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Summary

Recent years have seen a rapid growth in the population of objects orbiting the Earth, leading to
increasingly congested orbits. Over 36,500 objects larger than 10 cm are currently tracked, with
estimates suggesting much larger numbers of untracked objects. This has led to a growing threat of
collision between critical space assets and pieces of debris. The situation continues to worsen with
mega-constellation deployments, evidenced by the European Space Agency’s Space Debris Office
issuing over 100,000 collision warnings in 2022 alone.

Conventional collision avoidance relies predominantly on propulsive maneuvers that consume
finite propellant reserves, limiting the number of maneuvers possible throughout a mission lifetime.
Recent advances in solar-sail technology have shown orbit-control capabilities around the Earth
through Solar Radiation Pressure (SRP) alone, presenting a compelling propellant-free alternative.
Proposed projects such as SWEEP (Space-waste Elimination around Earth by Photon Propulsion)
aim to demonstrate the use of solar sails for active debris removal; for such missions, it is important
to characterize the sail’s collision-avoidance capability using only environmental forces. However,
existing literature on novel collision-avoidance methods using SRP and atmospheric drag is limited
to low area-to-mass ratio (LAMR) objects with maneuver durations on the order of days, and the
most relevant work focused on higher orbits where SRP and the | effect are the only considered
perturbations, creating a knowledge gap in lower orbital regimes where atmospheric drag becomes
dominant. Further, recent work has indicated the applicability of locally-optimal control laws for
collision-avoidance of solar sails, which are analyzed in this work.

The research gap is addressed through the development of a simulation framework to assess the
collision-avoidance capability of solar sails using locally optimal control laws driven by both SRP and
atmospheric drag with a focus on altitudes between 400 and 800 km. The methodological approach
involves developing a comprehensive dynamical model incorporating point-mass gravity, Earth’s
oblateness through the ], perturbation, SRP, and atmospheric drag using the high-fidelity NRLMSISE-
00 empirical model. Locally optimal control laws are utilized to maximize the instantaneous rate
of change of specific orbital elements. For SRP-dominant scenarios, known analytical control laws
provide closed-form solutions, while for environments where drag is significant, a hierarchical grid-
search optimization method is implemented that employs a two-phase approach with a coarse-grid
evaluation followed by a fine-grid refinement.

Representative synthetic orbital state uncertainties are generated through a regression analysis of a
dataset of Conjunction Data Messages. Collision risk assessment employs both the Foster method
for collision probability calculation and the Mahalanobis distance metric to address dilution effects.
The optimization problem is formulated to find minimum maneuver durations required to satisfy
collision risk thresholds using a bisection optimization method.
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The results reveal significant variability in optimal maneuver durations, ranging from as low as 5
minutes for high area-to-mass ratio sails at very low altitudes to over 6 hours for LAMR objects at high
altitudes. The maneuver durations at very low altitudes are substantially lower than those found in
previous work which focused on altitudes above 1000 km, primarily due to the exponential increase
in atmospheric density at lower altitudes enabling the use of a,,;, (semi-major axis minimization)
control laws that quickly lower the sail’s altitude using face-on orientations relative to the velocity
vector.

The parametric analysis reveals distinct trends across different parameters. Higher sail area-to-mass
ratio values consistently lead to shorter maneuver durations and largely utilize a,,;, control at
altitudes below approximately 525 km, switching to 4., (semi-major axis maximization) at higher
altitudes when SRP becomes relatively significant. The aspect angle, which is the angle between the
orbit’s angular momentum vector and sunlight direction, shows a strong correlation with control
law usage, with SMA (Semi-major Axis) control laws being utilized more frequently for large aspect
angles and RAAN (Right Ascension of Ascending Node) control laws being more effective at small
aspect angles. An interesting phenomenon is observed where maneuver durations exhibit discrete
jumps corresponding to eclipse periods.

Conjunction separations at the time of closest approach (TCA) cause significant decreases in maneuver
duration for separations directed along the normal direction for high aspect angles; such separations
of 40 meters lead to decreases in maneuver durations of over an hour in comparison with the zero
miss-distance case, with the Q,,,x (RAAN-maximization) control law becoming most effective. At
an aspect angle of zero degrees, for normal separations directed towards the Sun, Q,,;, (RAAN-
minimization) is ineffective due to the lack of coincidence between its optimal thrusting direction
and the SRP acceleration envelope, leading to the usage of a,,,x and a,,;, control laws for positive
and negative tangential separations, respectively.

The results indicate that while solar sails can perform effective collision avoidance maneuvers in
specific orbital regimes with maneuver durations significantly shorter than previous estimates,
careful consideration of environmental, physical, and orbital parameters is essential for practical
implementation. The effect of atmospheric drag is significant and displays clear trends across
different altitudes, aspect angles, and physical parameters, but practical viability is constrained to
altitudes above 500 km during average solar weather conditions, with the sensitivity of performance
necessitating consideration of solar cycle effects on maneuver duration.
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1 Introduction

Space activities over the last two decades have transformed Earth’s orbital environment into an
increasingly congested region. Over 36,500 tracked objects larger than 10 cm currently orbit the
Earth, with estimates of more than 1 million debris objects larger than 1 cm, leading to increased
risks of collision, particularly in Low Earth Orbit (LEO) (ESA, 2024). While satellites at low enough
altitudes naturally decay due to atmospheric drag within a few years, satellites in higher orbits
without propulsive capabilities at the end of their mission can remain in orbit for decades, effectively
becoming uncontrolled pieces of metal hurtling around the Earth. Collision-avoidance capabilities
help mitigate the risk of collisions but do not address the growing population of space debris. This
has given rise to Active Debris Removal (ADR) solutions that aim to use satellites, typically with
robotic arms, to maneuver towards a piece of debris and assist in de-orbiting it. However, ADR
missions require significant amounts of propellant to rendezvous with debris objects and transfer a
sufficient impulse for de-orbiting.

Recent years have seen an increase in solar-sail applications in LEO, with missions demonstrating
deployment and orbit-raising capabilities through the sole utilization of Solar Radiation Pressure
(SRP) (Ancona & Kezerashvili, 2024). Solar sails present a compelling solution for ADR, as they
can use the continuous solar radiation from the Sun to maneuver towards debris. However, such a
mission would also be subject to collision risks during its rendezvous in potentially highly congested
regions, particularly given a sail’s large surface area. It is therefore important to assess the capability
of solar sails to avoid such collisions in LEO. While research in this domain is very limited, recent
work suggests that appropriate control laws can be utilized by solar sails to achieve effective collision-
avoidance maneuvers (Ambrosio, 2025). However, this application for solar sails has not yet been
explored in LEO regimes where atmospheric drag has a considerable effect on the sail’s trajectory.
This research develops and evaluates a simulation framework for assessing the collision-avoidance
capability of solar sails using locally optimal control laws driven by SRP and atmospheric drag.

Chapter 2 reviews literature on space debris, solar-sailing fundamentals and collision-avoidance
methods, leading to the identification of a research gap and the formulation of research questions,
which are presented in Chapter 3. The methodologies used to develop the capabilities to address the
research questions are presented in Chapter 4, including the development of a dynamical model,
implementation of locally optimal control laws, synthetic uncertainty generation, collision-avoidance
scenario definition, and maneuver optimization. Chapter 5 discusses simulation results, examining
the effectiveness of the utilized control laws and the optimal maneuver durations through a parametric
analysis. Finally, Chapter 6 summarizes the findings in context of the research objective and suggests
future research directions.



2 Literature Review

This section outlines the status quo of research on solar-sailing technology, collision-avoidance
methods and nature-driven collision avoidance. First, Section 2.1 discusses the threat of collisions
caused by a growing population of space debris in Earth’s orbit. Section 2.2 introduces the theory of
solar sailing and its practical applications, including past missions. Section 2.3 outlines conventional
debris mitigation methods and their limitations, and then introduces the concept of nature-driven
collision avoidance and its potential benefits for sustainable space operations.

2.1. The Space Debris Problem

This section introduces the growing threat posed by space debris and discusses the collision probability
metric as a method of quantifying the threat.

A Growing Threat

For decades, the space industry was dominated by the "big sky theory" — the belief that Earth’s orbital
capacity was so vast that the risk of collision was negligible, which eliminated the perceived need
for risk assessment and mitigation strategies (Newman et al., 2009). However, the rapid expansion
of space activities in recent years has resulted in a complex and increasingly hazardous orbital
environment, indicating a shift away from the "big sky theory". Currently, over 36,500 objects larger
than 10 cm are tracked, with estimates suggesting more than 1 million debris objects larger than 1 cm
and hundreds of millions of smaller, untracked particles (ESA, 2024). These objects pose significant
threats due to their high relative velocities, which can exceed 15 km/s in LEO (Braun et al., 2016;
Matney et al., 2004). The destructive potential of such impacts is exemplified by damage observed on
returned spacecraft surfaces, including craters on Space Shuttle windows and penetrations in solar
panels (Klinkrad et al., 2006).

The severity of this problem was shown by the 2009 collision between Cosmos 2251 and Iridium
33, which generated over 1,800 trackable fragments and countless smaller pieces (Shan et al., 2016).
Such events, along with anti-satellite tests, can create thousands of trackable fragments, substantially
exacerbating the already precarious debris environment (Klinkrad et al., 2006). These incidents
emphasize the potential for a collisional cascade as predicted by Donald Kessler in 1978, commonly
called the Kessler Syndrome, wherein debris generation through collisions outpaces natural removal
mechanisms, potentially rendering certain orbital regions unusable (Colombo et al., 2023).
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Figure 2.1: Growth in the number of objects in orbit over time (ESA, 2024).

The situation continues to worsen with the deployment of mega-constellations comprising thousands
of satellites in LEO, with companies such as SpaceX and OneWeb planning global broadband internet
constellations in the coming decades (Le May et al., 2018). These developments have dramatically
increased conjunction rates and corresponding collision risks, as evidenced by the growing number of
conjunction warnings issued to satellite operators. In 2022 alone, the European Space Agency’s (ESA)
Space Debris Office issued over 100,000 collision warnings for satellites, representing a significant
increase from previous years (ESA, 2024). The rapid growth in orbital objects can be seen in Figure
2.1, which highlights the exponential growth across different object types, such as payloads (PL) and
rocket fairings (RF). Figure 2.2 further highlights the distribution of these objects across different
altitudes; the highest density of objects larger than 1 cm in size is concentrated between altitudes of
approximately 500 and 1000 km, with active payloads mostly lying between altitudes of 400 and 600
km. This provides an indication towards the regions in LEO that are most at risk of collisions.
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Figure 2.2: Distribution of debris flux and active payloads across altitudes (ESA, 2024).
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To address these risks, space agencies have developed systems for predicting potential collisions and
issuing conjunction warnings to satellite operators. ESA, for example, has developed the Collision
Risk Assessment Software (CRASS), which processes conjunction data messages (CDMs), performs
risk analyses, and provides decision support for collision-avoidance maneuvers (Braun et al., 2016).
Such services rely on tracking data from organizations such as the U.S. Space Force’s 18th Space
Defense Squadron, which issues warnings to satellite operators worldwide through its network of
ground-based radar and optical sensors (Merz et al., 2017).

Probability of Collision

The fundamental metric for evaluating collision risk is the probability of collision (P.), which is
traditionally calculated using analytical or numerical techniques that integrate the relative position
probability density over the combined hard-body radius (HBR) of the objects involved. The
foundational approach developed by Foster (2001) approximates the position uncertainty as a three-
dimensional Gaussian distribution and reduces the three-dimensional problem to a two-dimensional
integration in the encounter plane — a plane perpendicular to the relative velocity vector at the
time of closest approach (TCA). This approach assumes that the relative motion is linear near the
conjunction and that the encounter duration is short enough that the covariance does not change
significantly. Such a linear conjunction scenario is illustrated in Figure 2.3. For cases where these
assumptions are valid, the probability of collision can be calculated as:

1 1
P. = / exp (——rZC_lrc) dr 2.1)
211+/|C| JHBR 2

where C is the combined covariance matrix (explained in the following paragraph) in the encounter
plane, r. is the position vector in the encounter plane, and the integration is performed over a circle
with radius equal to the combined HBR of the two objects (Alfriend et al., 1999; Patera & Peterson,
2003).

The covariance matrix is of critical importance in collision probability assessment, as it represents the
uncertainty in the position estimates of both objects. This uncertainty stems from several sources,
including tracking measurement errors, force model approximations, and prediction uncertainties
that grow with time from the last observation (Alfano & Oltrogge, 2018). The size, shape, and
orientation of this covariance ellipsoid directly influence the calculated collision probability, with
smaller uncertainties generally leading to more deterministic collision probability values (Zollo et al.,
2024). For more complex scenarios where linear assumptions break down, such as long-duration
encounters or highly eccentric orbits, more sophisticated approaches are required. Recent research has
explored Monte Carlo simulations, polynomial chaos expansions, and machine learning approaches
for risk assessment in complex scenarios (Liu et al., 2023).

The collision probability density per unit area is characterized by the function /(x) as shown in
Figure 2.4, with its spatial distribution illustrated through constant contour lines. For analytical
convenience and visualization purposes, all uncertainty in the relative position between the two
objects is attributed to the first object, which is positioned nominally at the coordinate origin. This
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(adapted from Patera (2003)). (adapted from Patera (2000)).

approach simplifies the mathematical framework while maintaining computational accuracy for risk
assessment applications.

The second object’s position is determined by the relative displacement vector q, which represents
the transformed relative position vector at the TCA within the encounter reference frame. This
transformation eliminates positional uncertainty in q since all relative position uncertainty has been
systematically assigned to the first object. The hard-body circle, representing the combined physical
extent of both objects, is centered on the second object at position q.

For a collision event to occur, the actual position of the first object must fall within the boundaries of
the hard-body circle. Consequently, the total collision probability is determined through integration
of the probability density function over the hard-body circular region.

When the calculated collision probability exceeds a predetermined threshold (typically in the range
of 107* to 107> for high-value assets), operators must decide whether to perform a collision-avoidance
maneuver (Sdnchez-Ortiz et al., 2006). These maneuvers typically involve propulsive burns designed
to increase the miss distance at the TCA, with the optimal direction generally perpendicular to the
relative velocity vector to maximize separation for minimal fuel expenditure (Patera & Peterson,
2003). However, each such maneuver consumes limited propellant resources, potentially reducing
the operational lifetime of the spacecraft and imposing operational constraints such as service
interruptions and attitude adjustments (Kim et al., 2012).

A study by Sédnchez-Ortiz et al. (Sanchez-Ortiz et al., 2006) projected that a typical high-value LEO
satellite might need to perform between one and five collision-avoidance maneuvers annually, a
figure that has likely increased with the growing orbital population. For constellations comprising
hundreds or thousands of satellites, this translates to a substantial operational burden and significant
propellant consumption across the fleet (Le May et al., 2018). Furthermore, the growing number of
warnings may lead to "warning fatigue," potentially causing high-risk conjunctions to be overlooked
amid numerous lower-risk alerts (Alfano & Oltrogge, 2018).
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2.2. Solar-Sailing Fundamentals and Technologies
This section introduces the fundamentals of solar sailing and outlines the status quo of solar-sail
technologies, missions and applications, including a discussion of SRP-driven control methods.

Fundamentals of Solar Sailing

Solar sailing is a propellant-less propulsion method that harnesses SRP to generate thrust. This
technology utilizes the momentum transfer from solar photons to a reflective surface, producing
continuous force without propellant expenditure — a significant advantage compared to conventional
propulsion systems (Gong & Macdonald, 2019; Mclnnes, 2004). The scientific foundations of solar
sailing date back to the early 20th century, when SRP was first theoretically described based on
Maxwell’s electromagnetic theory and Einstein’s photon hypothesis (Mclnnes, 2004). However,
the first systematic studies of SRP effects on spacecraft orbits were conducted in the 1960s, when
researchers such as Parkinson et al. (Parkinson et al., 1960) and Levin (Levin, 1968) quantified the
perturbations induced by solar radiation on early satellites.

An ideal solar-sail model assumes the sail to be a flat and rigid surface that is perfectly reflective
(Kelly & Bevilacqua, 2020). The fundamental physics of an ideal sail involves the specular reflection
of photons (Swartzlander, 2022). When a photon is absorbed by a surface, it transfers its momentum
to the material, generating a force in the direction of the incident light. When specularly reflected,
the photon transfers the same momentum opposite to the direction of reflection, with the resultant
force component thus normal to the reflecting surface. The resulting radiation pressure on a perfectly
reflecting surface at 1 Astronomical Unit (AU) is approximately 9.12 X 107 N/m? (Fu et al., 2016).

For an ideal solar sail with 100% specular reflection at 1 AU, the acceleration can be expressed as:

9 c0s2(a)n (2.2)

S

2P
aAgrp =
co

where Py = 1361 W /m? represents the solar flux at 1 AU, ¢ = 299792458m /s, represents the speed
of light, o, is the solar-sail loading parameter defined as the ratio of the sail’s total mass to surface
area, n is the sail’s normal direction, and « is the angle between the sail’s normal and direction of
sunlight (Carzana et al., 2022; McInnes, 2004). This equation highlights the dependence of the sail’s
acceleration on its attitude relative to the direction of sunlight and the importance of maximizing
the area-to-mass ratio (AMR) to achieve practical accelerations. The term 2Py /co; is defined as the
characteristic acceleration, ac.

Real solar sails deviate from this ideal behavior due to non-perfect reflectivity, thermal emission,
wrinkles, and other material imperfections. Diffuse reflection results in a distributed force magnitude
and direction, due to scattered reflections caused by surface imperfections. More sophisticated models
account for these non-ideal characteristics through optical coefficients that describe the fraction
of incident light absorbed, specularly reflected, and diffusely reflected (Spencer & Carroll, 2014).
These coefficients depend on material properties, surface finishing, and wavelength, necessitating
detailed characterization for accurate force prediction. Further, an efficiency factor is typically used
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to characterize the finite reflectivity of real solar sails, which is typically a value of approximately 0.9
(McInnes, 2004). For the optical sail model and sails with complex geometries, detailed numerical
models accounting for shadowing, multiple reflections, and thermal re-emission are necessary for
accurate force prediction (Yoshimura et al., 2023). Figures 2.5 and 2.6 provide schematics of the forces
caused by absorption/emission and specular reflection, respectively.

Solar-Sailing Technologies

Recent decades have witnessed substantial advances in solar-sail materials and designs. Modern
solar sails typically utilize metallized polymers such as aluminized Kapton or Mylar, with thicknesses
as small as 2 um (Fu et al., 2016; Spencer et al., 2019). These materials offer an optimal balance
between reflectivity, durability, and mass efficiency, although they remain vulnerable to degradation
from atomic oxygen, micrometeoroid impacts, and radiation exposure (Zhau et al., 2023). Emerging
technologies include carbon fiber reinforcements to enhance structural integrity, multi-functional sail
materials with embedded sensors or electronics, and novel concepts such as diffractive solar sails
that manipulate light through diffraction gratings rather than simple reflection (Chu & Gong, 2024;
Swartzlander, 2022).

The deployment of large, gossamer structures in space presents additional engineering challenges.
Current solar-sail designs employ various folding patterns and deployment mechanisms, including
the widely used four-quadrant design with diagonal booms that unfurl the sail from a compact
configuration (Fuetal., 2016). Alternative approaches include spinning deployment, where centrifugal
forces unfold the sail, and inflatable structures that provide initial rigidity before being jettisoned
(Fu et al., 2016). Each approach offers different trade-offs regarding reliability, packed volume, mass
efficiency, and final sail flatness. Schematics of the sail geometries that are of practical interest are
shown in Figure 2.7.

Several missions have successfully demonstrated solar sailing in space, validating theoretical pre-
dictions and verifying deployment mechanisms. The Japanese IKAROS mission, launched in 2010,
achieved the first controlled solar-sail flight using a 14-meter square sail with liquid crystal panels for
attitude control (Fu et al., 2016; Zhau et al., 2023). NASA’s NanoSail-D2 (2010) and The Planetary
Society’s LightSail-1 (2015) and LightSail-2 (2019) missions demonstrated sail deployment in Earth
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Figure 2.7: Solar sail geometries of practical interest: (a) square sail; (b) quad sail; (c) disk sail; and (d) heliogyro (Spencer
etal., 2019).

orbit, with LightSail-2 notably achieving measurable orbit raising through solar sailing (Meireles et al.,
2022; Zhau et al., 2023). Recent missions include NASA’s Advanced Composite Solar Sail System
(ACS3) mission, launched in 2024, which is currently in orbit around the Earth with a successfully
deployed sail (Dono et al., 2025).

Of the past solar sails that have been launched, the ones that successfully demonstrated deployment
and/or propulsive capabilities are summarized in Table 2.1. The table includes the sail area, mass,
AMR, and characteristic acceleration (ac) for each mission.

Table 2.1: Key parameters of successful solar sail missions (Ancona and Kezerashvili (2024), Biddy and Svitek (2012),
Johnson et al. (2011), Spencer et al. (2021), Tsuda et al. (2011, 2013), Wilkie (2021), and Zhau et al. (2023)).

2010 IKAROS 196 307 0.63 0.0059
2011 | NanoSail-D2 10 4 2.5 0.0178
2015 | LightSail-1 32 5 6.4 0.0652
2019 | LightSail-2 32 5 6.4 0.0652
2024 ACS3 80 16 5 0.0454

SRP-driven Control Applications

SRP has been demonstrated as an effective mechanism for spacecraft control in various contexts
beyond traditional solar-sailing missions. Research in formation flying has established that differential
SRP can maintain relative positions between spacecraft without propellant consumption (Thoemel &
van Dam, 2021; Williams & Wang, 2002). Williams and Wang (Williams & Wang, 2002) developed
analytical models showing that differential reflectivity or area exposure could generate sufficient
relative acceleration for formation maintenance in various orbit regimes. These concepts were further
refined by Thoemel and van Dam (Thoemel & van Dam, 2021), who demonstrated autonomous
formation control using SRP with minimal propellant expenditure. Similar principles have been



2.2. Solar-Sailing Fundamentals and Technologies 9

applied to satellite constellations by Kumar et al. (Kumar et al., 2014), who investigated using
environmental forces, including SRP, to reduce station-keeping costs for distributed satellite systems.

Beyond formation control, SRP has been utilized for orbital corrections and end-of-life disposal.
Silva Neto et al. (Silva Neto et al., 2017) analyzed the feasibility of using controlled radiation
pressure to transfer satellites to graveyard orbits after mission completion, offering a potential
solution for spacecraft with depleted propellant reserves. Research by Burnett and Schaub (Burnett &
Schaub, 2021) demonstrated that differential attitude control could harness SRP for significant orbital
adjustments over extended timeframes without propellant consumption.

The LightForce concept, developed by Yang Yang et al. (Yang Yang et al., 2016), proposed a ground-
based laser system to augment natural SRP for debris collision avoidance. Their analysis indicated
that even modest photon pressure could significantly reduce collision probability when applied days
or weeks before conjunction, highlighting the potential effectiveness of radiation pressure approaches
with sufficient lead time. While their implementation focused on ground-based lasers, the underlying
physics and effectiveness metrics remain applicable to spacecraft-based SRP methods.

The control and attitude dynamics of solar sails present unique challenges compared to conventional
spacecraft. The large, flexible structure creates complex dynamic behavior, including potential
coupling between structural vibrations and attitude motion (Chujo, 2022; Wie, 2004). The primary
control challenge arises from the need to precisely orient the sail relative to the Sun to generate the
desired force vector, while also accommodating constraints such as power generation requirements
and thermal limitations (Chujo et al., 2024; Wie & Murphy, 2007).

In Earth orbit, solar sailing introduces additional complexities due to the competition between
SRP and other perturbations, particularly atmospheric drag in lower orbits. At altitudes below
approximately 800 km, atmospheric drag typically dominates SRP effects, limiting the effectiveness of
conventional solar sailing (Fieseler, 1998; Stolbunov et al., 2013). However, research has demonstrated
that appropriate control strategies can exploit the complementary nature of these forces by orienting
the sail such that SRP and drag are utilized in combination to achieve deviations in orbit (Carzana
et al., 2022).

Analytical control laws offer closed-form solutions that enable efficient implementation under specific
assumptions. For solar-sailing applications, these laws establish a mathematical relationship between
the desired orbital evolution and the required sail attitude, typically expressed as a function of
orbital elements and the Sun-spacecraft-Earth geometry (Macdonald & McInnes, 2005; Niccolai et al.,
2017). The implementation of such control laws presents unique challenges in the LEO environment,
where both SRP and atmospheric drag must be considered simultaneously. In this regime, locally
optimal control laws (LOCLs) have been developed that enable effective orbit modification even in
drag-dominant conditions (Carzana et al., 2022). These laws typically decompose the control problem
into the selection of an orbital parameter to modify (e.g., semi-major axis or inclination) and the
determination of the optimal sail orientation to maximize the instantaneous rate of change of this
parameter (Carzana et al., 2022; Stolbunov et al., 2013). The optimal sail orientation is expressed
relative to the direction of the Sun, as shown in Figure 2.8, where a* is the optimal sail orientation
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to maximize the SRP acceleration along the defined primer vector, A, which defines the optimal
thrusting direction. While analytical solutions exist to maximize the independent effects of SRP or
atmospheric drag, no known analytical control laws exist to maximize their combined effect.
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Figure 2.8: Solar sail acceleration envelope, including the optimal acceleration vector, asgp, and primer vector, A (adapted
from Carzana et al. (2022)).

Various attitude control systems have been proposed and implemented for solar sails. Traditional
approaches include reaction wheels or control moment gyroscopes mounted on a rigid central bus
(Wie, 2004). More innovative methods exploit SRP itself for control, such as tip-mounted vanes
that create differential forces, sliding masses that adjust the center of mass relative to the center of
pressure, and variable reflectivity devices that modify the local optical properties of the sail (Chujo,
2022; Gauvain & Tyler, 2023; Mangus & Heaton, 2004). Recent research has explored morphing or
variable-shape sail designs that enable more sophisticated control strategies by actively changing the
sail geometry (Chujo, 2022; Kubo & Chujo, 2024).

Recent advances in solar-sailing capabilities have enabled new applications in Earth orbit and beyond.
Techniques for utilizing SRP for orbit modification, station-keeping, and relative positioning have
been developed and demonstrated by recent missions (Cao et al., 2020; Meireles et al., 2023; Polat &
Tekinalp, 2020). These advances provide the foundation for applying solar-sailing technology for
novel applications involving orbital control. While the utlization of SRP has been theorized for many
decades, its use for orbital modification of Earth-bound orbits is still a nascent field of research.

2.3. Collision-Avoidance Methods and Limitations

This section provides an overview of conventional collision-avoidance methods and their limitations
followed by a discussion of novel applications, including the use of natural forces such as SRP and
drag.

Conventional Collision-Avoidance Methods

Conventional collision avoidance relies predominantly on propulsive maneuvers executed before the
TCA to modify the conjunction geometry and reduce collision probability (Patera & Peterson, 2003).
These maneuvers must balance effectiveness in reducing collision risk against constraints such as
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propellant consumption, operational impact, and the need to maintain the primary mission orbit
(Kim et al., 2012).

The optimal maneuver direction depends on the specific conjunction geometry, with the most efficient
approach typically being to increase the miss distance in the direction that maximizes the reduction in
collision probability per unit of velocity change (AV). For short-term conjunctions with well-defined
relative geometry, this optimal direction often aligns approximately with the semi-minor axis of the
combined position uncertainty ellipse in the encounter plane, generally perpendicular to the relative
velocity vector (Gonzalo et al., 2021a; Patera & Peterson, 2003).

The timing of avoidance maneuvers involves an important trade-off. Maneuvers executed earlier
provide more time for the position offset to grow through a longer maneuver duration, potentially
requiring less AV for a given miss distance. However, earlier maneuvers are based on less accurate
predictions, as the uncertainty generally grows with prediction time (Gonzalo Gomez et al., 2019).
Conversely, later maneuvers benefit from refined predictions but may require larger AV and provide
less time for verification and contingency planning (Carer & Mooij, 2025). Early maneuvers may lead
to performing more maneuvers than necessary, since waiting longer may lead to a decrease in P,
thus removing the need for a maneuver.

Various analytical and numerical approaches have been developed for designing optimal avoidance
maneuvers. Analytical methods, such as those developed by Patera and Peterson (Patera & Peterson,
2003) and Gonzalo et al. (Gonzalo et al., 2021a), provide closed-form solutions for simplified
scenarios that enable rapid evaluation of maneuver options. These approaches typically approximate
the maneuver effect through linearized dynamics and simplified perturbation models. More
comprehensive numerical optimization techniques incorporate high-fidelity propagation models
and can account for operational constraints, multiple conjunctions, and long-term orbit maintenance

requirements (Palermo et al., 2021).

Recent research has expanded conventional approaches to include continuous low-thrust maneuvers,
which offer advantages in efficiency and flexibility for spacecraft equipped with electric propulsion
systems (De Vittori et al., 2022; Hernando-Ayuso & Bombardelli, 2021). These maneuvers distribute
the avoidance actuation over an extended period, potentially reducing the peak acceleration and
allowing for more optimal use of limited power resources (Salemme et al., 2020). Studies by De Vittori
etal. (De Vittori et al., 2022) and Hernando-Ayuso and Bombardelli (Hernando-Ayuso & Bombardelli,
2021) have demonstrated that low-thrust approaches can achieve comparable or superior collision
risk reduction with lower propellant consumption compared to impulsive maneuvers, particularly

when planned with sufficient lead time.

Despite the advances in low-thrust technology, several limitations persist that motivate the exploration
of alternative approaches. The most fundamental constraint is the finite propellant reserves carried by
most spacecraft, which limit the number of avoidance maneuvers that can be performed throughout
a mission lifetime (Sdnchez-Ortiz et al., 2006). For spacecraft near the end of their operational lives or
those that have experienced propulsion system failures, conventional avoidance capabilities may be
severely limited or unavailable (Mishne & Edlerman, 2017).
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While collision-avoidance is an effective method for mitigating the risk of collisions in orbit, it does
not solve the underlying threat caused by a growing population of debris. As the number of debris
objects increase, the number of required maneuvers will simultaneously increase, potentially reaching
an unsustainable state. To prevent this state, it is necessary to remove defunct satellites from orbit.
Most satellites at sufficiently low altitudes de-orbit and burn up in the atmosphere, but large, defunct
satellites remain in orbit for years, continuing to pose a threat (Klinkrad et al., 2006). In order to
reduce the threat posed by such satellites in orbit, active debris removal (ADR) missions have been
proposed to capture and de-orbit these objects. These missions typically involve rendezvous and
capture of the target object, followed by controlled re-entry into Earth’s atmosphere to ensure safe
disposal (Liou et al., 2010). However, these missions are limited by their AV, particularly when
multiple debris targets need to be removed (Bonnal et al., 2013). The SWEEP (Space-waste Elimination
around Earth by Photon Propulsion) project aims to demonstrate the use of solar-sail technology
for ADR by capturing and de-orbiting multiple debris objects during a single mission !. Due to the
large surface areas of solar sails, they can experience increased collision risks during their mission.
The use of SRP and atmosphere drag to perform collision-avoidance maneuvers can be particularly
beneficial for such missions.

Novel Collision-Avoidance Methods

The increasing number of conjunction warnings presents operational challenges for satellite operators.
As the orbital population grows, the frequency of warnings requiring assessment and potential
response is expected to increase substantially (Le May et al., 2018). For satellites equipped with
conventional electric thrusters, a higher frequency of collision-avoidance maneuvers will require
larger power budgets or lead to compromises in the power budgets for other systems - this is
a significant limitation as satellites are becoming increasingly power-hungry given the trend in
onboard-computing and data-processing (Mishne, 2016; Weston et al., 2025).

These limitations have motivated research into alternative approaches, including nature-driven
collision-avoidance maneuvers that exploit environmental forces rather than onboard propellant.
Nature-driven maneuvers could lead to extended mission lifetimes through propellant conservation
and continued collision-avoidance capability for propellant-depleted spacecraft (Kim, 2024; Mishne &
Edlerman, 2017). Additionally, these approaches offer cost efficiency for satellites requiring multiple
avoidance maneuvers and promote sustainable space operations by reducing reliance on consumable
resources (Yang Yang et al., 2016).

Two primary environmental forces have been investigated for nature-driven collision avoidance:
atmospheric drag and SRP. Differential drag approaches exploit variations in spacecraft cross-sectional
area relative to the velocity vector to modulate atmospheric drag forces, enabling orbital adjustments
at lower altitudes (Varma, 2021). However, these methods are limited to orbits with sufficient
atmospheric density, primarily below approximately 600-800 km (Gonzalo Gomez et al., 2018). Drag
augmentation has been operationally demonstrated for orbit insertion via constellation phasing by
Planet, a commercial Earth observation company, highlighting the practical viability of differential
drag for orbit control (Foster et al., 2018). While the theoretical viability of differential drag-based
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collision avoidance has been established, it has not been operationally implemented yet (Aranda
et al., 2024; Serfontein et al., 2021).

SRP-based methods allow for orbital control through the appropriate orientation of solar panels,
deployable structures, or dedicated solar sails. Spacecraft can harness SRP to perform collision-
avoidance maneuvers without consuming propellant given sufficient time and suitable orbital and
physical parameters (Mishne & Edlerman, 2017). The primary advantage of SRP-based collision
avoidance is the propellant-less nature of the approach, which offers the possibility of extending
mission lifetimes by conserving limited propellant resources for primary mission objectives (Mishne
& Edlerman, 2017). For spacecraft that rely on electric propulsion with very limited thrust capability,
SRP-based methods may provide comparable effectiveness without power consumption or thruster
operational constraints (De Vittori et al., 2022). The effect of SRP is the most significant on solar sails,
making them potentially suitable for collision-avoidance applications.

The force direction available through SRP is constrained by the Sun-spacecraft geometry, limiting
maneuverability compared to conventional propulsion systems that can thrust in virtually any
direction (Kim, 2024). The optimal maneuvering direction for collision avoidance depends on the
specific conjunction geometry and is generally perpendicular to the relative velocity vector at closest
approach (Patera & Peterson, 2003). However, the available SRP force direction is constrained to the
half-space facing away from the Sun, with maximum force in the Sun-spacecraft direction (McInnes,
2004).

Environmental factors further limit SRP-based control. Earth’s shadow interrupts the effect of SRP
during eclipse periods, creating potential discontinuities in the planned maneuver that must be
accounted for in the design process (Ismail et al., 2015). In lower orbits, atmospheric drag interferes
with SRP effects, potentially enhancing or counteracting the desired maneuver depending on the
specific geometry and spacecraft orientation (Gonzalo Gomez et al., 2019). SRP and drag each create
unique acceleration envelopes for solar sails which are highly dependent on the sail’s attitude, its
orbital regime, and its position in orbit. While the two accelerations may counteract the effects of each
other, they can also be combined to achieve more effective maneuvers in certain scenarios (Carzana
et al., 2022). The combined effect of SRP and drag on solar sails for collision avoidance has not been
thoroughly investigated, and the potential benefits and limitations of this approach remain to be
explored.

However, the prospect of SRP-based collision avoidance faces significant challenges that must be
addressed to establish its viability as a practical approach. The relatively weak magnitude of SRP
compared to conventional propulsion systems represents the most fundamental limitation (Kim,
2024). The characteristic acceleration, which accounts for a spacecraft’'s AMR, achievable through
SRP typically ranges from 107> to 1072 mm/s? for dedicated solar-sail missions (Spencer et al., 2019).
These accelerations are several orders of magnitude lower than chemical propulsion systems and

significantly less than typical electric propulsion options.

A solar sail’s limited acceleration envelope and magnitude may necessitate longer lead times for
effective avoidance maneuvers. Research by Mishne and Edlerman (Mishne & Edlerman, 2017)
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suggests that for conventional satellites with solar panels, SRP-based methods may require three to
seven days of continuous operation to achieve miss distances comparable to conventional approaches,
depending on the specific conjunction geometry and spacecraft characteristics. This requirement
contrasts with traditional impulsive maneuvers, which can generate significant displacement within
hours of execution (Sanchez-Ortiz et al., 2006).

Recent work by Ambrosio (2025) shows that solar sails are capable of performing CAMs with an
average maneuver duration of 25 minutes at altitudes above 1000 km. The work considered an ideal
sail under the influence of central and J, gravity and SRP, and simulated a range of physical, orbital
and conjunction parameters. A "real", more conservative case was also simulated, which led to an
increase in average maneuver duration to 47 minutes. The sail was found to largely thrust in the
direction of sunlight with an in-plane acceleration component always present. Further, eclipses were
found to increase the maneuver duration. The results show that the performance of analytical LOCLs
is similar to that of numerical optimization methods, indicating that such control laws may be utilized
for performing CAMs. The work did not consider the effects of atmospheric drag as the altitudes
assessed were above 1000 km. This is the only known literature focused on solar-sail applications for
collision-avoidance, and presents promising results that fit within current operational frameworks
for CAMs.



3 Research Objective

Through the discussion in Chapter 2, a gap in existing literature was identified: the application of
sailcraft for collision-avoidance maneuvers using locally optimal control laws at altitudes where drag
cannot be neglected. This section presents the research objective and research questions that will be
addressed during the thesis.

Existing literature on novel collision-avoidance methods using SRP and atmospheric drag is limited
to low area-to-mass ratio (LAMR) objects, which result in maneuver durations in the order of days.
Recent demonstrations of solar-sail applications in LEO indicate that a sailcraft in an Earth-bound
orbit is capable of maneuvering using SRP alone (Ancona & Kezerashvili, 2024). Literature on the

applications of such maneuvering capabilities for collision-avoidance is, however, very limited.

The most relevant work related to collision-avoidance applications of sailcraft focused on higher
orbits where SRP and |, gravity were the only considered perturbations (Ambrosio, 2025), creating a
knowledge gap in lower orbital regimes. Further, Ambrosio (2025) showed that the performance
of locally optimal control laws do not significantly deviate from numerical optimization methods,
suggesting a simplified control approach may be sufficient in achieving optimal maneuver durations.
Addressing this research gap will help further characterize the collision-avoidance capability of
sailcraft in LEO and contribute to existing knowledge on the use of drag and SRP for maneuvering.

The following research objective and research questions are formulated to address the identified
research gap:

Research Objective

Evaluate the performance and applicability of locally optimal control laws for executing
collision-avoidance maneuvers of sailcraft in LEO between altitudes of 400 and 800 km.

Research Question 1

What are the minimum maneuver durations required to safely maneuver a sailcraft away from
a predicted collision using locally optimal control laws under the influence of solar radiation
pressure and atmospheric drag at altitudes between 400 and 800 km?

| r

Research Question 2

How are maneuver durations and the usage of control laws affected by different physical,

orbital and conjunction parameters, such as the sailcraft’s area-to-mass ratio, altitude, aspect

angle, and miss distance at the time of closest approach?




4 Methodologies

This chapter discusses the methodologies utilized in this work. Section 4.1 discusses the set-up
of the dynamical model, followed by Section 4.2 which explains the implementation of analytical
and numerical control laws. Section 4.3 presents the methods to generate representative synthetic
uncertainties, which are used in defining a conjunction scenario between two objects in Section 4.4.
Finally, Section 4.5 presents the optimization methods used to compute optimal collision-avoidance

maneuvers.

4.1. Dynamical Model

The dynamical model involves the creation of a numerical model in which defined sail and debris
objects can be propagated under the influence of perturbing forces. Subsection 4.1.1 presents the
reference frames utilized for the propagation and calculation of accelerations. Subsection 4.1.2
provides the formulation of the equations of motion and methods used to compute the accelerations
caused by each perturbing force. Finally, Subsection 4.1.3 provides an overview of the selection of

parameters used for the numerical integration and propagation.

4.1.1. Reference Frames

This work utilizes three different reference frames. The Earth-centered Inertial (ECI) reference frame,
illustrated in Figure 4.1, is used for orbit propagation. £gc; points towards the vernal equinox, Zgcr
points towards the geographic North Pole, aligned with Earth’s rotation axis, and §ec; completes the
right-handed frame (Vallado, 2001).

ZEc1 N

A /1

h T -

r
\%
VECI Earth ((Z_e_n_te_ﬂ: | , 2
XECI D7
Iig 7
Vernal equinox, y .~ Trajectory
Figure 4.1: Earth-Centered Inertial (ECI) reference frame Figure 4.2: Radial-Tangential-Normal (RTN) reference

with r defining the sail position frame centered on the solar sail.

The Radial-Tangential-Normal (RTN) reference frame, illustrated in Figure 4.2, is used for the
formulation of state covariance ellipsoids and calculation of aerodynamic forces and miss distances

16
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at TCA. R points in the radial direction, away from the Earth’s center towards the spacecraft. N
points in the normal direction, aligned with the orbital angular momentum vector, and T points in

the tangential direction, completing the right-handed frame.

The third reference frame used in this analysis is the sunlight reference frame, which is useful for
modeling SRP effects. The sunlight reference frame is illustrated in Figure 4.3, reproduced from
Carzana et al. (2022). %, points in the direction of sunlight, away from the Sun, s = Zrcr X %5, and
z; completes the right-handed frame. The sail normal vector, n, and cone angle, a, are used in the
formulation of the SRP acceleration, in Section 4.1.2.

A

Xs

Figure 4.3: Sunlight reference frame with cone angle, «, and clock angle,  (adapted from Carzana et al. (2022)).

The aspect angle, 5, is defined as the angle between the angular momentum vector of the sail’s
orbit, h and the Sun-Earth direction, ¥;, and will be used in the explanation of methodologies and
discussion of results in this report due to its effectiveness in quantifying the performance of solar
sails (Gamez Losada et al., 2024).

4.1.2. Equations of Motion

The equations of motion are formulated using the object state in Cartesian coordinates. This allows
for the sum of the forces acting on the object at a given moment to be integrated over time. The four
forces considered are the central and ], gravity of the Earth, atmospheric drag, and SRP. In LEO
regimes of altitudes below 800 km, |, and atmospheric drag are dominant perturbing forces (Reid,
2017), and given the analysis of solar sails in this work, SRP is also considered a significant force. The
equations of motion in Cartesian coordinates of a spacecraft in the ECI reference frame are expressed
as:

dr
- = 4.1
Tl (41)
dv
E = Qtotal = Agravity +aj, +agrp + Adrag (42)

wherer = [x, v, z]" represents the position vector, v = [vy, vy, v,]T denotes the velocity vector, and
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asot41 15 the total acceleration vector comprising contributions from Earth’s central gravity and the
three perturbing forces.

Point Mass Gravity
The primary gravitational acceleration due to Earth’s central mass is modeled as a point mass
attraction (Wakker, 2015):

HEarth
1/3

Agravity = — r (4.3)
where g, = 3.986004418 X 10'* m3/s2? is Earth’s standard gravitational parameter (Vallado, 2001)
and r = |r] is the magnitude of the position vector.

J2 Perturbation

The oblateness of Earth introduces a significant perturbation to the gravitational field, modeled
through the |, coefficient. The ], perturbation acceleration is given by (Yang et al., 2022):

. |xlsE-)
Bueartn]2R
ay, = 5 art2r4 Earth y(Si_; _1) (4.4)
z (5% -3)

where J, = 1.08262668 x 1072 and R, = 6.378137 X 10° m is Earth’s equatorial radius.

Solar Radiation Pressure Model
An ideal sail model is considered to be sufficient given the scope and focus of this work, and is used
for the calculation of the acceleration due to SRP with the following assumptions:

¢ Flat and rigid surface
® Specular reflection
¢ No externally-induced torques

¢ Constant SRP

These assumptions dictate that all SRP accelerations act through the sail’s center of mass and along
its normal. The SRP acceleration is thus modeled in the sunlight reference frame as (McInnes, 2004):

agrp = va.cos’an (4.5)

where v € [0,1] is the shadow factor, « is the cone angle as defined in Figure 4.3, n is the sail normal
vector defined in the sunlight reference frame, and a. is the characteristic acceleration, defined as
(McInnes, 2004):

2P
=" 4.6
ac co, (4.6)
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with the following terms redefined for convenience: Py = 1361 W /m?, representing the solar flux
constant at 1 AU, ¢ = 299792458 m/s, representing the speed of light, and o5 is the sail loading
parameter, defined as the ratio of the sail’s mass to surface area.

Atmospheric Drag Model

Atmospheric drag becomes the dominant perturbing force at low altitudes, particularly below
altitudes of 800 km during times of high solar activity, as shown in Figure 4.5a. The NRLMSISE-00
empirical density model is used in this work due to its higher fidelity in comparison to exponential
and other standard atmospheric models (Picone et al., 2002). The drag acceleration for a satellite in
LEO is modeled using (Vallado & Finkleman, 2014):

1 pAdrug Cp

Adrag = _ETvre”Vrell (4.7)

where:

¢ pis the atmospheric density
* Augrag is the effective cross-sectional area
* Cp is the drag coefficient

* v, is the velocity vector relative to the rotating atmosphere

For an exponential atmosphere, the density is modeled as (Vallado & Finkleman, 2014):

Rait — ho) 4.8)

p(hair) = poexp (— 5

where py is the reference density, h,; is the altitude, hg is the reference altitude, and H is the scale
height. The NRLMSISE-00 model incorporates solar and geomagnetic activity indices to provide
time-dependent density estimates based on (Picone et al., 2002):

p = f(hait, O1at, Oron, t, F10.7, Fro74, Ap) (4.9)

where 0;,¢ and 0j,,, are the geographic latitude and longitude, respectively, ¢ is the epoch, Fy¢ 7 is the
daily solar flux index, F1o.74 is the 81-day average solar flux, and A, is the geomagnetic index.

The variation in SRP is approximately 0.1% during the 11-year solar cycle, and is therefore considered
negligible in comparison to the sensitivity of the atmospheric density to changes in the flux and
geomagnetic indices (Ermolli et al., 2013). The main parameters affecting the output of the NRLMSISE-
00 model are the solar, geomagnetic and geographic parameters. In this work, the atmosphere is
considered to be homogenous across latitudes and longitudes, as these parameters have relatively
smaller effects on the computed density in comparison to the solar and geomagnetic flux (Picone
etal., 2002).
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To assess the sensitivity of the atmospheric density model implemented in this work to solar and
geomagnetic fluxes, minimum and maximum values for these parameters during the 11-year solar
cycle are chosen based on Figure 4.4 and plotted for the modelled perturbations at different altitudes,
in Figure 4.5, which is shown for an AMR of 5 m?/k g for circular orbitsand Cp =2.2=and C, =1,
representing the drag and radiation coefficients, respectively (Colombo et al., 2017).
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Figure 4.4: F10.7cm flux data and geomagnetic index used in the NRLMSISE-00 model. (a) F10.7cm flux variation and (b)
geomagnetic Ay index measurements and predictions (NASA Marshall Space Flight Center, 2025).
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Figure 4.5: Variation of point-mass gravity, ], SRP and drag accelerations with altitude, including the range of drag
variation between Solar minimum and maximum for (a) F10.7cm flux variation and (b) geomagnetic Ay index variation for
default values of Ay = 15 and F10.7 flux = 150, respectively.

Figure 4.5 shows that depending on the point within a solar cycle, the magnitudes of SRP and drag
are equal between an altitude range of approximately 520 to 830 km for minimum and maximum
solar flux values. The variation indicates that the acceleration due to drag is highly sensitive to the
solar cycle. The A, boundaries lead to a variation of up to approximately 20 km in altitude at which
the relative magnitude of the SRP and drag forces are equal. The analyses in this work are performed
for average flux and geomagnetic values, but Figure 4.5 will help contextualize the obtained results.
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Eclipse Modeling

The solar radiation pressure is interrupted during eclipse periods when the spacecraft passes through
Earth’s shadow. A conical eclipse model, as illustrated in Figure 4.6, is implemented to determine the
eclipse state:

0 ifBs, <6 + 6
V= sep Earth Sun (4'10)
1 otherwise

where ;. is the angular separation between Earth and Sun as viewed from the spacecraft, O, =
arcsin(Rgqt /1) is Earth’s angular radius, and Os,, = arcsin(Rsy, /7sur) is the Sun’s angular radius,
with Rsyun = 6.957 x 108 m representing the Sun’s radius (Vallado, 2001) and s, representing the
position of the spacecraft with respect to the Sun. While a continuous shadow function is typically
utilized to model shadow factors between zero and one within the penumbra region (Li et al., 2019),
this work assumes that a shadow factor of v = 0 is used in both umbra and penumbra regions to
remain conservative.

Penumbra

Figure 4.6: Conical eclipse geometry showing the umbra and penumbra regions formed by Earth’s shadow (not to scale).

4.1.3. Numerical Integration

For the propagation of the sail’s state, the Cowell propagator is chosen as it demonstrates high
accuracy for propagations including geo-potential and drag perturbations (Pollock, 1994). However,
according to Pollock (1994), the Cowell propagator, while the most accurate, is also computationally
expensive. To choose a suitable combination of accuracy and computational efficiency, an integrator
analysis is conducted to select a specific integrator and appropriate relative and absolute tolerances.
The chosen settings from the integrator analysis along with other parameters used in the dynamical
model are provided in Table 4.1. The results of the integrator analysis can be found in Appendix A.

Table 4.1: Parameters used for the set-up of the dynamical model, including environment models and numerical
propagator/integrator choices.

Gravity Oblate Earth (central and J,)
Atmospheric density NRLMSISE-00
SRP model Ideal
Sun ephemeris SPICE
Eclipse Conical (conservative)
Propagator Cowell
Integrator DOP853 (rtol = 1078, atol = 107%)
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4.2. Control Laws

This section describes the control laws utilized in this work. The control objective is driven by the
need to modify the spacecraft’s orbit to reduce the collision probability at a predicted conjunction.
This work considers the use of locally-optimal control laws to maximize the instantaneous rate of
change of specific orbital elements; a specific subset of these control laws demonstrated similar
performance to a direct collocation method (Ambrosio, 2025), and their applicability is therefore
assessed in this work. Subsection 4.2.1 provides the thrusting vectors for locally-optimal control,
followed by an analytical formulation of the optimal sail orientation to maximize accelerations along
the optimal thrusting vector in Subsection 4.2.2. Subsection 4.2.3 develops a numerical methodology
for computing the optimal sail orientation when subject to both SRP and drag forces.

4.2.1. Locally-optimal Control
The optimization of orbital element rates under low-thrust propulsion is formulated using Gauss’s
planetary equations in the RTN reference frame. For a spacecraft subjected to perturbative acceleration

a = [ag, ar,an]?, the instantaneous rates of change of classical orbital elements are governed by
(Battin, 1999; Pu et al., 2025):

da 2a? .

9 T 7, |AResn 0 + aTé (4.11) % = % [agsin O + ar(cos O + cosE)]  (4.12)
di acosu dQ  asinu
dt h dt hsini N ( )

where i = \[ua(1 - ¢2) is the specific angular momentum, p = a(1 — ¢?) is the semi-latus rectum,
0 is the true anomaly, E is the eccentric anomaly, and u = w + 0 is the argument of latitude. The
argument of periapsis is omitted in this analysis as its locally-optimal control law is undefined for
eccentricities of e = 0 (Macdonald & McInnes, 2005). The true anomaly is not considered a modifiable
orbital element as it only describes the position of an object within its orbit, and not the orbit’s shape,
size, or orientation (Nugnes, Colombo, et al., 2022).

Each orbital element rate can be expressed as a linear combination of acceleration components:

d(ce
% = Crag + Crar + Cnan (415)
where the coefficients Cr, Ct, and Cy are extracted directly from Gauss’s equations. To maximize
the instantaneous rate of change for a given thrust magnitude, the optimal thrust direction Aqpt must
align with the coefficient vector C = [Cg, Cr,C N1 (Kechichian, 1997):

C

] (4.16)

Aopt =
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Applying the optimization methodology to each orbital element yields the following optimal thrust
directions, or primer vectors, in the RTN frame:

esin@ 0
Aog=|1+ecosf (4.17) Ao = 0 (4.18)
0 sgn(cos(w + 0))
sin 0 0
Ao = |cos O + cos E (4.19) Ao = 0 (4.20)
0 sgn(sin(w + 0))

These results demonstrate that in-plane orbital modifications require coordinated radial and tangential
thrust components, while out-of-plane changes are achieved through strategically timed normal
thrust maneuvers. The detailed mathematical derivations for each orbital element are provided in
Appendix B.

4.2.2. SRP-only Control

An analytical formulation for optimal sail orientation to maximize the SRP acceleration along a
primer vector, defined in Equations 4.17-4.20, is provided by McInnes (2004). Given a ) and 6,, which
define the cone and clock angles of the primer vector in the sunlight reference frame, respectively, the
optimal cone and clock angles can be formulated.

The optimal cone angle, a,, is determined by:

1[-3cosa, + \/9 cos? o, + 8sin® a,
4sin oy

Qopt = tan™ (4.21)

The optimal clock angle, 6, is given by:

Sopt = 04 (4.22)

These optimal cone and clock angles provide the instantaneously optimal sail orientation for
maximizing the rate of change of the desired orbital elements along the relevant primer vectors in
Equations 4.17 - 4.20. This analytical control law will be referred to as SRP-only, as it only maximizes
the SRP acceleration component along the primer vector. Since the research objective of this work
involves analyses at low altitudes where atmospheric drag is non-negligible, a control law that
accounts for the effects of both SRP and drag needs to be implemented. The SRP-only control law
will still be suitable at altitudes above approximately 800 km, where atmospheric drag effects are
negligible.
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4.2.3. SRP+Drag Control

Unlike the SRP-only control law, no analytical formulation exists to maximize the combined effect
of SRP and drag along a primer vector (Carzana et al., 2022). Carzana et al. (2022) presents a
sophisticated numerical optimization method to formulate a "full-dynamics" locally-optimal control
law to find optimal sail orientations under both SRP and drag effects. However, reproducing this
methodology was considered to be out of the scope of this work. A simplified grid-search method is
implemented in this work instead.

Given that a single-phase grid-search would be too computationally expensive to obtain accurate
results, a hierarchical grid-search is implemented. To limit the search space, a two-stage grid-search
is performed, using a coarse grid to identify the best potential areas and then using a finer grid to
converge to the optimal orientation. This method allows for a more efficient search space when
compared to a full grid-search over all possible orientations. However, there are potential pitfalls
to using this method; there is no guarantee of global minimum given the restricted and discrete
nature of the search. Further, when the relative drag magnitude is large, near-edgewise cases can
lead to rapid changes in the optimal normal vector, as there are multiple attitudes at which drag is
minimized. These edge-cases were tested for selected scenarios in which expected convergence was
observed, but there is no guarantee that unexpected behaviour may not arise in certain scenarios.

The SRP+drag control problem can be formulated as an optimization of the combined acceleration
vector asgrp+drag acting on the solar sail, which comprises contributions from both SRP and atmospheric
drag:

ASRP+drag = asgp(a, 0) + adrag(a/ 0) (4.23)

The SRP and drag acceleration formulations are provided in Chapter 4.1; note that the drag acceleration
vector needs to be formulated in the sunlight reference frame with defined cone and clock angles. A
lift force is also typically generated in addition to atmospheric drag, but is ignored in this analysis as
it is an order of magnitude smaller than drag (Ivanov et al., 2018).

Hierarchical Grid-Search Optimization
The optimization of the combined acceleration along the primer vector A is formulated as:

max AT agrp.drag(a, ) (4.24)

subject to the physical constraints:
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(@]
IA
Q

IA

(4.25)

o
IA
(e%)
IA
N
3 NIA

(4.26)

Phase 1 - Coarse grid-search: The attitude space is discretized using a coarse grid with resolution
At coarse and Adcoarse- The objective function is evaluated at each grid point:

flai, 67) = ATagrp(ai, 6)) + adrag(ai, 6;)] (4.27)

wherei=1,2,...,Nyand j =1,2,..., Ns represent the discrete grid indices.

Phase 2 - Fine Grid Refinement: The search is refined within a local neighborhood around the
optimal solution from Phase 1:

Qfine € [a" = Adtcoarse, @ + Atcoarse] (4.28)
6ﬁne € [(Yb - A5coarSEI o' + A(Scoarse] (429)

with finer resolution Adfine < Alcoarse aNd Adfine <K Adcoarse, and a* and 6* representing the optimal
cone and clock angles, respectively, found through the coarse grid-search.

The coarse and fine grid-searches are visualized in Figure 4.7, showing a uniformly distributed grid
across a search space by a range and resolution of cone and clock angles within their respective
angular domains. The domains are chosen via trial and error while ensuring that all possible
orientations are contained within them.

a [rad] (a*,0%) a [rad] (™, 6™)
7'(/2‘\ \ n/zA \

| '
/4 Refine /4 <

0 0 - 2n> 0 [rad] 00 - 2n> 0 [rad]

Figure 4.7: Hierarchical grid-search optimization for combined SRP+drag control, employing a two-phase approach: (1)

coarse grid evaluation across the attitude search space («, 0), and (2) fine grid refinement within a local neighborhood of
the coarse optimum. The search space is defined by a search angle.

The combined SRP+drag control algorithm is summarized in the following steps:
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Algorithm Steps:

1. Evaluate f(a;, 6;) on a uniformly-distributed coarse grid
Identify (o, 6*) = arg max f
Define refinement region around course-optimum using search angle

Evaluate f(a;, 6;) on fine grid

AR

Return (a™, 6™) = arg max ffine
Force Magnitude Threshold and Switching Logic

The relative significance of SRP and drag forces varies substantially with altitude and sail orientation.
To address computational efficiency and control stability, a threshold-based switching mechanism is
implemented, such that when either SRP or drag is the dominant force, a switch is made to analytical
SRP-only and drag-only control laws. The relative force magnitude ratio is defined as:

|asrp|
R =
force | adragl

(4.30)

agrp and agrag were computed using the maximum effective cross-sectional areas in both cases,
respectively. A threshold of Rforee = 0.01 and Rgoree = 100 were chosen for switching to drag-only
and SRP-only control laws, respectively, as at these thresholds it was observed that the SRP+drag
control law resulted in negligible discrepancies with the drag-only or SRP-only control laws. Once
the detected relative magnitude of SRP is below the threshold, the combined control law is simplified
to the drag-only binary control method with two modes:

v (face-on, maximum drag)
n= R (4.31)
vxh (edge-on, minimum drag)

The face-on and edge-on orientations are optimal for a,,;, (semi-major axis minimization) and a,,x
(semi-major axis maximization) control laws, respectively; since the drag force only acts opposite to
the velocity direction, as shown in Equation 4.7, it is not possible to generate accelerations with an
out-of-plane component, therefore limiting the drag-only control to SMA (semi-major axis) control
laws.

The hierarchical grid-search approach provides a computational advantage over exhaustive search
methods, reducing the total number of function evaluations from O(N, X Ns) to O(Ng,coarse X
N5,coarse + N fine X N fine). However, this methodology introduces several inherent limitations that
must be acknowledged. The selection of appropriate grid resolutions represents a critical trade-off
between solution accuracy and computational expense. Very coarse grids may fail to capture optimal

solutions, while overly fine discretizations can lead to very long computation times.

Figures 4.8 and 4.9 show the optimal cone angle achieved by the grid-search for two scenarios in
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which the sail is at a true anomaly of 0 degrees in complete sunlight using a,,,x and a,,i, control. In
the first scenario, shown in Figure 4.8, the grid-search is performed for varying number of coarse
and fine grid points at an altitude of 1000 km, where drag can be neglected. It is expected that the
SRP+drag control law converges to the optimal SRP-only sail cone angle in this configuration of +/-35
degrees (McInnes, 2004), which is indeed observed. A step-like convergence is observed, likely due to
the discovery of more optimal orientations after a certain increase in grid resolution. Figure 4.9 shows
the same results for an altitude of 590 km, where drag is more dominant than SRP but still within the
switching threshold, as observed in Figure 4.5a. As expected, the increased effect of drag leads to a
compromised cone-angle for a,,,y, but the effect is still dominant enough for the sail to orient itself at

a cone angle of 90 degrees, corresponding to a face-on orientation, when using a,,;, control.
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Figure 4.8: Convergence of the optimal cone angle for the SRP+drag control law at a 1000 km altitude and a true anomaly
of zero degrees in complete sunlight for (a) a2y and (b) a,,;;, control.
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Figure 4.9: Convergence of the optimal cone angle for the SRP+drag control law at a 590 km altitude and a true anomaly of
zero degrees in complete sunlight for (a) a4y and (b) a,,;;, control.

Table 4.2 presents the parameters used in this analysis for the hierarchical grid-search for the SRP+drag
control, found through a mix of trial-and-error and an analysis of the convergence behaviour of the

optimal cone angle in obtaining known solutions.

and

Amax

Figures 4.10 and 4.11 show schematics of the sail in relation to the SRP acceleration envelope, A

ASRP+drag with its vector components. Figures 4.10 represents the SRP-only control law maximizing
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Table 4.2: Parameters used for the grid-search optimization for the SRP+drag control law.

Coarse Grid Points 20
Fine Grid Points 25
Search angle [deg] 50

asgp along A, in the presence of a non-negligible drag acceleration. This results in a asrp+drag
that is ineffective in increasing the SMA due to its negative component along A,,,,.. Figure 4.11, on

the other hand, maximizes asrp+4rag itself, resulting in a positive component along A,,,, ., and thus
an increase in the SMA.
Trajectory . Trajectory .
. 1 A 1 A
Sall Sall Amax
ASRp
-7
ASRP+drag

ADrag

Figure 4.10: Optimal sail orientation at 0 = 0 and = 90 for Figure 4.11: Optimal sail orientation at 0 = 0 and = 90 for
maximizing aggrp along A,,,,. in the presence of a maximizing the combined effect of SRP and drag,
non-negligible drag acceleration, dpy,g-. ASRP+drag, along Ag,,,..

Figures 4.12 and 4.13 show the evolution of the acceleration vector direction and magnitude for a
polar orbit with § = 0 deg at 1000 km and 590 km, respectively, when using the a,,, and a,,;, for
SRP+drag control. The sail orientation representations in Figures 4.10 and 4.11 correspond to the dark
blue dots in Figures 4.12a and 4.13a, respectively. At an altitude of 1000 km, the SRP+drag behaves
like the SRP-only control law, with a,,;, in Figure 4.12b showing the acceleration vector directed
opposite to the orbit’s positive tangent, as expected. At an altitude of 590 km, the effect of drag leads
to a face-on orientation with respect to the velocity when using a,,i,, as seen in Figure 4.13b.

Acceleration Magnitude [m/s?]
Acceleration Magnitude [m/s?]
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Figure 4.12: Evolution of the acceleration vector for SRP+drag SMA control laws over one orbit for an aspect angle and
inclination of 90 degrees at an altitude of 1000 km.
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Figure 4.13: Evolution of the acceleration vector for SRP+drag SMA control laws over one orbit for an aspect angle and
inclination of 90 degrees at an altitude of 590 km.

Figure 4.14 shows the evolution of the SMA for a polar orbit with = 0 degrees using a,,,, control
with respect to a nominal orbit, where the sail normal remains pointed towards the Sun at all times;
Figure 4.14a is shown for the SRP-only control law, and Figure 4.14b is shown for the SRP+drag
control law. The SRP+drag control is capable of maintaining the SMA with an increase in SMA of
approximately 0.1 km in 24 hours compared to a decrease in SMA of approximately 2.7 km for the
SRP-only control in the same duration; this decrease is due to asrp+4rag having a negative component
along A;,,.., as shown in Figure 4.10. The increase in SMA observed in Figure 4.14b is caused by the
positive component of asrp+drag along A,,, ., corresponding to Figure 4.11. This shows the relative
effectiveness of using SRP+drag control over SRP-only control at altitudes where drag cannot be

neglected.
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Figure 4.14: Evolution of SMA over 24 hours for SRP-only and SRP+drag a4 control laws compared to a nominal orbit.
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4.3. Uncertainty Generation

In order to simulate the collision risk between two objects, it is necessary to obtain their state uncertain-
ties at the TCA. The reliability of uncertainty characterization, commonly referred to as uncertainty
realism, is fundamental for effective Space Situational Awareness and collision avoidance operations.
Traditional theoretical covariance matrices generated during orbit determination processes often
fail to adequately represent the true orbital uncertainties experienced in operational environments.
These limitations arise from several sources, including incomplete force modeling, un-modeled
perturbations, and tracking measurement biases that are not captured in the standard covariance
propagation process. This section outlines the methodology employed to generate representative
uncertainties through a fitting process performed on a dataset of CDMs.

4.3.1. Covariance Model

The covariance model employed in this work is based on the simplified formulation presented in Zollo
et al. (2024), which assumes diagonal positional uncertainties without velocity cross-correlations.
The assumption of uncorrelated velocity uncertainties is justified by the relatively short prediction
spans typically encountered in collision avoidance scenarios. This approach significantly reduces
computational complexity while maintaining sufficient accuracy for collision avoidance applications.

The covariance matrix C for each object is constructed in the RTN reference frame, illustrated in Figure
4.2, which provides an intuitive representation of orbital uncertainties. The simplified covariance

matrix is formulated as:

(712{ 0 O
CRTN =|(0 G% 0 (4.32)
0 0 o3

where og, o7, and oy represent the 1-0 positional uncertainties in the radial, tangential, and normal

directions, respectively.

4.3.2. Dataset

The dataset utilized in this work is provided by the European Space Agency (ESA)! and contains over
160,000 conjunctions representing approximately 13,000 unique events. Figure 4.15 illustrates the
coverage of the dataset across different parameters, demonstrating comprehensive representation
across the orbital regimes of interest to this work. The most represented orbits are near-circular with
altitudes between 400 and 800 km and a spike in data density at inclinations of near 100 degrees,
indicating a comprehensive representation of SSO orbits. Relatively low solar fluxes make up a
majority of the dataset, and object sizes are below 5m?. The CDMs are well represented at different
times before the TCA, up to 7 days.

Thttps:/ /kelvins.esa.int/ collision-avoidance-challenge/data/ (accessed on 14 June 2025)
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Figure 4.15: Distribution of the six fitting parameters within the dataset.

Each CDM in the dataset contains the following key information for the primary and secondary
objects:

e QOrbital elements

Time to TCA (time interval between CDM generation and TCA)

Solar weather conditions

Relative state at TCA in RTN coordinates
® 6x6 covariance components

e Cross-sectional area

This information can be used to derive cross-correlations between different parameters to develop
robust fitting methods.

4.3.3. Classification

The classification process aims to group CDMs with similar uncertainty characteristics to enable
effective statistical analysis and curve-fitting. Following the methodology described in Zollo et
al. (2024), the classification scheme considers five parameters that significantly influence orbital
uncertainty evolution:

1. Altitude of Perigee: Objects at different altitudes experience varying levels of atmospheric drag
and gravitational perturbations, directly affecting uncertainty growth rates.

2. Eccentricity: Highly eccentric orbits exhibit complex uncertainty evolution patterns due to
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varying orbital velocities and altitudes.

3. Inclination: The inclination affects exposure to solar radiation pressure and the relative
importance of various gravitational perturbations.

4. Solar Flux Index (F10.7): Atmospheric density variations driven by solar activity significantly
impact uncertainty evolution, particularly for objects in drag-dominant regimes.

5. Object Cross-sectional Area-to-Mass Ratio: This parameter influences sensitivity to both
atmospheric drag and solar radiation pressure.

The classification procedure divides the parameter space into discrete bins, creating a multi-
dimensional grid of orbital classes. The bin sizes are selected to ensure adequate statistical
representation within each class while maintaining sufficient resolution to capture parameter
dependencies. The following binning strategy is employed (Zollo et al., 2024):

Table 4.3: Dataset classification parameters (Zollo et al., 2024).

Perigee Altitude () 8 [400, 1000] km
Eccentricity (e) 6 [0,0.2] -
Inclination (7) 7 [0, 180] Degrees
Solar Flux (F10.7) 6 [70, 250] SFU
Size (s) 5 [0.001, 10] m?

Each CDM is assigned to the appropriate class based on its orbital and physical parameters. Classes
with insufficient statistical representation (fewer than 10 CDMs) are merged with neighboring classes
to ensure robust curve-fitting results (Zollo et al., 2024).

The covariance matrix is modelled as a function of these 5 parameters, in addition to the time between
the CDM epoch and the TCA, At:

C = f(At,F10.7,s, hy, e, 1) (4.33)

The covariance itself is not propagated in this time, it is fitted to be representative of the expected
covariance at the TCA given At and the five other parameters.

4.3.4. Curve-Fitting

Once the CDMs are classified into appropriate orbital classes, the positional uncertainties in each
RTN component are analyzed as functions of the prediction time span At. The curve-fitting process
employs a non-linear least-squares regression, using a quadratic fit to capture the temporal evolution
of orbital uncertainties, following the approach established by Zollo et al. (2024).

For each orbital class and RTN component, the uncertainty evolution is modeled using:

0j = aj + bjAt + cj(At)? (4.34)
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where j € {R, T, N} represents the RTN coordinate components, At is the prediction time span from

the epoch of the orbital state to the TCA, and a;, bj, and c; are the fitting coefficients determined
through the regression.

The quadratic form is selected to capture both the linear uncertainty growth typically associated with
process noise and the quadratic growth characteristic of un-modeled accelerations (Zollo et al., 2024).
The physical interpretation of the coefficients is as follows:

* a;: Initial uncertainty level, representing measurement errors and state determination accuracy
* b;: Linear growth rate, associated with process noise and systematic biases

* ¢;: Quadratic growth rate, related to un-modeled accelerations and force model uncertainties
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Figure 4.16: Fitting results for different propagation times for a relatively (a) sparse and (b) dense dataset.

Figure 4.16 shows the results of the fitting for two classes within the dataset, one with sparse data
points and another with relatively dense data points. The vertical axis represents the 1-sigma RTN
position uncertainties. The trends in uncertainty magnitude and temporal growth are clear in both

classes; the tangential uncertainty is much larger than the normal and radial components, with the
uncertainty increasing more with propagation time.

The quality of the curve-fitting is assessed using the root-mean-square error (RMSE) of the fit; Figure
4.17 shows the results of the implemented curve-fitting applied to the ESA dataset and a smaller
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dataset of CDMs of the Delfi? satellites, accessed internally from TU Delft. The mean RMSE of 2540.47
meters obtained from the fitting performed on the ESA Dataset is similar to the equivalent value of
2649.15 meters obtained by Zollo et al. (2024), verifying the implementation of the fitting method and
confirming the equivalent representation of position uncertainties between the ESA dataset used in
this work and the GSOC (German Space Operations Centre) dataset used by Zollo et al. (2024). The
larger uncertainty of 9127.53 meters obtained from the fitting performed on the Delfi dataset is likely
caused by the smaller dataset of 876 CDMs of the Delfi satellites.
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Figure 4.17: 3D RMS residuals for the fitted coefficients against the (a) CDM dataset from ESA and (b) Delfi dataset.

The RMS residuals obtained by Zollo et al. (2024) are provided in Appendix A, where a comparative
analysis is made with the implemented method in this work for verification purposes.

4.4. Conjunction Definition

This section explains the process used to define a conjunction between a sail and debris object at a
TCA. The computation of collision risk metrics are first presented in Subsection 4.4.1, followed by the
formulation of a synthetic collision-avoidance scenario in Subsection 4.4.2.

4.4.1. Collision Risk Metrics

The collision probability P. and the Mahalanobis distance dj are used to quantify the risk of collision
between two objects. The collision probability is calculated using the 2D Foster method, according to
Equation 4.35, and the Mahalanobis distance is calculated using Equation 4.37 (Foster, 2001; Hall
et al., 2023). Equation 4.36 shows the Alfano method for calculating the collision probability, which
uses analytical approximations resulting in a faster, but more conservative, estimate of the collision
probability (Alfano & Oltrogge, 2018). The encounter plane is defined by T, which is aligned with the
relative velocity vector between the two objects at TCA, and N, which is perpendicular to T and lies

in the encounter plane, which is normal to the relative velocity vector.

1 1 _
PCFaster = ﬂ exp (__(rC - 6c)TC 1(rc - 6c) drc (435)
D 211+/|C] 2

Zhttps:/ /www.tudelft.nl/1r /delfi-space /delfi-program (accessed on 4 September 2025)
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2
R exp ( L 6Z’c—1ac) (4.36)
2n

dv = +/67C16, (4.37)

PCAIfano =

where:

* D ={r. =[x,y]" : x> + y?> < R?} is the collision disk

6. = [61,0n]" is the miss vector in the T — N encounter plane

— cT-N T-N : . o . .
Cc=C primary T Cecon dary 18 the combined 2x2 position covariance matrix

|C| = det(C) is the determinant of the covariance matrix

R = R1 + R5 is the combined HBR

* 1. =[x, y]" is the position vector in the T — N encounter plane

In addition to the covariances of the primary and secondary objects, in order to compute P, and dp,
a miss distance in RTN at TCA needs to be defined, and knowledge of the HBR of both objects is
required. The inclusion of the Mahalanobis miss distance as a collision risk metric is justified due to
dilution effects of the 2D collision probability method. For increasing uncertainties, the predicted
collision probability initially grows, but begins to decrease after a point, leading to a false sense of
safety caused by extremely large uncertainties (Modenini et al., 2022). The Mahalanobis distance is a
useful metric to consider in such scenarios, as it represents an uncertainty-scaled miss distance, and
thus remains small when uncertainties are large, even when large miss distances can cause diluted
collision probabilities (Alfano & Oltrogge, 2018).
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Figure 4.18: Evolution of P, and d); with propagation time
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The dilution effect is illustrated in Figure 4.18, showing the evolution with time of the implemented
2D Foster collision probability and Mahalanobis distance. Longer propagation times correspond
to increased uncertainties, and the dilution effect is clearly evident for the collision probability, as
it starts to decrease after a propagation time of approximately 70 hours. While this is much longer
than the expected duration of collision-avoidance maneuvers, the dilution effect may kick-in at lower

propagation times in certain scenarios.

4.4.2. Collision-Avoidance Scenario Definition

Figure 4.19 shows a 3D schematic of an example conjunction scenario definition. A conjunction at
some TCA is defined by the relative separation of the primary object in RTN coordinates with respect
to the secondary object. The primary and secondary objects are then back-propagated from this TCA
state to their initial states which are achieved after some propagation time. The specific propagation
time is determined by the optimizer, discussed in section 4.5. The back-propagation represents
the nominal trajectories of both objects and is performed without any control or non-conservative
perturbing forces to preserve the resulting effects of the optimal control laws. From their initial states,
the primary and secondary objects are forward-propagated using the eight different control laws,
as defined in Section 4.2. Depending on the outcome of the controlled forward-propagation, the
back- and forward-propagation may be performed multiple times to achieve a desired collision risk
reduction at the TCA.
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Figure 4.19: Back-propagation (nominal trajectory) to initial states from the TCA.

Figure 4.20 shows a visualization of the collision-avoidance scenario definition. The first step of
running a simulation involves the definition of the orbital and physical parameters of the primary
and secondary objects and their conjunction parameters at the TCA. Based on the state of the objects
at an initial guess of propagation time, representative position covariance matrices at the TCA are
generated using the fitted coefficients. The yellow box contains the modules used to generate the
fitted covariance coefficients; this process is performed once, as the covariance coefficients are stored
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in different classes and accessed as required during each iteration of the optimizer for each control
law. From the states at the initial guess, the primary and secondary objects are propagated to the TCA
by applying each control law to the sail. P. and djs are computed using the covariance uncertainties,
miss distance at TCA and the combined HBR of the two objects. Based on the collision risk metrics,
the optimization module determines the successive propagation time guesses to converge to an
optimal maneuver duration and corresponding control law.
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Figure 4.20: Methodology for defining the conjunction and collision-avoidance scenario.

Table 4.4 shows the main scenarios used in generating some results.

Table 4.4: Selected orbital scenarios used to generate results.

Altitude [km] 500 590 1000
Aspect angle [deg] 0/90 0/90 0/90

The SMA and RAAN are chosen as the key orbital parameters to vary as the SMA (and hence
altitude) is the only orbital parameter that effects a4, (given the assumptions of a geographically
homogenous atmosphere, stated in Section 4.1) and the aspect angle, which can be obtained given a
certain RAAN and inclination of an orbit, significantly influences asgp. The eccentricity of all initial
orbits is assumed to be zero, and the inclination is set to be 90 degrees, since varying the RAAN is
assumed to cover the whole range of aspect angles. All simulations are performed at vernal equinox,
such that at a RAAN of 0 degrees the ascending node of the orbit points towards the Sun. Unless
mentioned otherwise, all analyses are performed using a sail AMR of 5 m?/kg, equal to that of ACS3,
a miss distance of 0 meters, and a debris HBR of 1 m. Simulations were run for a true anomaly at
TCA of 6 = 0 degrees, when the sail is in complete sunlight.

To test the extent to which the maneuvers utilized in this work are applicable to objects with lower
AMRSs than solar sails, the analysis is run for AMR values of typical satellites in LEO. Such maneuvers
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may be particularly useful for cube-sats, that typically lack propulsion systems. Cube-sats have
larger AMR values than larger satellites due to the scaling effects of area and mass with spacecraft
size. A major limitation of this analysis is that the LAMR objects are still modelled as sailcraft,
thus neglecting their three-dimensional shapes and assuming perfect reflectivity. It is assumed that
the cubesat is modelled as a sail. While this imposes significant limitations on the analysis, it still
provides a preliminary assessment of LAMR maneuvering capabilities using LOCLs.

Table 4.5 shows the ranges used for the parametric analysis. Within the range, 20 equally-spaced
values are used to generate the results.

Table 4.5: Ranges used for the parametric analysis.

Altitude | [400, 2000] km
RAAN [0, 360] deg
AMR [0.01,5] | m?/kg
HBR [0.1,10] m
TCA AT | [-500, 500] m
TCA AN [-50, 50] m

4.5. Maneuver Optimization

The goal of the optimization process is to find the minimum maneuver durations required to satisfy
the collision risk thresholds using the formulated analytical and numerical control laws. This section
presents the optimal control problem and the implemented bisection algorithm.

4.5.1. Optimal Control Problem

The optimization problem can be formulated as:

s
subject to  Pe(Atpan, C) < Pihresh
dm(Atman, C) > difresh
CeC={Cy,Cy,...,Cs}
where P, is the collision probability computed via the Foster method, dy; is the Mahalanobis distance
metric, and C is the discrete set of available control laws.

Atman

(4.38)

Assumption 1 (Monotonicity of Risk Metrics). The collision risk metrics exhibit monotonic behavior with

respect to maneuver duration:
P,
Dt yian

dd
At yan

< 0 for all feasible control laws

> 0 for all feasible control laws

Most maneuver durations were found to be within the region in which the calculation of P, is robust
without suffering from the dilution effect, as discussed in Section 4.4.
Assumption 2 (Feasibility Guarantee). There exists at least one control law C* € C and duration
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Aty € [0, 00] such that both collision risk criteria are satisfied.

The maneuver is assumed to start at the initial time, defined by the back-propagation, up to the TCA,
such that control law under consideration is in continuous use throughout the maneuver duration.

4.5.2. Bisection Method

To find the minimum maneuver time required to satisfy the collision risk thresholds using a subset of
LOCLs, a bisection optimization method is chosen due to its straightforward implementation process,
and was found to converge in a small number of iterations. However, the proposed bisection method
assumes the monotonic properties established in Assumption 1 to search for the minimal feasible
maneuver duration. In scenarios where this assumption breaks down, optimal maneuver durations
may not be found, but these scenarios were not encountered in the analyses performed in this work.
Scenarios in which Assumption 1 breaks down are likely to be encountered when only a single
control law is utilized in the optimization framework, making certain combinations of conjunction
separation and control law usage lead to a growth in collision risk for increasing maneuver durations.
The usage of multiple control laws limits these scenarios as the optimizer always picks the best one,
even if others do not converge.

The algorithmic flow of the bisection optimization algorithm is illustrated in Algorithm 1. The values
of tin and t,,, are defined by an initial bound-finding algorithm, to avoid the need to define and
constrain the maximum or minimum maneuver duration. Based on an initial guess of t,,,,, the
bound-finding algorithm repeatedly doubles or halves the maneuver duration until the upper or
lower bounds are found, after which the bisection algorithm is implemented for convergence. This
ensures that extremities are not excluded, and large ranges need not be defined by default. During
each iteration of the algorithm, each control law in the subset is evaluated based on its risk-reduction
effect. If one or more control laws satisfy the collision risk thresholds, t,,, is reduced to find the
minimum time, t;,,,,, and if no control laws satisfy the thresholds, t,,,, is increased until at least one
suitable control law is found. Cases where multiple control laws yield the same minimum maneuver
time did occur between maximization/minimization control pairs, and were dealt with by choosing
the maximization variant in such scenarios. The convergence results of the implemented algorithm

are shown in Section 5.2.

The total computational cost of the bisection method comprises:
¢ Number of bisection iterations
¢ Control law evaluations per iteration
¢ Propagation cost per evaluation

As the number of control laws evaluated is fixed and the propagation time is a free variable chosen
by the optimizer, an appropriate maximum limit needs to be set for the number of iterations to limit
computational times.
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Algorithm 1 Bisection Method for Optimal Maneuver Duration

Require: Initial interval [fmin, fmax], thresholds Pghresh, d}&reSh, tolerance ¢, control law set C

Ensure: Optimal maneuver duration At
1: procedure BiseCTIONOPTIMIZER(f min, max, PghreSh, d}‘\}/}reSh, €)
2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

*
man

while (fmax — fmin) > € do
tmid — (tmin + tmax)/z
for all control law C; € C do

(PL, d;'w) « SimulateManeuver(fmiq, Ci)
if P! < pthresh and @i > dthresh then
feasible < TRUE
if Pi < Pbest then
pbest  pi
et
Chest
end if
end if
end for
if feasible = TRUE then
tmax <= tmid
Al‘fnan — tmid
C* _ (Cbest
else
tmin ¢ fmid
end if
end while
C*

*
return Aty ..,

24: end procedure

and control law C*

> Explore shorter durations

> Require longer duration

Table 4.6 shows the parameters used for the bisection algorithm implementation, which were chosen

to balance computational efficiency and maneuver duration resolution during the simulations.

Table 4.6: Values used for the implementation of the bisection algorithm during each optimization run

Convergence time tolerance [s] 60
Maximum iterations 20
Initial guess [s] 1200
Pé hresh 10—5
d;ﬁrash 3

The time tolerance determines the resolution of the optimal maneuver duration obtained using

the bisection method. A value of 60 seconds is chosen for the tolerance, as maneuver durations

were found to largely lie in the range of several minutes to hours. A 60 seconds tolerance was
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considered sufficient to differentiate between the simulated scenarios while limiting the number of
iterations. A maximum number of iterations of 20 is chosen, but this limit was never reached during

the simulations.

The values chosen for P!*7¢s" and dﬁ’“h are common values used in literature and during operational
CAM design (Lewis & Skelton, 2024; Modenini et al., 2022). The initial guess is kept fixed for all
analysis scenarios, even though maneuver duration results were observed to differ significantly for
different simulation scenarios; the upper bound of the majority of maneuver durations was found to
be under two hours, such that even a two-hour optimal maneuver would require a bound-finding
search of only three additional iterations before beginning to converge.



5 Results

This chapter presents the relevant results obtained using the methodologies described in the previous
chapter. The effectiveness of the utilized control laws is first presented in Section 5.1, followed by a
discussion of the resulting optimal maneuver durations, in Section 5.2. The chapter concludes with
the discussion of results from a parametric study in Section 5.3.

5.1. Control Law Effectiveness
This section discusses the relative effectiveness of each of the control laws considered in this work in
an effort to determine relations between the use of particular control laws in specific conjunction

scenarios.

While eight LOCLs were formulated in Section 4.2 (for the maximization/minimization of the four
orbital elements), initial simulations showed similarities between the usage and performance of a
and e control laws, and Q and 7 control laws, respectively. As provided in Section 4.2, a and e control
laws both contain only in-plane primer vector components, with the e control law containing a larger
radial component. The a control law consistently performed better; this is likely because one of the
most effective ways of reducing collision risk is by increasing tangential separation via a change in
orbital period, which is best achieved by the a control law. The Q and i control laws contain the
same primer vector components, with the only difference being the points within an orbit at which
the direction switches. This switching can be compensated by either control law by choosing the
maximization or minimization variants of the control law. The €2 control law is chosen in this analysis.
Therefore, the e and i control laws are omitted in the analysis hereafter.

North Pole
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B =90°
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Figure 5.1: Primer vectors for four control laws in relation to the SRP acceleration envelope for an orbit with an aspect
angle of f = 90°at a RAAN of Q = 0° at vernal equinox.

Figures 5.1, 5.2 and 5.3 show schematics of three orbital scenarios to aid the interpretation of the
results presented hereafter. In each scenario, the four primer vectors are provided with respect to

42
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the SRP acceleration envelope along a polar orbit as seen from above the Earth’s North Pole. The
orbits are represented by the black dashed line, with the sail represented by the black dot along
the orbit at the origin of each primer vector. Figure 5.1 shows a scenario with an aspect angle of
B =90 deg (corresponding to () = 0 deg at vernal equinox), showing that A,,,  is most coincident
with the SRP acceleration envelope. As the sail crosses the descending node and moves towards the

ascending node, A,,,,, will become coincident with respect to the SRP acceleration envelope, which

Amin
remains fixed in size and orientation with respect to the sunlight vector. Figure 5.2 shows a scenario
with an aspect angle of § = 0 deg (corresponding to (2 = 90 deg at vernal equinox), showing that
Aq,., is most coincident with the SRP acceleration envelope; Figure 5.3 is also shown for an aspect
angle of f = 0 deg but for a RAAN of Q) = 270 deg, such that Ag

SRP acceleration envelope. The coincidence of each primer vector relative to the SRP acceleration

becomes most coincident with the

min

envelope drives the selection of certain control laws in different scenarios in the results presented in

this chapter.
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Figure 5.2: Primer vectors for the four control laws in
relation to the SRP acceleration envelope for a polar orbit
with an aspect angle of § = 0° at a RAAN of Q) = 90° at

Figure 5.3: Primer vectors for the four control laws in
relation to the SRP acceleration envelope for an orbit with
an aspect angle of § = 0° at a RAAN of Q = 270° at vernal

vernal equinox. equinox.

Figure 5.4 shows the effect of each considered control law on the P, dy and miss distance d at the TCA
for orbital scenario 5; Figure 5.4a and 5.4b are for a At equal to half an orbit and one orbit, respectively.
For a propagation of half an orbit, Q,,,,, is most effective in reducing collision risk, even though its
miss distance at the TCA is smaller than the a,,5x /i, control laws. (3,,;,, is ineffective because for =
0 deg, the Q,,;, primer vector does have any coincidence with the SRP bubble during the simulated
orbital arc. However, due to the switching nature of the ) control laws at the ascending/descending
nodes (Equation 4.20), a propagation over a full orbit leads to Q,,;, also becoming effective, since
the Q,,;, primer vector switches to coincide with the SRP bubble. This effect is also noticed in the
convergence of the optimization scheme in Section 5.2, where it is further explained. For a full orbit,
the a control laws become more effective in reducing collision risk. Figure 5.4a shows that larger
miss distances do not always correspond to larger reductions in collision risk; this is because the
covariance ellipsoid is not symmetrical in the RTN reference frame, with uncertainties typically much
larger along the tangential axis than the normal or radial axes, as seen in Section 4.3. Therefore, while
a control laws are effective in increasing tangential separation, they require larger separations to
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escape the elongated ellipsoid in comparison to 2 control laws, which require smaller separations.
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Figure 5.4: Relative effects of each control law on the collision risks and miss distance for scenario 5.

These trends align with those presented in Gonzalo et al. (2021b) and Dominguez-Gonzalez et al.
(2013). According to Dominguez-Gonzalez et al. (2013), short-term maneuvers involve a AV applied
normal to the flight direction, and long-term maneuvers involve an along-track impulse a certain
number of orbits before TCA. Gonzalo et al. (2021b) compares CAM strategies with minimum collision
probability and maximum separation objectives, and concludes that for both objectives, the optimum
AV tends to align with the tangential direction for lead times greater than half an orbital period.
CAMs with a minimum collision-probability objective lead to faster variations in the encounter
plane, as they tend to move away from the principle axis of the covariance. This typically results in a
smaller separation when compared to maximum-separation maneuvers. These conclusions align
with astrodynamics principles; a AV in the along-track direction changes the SMA and orbital period,
which leads to a quadratic drift in the relative along-track position (Ghrist & Plakalovic, 2012). Since a
cross-track deviation scales linearly with a change in RAAN, it is expected that along-track deviations
become increasingly effective for an increasing number of orbits before TCA.

Figure 5.4 also highlights that in scenario 5, 4,4 and a,,;, have very similar effects on all three metrics.
Given that drag is negligible at 1000 km, the resultant acceleration, asgp, has equal components along
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Agyay and A
such that at an aspect angle of = 0 deg, the optimal cone angles for A

these two vectors are opposite and collinear and are aligned with the orbit’s tangent,
and A

Amax Amin’

Amax amin are equal.

Figure 5.5 shows the evolution of the tangential separation, AT, and the normal separation, AN,
for different maneuver durations before the TCA. The along-track separation growth increases
quadratically with propagation time before the TCA, while the cross-track separation growth is linear,
in agreement with Gonzalo et al. (2021b). Note the large difference in the separation values between
both axes; the tangential separation is much larger, but that does not necessarily lead to proportionally
larger reductions in collision risk, as discussed previously. This indicates an expected pattern in
control law usage, with SMA control laws being more effective for longer maneuvers and RAAN
control laws being more effective for shorter durations. This effect may, however, be influenced by
additional parameters such as the aspect angle or conjunction miss geometry.
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Figure 5.5: Evolution of (AT) and (AN) with maneuver duration using a;;4x and Qy4y, respectively.

5.2. Optimal Maneuver Durations

This section presents the result of the bisection optimization for scenarios 1 and 5, showing the
convergence of the maneuver times and the evolution of the risk metrics over iterations. Scenarios 1
and 5 are shown because they produce interesting phenomena that result from the aspect angle of 0
degrees and altitudes of 500 and 1000 km, respectively. Given the relative significance of the SRP
force and drag at these two different altitudes, a comparison is made between the use of SRP-only
control for scenario 5 and SRP+drag control for scenario 1.

Figures 5.6 and 5.7 show the convergence of the optimizer and the corresponding evolution of collision
risk over each iteration for the control laws. The yellow lines represent the initial bound-finding
phase of the optimizer, starting with the initial guess of 1200 seconds (0.33 hours in the figures),
while the blue lines represent the bisection algorithm over iterations until convergence. Figure 5.6
shows the results of the SRP-only control law for scenario 5; the €, control law is most effective,
while the i, control law is noticeably ineffective in changing the collision risk. This is because it is
impossible to achieve an SRP acceleration component along Aq,,,,, which, in this scenario, points
towards the Sun and therefore has no coincidence with the SRP acceleration envelope, as explained
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in Section 5.1 and depicted in Figure 5.2. The a,,,, and a,,;, control laws are both equally effective,
but less effective than €),,,; this is in agreement with the observation in Figure 5.4a in Section 5.1.
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Figure 5.6: Collision risk and propagation time evolution for SRP-only control at a 1000 km altitude and 0 degree aspect
angle.

Figure 5.7 shows the convergence of the optimizer for scenario 1 using the SRP+drag control law. The
observed similarity between the a,,;, and Q,,;, control laws can be explained by the geometry of the
orbit’s aspect angle and the nature of the two control laws. At an aspect angle of 0 deg, as depicted in

Figure 5.2, Aq,,, points out-of-plane towards the sun, and hence lies outside the SRP acceleration

envelope; the closest the €),,;;, control law can get to pointing within the SRP acceleration envelope is
by pointing the sail normal along the orbit’s tangential direction, effectively becoming edge-on with

respect to the sunlight direction.
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Figure 5.7: Collision risk and propagation time evolution for SRP+drag control at a 500 km altitude and 0 degree aspect
angle.
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Figures 5.8 and 5.9 show schematics of scenario 1 with representations of the sail orientations resulting
from the use of a,,;, and Q,,;, control laws at key points in the orbit; Figure 5.8 shows the scenario
as seen with the sunlight vector pointed into the page and Figure 5.9 shows the scenario as seen
from above the North Pole. At a true anomaly of 6 = 90 degrees, the orientation attained via the
Quuin control law coincides with that attained by the a,,;, control law, which, at an altitude of 500
km, is effectively face-on with respect to the velocity vector for maximum drag. While this explains
the similarity in behaviour of the two control laws, the small discrepancy between the behaviour of
Amin and Q,,;, observed in Figure 5.7 can be explained by the different orientations attained by the
two control laws as the sail moves away from a true anomaly of 0 = 90 degrees towards the equator.
Figure 5.9 shows how the orientation of the a,,;; control law remains face-on with respect to the
velocity vector, while the Q,,;, control law only maintains its edge-on orientation with respect to the
Sun-line, without rotating to remain face-on with respect to the velocity vector. The optimizer in
Figure 5.7 converges to an optimal maneuver duration of 0.18 hours, shorter than the 0.41 hours for
scenario 5 in Figure 5.6; this is due to the significant effect of drag which results in more effective

separations in the encounter plane.
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Figure 5.8: Schematic of a sail’s orientation at true Figure 5.9: Schematic of a sail’s orientation at true
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and Qi control laws during a polar orbit with an aspect (3, .. control laws during a polar orbit with an aspect angle
angle of § = 0. The Sun-Earth line is pointed into the page. of f=0.

The relative frequency of the usage of control laws across different altitudes and RAANS is presented
in Figure 5.10, which is provided for simulations performed across ranges presented in Table 4.5
in Section 4.4. There is a clear tendency for the usage of a4,,i, at altitudes below 500 km, where the
atmospheric density makes face-on orientations for maximum SMA decrease most effective. The
Amax control law is mostly used at higher altitudes for RAANS close to zero, corresponding to an
aspect angle of 90 degrees, when the sunlight direction is most aligned with the SMA maximization
primer vector. The Q,,,x control law is utilized across several combinations of altitude and RAAN,
with a tendency to be the most chosen at RAANS close to 90 degrees, corresponding to an aspect
angle of 0 degrees; this is when the sunlight direction is most aligned with the RAAN maximization
primer vector. The relatively low usage of the RAAN minimization control law is merely a result of
the simulated scenarios; an analysis of RAANSs between 0 and -90 degrees, instead, would lead to a
switch in distribution between the RAAN maximization and minimization control laws. For RAANs
between 0 and 90 degrees, the RAAN minimization primer vector is mostly not contained within the
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SRP acceleration envelope, resulting in the relatively small observed frequency in the usage of Q,,;y,
as observed and explained in Section 5.1.
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Figure 5.10: Frequency of control law usage across altitudes and RAANs

While the usage of the SMA minimization control laws are very effective, they essentially insert
the sail into a lower orbit, potentially leading to a greater likelihood of de-orbit due to increased
atmospheric density. To analyze the capability of a sail to "escape"” such altitudes, the effectiveness of
the a,,,, control law is assessed for the ACS3 solar sail at different initial altitudes and for different
fixed maneuver durations. The goal is to assess the altitudes at which the sail can achieve positive
changes in SMA that allow it to escape very low altitudes and recover to nominal mission orbits
following a CAM. The following plots show this capability for ACS3 using SRP-only and SRP+drag
control laws.
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Figure 5.11: Effectiveness of a4y control for different durations and initial altitudes.

Figure 5.11a indicates that the SRP-only control law is unusable at altitudes below approximately
590 km, where drag becomes too large. Figure 4.5a shows that at a nominal solar flux, the drag at
an altitude of 600 km is over 5 times larger than the SRP force, which explains the ineffectiveness
of the SRP-only a,,,, control law. The a,,,, control law is noticeably more effective when using
SRP+drag control. At very low altitudes dominated by drag, the SRP+drag control law orients the
sail edge-wise with respect to the velocity vector, thus effectively eliminating any decrease in SMA
due to drag; however, this is also not effective in harnessing SRP to increase SMA, resulting in small
increases in SMA between altitudes of 400 and 500 km. Theoretically, a sail can maintain its SMA at

any altitude by remaining perfectly edge-on with respect to the velocity, but this is not operationally
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possible given that a real sail will still have a non-zero cross-sectional area at this orientation. Longer
maneuvers will result in more favourable SMA increases for both scenarios, but this was not analyzed
due to computational limits and a lack of relevance to the focus of this work. Above altitudes of
approximately 650 km, both control laws have a similar orbit-raising effect, which is expected given
that the SRP+drag control law tends towards the SRP-only control law at higher altitudes as the SRP

force becomes increasingly dominant over drag.

5.3. Parametric Analysis
This section discusses the results of parametric studies conducted to determine the effect of varying

orbital, physical and conjunction parameters on the maneuver durations and control law usage.

5.3.1. The Effect of Physical Parameters

The physical parameters of the sail and debris were analyzed using two sets of variables: the sail’s
AMR and the sail’s and debris” HBR at TCA. The former affects the control authority through its
direct proportionality with the SRP and drag accelerations, while the latter represents the effective
object radius at the TCA and is only used in the collision probability calculation, without having any
effect on the control authority.

While this work is focused on assessing the collision avoidance performance of solar sails, it is
interesting to also assess how these type of control laws perform for LAMR objects. Figure 5.12 shows
the distribution of maneuver durations for AMR values of 0.01 to 0.1 m?/kg and altitudes of 400 to
600 km. The altitude range was chosen such that the combined control law is effective, while the
AMR range was chosen to include typical LAMR values (ESA, 2024). The simulation is performed
for orbits with an aspect angle of § = 0 to prevent eclipses from affecting the results; the maneuver
duration variations are therefore purely an effect of AMR and altitude.

As seen in Figure 5.12, there is a clear correlation between the maneuver duration and the ranges
of altitudes and AMRs analyzed, with LAMR objects at high altitudes requiring the most time to
maneuver away from a predicted collision, and HAMR objects at low altitudes being most effective
due to the larger combined effects of SRP and drag. Given the relative insignificance of the SRP force
relative to drag at altitudes close to 400 km, the objects can effectively be considered drag sails, thus
indicating that drag sails with AMRs over 0.05 at altitudes below 425 km are capable of performing
CAMs in approximately one hour. Only a,,,, and a,,;, control laws are used in this scenario, which
follows from the analysis in Section 5.1, showing that SMA control laws become more effective over
longer maneuver durations. Given the dominance of drag at the analyzed altitude range, a,,i, is used
most frequently, with a switch to a,,,, at higher altitudes where SRP becomes significant enough to
produce positive tangential accelerations that exceed the negative tangential accelerations produced
by a,in. This switch happens at lower altitudes for lower AMR objects, which is unexpected given
that the SRP force and drag scale equally with AMR; while the reason for this behaviour is unclear, it
is hypothesized that since smaller AMRs cause longer maneuver durations, during the maneuver
the aspect angle changes as the Earth revolves around the Sun to cause a sufficient increase in

coincidence between the SRP acceleration envelope and A This effect is shown in Figure 5.13 for

Amax *

an exaggerated aspect angle of § = 20 degrees.
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Figure 5.12: The effect of AMR and altitude on maneuver duration, simulated for a polar orbit with an aspect angle of 0
degrees using the SRP+drag control law (left) and the corresponding optimal control laws used for each scenario (right)
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Figure 5.13: Schematic of the primer vectors for four control laws in relation to the SRP acceleration envelope for a polar
orbit with an aspect angle of f = 20° at a RAAN of QO = 90° some duration after the vernal equinox.

An important consideration during the analysis is the effective cross-sectional area of the sail at the
TCA. Since the collision probability is computed using an integration of the combined HBR of the
sail and debris over the combined covariance ellipsoid, the collision risk can be reduced by orienting
the sail edge-wise with respect to the conjunction plane just before the TCA; this would significantly
reduce the combined HBR, and potentially reduce the required maneuver duration for a sufficient
reduction in collision risk. To assess the affect of such an attitude change right before the TCA, a
range of the sail’s HBR at TCA is plotted against the secondary object’s HBR, as shown in Figure 5.14,
for scenario 5 and a fixed AMR of 5 m?/kg. Figure 5.14a is shown for a miss distance of zero meters
and Figure 5.14b is shown for a miss distance in the T-N plane of AT = 50 m, AN = 10 m. In both
cases, the €4, control law was found to be most optimal across the entire range of simulated values.

For a miss distance of zero meters, maneuver durations reduce by approximately 20% when the sail is
near edge-on relative to the conjunction plane (a minimum value of HBR = 0.1 m was used to simulate
near edge-on cross-sectional areas, as an HBR of 0 m would lead to a trivial solution) compared
to when it is near face-on (HBR values near 10 m). While 20% is a seemingly modest reduction in
maneuver duration for such a significant reduction in effective sail HBR, collision probabilities are
still significant given the miss-distance of zero meters; this means the combined HBR is located
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Figure 5.14: The effect of HBR of the primary and secondary objects on manuever duration for ACS3 and a conjunction
separation in the T-N plane.

at the center of the error ellipsoid in the largest uncertainty region, leading to still non-negligible
collision probabilities and hence modest decreases in maneuver duration. To isolate this phenomenon,
the same HBR values were simulated for a non-zero miss distance in the T-N plane; as expected,
the reduction in maneuver duration from near face-on to near edge-on orientations relative to the
conjunction plane increases to approximately 55%, as a reduced HBR combined with a non-zero miss
distance is more effective in reducing collision probabilities.

5.3.2. The Effect of Orbital Parameters

This section discusses the effects of varying the aspect angle and altitude on the maneuver durations.
The aspect angle strongly determines the relative geometry between the primer vectors of each control
law and the SRP acceleration envelope. Figures 5.1 and 5.2 show schematics of the primer vectors
and SRP acceleration envelope for a polar orbit with aspect angles of 90 and 0 degrees, respectively.

For an aspect angle of 90 degrees, A,,,,. is most aligned with the SRP acceleration envelope, while for

max
an aspect angle of 0 degrees, Aq,,, is most aligned. As the goal of the LOCLs is to maximize the
acceleration component along a primer vector, control laws with primer vectors that are most aligned
with the SRP acceleration envelope, and hence the direction of sunlight, will experience the largest
acceleration components in the desired direction in scenarios where the SRP force is dominant over
drag. As drag becomes increasingly dominant at lower altitudes, it is expected that the observed
patterns in control law usage will change, with a smaller favourability to aligning with the SRP

acceleration envelope .

Figure 5.15 shows how the maneuver duration is affected by ranges of altitude and RAAN. A
reduction in maneuver duration is observed at lower altitudes, which is expected given the greater
drag. Further, the use of control laws are consistent with the expectations in Section 5.2, where a
clear trend is observed between the use of SMA control laws for large aspect angles and RAAN
control laws for smaller aspect angles. Further, the maneuver durations observed are shorter for
RAAN control, with SMA control being utilized for longer duration maneuvers. An expected switch

between RAAN maximization and minimization is observed; Aq,,, and Aq,,, are most aligned with

max

the SRP acceleration envelopes at RAANS close to 90 and 270 degrees, respectively (corresponding to
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Figures 5.2 and 5.3, respectively). SRP only becomes significant relative to the drag force at an altitude
of 800 km, when the SMA maximization control law is the most effective at high aspect angles.
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Figure 5.15: Maneuver durations and control law usage across RAANs and altitudes.

Figure 5.16 shows the maneuver durations, control law usage and eclipse fractions for a range of
altitudes and RAANSs using SRP-only control. The observed jump in maneuver duration across the
diagonal corresponds to maneuvers entering eclipse, thus leading to increases in maneuver durations
equal to the eclipse fraction of the orbital period of the corresponding altitude-RAAN combination.
To verify this, the difference in maneuver durations across the diagonal as fractions of the orbital
period for four selected combinations of altitude and RAAN from Figure 5.16 are presented in Table
5.1. The results show a general agreement with the computed eclipse fractions, indicating that the
jump in maneuver duration indeed corresponds to the respective orbit’s eclipse fraction. Given that
the minimum altitude in this analysis is 750 km, it is expected that apart from SRP, there are no
additional forces that affect the sail’s orbit, such that during eclipse, no orbital modifications are
made, leading to a jump in maneuver duration equivalent to the eclipse fraction duration.
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Figure 5.16: Maneuver duration, control law and eclipse fraction distribution for different RAANs and altitudes using the
SRP-only control law.

5.3.3. The Effect of Conjunction Parameters

The effect of varying the conjunction separation in both tangential and normal directions on the
maneuver duration is analyzed for different aspect angles. Figure 5.17 shows the effect of different
separations in the T-N plane for scenario 4, where the aspect angle is 90 degrees. The separation
is defined in terms of the secondary object with respect to the primary object, such that a positive
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Table 5.1: Differences in maneuver duration across the diagonal as a fraction of orbital period for altitude-RAAN
combinations along the diagonal separating the long and short maneuver durations in Figure 5.16.

h =750,0 =252 0.31 0.31
h =1000,Q =18.0 0.31 0.32
h =1250,Q =10.8 0.31 0.31
h =1500,Q = 3.6 0.30 0.28

TCA AT represents a separation at TCA where the secondary object is positioned somewhere in
the positive along-track direction of the primary object. The results show symmetry about TCA
AN = 0 m in maneuver duration, with a switch between the 0,5, and i, control laws depending
on the direction of the normal separation. Interestingly, the a,,;, control law is most effective even for
positive tangential separations, which is due to the drag effects at this altitude.
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Figure 5.17: Effect of tangential and normal separation at TCA on maneuver duration for a 590 km altitude and aspect
angle of 90 degrees.

For scenario 3, where the aspect angle is 0 degrees, a conjunction separation in the T-N plane leads
to asymmetrical maneuver duration results, as seen in Figure 5.18. The asymmetry is due to the
fact that the sail can only generate out-of-plane accelerations on one side of the orbital plane in this
scenario. The "curve" dividing the usage of the (5, and a5 /min control law defines a region where
Quuax is effective; positive values of AN lead to a greater positive AN via ),5¢. A switch between
Amax and a,i, control is observed, which is symmetric about TCA AT = 0 m. This corresponds to an
increase or decrease in orbital period when using the a4y or a,,;, control laws, respectively, thus
causing an even greater positive or negative separation, respectively, in the tangential axis.

The change in maneuver duration observed is significant in Figure 5.17, with durations reducing by
over an hour for a change in TCA AN from 0 to 40 meters at large vales of TCA AT. This corresponds
to the small uncertainties in the normal direction, such that small displacements in the normal
direction lead to large decreases in uncertainty (compared to similar displacements in the tangential
direction), and hence lower maneuver times to satisfy the collision risk threshold. The required
increase in miss distance in the tangential direction for similar reductions in maneuver duration are
considerably higher, corresponding to the much larger uncertainties in the tangential direction.
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Figure 5.19 shows the distribution of maneuver durations for the SRP-only and SRP+drag control
laws for all simulated ranges in Table 4.5. While the use of SRP-only and SRP+drag is determined by
the simulated altitude, a large overlap in maneuver duration values is observed due to the ranges
of multiple other parameters that were used in generating the results. The main peak in SRP-only
results is centered around 24-26 minutes, which is within the range obtained by Ambrosio (2025).
Maneuver durations over 2 hours were omitted due to their sparseness and association to results
generated only for LAMR objects. A larger fraction of SRP+drag control maneuvers are of relatively
short duration in comparison to the SRP-only maneuvers, resulting from their effective usage at low
altitudes. A secondary peak for the SRP-only control is observed around the 70-minute mark; this
corresponds to the high-altitude (above 750 km) and high-aspect angle (close to 90 degrees) scenarios
where there is a jJump in maneuver durations for maneuvers that enter eclipse regions.
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Figure 5.19: Histogram of maneuver duration for SRP-only and SRP+drag control laws



6 Conclusions and Future Work

This chapter concludes the thesis and presents the main findings and contributions of the work.
Section 6.1 summarizes the key results and insights of the thesis in the context of the research
questions formulated in Chapter 3, followed by Section 6.2 which discusses the limitations of the
work and suggests avenues for future research.

6.1. Conclusions

This work involved the development of a simulation framework to assess the applicability of locally op-
timal control laws for collision-avoidance maneuvers of solar sails in low Earth orbit (LEO) where drag
is non-negligible. Several capabilities were developed in order to perform this assessment, including
a dynamical model that includes perturbing effects from Earth’s oblateness, solar radiation pressure
(SRP) and atmospheric drag. Results show a significant range of maneuver durations, with clear
effects of atmospheric drag and patterns in the use of specific control laws across simulation scenar-
ios. More focused conclusions are drawn in relation to the research questions formulated in Chapter 3:

Research Question 1

What are the minimum maneuver durations required to safely maneuver a sailcraft away from
a predicted collision using locally optimal control laws under the influence of solar radiation
pressure and atmospheric drag at altitudes between 400 and 800 km?

The results indicate a high variability in optimal maneuver durations, ranging from as low as 5
minutes for large sails at very low altitudes to over 6 hours for low area-to-mass ratio (LAMR) objects
at high altitudes. The range of maneuver durations is much higher than the results found in the
work by Ambrosio (2025), in which maneuver durations are clustered between 30 and 60 minutes for
scenarios in which only SRP and ], gravity are considered as perturbations at altitudes above 1000
km.

The lower maneuver durations are a result of the exponential increase in atmospheric density at
lower altitudes, which initiates the use of the a,,;, (semi-major axis minimization) control law to
quickly lower the sail’s altitude using a face-on orientation relative to the velocity vector. Such
maneuvers become increasingly "effective" at lower altitudes, with maneuver durations theoretically
approaching zero minutes at lower altitudes. However, these scenarios become increasingly imprac-
tical given that the sail will rapidly de-orbit after executing such a maneuver, and in the best-case
scenario, maintain its altitude using an edge-on orientation; this is however not an operational
possibility given that a real sail will still have a non-zero cross-sectional area in an edge-on orientation,
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and will be incapable of performing any attitude maneuvers without increasing its cross-sectional area.

Research Question 2

How are maneuver durations and the usage of control laws affected by different physical,
orbital and conjunction parameters, such as the sailcraft’s area-to-mass ratio, altitude, aspect
angle, and miss distance at the time of closest approach?

The parametric analysis revealed several trends in the optimal maneuver durations as well as the
usage of control laws across different ranges of parameters.

The physical parameters of the sail and debris were analyzed using the sail’s area-to-mass ratio
(AMR) and the sail’s and debris” hard-body radii (HBR) at the time of closest approach (TCA).
Higher sail AMR values lead to shorter maneuver durations, as expected, and also largely utilize
amin control at altitudes below approximately 525 km and switch to a,,,, control at higher altitudes
when SRP becomes relatively significant. Lower AMR values lead to a switch from a,,;, to aax at
lower altitudes, presumably because the longer maneuver durations lead to a change in aspect angle
as the Earth revolves around the Sun that is significant enough for a sufficient increase in coincidence

between the SRP acceleration envelope and the optimal thrusting direction of the a,,,, control law.

Variations in the HBR of the sail represent scenarios in which a sail, of fixed AMR, changes its
orientation relative to the conjunction plane right before the TCA. For an initial miss distance of
zero meters, maneuver durations reduce by approximately 20% when the sail is near edge-on to the
conjunction plane in comparison to being face-on. A miss distance in the T-N plane of 50 m and 10 m,
respectively, leads to a reduction in maneuver duration of approximately 55% between face-on and
near edge-on cases, as a reduced HBR combined with a miss distance is more effective in reducing
collision probabilities.

The altitude of the sail’s orbit had the largest effect on maneuver duration due to the exponential
increase in atmospheric density at lower altitudes; this lead to the a,,;, control law being used most
frequently at altitudes below 500 km. The aspect angle had a strong correlation with the control
law usage, with SMA control laws being used more frequently for high aspect angles, and RAAN
(Right Ascension of Ascending Node) control laws being used more frequently at lower aspect angles.
This corresponds to the scenarios in which the SRP acceleration envelope is most aligned with the
respective primer vectors. An interesting phenomenon is observed when analyzing the distribution of
maneuver durations for SRP-only control across altitudes and RAANS; a jump in maneuver duration
occurs for different combinations of altitude and RAAN, which is found to be equal to the amount
of time spent in eclipse for those specific orbits. This indicates that eclipses are an important factor
when implementing such collision-avoidance maneuvers.

The conjunction separation at TCA reveals interesting patterns about the use of specific control laws
for separations between the primary and secondary objects in the T-N plane. Conjunctions that occur
at a true anomaly of 0 degrees and an aspect angle of 90 degrees show a largely symmetric distribution
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of maneuver duration, with an expected switch between RAAN minimization and maximization for
negative and positive separations in the normal direction. When a similar conjunction occurs at an
aspect angle of 0 degrees, separations in the negative normal direction, which point towards the Sun,
yield a significant jump in maneuver duration, as SMA control laws, which are relatively ineffective
at low aspect angles, need to be largely utilized.

Overall, the maneuver durations and control law usage display clear trends across different altitudes,
aspect angles and physical parameters. Since at low altitudes the a,,;, control law becomes effective
in reducing the SMA, the minimum altitudes at which a sail can still perform orbit-raising were
analyzed; results show that during average solar weather conditions, orbit-raising can be performed
using SRP-only control by sailcraft with an AMR of 5 m?/kg (such as ACS3) at altitudes above
approximately 590 km; when using SRP+drag control, increases in altitude of over 100 m can be
achieved at initial altitudes above approximately 500 km for maneuver durations up to 24 hours. This
indicates that altitudes below 500 km are unusable for solar sails, as orbit raising is ineffective given
that the sail is heavily constrained to edge-on orientations relative to the velocity, and rapid increases
in drag occur for small deviations away from this orientation.

6.2. Limitations and Future Work
This work involved several assumptions and limitations that could be addressed in future work,
which are highlighted in this section.

Environment Model

This work did not consider the effect of gravitational perturbations of order greater than two
or third-body perturbations. Including these perturbations in the model will lead to increased
propagation accuracy, but given that most collision-avoidance maneuvers are performed within one
orbit, it is unlikely that the results will display any noticeable change. The biggest improvement in
environmental modelling can be made by extending the utilization of the NRLMSISE-00 model for
atmospheric density. While considered one of the most accurate empirical models available, this
work did not utilize its time-varying nature, and instead considered average values of solar and
geomagnetic flux and a static atmosphere. It would be insightful to analyze the effect of varying solar,
geomagnetic, geographic and temporal parameters on the collision-avoidance performance at low
altitudes, as the atmospheric density was found to significantly vary for different points in the solar
cycle.

Object Model

This work considered the primary object to be an ideal solar-sail with perfect reflectivity. Extending
this model to an optical model will yield more accurate results. The attitude dynamics were not
treated in this work, and it was assumed that the sail could instantaneously achieve desired attitudes
at any epoch in the simulation. This is a significant limitation, as real sails will be limited by their
attitude control authority, which is dictated by their Attitude Determination and Control System
(ADCS). Further, no torque effects were considered, and it was assumed that all forces acted through
the center of mass of the sail. The attitude changes required to orient the sail’s normal vector to the
desired direction was assumed to be purely driven by the ADCS. Future work could consider the
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effect of external torques, and may even utilize them to passively achieve an edge-on orientation with
respect to the conjunction plane, leading to a direct reduction in collision risk without the need to
maneuver. Due to a sail’s large surface area, differential drag along the sail’s surface may also be
utilized to generate passive torques to achieve reductions in the cross-sectional area projected on the
conjunction plane. Certain orbital configurations may allow for the combined utilization of SRP and
drag for passive attitude maneuvers.

Uncertainty Generation

The uncertainties of the primary and secondary objects in this work were generated using a regression
model based on a dataset of conjunction data with limited density and coverage. This limits the
confidence of the regression, particularly in regions of low data density. While it will certainly be
beneficial to gain access to a more comprehensive dataset, given a limited dataset, it may be possible
to achieve improved results using more advanced machine learning techniques that can better capture
the cross-correlations between different parameters and their effect on state uncertainties.

Since the results generated in this work fundamentally depend on the uncertainties of the objects,
exploring the effect of different uncertainty magnitudes in the RTN reference frame could yield
insightful results on the sensitivity of the computed optimal maneuver durations to the uncertainties
along different axes. For example, it is expected that larger uncertainties in the tangential direction
would lead to an increased usage of RAAN control laws, which were shown in this work to be used
more frequently for short duration maneuvers; SMA control laws would need to be utilized for longer
durations in order to escape the elongated error ellipsoid along the tangential axis.

Control Laws

The implementation of a hierarchical grid-search method for SRP+drag is limited by the discretization
of the grid, which leads to no guarantee of finding the globally optimal solution. Further, for
high accuracy requirements, computational efficiency rapidly decreases. It would be beneficial to
implement a robust and efficient control law that is capable of dealing with edge-cases.

The treatment of locally-optimal control laws in this work fundamentally limits the optimality of
the obtained solutions. The goal of maximizing the instantaneous change in orbital elements is not
the most optimal control mechanism for a collision avoidance maneuver. While they were shown
to be effective in generating relatively short-term maneuvers, they have limitations related to their
applicability across different orbital configurations and conjunctions; this indicates that the maneuver
durations found in this work cannot be independently correlated to the orbital /physical/conjunction
parameters or the control laws. Therefore, the implementation of a numerical control method that
accounts for both SRP and drag with the objective of decreasing collision risk (instead of maximizing
the change in orbital elements) would be particularly useful.

Operational Constraints

This work did not consider any operational constraints in the simulated scenarios. Maneuvers were
performed right up to the TCA, but typical CAMs are performed well in advance of the TCA. There
is no guarantee that the results found in this work will be applicable if the maneuver execution is
simply performed at an earlier time. This is primarily due to the effects of drag, which would affect
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the orbit of the sail between the end of the maneuver up to the TCA. This effect would be detrimental
at low altitudes when a,,,,, control laws are utilized, as drag would undo the orbit-raising effects after
the end of the maneuver. Future work could characterize this effect by finding scenarios in which a
range of maneuver execution "lead times" lead to favourable or detrimental results.

Another avenue for future work could involve the determination of maneuvers for a sail to return
to its operational orbit after performing a CAM. This would limit the number and type of possible
CAMs that can be performed, especially when the objective is to return to a nominal orbit in the
minimum possible time. Further, if the mission has certain pointing requirements for purposes such
as communication with ground stations, these can be added as constraints in the optimal control
problem.
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A Software Verification

This chapter provides the methodologies used to verify the core capabilities of the developed software.
Unit tests are performed to verify individual functionality of functions and scripts, and integration
tests are performed to verify correct integration and interaction between the individual software
modules and system tests are performed to verify overall functionality of a core capability of the
software.

A.1. Dynamical Model

This section presents the methods used to verify the implementation of the dynamical model, control
laws, uncertainty generation and collision probability computation.

Force Models

Figure A.1 shows the 24-hour evolution of orbital elements under the influence of only point-mass
gravity of the Earth, displaying expected results consistent with literature (Vallado, 2001).
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Figure A.1: Keplerian orbit propagation

Figure A.2a shows the evolution of RAAN over one-day propagation for a chosen SSO (Macdonald
et al., 2010), showing a precession in RAAN of 0.9856 degrees per day, in agreement with literature
(Wakker, 2015) The semi-major axis evolution is plotted in Figure A.2b using the same initial orbital
conditions and satellite AMR as in Li and Lei (2021). The observed decay over a 24-hour period using
matches with the results presented in Li and Lei (2021).
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Figure A.2: Propagations over 1 day using only (a) point-mass gravity and J, perturbation for an SSO, and (b) point-mass
gravity and atmospheric drag.

To verify the implementation of the SRP model, the analytical locally optimal control law is applied to
a scenario described in McInnes (2004). Figure A.3 presents the effect of applying a SMA maximization
control law starting from a geostationary orbit on the SMA and eccentricity evolution. The results
match the equivalent figures provided in McInnes (2004).

45500
0.06
45000
= 0.05
2, 44500 —
3 5.0.04
5 44000 g
2 = 0.03
£ 43500 g
~§ | 0.02
43000
0.01
42500
0.00
0 b 24 36 48 60 72 0 12 24 36 48 60 72
Time [hours] Time [hours]

Figure A.3: Evolution of semi-major axis and eccentricity over 3 days for a geostationary orbit using an ideal solar sail with
a characteristic acceleration of 1 mm /s, using a locally optimal control law for maximizing semi-major axis; the results are
a reproduction of the figures in McInnes et al. (2001).

Eclipse Model

Figure A.4 shows the eclipse fractions across different RAANs and altitudes at the two equinoxes
and solstices, with eclipse fraction values for altitude-RAAN combinations in agreement with
literature (Sumanth, 2019). The eclipse fractions show consistent behaviour for different RAANs at
the equinoxes and solstices, with an observed reduction in eclipse fractions for increasing altitude, as
expected.
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Figure A.4: Eclipse fractions across different RAANs and altitudes at the two equinoxes and solstices.

Integrator Selection

To choose an appropriate integrator for this work, various integrators were tested for accuracy and
computational efficiency, by analyzing their maximum position error during a one-day orbit in an
environment with [, SRP, drag enabled for eight different combinations of relative and absolute
tolerances. The benchmark used is the DOP853 integrator with a relative and absolute tolerance of
10714, The DOP853 is a variable-step explicit Runge-Kutta method of order 8, and is considered to
provide the best combination of accuracy and computational performance for numerical propagation
with Scipy!, according to an online repository’. The DOP853 integrator is chosen based on the
integrator comparison in Figure A.5a, showing the best trade-off between position accuracy and
computational efficiency for this analysis. To choose a suitable tolerance, the position error evolution
over a one-day orbit for the DOP853 integrator is plotted in Figure A.5b, for different tolerance
combinations.
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Figure A.5: Results of integrator comparison and tolerance analyses.

A.2. Control Law

Figure A.6 shows the comparison of the normal vector evolution between the computed and
benchmarked values over one complete orbit for the SRP-only control law. The benchmarked values
are obtained from a verified dataset, through the primary author of (Carzana et al., 2021). The small

1h’r’cps: / /scipy.org/ (accessed on 4 September 2025)
thtps: / /satmad.readthedocs.io/en/stable/propagation/numerical_propagation.html (accessed on 4 September 2025)


https://scipy.org/
https://satmad.readthedocs.io/en/stable/propagation/numerical_propagation.html
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absolute error, in the order of 1077, throughout the orbit indicates that the implementation of the

SRP-only control law is correct.
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Figure A.6: Comparison of normal vector evolution between the computed and benchmarked values over one complete
orbit for the SRP-only control law.

A.3. Synthetic Covariance Generation

The mean position RMS residual of 2649.15 m in Figure A.7 is similar to the equivalent value of
2540.47 m obtained using the fitting process reproduced for this work and applied to the utilized
dataset from ESA.
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Figure A.7: Distribution of RMS residuals between the covariance coefficients generated through the fitting and the ones
provided in the dataset; taken directly from Zollo et al. (2024).

The uncertainty-generation method used in this work is a reproduction of the classification and
fitting methods used in Zollo et al. (2024). The dataset used in this work differs from the one used
in Zollo et al. (2024), which uses an internal GSOC dataset. The orbital coverage is similar, with
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a concentration of objects at high-inclination altitudes between 600 and 800 km, reflecting SSOs.
However, the total number of CDMs in the dataset used in this work is 162,634, compared to 381,634
in Zollo et al. (2024). This suggests a lower overall confidence in the obtained fitting parameters, but
given the similar position RMS residuals, the fitting process is considered to be correctly implemented.
A significantly larger residual of 9128 m is observed when implementing the fitting process on a
smaller dataset of 876 CCSDS CDMs of the Delfi satellites, obtained internally from TU Delft. The
larger RMSE is expected given the significantly smaller size of the dataset, increasing the chances of
bias in the fitting process (Smid et al., 2020).

A.4. Collision Probability

To verify the implementation of the collision probability calculation methods, a comparison is made
with an analytical solution. For the special case of zero miss distance (u = 0) and circular covariance
(X = 02I), where o represents the standard deviation in both tangential and normal directions, the
collision probability integral results in a closed-form analytical solution:

RZ
P.=1-exp (— ;;R

(A1)

The dimensionless parameter A = Rypr/o serves as an indicator of conjunction risk and determines
the dominant physical regime of the encounter (Chan, 2008):

* Small Object Regime (A < 1): When Rypr < 0, the hard-body radius is much smaller than
the position uncertainties. In this limit, Equation A.1 can be Taylor-expanded to yield:

R? nR?
p. ~ —HBR _ ""THBR A2
€7 22 2162 (A-2)

This represents the geometric collision cross-section divided by the area of the uncertainty
ellipse, consistent with a dilute collision regime.

¢ Intermediate Regime (1 ~ 1): When Rygr = 0, both geometric and probabilistic effects are
significant. The collision probability exhibits maximum sensitivity to changes in either the
hard-body radius or uncertainty level.

¢ Large Object Regime (A > 1): When Rygr > 0, the collision probability approaches unity
(P, — 1), indicating near-certain collision given the small uncertainties relative to the collision

cross-section.

The theoretical curve defined by Equation A.1 provides an exact benchmark for validating numerical
collision probability algorithms. Key verification points include:
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A=V2 = P.=1-¢1~0632 (A3)
A=1 = P.=1-¢%20.393 (A.4)
A=2 = P.,=1-¢2~0.865 (A.5)

Figure A.8 demonstrates the verification results for both methods across the full range of A values. The
close agreement with theoretical expectations of the Foster method verifies its correct implementation
in this work. The Alfano method results in higher, more conservative values, in agreement with
literature, and is computationally more efficient due to analytical approximations (Patera, 2000). In
this work, the Foster method is utilized due to its superior accuracy.
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Figure A.8: Verification of Foster and Alfano collision probability methods against the analytical solution for a zero

miss-distance scenario.



B Optimal Thrusting Vectors

This chapter provides the complete derivations of the four primer vectors used for each control law,

as presented in 4.2. Gauss’s planetary equations, which state the rate of change of orbital elements,

are used as a starting point.

Gauss’s Planetary Equations in RTN Coordinates

Consider a spacecraft subjected to a perturbative acceleration a = [ag, ar, a NIT expressed in the RTN

coordinate frame, where R points radially outward from the central body, T is tangent to the velocity

vector in the orbital plane, and N completes the right-handed coordinate system normal to the orbital

plane (Battin, 1999) (Vallado, 2001). The instantaneous rates of change of the classical orbital elements

under this perturbative acceleration are governed by Gauss’s planetary equations (Battin, 1999):

da
dt

de
it~ h

di _acosu

at - N

dQ) asinu

— = a
dt hsini N

where the orbital parameters are defined as:
® g = semi-major axis
® ¢ = eccentricity

* | =inclination

Q) =right ascension of ascending node

h = y/ua(l — e?) = specific angular momentum

p = a(1 — e?) = semi-latus rectum

¢ r = instantaneous radius

f = 0 = true anomaly
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2a? . p
i [aRe sin f + aT?]

. [ar sin f + ar(cos f + cos E)]

(B.1)

(B.2)

(B.3)

(B.4)
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* E = eccentric anomaly

* u = w + f = argument of latitude

* = argument of perigee

* u = gravitational parameter of central body

Fundamental Orbital Relations
Several key geometric relationships from orbital mechanics are utilized in the derivation (Curtis,
2005):

§:1+ecosf:1+ecos9 (B.5)
e+cosf

coOSsE = ———— (B.6)
1+ecosf

u=w+0 (B.7)

Optimization Methodology
For each orbital element, the instantaneous rate of change can be expressed as a linear combination of

the acceleration components:

i)

i = CR[lR + CTlZT + CNHN (BS)

where ce represents an orbital element and Cg, Cr, and Cy are coefficients derived from Gauss’s
planetary equations. To maximize this rate for a given thrust magnitude |a|, the optimal thrust
direction A must be aligned with the coefficient vector C = [Cg, Ct, C ~]T (Kechichian, 1997).

The normalized optimal thrust direction is therefore:

C
Aopt = —- B.9
opt |C| (B.9)
Derivation of Optimal Thrust Directions
Semi-major Axis Optimization
From Equation (B.1) and applying the radius relation (B.5):
da 2a? .
priai [agesin O + ar(1 + e cos 0)] (B.10)

The coefficient vector is: )
2
C, = %[e sin@,1+ e cos 6,0]" (B.11)
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Therefore, the optimal thrust direction for maximizing semi-major axis rate is:

esin O
Aoy =|1+ecosO (B.12)
0
Eccentricity Optimization
From Equation (B.2), the coefficient vector is:
C, = Z[sin 0, cos O + cos E, 0]" (B.13)

h

The optimal thrust direction for maximizing eccentricity rate is:

sin 0
Ao, = |cos O + cosE (B.14)
0

Inclination Optimization

From Equation (B.3):
di _ acos(w + Q)a

== : (B.15)

Since inclination changes are achieved exclusively through normal thrust, and the magnitude of the
rate depends on cos(w + 0), the optimal direction is:

0
Ao,i = 0 (B.16)
sgn(cos(w + 0))

where sgn(-) denotes the sign function.

Right Ascension of Ascending Node Optimization

From Equation (B.4):
dQ  asin(w + 0)
ki it Se 17
dt Hsini (8.17)
The optimal thrust direction for maximizing RAAN rate is:
0
Ao = 0 (B.18)

sgn(sin(w + 0))



C Project Plan

This chapter presents the work breakdown structure (WBS) and division of work by tasks and time in
the form of a Gantt chart for the thesis project. The WBS, shown in Figure C.1, provides a hierarchical
decomposition of the project into smaller sections, while the Gantt chart, shown in Figure C.2, displays
the timeline and scheduling of tasks over the course of the thesis project.

C.1. Work Breakdown Structure

The WBS in Figure C.1 outlines the main phases and tasks involved in the thesis project. The
first phase includes a 7-week literature review to gather existing research on the status quo of
collision-avoidance maneuvers for sailcraft, in which a research gap is identified, and a research
objective is formulated, with specific research questions to address the research gap. The research
phase, spanning approximately 5 months, is used to develop all methodologies required to generate
the results to suitably answer the research questions. Throughout the work, verification activities are
performed to test the developed code and results.

Documentation and project management work is performed throughout the thesis to write the
research proposal, thesis report, and prepare for the thesis defense. All code is stored in a GitHub
repository to ensure version control and backup of all project files.

_

.

]
Phase

]
Work package

i 11} Formulate locally | | | X ; i
Retrieve i1 Compute collision i optimal control | | | Define optimal | Run simulations | |

Gather existing ;
model | ! \aws i1 control problem i

research : fon data | i ! probability

Verify developed
code

Research proposal

Implement SRP | | |
and SPR+drag
control

Identify research R, { (Generate synthetic | | | Define collision | |
gaps H covariances |+ avoidance scenario | |

Implement

optimizer Verify results

Thesis report

; ‘ perform analysis |

Activity

Formulate research

et Sail/debris objects

Thesis defence

Integrator/

propagator Store project files

Figure C.1: Work Breakdown Structure, as of April 2025

C.2. Gantt Chart

Figure C.2 presents the Gantt chart used for planning the thesis project.
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C.2. Gantt Chart
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Week 1 5 9 13 17 21 25 29 33 37

Literature review

Gather existing research
Identify research gaps
Formulate research objective
Document research proposal
Research proposal

Research phase I

Develop dynamic model
Develop covariance generator
Develop risk assessment method
Implement optimal control laws
Implement optimization method
Midterm review

Research phase II

Run simulations

Break

Perform analysis

Verify code and results
Document thesis draft

Submit thesis draft

Green light review

Thesis dissemination
Document thesis report
Prepare defense presentation
Store project files

Thesis defence

T2
o

==111

Figure C.2: Gantt chart showing the thesis schedule, as of April 2025.
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