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ABSTRACT

Seismic wave propagation in the Earth’s subsurface is influenced by anelastic attenuation, which causes energy loss and waveform
distortion, degrading image resolution. This effect, quantified by the quality factor (Q,), is particularly pronounced in settings such
as carbon capture and storage and near-surface studies, where fluids, gases or unconsolidated sediments are present. Conventional
Q; estimation methods — such as spectral ratio and centroid frequency shift — often rely on simplifying assumptions, have
limitations in heterogeneous media and produce smeared Q, results. We address these limitations by integrating attenuation
compensation and Q; estimation directly into the full wavefield migration framework. Our method embeds Q ' into a one-way
forward modelling operator and applies full-waveform matching on residual data to estimate attenuation, compensating for it
during migration. Implemented in the image domain within a wave-equation tomography framework, it links model and Q;
perturbations for robust, localized estimation. Tests on synthetic and field data confirm that the approach accurately recovers
both reflectivity and attenuation models, improving resolution and producing more geologically consistent images. Compared with
conventional spectral-based Q estimation methods, the proposed full-waveform matching framework jointly estimates reflectivity
and attenuation during migration while maintaining control over internal multiples.

1 | Introduction Q; correspond to greater energy loss per wave cycle, indicating

stronger attenuation. It is important to note that such large-scale

Seismic wavefields propagating through the subsurface are
influenced by a range of attenuation phenomena, resulting
in pronounced energy dissipation and waveform alteration.
Accurate characterization and compensation of the attenuation
within the overburden are critical for enhancing the resolution
and reliability of seismic imaging and inversion methodologies.
Geometric spreading represents one such effect and is typically
addressed in most migration algorithms. In addition, reflection
and transmission phenomena introduce amplitude variations
in the wavefield as a result of impedance contrasts within the
medium. Anelastic attenuation of P-waves, characterized by the
quality factor (Q f), leads to a gradual reduction of wave energy
with increasing propagation distance or time. Lower values of

anelastic behaviour often originates from the cumulative action
of small-scale elastic processes, such as grain boundary friction,
fluid flow or microcracking. Moreover, attenuation is intrinsically
associated with dispersion, wherein energy shifts towards lower
frequencies, resulting in waveform broadening and distortion
over time (Aki and Richards 2002).

Accurate estimation of Q, provides key insights into subsurface
properties such as lithology and the presence of fluids or gases —
essential for exploration, monitoring and emerging applications
like carbon capture and storage (CCS). Laboratory and rock
physics studies on CO, monitoring have shown that seismic
velocities and attenuation can vary significantly following CO,
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injection (Carcione et al. 2006; Huang et al. 2023; Dong et al.
2025). Therefore, developing reliable methods to account for
attenuation effects in imaging is crucial for ensuring accuracy in
these applications.

In the field of seismic attenuation estimation using seismic reflec-
tion data and sonic logs, several methods have been developed
over the years. The classical spectral ratio method (White 1992)
compares the spectral content of seismic signals at different
depths to derive attenuation characteristics. Another approach
is the centroid frequency shift (CFS) method (Quan and Harris
1997). This method involves correlating the quality factor, Q/,
with changes in the centroid frequency of the seismic wavelet.
Then the complex spectral ratio (CSR) method (Cheng and
Margrave 2008) was developed to address some of the limitations
seen in earlier approaches. It combines elements of the spectral
ratio and CFS methods. The CSR method estimates Q based on
the constant-Q, theory, relating to the spectral properties of the
wavelet at two different depth levels. Another method is the Q -
inversion method (Raji and Rietbrock 2013), which is particularly
focused on estimating Q, from real seismic data. This method
starts with isolating two different reflectors using a Hanning
window, and then computing the Fourier transform within this
window to analyse the captured signal.

In reality, the quality factor Q varies across different spatial areas,
much like how a velocity field is distributed. Traditional one-
dimensional inverse Q; filtering, which processes seismic data
trace by trace, does not fully capture how seismic waves move
through complex geological structures. Therefore, it is essential
to correctly implement absorption compensation within the
migration scheme, as this scheme is adept at precisely handling
the complexities of wave paths. In the process of Q, migration,
and particularly when estimating propagation operators, the
waveform is subject to attenuation as it propagates forward. This
affects the wavelet’s shape. Without adequate compensation for
this attenuation, its effects will be transferred to the reflector,
resulting in a dispersed pulse.

Several studies have examined Q,-migration in prestack and
poststack settings, addressing absorption and dispersion within
their schemes, including those by Mittet et al. (1995), Yu et al.
(2002), C. Zhang (2008) and Wang (2008). Also, a wide range
of inversion-based Q, tomography methods have been devel-
oped to account for attenuation effects, most of which perform
attenuation measurements in the data domain and rely on
spectral analysis techniques such as the spectral ratio or CFS
methods. These include the works of Tonn (1991), Quan and
Harris (1997), Dasgupta and Clark (1998), Mateeva (2003), Plessix
(2006), Rickett (2007) and Reine et al. (2012), as well as more
recent efforts using wave-equation tomography or full-waveform
inversion (e.g., Kamei and Pratt 2008; Bai and Yingst 2013; Wang
2014; Dutta 2016; Dutta and Schuster 2016).

Despite their methodological differences, these approaches share
a reliance on amplitude spectral characteristics to infer Q. Such
spectral ratio and CFS methods are typically based on local,
approximately one-dimensional assumptions and are sensitive
to bandwidth selection, noise and frequency-dependent attenua-
tion. Previous studies have shown that spectral ratio estimates can
be significantly biased in the presence of frequency-dependent

Q; (Gurevich and Pevzner 2015; Y. Zhang et al. 2015), and that
both spectral ratio and CFS methods may fail to detect localized
attenuation anomalies in heterogeneous media (Carvalho Costa
and Gomes 2011). As a result, spectral-ratio-based methods
provide spatially averaged attenuation estimates, whereas full-
waveform matching exploits the complete wavefield to map
attenuation effects in a tomographic manner, leading to improved
spatial localization of Q. They often simplify wave propagation
by neglecting the complexities of full-waveform modelling and
by relying on synthetic or reference models, which limits their
effectiveness in heterogeneous media. Additionally, they tend to
produce smeared Qs results, leading to Qs estimates that are
generally not well-localized.

In a more recent work, Shen et al. (2018) developed a spa-
tially varying quality factor Q; model for gas clouds/pockets
and introduced the wave-equation migration Q, analysis. This
inversion-based method operates in the image space, directly
correlating changes in the Q; model with image alterations.
However, the reflectivity image itself is not updated during
the inversion; instead, Q; is inferred from spectral attributes
extracted from migrated images. It also utilizes wave-equation-
based Q; tomography to manage complex wave propagation.
However, their method still relies on spectral ratio measurements
from migrated images rather than using full-waveform matching.
Wave-equation Q; tomography methods, such as Dutta (2016)
and Dutta and Schuster (2016), operate in the data domain and
update Q; through adjoint-state waveform gradients governed by
two-way wavepath sensitivities; the proposed approach performs
Q; estimation in the image domain through migration-driven
full-waveform matching.

In parallel with efforts focused on estimating the quality factor,
significant progress has been made in Q -compensated imaging
and inversion frameworks, where attenuation effects are incorpo-
rated into wave-equation modelling and migration operators to
improve image fidelity. Examples include Q;-compensated full-
waveform inversion approaches for multiparameter estimation,
such as velocity and density (Wang and Qu 2022), as well as
least-squares reverse time migration methods that integrate Q,
compensation within migration imaging, including elastic and
ocean-bottom seismic implementations (Y. Zhang et al. 2024; Qu
et al. 2021, 2022). These approaches demonstrate the growing
maturity of Q,-aware imaging, but they typically rely on a pre-
scribed Q; model rather than performing direct or tomographic
Qf estimation.

While conventional Q-estimation methods often rely on
frequency-domain spectral analysis, this paper presents a
tomographic approach that utilizes full-waveform matching
for more accurate Q,-estimation. Our method operates on the
residuals between observed and modelled data and incorporates
attenuation compensation within a least-squares migration
framework. We used the full wavefield migration (FWM)
method (Berkhout 2014b; Davydenko and Verschuur 2017) as
the imaging engine and enhanced its ability to deliver higher
seismic resolution in geologically complex areas. The FWM
uses the full wavefield modelling (FWMod) (Berkhout 2014a)
scheme, which includes geometric spreading, reflectivity and
transmission effects and all multiple scattering by recursively and
iteratively propagating wavefields up/down in the subsurface.
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This modelling engine is optimized for an inversion algorithm
that uses the subsurface’s propagation velocity and reflectivity
models based on measured seismic data. The inversion algorithm
uses a gradient descent scheme, where the difference between
measured and modelled data is projected onto updates for
the reflectivity model. Because of the modular set-up of the
FWMod process, where propagation and reflection/transmission
are described by wavefield operators, bringing in the Q,-effect
is relatively simple, by redefining the propagator (Safari and
Verschuur 2023, 2024, 2025).

We used FWM in this study not only for its ability to incorporate
attenuation effects but also for its full control over internal
multiples. Internal multiples occurring within subsurface lay-
ers are often considered as noise in seismic processing. Using
FWM, which inherently models and manages internal multiples,
we ensure that the inversion process remains robust without
requiring explicit suppression or removal of these events. This
highlights the flexibility and strength of the proposed approach
in handling complex wave phenomena within the subsurface.

In this method, we adopt an approach for updating Q, that is
inspired by the velocity update process in the joint migration
inversion (JMI) (Staal and Verschuur 2013; Berkhout 2014c; Ver-
schuur et al. 2016). Within this framework, perturbation theory
is employed to relate image perturbations to perturbations in Q.
Accordingly, Q; updates are localized in the image domain rather
than being distributed along wavepaths or inferred from spectral
attributes. Our method achieves robust and localized Q, estima-
tion by integrating Q, in a one-way modelling operator, using
full waveform matching. It is fully tomographic, overcoming the
limitations of conventional techniques.

The structure of this paper is as follows. We begin in Section 2
with a review of the notation and fundamentals of FWM and also
introduce our desired quality factor (Q,) model. Section 3 then
describes how Q; is incorporated into full waveform modelling,
followed in Section 4 by the approach for estimating Q values.
Section 5 outlines the inversion framework, while Section 6
demonstrates the approach using synthetic and field data exam-
ples. Finally, Section 7 summarizes the main conclusions of
the study.

2 | Notations and Review

The aim of FWM is to fit observed seismic data with a model
by minimizing the difference between them, referred to as
the residual energy, which serves as the objective function in
the data-fitting process. The key parameters in the inversion
process are the propagation velocity model and the seismic
reflectivity model. Using these parameters, the FWMod scheme
can regenerate seismic data, including primary reflections and
internal multiples. Within this framework, phase changes are
accounted for by a smooth velocity model, while amplitude
changes are captured through reflectivities. This approach aligns
with standard practices in migration algorithms. However, FWM
extends beyond the norm by incorporating a two-way scattering
component, which additionally accounts for transmission effects
and multiple scatterings. This inclusion renders FWM as more
comprehensive and accurate representation of wave propagation

compared to conventional wave-equation migration methods
(Claerbout 1971; Gazdag 1978). In this paper, we use specific
notation for key concepts to ensure clarity. The notation Q;
refers to the quality factor, a significant parameter in our study.
Additionally, we use Q,, to denote the total upgoing or downgoing
wavefield. These notations are used throughout the article for
consistency and to avoid any potential confusion between these
two distinct concepts.

21 | Full Wavefield Modelling

The FWMod is the forward modelling engine in the FWM
process. This engine effectively decouples velocity and reflectivity
(Berkhout 2014a). On the one hand, scattering is generated by
the reflectivity model, which is the parameter that the scheme
attempts to estimate for explaining the observed data. On the
other hand, the velocity profile affects only the kinematics.
We describe and demonstrate the FWMod process for the two-
dimensional (2D) case; however, the method can easily be
extended to the full three-dimensional situation, as described
in Davydenko and Verschuur (2017). We also limit to the case
without wave conversions, although FWMod allows such an
extension (Berkhout 2014a; Hoogerbrugge and Verschuur 2021).
When a monochromatic wavefield }3+(zn) going downwards
reaches a sharp boundary at depth z, and gets reflected, we can
describe the reflected wavefield in the frequency domain using
the reflection operator RY(z,,):

Qu(z,) = RY(z,)P*(z,), )

where the reflection operator contains spatial convolution opera-
tors that describe the local reflection properties (Davydenko and
Verschuur 2017). For angle-independent reflection, this operator
has a diagonal structure. The upgoing wavefield at depth level z,,
comprises not only energy from the reflected wavefield but also
from the transmitted wavefield at the discontinuity. Therefore, we
can express

Qu(z,) = T (2,)P(2,) + RY(z,)P*(z,), ©)

in which éw(zn) represents the total upgoing wavefield, which is
moving away from the discontinuity. The term ﬁ‘(zn) describes
the incoming upgoing wavefield at depth level z, from below, as
illustrated in Figure 1. Additionally, T~(z,) denotes the transmis-
sion operator at the discontinuity. The transmission operators are
defined by the equation T*(z,) = I + 8T*(z,). Here, 6T (z,) =
0 implies that there is no contrast at depth z,. Following this
definition, Equation (2) is expressed as

Qu(z,) = P(2,) + 8T (2,)P~(z,) + RV(z,)P*(z,),  (3)

where the last two terms represent the scattered wavefields at
depth level z,, accounting for the wavefields arriving from both

>+
sides. Similarly, the total downgoing wavefield Q,(z,), which
departs from depth level z,,, can be formulated as the summation
of transmission and reflection components

Qi(z,) = T*(2,)P*(2,) + R'(z,)P~(z,) “
4
= P*(z,) + 6T*(2,)P*(2,) + R"(z,)P(2,).
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P (zn) R“(zn%a

Qiizn)

R"(zn)

Figure 1 | Schematic representation of reflection at both sides of a
depth level.

The wavefields éi(zn) undergo transmission and reflection
processes at depth z, and subsequently propagate to the neigh-
bouring depth levels z,,,. This propagation is facilitated by
wavefield extrapolation, which is based on the principles of the
Rayleigh II integral:

PE(2,01) = WE(2,,,132,)Q5(2,)- ®)

In this formulation, W*(z,,;z,) and W~ (z,_,;z,) denote the
downgoing and upgoing propagation operators, respectively,
which are used to propagate the wavefields to the subsequent
depth level, z,,,. The components of W can be related to the
dipole Green’s function as follows (see also Berkhout 1982):

Wi,j(zm; Zn) =2 Sign(zn - Zm)g_g(xj’ Zms Xis Zn)7 (6)

where G(x;, z,; X;,z,) represents a Green’s function that con-
nects the wavefield’s original position at (x;,z,) to its new
location after propagation at (x;, z,,). In a homogeneous layer, the
matrix W exhibits a Toeplitz structure. This implies that we can
directly relate a column of the propagation operator W to the
phase-shift operator:

W (232,) = Fi' [erketzelhen], ™)

with, for the 2D case,

k, =k — k2, 8)

where 7, represents a spatial Fourier transform, x; is the source
position of the Green’s function, k is the wavenumber and
Az = |z, — z,|. The wavenumber k can be expressed as the
ratio of angular frequency () to the velocity (c), given by the
equation k = 3 For laterally inhomogeneous media, each row
of W representh a propagation operator that can still be obtained
via 7 if we use the local propagation velocity, assuming smooth
lateral variations. In the FWMod procedure, the scattering pro-
cess, as outlined in Equations (3) and (4), and the propagation
process, detailed in Equation (5), are iteratively executed at each

depth level. The procedure can be summarized in the following
equations (Berkhout 2014a):

« for the downgoing wavefields (m =1,2, ..., M):

P(z,) = W' (22008 (20) + Y, W' (2,3 2,)R"(2,)P~(2,),
- ©
with

n+l1

W' (2,320) = Wz 200) [] TH@IWH(z52.0), (10)

I=m-1

« for the upgoing wavefields (m =0,1,..., M — 1):

M
P (2,) = W (2,3:20P (2a) + ), W (2,13 2,)RY(2,)P* (2,),
n=m+1 (11)
with
Ei(zm;zo) = Wi(zm;zm+l) H Ti(zl)wi(zl;zl-#l)’ (12)
l=m+1

where S+ (z,) is the downgoing source wavefield at the surface.

When we start the modelling procedure with the assumption that
S+ (z,) and R are known at all depth levels, we set Pt (z,)=0
and ﬁ’(zm) =0 at each depth level z,,. Utilizing Equation (9),
we can subsequently compute the value of p* (z,,) for each depth
level, followed by the update of ﬁ‘(zm) using Equation (11).
After a single evaluation of Equations (9) and (11), we complete
one ‘roundtrip’ and obtain all primary reflection responses.
Subsequent roundtrips introduce higher order scattering effects
(multiples) into the results.

2.2 | Quality Factor Model

Anelastic attenuation, which is quantified by the quality factor
(Qy), reflects the energy loss of seismic waves as they travel over
distance or time. The Q factor is a dimensionless measure of this
anelasticity. It is defined as

o ="2F, (13)
where E represents the energy stored in the system at the
maximum strain and AE is the energy lost in each cycle due to
anelastic attenuation. Because AE is negative, as it represents a
loss of energy, a minus sign is required to map it to a positive
Q; value. The inverse of the quality factor, denoted as Q}Zl, is
a measure of the portion of energy lost during each cycle or
wavelength. This can be expressed as

—AE

-1 _ 2%
Q=3 (14)

which implies that a higher Q, indicates lower energy loss (or
higher energy conservation) and vice versa. In seismic analysis, it
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Figure 2 | Flow diagram related to the closed-loop Q-FWM process, where we alternate between Q r updates and image updates.

is commonly accepted that the quality factor Q, does not change
much within the range of seismic frequencies (Aki and Richards
2002). Therefore, in our work, we use a nearly constant Q  model
(Futterman 1962) to estimate seismic wave attenuation during
migration, which operates under the consideration that Q; is
almost frequency-independent. The one-way wave equation for
viscoacoustic modelling, introduced by Futterman (1962), looks
similar to the acoustic wave equation, but it uses a complex
number to represent slowness, as follows:

1 9] i

Equation (15) introduces the variables s, s, w,, which are the
complex slowness, the slowness without attenuation effect and
the central angular frequency, respectively. We can take the
attenuation factor (A) as the inverse of the Q, value, where A
is defined as 1/Q;. This simplification facilitates the derivation
process and changes Equation (15) as follows:

sC=s<1—%ln(wﬁo>><l+%). (16)

Equation (16) combines the slowness and the attenuation param-
eter to model wave propagation that accounts for anelastic
attenuation effects (Toksoz et al. 1981; Sheriff and Geldart 1995;
Aki and Richards 2002). Note that even if Q; or A is taken
frequency independent, its effect on wave propagation is still
frequency dependent.

3 | Incorporating Q in Full Waveform Modelling

Including the anelastic attenuation effect in one-way propagators
within the full wavefield modelling engine is straightforward.
The FWMod employs one-way propagators, usually based on
the phase-shift operators, for example, via the phase-shift plus
interpolation methodology (Gazdag and Sguazzero 1984b). As
was shown in Equations (7) and (8), and, taking x; =0, the
involved phase shift operators in the wavenumber domain for 2D
can be written as

Wk, w) = e kb2 k= q/w2s? — k2, @17)

with Az the extrapolation distance, this equation can be easily
extended to include the complex slowness as given by

2

W(k,,w) = e—j\/m2<s<1—§ ln(%))(u%)) —k2Az )

bl

which provides the expected frequency-dependent amplitude and
phase effects. By using the new propagation operator, as shown
in Equation (18), we enhanced the effectiveness of FWM by
incorporating the Q into its forward modelling engine, FWMod.
At this point in the study, if the Q; model is available, it can be
utilized during the migration process to compensate for Q.

4 | Estimation of Q Values in FWM

Although having an accurate Q; model can improve inversion
outcomes, it is often impractical to obtain one. Measuring the Q;
precisely in seismic data analysis remains a challenging task, yet
it is crucial for interpreting subsurface features. By integrating
Q; estimation as a core component of the FWM process, our
approach eliminates the need for pre-existing Q, models and
enhances the accuracy and reliability of inversion results. The
method for estimating and updating the Q, shares many similar-
ities with the velocity update process in JMI (Staal and Verschuur
2013; Berkhout 2014c; Verschuur et al. 2016). The JMI constitutes
a tomographic problem, where we combine wavefields travelling
in the same direction and aim to simultaneously determine the
reflectivity and velocity of the subsurface from seismic record-
ings. This is achieved through a gradient descent scheme that
minimizes the difference between modelled data and the seismic
recordings in a least-squares sense. To convert data mismatches
into updates for reflectivity or velocity, their relationship has
been linearized, known as perturbation theory. Similarly to JMI,
initially, a linear relationship must be established between the
propagation operators and the attenuation model by considering
their respective perturbations. Unlike in the case of velocity,
where derivatives are taken with respect to velocity or slowness,
here we take the derivative with respect to the attenuation (A)
value, which is more practical than using Q.
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Figure 3 | Models used for generating synthetic seismic data: (a) true
reflectivity model, (b) true velocity model and (c) true Q model.

4.1 | Propagation Perturbations

As shown before, to incorporate the attenuation effectin FWMod,
we replaced the normal slowness with complex slowness, as
shown in Equation (18). Given that in the FWMod formulation,
the attenuation model only affects phase changes during wave
extrapolation, which is governed by the extrapolation operator
W, an attenuation perturbation then affects the extrapolation
operators W~ such that

W (z,,2,) = Wy (21, 2,) + AW (2,,, 2,), (19)

where W represents the extrapolation operator as defined within
the background medium and W~ denotes the operator defined
in the true medium. Previously, it was established that a single
column of the operator W~ can be calculated within the (k,., )
domain as follows:

W (23 2,) = Fi e hebze o], (20)

where the vertical wavenumber k, is defined through the complex
slowness (Equation 16). Linearization of Equation (20) with
respect to the attenuation parameter A leads to a linearized
perturbation operator that relates attenuation perturbations to
wavefield perturbations (Safari and Verschuur 2024). The detailed
linearization procedure is provided in Appendix A. Following
the linearization and stabilization procedures described in the
Appendix, the resulting perturbation operator is given by

- ki A w
- ~P-1) _; 2z = -
Loz, 2,) & F { ‘]AZkOk;‘kz+€|:(1 ﬂln wo)
< iA>2<1n(CU/CUo)>2
1+ 2 (/22
2 V.4
i iA A o)
_ il _ - —jkz Az o= jky X
+2<1+2>(1 nln%)]e e J}, 21

where the asterisk * indicates complex conjugation and ¢ is a
small positive stabilization parameter, the choice of which is
described in Appendix A.3. Therefore, the (linearized) difference
extrapolation operator can be expressed as follows:

AW (z,,,2,) = Ly (2, 2,)AA(z,,), (22)

where AA(z,) is a diagonal matrix with the attenuation updates
Aﬁ(zn) along its diagonal. The effect of attenuation perturbations
at any point in the subsurface on the measured upgoing wavefield
at the surface can be described as

N
APy, (20) = ) L (20, 2,)DAE,)05(2,), 23)
n=1
where
R N
Qu@) =0P(z,)+ Y W (2,,2,)0P(z,)),  (24)
m=n+1
and
L;(ZO’ Zn) = E(;(ZO’ Zp—1 )La(zn—l ’ Zn)» (25)

with W=(z,, z,) = L.

4.2 | Reflectivity Perturbations

The reflectivity perturbation is kept unchanged, following the
FWM approach of Davydenko and Verschuur (2017). In this
approach, it is most effective to solve only for R", which
affects the amplitude of the reflected wave through Equation (3).
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Figure 4 | Comparison of synthetic waveforms generated using (a) FWMod and (b) QFWMaod. The inclusion of attenuation in QFWMod leads to
reduced waveform amplitudes in deeper regions affected by high attenuation. The arrows indicate regions impacted by Q in panel (b).
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Figure 5 | Gradient test result; estimated Q I model after 100 itera-

tions of gradient-based inversion.

In this study, we do not consider the angle-dependency of
reflectivities. This implies that all reflectivity operators RY are
diagonal matrices, where diag(RY(z,,z,)) = 1(z,) represents the
reflectivity values at depth level z, along the spatial axis. A
perturbed reflectivity operator can then be written as

RY(z,) = Rj(z,)AR(z,), (26)

in which Ry(z,) represents the background reflectivity operator
(i.e., the current estimate), R"(z,) represents the true reflectivity
operator and diag(AR(z,)) = AX(z,) describes the difference. The
influence of reflectivity perturbations at any subsurface point
on the detected upgoing wavefield at the surface can then be

described as follows:

N
AP, (z,) = Y, W (20, 2,)AR(z,)P* (z,). @7)

n=1
5 | Inversion

Our proposed method aims to iteratively minimize the differ-
ence between the observed and simulated data through the
implementation of a gradient descent strategy. The objective
of this optimization process is to enhance the accuracy of the
estimates of subsurface reflectivity and attenuation parameters.
The target of this approach is summarized in the following
objective function:

J= YRy (20) = Py (2oIP = D IIAP-(Z)IP,  (28)

where each matrix P(z,) represents the collection of all shot
measurements ﬁ(zo). Drawing from Equations (23) and (27),
we are now equipped to derive the necessary gradients for
implementing a gradient descent method:

(&)

Vi(z,) = diag<2[w‘(zn, z0>]HAP(z0>[P+(zn)]H>, 29)

VA@) = diag(Z[y(zm zo>]HAP<zo>[Q;v(zn)]H>, (30)

where each gradient calculates a parameter update along depth
level z, and the operators W and L are based on the current
attenuation and reflectivity estimates. We can now evaluate the
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Figure 6 |
by Q-FWM.

wavefield perturbations predicted by these gradients:

N
AP (2) = Y, W (2, 2,)VR(z,)P* (2,), 3
n=1
- N -
APyu(zo) = ) L (20, 2,)VA(z,)Q3(2,), (32)
n=1

where VR(z,) and VA(z,) are square matrices, where the
gradients V#(z,) and Vg(zn) are positioned along their diagonals.
After the gradients are calculated, the parameters are updated
and the residual wavefields are slowly driven to a minimum level.
When we are updating reflectivities, this means

Thew(X, Z) = Fou(x, 2) + aVr(x, z), (33)

where
a = argmin <z AP (z,) — aAP;r(zo)uZ). (34)
4

When we are updating the attenuations, we get
Apew(x,2) = Aga(x, 2) + BVA(x, 2), (35)

where
f = argmin <Z 1A (z,) - 5APVA<ZO)||2>. (36)

Notice that Equations (29)/(30) and (31)/(32) can be evaluated
in a single depth recursion, using a scheme similar to the one
described in Section 2.1. The flow diagram of the inversion process
is shown in Figure 2.

6 | Examples

6.1 | Synthetic Data Example

To demonstrate the effectiveness of the proposed method, we
first present a synthetic example. The test model consists of two
lens-shaped anomalies with distinct attenuation characteristics,

Depth (m)

3000

0 1000
Lateral location (m)

B 2000 0 ]

2000

-0.2 -0.1 0.0 0.1 0.2

Amplitude

Comparative analysis of reflectivity estimations across FWM and Q-FWM. (a) Estimated reflectivity by FWM. (b) Estimated reflectivity

embedded within a weakly attenuating background. In seismic
imaging, a quality factor Q, greater than 100 generally corre-
sponds to weak attenuation and several studies have shown that
wavefield differences for Q; > 100 are often negligible in typical
exploration scenarios involving moderate frequencies and limited
offsets (Hedlin 2006; Hauksson et al. 2006; Xing et al. 2019;
Malinowski 2012). Based on this understanding, and to simplify
the modelling while preserving physical realism, all Q, > 100 are
treated as equivalent to Q, = 100 in our set-up. Accordingly, the
background model is assigned a default Q, = 100, while two lens-
shaped anomalies are introduced to simulate attenuating bodies:
the top-right anomaly is strongly attenuating, with Q, = 20, and
the second anomaly has a moderate attenuation value of Q; = 50.
Additionally, three reflectors are placed beneath the anomalies
to enhance structural complexity, and one shallow reflector is
included above them to simulate layered subsurface conditions.

Synthetic seismic data were generated using the Q, model, the
velocity model and the reflectivity structure shown in Figure 3a,
3b and 3c, respectively. The simulated frequency band spans 5-
40 Hz, with a temporal sampling interval of 0.004 s and 512
time samples, and a Ricker wavelet with a 20 Hz peak frequency
was employed. A common practice in selecting the reference
frequency for the Futterman Q; model is to use the central
frequency or the highest frequency within the frequency band
of the recorded data. For our numerical tests, we selected the
central frequency, as it more accurately represents the dominant
portion of our frequency band. As a demonstration of Q-based
waveform modelling, the middle modelled shot record generated
by FWMod is presented in Figure 4a, while the middle shot record
generated using FWMod with attenuation (QFWMod) is shown
in Figure 4b. Both simulations are performed using the same
velocity and reflectivity models shown in Figure 3. In the presence
of the high-attenuation zone on the right-hand side of the model,
the waveforms generated by QFWMod exhibit a decay in ampli-
tude with depth compared to the conventional FWMod results, as
indicated by the arrows in Figure 4. This difference highlights the
impact of attenuation on wavefield propagation and demonstrates
the necessity of incorporating attenuation effects in waveform
modelling. The acquisition geometry includes evenly spaced
sources and receivers along the surface, with a maximum offset
of 3000 m and a target depth of 1500 m. The spatial sampling

80f18

Geophysical Prospecting, 2026

95U8017 SUOLIWOD dA 81D 8 (dedljdde ay) Ag peusencb afe sopp e YO ‘8sn Jo 9| 10} ArIqiaulUQO 8|1/ UO (SUONIPLOD-PUe-SWLIB)L0D A8 |IM"Afe1q1pulUO//SdNy) SUONIPUOD Pue Swis 18U 885 *[9202/50/22] o ArigiTauliuo Ao|iM ‘ed N1 Aq 26T0L '8.v2-GOET/TTTT OT/I0p/W0d Ao 1M Ale.q 1 jpul|uoy//Sdiy Wolj pepeoumod ‘v ‘9202 ‘8.72S9ET



== True reflectivity

— QFWM
= = FWM
—
200 - {
I
{
400 -
|
I
|
600 - I
I

800 -

Depth (m)

1000 A

1200 1

1400 A

—02 0.0 0.2
Amplitude

Figure 7 | Single-trace comparison among FWM, Q-FWM and the
true reflectivity extracted at the same lateral position (x = 2000) along the
vertical section.

intervals are 20 m horizontally and 10 m vertically. Internal
multiples up to the third order are included, and all parameters
are identical for FWMod and QFWMod. Note that Figure 4a
is shown only for comparison, whereas shot records such as
Figure 4b are used as input for viscoacoustic full wavefield
migration with tomographic Q; estimation (Q-FWM).
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Figure 8 | The estimated Q r model by Q-FWM.
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Figure 9 | Comparative analysis of the wavefield residual. Conven-
tional FWM (red dashed) shows higher residuals, while Q-FWM (light
blue solid) reduces them.

In our initial experiment, we evaluated the proposed gradient-
based method for updating the Q values. In this test, we assumed
that the correct reflectivity and velocity models were known and
provided, and the inversion was performed solely for Q updating.
The initial Q; model was set to a constant value of 100 at all
depth levels. Figure 5 presents the estimated Q; model after 100
iterations. As shown, the estimated Q model closely matches the
true Q, model. Notably, after approximately 50 iterations, the Q,
model exhibited no significant changes; however, the inversion
was continued to 100 iterations to ensure convergence of the
algorithm and to confirm that it does not overcompensate for the
attenuation effect.

The first experiment focused exclusively on testing the gradient-
based procedure for updating Q;. In the following two experi-
ments, we evaluated the complete method. In the first, we applied
the conventional FWM method to estimate reflectivity, assuming
no attenuation (i.e., high Q; values). In the second, we performed
the test using our Q-FWM method, which simultaneously esti-
mates both reflectivity and the Q; model. Figure 6 presents a
comparison between the standard FWM and the proposed Q-
FWM results. The Q-FWM method yields a noticeably more
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Figure 11 | Comparative analysis of the wavefield residual obtained

using different initial attenuation models. The residual evolution indi-
cates consistent and stable convergence for both tested initializations.

accurate reflectivity estimate, particularly in regions affected by
attenuation (Figure 6a). In the absence of attenuation compen-
sation (i.e., without incorporating Q;), energy loss effects are
imprinted on the reflectors, thereby reducing image resolution.

This is especially evident in Figure 6a, where the reflectors
beneath the lens-shaped anomalies exhibit diminished continuity
and amplitude, leading to increased ambiguity in the recovered
reflectivity. These artefacts arise from the inability of the standard
FWM to account for attenuation. Figure 7 shows a reflectivity
comparison among FWM, Q-FWM, and the true reflectivity for
the same lateral position. The Q-FWM trace displays improved
agreement with the true reflectivity in deeper intervals affected
by strong attenuation, whereas the FWM result exhibits more
pronounced amplitude decay. These results further support the
effectiveness of Q-FWM for amplitude recovery at depth. The
estimated Q, values after 100 iterations are shown in Figure 8.
The inverted Q model obtained from the Q-FWM method closely
reproduces the true Q; distribution, demonstrating the reliability
of the proposed inversion scheme. Figure 9 compares the resid-
uals obtained using FWM and Q-FWM. The residuals associated
with Q-FWM are noticeably lower than those from the conven-
tional FWM that neglects attenuation. This reduction indicates
that incorporating Q » modelling and compensation improves the
data fit by effectively accounting for attenuation effects.

To analyse the convergence behaviour of the proposed method
and its sensitivity to the initial attenuation model, additional
experiments were conducted using two different initial Qy
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Figure 12 | Velocity sensitivity experiment. (a) Perturbed velocity model used as the input. (b) Migrated image obtained using conventional FWM.
(c) Estimated Q; model obtained during the inversion. (d) Migrated image obtained using the proposed Q-FWM method.

models: a nearly lossless case (Q, = 100), similar to the model
used in the previous experiment and a strongly attenuative
case (Qy = 50). In both scenarios, the inversion was run for
300 iterations and the data residual was monitored at each
iteration. The convergence curves (Figure 11) show a consistent
and monotonic decrease in the residual for both initial models,
indicating stable convergence behaviour. When starting from an
incorrect low-Q; model, the algorithm is still able to recover
towards a more accurate attenuation representation, although the
convergence rate is slower compared to the lossless initialization.
The corresponding estimated images and estimated Q, models
are shown in Figure 10. In the low-Q; initialization case, the
estimated Q, model converges more slowly towards the true
attenuation values, particularly in regions with weaker wavefield
illumination, where the sensitivity to attenuation is reduced. Note
that Figure 10c is done with extra 200 iterations — somewhat
improved compared to the result in Figure 8. These observations
suggest that while the proposed method is robust to inaccuracies
in the initial attenuation model and does not exhibit signs of
being trapped in local minima for the tested scenarios, assuming
a weakly attenuative medium or a relatively high initial Q;
model can improve convergence speed and reduce the number
of required iterations.

Next, we investigate the sensitivity of the proposed Q-FWM
method to velocity errors. In the previous experiments, the true
velocity model was used during migration. However, in practical
applications, the velocity model is rarely known exactly. To
evaluate the robustness of the method, we repeat the imaging
experiment using a perturbed velocity model. The perturbed
velocity model is shown in Figure 12a. In the true model, two lens-
shaped velocity anomalies are present, one on the left side and
one on the right side of the model. In this experiment, the velocity
associated with the left lens-shaped anomaly is intentionally
replaced by the background velocity, while the velocity of the right
anomaly remains unchanged. The initial Q, model is set to (Q; =
100) throughout the model, consistent with the first experiment.
The migrated image obtained using conventional FWM is shown
in Figure 12b, the estimated Q; model is presented in Figure 12¢
and the image obtained using the proposed Q-FWM method is
shown in Figure 12d. As expected, the velocity error degrades the
imaging results for both methods. Although neither image is as
well focused as the results obtained using the correct velocity
model, the image produced by Q-FWM remains noticeably more
focused than that obtained using FWM. However, the reflectors
associated with the left lens-shaped anomaly and the deeper
reflectors beneath this structure are not positioned correctly as
expected due to the velocity inaccuracies. Because the proposed
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Figure 13 | Data from the Voring Basin after preprocessing. (a) One measured shot record after basic preprocessing and (b) corresponding velocity

model.

method estimates the Q; model in a tomographic manner, the
velocity error in the left lens anomaly affects the estimated Q;
distribution over a broader region of the model. In particular, the
estimated Q values associated with the left lens-shaped anomaly
are lower than the corresponding values in the true Q; model.
This influence also propagates to neighbouring regions, causing
the estimated Q; values in other parts of the model to be generally
lower than the true values. Velocity inaccuracies may also affect
attenuation estimation in conventional approaches such as the
spectral ratio method, primarily through errors in travel-time dif-
ferences and event alignment. This behaviour, therefore, reflects
a general limitation in attenuation estimation. In addition, this
effect influences the Q, estimation associated with the right
lens-shaped anomaly, where the recovered Q, values become
higher than the true values in that region. Although the estimated
Q; values are less accurate than those obtained in the first
experiment with the correct velocity model, the method is still
able to detect the main Q anomalies in the model. Despite these
inaccuracies in the estimated Q; distribution, the final migrated
image remains interpretable and the overall imaging result can
still be considered acceptable.

6.2 | Field Data Example

To further demonstrate the effectiveness of the proposed Q-
FWM scheme, we demonstrate the proposed method on a 2D
field dataset from the Vering basin. The data were acquired
by a streamer survey in the North Sea, in the Vering area,
offshore Norway. The source and receiver spacings used in our
example are 50 and 25 m, respectively. Several preprocessing
steps have been applied to the data, including the direct wave
and surface-related multiple removals, deghosting, near-offset
interpolation and using reciprocity to make the shot records
split spread. The source wavelet was estimated from the surface-
related multiples by using a so-called estimation of primaries
by the sparse inversion process (van Groenestijn and Verschuur
2009). Figure 13 shows a one-shot record of the data after
preprocessing (Figure 13a) and the corresponding velocity model
(Figure 13b). The frequency bandwidth during FWM and Q-FWM
is 5-30 Hz.

The test was performed under three distinct conditions. In the
first case, the conventional FWM method was applied to estimate
reflectivity, under the assumption of negligible attenuation (i.e.,
high Q/ values). In the second case, the proposed Q-FWM method
was employed to simultaneously estimate both the reflectivity
and the Q; model, assuming that the data contained only
primary reflections. Finally, the third case involved applying Q-
FWM while accounting for both primary reflections and internal
multiples present in the data. For the Q-FWM tests, the upper
and lower bounds of the inverted Q, values were set to 100
and 10, respectively. The initial Q; model was set to a constant
value of 100 for the entire dataset. The water layer at the
top was treated as non-attenuative, and during the updating
process the Q values for the water layer were excluded from the
inversion. The inversion was stopped once the residuals ceased to
decrease significantly.

The estimated reflectivity models obtained from the three test
cases are presented in Figure 14. As shown, the Q-FWM
result (Figure 14b,c) demonstrates a noticeable improvement
in image resolution compared to the conventional FWM result
(Figure 14a). The enhanced recovery of high-frequency com-
ponents in the compensated image leads to improved event
resolution. Additionally, the correction of attenuation-induced
phase distortions increases event coherency, resulting in more
laterally continuous and geologically consistent reflectors. Fur-
thermore, when internal multiples are incorporated in the final
test (Figure 14c), the estimated reflectivity exhibits an additional
enhancement. The regions of improvement are indicated by
dashed ellipses, highlighting areas where the structural detail
is better resolved relative to the previous cases. Although the
improvement between Figure 14b and 14c is not easily distin-
guished by visual inspection, the difference plot in Figure 14d
clearly highlights the regions where the inclusion of internal
multiples provides additional resolution. Figure 15 shows the
inverted Q; models for the Q-FWM case, considering only
primary reflections and for the case incorporating both primaries
and internal multiples, after 20 iterations of Q, inversion. The
estimated Q; models in both cases are generally similar, though
the Q; values are slightly higher when multiples are included.
This is because, when ignored, multiples are treated as attenu-
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Figure 14 | Comparative analysis of reflectivity estimations. (a) Estimated reflectivity by FWM. (b) Estimated reflectivity by Q-FWM excluding
internal multiples. (c) Estimated reflectivity by Q-FWM including internal multiples. (d) Difference between (c) and (b), showing the result of including

transmission effects and internal multiples by Q-FWM. Dashed ellipses indicate areas of improvement when internal multiples are incorporated.

ated primaries, causing cross-talk with true attenuation effects;
incorporating them yields more realistic Q, estimates. In both
cases, the inversion recovers the Q, anomalies, whose locations
agree with the geological interpretation as they coincide with
low-velocity regions.

Figure 16 presents reflectivity comparisons extracted from vertical
cross-sections at three representative lateral locations, comparing
Q-FWM with primaries only and Q-FWM including internal mul-
tiples against the corresponding FWM results. In both scenarios,
Q-FWM exhibits a pronounced improvement in amplitude recov-
ery relative to FWM. While the inclusion of internal multiples
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leads to a better overall fit, which is more clearly visible in the
reflectivity images shown in Figure 14, the differences between
the two Q-FWM variants in the single-trace comparisons are
relatively subtle. Nevertheless, both cases are included here to
provide a complete and consistent comparison.

Figure 17 compares the residuals obtained under the three testing
conditions. The residuals from the second condition - Q-FWM
with only primary reflections - and the third condition - Q-
FWM including both primaries and internal multiples - are
both noticeably lower than those from the first condition, which
uses conventional FWM assuming negligible attenuation. This
reduction indicates that incorporating Q  modelling and compen-
sation improves the data fit by mitigating attenuation effects. The
residual curves for the second and third conditions are very close
to each other, with the third condition yielding slightly lower
residuals, suggesting a modest additional improvement when
internal multiples are included.

7 | Discussion

Regarding computational cost, incorporating attenuation into
the migration algorithm increases the computational cost rel-
ative to the original method. Across multiple datasets, the
attenuation-aware algorithm requires approximately 4-8x more
computational effort than the original formulation, depending
on the model complexity and data size. This increase arises

from the additional calculations needed to model amplitude
decay and attenuation effects. In addition to amplitude decay,
our formulation accounts for the dispersive phase behaviour
that accompanies attenuation in viscoacoustic media. Because
attenuation and dispersion are linked through the Kramers-
Kronig relations, incorporating both effects ensures that the
forward modelling operator remains physically consistent and
causal. Despite the higher computational cost, the proposed
method yields substantially improved accuracy and physical
realism in the migrated results, particularly in terms of ampli-
tude behaviour in highly attenuated regions. Representing both
amplitude and phase effects of attenuation also improves the
consistency between modelled and observed wavefields, which is
particularly important in waveform-based inversion and imaging
frameworks. Consequently, the increased computational expense
is justified by the improved fidelity of the results.

Although we presented a limited number of examples, the results
demonstrate the principle that using full-waveform matching
within a depth-imaging framework can map Q; effects in a
tomographic sense, even in cases where there are local (lateral
and vertical) variations. This capability becomes particularly
advantageous when attenuation varies laterally and vertically,
since the proposed framework estimates Q, as a spatially
distributed parameter within a wave-equation-based inversion
rather than as a localized measurement along individual ray
paths. Mapping Q; effects in a tomographic sense is generally
not possible with traditional methods, such as the spectral ratio
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Figure 17 | Comparative analysis of the wavefield residual. Conven-
tional FWM (light blue solid) shows higher residuals, while Q-FWM with
primaries (red dashed) reduces them significantly. Q-FWM with the total
wavefield (dark blue dotted) achieves the lowest residuals, with a slight
further reduction compared to primaries only.

or CFS approaches, because these methods typically operate
in the measurement domain without reconstructing spatially
distributed attenuation models. Conventional amplitude-based
approaches infer attenuation from spectral amplitude decay along
assumed propagation paths and therefore rely on simplified
propagation assumptions that may break down in complex geo-
logical environments. This distinction highlights the conditions
under which the proposed approach provides the greatest benefit,
particularly in the presence of spatially varying attenuation
and complex wave propagation effects. We also realize that the
accuracy of the estimated Q effects can be influenced by errors
in the background velocity model. To evaluate this sensitivity, we
performed an additional experiment using a perturbed velocity
model, as discussed in the results section. The results show
that velocity inaccuracies can introduce biases in the estimated
Q; distribution and reduce the focusing of the migrated image.
Nevertheless, the main attenuation anomalies are still detected
and the resulting image remains interpretable. This behaviour is
not unique to the proposed method, as velocity errors can also
affect attenuation estimates in conventional approaches. We see
it as a logical next step to perform a joint inversion of background
velocity and Qy, but leave this for future work. A joint inversion
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framework may further improve the robustness of the attenuation
estimates in complex settings where velocity and attenuation
effects are coupled in the observed wavefield. Another interesting
aspect to mention is the effect of internal multiples: if internal
multiples are generated at a sub-seismic scale, these multiples
are not resolvable by the full wavefield modelling process but
can contribute to the observed Q, effects (O’Doherty and Anstey
1971). However, when the multiple-generating reflectors become
more widely separated, the multiple-generating process becomes
more deterministic and they can be described by the FWMod
process. In this way, multiples at both seismic and sub-seismic
scales can be handled naturally by our proposed method. Because
the proposed framework relies on wave-equation-based forward
modelling, it can naturally account for complex propagation
effects such as multi-pathing, scattering and internal multi-
ples, which are difficult to accommodate in amplitude-only Q
estimation methods.

The adopted one-way modelling engine is very suitable to
include the Q; effects for both the forward modelling and the
gradient calculation. This formulation also enables attenuation
and its associated dispersion to be incorporated directly in the
propagation operator, allowing these effects to be handled con-
sistently within the waveform-matching inversion framework.
However, it is well-known that using the one-way propagators
has limitations, such as the inability to image reflectors close
to 90 degrees and beyond, as well as turning waves. Thus, our
proposed method - despite being effective and flexible — would
not apply to all geologic scenarios, such as sub-salt imaging.
But in favour of our proposed method is the possibility to
adopt different Q, models in the propagator and the option to
include/exclude internal multiples during the imaging process.
With time-domain two-way wave-equation modelling engines,
it is well-known that bringing in accurate Q, models (obeying
the causality relationship) is not trivial and can also become
computationally more intensive (Ursin and Toverud 2002; Zhu
et al. 2013). At the same time, in relatively homogeneous media
with weak attenuation or limited bandwidth, simpler amplitude-
only Q; estimation approaches may still provide reasonable
estimates at significantly lower computational cost. In such cases,
the additional complexity of wave-equation-based inversion may
offer limited practical benefit.

8 | Conclusions

We have presented an approach for incorporating both atten-
uation compensation and Q, estimation into the FWM frame-
work. In the FWM process, this integration can be seamlessly
implemented within the forward modelling scheme, which is
composed of distinct propagation and scattering operators. For
Q; estimation, we proposed a full-waveform matching strat-
egy that utilizes residual data to accurately estimate Q; and
applies the corresponding compensation during migration. The
method is implemented in the image domain within a wave-
equation tomography framework and establishes a direct link
between model perturbations and Q perturbations. Using a 2D
synthetic example, we demonstrated that the proposed method
can recover both an accurate reflectivity image and a reliable
attenuation model. Application to field data further confirmed
the effectiveness of the approach.
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Appendix A: Linearization of the Propagation Operator and
Gradient Derivation for Q¢

This appendix presents the intermediate steps for the linearization of the
one-way propagation operator with respect to the attenuation parameter
A and the derivation of the corresponding gradient used for updating Q.

A.l | Linearization of the One-Way Propagator

The vertical wavenumber in the case fthe adopted Q model is defined as

2 2
A 4] iA
— 262( 1= Z1p = =) —k2
k,(A) \/cos(l nln%) <1+2> ki. (A1)

For a depth step Az, the one-way phase-shift propagator in the
wavenumber-frequency domain is given by

W=(A) = exp(—ik,(A) Az). (A.2)

Assuming a small perturbation AA around a background value A4, a
first-order Taylor expansion yields

W(Agq + AA) ~ W-(Agg) + | 22| aa. (A3)
A |,

A.2 | Derivative with Respect to A

Using the chain rule, the derivative of the propagator with respect to A
can be written as

—— =-iAze ks (A4)
=—-14AzZ aA. .

Differentiating k, with respect to A gives
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2
i A @ iA
+§<1—;lnw—0> <1+7>:| 5 (A5)

where ky = ws.

Substituting this expression into the previous equation and transforming
back to the space domain yields the linearized perturbation operator

K2 A N2 /] 2
i ~Fd —jaz| 2 (1-Am e A (In(@/w)
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Aold

Note that the expression ZE is entirely defined within the back-
ground medium.

A.3 | Stabilization

The operator in Equation (A.6) becomes unstable when k, — 0, corre-
sponding to near-horizontal propagation. To ensure numerical stability,
we apply the following stabilized approximation:

K

N — A7
Ik, +¢€ a7

Nw‘l’_l

where (-)* denotes complex conjugation and ¢ is a small positive stabi-
lization parameter. In this study, the stabilization parameter is defined as

€ = agan kg, (A.8)

where o,y is a scalar and kq is the background wavenumber defined
earlier. This formulation provides a physically scaled stabilization that
prevents numerical instabilities when k, becomes small while avoiding
excessive damping of the operator.

To determine an appropriate value for the scalar ag,y,, we tested oy, =
0.1, 0.01 and 0.001. For all tested values, the inversion results and
the recovered Q; models were essentially identical, indicating that the
proposed method is insensitive to the stabilization parameter within this
range. Based on these observations, we adopt ag,, = 0.01 for all experi-
ments reported in this study. Thus, using this stabilization, Equation (A.6)
transforms into

s

N k A 9}
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