Section 5.1.1. Thisisillustrated in Figure 16.

7.6 SPECTRAL SENSITIVITY

Sensors, such as those found in cameras and film, are not equally sensitive to all
wavelengths of light. The spectral sensitivity for the CCD sensor is given in Figure
20.
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Figure 20: Spectral characteristics of silicon, the sun, and the human visual system.
UV = ultraviolet and IR = infra-red.

The high sensitivity of silicon in the infra-red means that, for applications where a
CCD (or other silicon-based) cameraisto be used as a source of images for digital
image processing and analysis, consideration should be given to using an IR
blocking filter. Thisfilter blocks wavelengths above 750 nm. and thus prevents
“fogging” of the image from the longer wavelengths found in sunlight.
Alternatively, a CCD-based camera can make an excellent sensor for the near
infrared wavel ength range of 750 nm to 1000 nm.

7.7 SHUTTER SPEEDS(INTEGRATION TIME)

The length of time that an image is exposed—that photons are collected—may be
varied in some cameras or may vary on the basis of video formats (see Table 3).
For reasons that have to do with the parameters of photography, this exposure time
is usualy termed shutter speed although integration time would be a more
appropriate description.

7.7.1 Video cameras

Values of the shutter speed as low as 500 ns are available with commercially
available CCD video cameras although the more conventional speeds for video are
33.37 ms (NTSC) and 40.0 ms (PAL, SECAM). Values as high as 30 s may also
be achieved with certain video cameras although this means sacrificing a
continuous stream of video images that contain signal in favor of a single integrated
image amongst a stream of otherwise empty images. Subsequent digitizing
hardware must be capable of handling this situation.
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7.7.2 Scientific cameras
Again values as low as 500 ns are possible and, with cooling techniques based on
Peltier-cooling or liquid nitrogen cooling, integration times in excess of one hour
arereadily achieved.

7.8 READOUT RATE

The rate at which datais read from the sensor chip is termed the readout rate. The
readout rate for standard video cameras depends on the parameters of the frame
grabber as well as the camera. For standard video, see Section 2.3, the readout rate
isgiven by:

R=

pmagesy celines O §)ixels('j
~e - (76)
I

~e : - 0
sec @ 8imageﬂ ine 2

While the appropriate unit for describing the readout rate should be pixels/ second,
the term Hz is frequently found in the literature and in camera specifications; we
shall therefore use the latter unit. For avideo camerawith square pixels (see Section
7.5), this means:

Format lines/ sec pixels/line R (MHz)
NTSC 15,750 (4/3)*525 »11.0
PAL / SECAM 15,625 (4/3)*625 »13.0

Table 12: Video camera readout rates

Note that the valuesin Table 12 are approximate. Exact values for sguare-pixel
systems require exact knowledge of the way the video digitizer (frame grabber)
samples each video line.

The readout rates used in video cameras frequently means that the electronic noise
described in Section 6.3 occurs in the region of the noise spectrum (eq. (65))
described by w > w4 Where the noise power increases with increasing frequency.
Readout noise can thus be significant in video cameras.

Scientific cameras frequently use a slower readout rate in order to reduce the

readout noise. Typical values of readout rate for scientific cameras, such as those
described in Tables 9, 10, and 11, are 20 kHz, 500 kHz, and 1 MHz to 8 MHz.
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8. Displays

The displays used for image processing—particularly the display systems used
with computers—have a number of characteristics that help determine the quality of
the final image.

8.1 REFRESH RATE

Therefresh rate is defined as the number of complete images that are written to the
screen per second. For standard video the refresh rate is fixed at the values given in
Table 3, either 29.97 or 25 images/s. For computer displays the refresh rate can
vary with common values being 67 images/s and 75 images/s. At values above 60
images/svisua flicker isnegligible at virtualy al illumination levels.

8.2 INTERLACING

To prevent the appearance of visual flicker at refresh rates below 60 images/s, the
display can be interlaced as described in Section 2.3. Standard interlace for video
systemsis 2:1. Since interlacing is not necessary at refresh rates above 60 images's,
an interlace of 1:1 is used with such systems. In other words, lines are drawn in an
ordinary sequential fashion: 1,2,3,4,...,N.

8.3 REsoLuTION

The pixels stored in computer memory, although they are derived from regions of
finite areain the original scene (see Sections 5.1 and 7.5), may be thought of as
mathematical points having no physical extent. When displayed, the space between
the points must befilled in. This generally happens as aresult of the finite spot size
of a cathode-ray tube (CRT). The brightness profile of a CRT spot is approximately
Gaussian and the number of spots that can be resolved on the display depends on
the quality of the system. It isrelatively straightforward to obtain display systems
with a resolution of 72 spots per inch (28.3 spots per cm.) This number
corresponds to standard printing conventions. If printing is not a consideration then
higher resolutions, in excess of 30 spots per cm, are attainable.

9. Algorithms

In this Section we will describe operations that are fundamental to digital image
processing. These operations can be divided into four categories. operations based
on the image histogram, on simple mathematics, on convolution, and on
mathematical morphology. Further, these operations can also be described in terms
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of their implementation as a point operation, alocal operation, or aglobal operation
as described in Section 2.2.1.

9.1 HisTOGRAM-BASED OPERATIONS

An important class of point operationsis based upon the manipulation of an image
histogram or a region histogram. The most important examples are described
below.

9.1.1 Contrast stretching

Freguently, an image is scanned in such away that the resulting brightness values
do not make full use of the available dynamic range. This can be easily observed in
the histogram of the brightness values shown in Figure 6. By stretching the
histogram over the available dynamic range we attempt to correct this situation. If
the image is intended to go from brightness O to brightness 2B—1 (see Section 2.1),
then one generally maps the 0% value (or minimum as defined in Section 3.5.2) to
the value 0 and the 100% value (or maximum) to the value 2B—1. The appropriate
transformation is given by:

alm,n] - minimum

b[m,n] = (ZB- 1)° _ —
maximum - minimum

(77)

This formula, however, can be somewhat sensitive to outliers and a less sensitive
and more general version is given by:

I 0 gdmn] £ po,%

(25 - 1) dmn]' nOW%

%< mn] < pyigh?o
phigh% _ plow% Pow C| ] phlgh (78)

b[m,n] = i

|
,
:.
I.
|
§ (ZB- 1) almn] 3 prigh%

In this second version one might choose the 1% and 99% values for p;,,% and
Phigh%o, respectively, instead of the 0% and 100% values represented by eq. (77). It
is also possible to apply the contrast-stretching operation on aregional basis using
the histogram from aregion to determine the appropriate limits for the algorithm.
Note that in egs. (77) and (78) it is possible to suppress the term 2B—1 and simply
normalize the brightness range to 0 £ b[m,n] £ 1. This means representing the final
pixel brightnesses as reals instead of integers but modern computer speeds and
RAM capacities make this quite feasible.
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9.1.2 Equalization

When one wishes to compare two or more images on a specific basis, such as
texture, it iscommon to first normalize their histogramsto a“ standard” histogram.
This can be especially useful when the images have been acquired under different
circumstances. The most common histogram normalization technique is histogram
equalization where one attempts to change the histogram through the use of a
function b = f(a) into a histogram that is constant for all brightness values. This
would correspond to a brightness distribution where all values are equally probable.
Unfortunately, for an arbitrary image, one can only approximate this result.

For a“suitable” function f(*) therelation between the input probability density
function, the output probability density function, and the function f(¢) is given by:

d
po(B)db= py@)da b :%‘ (79)

From eq. (79) we see that “suitable” means that f(e) is differentiable and that
df/da® 0. For histogram equalization we desire that p,(b) = constant and this
means that:

f (a) :(2B - 1)- P(a) (80)

where P(a) is the probability distribution function defined in Section 3.5.1 and
illustrated in Figure 6a. In other words, the quantized probability distribution
function normalized from 0 to 2B—1 is the look-up table required for histogram
equalization. Figures 21a-c illustrate the effect of contrast stretching and histogram
equalization on a standard image. The histogram equalization procedure can also be
applied on aregional basis.

Figure2la Figure 21b Figure 21c
Original Contrast Stretched Histogram Equalized

9.1.3 Other histogram-based operations
The histogram derived from alocal region can also be used to drive local filters that
are to be applied to that region. Examples include minimum filtering, median

46



...Image Processing Fundamentals

filtering, and maximum filtering [23]. The concepts minimum, median, and
maximum were introduced in Figure 6. The filters based on these concepts will be
presented formally in Sections 9.4.2 and 9.6.10.

9.2 MATHEMATICS-BASED OPERATIONS

We distinguish in this section between binary arithmetic and ordinary arithmetic. In
the binary case there are two brightness values “0” and “1”. In the ordinary case
we begin with 2B brightness values or levels but the processing of the image can
easily generate many more levels. For this reason many software systems provide
16 or 32 bit representations for pixel brightnesses in order to avoid problems with
arithmetic overflow.

9.2.1 Binary operations
Operations based on binary (Boolean) arithmetic form the basis for a powerful set
of toolsthat will be described here and extended in Section 9.6, mathematical
morphology. The operations described below are point operations and thus admit a
variety of efficient implementations including simple look-up tables. The standard
notation for the basic set of binary operationsis:

NOT c=a

OR c=a+b

AND c=aeb (81)
XOR c=aAb=asb+a-b

UB c=a\b=a- b=asb

Theimplication is that each operation is applied on a pixel-by-pixel basis. For
example, c[m,n] =a[m,n]*b[mn] " m,n. The definition of each operation is:

NOT OR b AND b
a a 0 1 a 0 1
0 1 0 0 1 0 0 0
1 0 1 1 1 1 0 1
. ) (82)
input  output
XOR b SUB b
a 0 1 a 0 1
0 0 1 0 0 0
1 1 0 1 1 0

These operations are illustrated in Figure 22 where the binary value “1” is shown in
black and the value “0” in white.
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Figure 22: Examples of the various binary point operations.

The SUB(*) operation can be particularly useful when the image a represents a
region-of-interest that we want to analyze systematically and the image b represents
objects that, having been analyzed, can now be discarded, that is subtracted, from

the region.
9.2.2 Arithmetic-based operations

The gray-value point operations that form the basis for image processing are based
on ordinary mathematics and include:
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Operation Definition preferred data type

ADD c=a+b integer

SUB c=a-b integer

MUL c=aesb integer or floating point

DIV c=alb floating point

LOG c =log(a) floating point (83)
EXP c =exp(a) floating point

SQRT c=sqrt(a) floating point

TRIG. ¢ = sin/cog/tan(a) floating point

INVERT c=(2B-1)-a integer

9.3 CONVOLUTION-BASED OPERATIONS

Convolution, the mathematical, local operation defined in Section 3.1 is central to
modern image processing. The basic ideais that a window of some finite size and
shape—the support—is scanned across the image. The output pixel valueis the
weighted sum of the input pixels within the window where the weights are the
values of the filter assigned to every pixel of the window itself. The window with
itsweightsis called the convolution kernel. This leads directly to the following
variation on eg. (3). If thefilter h[j,k] is zero outside the (rectangular) window
{j=0,1,...,3-1; k=0,1,...,K-1}, then, using eg. (4), the convolution can be written as
the following finite sum:

J-1K-1

c[mn] =a[m,n]A himn]= 4 & Hj,klam- j,n- K (84)
j=0k=0

This equation can be viewed as more than just a pragmatic mechanism for
smoothing or sharpening an image. Further, while eq. (84) illustrates the local
character of this operation, egs. (10) and (24) suggest that the operation can be
implemented through the use of the Fourier domain which requires a global
operation, the Fourier transform. Both of these aspects will be discussed below.

9.3.1 Background

In avariety of image-forming systems an appropriate model for the transformation
of the physical signa a(x,y) into an electronic signal c(x,y) is the convolution of the
input signal with the impulse response of the sensor system. This system might
consist of both an optical as well as an eectrica sub-system. If each of these
systems can be treated as alinear, shift-invariant (L) system then the convolution
model is appropriate. The definitions of these two, possible, system properties are
given below:
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If a® ¢ and a,® c,

Linearity —
y Then wyeg +wWyrea, ® WyeC+W,°G

(85)

If axy)® c(x,
Shift-Invariance — ( y) ( y) (86)

Then a(x- XY - yo)® C(X' XY - YO)

where wy and w, are arbitrary complex constants and X, and Yy, are coordinates
corresponding to arbitrary spatial trandations.

Two remarks are appropriate at this point. First, linearity implies (by choosing wq =
w, = 0) that “zero in” gives “zero out”. The offset described in eq. (70) means that
such camera signals are not the output of a linear system and thus (strictly
speaking) the convolution result is not applicable. Fortunately, it is straightforward
to correct for this non-linear effect. (See Section 10.1.)

Second, optical lenses with amagnification, M, other than 1” are not shift invariant;
atrandation of 1 unit in the input image a(x,y) produces a translation of M unitsin
the output image c(x,y). Due to the Fourier property described in eq. (25) this case
can still be handled by linear system theory.

If an impulse point of light d(xy) is imaged through an LSI system then the
impulse response of that system is called the point spread function (PSF). The
output image then becomes the convolution of the input image with the PSF. The
Fourier transform of the PSF is called the optical transfer function (OTF). For
optical systems that are circularly-symmetric, aberration-free, and diffraction-
limited the PSF is given by the Airy disk shown in Table 4-T.5. The OTF of the
Airy disk isaso presented in Table 4-T.5.

If the convolution window is not the diffraction-limited PSF of the lens but rather
the effect of defocusing alens then an appropriate model for h(x,y) is a pill box of
radius a as described in Table 4-T.3. The effect on atest patternisillustrated in
Figure 23.
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a) Test pattern b) Defocused image
Figure 23: Convolution of test pattern with apill box of radius a=4.5 pixels.

The effect of the defocusing is more than just simple blurring or smoothing. The
almost periodic negative lobes in the transfer function in Table 4-T.3 produce a
180° phase shift in which black turns to white and vice-versa. The phase shift is
clearly visblein Figure 23b.

9.3.2 Convolution in the spatial domain
In describing filters based on convolution we will use the following convention.
Given afilter h[j,K] of dimensions J° K, we will consider the coordinate [j=0,k=0]
to be in the center of the filter matrix, h. This is illustrated in Figure 24. The
“center” iswell-defined when J and K are odd; for the case where they are even, we
will use the approximations (J/2, K/2) for the “ center” of the matrix.

A AR e o (] e PR R
§ : Vo W-1-1  Ho-1  Wi-1] % E
h=é r{-(J-}@),o] v H-10] h0,0] H10] % h[(J-}/),o] G
g va h[-.l,l] h[(?,l] h[],.+1] va 3
SO AB] v o oloB] v AR

Figure 24: Coordinate system for describing h[j,K]

When we examine the convolution sum (eg. (84)) closely, several issues become
evident.

* Evaluation of formula (84) for m=n=0 while rewriting the limits of the
convolution sum based on the “centering” of h[j,k] shows that values of a[j,k] can
be required that are outside the image boundaries:
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+‘]O +(})(0 ) )
0= 4 &Kk =Y =0 @
j= Jo k= Kq

The question arises — what values should we assign to the image a[m,n] for m<0,
m M, n<0, and n® N? There is no “answer” to this question. There are only
aternatives among which we are free to choose assuming we understand the
possible consequences of our choice. The standard alternatives are a) extend the
images with a constant (possibly zero) brightness value, b) extend the image
periodically, c) extend the image by mirroring it at its boundaries, or d) extend the
values at the boundariesindefinitely. These alternatives are illustrated in Figure 25.

1 PFER DRPAS -
3 PREF] Dt
€Y (b) (c) (d)

Figure 25: Examples of various alternatives to extend an image outside its
formal boundaries. See text for explanation.

» When the convolution sum is written in the standard form (eg. (3)) for an image
aim,n] of szeM”~ N:

M-1N-1
cmn]l=a a a[j,klh[m- j,n- K (88)
j=0 k=0

x~

we see that the convolution kernel h[j,k] is mirrored around j=k=0 to produce
h[-,—K] before it is trandated by [m,n] as indicated in eq. (88). While some
convolution kernels in common use are symmetric in this respect, h[j,k]= h[-,—K],
many are not. (See Section 9.5) Care must therefore be taken in the
implementation of filters with respect to the mirroring requirements.

» The computational complexity for aK =~ K convolution kernel implemented in the
spatial domain on animageof N° Nis O(K?2) where the complexity is measured
per pixel on the basis of the number of multiplies-and-adds (MADDs).

* The value computed by a convolution that begins with integer brightnesses for
alm,n] may produce arational number or afloating point number in the result
c[m,n]. Working exclusively with integer brightness values will, therefore, cause
roundoff errors.
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* Ingpection of eq. (84) reveals another possibility for efficient implementation of
convolution. If the convolution kernel h[j,K] is separable, that is, if the kernel can be
written as:

h[j,K] = hygnl K] * heor [1] (89)

then the filtering can be performed asfollows:

-1 K-1

JO IKO . l,J .
cmn]=a ia howlkladm- j,n- Ky [i] (90)
]:0' k=0

This means that instead of applying one, two-dimensional filter it is possible to
apply two, one-dimensional filters, the first one in the k direction and the second
one in the j direction. For an N~ N image this, in genera, reduces the
computational complexity per pixel from O(Je K) to O (J+K).

An alternative way of writing separability isto note that the convolution kernel
(Figure 24) isamatrix h and, if separable, h can be written as:

[h] = [hcol] ¢ [hrow]t (91)

(B"K)y=@"1) « (1" K

where “t" denotes the matrix transpose operation. In other words, h can be
expressed as theouter product of acolumn vector [hy ] and arow vector [hyq,]-

 For certain filters it is possible to find an incremental implementation for a
convolution. As the convolution window moves over the image (see eg. (88)), the
leftmost column of image data under the window is shifted out as a new column of
image data is shifted in from the right. Efficient algorithms can take advantage of
this [24] and, when combined with separable filters as described above, this can
lead to algorithms where the computational complexity per pixel is O(constant).

9.3.3 Convolution in the frequency domain
In Section 3.4 we indicated that there was an alternative method to implement the
filtering of images through convolution. Based on eq. (24) it appears possible to
achieve the sameresult asin eqg. (84) by the following sequence of operations:

i) Compute AW)Y) = F{ alm,n}

i) Multiply A(W,Y') by the precomputed H(W,)Y ) = F{ h[m,n]} (92
i) Computetheresult fm,n] = F_l{ AWY )eH(W)Y )}
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» While it might seem that the “recipe” given above in eg. (92) circumvents the
problems associated with direct convolution in the spatial domain—specifically,
determining values for the image outside the boundaries of the image—the Fourier
domain approach, in fact, smply “assumes’ that the image is repeated periodically
outside its boundaries as illustrated in Figure 25b. This phenomenon is referred to
as circular convolution.

If circular convolution is not acceptable then the other possibilities illustrated in
Figure 25 can be realized by embedding the image a[m,n] and the filter H(W,Y) in
larger matrices with the desired image extension mechanism for alm,n] being
explicitly implemented.

» The computational complexity per pixel of the Fourier approach for an image of
N” N and for a convolution kernel of K~ K is O(logN) complex MADDs
independent of K. Here we assume that N > K and that N is a highly composite
number such as a power of two. (See also 2.1.) This latter assumption permits use
of the computationally-efficient Fast Fourier Transform (FFT) agorithm.
Surprisingly then, the indirect route described by eq. (92) can be faster than the
direct route given in eq. (84). Thisrequires, in general, that K2 >> |ogN. The range
of K.and N for which this holds depends on the specifics of the implementation.
For the machine on which this manuscript is being written and the specific image
processing package that is being used, for an image of N = 256 the Fourier
approach is faster than the convolution approach when K 3 15. (It should be noted
that in this comparison the direct convolution involves only integer arithmetic while
the Fourier domain approach requires complex floating point arithmetic.)

9.4 SMOOTHING OPERATIONS

These algorithms are applied in order to reduce noise and/or to prepare images for
further processing such as segmentation. We distinguish between linear and non-
linear algorithms where the former are amenable to analysis in the Fourier domain
and the latter are not. We also distinguish between implementations based on a
rectangular support for the filter and implementations based on a circular support
for thefilter.

9.4.1 Linear Filters
Several filtering algorithms will be presented together with the most useful
supports.

 Uniform filter — The output image is based on alocal averaging of the input filter
where all of the values within the filter support have the same weight. In the
continuous spatial domain (x,y) the PSF and transfer function are givenin Table
4-T.1 for the rectangular case and in Table 4-T.3 for the circular (pill box) case.
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For the discrete spatia domain [m,n] the filter values are the samples of the
continuous domain case. Examples for the rectangular case (J=K=5) and the
circular case (R=2.5) are shown in Figure 26.

g 111 1L €0 111 0
1311113 12111113
hrect[j;k]:?5§|- 1111 hird =6 1 11 1d
41111 g 111 1
€111 1 € 1 11 0o

(a) Rectangular filter (J=K=5) (b) Circular filter (R=2.5)

Figure 26: Uniform filters for image smoothing

Note that in both cases the filter isnormalized so that S h[j,K] = 1. Thisis done so
that if the input am,n] is a constant then the output image c[m,n] is the same
constant. The justification can be found in the Fourier transform property described
in eg. (26). As can be seen from Table 4, both of these filters have transfer
functions that have negative lobes and can, therefore, |ead to phase reversal as seen
in Figure 23. The square implementation of the filter is separable and incremental;
the circular implementation isincremental [24, 25].

* Triangular filter — The output image is based on alocal averaging of the input
filter where the values within the filter support have differing weights. In general,
the filter can be seen as the convolution of two (identical) uniform filters either
rectangular or circular and this has direct consequences for the computational
complexity [24, 25]. (See Table 13.) In the continuous spatial domain the PSF and
transfer function are given in Table 4-T.2 for the rectangular support case and in
Table 4-T.4 for the circular (pill box) support case. As seen in Table 4 the transfer
functions of these filters do not have negative lobes and thus do not exhibit phase
reversal.

Examples for the rectangular support case (J=K=5) and the circular support case
(R=2.5) are shown in Figure 27. Thefilter is again normalized so that S h[j,k]=1.

6l 2 3 2 1g €0 0 1 0 Op

® 46 4 M % 22 2 oY

: 1€ u . 1€ v
hrect[J,k]=§1€f> 6 9 6 30 hirdl §,K] = - €1 2 5 2 14
© 46 4 % 22 2 0o

e u e u

el 2 3 2 10 € 0 1 0 00

() Pyramida filter (J=K=5) (b) Conefilter (R=2.5)

Figure 27: Triangular filters for image smoothing
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» Gaussian filter — The use of the Gaussian kernel for smoothing has become
extremely popular. This has to do with certain properties of the Gaussian (e.g. the
central limit theorem, minimum space-bandwidth product) as well as several
application areas such as edge finding and scale space anaysis. The PSF and
transfer function for the continuous space Gaussian are given in Table 4-T6. The
Gaussian filter is separable:

280.(; 1 25 2 g

h(x,y) =gz (X,y) = I e® .
é_ gJ_s PN C)
= 0ip(¥) * Gp(Y)
There are four distinct ways to implement the Gaussian:

— Convolution using a finite number of samples (N,) of the Gaussian as the
convolution kernel. It is common to choose N, = é3suor é5su

| _am’ 0
I, 1 e /25 2y

ng[n] :_I_ 2ps € lr‘ £ NO (94)
) 0 I >N,

— Repetitive convolution using a uniform filter as the convolution kernel.
Oipln] » U n]A u[n] A u[n]

u[n]—l}/m\I +1) £ N, (%)
0 >N,

The actual implementation (in each dimension) is usually of the form:
c[n] =((@n] A u[n]) A u[n]) A u[n] (96)

This implementation makes use of the approximation afforded by the central limit
theorem. For adesired s with eq. (96), we use Ny = ésualthough this severely
restricts our choice of s’sto integer values.

— Multiplication in the frequency domain. Asthe Fourier transform of a Gaussian
isa Gaussian (see Table —T.6), this means that it is straightforward to prepare a
filter HW,Y') = Gop(W,Y') for use with eg. (92). To avoid truncation effects in the
frequency domain due to the infinite extent of the Gaussian it isimportant to choose
a s that is sufficiently large. Choosing s > kip where k= 3 or 4 will usually be
sufficient.
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— Use of arecursive filter implementation. A recursive filter has an infinite impulse
response and thus an infinite support. The separable Gaussian filter can be
implemented [26] by applying the following recipe in each dimension when s 3

0.5.

1) Choosethes based on the desired goal of thefiltering;
i) Determine the parameter g based on eq. (98);
iif)  Useeq. (99) to determine the filter coefficients { bg,bq,bo,b3,B}; (97)
iv)  Apply the forward difference equation, eg. (100);
V)  Apply the backward difference equation, eg. (101);

The relation between the desired s and q is given by:

.98711s - 0.96330 s3 25

]
971397156~ 4.14554/T- 268055 O05£s £25 (98)

Thefilter coefficients { bg,bq,by,b3,B} are defined by:

b = 1.57825 + (2.44413q) + (1.4281972) + (0.422205¢8)

b, =(2.44413q) + (2.85619q?) + (1.26661g°)

b, = - (1.42819°%) - (1.26661q°) (99)
by = 0.422205¢°

B=1- (by+b,+bs)/ by

The one-dimensional forward difference equation takes an input row (or column)
a[n] and produces an intermediate output result wn] given by:

win] = Ba[n] + (bw{n- 1] +bw[n - 2] +bsw[n- 3])/ky (100)

The one-dimensional backward difference equation takes the intermediate result
w[n] and produces the output c[n] given by:

c[n] = Bw[n] + (b,dn +1] +b,dn + 2] + bydn +3])/ by (101)

The forward equation is applied from n = 0 upto n = N -1 while the backward
equationisapplied fromn=N-1downton=0.

The relative performance of these various implementation of the Gaussian filter can
be described as follows. Using the root-square error ‘/é o yldnls - hn]®
between atrue, infinite-extent Gaussian, g[n|s], and an approximated Gaussian,
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h[n], as a measure of accuracy, the various algorithms described above give the
results shown in Figure. 28a. The relative speed of the various algorithms in shown
in Figure 28b.

The root-square error measure is extremely conservative and thus all filters, with
the exception of “Uniform 3" ” for large s, are sufficiently accurate. The recursive
implementation is the fastest independent of s; the other implementations can be
significantly slower. The FFT implementation, for example, is 3.1 times slower for
N=256 . Further, the FFT requiresthat N be a highly composite number.

1E+01 15

Root-Square Error Computation Time Ratio

1E+00 -

1E-01 - ——&—— Recursive Gauss . ?

—DO——  Uniform 3x

1E-02 - 10 -

IE-03 -| YnEEEEHEREEEEEA

1E-04 - —O0——  Gauss trunc@ 5s

—H®B——  Gauss trunc@ 3s 5 -
——O0——  Optimized FFT

1E-05 -

1E-06 -
1E-07 -
1E-08 1 1 1 1 0 1 1
0 5 10 15 20 0 5 10
S S
a) Accuracy comparison b) Speed comparison

Figure 28: Comparison of various Gaussian algorithms with N=256.
The legend is spread across both graphs

» Other — The Fourier domain approach offers the opportunity to implement a
variety of smoothing agorithms. The smoothing filters will then be lowpass filters
In general it is desirable to use alowpass filter that has zero phase so as not to
produce phase distortion when filtering the image. The importance of phase was
illustrated in Figures 5 and 23. When the frequency domain characteristics can be
represented in an analytic form, then this can lead to relatively straightforward
implementations of H(W,Y ). Possible candidates include the lowpass filters “ Airy”
and “Exponential Decay” found in Table 4-T.5 and Table 4-T.8, respectively.

9.4.2 Non-Linear Filters
A variety of smoothing filters have been developed that are not linear. While they
cannot, in general, be submitted to Fourier analysis, their properties and domains of
application have been studied extensively.

» Median filter — The median statistic was described in Section 3.5.2. A median
filter is based upon moving a window over an image (as in a convolution) and
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computing the output pixel as the median value of the brightnesses within the input
window. If thewindow is J~ K in size we can order the JeK pixelsin brightness
value from smallest to largest. If JeK is odd then the median will be the (JeK+1)/2
entry in the list of ordered brightnesses. Note that the value selected will be exactly
egual to one of the existing brightnesses so that no roundoff error will be involved
if we want to work exclusively with integer brightness values. The agorithm asitis
described above has a generic complexity per pixel of O(JeKelog(JeK)).
Fortunately, afast algorithm (due to Huang et al. [23]) exists that reduces the
complexity to O(K) assuming J3 K.

A useful variation on the theme of the median filter is the percentile filter. Here the
center pixel in the window is replaced not by the 50% (median) brightness value
but rather by the p% brightness value where p% ranges from 0% (the minimum
filter) to 100% (the maximum filter). Values other then (p=50)% do not, in general,
correspond to smoothing filters.

» Kuwahara filter — Edges play an important role in our perception of images (see
Figure 15) aswell asin the analysis of images. As such it isimportant to be able to
smooth images without disturbing the sharpness and, if possible, the position of
edges. A filter that accomplishes this goal istermed an edge-preserving filter and
one particular example is the Kuwahara filter [27]. Although this filter can be
implemented for a variety of different window shapes, the agorithm will be
described for a square window of size J= K = 4L + 1 where L isan integer. The
window is partitioned into four regions as shown in Figure 29.

Region 1

.\

Region 2

Region 3

Center Pixel

——

Region 4

Figure 29: Four, square regions defined for the Kuwaharafilter. In this
example L=1 and thus J=K=5. Each region is[(J+1)/2] = [(K+1)/2].
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In each of the four regions (i=1,2,3,4), the mean brightness, m; in eg. (34), and the
variance, si2 in eqg. (36), are measured. The output value of the center pixel in the
window isthe mean value of that region that has the smallest variance.

9.4.3 Summary of Smoothing Algorithms
The following table summarizes the various properties of the smoothing algorithms
presented above. The filter size is assumed to be bounded by arectangleof J° K
where, without loss of generdity, J3 K. TheimagesizeisN”~ N.

Algorithm Domain Type Support  Separable/ Incremental  Complexity/pixel
Uniform Space Linear Square YIY O(constant)
Uniform Space Linear Circular N/Y O(K)
Triangle Space Linear Square Y/N O(constant) 2
Triangle Space Linear Circular N/N o(K) ?
Gaussian Space Linear ¥a Y /N O(constant) 2
Median Space Non-Linear  Square N/Y O(K) a
Kuwahara Space Non-Linear ~ Square® N/N O(J K)
Other Frequency Linear — —/— O(logN)

Table 13: Characteristics of smoothing filters. 2See text for additional explanation.

Examples of the effect of various smoothing algorithms are shown in Figure 30.

a) Origina b) Uniform5” 5 ¢) Gaussian (s = 2.5)
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d) Median5” 5 e) Kuwahara5” 5

Figure 30: Illustration of various linear and non-linear smoothing filters

9.5 DERIVATIVE-BASED OPERATIONS

Just as smoothing is a fundamental operation in image processing so is the ability
to take one or more spatial derivatives of the image. The fundamental problem is
that, according to the mathematical definition of a derivative, this cannot be done. A
digitized image is not a continuous function a(x,y) of the spatial variables but rather
a discrete function alm,n] of the integer spatial coordinates. As a result the
algorithms we will present can only be seen as approximations to the true spatial

derivatives of the original spatially-continuous image.

Further, as we can see from the Fourier property in eq. (27), taking a derivative
multiplies the signal spectrum by either u or v. This means that high frequency
noise will be emphasized in the resulting image. The general solution to this
problem is to combine the derivative operation with one that suppresses high
frequency noise, in short, smoothing in combination with the desired derivative
operation.

9.5.1 First Derivatives
Asanimageisafunction of two (or more) variablesit is necessary to define the
direction in which the derivative is taken. For the two-dimensional case we have the
horizontal direction, the vertical direction, or an arbitrary direction which can be
considered as a combination of the two. If we use hy to denote a horizontal
derivative filter (matrix), hy to denote avertical derivative filter (matrix), and hq to
denote the arbitrary angle derivative filter (matrix), then:

[hq] = cosg +[h,] +sing -[hy] (102)
* Gradient filters — It is also possible to generate a vector derivative description as

thegradient, Na[m,n], of an image:
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~ a- a-
Na= ﬂ—lx +ﬂ—|

U =(h, A )i, + (A ali, (103)

where iy, and iy, are unit vectors in the horizontal and vertica direction,
respectively. Thisleadsto two descriptions:

Gradient magnitude — |Na| = \/ (hx A a)2 +(hy A a)2 (104)
and
Gradient directi (Na) arctan.\{' (hy ” )/ '.’. (105)
radient direction — = .
y i (hXA a)'t;

The gradient magnitude is sometimes approximated by:
Approx. Gradient magnitude — INa] @h, A 4 +|hy A 4 (106)

Thefinal results of these calculations depend strongly on the choices of hy and hy,.
A number of possible choices for (hy, hy) will now be described.

* Basic derivative filters— These filters are specified by:

) [m]=[n] =f -1

X (107)
i) [h]=[ny] = 0 -1
where “t” denotes matrix transpose. These two filters differ significantly in their
Fourier magnitude and Fourier phase characteristics. For the frequency range 0 £ W
£ p, these are given by:

AT

i) [hl=[1 -1 IHW)| =2jsin(W2)} j (W)= (p - W)/2

i) [h]=[1 0 -1]

(108)

AT

|HW)[ =2lsinW J(W)=p/2
The second form (ii) gives suppression of high frequency terms (W » p) while the
first form (i) does not. The first form leads to a phase shift; the second form does

not.

* Prewitt gradient filters— Thesefilters are specified by:
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&0 - el
[h]==& 0 -w=-adw1 0 -1

3, . 3

g 0 -1 &f

(109)
é1 1 1u _élu
_1, 1o
[h]=2€0 o od=Zéod-[1 1 1
3 . 3 .

A

&1 -1 -1 &I

Both hy and hy are separable. Beyond the computational implications are the
implications for the analysis of the filter. Each filter takes the derivative in one
direction using eg. (107)ii and smoothes in the orthogonal direction using a one-
dimensional version of auniformfilter as described in Section 9.4.1.

» Sobel gradient filters— Thesefilters are specified by:

60 -l el
[hx]=zé2 0 -20=2&0[1 0 -1
& o -1 &f
(110)
61 2 1§ é1u
_ _Lan
[hy]__eo 0 Ou_ze0u-[1 2 1]
&1 -2 -1H &1

Again, hy and hy are separable. Each filter takes the derivative in one direction
using eg. (107)ii and smoothes in the orthogonal direction using a one-dimensional
version of atriangular filter as described in Section 9.4.1.

* Alternative gradient filters —The variety of techniques available from one-
dimensional signal processing for the design of digital filters offers us powerful

tools for designing one-dimensional versions of hy, and hy. Using the Parks-

McClellan filter design algorithm, for example, we can choose the frequency bands
where we want the derivative to be taken and the frequency bands where we want
the noise to be suppressed. The algorithm will then produce areal, odd filter with a
minimum length that meets the specifications.

Asan example, if we want afilter that has derivative characteristics in a passband
(with weight 1.0) in the frequency range 0.0 £ W £ 0.3p and a stopband (with
weight 3.0) intherange 0.32p £ W £ p, then the algorithm produces the following
optimized seven samplefilter:
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t 1
h f=[h,| =——|-3571 8212 -15580 O 15580 -8212 3571 111
[nd=[n] =l AR

The gradient can then be calculated asin eq. (103).

» Gaussian gradient filters — In modern digital image processing one of the most
common techniques isto use a Gaussian filter (see Section 9.4.1) to accomplish the
required smoothing and one of the derivatives listed in eg. (107). Thus, we might
first apply the recursive Gaussian in eg. (97) followed by eq. (107)ii to achieve the
desired, smoothed derivative filters hy and hy. Further, for computational
efficiency, we can combine these two steps as.

win) =& Yeln+1- aln - ) +(3win- 7 +byin- 2] +byin- I)/ky
c[n] = Bw[n] + (b dn + 1 + bydn + 2] + byd n +3])/ by

(112)

where the various coefficients are defined in eqg. (99). The first (forward) equation
isapplied from n = 0 upto n = N-1 while the second (backward) equation is
applied fromn=N-21downton=0.

» Summary — Examples of the effect of various derivative algorithms on a noisy
version of Figure 30a (SNR = 29 dB) are shown in Figure 31a-c. The effect of
various magnitude gradient algorithms on Figure 30a are shown in Figure 32a-c.
After processing, al images are contrast stretched as in eq. (77) for display
purposes.

(©
Simple Derivative — eg. (107)ii Sobel —eg. (110) Gaussian (s=1.5) & eg. (107)ii

Figure 31: Application of various algorithms for h, — the horizontal derivative.
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Simple Derivative — eg. (107)ii Sobel — eg. (110) Gaussian (s=1.5) & eq. (107)ii
Figure 32: Various algorithms for the magnitude gradient, |[Na).

The magnitude gradient takes on large values where there are strong edges in the
image. Appropriate choice of s in the Gaussian-based derivative (Figure 31c) or
gradient (Figure 32c) permits computation of virtually any of the other forms —
simple, Prewitt, Sobel, etc. In that sense, the Gaussian derivative represents a
superset of derivative filters.

9.5.2 Second Derivatives
Itis, of course, possible to compute higher-order derivatives of functions of two
variables. In image processing, as we shall see in Sections 10.2.1 and 10.3.2, the

second derivatives or Laplacian play an important role. The Laplacian is defined as:

2 2
N2a22—£+27§1:(h2XAa)+(myAa) (113)

where hy, and hy, are second derivative filters. In the frequency domain we have
for the Laplacian filter (from eg. (27)):

NPa « - (u2 +v2)A(u,v) (114)
The transfer function of a Laplacian corresponds to a parabola H(u,v) = —(u2 + \2).
* Basic second derivativefilter — Thisfilter is specified by:
t
[hox]=[hay] =[1 -2 1] (115)
and the frequency spectrum of thisfilter, in each direction, is given by:

HW=F{1 -2 3 =-2(1- cosW) (116)
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over the frequency range—p £ WE p. The two, one-dimensional filters can be used
in the manner suggested by eq. (113) or combined into one, two-dimensional filter
as.

© 1 o
[N=8 -4 17 (117)
@ 1 of

and used asin eqg. (84).

* Frequency domain Laplacian — Thisfilter is the implementation of the general
recipe given in eg. (92) and for the Laplacian filter takes the form:

efmn] =F - (WP + v2)A(wy )} (118)

» Gaussian second derivative filter — Thisis the straightforward extension of the
Gaussian first derivative filter described above and can be applied independently in
each dimension. We first apply Gaussian smoothing with a s chosen on the basis
of the problem specification. We then apply the desired second derivative filter eqg.
(115) or eg. (118). Again there is the choice among the various Gaussian
smoothing algorithms.

For efficiency, we can use the recursive implementation and combine the two
steps—smoothing and derivative operation—as follows:

win] =B(a[n] - a[n - 1) +(wn - 1+ bw[n- 2] +bgwin - 3))/ by

119
c[n] = B(W[n +1] - w{n])+ (bydn+1] +b,dn + 2] +bydn+ 3])/ by -
where the various coefficients are defined in eqg. (99). Again, the first (forward)
equation isappliedfrom n = 0 up to n = N—1 while the second (backward)
equationisapplied fromn=N-1downton=0.

* Alternative Laplacian filters —Again one-dimensional digital filter design
techniques offer us powerful methods to create filters that are optimized for a
specific problem. Using the Parks-McClellan design algorithm, we can choose the
frequency bands where we want the second derivative to be taken and the frequency
bands where we want the noise to be suppressed. The algorithm will then produce a
real, even filter with a minimum length that meets the specifications.

As an example, if we want afilter that has second derivative characteristicsin a
passband (with weight 1.0) in the frequency range 0.0 £ W £ 0.3p and a stopband
(with weight 3.0) in therange 0.32p £ W £ p, then the algorithm produces the
following optimized seven sample filter:
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t 1
h f=[h| =——[-3448 10145 1495 -16383 1495 10145 - 3448 120
[hd=[n] =—I ] (120

The Laplacian can then be calculated asin eq. (113).

* SDGD filter —A filter that is especially useful in edge finding and object
measurement is the Second-Derivative-in-the-Gradient-Direction (SDGD) filter.
Thisfilter usesfive partia derivatives:

12a 12a fa

:—2 Axy = —_ AX = —

x ™y X (121)
ﬂza 2

_ _T%a _fa
A= Ty AW_ﬂyZ Ay

AXX

Note that Ay, = Ayx Which accounts for the five derivatives.

This SDGD combines the different partial derivatives asfollows:

2 2
SDGD(a) = P * ZAZ‘VA*?/ MAVIAT (122)
A+t N

As one might expect, the large number of derivativesinvolved in thisfilter implies
that noise suppression isimportant and that Gaussian derivative filters—both first
and second order—are highly recommended if not required [28]. It is aso
necessary that the first and second derivative filters have essentidly the same
passbands and stopbands. This means that if the first derivative filter hq, is given
by [1 0-1] (eg. (107)ii) then the second derivative filter should be given by h;, A
th: hZX: [10—20 1]

» SJummary — The effects of the various second derivative filters areillustrated in
Figure 33a-e. All images were contrast stretched for display purposes using eqg.
(78) and the parameters 1% and 99%.
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(@) (b)

“Designer” —eq. (120) SDGD (s=1.0) —eqg. (122)

Figure 33: Various algorithms for the Laplacian and Laplacian-related filters.

9.5.3 Other Filters

An infinite number of filters, both linear and non-linear, are possible for image
processing. It is therefore impossible to describe more than the basic typesin this
section. The description of others can be found be in the reference literature (see
Section 11) aswell asin the applications literature. It isimportant to use a small
consistent set of test images that are relevant to the application area to understand
the effect of a given filter or class of filters. The effect of filters on images can be
frequently understood by the use of images that have pronounced regions of
varying sizes to visualize the effect on edges or by the use of test patterns such as
sinusoidal sweeps to visualize the effects in the frequency domain. The former have
been used above (Figures 21, 23, and 30-33) and the latter are demonstrated below
in Figure 34.
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(a) Lowpassfilter (b) Bandpassfilter (c) Highpassfilter
Figure 34: Various convolution agorithms applied to sinusoidal test image.

9.6 M ORPHOLOGY -BASED OPERATIONS

In Section 1 we defined an image as an (amplitude) function of two, rea
(coordinate) variables a(xy) or two, discrete variables alm,n]. An aternative
definition of an image can be based on the notion that an image consists of a set (or
collection) of either continuous or discrete coordinates. In a sense the set
corresponds to the points or pixels that belong to the objects in theimage. Thisis
illustrated in Figure 35 which contains two objects or sets A and B. Note that the
coordinate system is required. For the moment we will consider the pixel valuesto
be binary as discussed in Section 2.1 and 9.2.1. Further we shall restrict our
discussion to discrete space (Z2). More general discussions can be found in [6, 7,
29].

B

Figure 35: A binary image containing two object sets A and B.
The object A consists of those pixelsa that share some common property:
Object — A ={a|property(a) == TRUE} (123)

As an example, object B in Figure 35 consists of {[0,0], [1,0], [0,1]}.
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The background of A isgiven by AC (the complement of A) which is defined as
those elementsthat are not in A:

Background — A= {ala I A} (124)

In Figure 3 we introduced the concept of neighborhood connectivity. We now
observe that if an object A is defined on the basis of C—connectivity (C=4, 6, or 8)
then the background AC has a connectivity given by 12 — C. The necessity for thisis
illustrated for the Cartesian grid in Figure 36.

background object

I T

"~

Figure 36: A binary image requiring careful definition of object and
background connectivity.

9.6.1 Fundamental definitions
The fundamental operations associated with an object are the standard set
operationsunion, intersection, and complement { E, C, €} plus translation:

» Trandation — Given avector x and a set A, thetrandation, A + X, isdefined as:

A+x={a+xal A (125)

Note that, since we are dealing with a digital image composed of pixels at integer
coordinate positions (Z2), this implies restrictions on the allowable trandation
VECtorsx.

The basic Minkowski set operations—addition and subtraction—can now be
defined. First we note that the individual elements that comprise B are not only
pixels but also vectorsas they have a clear coordinate position with respect to [0,0].

Given two sets A and B:
Minkowski addition — AAB=J(A+D) (126)
bl B
Minkowski subtraction — AeB = ﬂ (A+b) (127)
bi B
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9.6.2 Dilation and Erosion
From these two Minkowski operations we define the fundamental mathematical
morphology operationsdilation and erosion:

Dilation — D(A,B)= AAB=J(A+Db) (128)
biB

Erosion — E(A B)=AeB= () (A-b) (129)
bl B

where B :{- bb 1 B} . These two operations are illustrated in Figure 37 for the
objects defined in Figure 35.

(a) Dilation D(A,B) (b) Erosion E(A,B)

Figure 37: A binary image containing two object sets A and B. The three pixelsin
B are “color-coded” asistheir effect in the result.

While either set A or B can be thought of asan “image”’, A is usually considered as
theimage and B is cdled a structuring element. The structuring element is to
mathematical morphology what the convolution kernel isto linear filter theory.

Dilation, in general, causes objects to dilate or grow in size; erosion causes objects
to shrink. The amount and the way that they grow or shrink depend upon the choice
of the structuring element. Dilating or eroding without specifying the structurd
element makes no more sense than trying to lowpass filter an image without
specifying the filter. The two most common structuring elements (given a Cartesian
grid) are the 4-connected and 8-connected sets, N4 and Ng. They areillustrated in
Figure 38.
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(a) Ng (b) Ng
Figure 38: The standard structuring elements N4 and Ng.

Dilation and erosion have the following properties.

Commutative — D(A,B)= AAB=BA A=D(B,A) (130)
Non-Commutative — E(A,B) ! E(B,A) (131)
Associative — AA(BAC)=(AAB)AC (132)
Translation Invariance—  AA (B+x)=(AAB)+x (133)

DC(A, B) = E(A®,B)
Duality — . (134)
E°(A B) = D(A,B)

With A as an object and A€ as the background, eg. (134) saysthat the dilation of an
object is equivalent to the erosion of the background. Likewise, the erosion of the
object isequivaent to the dilation of the background.

Except for special cases:

Non-Inverses — D(E(A,B),B)t At E(D(A,B),B) (135)

Erosion has the following trand ation property:

Trangation Invariance—  A©(B+x)=(A+x)eB =(AeB) + x (136)

Dilationand erosion have the following important properties. For any arbitrary
structuring element B and two image objects A; and A, such that A; 1 A, (Ajisa
proper subset of A,):

D(A;,B)| D(A, B)

E(A,B)I E(A,,B) (137)

Increasing in A —

For two structuring elements B, and B, such that B4 1 Bo:
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Decreasing in B — E(A,B) E E(A,B,) (138)

The decomposition theorems below make it possible to find efficient
implementations for morphological filters.

pilaion—  AA(BEC)=(AAB)E(AAC)=(BEC)AA (139)

Erosion — Ae(BE C) = (AeB) C (AeC) (140)

Erosion — (AeB)eC = Ae(BA C) (141)

Multiple Dilations — nB=(BABABA...AB) (142)
n times

An important decomposition theorem is due to Vincent [30]. First, we require
some definitions. A convex set (in R2) is one for which the straight line joining any
two points in the set consists of points that are also in the set. Care must obviously
be taken when applying this definition to discrete pixels as the concept of a“straight
line’ must be interpreted appropriately in Z2. A set is bounded if each of its
elements has a finite magnitude, in this case distance to the origin of the coordinate
system. A set is symmetricif B= B. The setsN4 and Ng in Figure 38 are examples
of convex, bounded, symmetric sets.

Vincent’s theorem, when applied to an image consisting of discrete pixels, states
that for a bounded, symmetric structuring element B that contains no holes and
containsits own center, [0,0]T B:

D(A,B)= AAB=AE (JAA B) (143)

where fA isthe contour of the object. That is, YA is the set of pixelsthat have a
background pixel as a neighbor. The implication of thistheorem isthat it is not
necessary to process all the pixelsin an object in order to compute a dilation or
(using eg. (134)) an erosion. We only have to process the boundary pixels. This
also holds for all operations that can be derived from dilations and erosions. The
processing of boundary pixels instead of object pixels means that, except for
pathological images, computational complexity can be reduced from O(N2) to O(N)
foran N~ Nimage. A number of “fast” algorithms can be found in the literature
that are based on this result [30-32]. The simplest dilation and erosion algorithms
are frequently described as follows.

* Dilation — Take each binary object pixel (with value “1”) and set all background
pixels (with value “0”) that are C-connected to that object pixel to thevalue“1”.
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* Erosion — Take each binary object pixel (with value*“1”) that is C-connected to a
background pixel and set the object pixel valueto “0”.

Comparison of these two proceduresto eg. (143) where B = N-4 or Nc=g shows
that they are equivalent to the formal definitions for dilation and erosion. The
procedure isillustrated for dilation in Figure 39.

(8)B=N, (b) B=Ng

Figure 39: Illlustration of dilation. Original object pixelsarein gray;
pixels added through dilation are in black.

9.6.3 Boolean Convolution
An arbitrary binary image object (or structuring element) A can be represented as.

+¥ ¥

A« @ &dj.kedm- jn-K (144)
k=-¥ j=-¥

where S and « are the Boolean operations OR and AND as defined in egs. (81) and
(82), a[j,K] isacharacteristic function that takes on the Boolean values “1” and “0”
asfollows:

1 1 al A

Aik=1y 47 A

(145)

and dim,n] is a Boolean version of the Dirac delta function that takes on the
Boolean values “1” and “0” asfollows:

dqjg=it 1=k=0 146
1K= AO otherwise (146)
Dilationfor binary images can therefore be written as:
+éé -(I;¥
D(AB)= a a ajkl*b[m- j,n- K=aAb (147)
k=-¥j=¥
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which, because Boolean OR and AND are commutative, can also be written as
+¥ ¥

D(AB)= & & am-jn-Keb[jkl=bAa=D(B,A (148
k=¥ j=¥

Using De Morgan’ s theorem:

(a+b)=a+b and (asb)=a+b (149)

on eg. (148) together with eq. (134), erosion can be written as:

W W _
EA.B)= O Ofam- j,n- K+b[-j,- K) (150)
k=¥ j=¥

Thus, dilation and erosion on binary images can be viewed as a form of
convolution over a Boolean agebra.

In Section 9.3.2 we saw that, when convolution is employed, an appropriate choice
of the boundary conditions for an image is essential. Dilation and erosion—being a
Boolean convolution—are no exception. The two most common choices are that
either everything outside the binary image is“0” or everything outside the binary
imageis*“1”.

9.6.4 Opening and Closing

We can combine dilation and erosion to build two important higher order
operations:

Opening — O(A B)= A©B =D(EA,B),B) (151)
Closing — C(A,B)= A- B=E(D(A - B),- B) (152)
The opening and closing have the following properties:

C°(A, B) =O(A°,B)
Duality — (153)
O°(A,B) = C(A°,B)

_ O(A+x,B)=0(A,B) +x 154
Translation — C(A +x,B) = C(A,B) +x (154)

For the opening with structuring element B and images A, A1, and Ao, where A4 is
asubimage of A, (A1 1 Ay):
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Antiextensivity — O(AB)I A (155)
Increasing monotonicity — O(A,B) I O(A,,B) (156)
| dempotence — O(O(A,B),B)=0(A,B) (157)

For the closing with structuring element B and images A, A4, and Ay, where A isa
subimage of Ay (A1 Ay):

Extensivity — Al C(A B) (158)
Increasing monotonicity — C(A,B)I C(A,,B) (159)
| dempotence — C(C(A,B),B) =C(A,B) (160)

The two properties given by egs. (155) and (84) are so important to mathematical
morphology that they can be considered as the reason for defining erosion with B
instead of B in eq. (129).

9.6.5 Hit—-and-Miss operation
The hit-or-miss operator was defined by Serra but we shall refer to it as the hit-
and-miss operator and define it as follows. Given an image A and two structuring
elements B4 and B, the set definition and Boolean definition are:

N

1E(AB)CE(A" B,
i (161)

{ E(AB,)-E(A,B,)

Hit-and-Miss — HitMiss(A, B, B,) =

where B and B, are bounded, disjoint structuring elements. (Note the use of the
notation from eg. (81).) Two setsare digoint if By C B, = A the empty set. In an
important sense the hit-and-miss operator is the morphological equivaent of
template matching, a well-known technique for matching patterns based upon
cross-correlation. Here, we have atemplate B4 for the object and atemplate B, for
the background.

9.6.6 Summary of the basic operations
The results of the application of these basic operations on atest image areillustrated
below. In Figure 40 the various structuring elements used in the processing are
defined. The value “—" indicates a“don’t care”. All three structuring elements are
symmetric.
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(a) (b) (c)

Figure 40: Structuring elements B, B4, and B, that are 3" 3 and symmetric.

The results of processing are shown in Figure 41 where the binary value “1” is
shown in black and the value “0” in white.

i
P

a) Image A

G‘/[]

b) Dilationwith 2B

c¢) Erosion with 2B

O

P>

iy
O

=
Q0

d) Opening with 2B

e) Closing with 2B

f) 8-c contour: A—E(A,Ng)

Figure 41: Examples of various mathematical morphology operations.

The opening operation can separate objects that are connected in a binary image.
The closing operation can fill in small holes. Both operations generate a certain
amount of smoothing on an object contour given a*“smooth” structuring element.
The opening smoothes from the inside of the object contour and the closing
smoothes from the outside of the object contour. The hit-and-miss example has
found the 4-connected contour pixels. An alternative method to find the contour is
simply to use the relation:

4-connected contour —

or

TA=A- E(A Ng) (162)
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8-connected contour — TA=A- E( A, N4) (163)

9.6.7 Skeleton
Theinformal definition of a skeleton is aline representation of an object that is:

i) one-pixe thick,
ii)  through the “middle’ of the object, and, (164)
i)  preservesthetopology of the object.

These are not always redlizable. Figure 42 shows why thisisthe case.

(@ (b)

Figure 42: Counterexamples to the three requirements.

In the first example, Figure 423, it is not possible to generate aline that is one pixel
thick and in the center of an object while generating a path that reflects the
simplicity of the object. In Figure 42b it is not possible to remove a pixel from the
8-connected object and simultaneously preserve the topology—the notion of
connectedness—of the object. Nevertheless, there are a variety of techniques that
attempt to achieve this goa and to produce a skeleton.

A basic formulation is based on the work of Lantuéoul [33]. The skeleton subset
Si(A) is defined as:

Skeleton subsets— S, (A) = E(A,kB) - [E(A,kB) © B] k=01YK (165)

where K is the largest value of k before the set S; (A) becomes empty. (From eq.
(156), E(A,kB)°oB 1 EAKkB)). The structuring element B is chosen (in Z2) to
approximate a circular disc, that is, convex, bounded and symmetric. The skeleton
is then the union of the skeleton subsets:

Skeleton — S(A) = [ Js(A) (166)
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An edegant side effect of this formulation is that the origina object can be
reconstructed given knowledge of the skeleton subsets Sy(A), the structuring
element B, and K:

K

Reconstruction — A= U (S<(A) A kB) (167)
k=0

This formulation for the skeleton, however, does not preserve the topology, a
requirement described in eg. (164).

An dternative point-of-view is to implement a thinning, an erosion that reduces the
thickness of an object without permitting it to vanish. A general thinning algorithm
is based on the hit-and-miss operation:

Thinning — Thin(A,B;,B,) = A- HitMiss(A, B, B,) (168)

Depending on the choice of B and B, alarge variety of thinning algorithms—and
through repeated application skeletonizing a gorithms—can be implemented.

A quite practical implementation can be described in another way. If we restrict
ourselvestoa3 ~ 3 neighborhood, similar to the structuring element B = Ngin
Figure 40a, then we can view the thinning operation as a window that repeatedly
scans over the (binary) image and sets the center pixel to “0” under certain
conditions. The center pixel isnot changed to “0” if and only if:

1) anisolated pixel isfound (e.g. Figure 43a),
i) removing a pixel would change the connectivity (e.g. Figure 43b), (169)
i) removing a pixel would shorten aline (e.g. Figure 43c).

As pixels are (potentialy) removed in each iteration, the process is cdled a
conditional erosion. Three test cases of eq. (169) are illustrated in Figure 43. In
general all possible rotations and variations have to be checked. As there are only
512 possible combinationsfor a3~ 3 window on a binary image, this can be done
easily with the use of alookup table.

(a) Isolated pixel (b) Connectivity pixel (c) End pixel
Figure 43: Test conditions for conditional erosion of the center pixel.
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If only condition (i) is used then each object will be reduced to asingle pixel. This
isuseful if we wish to count the number of objectsin an image. If only condition
(ii) is used then holes in the objects will be found. If conditions (i + ii) are used
each object will be reduced to either asingle pixel if it does not contain a hole or to
closed ringsiif it does contain holes. If conditions (i + ii + iii) are used then the
“complete skeleton” will be generated as an approximation to eg. (56). Illustrations
of these various possibilities are given in Figure 44a,b.

9.6.8 Propagation

It is convenient to be able to reconstruct an image that has “survived” several
erosions or to fill an object that is defined, for example, by a boundary. The formal
mechanism for this has several names including region-filling, reconstruction, and
propagation. The formal definition is given by the following algorithm. We start
with aseed image SO, amask image A, and a structuring element B. We then use
dilations of S with structuring element B and masked by A in an iterative procedure
asfollows:

lteration k— sO=[s*YABlcA until s =gk (170)

With each iteration the seed image grows (through dilation) but within the set
(object) defined by A; S propagatesto fill A. The most common choices for B are
N4 or Ng. Several remarks are centrd to the use of propagation. First, in a
straightforward implementation, as suggested by eq. (170), the computational costs
are extremely high. Each iteration requires O(N2) operationsfor an N~ N image
and with the required number of iterations this can lead to a complexity of O(N3).
Fortunately, a recursive implementation of the algorithm exists in which one or two
passes through the image are usually sufficient, meaning a complexity of O(N2).
Second, athough we have not paid much atention to the issue of
object/background connectivity until now (see Figure 36), it is essentia that the
connectivity implied by B be matched to the connectivity associated with the
boundary definition of A (see egs. (162) and (163)). Finally, as mentioned earlier, it
isimportant to make the correct choice (“0” or “1”) for the boundary condition of
the image. The choice depends upon the application.

9.6.9 Summary of skeleton and propagation

The application of these two operations on atest image isillustrated in Figure 44. In
Figure 44a,b the skeleton operation is shown with the endpixel condition (eg. (169)
i+ii+iii) and without the end pixel condition (eq. (169) i+ii). The propagation
operation isillustrated in Figure 44c. The original image, shown in light gray, was
eroded by E(A,6Ng) to produce the seed image shown in black. The original was
then used as the mask image to produce the final result. The border value in both
imageswas “0”.
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Several techniques based upon the use of skeleton and propagation operations in
combination with other mathematical morphology operations will be given in
Section 10.3.3.

i %
ofo ofo

Original = light gray Mask = light gray

Skeleton = black Seed = black

- 5y
Ofo |[Cfo

a) Skeleton with end pixels  b) Skeleton without end pixels  ¢) Propagation with Ng
Condition eg. (169) i+ii+iii Condition eg. (169) i+ii

Figure 44 Examples of skeleton and propagation.

9.6.10 Gray-value morphological processing
The techniques of morphological filtering can be extended to gray-level images. To
simplify matters we will restrict our presentation to structuring elements, B, that
comprise afinite number of pixels and are convex and bounded. Now, however,
the structuring element has gray values associated with every coordinate position as
does the imageA.

* Gray-leve dilation, Dg(*), isgiven by:

Dilation — Dg(A,B) = [ W(?TXB{a[m- j,n- K] +b[j,k} (171)
j,

For a given output coordinate [m,n], the structuring element is summed with a
shifted version of the image and the maximum encountered over all shifts within
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theJ” K domain of B is used as the result. Should the shifting require values of the
image A that are outside the M x N domain of A, then a decision must be made as
to which model for image extension, as described in Section 9.3.2, should be used.

* Gray-level erosion, E(*), isgiven by:
Erosion — Eg(A,B) :[ nlz]iAn {a[m+ j,n+ K- b k]} (172)
k[l B

The dudity between gray-level erosion and gray-level dilation—the gray-level
counterpart of eqg. (134) is.

Duality — Fe(AB)=-De(-AB) (173)
De(AB) = - Eg(- AB)

where* A” means that alj,Kl ® a[-,—K and“- A” meansthat a[j,k] ® —a[j,K].

The definitions of higher order operations such as gray-level opening and gray-leve
closing are:

Opening — Oz(A B)=Dg(Eg(A,B),B) (174)
Closing - Co(A,B) = EG(DG(A, B), Ea) (175)

The duality between gray-level opening and gray-level closingis:

Oc(AB)=-Cg(- A B)

Duality — CG(A, B): i OG(' A B)

(176)

The important properties that were discussed earlier such as idempotence,
trandation invariance, increasing in A, and so forth are also applicable to gray level
morphological processing. The details can be found in Giardina and Dougherty [6].

In many situations the seeming complexity of gray level morphological processing
is significantly reduced through the use of symmetric structuring elements where
b[j,K] = b[—,—K]. The most common of these is based on the use of B = constant =
0. For this important case and using again the domain [j,K] T B, the definitions
above reduce to:

Dilation — Ds(A,B) :[jr?(ﬁxB{a[m- j,n-kj} = méax(A) (177)
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Erosion — Eg(A,B) = [jT]iTnB{ alm- j,n- K} = mBin(A) (178)
Opening — Oz(AB)= mgx (mEi)n(A)) (279)
Closing — Cs(A,B) = mEin(mgx(A)) (180)

The remarkable conclusion is that the maximum filter and the minimum filter,
introduced in Section 9.4.2, are gray-level dilation and gray-level erosion for the
specific structuring element given by the shape of the filter window with the gray
value “0” inside the window. Examples of these operations on a simple one-
dimensional signal are shown in Figure 45.

250 T Dilation 250 T Closing
200+  "Original® / 200 - /
(7] 7]
3 o
< 150 - < 150 -
= 100 < 100
o - > 1
= e =
@ gl Erosion D ol e
Opening
0 | | | ! 0 | | | !
0 50 100 150 200 0 50 100 150 200
Horizontal Position Horizontal Position
a) Effect of 15° 1 dilation and erosion b) Effect of 15" 1 opening and closing

Figure 45: Morphological filtering of gray-level data.

For arectangular window, J = K, the two-dimensional maximum or minimum
filter is separable into two, one-dimensional windows. Further, a one-dimensional
maximum or minimum filter can be written in incremental form. (See Section
9.3.2.) This means that gray-level dilations and erosions have a computational
complexity per pixel that is O(constant), that is, independent of Jand K. (See also
Table 13))

The operations defined above can be used to produce morphological agorithms for
smoothing, gradient determination and a version of the Laplacian. All are
constructed from the primitives for gray-level dilation and gray-level erosion and in
al cases the maximum and minimum filters are taken over thedomain [ j, k] T B.

9.6.11 Morphological smoothing

This algorithm is based on the observation that a gray-level opening smoothes a
gray-value image from above the brightness surface given by the function afm,n]
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and the gray-level closing smoothes from below. We use a structuring element B
based on egs. (84) and (178).

MorphSmooth( A, B) =Cg(Og(A,B), B) 181
= min(max(max(min(A)))) (18D
Note that we have suppressed the notation for the structuring element B under the

max and min operations to keep the notation smple. Its use, however, is
understood.

9.6.12 Morphological gradient
For linear filters the gradient filter yields a vector representation (eg. (103)) with a
magnitude (eg. (104)) and direction (eq. (105)). The version presented here
generates a morphological estimate of the gradient magnitude

Gradient(A B) = 1 (D (A B)- Eg(A B))
2

1 (182)

=3 (max(A) - min(A))

9.6.13 Morphological Laplacian
The morphologically-based Laplacian filter is defined by:
Laplacian(A B) = iZL((DG(A,B) - A)- (A- Eg(AB)))

= %(DG(A, B) +Eg(A B)- 2A) (183)

:%(max(A) + min(A) - 2A)

9.6.14 Summary of morphological filters
The effect of thesefiltersisillustrated in Figure 46. All images were processed with
a3~ 3structuring element as described in egs. (177) through (183). Figure 46e
was contrast stretched for display purposes using eg. (78) and the parameters 1%
and 99%. Figures 46c,d,e should be compared to Figures 30, 32, and 33.
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a) Dilation ¢) Smoothing

d) Gradient
Figure 46: Examples of gray-level morphological filters.

10. Techniques

10.1

The algorithms presented in Section 9 can be used to build techniques to solve
specific image processing problems. Without presuming to present the solution to
all processing problems, the following examples are of general interest and can be
used as models for solving related problems.

SHADING CORRECTION

The method by which images are produced—the interaction between objects in real
space, the illumination, and the camera—frequently leads to situations where the
image exhibits significant shading across the field-of-view. In some cases the
image might be bright in the center and decrease in brightness as one goes to the
edge of the field-of-view. In other cases the image might be darker on the left side
and lighter on the right side. The shading might be caused by non-uniform
illumination, non-uniform camera sensitivity, or even dirt and dust on glass (lens)
surfaces. In general this shading effect is undesirable. Eliminating it is frequently
necessary for subsequent processing and especially when image analysis or image
understanding is the final goal.
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10.1.1 Model of shading
In general we begin with amodel for the shading effect. The illumination I;j;(X,y)
usually interacts in amultiplicative with the object a(x,y) to produce the image

b(xy):
b(x,y) = liy(x,y) *a(xy) (184)

with the object representing various imaging modalities such as:

ir(x,y) reflectance model
i
:
a(x,y) = i 10 9PV absorption model (185)
i
i
fc(xy) fluorescence model

where at position (Xx,y), r(xy) isthe reflectance, OD(x,y) is the optical density, and
c(x,y) isthe concentration of fluorescent material. Parenthetically, we note that the
fluorescence model only holds for low concentrations. The camera may then
contribute gain and offset terms, asin eq. (74), so that:

c[m,n] =gain[m,n] ¢ of m,n]+ offsef mn]

Total shading — = gain{m,n]  I;;[m,n] » &m, n] + offset[ mn]

(186)

In general we assume that 1;;;[m,n] is slowly varying compared to a[m,n].

10.1.2 Estimate of shading
We distinguish between two cases for the determination of a[m,n] starting from
c[m,n]. In both cases we intend to estimate the shading terms { gainfm,n]«l;;;[m,n]}
and { offsef m,n]}. While in the first case we assume that we have only the recorded
image c[m,n] with which to work, in the second case we assume that we can record
two, additional, calibration images.

* A posteriori estimate — In this case we attempt to extract the shading estimate
from ¢[m,n]. The most common possibilities are the following.

Lowpass filtering — We compute a smoothed version of c¢[m,n] where the
smoothing is large compared to the size of the objects in the image. This smoothed
version is intended to be an estimate of the background of the image. We then
subtract the smoothed version from ¢[m,n] and then restore the desired DC value.
In formula:

Lowpass — alm,n] = dm,n] - LowPass{c[m,n]} + constant (187)
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where a[m,n] is the estimate of a[m,n]. Choosing the appropriate lowpass filter
means knowing the appropriate spatial frequencies in the Fourier domain where the
shading terms dominate.

Homomor phic filtering — We note that, if the offsef m,n] = O, then ¢[m,n] consists
solely of multiplicative terms. Further, the term {gain[m,n]el;;;[m,n]} is slowly
varying while afm,n] presumably is not. We therefore take the logarithm of ¢[m,n]
to produce two terms one of which is low frequency and one of which is high
frequency. We suppress the shading by high pass filtering the logarithm of ¢[m,n]
and then take the exponent (inverse logarithm) to restore the image. This procedure
is based on homomorphic filtering as developed by Oppenheim, Schafer and
Stockham [34]. In formula

i) dm,n] =gain{mn] * by[m,n]« mn]

) t fo s
i) In{c[m,n]} = Ini gaifm,n]«l;,[mn]y+Ini a[mn] vy
§ slowly varying )b T rapidiy Varyingb (188)

i) HighPass{ In{c[mn}} » In{alm,n]}
iv) amn]= exp{ HighPass{In{c[m, n]}}}

Morphological filtering — We again compute a smoothed version of ¢[m,n] where
the smoothing is large compared to the size of the objectsin the image but thistime
using morphological smoothing as in eq. (181). This smoothed version is the
estimate of the background of the image. We then subtract the smoothed version
from ¢[m,n] and then restore the desired DC value. In formula

alm,n] = dm,n] - MorphSmooth{d m,n]} +constant (189)

Choosing the appropriate morphological filter window means knowing (or
estimating) the size of the largest objects of interest.

» Apriori estimate— If it is possible to record test (calibration) images through the
cameras system, then the most appropriate technique for the removal of shading
effectsisto record two images — BLACK[m,n] and WHITE[m,n]. The BLACK imageis
generated by covering the lens leading to b[m,n] = 0 which in turn leads to
BLACK[m,n] = offsefm,n]. The wHITE image is generated by using afm,n] = 1 which
giveswHITE[m,n] = gain[m,n]el;;;[m,n] + offsefm,n]. The correction then becomes:

c[m,n] - BLACK[m,n]
WHITE[m,n] - BLACK[m n]

alm,n] = constant « (190)

The constant term is chosen to produce the desired dynamic range.
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The effects of these various techniques on the data from Figure 45 are shown in
Figure 47. The shading is asimple, linear ramp increasing from left to right; the
objects consist of Gaussian peaks of varying widths.

250 v shaded Image
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%]
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© 150 |
=
S 100 + .
z (a) Original
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0 ‘ ‘ ‘ |
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Horizontal Position
300 v Linear Filtering 300 - Homomorphic Filtering
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[} ()
S 150 1 S 150 1
< ey
2 100 1 2 100+
m m
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0 : : : | 0 : : : |
0 50 100 150 200 0 50 100 150 200
Horizontal Position Horizontal Position
(b) Correction with Lowpass filtering (c) Correction with Logarithmic filtering
300 Morphological Filtering 300 v rcalibration" Filtering
250 + 250 +
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(] )]
S 1501 £ 150 L
e ey
2 100 + 2 100+
m m
50 + 50 +
0 : : : 1 0 o : : 1
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(d) Correction with Max/Min filtering (e) Correction with Test Images

Figure 47: Comparison of various shading correction algorithms. The final result
(e) isidentical to the original (not shown).

In summary, if it is possible to obtain BLAck and wHITE calibration images, then eq.

(190) isto be preferred. If thisis not possible, then one of the other algorithms will
be necessary.
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10.2 BAsic ENHANCEMENT AND RESTORATION TECHNIQUES

The process of image acquisition frequently leads (inadvertently) to image
degradation. Due to mechanical problems, out-of-focus blur, motion, inappropriate
illumination, and noise the quality of the digitized image can be inferior to the
original. The goal of enhancement is— starting from a recorded image ¢[m,n]—to
produce the most visually pleasing image aimn]. The goa of restoration
is—starting from arecorded image ¢c[m,n]—to produce the best possible estimate
am,n] of the original image a[m,n]. The goal of enhancement is beauty; the goal of
restoration istruth.

The measure of success in restoration is usually an error measure between the
originad al[m,n] and the estimate a[m,n]: E{&[m,n], alm,n]}. No mathematical
error function is known that corresponds to human perceptual assessment of
error. The mean-square error function is commonly used because:

1. It iseasy to compute;

2. Itisdifferentiable implying that a minimum can be sought;

3. It correspondsto “signal energy” in the total error, and;

4. It has nice properties visa vis Parseval’ s theorem, egs. (22) and (23).

Themean-square error is defined by:

. 1 M
E{aa}=—a
m=

1
~ 2
TN |Amn] - a[m,n]| (191)

0

oz

0

3
11

In some techniques an error measure will not be necessary; in othersit will be
essential for evaluation and comparative purposes.

10.2.1 Unsharp masking
A well-known technique from photography to improve the visual quality of an
image is to enhance the edges of the image. The technique is caled unsharp
masking. Edge enhancement means first isolating the edges in an image,
amplifying them, and then adding them back into the image. Examination of Figure
33 shows that the Laplacian is a mechanism for isolating the gray level edges. This
leads immediately to the technique:

alm,n] = a[m,n] - (k+ K’ mn]) (192)

Thetermkis the amplifying term and k> 0. The effect of this technique is shown
in Figure 48.
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The Laplacian used to produce Figure 48 is given by eg. (120) and the amplification
term k= 1.

Original - - Laplacian-enhanced
Figure 48: Edge enhanced compared to original

10.2.2 Noise suppression
The technigues available to suppress noise can be divided into those techniques that
are based on temporal information and those that are based on spatial information.
By tempora information we mean that a sequence of images
{ap[mn] [p=1,2,...,P} are available that contain exactly the same objects and that
differ only in the sense of independent noise realizations. If thisis the case and if
the noise is additive, then simple averaging of the sequence:

Temporal averaging — amn]=—=a a,[mn] (193)

will produce a result where the mean value of each pixel will be unchanged. For
each pixel, however, the standard deviation will decrease froms to s/J/P.

If temporal averaging is not possible, then spatial averaging can be used to decrease
the noise. This generally occurs, however, a a cost to image sharpness. Four
obvious choices for spatial averaging are the smoothing algorithms that have been
described in Section 9.4 — Gaussian filtering (eg. (93)), median filtering, Kuwahara
filtering, and morphological smoothing (eg. (181)).

Within the class of linear filters, the optimal filter for restoration in the presence of
noiseis given by the Wiener filter [2]. The word “optimal” is used herein the sense
of minimum mean-square error (mse). Because the square root operation is
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monotonic increasing, the optimal filter also minimizes the root mean-square error
(rms). The Wiener filter is characterized in the Fourier domain and for additive
noise that is independent of the signal it is given by:

_ Sa(uy
W S S oo

where S;5(u,v) is the power spectral density of an ensemble of random images
{a[m,n]} and S,,(u,v) isthe power spectral density of the random noise. If we have
asingle image then Sy;(u,v) = |A(UV)[2. In practiceit is unlikely that the power
spectral density of the uncontaminated image will be available. Because many
images have a similar power spectral density that can be modeled by Table 4-T.8,
that model can be used as an estimate of S,;(u,v).

A comparison of the five different techniques described above is shown in Figure
49. The Wiener filter was constructed directly from eq. (113) because the image
spectrum and the noise spectrum were known. The parameters for the other filters
were determined choosing that value (either s or window size) that led to the
minimum rms.

a) Noisy image (S\NR=20 dB) b) Wiener filter c) Gaussfilter (s =1.0)
rms=25.7 rms = 20.2 rms=21.1

d) Kuwaharafilter (5 5) e) Median filter (3" 3) f) Morph. smoothing (3~ 3)
rms=224 rms=22.6 rms=26.2
Figure 49: Noise suppression using various filtering techniques.
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The root mean-square errors (rms) associated with the various filters are shown in
Figure 49. For this specific comparison, the Wiener filter generates a lower error
than any of the other procedures that are examined here. The two linear procedures,
Wiener filtering and Gaussian filtering, performed dightly better than the three non-
linear aternatives.

10.2.3 Distortion suppression

The model presented above—an image distorted solely by noise—is not, in general,
sophisticated enough to describe the true nature of distortion in adigital image. A
more realistic model includes not only the noise but also a model for the distortion
induced by lenses, finite apertures, possible motion of the camera and/or an object,
and so forth. One frequently used model is of an image a[m,n] distorted by alinear,
shift-invariant system hg[m,n] (such as alens) and then contaminated by noise
k[m,n]. Various aspects of ho[m,n] and k[m,n] have been discussed in earlier
sections. The most common combination of these is the additive moddl:

c[m,n] =(a[m,n] A hy[mn]) +k[m,n] (195)

The restoration procedure that is based on linear filtering coupled to a minimum
mean-square error criterion again produces a Wiener filter [2]:

_ Ho (U,V)Sia(U,V)
(U, V) -
o [Ho (U S (W) + Sin(U,V)

(196)
_ H;(u,v)
|H0(U'V)|2 + ?ﬂn uv)

5
Sa(uVvg

Once again Sy5(u,v) isthe power spectral density of an image, S,,(u,v) is the power
spectra density of the noise, and Hy(u,v) = F{h[m,n]}. Examination of this
formula for some extreme cases can be useful. For those frequencies where
Sia(uv) >> §4(u,v), where the signal spectrum dominates the noise spectrum, the
Wiener filter isgiven by 1/H(u,v), theinversefilter solution. For those frequencies
where S5(uVv) << Syp(uv), where the noise spectrum dominates the signal
spectrum, the Wiener filter is proportional to Hy* (u,v), the matched filter solution.
For those frequencies where H(u,v) = 0, the Wiener filter Hy,(u,v) = O preventing
overflow.

The Wiener filter is a solution to the restoration problem based upon the

hypothesized use of alinear filter and the minimum mean-square (or rms) error
criterion. In the example below the image am,n] was distorted by a bandpass filter
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and then white noise was added to achieve an SNR = 30 dB. Theresults are shown
in Figure 50.

a) Distorted, noisy image b) Wiener filter ¢) Medianfilter (3" 3)

10.3

rms = 108.4 rms =40.9

Figure 50: Noise and distortion suppression using the Wiener filter, eqg.
(196) and the median filter.

The rms after Wiener filtering but before contrast stretching was 108.4; after
contrast stretching with eg. (77) the final result as shown in Figure 50b has a mean-
square error of 27.8. Usinga3” 3 median filter as shown in Figure 50c leads to a
rms error of 40.9 before contrast stretching and 35.1 after contrast stretching.
Although the Wiener filter gives the minimum rms error over the set of all linear
filters, the non-linear median filter gives alower rms error. The operation contrast
stretching is itself a non-linear operation. The “visual quality” of the median
filtering result is comparable to the Wiener filtering result. Thisis duein part to
periodic artifacts introduced by the linear filter which are visible in Figure 50b.

SEGMENTATION

Inthe analysis of the objects in images it is essential that we can distinguish
between the objects of interest and “therest.” Thislatter group is also referred to as
the background. The techniques that are used to find the objects of interest are
usually referred to as segmentation techniques — segmenting the foreground from
background. In this section we will two of the most common
techniques—thresholding and edge finding— and we will present techniques for
improving the quality of the segmentation result. It isimportant to understand that:

thereisno universally applicable segmentation technique that will work for all

images, and,

no segmentation technique is perfect.

10.3.1 Thresholding

This technique is based upon a simple concept. A parameter q called the brightness
threshold is chosen and applied to the image a[m,n] as follows:
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If alm,n]3q a[m,n] = object =1 197
Else alm,n] = background =0 (197)
This version of the algorithm assumes that we are interested in light objects on a
dark background. For dark objects on a light background we would use:

If a[m,n]<q a[m,n] = object =1

Else alm,n] = background =0 (198)
The output is the label “object” or “background” which, due to its dichotomous
nature, can be represented as a Boolean variable “1” or “0”. In principle, the test
condition could be based upon some other property than simple brightness (for
example, If (Redness{a[m,n]} 3 q,¢q), but the concept is clear.

The central question in thresholding then becomes: How do we choose the
threshold q? While there is no universal procedure for threshold selection that is
guaranteed to work on al images, there are avariety of alternatives.

* Fixed threshold—One dternative is to use a threshold that is chosen
independently of the image data. If it is known that one is dealing with very high-
contrast images where the objects are very dark and the background is
homogeneous (Section 10.1) and very light, then a constant threshold of 128 on a
scale of 0 to 255 might be sufficiently accurate. By accuracy we mean that the
number of falsely-classified pixels should be kept to a minimum.

* Histogram-derived thresholds — In most cases the threshold is chosen from the
brightness histogram of the region or image that we wish to segment. (See Sections
3.5.2and 9.1.) An image and its associated brightness histogram are shown in
Figure 51.

A variety of techniques have been devised to automaticaly choose a threshold
starting from the gray-value histogram, {h[b] | b= 10, 1, ... , 2B-1}. Some of the
most common ones are presented below. Many of these algorithms can benefit
from a smoothing of the raw histogram data to remove small fluctuations but the
smoothing algorithm must not shift the peak positions. This tranglates into a zero-
phase smoothing agorithm given below where typical valuesfor W are 3 or 5:

1 (W2

Mool B1= = @ hrawlb- W W odd (199)
w=- (W-1)/2
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(a) Image to bethresholded (b) Brightness histogram of the image

Figure51: Pixels below the threshold (afm,n] < q) will be labeled as object pixels,
those above the threshold will be labeled as background pixels.

* Isodata algorithm—This iterative technique for choosing a threshold was
developed by Ridler and Calvard [35]. The histogram isinitially segmented into
two parts using a starting threshold value such as g = 2B-1, half the maximum
dynamic range. The sample mean (my ) of the gray values associated with the
foreground pixels and the sample mean (mj, o) of the gray values associated with
the background pixels are computed. A new threshold value g, is now computed as
the average of these two sample means. The process is repeated, based upon the
new threshold, until the threshold value does not change any more. In formula:

Ok :(mf,k-1+ ’Tb,k-l)/Z until o = Q.1 (200)

* Background-symmetry algorithm—This technique assumes a distinct and
dominant peak for the background that is symmetric about its maximum. The
technique can benefit from smoothing as described in eg. (199). The maximum
peak (maxp) is found by searching for the maximum value in the histogram. The
algorithm then searches on the non-object pixel side of that maximum to find a p%
point asin eg. (39).

In Figure 51b, where the object pixels are located to the left of the background peak
at brightness 183, this means searching to the right of that peak to locate, as an
example, the 95% value. At this brightness value, 5% of the pixelslie to the right
(are above) that value. This occurs at brightness 216 in Figure 51b. Because of the
assumed symmetry, we use as a threshold a displacement to the left of the
maximum that is equal to the displacement to the right where the p% is found. For
Figure 51b this means a threshold value given by 183 — (216 — 183) = 150. In
formula:

q =maxp - (p%- maxp) (201)
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This technique can be adapted easily to the case where we have light objects on a
dark, dominant background. Further, it can be used if the object peak dominates
and we have reason to assume that the brightness distribution around the object
peak is symmetric. An additional variation on this symmetry theme is to use an
estimate of the sample standard deviation (s in eq. (37)) based on one side of the
dominant peak and then use a threshold based on q = maxp £ 1.96s (at the 5%
level) or g = maxp + 2.57s (at the 1% level). The choice of “+” or “—" depends on
which direction from maxp is being defined as the object/background threshold.
Should the distributions be approximately Gaussian around maxp, then the values
1.96 and 2.57 will, in fact, correspond to the 5% and 1 % level.

* Triangle algorithm — This technique due to Zack [36] isillustrated in Figure 52.
A lineis constructed between the maximum of the histogram at brightness by«
and the lowest value by, = (p=0)% in the image. The distance d between the line
and the histogram h[b] is computed for all values of b from b = by, t0 b = by
The brightness value b, where the distance between h[b] and the line is maximal is
the threshold value, that is, g = b,. Thistechniqueis particularly effective when the
object pixels produce aweak peak in the histogram.

5 2007 bl threshold = b,
5 4
x 300 t
o
© 200
()]
o]
g 100 +
>
z
0 f t t t L t t {
0 32 64 96 128 160 192 224 256
Brightness b

Figure 52: Thetriangle algorithm is based on finding the value of b that
gives the maximum distanced.

The three procedures described above give the values q = 139 for the Isodata
algorithm, g = 150 for the background symmetry algorithm at the 5% level, and q
= 152 for the triangle agorithm for the image in Figure 51a.

Thresholding does not have to be applied to entire images but can be used on a
region by region basis. Chow and Kaneko [37] developed a variation in which the
M~ Nimageisdivided into non-overlapping regions. In each region athreshold is
calculated and the resulting threshold values are put together (interpolated) to form a
thresholding surface for the entire image. The regions should be of “reasonable’
size so that there are a sufficient number of pixels in each region to make an
estimate of the histogram and the threshold. The utility of this procedure—like so
many others—depends on the application at hand.
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10.3.2 Edgefinding
Thresholding produces a segmentation that yields all the pixels that, in principle,
belong to the object or objects of interest in an image. An alternative to thisisto
find those pixels that belong to the borders of the objects. Techniques that are
directed to this goal are termed edge finding techniques. From our discussion in
Section 9.6 on mathematical morphology, specifically egs. (79), (163), and (170),
we see that there is an intimate rel ationship between edges and regions.

* Gradient-based procedure— The central challenge to edge finding techniquesisto
find procedures that produce closed contours around the objects of interest. For
objects of particularly high SNR, this can be achieved by calculating the gradient
and then using a suitable threshold. Thisisillustrated in Figure 53.

o\ O o
Ao

© / ©
S
@
(a) SNR=30dB (b) SNR=20dB

Figure 53: Edge finding based on the Sobel gradient, eq. (110),
combined with the | sodata thresholding algorithm eg. (92).

While the technique works well for the 30 dB image in Figure 53a, it fails to
provide an accurate determination of those pixels associated with the object edges
for the 20 dB image in Figure 53b. A variety of smoothing techniques as described
in Section 9.4 and in eg. (181) can be used to reduce the noise effects before the
gradient operator is applied.
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* Zero-crossing based procedure — A more modern view to handling the problem
of edgesin noisy imagesis to use the zero crossings generated in the Laplacian of
an image (Section 9.5.2). The rationale starts from the model of an ideal edge, a
step function, that has been blurred by an OTF such as Table 4 T.3 (out-of-focus),
T.5 (diffraction-limited), or T.6 (general model) to produce the result shown in
Figure 54.

Ideal Edge Position —m»

Blurred Edge
- Gradient
35 40 55 60 65

45 5
Laplacian—__

Position

Figure 54: Edge finding based on the zero crossing as determined by
the second derivative, the Laplacian. The curves are not to scale.

The edge location is, according to the model, at that place in the image where the
Laplacian changes sign, the zero crossing. As the Laplacian operation involves a
second derivative, this means a potential enhancement of noise in theimage at high
gpatial frequencies; see eg. (114). To prevent enhanced noise from dominating the
search for zero crossings, a smoothing is necessary.

The appropriate smoothing filter, from among the many possibilities described in
Section 9.4, should according to Canny [38] have the following properties:

* In the frequency domain, (u,v) or (WY ), the filter should be as narrow as
possible to provide suppression of high frequency noise, and;

* Inthe spatial domain, (xy) or [m,n], the filter should be as narrow as
possible to provide good localization of the edge. A too wide filter generates
uncertainty asto precisely where, within the filter width, the edgeislocated.

The smoothing filter that simultaneously satisfies both these properties—minimum
bandwidth and minimum spatial width—is the Gaussian filter described in Section
9.4. This means that the image should be smoothed with a Gaussian of an
appropriate s followed by application of the Laplacian. In formula
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ZeroCrossing{a(x, )} ={(x,y) IN{gp(x, Y Aax Y} =0 (209)

where gop(xy) is defined in eq. (93). The derivative operation is linear and shift-
invariant as defined in egs. (85) and (86). This means that the order of the operators
can be exchanged (eg. (4)) or combined into one single filter (eg. (5)). This second
approach leads to the Marr-Hildreth formulation of the “ L aplacian-of-Gaussians”
(LoG) filter [39]:

ZeroCrossing a(x,y)} ={(xy) |[LoG(x,y) A a(x,y) = G (203)

where

2+y2

S4

LoG(xY) =7 Goo(x,9)- 3 Gox, (204

Given the circular symmetry this can also be written as:

2 _ 26 (2 2
LoG(r):ge—zpszi OBe (r 2 )

(205)

Thistwo-dimensional convolution kernel, which is sometimes referred to as a
“Mexican hat filter”, isillustrated in Figure 55.

0.2 1 LoG(r)

§
|

s=1.0

0.4t

(@) —LoG(xy) (b) LoG(r)
Figure55: LoG filter withs = 1.0.

*PLUS based procedure — Among the zero crossing procedures for edge detection,
perhaps the most accurate is the PLUSfilter as developed by Verbeek and Van
Vliet [40]. Thefilter isdefined, using egs. (121) and (122), as:

PLUSa) = SDGD(a) + Laplace(a)

_TGAE +2A A + Ay RO

206
R+ R slhrh) O
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Neither the derivation of the PLUS s properties nor an evaluation of its accuracy are
within the scope of this section. Sufficeit to say that, for positively curved edgesin
gray value images, the Laplacian-based zero crossing procedure overestimatesthe
position of the edge and the SDGD-based procedure underestimatesthe position.
Thisistruein both two-dimensional and three-dimensional images with an error on
the order of (s/R)2 where R isthe radius of curvature of the edge. The PLUS
operator has an error on the order of (s/R)4 if the image is sampled at, at least, 3
the usual Nyquist sampling frequency asin eq. (56) or if we choose s 3 2.7 and
sample at the usual Nyquist frequency.

All of the methods based on zero crossings in the Laplacian must be able to
distinguish between zero crossings and zero values. While the former represent
edge positions, the latter can be generated by regions that are no more complex than
bilinear surfaces, that is, a(x,y) = ag + a;*x + agey + agexey. To distinguish between
these two situations, we first find the zero crossing positions and label them as*“1”
and all other pixelsas*®0”. We then multiply the resulting image by a measure of
the edge strength at each pixel. There are various measures for the edge strength
that are all based on the gradient as described in Section 9.5.1 and eq. (182). This
last possibility, use of a morphological gradient as an edge strength measure, was
first described by Lee, Haralick, and Shapiro [41] and is particularly effective. After
multiplication the image is then thresholded (as above) to produce the final result.
The procedure is thus as follows [42]:

Zero Crossing

alm,n] Filter edges[m,n]
| | ZeroCrossing .
—P— «LoG Detector Thresholding —Pp»
* PLUS

* other

Edge Strength Filter
(Gradient)

Figure 56: Genera strategy for edges based on zero crossings.

The results of these two edge finding techniques based on zero crossings, LoG
filtering and PLU Sfiltering, are shown in Figure 57 for images with a20 dB S\R.
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Figure 57: Edge finding using zero crossing algorithms LoG and PLUS. In
both algorithmss = 1.5.

Edge finding techniques provide, as the name suggests, an image that contains a
collection of edge pixels. Should the edge pixels correspond to objects, as opposed
to say simple linesin the image, then a region-filling technique such as eq. (170)
may be required to provide the complete objects.

10.3.3 Binary mathematical mor phology

The various algorithms that we have described for mathematical morphology in
Section 9.6 can be put together to form powerful techniques for the processing of
binary images and gray level images. As binary images frequently result from
segmentation processes on gray level images, the morphological processing of the
binary result permits the improvement of the segmentation result.

* Salt-or-pepper filtering — Segmentation procedures frequently result in isolated
“1” pixels in a “0” neighborhood (salt) or isolated “0” pixels in a “1”
neighborhood (pepper). The appropriate neighborhood definition must be chosen as
in Figure 3. Using the lookup table formulation for Boolean operationsina3 ™ 3
neighborhood that was described in association with Figure 43, salt filtering and
pepper filtering are straightforward to implement. We weight the different positions
inthe3” 3 neighborhood as follows:
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éN4:16 \/\@:8 \/\/2:4 Q
Weights= g =32 wo =1 w;=2 (207)
By =64 W, =128 wg = 256{

Fora3” 3 window in a[m,n] with values“0” or “1” we then compute:

sum = wpalmn]+w g m+1n] +w,alm+1n- 1+
waa mn - 1 +wgalm - Ln- 1] + wga[m- L,n]+ (208)
wgalm- Ln+1] + wyalm,n+1 +wga[m+ 1, n- 1]

Theresult, sum, is a number bounded by 0 £ sum £ 511.

» Salt Filter — The 4-connected and 8-connected versions of thisfilter are the same
and are given by the following procedure:

1) Compute sum (209)
i) If((sum==1) cmn] =0
Else c[m,n] = am,n]

* Pepper Filter — The 4-connected and 8-connected versions of thisfilter are the
following procedures:

4-connected 8-connected
i) Compute sum 1) Compute sum (210)
ii) If ((sum==170) i) If ((sum==510)
cmn] =1 cmn] =1
Else Else
c[m,n] =a[m,n] c[m,n] =a[m,n]

* |solate objects with holes— To find objects with holes we can use the following
procedure whichisillustrated in Figure 58.

1) Segment image to produce binary mask representation (211)
i) Compute skeleton without end pixels — eg. (169)
iii) Use salt filter to remove single skeleton pixels
Iv) Propagate remaining skeleton pixelsinto original binary mask —eq. (170)
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a) Binary image b) Skeleton after salt filter

¢) Objects with holes

Figure 58: Isolation of objects with holes using morphological operations.

The binary objects are shown in gray and the skeletons, after application of the salt
filter, are shown as a black overlay on the binary objects. Note that this procedure
uses no parameters other then the fundamental choice of connectivity; it is free
from “magic numbers.” In the example shown in Figure 58, the 8-connected
definition was used as well asthe structuring element B = Ng.

* Filling holesin objects — To fill holes in objects we use the following procedure

whichisillustrated in Figure 59.

i) Segmentimage to produce binary representation of objects
i) Compute complement of binary image as a mask image
iii) Generate a seed image as the border of theimage
iv) Propagate the seed into the mask — eq. (97)
v) Complement result of propagation to produce final result

a) Mask and Seed images
Figure 59: Filling holesin objects.

i \."
- .\

b) Objects with holesfilled

(212)

Themask imageisillustrated in gray in Figure 59a and the seed imageis shown in
black in that same illustration. When the object pixels are specified with a
connectivity of C = 8, then the propagation into the mask (background) image
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should be performed with a connectivity of C = 4, that is, dilations with the
structuring element B = N4. This procedure is also free of “magic numbers.”

» Removing border-touching objects— Objects that are connected to the image
border are not suitable for analysis. To eliminate them we can use a series of
morphological operationsthat are illustrated in Figure 60.

1) Segment image to produce binary mask image of objects (213)
ii) Generate a seed image as the border of the image
iv) Propagate the seed into the mask — eq. (97)
v) Compute XOR of the propagation result and the mask image asfinal result

a) Mask and Seed images b) Remaining objects
Figure 60: Removing objects touching borders.

Themask imageisillustrated in gray in Figure 60a and the seed imageis shown in
blackin that same illustration. If the structuring element used in the propagation is
B = Ny, then objects are removed that are 4-connected with the image boundary. If
B = Ngisused then objects that 8-connected with the boundary are removed.

» Exo-skeleton — The exo-skeleton of a set of objects is the skeleton of the
background that contains the objects. The exo-skeleton produces a partition of the
image into regions each of which contains one object. The actual skeletonization
(eg. (169)) is performed without the preservation of end pixels and with the border
set to “0.” The procedure is described below and the result isillustrated in Figure
61.

i) Segment image to produce binary image (214)

i) Compute complement of binary image
iii) Compute skeleton using eg. (169)i+ii with border set to “0”
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0

Figure 61: Exo-skeleton.

» Touching objects — Segmentation procedures frequently have difficulty separating
dightly touching, yet distinct, objects. The following procedure provides a
mechanism to separate these objects and makes minimal use of “magic numbers.”
The exo-skeleton produces a partition of the image into regions each of which
contains one object. The actuad skeletonization is performed without the
preservation of end pixels and with the border set to “0.” The procedure is
illustrated in Figure 62.

i) Segment image to produce binary image (215)
i) Compute a“small number” of erosionswith B = N4
iii) Compute exo-skeleton of eroded result
iv) Complement exo-skeleton result
v) Compute AND of original binary image and the complemented exo-skeleton

—_—

a) Eroded and exo-skeleton images b) Objects separated (detail)
Figure 62: Separation of touching objects.

The eroded binary imageisillustrated in gray in Figure 62a and the exo-skeleton
image is shown in blackin that same illustration. An enlarged section of the final
result is shown in Figure 62b and the separation is easily seen. This procedure
involves choosing a small, minimum number of erosions but the number is not
critical aslong asit initiates a coarse separation of the desired objects. The actual
separation is performed by the exo-skeleton which, itself, is free of “magic
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numbers.” If the exo-skeleton is 8-connected than the background separating the
objects will be 8-connected. The objects, themselves, will be disconnected
according to the 4-connected criterion. (See Section 9.6 and Figure 36.)

10.3.4 Gray-value mathematical morphology
As we have seen in Section 10.1.2, gray-value morphological processing
techniques can be used for practical problems such as shading correction. In this
section severd other techniques will be presented.

* Top-hat transform — The isolation of gray-value objects that are convex can be
accomplished with the top-hat transform as developed by Meyer [43, 44].
Depending upon whether we are dealing with light objects on a dark background or
dark objects on alight background, the transform is defined as:

Light objects—  TopHat(A,B) = A- (AOB) = A- mée\x?nén(A)ﬁ (216)
Darkobjects—  TopHat(A,B) = (A+ B)- A= min?max(A)g- A (217)
B B

where the structuring element B is chosen to be bigger than the objects in question
and, if possible, to have a convex shape. Because of the properties given in egs.
(155) and (158), TopHat(A,B) 3 0. An example of this technique is shown in
Figure 63.

The original image including shading is processed by a15 “ 1 structuring element
as described in egs. (216) and (217) to produce the desired result. Note that the
transform for dark objects has been defined in such away asto yield “positive”

objects as opposed to “negative” objects. Other definitions are, of course, possible.

* Thresholding — A simple estimate of alocally-varying threshold surface can be
derived from morphological processing as follows:

Threshold surface — g[m,n] = —;(max(A) + min(A)) (218)

Once again, we suppress the notation for the structuring element B under the max
and min operations to keep the notation simple. Its use, however, is understood.
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Figure 63: Top-hat transforms.

* Local contrast stretching — Using morphological operations we can implement a
technique for local contrast stretching. That is, the amount of stretching that will be
applied in a neighborhood will be controlled by the original contrast in that
neighborhood. The morphological gradient defined in eq. (182) may also be seen as
related to a measure of the local contrast in the window defined by the structuring
element B:

LocalContrast (A, B) =max(A) - min(A) (219)

The procedure for local contrast stretching is given by:

A- min(A)
max(A) - min(A)

c[m,n] =scalee (220)

The max and min operations are taken over the structuring element B. The effect of
this procedure isillustrated in Figure 64. It is clear that this local operation is an
extended version of the point operation for contrast stretching presented in eg. (77).
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- before after - - before after - - before after -
Figure 64: Loca contrast stretching.

Using standard test images (as we have seen in so many examples) illustrates the
power of thislocal morphological filtering approach.
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