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Abstract
Structural information about the subsurface near the borehole can be obtained from

reconstructed conductivity distributions. These distributions may be reconstructed via

the inversion of deep-sensing electromagnetic induction log data. Unfortunately, these

complex media often display anisotropy and structural variations in both horizontal and

vertical directions, making the three-dimensional inversion computationally demanding

and ill-posed. To address these challenges, we introduce a sequential inversion strategy

of deep-sensing electromagnetic induction logging data that is measured while drilling.

For the inversion at each logging position, we employ a matrix-free implementation

of the adjoint integral equation method and a quasi-Newton algorithm. To tackle the

ill-posed nature of the problem, we regularize the inverse problem by employing a multi-

dimensional inversion parameter technique that shifts from zero- to three-dimensional

parameterization. The model derived from the inversion of the data at multiple positions

is incrementally integrated by utilizing the sensitivity data at each logging position. To

validate our approach, we tested our method on simulated data using an anisotropic

model. These experiments show that this approach produces a good reconstruction of the

true conductivity for the whole track while only doing the inversion at a single position

at a time.

K E Y W O R D S
anisotropy, electromagnetics, inversion, integral equation method, mathematical formulation, numeri-

cal study

INTRODUCTION

The tri-axial deep-sensing electromagnetic (EM) induction

tool is frequently deployed by the industry for characteriz-

ing the subsurface around the borehole to achieve an optimal

well-placement (Antonsen et al., 2022; Omar et al., 2024;

Sviridov et al., 2023). Throughout the time, the inversion EM

induction tool has advanced from one-dimensional (1D) into

three-dimensional (3D) inversion (Clegg et al., 2021). With

the advancement of EM induction log 3D inversion, elec-

trical conductivity variations in the azimuthal and vertical

directions can be obtained through the inversion to derive

the geological information about the subsurface around the

borehole. Additionally, all nine components acquired by the

tool can be utilized in the 3D inversion for improved lithol-

ogy differentiation and fluid boundaries detection (Alkhars

et al., 2022; Clegg et al., 2021). With an optimized inversion

algorithm, it is possible to get inversion results within a few

minutes, enabling real-time monitoring for geosteering appli-

cation (Elkhamry et al., 2023; Wilson et al., 2019). Although

this is the case, the 3D inversion is still computationally

challenging and the 1D inversion is still widely applied for

real-time applications due to the lower computational cost

needed for the 1D inversion compared to the 3D inversion

(Sviridov et al., 2023; Wu et al., 2024). The limitation is that

1D inversions may fail to converge below a specified data
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misfit goal in the presence of lateral heterogeneities (Omar

et al., 2024; Saputra et al., 2024). This motivates the develop-

ment of an efficient inversion workflow for EM induction log

inversion while drilling using 3D forward modelling.

Forward modelling of 3D EM fields is the most intensive

part of the inversion process (Yang, 2023) and one of the main

challenges for 3D inversion. For deterministic inversion, for-

ward modelling is not only needed for calculating the EM

fields measured at the receiver positions but also to calcu-

late the gradient of the objective function. Although there are

different methods for numerical simulation of 3D EM data,

they all obtain the EM fields by solving a linear system of

equations after discretization of the surrounding subsurface

(Newman & Alumbaugh, 2002; Wang et al., 2021). Itera-

tive methods are the way to go for solving a linear system

of equations with a large number of grid points using a

limited amount of computational resources. These methods

in combination with the adjoint method allow for matrix-

free implementation of the inversion algorithm (Jakobsen

et al., 2023; Yang, 2023). Following this approach, it becomes

feasible to do a 3D inversion on a desktop computer.

Another main challenge is the ill-posed nature of the 3D

inversion problems. Typically, the induction tool data may not

uniquely determine the subsurface structure due to the limited

sensitivity and resolution of the tool at each logging position.

This is especially the case when anisotropy needs to be taken

into account as this would mean that even more unknowns

need to be taken into account (Elkhamry et al., 2022). To over-

come the aforementioned challenges, regularization becomes

an important part of the inversion process. Regularization is

typically done by introducing penalty terms into the objec-

tive function to stabilize the inversion process. These extra

terms may be included either additively or multiplicatively

(Jakobsen & Tveit, 2018; Van den Berg & Abubakar, 2001;

Yang, 2023). The complexity of regularization increases when

dealing with multi-parameter inversion, where multiple regu-

larization parameters are required to obtain a more favourable

result. To mitigate this problem, some studies approach the

problem by starting the inversion from a homogeneous or 1D

conductivity inverse and use the obtained results as an initial

model for the two-dimensional (2D) or 3D inverse problem,

progressively (Omar et al., 2024; Saputra et al., 2024).

In this work, we adapt the anisotropic inversion with

multi-dimensional parameters within the 3D inversion frame-

work for a logging-while-drilling scenario where the data are

inverted sequentially along the well trajectory. To generate a

consistent description of the inverted model, we introduce the

separation between the forward modelling window and the

inversion grid. The forward modelling window is only defined

within the sensitivity range of the induction tool at each log-

ging position. The inversion grid is defined globally over the

entire spatial domain that covers the local forward modelling

windows. The conductivity values inside these windows are

connected through a mapping operation from the inversion

grid, which we recast as the summation of basis functions with

different magnitudes. The conductivity profile defined in the

inversion grid is used as the initial model of the inversion pro-

cess at each logging position, and it is continuously updated

as the data from a new logging point is introduced.

In each inversion process, we use the limited-memory

Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) algorithm

(Liu & Nocedal, 1989) to minimize the defined objec-

tive function. Our formulation is based on the integral

equation method, which is implemented in a matrix-free

manner to efficiently compute the forward modelling and

gradient of the objective function (Jakobsen et al., 2023).

We parameterize the anisotropic conductivity as a combi-

nation of anisotropic parameters to couple the update of

different conductivity components in the inversion process.

Additionally, we combine it with the usage of trigonometric

functions (Abubakar et al., 2006) to limit the search space of

the conductivity values and therefore stabilize the inversion

process. To help mitigate the ill-posed problem in the inverse

process, we employ a multi-dimensional inversion workflow

where we start inverting for homogeneous anisotropic values

(0D) and only start to introduce higher dimensionality (1D,

2D, then 3D) conductivity profiles when the data misfit goal

is not reached.

In the deterministic inversion framework, the initial con-

ductivity model for the inversion of a new data point is

updated directly using the prior inversion results. As inverted

model parameters from different data points can have dif-

ferent dimensionalities in our proposed inversion workflow,

this approach will result in the loss of information about the

dimensionality of the inverted parameters from the past data

points in the sequential process. Therefore, we assimilate the

inversion results from multiple logging positions into a single

conductivity model through weighted averaging based on the

sensitivity of the tool at each position. Afterwards, this assim-

ilated conductivity is used to determine the initial model of the

inversion at the new data point.

The structure of this paper is as follows. We begin with a

detailed discussion of the theoretical framework of our inver-

sion method in the second section. This is followed by two

numerical experiments in the third section that demonstrate

the performance of our inversion approach. In the first exam-

ple, we consider a simple horizontally layered model with

vertical transverse isotropy (VTI) where the data are gener-

ated from a semi-analytical 1D code (Shahriari et al., 2018) to

test the robustness of our approach in the presence of a numer-

ical model error. Additionally, we use this model to investigate

the effect of using different anisotropy types in the inversion

parameters. In the second example, we show an inversion case

across a VTI formation with lateral heterogeneities due to

the presence of faults. We show that our inversion scheme

is able to adapt to 2D parameterization. Lastly, we present a
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INVERSION OF INDUCTION LOGGING DATA 1317

F I G U R E 1 Sketch of electromagnetic induction tools with Tx

and Rx indicate the transmitter and receiver positions.

discussion of the implications of our findings and conclude

with a summary of our contributions and potential avenues

for future research in the last section.

THEORY

For the application of our work, we consider a triaxial induc-

tion logging tool as illustrated in Figure 1. The tool consists

of transmitters and receivers orientated in three orthogonal

directions, with the z-component coils pointing in the drilling

direction. The transmitters emit the magnetic field of cer-

tain frequencies from a single location, which is captured by

the receivers located behind the transmitters in the drilling

direction (Antonsen et al., 2022).

Forward model

In the theory for modelling, the induction tools’ response

is governed by the Maxwell’s equations for heterogeneous

media (Zhdanov, 2009) within the frequency domain:

∇ × 𝐞(𝐱, 𝜔) = 𝑖𝜔𝜇0𝐡(𝐱, 𝜔) + 𝐣𝐻 (𝐱, 𝜔), (1)

∇ × 𝐡(𝐱, 𝜔) = 𝝈(𝐱, 𝜔)𝐞(𝐱, 𝜔), (2)

where 𝐞 (𝐱, 𝜔) and 𝐡 (𝐱, 𝜔) denote the electric and magnetic

fields, respectively. 𝐣𝐻 (𝐱, 𝜔) denotes the term of the mag-

netic source, 𝜔 is the angular frequency and 𝐱 is the position

vector in the three-dimensional (3D) space ℝ3. 𝝈 (𝐱, 𝜔) =
𝝈 (𝐱) − 𝑖𝜔𝜺 (𝐱) is the complex electric conductivity, 𝜺 (𝐱) is

the dielectric permittivity and 𝑖 =
√
−1 is the imaginary unit.

We assume a constant magnetic permeability equal to the

magnetic permeability of the vacuum 𝜇0. Additionally, we

consider that the tool works in the diffusion regime where

the contribution of the dielectric permittivity in the imaginary

part of the complex conductivity is ignored, and 𝝈 (𝐱, 𝜔) =
𝝈 (𝐱) for all the tool operating frequencies.

We use an integral equation (IE) method to compute the

electric and magnetic fields. These fields can be expressed

as the sum of a background and a scattered field, hence

(Zhdanov, 2009)

𝐞(𝐱, 𝜔) = 𝐞(0)(𝐱, 𝜔)

+∫Ω
𝐆(0,𝐸)(𝐱, 𝐱′, 𝜔) Δ𝝈(𝐱′) 𝐞(𝐱′, 𝜔)dV(𝐱′), (3)

𝐡(𝐱, 𝜔) = 𝐡(0)(𝐱, 𝜔)

+∫Ω
𝐆(0,𝐻)(𝐱, 𝐱′, 𝜔) Δ𝝈(𝐱′) 𝐞(𝐱′, 𝜔)dV(𝐱′), (4)

where 𝐆(0,𝐸∕𝐻) indicates the dyadic Green’s function for the

electric and magnetic field due to an electric source, respec-

tively. The upper scripts (0) refer to the fields and Green’s

functions defined for the homogeneous isotropic background

medium. Ω is the spatial domain with non-zero conductivity

contrast Δ𝝈(𝐱) = 𝝈(𝐱) − 𝜎0𝐈 with 𝝈(𝐱) the conductivity ten-

sor of the actual anisotropic medium, 𝜎0 is the homogeneous

isotropic conductivity for the background medium and 𝐈 is the

identity matrix. The dyadic Green’s functions are defined as

(Fang et al., 2006)

𝐆(0,𝐸)(𝐱, 𝐱′, 𝜔) = (
𝑖𝜔𝜇0 𝐈 +

1
𝜎0

∇∇
)
𝑔
(
𝐱, 𝐱′, 𝜔

)
, (5)

𝐆(0,𝐻)(𝐱, 𝐱′, 𝜔) = (
𝑖𝜔𝜇0

)−1∇ ×𝐆(0,𝐸), (6)

𝑔
(
𝐱, 𝐱′, 𝜔

)
= 𝑒𝑖𝑘0|𝐱−𝐱′|

4𝜋|𝐱 − 𝐱′| , (7)

where 𝑔
(
𝐱, 𝐱′, 𝜔

)
is the scalar Green’s function with complex

wavenumber 𝑘0 =
√
𝑖𝜔𝜇0𝜎0.

The electric field for the heterogenous medium in Equa-

tion (3) is the solution of the following linear system of

equations: [
𝐈 − 

(0,𝐸)Δ𝝈
]
𝐞 = 𝐞(0), (8)

and

𝐞(0) = 
(0,𝐸)𝐣, (9)

where 𝐣 = ∇ × 𝐣𝐻 is the electric source vector and 
(0,𝐸) is

the operator that represents the convolution integral of the

dyadic Green’s function 𝐆(0,𝐸) (𝐱, 𝐱′, 𝜔). In this notation, we

drop the dependency on variables for simplicity. Note that,

to differentiate the convolution integral operations from the

ordinary matrix–vector or vector–vector multiplication, we

use a calligraphic font to denote the integral operators in

the remainder of this work. Next, the calculation of the total
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1318 SAPUTERA ET AL.

F I G U R E 2 Sketch of forward modelling window in (a) the global Cartesian frame and (b) the rotated frame. The black and magenta arrows

indicate the principal axes’ direction. In both figures, the direction of z and z are drawn to indicate the relative angle between the frames.

magnetic field is a straightforward summation of the back-

ground magnetic field and the scattered field as shown in

Equation (4), written in the operator form as

𝐡 = 𝐡(0) + 
(0,𝐻)Δ𝝈𝐞, (10)

where (0,𝐻) is the convolution integral operator of the dyadic

Green’s function 𝐆(0,𝐻) (𝐱𝑟, 𝐱′, 𝜔). Here, the operator only

computes the magnetic fields at the receiver positions 𝐱𝑟, as

the magnetic fields are only observed at these positions.

A numerical solution of Equations (8) and (10) can be

obtained using the method of moments and discretizing the

subsurface model around the induction tool into a set of cubic

grid blocks (Gibson, 2021). To overcome problems with the

singularity of the Green’s function, we use its weak form for

discretization with cubic grid blocks and calculate its singu-

larity part by integrating the Green’s function of a grid block

over a spherical domain with equivalent volume (Jakobsen

& Tveit, 2018; Zwamborn & Van Den Berg, 1992). The lin-

ear system in Equation (8) can be efficiently solved using

a Krylov-subspace-based solver (Barrett et al., 1994; Saad,

2003). In this way, the discretized linear system can be for-

mulated as operators, and there is no need to store it explicitly

as a matrix. Furthermore, the usage of Fast Fourier Transform

(FFT) to compute the convolution integral operator and pre-

conditioners can be implemented to reduce the computation

time (Fang et al., 2006).

For simulating logging while drilling scenario, we assume

a moving 3D forward modelling window as illustrated in

Figure 2. When performing the numerical calculation of the

fields, we set a constant background conductivity for all win-

dows and ignore the scattering fields far away from the tool

position by setting zero conductivity contrast outside the win-

dow. Additionally, each forward modelling window is rotated

such that the window’s z-axis is in the drilling direction, which

is also in the orientation of the z-component of the transmit-

ter and coils. Due to this rotation, the conductivity tensor also

needs to be rotated (Gao, 2006; Pardo & Torres-Verdín, 2015).

The conductivity of a general anisotropic medium can be

written as a 3 × 3 symmetric tensor (Greenhalgh et al., 2009;

Zhdanov, 2009). Due to its symmetry, it can be diagonalized

and expressed via three principal values and a rotation matrix

(Moran & Gianzero, 1979; Pek & Santos, 2002), consequently

𝝈(𝐱) = 𝐑𝑇
⎡⎢⎢⎣
𝜎1(𝐱) 0 0
0 𝜎2(𝐱) 0
0 0 𝜎3(𝐱)

⎤⎥⎥⎦𝐑, (11)

where 𝜎1(𝐱), 𝜎2(𝐱) and 𝜎3(𝐱) are the principal conductivity

values in the x, y and z directions, respectively, within the

geological frame. The matrix 𝐑 denotes the rotation matrix,

and 𝑇 indicates the matrix transpose operation. The matrix 𝐑
transforms the coordinate system from the geological frame to

the local frame with the axes in the direction of the tool coil

orientation. It can be expressed as three elementary Euler’s

rotations with two rotation axes (Kong et al., 2021; Pek & San-

tos, 2002) or as three rotation axes (Rong et al., 2022; Yin,

2000). In this study, we follow the definition of the rotation

matrix with two rotation axes (Pek & Santos, 2002), hence

𝐑 = 𝐑𝑧

(
𝛼𝐿(𝐱)

)
𝐑𝑦

(
𝛼𝐷(𝐱)

)
𝐑𝑧

(
𝛼𝑆 (𝐱)

)
, (12)

where the 𝛼𝑆 (𝐱), 𝛼𝐷 (𝐱) and 𝛼𝐿 (𝐱) are the rotation angles.

𝐑𝑦(𝛼) and 𝐑𝑧(𝛼) are the spatial dependent rotation matrices

around the y- and z-axis, respectively, given by

𝐑𝑦(𝛼) =
⎡⎢⎢⎣
cos(𝛼) 0 − sin(𝛼)

0 1 0
sin(𝛼) 0 cos(𝛼)

⎤⎥⎥⎦, (13)

𝐑𝑧(𝛼) =
⎡⎢⎢⎣
cos(𝛼) − sin(𝛼) 0
sin(𝛼) cos(𝛼) 0
0 0 1

⎤⎥⎥⎦. (14)
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INVERSION OF INDUCTION LOGGING DATA 1319

F I G U R E 3 Sketch of conductivity mapping from inversion grid points into the 3D grid space. The dots represent inversion grid points of the

0D, 1D and 2D parameters from left to right.

The rotation angles 𝛼𝑆 (𝐱), 𝛼𝐷(𝐱), and 𝛼𝐿(𝐱) are related to

the strike, dip and slant angles of the anisotropy, respectively

(Pek & Santos, 2002). In this study, we assume that these

angles are set to the drilling trajectory angles across the entire

spatial domain.

Inverse problem

Model parameterization

For mapping the conductivity distribution in the spatial

domain, the conductivity tensor is expressed as a sum of

scaled basis functions

𝝈(𝐱) =
𝑁∑
𝑛=1

𝐾 (𝑛)(𝐱)𝐂(𝑛), (15)

where 𝐾 (𝑛) (𝐱) indicates the basis function with spatial depen-

dence,𝐂(𝑛) is the conductivity tensor for the 𝑛th basis function

and 𝑁 is the total number of basis functions.

Using the definition with the basis functions, we control

the dimensionality of the model parameters by defining the

inversion grid points according to the desired dimension of the

parameters. In this study, we use the block indicator function

as the basis function

𝐾 (𝑛)(𝐱) =
{

1 if 𝐱 ∈ Ω(𝑛)(𝐱)
0 if 𝐱 ∉ Ω(𝑛)(𝐱)

, (16)

where Ω(𝑛) (𝐱) corresponds to a volume enclosed by the 𝑛th

inversion grid block. The domain Ω(𝑛) is then determined

from these grid points using the nearest neighbour algo-

rithm, as illustrated in Figure 3. For homogeneous anisotropic

parameter inversion (0D), a single centroid defined anywhere

in the spatial domain is sufficient as the parameters are

spatially invariant. Assuming a horizontally layered earth,

one-dimensional (1D) parameter inversion grid points are

defined along the z-axis with uniform spacing. The two-

dimensional (2D) parameter inversion grid is subsequently

done by introducing more points along the x-axis of the 1D

parameter inversion grid.

The forward modelling window is discretized into a set

of uniform grid blocks in the 3D spatial domain for the

numerical calculation of the electric and magnetic fields.

As the logging position may not be spaced regularly, the

grid points defined in different forward modelling windows

may not coincide with each other. Therefore, we propose

to define the inverted conductivity parameters on the global

grid to create a consistent description of the conductiv-

ity distribution from multiple forward modelling windows.

Figure 4 illustrates the mapping of the conductivity distri-

bution from the global inversion grid to a local forward

modelling window using the nearest neighbour interpolation

algorithm.

Assuming that the angles of the rotation matrices in Equa-

tion (11) are known, the inversion task is to find the principal

conductivity values. Instead of inverting for these quantities

directly, we propose to define the principal conductivities as

follows:

𝑐(𝑛)1 = 𝜎̄ + 𝛿𝜎 sin
[
𝑚(𝑛)
1

]
,

𝑐(𝑛)2 = 𝜎̄ + 𝛿𝜎 sin
[
𝑚(𝑛)
1 + 𝑚(𝑛)

2

]
,

𝑐(𝑛)3 = 𝜎̄ + 𝛿𝜎 sin
[
𝑚(𝑛)
1 + 𝑚(𝑛)

2 + 𝑚(𝑛)
3

]
,

(17)

with the conductivity mid-point 𝜎̄ and half-range 𝛿𝜎 constant

defined as

𝜎̄ = 1
2
(𝜎max + 𝜎min), (18)

𝛿𝜎 = 1
2
(𝜎max − 𝜎min), (19)

where 𝜎min and 𝜎max are the expected minimum and max-

imum values for the conductivity, respectively. 𝑚(𝑛)
1 is an

isotropic angle with 𝑚(𝑛)
2 and 𝑚(𝑛)

3 the anisotropic perturba-

tions in the other conductivity components. In this way, the
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1320 SAPUTERA ET AL.

F I G U R E 4 Example of mapping from global inversion grid to the forward modelling window in 2D-plane view. The black rectangle indicates

the boundaries of the forward modelling window in the global grid.

updates of the principal conductivity values in the inversion

are now coupled. When the measurement configuration is not

sensitive to one of the principal values, its structural pattern

will follow the isotropic perturbation. Additionally, the use of

the sine function allows us to constrain the conductivity val-

ues within the range of 𝜎min and 𝜎max (Abubakar et al., 2008).

These bounds can be determined using a priori knowledge and

help to stabilize the inversion in a more physically sensible

manner (Yang, 2023).

Combining the model parameter description in this sec-

tion and including the tensor rotation in Equation (11),

the conductivity tensor can be expressed using the model

parameters in the following:

𝝈(𝐱) = 𝜎̄𝐈 + 𝛿𝜎
𝑁∑
𝑛=1

𝐾 (𝑛)(𝐱)𝐑𝑇 sin
[
𝐌(𝑛)]𝐑, (20)

where 𝐌(𝑛) is the matrix containing the anisotropic model

parameters to be inverted. For the derivation of the objective

function gradient, it is convenient to write the matrix 𝐌(𝑛) in

the form of (Jakobsen et al., 2023)

𝐌(𝑛) =
3∑

𝑗=1
𝐏(𝑗)𝑚(𝑛)

𝑗 , (21)

with matrices 𝐏(𝑗) given by

𝐏(1) =
⎡⎢⎢⎢⎣
1 0 0
0 1 0
0 0 1

⎤⎥⎥⎥⎦ , 𝐏
(2) =

⎡⎢⎢⎢⎣
0 0 0
0 1 0
0 0 1

⎤⎥⎥⎥⎦ , and 𝐏(3) =
⎡⎢⎢⎢⎣
0 0 0
0 0 0
0 0 1

⎤⎥⎥⎥⎦ .
(22)

With this formulation, we decompose the model parameters

into their spatial-dependent part, tensorial part and scalar part.

The gradient of the objective function is obtained by tak-

ing the derivative of the objective function with respect to

the scalar part 𝑚(𝑛)
𝑗 . For the special case of vertical trans-

verse isotropy (VTI) media where 𝜎1 = 𝜎2, we can simply

set 𝑚2 = 0. By additionally setting 𝑚3 = 0, we get the special

case of isotropic conductivity.

Objective function

A deterministic inversion algorithm tries to find the model

parameters that minimize an objective function from given

initial values. We define the objective function as the weighted

sum of the squared magnitude of the data misfit for all receiver

positions 𝐱𝑟 and all source configurations 𝑠 (Van den Berg &

Van der Horst, 1995), namely

Φ𝐷 = 1
2
∑
𝑠

∑
𝐱𝑟

‖‖‖𝑊 (
𝐱𝑟, 𝑠

)
Δ𝐡

(
𝐱𝑟, 𝑠

)‖‖‖22, (23)

with ‖⋅‖2 the L2 norm and Δ𝐡 the data misfit defined as

Δ𝐡
(
𝐱𝑟, 𝑠

)
= 𝐡(𝑜𝑏𝑠)

(
𝐱𝑟, 𝑠

)
− 𝐡

(
𝐱𝑟, 𝑠

)
, (24)

where 𝐡(𝑜𝑏𝑠)
(
𝐱𝑟, 𝑠

)
and 𝐡

(
𝐱𝑟, 𝑠

)
are the observed and pre-

dicted model’s calculated magnetic fields, respectively. The

transmitter configuration 𝑠 includes the transmitter position,

orientation and frequency. The weight factor𝑊
(
𝐱𝑟, 𝑠

)
is used

to normalize the data misfit with different configurations. In

this study, we define the weights as the inverse of the magnetic

field’s magnitude of multiple orientations and frequencies at

the receiver position:

𝑊
(
𝐱𝑟
)
= 1∑

𝑠
‖‖‖𝐡(𝑜𝑏𝑠)(𝐱𝑟, 𝑠)‖‖‖2 . (25)

We chose this specific weighting to equalize the magnitude of

the data vector as the magnetic field is decaying away from the

transmitter position. This weighting matrix may be adjusted

accordingly based on tool configuration and to incorporate

measurement uncertainty (Jahani et al., 2023).

In this study, we used the limited-memory Broyden–

Fletcher–Goldfarb–Shanno (L-BFGS) algorithm (Liu &

Nocedal, 1989) to minimize the objective function. This algo-

rithm offers an attractive way of approximating the inverse

Hessian for a large-scale inverse problem by iteratively con-

structing approximations based on the changes in the model

and the objective function gradient within a limited number

of iterations (Pan et al., 2017).
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INVERSION OF INDUCTION LOGGING DATA 1321

Gradient of the objective functionwith respect to
anisotropic parameters

The gradient of Φ𝐷 with respect to the model parameter 𝑚(𝑛)
𝑗

can be written as (Yang, 2023)

𝜕Φ𝐷

𝜕𝑚(𝑛)
𝑗

= −ℜ
∑
𝑠

∑
𝐱𝑟

[
𝑊 2(𝐱𝑟)Δ𝐡(𝐱𝑟, 𝑠)]† 𝜕

𝜕𝑚(𝑛)
𝑗

𝐡
(
𝐱𝑟, 𝑠

)
,

(26)

where ℜ takes the real part of a complex number and † is the

complex conjugate transpose operation.

To find the derivative of the magnetic field 𝐡 with respect

to the model parameters 𝑚(𝑛)
𝑗 , we use an alternative expression

of the 𝐡 in Equation (10) written by

𝐡 = 
(𝐻)𝐣, (27)

The operator 
(𝐻) denotes the ‘heterogeneous background’

Green’s operator which outputs the magnetic field response of

the media with heterogeneous conductivity distribution 𝝈(𝐱)
given the source vector 𝐣 (see Appendix A). The action of the

operator (𝐻) is defined as


(𝐻) = 

(0,𝐻)
[
𝐈 − Δ𝝈(0,𝐸)

]−1
. (28)

In this way, the magnetic field is expressed in terms of the

source vector 𝐣 instead of the total electric field 𝐞. By taking

the derivative of the magnetic field in (27) with respect to the

𝑚(𝑛)
𝑗 , we obtain

𝜕𝐡
𝜕𝑚(𝑛)

𝑗

= 
(𝐻) 𝜕𝝈

𝜕𝑚(𝑛)
𝑗

𝐞, (29)

where, by using the definition in Equation (20), the derivative

of the conductivity tensor with respect to the model parameter

𝑚(𝑛)
𝑗 is given by

𝜕𝝈

𝜕𝑚(𝑛)
𝑗

= 𝐾 (𝑛) 𝛿𝜎𝐑𝑇𝐏(𝑗) cos
[
𝐌(𝑛)]𝐑

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐂̃(𝑛,𝑗)

= 𝐾 (𝑛)𝐂̃(𝑛,𝑗).

(30)

Substituting (29) and (30) into (26) results in the follow-

ing expression of the gradient of the objective function with

respect to the model parameter 𝑚(𝑛)
𝑗 :

𝜕Φ𝐷

𝜕𝑚(𝑛)
𝑗

= −ℜ
∑
𝑠

∑
𝐱𝑟

[
𝑊 2Δ𝐡

]†

(𝐻)𝐾 (𝑛)𝐂̃(𝑛,𝑗)𝐞. (31)

For further details on the derivation, the interested reader is

referred to Appendix B.

In the matrix-free implementation of the heteroge-

neous background Green’s operator (Hesford & Chew,

2010; Jakobsen et al., 2023), the action of the inverse

operator
[
𝐈 − Δ𝝈(0,𝐸)

]−1
in Equation (28) can be

calculated by solving the following linear systems of

equations: [
𝐈 − Δ𝝈(0,𝐸)

]
𝐞(𝑝) = 𝐣, (32)

with 𝐞(𝑝) is an auxiliary field produced as the action of

the inverse operator. Similar to the forward problem, this

linear system of equations can also be solved using an

iterative solver. Therefore, the computation of the gradi-

ent costs 𝑁 times the forward solver call for each source

configuration 𝑠 with the formulation in (26). There is no

additional solver cost for different receiver positions because

𝐞(𝑝) is defined for the entire space and the operator 
(0,𝐻)

only needs to output the magnetic field at the receiver

positions.

Gradient formulation with adjoint field

By rearranging the terms, we show in Appendix C that we can

express the gradient of the objective function for our choice

of basis function in the form of

𝜕Φ𝐷

𝜕𝑚(𝑛)
𝑗

= −ℜ
∑
𝑠
∫Ω(𝑛)

[
𝐞(𝑎)(𝐱, 𝑠)

]†𝐂̃(𝑛,𝑗)𝐞(𝐱, 𝑠)dV(𝐱), (33)

with 𝐞(𝑎) the adjoint electric field. defined as

𝐞(𝑎) =
∑
𝐱𝑟

[

(𝐻)

]†
𝑊 2Δ𝐡, (34)

and the adjoint Green’s operator
[

(𝐻)

]†
is written in the

following:[

(𝐻)

]†
=
[
𝐈 − 

(0,𝐸)†Δ𝝈
]−1[


(0,𝐻)

]†
. (35)

In this form, the gradient of the objective function is expressed

in terms of the dot product between the adjoint and trans-

formed total electric fields. The transformation of the total

electric fields is governed by the matrix 𝐂̃(𝑛,𝑝) defined in

(30), which includes rotation and scaling of the electric field

vector.

The adjoint fields are back-propagated from the receiver

locations to the forward modelling domain with data misfit

as the source using the adjoint of the ‘heterogeneous back-

ground’ Green’s operator. Taking the action of the inverse

operator into account, the adjoint electric field is the solution
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1322 SAPUTERA ET AL.

of the adjoint of the linear system in (32), namely,[
𝐈 − 

(0,𝐸)†Δ𝝈
]
𝐞(𝑎) =

∑
𝐱𝑟

[

(0,𝐻)

]†
𝑊 2Δ𝐡. (36)

Similar to Equation (32), this linear system of equations can

be solved using an iterative solver. Because the linear system

of equations is the same for every adjoint source from dif-

ferent receiver positions, the right-hand side can be summed

together to obtain the adjoint electric field in (36). There-

fore, the calculation of the objective function’s gradient in

(33) costs additional forward solver calls for each transmitter

configuration when using an iterative solver. This is desir-

able for a large-scale inverse problem, as it may be impossible

to explicitly form the inverse operator matrix and store it

in memory.

When the inversion grid is defined in the same way as the

grid in the forward modelling window, the integral simply

becomes the scaling of the dot product between the adjoint

and transformed total electric fields with the volume of the

local grid block Δ𝑣. Otherwise, it adds a summation opera-

tion over Ω(𝑛)(𝐱) in addition to volume scaling. This implies

that the computation of the gradient of the objective function

for the reduced dimension (0D, 1D or 2D) can be computed

by summing the gradient of the objective function defined in

the 3D space over the direction where the model parameters

are invariant.

Sequential inversion and assimilation

We invert the data for each logging position sequentially to

mimic the inversion while drilling scenario. The information

from the inverted model in the previous position to determine

the initial starting model for the inversion using the data in the

new position. In each logging position, we start the inversion

by first finding the best 0D parameters and then introduc-

ing higher dimensional parameters when the inversion fails to

reduce the data misfit. When the inversion is successful, the

inversion results from all positions are assimilated according

to the dimensionality of the inverted parameters. These pro-

cesses are repeated for a new logging position until the end of

the trajectory is reached. We set the stopping criteria based on

the relative data residual defined as

𝜖 =
∑

𝑠

∑
𝐱𝑟
‖‖Δ𝐡(𝐱𝑟, 𝑠)‖‖2∑

𝑠

∑
𝐱𝑟
‖‖𝐡(𝑜𝑏𝑠)(𝐱𝑟, 𝑠)‖‖2 . (37)

To incorporate the information from the previous logging

position, we use the sensitivity information derived from

the inverted model at each logging position. We define the

sensitivity as the derivative of the calculated magnetic field

magnitude at the receiver positions with respect to the discrete

principal conductivity values:

𝑆(𝑛)
𝑗 = 𝜕

𝜕𝜎(𝑛)
𝑗

‖‖𝐡(𝐱𝑟, 𝑠)‖‖22
= ℜ

∑
𝑠

∑
𝐱𝑟

⎡⎢⎢⎣(𝐻) 𝜕𝝈

𝜕𝜎(𝑛)
𝑗

𝐞
⎤⎥⎥⎦
†

𝐡.

(38)

By using the definition of the conductivity tensor as the

summation of discrete principal conductivity components

𝝈 =
𝑁∑
𝑛=1

3∑
𝑗=1

𝐾 (𝑛)(𝐱) 𝐐̃(𝑗) 𝜎(𝑛)
𝑗 , (39)

where 𝐐̃(𝑗) = 𝐑𝑇𝐐(𝑗)𝐑 and 𝐐(𝑗) given by

𝐐(1) =
⎡⎢⎢⎣
1 0 0
0 0 0
0 0 0

⎤⎥⎥⎦ , 𝐐(2) =
⎡⎢⎢⎣
0 0 0
0 1 0
0 0 0

⎤⎥⎥⎦ , and 𝐐(3) =
⎡⎢⎢⎣
0 0 0
0 0 0
0 0 1

⎤⎥⎥⎦ ,
(40)

Equation (38) can be rewritten in the similar manner as (33)

𝑆(𝑛)
𝑗 = ℜ

∑
𝑠
∫Ω(𝑛)

[
𝐞̃(𝑎)(𝐱, 𝑠)

]†𝐐̃(𝑗)𝐞(𝐱, 𝑠)dV(𝐱). (41)

In this equation, 𝐞̃(𝑎) is the adjoint field with the magnetic

fields as the source instead of the weighted data misfit, namely

𝐞̃(𝑎) =
∑
𝐱𝑟

[

(𝐻)

]†
𝐡. (42)

The assimilated conductivity value is then a weighted

mean of the inverted conductivity model from each logging

position:

𝜎̄(𝑛)𝑗 =

[
𝐿∑
𝑙=1

𝑆̄(𝑛,𝑙)
𝑗 𝜎(𝑛,𝑙)

𝑗

][
𝐿∑
𝑙=1

𝑆̄(𝑛,𝑙)
𝑗

]−1

, (43)

where the superscripts 𝑙 indicate the logging position. 𝑆̄(𝑛)
𝑗

is the absolute value of sensitivity normalized to its maxi-

mum value with a penalty term based on the model’s relative

residual, namely

𝑆̄(𝑛)
𝑗 = min

(
1, exp

[
𝜖𝑔𝑜𝑎𝑙

𝜖

]) |||𝑆(𝑛)
𝑗
|||

max
[|||𝑆(𝑛)

𝑗
|||] . (44)

The idea is that the magnitude of the sensitivities is not dis-

tributed equally with space, and it typically decreases away

from the transmitter and receiver positions. Therefore, the
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INVERSION OF INDUCTION LOGGING DATA 1323

F I G U R E 5 Conductivity distribution of the three horizontally layered model. The second column is the x–z slice at y = 0 m. Magenta boxes

indicate the forward modelling window for a logging position.

F I G U R E 6 Horizontal and vertical conductivities. The first column shows the true model. The second and third columns show the inverted

models for one and three sweeps, respectively. Black dots are the transmitter locations. Magenta dotted lines in the true models indicate the

boundaries of the forward modelling window. Blank regions in the inverted models are outside the forward modelling window coverage.

assimilated conductivity values are set to be close to the

inverted conductivity values obtained from the logging posi-

tion with the highest sensitivity. The penalty term is used to

reduce the weight of the model with large data misfits. We

use the sensitivity value with respect to the principal conduc-

tivity values for the weighting because they are the physical

parameters of interest and to remove the scaling effect due

to transformation into different parameters. The assimilation

strategy is as follows: the inverted conductivity is assimi-

lated starting from groups of 1D results, then these groups
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1324 SAPUTERA ET AL.

F I G U R E 7 Relative residual for the inverted model (top) and

number of iterations for inversion with different parameter dimensions

(bottom). The magenta and green dotted lines indicate the relative

residual of the assimilated inversion result from one and three sweeps,

respectively. The x-axis represents the transmitter position.

are assimilated to groups of 2D results and finally 3D results

if necessary.

NUMERICAL RESULTS AND DISCUSSION

We show two examples of our multi-dimensional parame-

ter inversion while drilling across vertical transverse isotropy

(VTI) media. The first example is an inversion of synthetic

data generated from a horizontally layered model consisting

of three VTI layers (Jahani et al., 2024). In the second exam-

ple, we invert the synthetic data generated from a model with

two-dimensional (2D) structures due to the presence of faults

in the formation (Sviridov et al., 2023). To solve the linear sys-

tem of equations for the forward modelling and gradient of the

objective function, we use the BiCGSTAB algorithm (Van der

Vorst, 1992) with a relative residual tolerance of 10−3. The

numerical experiments are implemented using MATLAB and

executed on a laptop with an AMD Ryzen 7 4800H processor

and NVIDIA GeForce RTX 3060 Laptop GPU.

Horizontally layered model

We tested our multi-dimensional parameter inversion method

on a horizontally layered anisotropic medium consisting of

three VTI layers, as shown in Figure 5. The top and bot-

tom layers have the same horizontal and vertical conductivity,

𝜎1 = 0.2 S/m and 𝜎3 = 0.1 S/m, respectively. The middle

layer is 9.144 m thick, and it is more resistive than the other

two layers with 𝜎1 = 0.05 S/m and 𝜎3 = 0.025 S/m.

The induction tool moves through the layers from the top

with a dip angle of 80 degrees. It has one transmitter with 12

kHz frequency and one receiver located 7.62 m behind the

transmitter. The synthetic data are generated using a semi-

analytical one-dimensional (1D) code (Shahriari et al., 2018),

which we also used to validate our three-dimensional (3D)

integral equation (IE) code (Saputera et al., 2024). We sam-

pled the 1D data at 36 logging points with 3.048 m intervals

along the drilling trajectory and inverted the data sequentially,

one at a time, from the top left to the bottom right location, as

shown by the black dots in the x–z slice in Figure 6. The 3D

IE forward modelling window consists of 96 × 96 × 96 grid

blocks in all directions of the rotated axes with a grid size

of 0.3048 m × 0.3048 m × 0.3048 m. We set a constant

background conductivity 𝜎0 = 0.1 S/m and bound the con-

ductivity values between the range of 0.01–1 S/m for all

logging positions.

The centroids of the inversion grid are set in the range

0–213.36 m in the x-direction and 1.524–38.1 m in the z-

direction with uniform intervals of 3.048 m in both directions.

We specify the grid centroids in 2D in case 2D parameters

are needed in the inversion. In the 1D parameter inver-

sion, only the centroids in the z-direction are considered.

For the stopping criteria of the inversion of a successful

inversion, we set 𝜖 = 0.01, which is equal to the expected

forward model error of our 3D IE code compared to the 1D

semi-analytical solution.

The results shown in the second column of the

images in Figure 6 are obtained from one sweep of the

sequential inversion and assimilation. This means that the

data in each position is inverted once without considering the

error in the other positions. The inverted conductivity models

are combined using the assimilation scheme described in

the previous section. Aside from representing the inverted

models, the assimilated conductivity model is also used

for the initial guess when new data are introduced. It took

approximately 1 hour to invert 36 data sequentially from the

starting to end position of the drilling trajectory.

Figure 7 shows the relative residual of the inverted model

and the number of iterations taken in the inversion process in

each position. In every position, the inversion workflow can

reduce the data misfit below the defined goal using 1D param-

eters. The zero-dimensional (0D) parameter inversions are

stopped when the data misfit cannot be reduced further within

10 iterations. As the inverted models are 1D everywhere, the

assimilated result only shows a 1D structure. The relative

residual conductivity from the assimilated inverted models

is higher than the specified goal. However, it still shows a

good agreement with the true model, with approximately 15%

absolute normalized difference between the inverted and true

model on average. This demonstrates that the assimilation is

suitable for combining results obtained from inversion at mul-

tiple positions without having to invert the data all at once,
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INVERSION OF INDUCTION LOGGING DATA 1325

F I G U R E 8 Inversion results with different types of anisotropic parameters. From left to right column: True model, inversion results with

isotropic, VTI and orthorhombic parameters.

F I G U R E 9 Relative residual for the inversion results using

different types of anisotropy parameters.

which may be the case for inversion while drilling and/or

inversion with limited computational resources and time.

The sequential inversion workflow, in principle, can be

repeated until the data misfit goal is satisfied at every posi-

tion. As the adaptive scheme produces information about the

minimum parameter dimensions required to fit the data, this

information can be used as prior knowledge for building the

inversion grid in the next sweeps. The images in the third col-

umn in Figure 6 show the inversion and assimilation results

after three sweeps where the average relative residual of the

assimilated model for all positions is below 0.01. The results

become closer to the true model compared to the results with

only one sweep, where the absolute normalized difference

between the inverted and true model is approximately 10%

on average.

F I G U R E 1 0 Conductivity distribution of the faulted anisotropic formation. The second column is the x–z slice at y = 0 m. Magenta boxes

indicate the forward modelling window for a logging position.
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1326 SAPUTERA ET AL.

F I G U R E 1 1 Horizontal and vertical conductivities. The left column shows the true model and the right column shows the inverted model.

Black dots are the transmitter locations. Magenta dotted lines in the true models indicate the boundaries of the forward modelling window. Blank

regions are outside of the forward modelling window.

F I G U R E 1 2 Relative residual for the inverted model (top) and

number of iterations for inversion with different parameter dimensions

(bottom). The black dotted line indicates the relative residual of the

assimilated inversion result. The x-axis represents the transmitter

position.

In practice, we may not know what type of anisotropy the

medium in the subsurface around the borehole. To demon-

strate the effect of anisotropic parameters on the inversion,

we also invert the data of the horizontally layered model

example using isotropic (𝜎1 = 𝜎2 = 𝜎3) and orthorhombic

(𝜎1 ≠ 𝜎2 ≠ 𝜎3) parameters. In all cases, the maximum dimen-

sion of the inversion parameters is set to 1D to exclude the

effect of using different model parameter dimensions in the

inversion.

Figure 8 shows the assimilated conductivity profile from

one sweep inversion using parameters with different types of

anisotropy. The inversion with isotropic parameters is able to

reconstruct the boundary of the middle layer of the true model

fairly well. Aside from very low conductive layers at the

top and bottom part of the inversion results, the conductivity

values of the isotropic parameters are closer to the horizon-

tal conductivities. This indicates different sensitivity of the

tool configuration with different components of the conduc-

tivity tensor. Qualitatively, the inversion with orthorhombic

parameters shows a pattern similar to the inversion of the

VTI parameter.

Upon inspection of the relative residual, as displayed in

Figure 9, the inversion with isotropic parameters is unable

to find the conductivity model that fits the data within the

desired misfit level when the transmitter is in the more con-

ductive layer outside the middle layer. We hypothesize that

this is the cause of inversion artifacts produced by the inver-

sion algorithm, where spatial variations are introduced to

compensate for the anisotropy effect. As expected, the mis-

fit of inversion with orthorhombic parameters is below the

desired goal, as there are more than enough parameters to

represent the VTI condition.

Two-fault model

Figure 10 shows the conductivity model for this numerical

example. The model consists of three blocks of horizontally

layered conductivities separated by two faults. The induction

tool trajectory has a dip angle of 85 degrees starting from

the top left to the bottom right as shown in the x–z slice
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INVERSION OF INDUCTION LOGGING DATA 1327

F I G U R E 1 3 Snapshots of assimilated horizontal conductivity at several positions. Black dots and triangles are the transmitter and receiver

positions, respectively. Dotted boxes indicate the coverage of the forward modelling window.

in Figure 10. The tool consists of one transmitter and two

receivers. The first receiver is located 13.1 m behind the trans-

mitter, and it contains data with frequencies of 24, 48 and

96 kHz. The second receiver has a spacing of 25.3 m from

the transmitter location with frequencies of 6, 12 and 24 kHz.

The synthetic data are generated using our 3D IE code. The

forward modelling window consists of 64 × 64 × 64 grid

blocks in all directions of the rotated axes with a grid size

of 1 m × 1 m × 1 m. We set 352 × 42 inversion grid cen-

troids in the range of 213.36–1280.2 m in the x-direction and

−32.004 to 92.964 m in the z-direction with uniform intervals

of 3.048 m in both directions. We set 𝜖 = 0.02 as the stopping

criteria of a successful inversion to not overfit the data for the

inversion scenario with a noise level of approximately 2%.

Figure 11 shows the final inversion results obtained from

one sweep of the sequential inversion. The data misfit of the

inverted model and the number of inversion iterations at each

position are displayed in Figure 12. The inversion workflow

is able to reduce the data misfit below the target with 2D

parameter inversions carried out at several positions. From

the number of iterations in Figure 12, inversions with 2D

parameters are carried out around x = 640 and 871 m. The

number of iterations for inversions with 1D parameters around

these locations is higher compared to the locations where the

structure is dominantly 1D due to the algorithm’s struggles

to reduce the misfit with the inversion iterations. Overall, the

inversion results show a good agreement with the true model.

On average, the absolute normalized difference between the
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1328 SAPUTERA ET AL.

F I G U R E 1 4 Left column: The sensitivities with respect to 𝜎1 and 𝜎3. Right column: Inverted 𝜎1 and 𝜎3. Dotted lines indicate the drilling

trajectory. Solid lines correspond to the 0.01 contour line of the sensitivity values.

inverted and the true model is approximately 37%. It took

approximately 15 hours to invert 101 data sequentially.

Figure 13 shows the changes in horizontal conductivity as

the tool moves along the trajectory to illustrate the changes

from 1D to 2D inversion parameters. Since the tool sen-

sitivity is limited, the inverted result does not reconstruct

the whole area all at once. The inversion results gradually

reveal horizontal layering in the beginning. When the tool

senses the lateral heterogeneity due to the vault, inversion

with 1D parameters fails to reach the target 1D residual

and lateral changes are allowed in the inversion with 2D

parameters. As the tool becomes further away from the fault

plane, the inversion algorithm can reach the goal with 1D

parameters again.

Figure 14 shows the maximum relative sensitivity of the

tools for all logging positions. Unlike estimation with skin

depth calculated with homogeneous conductivity values, the

sensitivity also varies laterally depending on the conductiv-

ity distributions. Qualitatively, these sensitivities show some

interesting correlations with the inversion result. For exam-

ple, the sensitivities drop rapidly in the thin conductive layers

pointed out by the arrows. Then, if we look at the snapshot

at position 45 in Figure 13, the resistive layer below the con-

ductive layer is not revealed in the inversion result. After the

tool crosses the thin conductive layer, see position number 56,

then the layer is revealed.

CONCLUSION

We have developed an inversion workflow with

multi-dimensional parameters in the framework of three-

dimensional (3D) forward modelling. The conductivity

parameters in the voxels of the 3D simulation domain

can be expressed as a sum of weighted basis functions.

Using this principle, we define the appropriate objective

function and gradient required for inverting the parameters

in the zero-dimensional (0D), one-dimensional (1D) and

two-dimensional (2D) grid systems. The inversion workflow

starts by inverting the logging position for 0D parameters and

using them as the initial guess for the inversion of 1D and

2D parameters. Then, the inversion results are assimilated

through sensitivity-weighted averaging to create a single

representation of the inverted models from multiple posi-

tions. To tackle the challenges in computational limitation,

we implement a matrix-free integral equation method and

adjoint method with the combination of the limited-memory

Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) as the

inversion algorithm.

Numerical experiment results show that structural and

anisotropy information of the true model can be recovered

in the inversion process. An average model error of approxi-

mately 10% is achieved with multiple inversion sweeps in the

first example. In the second example, the average model error

is approximately 37% for one sweep inversion. In both cases,

the dimensionality reduction in the inversion parameters helps

stabilize the inversion results toward the most simple feasi-

ble solution even without having specified any regularization

terms in the objective function. We additionally show that

ignoring anisotropic parameters may lead to the generation

of artefacts in the first example and the imposed dimensional

constraint is not enough. In the second example, we also pro-

vide a qualitative analysis of the spatial distribution of the

sensitivity to the 2D conductivity parameters, which is corre-
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INVERSION OF INDUCTION LOGGING DATA 1329

lated to the inverted conductivity evolution as the tool moves

along the drilling trajectory.

Regarding computation time, it should be noted that we

use 3D forward modelling for the inversion process. For 643

grid blocks, it took roughly 10 s to compute the magnetic

field responses at the receiver with six transmitter frequen-

cies and three transmitter orientations using our computer and

implementation. Hence, it would take approximately 1000 s

(~15 minutes) for an inversion with 100 function evaluations,

which may not demonstrate the optimal use of the 3D solver

in the inversion workflow. A more optimal approach would

be to use a specialized forward modelling method according

to the parameter dimension. Then, the workflow described

in this study can be adapted. Alternatively, the formulation

in this study can be used to implement matrix-free inversion

with different basis functions that can describe simple 3D con-

ductivity variations but are still simple to implement (e.g.,

polynomials, trigonometric functions or combinations). The

question of how to design a good basis that promotes geolog-

ically feasible results and reduces the effect of regularization

parameters tuning in the inversion process would be a valuable

subject for future research.
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APPENDIX A: HETEROGENEOUS BACKGROUND
GREEN’S OPERATOR
The Green’s function is defined as the response of an impulse

function (Zhdanov, 2009). For example, the electric field in

the homogeneous isotropic medium with conductivity 𝜎0 is

defined as

𝐞(0) = 
(0,𝐸)𝐣, (A.1)

where the upper-scripts (0) indicate a homogeneous isotropic

background and 𝐣 is the electric source vector. We use an elec-

tric source as an example because the scattered field depends

on the conductivity contrast multiplied by the electric fields

as stated in Equation (3).

The electric field in an arbitrary heterogeneous background

medium with conductivity 𝝈 (𝐱) is obtained by solving the lin-

ear system of equations in (8). This equation can be written as

a function of the electric source vector 𝐣 in a similar form as
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(A.1):

𝐞 = 
(𝐸)𝐣, (A.2)

where


(𝐸) =

[
𝐈 − 

(0,𝐸)Δ𝛔
]−1


(0,𝐸), (A.3)

is defined as the heterogeneous background Green’s tensor

operator for the electric field due to an impulse source.

By taking the curl of the Equation (A.2) and division by

𝑖𝜔𝜇0, we can obtain the expression of the magnetic field in

the heterogeneous background medium as

𝐡 = 1
𝑖𝜔𝜇0

∇ × 
(𝐸)𝐣

= 
(𝐻)𝐣.

(A.4)

Rearranging the terms in Equation (A.3) using the following

identity (Jakobsen et al., 2020; Petersen et al., 2012):

(𝐈 −𝐆𝐕)−1𝐆 = 𝐆(𝐈 − 𝐕𝐆)−1, (A.5)

the Green’s tensor operator for the magnetic field in a het-

erogeneous medium due to an electric source can be written

as


(𝐻) = 1

𝑖𝜔𝜇0
∇ × 

(0,𝐸)
[
𝐈 − Δ𝝈(0,𝐸)

]−1
, (A.6)

which is equivalent to


(𝐻) = 

(0,𝐻)
[
𝐈 − Δ𝝈(0,𝐸)

]−1
. (A.7)

APPENDIX B: DERIVATION OF THE OBJECTIVE
FUNCTION GRADIENT
To find the gradient of the objective function in (23) with

respect to the model parameter 𝑚(𝑛)
𝑗 , we first find the deriva-

tive of the magnetic field Green’s tensor operator (𝐻) with

respect to 𝑚(𝑛)
𝑗 by rewriting Equation (A.7) in the form of


(𝐻) = 

(0,𝐻) + 
(𝐻)Δ𝝈(0,𝐸). (B.1)

By taking the derivative on both sides of the Equation (B.1)

with respect to 𝑚(𝑛)
𝑗 , we obtain

𝜕(𝐻)

𝜕𝑚(𝑛)
𝑗

= 𝜕(𝐻)

𝜕𝑚(𝑛)
𝑗

Δ𝝈(0,𝐸) + 
(𝐻) 𝜕𝝈

𝜕𝑚(𝑛)
𝑗


(0,𝐸). (B.2)

Next, we collect the partial derivative terms of (𝐻) on the left

side and obtain

𝜕(𝐻)

𝜕𝑚(𝑛)
𝑗

[
𝐈 − Δ𝝈(0,𝐸)

]
= 

(𝐻) 𝜕𝝈

𝜕𝑚(𝑛)
𝑗


(0,𝐸), (B.3)

or

𝜕(𝐻)

𝜕𝑚(𝑛)
𝑗

= 
(𝐻) 𝜕𝝈

𝜕𝑚(𝑛)
𝑗


(0,𝐸)

[
𝐈 − Δ𝝈(0,𝐸)

]−1
. (B.4)

Using the magnetic field definition in (A.4), the derivative of

the magnetic field 𝐡 with respect to 𝑚(𝑛)
𝑗 is defined as

𝜕𝐡
𝜕𝑚(𝑛)

𝑗

= 𝜕(𝐻)

𝜕𝑚(𝑛)
𝑗

𝐣

= 
(𝐻) 𝜕𝝈

𝜕𝑚(𝑛)
𝑗


(0,𝐸)

[
𝐈 − Δ𝝈(0,𝐸)

]−1
𝐣.

(B.5)

Rearranging the terms using the identity in (A.5), we obtain

𝜕𝐡
𝜕𝑚(𝑛)

𝑗

= 
(𝐻) 𝜕𝝈

𝜕𝑚(𝑛)
𝑗

[
𝐈 − 

(0,𝐸)Δ𝝈
]−1


(0,𝐸)𝐣

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐞

, (B.6)

where the terms on the brace are the total electric field 𝐞 based

on Equations (A.2) and (A.3). Finally, substituting (B.6) into

(26) gives us the expression for the gradient of the objective

function with respect to 𝑚(𝑛)
𝑗 in the following:

𝜕Φ𝐷

𝜕𝑚(𝑛)
𝑗

= −ℜ
∑
𝑠

∑
𝐱𝑟

[
𝑊 2(𝐱𝑟)Δ𝐡(𝐱𝑟, 𝑠)

]†

(𝐻) 𝜕𝝈

𝜕𝑚(𝑛)
𝑗

𝐞. (B.7)

APPENDIX C: GRADIENT FORMULATION WITH
THE ADJOINT FIELD
We can write (B.7) explicitly as shown below

𝜕Φ𝐷

𝜕𝑚(𝑛)
𝑗

= −ℜ
∑
𝑠

∑
𝐱𝑟

[
𝑊 2(𝐱𝑟)Δ𝐡(𝐱𝑟, 𝑠)

]†
⋅ ∫Ω𝐆(𝐻)(𝐱, 𝐱𝑟, 𝜔) 𝜕𝝈

𝜕𝑚(𝑛)
𝑗

(𝐱) 𝐞(𝐱, 𝑠) dV(𝐱).
(C.1)

By rearranging the integral and summation, we obtain

𝜕Φ𝐷

𝜕𝑚(𝑛)
𝑗

= −ℜ
∑
𝑠
∫Ω

(∑
𝐱𝑟

[
𝑊 2(𝐱𝑟)Δ𝐡(𝐱𝑟, 𝑠)

]†𝐆(𝐻)(𝐱, 𝐱𝑟, 𝜔))

⋅
𝜕𝝈

𝜕𝑚(𝑛)
𝑗

(𝐱) 𝐞(𝐱, 𝑠) dV(𝐱)

= −ℜ
∑
𝑠
∫Ω

[
𝐞(𝑎)(𝐱, 𝑠)

]† 𝜕𝝈

𝜕𝑚(𝑛)
𝑗

(𝐱) 𝐞(𝐱, 𝑠) dV(𝐱),

(C.2)

 13652478, 2025, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/1365-2478.70017 by T

echnical U
niversity D

elft, W
iley O

nline L
ibrary on [01/05/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1332 SAPUTERA ET AL.

where the adjoint field 𝐞(𝑎) is defined by

𝐞(𝑎) =
∑
𝐱𝑟

[
𝐆(𝐻)(𝐱, 𝐱𝑟, 𝜔)]† 𝑊 2(𝐱𝑟)Δ𝐡(𝐱𝑟, 𝑠), (C.3)

and 𝐆(𝐻) is the dyadic Green’s function for the heteroge-

neous background medium with conductivity 𝝈(𝐱). Applying

the adjoint integral equation method of Jakobsen et al. (2023),

we use the physical interpretation of𝐆(𝐻) and the adjoint field

can be found by solving the linear system of equation in (36).

Inserting the term
𝜕𝝈

𝜕𝑚(𝑛)
𝑗

for the conductivity tensor defined

in (20), the gradient of the objective function is written as

𝜕Φ𝐷

𝜕𝑚(𝑛)
𝑗

= −ℜ
∑
𝑠
∫Ω 𝐾 (𝑛)(𝐱)

[
𝐞(𝑎)(𝐱, 𝑠)

]†𝐂̃(𝑛,𝑗)𝐞(𝐱, 𝑠)dV(𝐱)

= −ℜ
∑
𝑠
∫Ω(𝑛)

[
𝐞(𝑎)(𝐱, 𝑠)

]†𝐂̃(𝑛,𝑗)𝐞(𝐱, 𝑠)dV(𝐱),

(C.4)

where the matrix 𝐂̃(𝑛,𝑗) is defined in (30). Because we use the

block indicator function described in (16) as the basis func-

tion, the domain of the volumetric integral changes from Ω to

Ω(𝑛) where the basis function is non-zero.
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