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Summary

AT/ML-based approaches are at the forefront of resource management in mod-
ern communication networks. Deep learning, in particular, enables fast and high-
performing decision-making when sufficient representative training data is available
to build accurate offline models. Conversely, online learning solutions operate with-
out prior training and make decisions based on real-time observations; however, they
tend to be overly conservative to ensure robustness (i.e., worst-case guarantees).

This thesis advocates optimistic learning as a decision-making framework for
resource management in networked systems. An optimistic learning algorithm in-
tegrates untrusted predictions and assesses their accuracy at runtime. When pre-
dictions are accurate, these algorithms achieve performance levels comparable to
offline-trained models. Crucially, they maintain the robustness of regular online
learning, ensuring reliability even when predictions are inaccurate.

We focus on caching networks and propose new optimistic learning algorithms
for coded caching, and whole-file caching. These algorithms provably converge to
the best fixed caching allocation at an order-optimal rate, independent of prediction
accuracy. However, when predictions are accurate, convergence is highly accelerated,
achieving the “optimistic" premise.

We then extend our focus to scenarios where the optimization target itself
changes over time. In caching, this translates to competing against dynamic caching
configurations rather than a single best fixed allocation. We demonstrate that opti-
mism is even more valuable in this setting; accurate predictions help the learner effi-
ciently track moving targets, adapting in real-time without excessive conservatism.
Furthermore, we explore the role of predictions in stateful systems, where past deci-
sions influence future costs. In such environments, optimistic learning benefits from
horizon-based predictions, leveraging forecasts over extended time windows rather
than immediate next-cost predictions.

All proposed algorithms are rigorously analyzed and come with provable per-
formance guarantees under carefully designed and explicitly stated metrics. By
integrating optimistic learning into network optimization, this thesis explores the
spectrum between prediction-driven and robust approaches, offering a principled
framework for leveraging untrusted ML predictions in network resource allocation.
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Samenvatting

AT/ML-gebaseerde benaderingen staan aan de voorhoede van resource-management
in moderne communicatienetwerken. Deep learning, in het bijzonder, maakt snelle
en zeer performante besluitvorming mogelijk wanneer er voldoende representatieve
trainingsdata beschikbaar is om nauwkeurige offline-modellen te bouwen. Omge-
keerd werken online-leeralgoritmen zonder voorafgaande training en nemen zij be-
slissingen op basis van realtime-observaties; zij zijn echter vaak te conservatief om
robuustheid te garanderen (d.w.z. garanties in het slechtste geval).

Dit proefschrift bepleit optimistisch leren als besluitvormingskader voor resource-
management in netwerksystemen. Een optimistisch leeralgoritme integreert onbe-
trouwbare voorspellingen en evalueert hun nauwkeurigheid tijdens de uitvoering.
Wanneer de voorspellingen accuraat zijn, behalen deze algoritmen prestatieniveaus
die vergelijkbaar zijn met offline getrainde modellen. Cruciaal is dat zij de ro-
buustheid van regulier online leren behouden, zodat de betrouwbaarheid ook bij
onnauwkeurige voorspellingen gewaarborgd blijft.

Wij richten ons op caching-netwerken en introduceren nieuwe optimistische leer-
algoritmen voor coded caching en whole-file caching. Deze algoritmen convergeren
aantoonbaar met een orde-optimale snelheid naar de beste vaste cache-allocatie,
onafhankelijk van de voorspellingsnauwkeurigheid. Wanneer de voorspellingen wel
accuraat zijn, verloopt de convergentie echter aanzienlijk sneller en wordt zo de
Optimistische"belofte gerealiseerd.

Daarna verbreden wij onze focus naar scenario’s waarin het optimalisatiedoel zelf
in de tijd verandert. In caching komt dit neer op het concurreren met dynamische
cache-configuraties in plaats van één beste vaste allocatie. Wij tonen aan dat op-
timisme in deze context nog waardevoller is: nauwkeurige voorspellingen stellen de
learner in staat om bewegende doelwitten efficiént te volgen en zich in realtime aan
te passen zonder buitensporige conservativiteit. Verder onderzoeken wij de rol van
voorspellingen in stateful systemen, waar beslissingen uit het verleden de toekom-
stige kosten beinvloeden. In dergelijke omgevingen profiteert optimistisch leren van
horizon-gebaseerde voorspellingen, waarbij gebruik wordt gemaakt van prognoses
over langere tijdvensters in plaats van louter de eerstvolgende kost.

Alle voorgestelde algoritmen zijn grondig geanalyseerd en voorzien van formele
prestatiegaranties onder zorgvuldig ontworpen en expliciet beschreven maatstaven.
Door optimistisch leren in netwerkoptimalisatie te integreren, verkent dit proefschrift
het spanningsveld tussen voorspellingsgestuurde en robuuste benaderingen en biedt
het een principieel kader om onbetrouwbare ML-voorspellingen te benutten bij het
alloceren van netwerkbronnen.

xi






Introduction

This dissertation focuses on the development and application of principled optimiza-
tion and machine learning techniques to resource allocation problems in communi-
cation networks. Specifically, we adopt the framework of online learning and apply
it to the fundamental problem of caching. We explore different variations of the
online learning paradigm suited for different versions of the caching problem.

At a high level, online learning provides a formal approach to sequential decision-
making and offers algorithms with performance guarantees on those decisions. In
this setting, a learner (i.e., an algorithm) makes decisions over a sequence of time
slots, which could range from milliseconds to hours or even days, depending on the
system specifications. At each decision slot, the learner selects an action, which, in
our case, corresponds to a resource allocation decision. Only after committing to this
action does the learner get to see how good (or bad) it has been. While the learner
can use historical performance data about past decisions, it must make the current
decision without knowing how well it will perform in this time slot. This paradigm
naturally captures many problems in networking. Consider the following problem of
caching: at each time slot, the goal is to decide which files to store close to users so
that they get delivered faster when they are requested. The challenge is that future
user requests are unknown. While past access patterns provide useful signals, the
decision must ultimately be made before the next set of requests is known (i.e.,
performed). This classical problem was indeed studied under different assumptions
on the requests, which are being challenged in today’s networks. Equipped with the
online learning machinery, we aim to design caching algorithms that achieve optimal
“hit” ratios with no assumptions on the request pattern.

Optimism. Now, consider a subtle yet powerful twist: what if we have pre-
dictions of future requests? At first glance, incorporating predictions might seem
to simplify the problem by reducing uncertainty. This would indeed be the case if
the predictions were reasonably accurate. However, real-world predictions are often
imperfect, and relying on inaccurate forecasts can lead to even more suboptimal
decisions, effectively increasing uncertainty rather than reducing it. A natural re-
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sponse might be to only incorporate the predictions up to a controllable degree,
ensuring decisions remain primarily based on past observation. While this cautious
approach mitigates potential risks, it also restricts potential gains when predictions
are, in fact, reliable. This trade-off naturally gives rise to a fundamental dilemma:

+ Robustness: When the predictions are inaccurate, how can one ensure that the
performance remains close to what would have been achieved without them?

o Prediction-adaptivity: When the predictions are accurate, how can one ensure
that the performance remains close to what would have been achieved by
relying on them?

Note that the most robust algorithm would be one that entirely discards pre-
dictions, preventing inaccurate forecasts from degrading performance. Conversely,
the most prediction-adaptive algorithm would simply follow the predictions, fully
capitalizing on their accuracy. However, either extreme fails when its underly-
ing assumption is violated; ignoring predictions sacrifices potential benefits, while
“blindly” following them risks significant losses. Our objective is to design best-
of-both-worlds algorithms that, in hindsight, perform competitively with either ex-
treme depending on the actual quality of predictions.

Balancing the trade-off in the above two bullet points is at the core of this thesis,
and we refer to algorithms that (optimally) balance this trade-off as optimistic
learning algorithms, or optimistic algorithms for short. The term “optimistic”
stems from the hope that if predictions are accurate, one can achieve significant
gains (prediction-adaptivity), while if they are inaccurate, the losses can remain
minimal (robustness).

The next section traces the evolution of resource allocation in networked systems,
from classical optimization formulations to modern learning-based approaches. We
then transition from the offline flavor of this learning approach to the online one,
which naturally leads us to aim for a best-of-both-worlds approach captured by the
optimistic learning framework. Following this, we formally introduce optimistic on-
line learning, outline its origins, and set the stage for the specific problems addressed
in this thesis.

1.1. FACETS OF NETWORK CONTROL:

FROM OPTIMIZATION TO LEARNING

The framework of Network Utility Maximization (NUM) was the outcome of a
systematic effort to create a general toolbox for optimizing communication sys-
tems [1, 2]. In NUM, the network controller (NC) has prior access to user demands
and system parameters (e.g., link delays), and formulates an optimization problem
that defines the desired system operation, including the optimization criteria (e.g.,
throughput) and its operational and resource constraints. The problem is solved
offline and the system is then operated based on the obtained solution. NUM has
been developed using convex optimization models and algorithms [3], and its op-
timality guarantees (due to convexity) and decomposability [4] have rendered it a
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powerful tool for designing system architectures and protocols, including a cross-
layer approach [5].

The stochastic NUM (SNUM) framework! [7] extended this methodology to dy-
namic systems where the user demands and system parameters vary with time,
based on some stationary random process. In this case, instead of solving an offline
problem and applying its solution one-off, the NC makes decisions x; in a time-
slotted fashion after observing the system state at the start of each slot ¢. The
seminal Max-weight and Back-pressure policies [6], and their Drift-plus-Penalty ex-
tensions [8], guarantee optimal performance and stability of the involved queues
(e.g., backlog of requests), while being oblivious to the statistics of the perturba-
tions. In effect, these policies ensure performance commensurate with that of an
ideal oracle policy * with access to all future system and user parameters. SNUM
has been instrumental in optimizing wireless networks [9] and various other systems
(e.g., smart grid), that are modeled as networks of queues [10].

Despite its success, there is growing consensus that (S)NUM cannot serve as
the primary optimization toolbox for future communication networks. These net-
works will be significantly larger and more complex than those for which (S)NUM
was originally aimed. In particular, the common assumption that user and system
parameters are either known a priori or evolve according to a stationary process is
increasingly impractical. For example, in small cell wireless networks, user churn is
non-stationary and often unpredictable [11]; and virtualized base stations in mobile
networks exhibit platform and data dependent throughput and energy consumption,
which cannot be modeled accurately [12]. More broadly, future networks must sup-
port a significantly larger and more diverse user base, encompassing cyber-physical
systems (e.g., robots and autonomous vehicles), IoT nodes, and embedded devices,
each with distinct service requirements and resource constraints [13]. The limita-
tions of (S)NUM become even more pronounced with the increasing softwarization of
networks, where critical functions are deployed on virtualized computing platforms
with inherently volatile and hard-to-predict resource-sharing dynamics [14].

In more technical terms, there is a lack of information on the values of the
various user and system parameters, making the actual utility functions connecting
these parameters with the performance metrics of interest unknown to the NC.
From a network management perspective, this change has immense implications.
Essentially, it turns the various network optimization problems that the NC needs
to tackle, into learning problems where it needs to devise decisions under information
asymmetry, namely to decide x; without knowing the cost function f;(x), while the
user dynamics and other system perturbations are highly volatile. This calls for the
development of novel learning-based NUM tools.

1.2. OFFLINE, ONLINE & OPTIMISTIC LEARNING

Recently, Machine Learning (ML), and in particular Deep Learning (DL), has emerged
as a promising approach for network control and resource management [15]. Lever-

ISome queuing control policies for networks, e.g., [6], have in fact preceded the development of
NUM tools.
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aging the abundance of raw measurement data in these systems, DL can automate
the prediction of future parameter values (e.g., channel gains) [16] and enable the
network controller to recover the objective functions f;(x) that need to be optimized
in each time slot ¢. Additionally, DL can directly generate control decisions x; by
solving large-scale problems in near real-time [17]. Indeed, DL and ML in gen-
eral, have been proposed as replacements for traditional optimization techniques in
network management [18] and for addressing specific problems such as traffic engi-
neering [19], the design of intelligent services [20], and the optimization of PHY-layer
communications [21], among others. However, the effectiveness of these solutions
depends on the availability of representative datasets. This is not always feasible,
either because collecting such data is costly or because the problem is dynamic and
non-stationary. These issues render the typical ML training cycle prohibitively slow
and resource-intensive.

At the other end of the spectrum of Al-based optimization tools lies the paradigm
of online learning, which does not require pre-processing or training. Instead, it
adapts at runtime to the system and environment conditions using real-time obser-
vations. In specific, learning algorithms that rely on Online Convexr Optimization
(OCO) tools [22] are principled and provide guarantees for the performance of the
online (i.e., sequential) decisions. In this case, the system operation is modeled as
an online learning process over T slots, where the NC commits its decision x; at
the start of each slot ¢; observes the outcome (function f;(-)) at the end of the slot;
and updates its strategy for coming up with x;;; accordingly. OCO algorithms
ensure that the performance achieved by the set of all actions {x;}._; approaches
gradually that of the ideal (but unknown) benchmark x*. The benchmark can be,
for example, the minimizer of the sum of the functions (x* = argming, >, fi(x)).
This is formally captured using the metric of regret Ry, which quantifies the gap
between the cumulative cost of the learner’s actions ), fi(x¢), and the cost of a
benchmark ", fi(*). The goal is to establish upper bounds on this gap that di-
minish as the learning horizon T increases: limr_, o Ry /T = 0, which is equivalent
to saying that Ry = O(T%) for some « < 1. Ideally, this decay is rapid (i.e., a is
as small as possible).

OCO is quite appealing from a network management perspective [23, 24] for sev-
eral reasons. First, it builds on online versions of seminal algorithms like gradient
descent, which have underpinned previous NUM frameworks; thereby, it inherits key
properties such as optimality, decomposability, and scalability. Second, it is trans-
parent and interpretable; namely, the regret bounds explicitly reveal how various
system parameters influence Rp. Finally, OCO ensures performance guarantees
across diverse perturbation models, including adversarial settings, rendering it a
versatile tool. However, this robustness comes at a cost: it relies on inherently cau-
tious learning, treating the function landscape as entirely unknown and optimizing
for worst-case scenarios. While this conservatism safeguards performance in adver-
sarial conditions, it can lead to unnecessarily slow adaptation in more predictable
scenarios. In fact, the NC often has at least short-term foresight into system and
user demands, making such extreme caution unnecessarily restrictive. Put differ-
ently, while OCO’s regret bounds hold universally, its learning dynamics may lag
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Figure 1.1: The protocol of optimistic learning: at each time slot, an untrusted prediction is first
generated. Second, the learner takes an action via an algorithm A;, which considers past costs
(fr<t()), the predicted future cost (f;1+1(-)), and the predictions accuracy so far (implied by the
subscript in A¢). Third, the cost of the committed action is realized. A new slot then begins with
another untrusted prediction. The learner’s total loss is the sum of fi(2¢). The difference between
this sum and that of a benchmark is the regret.

behind optimal adaptation in scenarios where the problem structure allows for more
aggressive, performance-efficient decisions.

Given the complementary strengths and limitations of offline and online learning,
a natural question from a network management perspective is whether we can de-
velop a framework that combines their benefits without inheriting their drawbacks.
This thesis argues that optimistic learning provides a compelling answer, achieving
the best of both worlds by integrating offline-trained predictors (either for functions
or actions) into online learning algorithms.

A visualization of the three learning modes discussed in this chapter is pre-
sented in Fig. 1.1. Consider the offline learning setting (green outline). Here,
assuming sufficient representative data has been collected, the cost functions can
be predicted, and algorithm A selects the decisions x; accordingly. In contrast, in
the online learning setting (red outline), no predictions of future costs are used.
Instead, the learner determines actions cautiously based solely on historical cost ob-
servations. For example, if past costs have exhibited high volatility, online learning
algorithms typically favor the safest action, regardless of any predicted future costs.
Finally, the optimistic learning paradigm (blue outline) aims to unify the benefits
of both approaches. It seeks to leverage predictions while maintaining robustness.
If the learner’s algorithm A successfully balances the trade-off between prediction-
adaptivity and robustness, it qualifies as an optimistic learning algorithm.

As alluded to before, the key advantage of optimistic learning is its ability to
accelerate convergence to benchmark performance when predictions are accurate,
while maintaining the robustness of traditional OCO methods in cases where pre-
dictions are unreliable (i.e., balance the trade-off). This adaptability is particularly
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well-suited for network management, where prior training data is often available
but may not always generalize perfectly to real-time conditions. Crucially, opti-
mistic learning does not depend blindly on such prior models; instead, it evaluates
their reliability using real-time observations and seamlessly transitions to pure on-
line learning when necessary. This versatility allows NCs to deploy solutions that
perform efficiently across diverse conditions, eliminating the need for rigid trade-offs
between robustness and performance.

The optimistic learning framework, in its current prevalent form, originated
in [25], which coined the term and introduced the early variants of optimistic
algorithms. Then, [26] provided a more general treatment and further “tuning”
techniques. Optimistic algorithms have since undergone multiple improvements in
terms of either efficiency or performance bounds [27] and we refer the reader to [28,
Sec. 7.12] for a comprehensive overview. The specific technical contributions of this
dissertation, in contrast to these works and their follow-ups, will be presented in
Sec. 1.5 and the introductions of the respective chapters.

1.3. CACHING: A UBIQUITOUS COMPUTING PROBLEM

This thesis focuses on the caching (prefetching) problem: choose files to replicate in
a local cache in order to maximize the probability that a new file request is served
locally. Hitting the cache optimizes user experience in Content Distribution Net-
works (CDNs) [29], and enhances the performance of wireless networks [30]. With
the perpetual growth of Internet traffic fueled by new services such as AR/VR [31],
caching policies that learn fast to maximize cache hits can mitigate the increasing
costs of information transportation [32], and similar benefits can be expected for
embedded and other computing systems [33]. This work aspires to advance the
theoretical understanding of this fundamental problem and proposes new provably
optimal and computationally efficient caching algorithms using a new modeling and
solution approach based on optimistic learning.

Beyond its evident importance in networking, the caching problem is represen-
tative of many resource allocation problems that arise across computing. Namely,
caching can be framed as an instance of a broader computational problem known as
the k-set selection problem (cf. [34]). Here, at each decision slot, the learner must
select a set of k coordinates (objects) out of d. When k& = 1, this reduces to the
classical “expert’s” problem. This formulation has applications in various domains,
including online ad placement and personalized news recommendations. In the lat-
ter, for example, a website must select k news topics from a pool of d categories,
such as current events, economics, and foreign affairs, to display to a user. Based on
user feedback, the system must continuously adjust its topic selection to maximize
engagement. Furthermore, in one form of caching (whole files with different sizes),
the caching problem generalizes even further, becoming an instance of the well-
known knapsack problem [35, Sec. 16.5]. This problem has extensive applications
even beyond computing and networking. In other words, while caching serves as the
primary application domain in this thesis, the underlying problem formulation and
algorithmic solutions have far-reaching implications.

Due to its importance and ubiquity, the quest for efficient data caching policies
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spans more than 50 years and remains today one of the most important research
areas for communication systems [32]. Caching was first studied in computer systems
where the aim was to decide which files to store in fast-accessible memory segments
(paging) [36]. Its scope was later expanded due to the explosion of Internet [37] and
the advent of CDNs [38], and was recently revisited as a technique to improve the
operation of wireless networks through edge caches [30] and on-device caching [39].
A common challenge in these systems is to design an online policy that decides
which files to store at a cache, without knowing the future file requests, so as to
maximize the cache hits or other cache-related performance metric.

Classical & ML solutions for caching. There is a range of online caching
policies that tackle this problem under different assumptions on the request arrivals.
Policies such as LFU and LRU are widely deployed [40, 41, 42]. Under certain statis-
tical assumptions on the request trace, such policies maintain the cache at an optimal
state, see [43, Sec. 3.1-3.2]. However, with the frequent addition of new content to
libraries of online services and the high volatility of file popularity [44], these policies
can perform arbitrarily badly. This motivated modeling non-stationary request pat-
terns [45, 46] and optimizing accordingly the caching decisions [47, 48]. Another line
of work relies on learning techniques such as (multi-agent) reinforcement learning to
estimate the request probabilities and make caching decisions accordingly [49, 50,
51]; but typically these solutions either do not offer optimality bounds, or do not
scale due to having the library size in their bounds.

On the other hand, forecasting models have been used to optimize caching
through, e.g., evicting the file with the furthest predicted request [52]. While these
policies have shown performance gains, their hit ratio can deteriorate if the fore-
casted requests cease to meet reality due to a shift in the data (users requests).
Follow-up works attempted to remedy this issue by designing mechanisms that
identify performance deterioration and trigger re-training of the model [53]. Still,
algorithms with explicit formal guarantees that are agnostic to the quality of the
predictions are yet to be proposed.

Online Learning for caching. Caching was studied within the framework
of online learning in [54] for a single-cache system; and in its more general form
recently in [55] that proposed an online gradient descent (OGD) caching policy.
Interesting follow-up works include sub-modular policies [56], online mirror-descent
policies [57], and the characterization of their performance limits [58, 59]. The ad-
vantage of these online learning-based caching policies is that they are scalable, do
not require training data, and their performance bounds are robust to any possible
request pattern, even when the requests are generated by an adversary that aims to
degrade the caching operation. While regret minimization yields robust policies that
learn under adversarial conditions, this framework receives the fair criticism that
the policies have often suboptimal performance when the requests (cost functions,
in general) are predictable, e.g., stationary. In such situations, we would like the
policy to gauge the predictability of requests and aggressively optimize the cache.
For instance, requests in services like Facebook are often amenable to accurate fore-
casts; while in YouTube and Netflix the viewers receive recommendations that can
effectively serve as predictions for their forthcoming requests [60, 61]. Unfortu-
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nately, online learning-based caching policies, such as [58, 62, 63, 64, 65, 66], are
pessimistically designed for the worst-case request sequence and cannot benefit from
predictable requests. Hence, an aspect that remains hitherto unexplored is whether
predictions on future requests can improve the performance of such learning-based
caching policies without sacrificing their robustness.

Caching with (un)trusted predictions. While the interplay between predic-
tions and caching has attracted attention from both machine learning and network-
ing communities, direct or indirect assumptions on the quality of the predictions
are often assumed [67, 68, 69]. On the other hand, [70, 71] presented a mechanism
that uses untrusted predictions to achieve “competitive-ratio” guarantees. Their
approach was generalized to metrical task systems by [72] and improved with nearly
lower-bound matching for the competitive ratios in [73]. However, as proved in [74],
algorithms that ensure constant competitive ratios do not necessarily guarantee sub-
linear regret, which is the performance criterion we employ here following the recent
regret-based caching research [58, 62, 63, 64, 65, 66, 75]. It is worth stressing that
employing predictions for improving the performance of communication/computing
systems is not a new idea: predictions have been incorporated in stochastic optimiza-
tion [76, 77], which assumes the requests and system perturbations are stationary;
and in online learning [78, 79], which does not adapt to predictions’ accuracy (con-
sidered known). In this thesis, we make no assumptions on the predictions’ quality,
which can be even adversarial.

1.4. PROBLEM STATEMENT

We provided a high-level overview of the online learning framework and its relevance
to network resource allocation, particularly in caching. A key focus of this thesis is
the challenges associated with the optimistic variant of this framework. This setting
introduces a fundamental trade-off in algorithm design: leveraging predictions to
improve performance, while ensuring robustness under all conditions. Effectively
balancing this trade-off raises the following central research question:

How can sequential decision-making algorithms for (caching) networks leverage
untrusted predictions while still maintaining worst-case gquarantees?

While this dissertation does not fully resolve this question given the numerous
variations of sequential decision-making formulations, it does address several fun-
damental aspects. In the following, we summarize and outline these key aspects.

1.5. THESIS CONTRIBUTIONS AND OUTLINE

In this section, we provide a brief overview of each chapter. Each subsection outlines
the problem addressed, the proposed solutions, and the key contributions.

1.5.1. OPTIMISTIC LEARNING FOR CONTINUOUS DOMAINS:

CODED CACHING
We begin by demonstrating the effectiveness of optimistic learning in the context
of (elastic) bipartite caching networks. In this setting, a collection of cache (edge)
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servers serves a set of users or user groups. Building on the seminal “Optimistic
Follow The Regularized Leader (OFTRL)” algorithm [26], we develop an optimistic
online caching system that achieves state-of-the-art performance across established
datasets and benchmarks. The contributions in this chapter are both technical and
conceptual. On the technical front, we introduce a modified variant of OFTRL that
improves the performance guarantees over the standard formulation that appears
in [26]. Conceptually, we establish a formal connection between bipartite caching
and online learning, framing caching as a sequential decision-making problem.

Additionally, we propose the first optimistic meta-learning framework designed
to handle scenarios with multiple prediction sources. Rather than relying on a single
predictor, our approach simultaneously learns both the most reliable predictor and
the optimal caching decisions. While a similar approach was originally introduced
in [80], our framework extends this idea by incorporating optimism at the meta-
learning level as well. That is, attempting to predict the accuracy of each predictor.
By dynamically adapting to the best available prediction source, our method en-
hances the benefits of optimistic learning beyond the single-predictor setting. As in
the single-predictor case, our system consistently outperforms existing benchmarks
on standardized datasets. Overall, this chapter highlights the potential of optimistic
learning in a classical bipartite cache network problem, demonstrating its ability to
enhance caching performance in uncertain environments.

A key technical assumption in this chapter is that files can be stored in arbi-
trarily small fractions. This assumption aligns with the coded-caching literature,
where files are typically divided into very small chunks, enabling fractional caching.
While this is neither a new nor particularly strong assumption, it facilitates math-
ematical tractability and algorithmic design. However, in many practical scenarios,
this assumption does not hold, and caching decisions are inherently discrete—i.e., a
file is either fully stored or not, and a user is either served or not. The next chap-
ter addresses this more restrictive, but practically relevant setting, where resource
allocation decisions are inherently combinatorial.

1.5.2. OPTIMISTIC LEARNING FOR DISCRETE DOMAINS:
WHOLE-FILE CACHING

In this chapter, we shift our focus to caching networks under the whole-file con-
straint. This seemingly simple modification fundamentally alters the problem’s
structure. Specifically, we show that whole-file caching can be framed as an in-
stance of a broader computational problem known as the general k-set selection
problem (see Sec. 1.3). Furthermore, if we allow files to have different sizes, the
caching problem generalizes even further, becoming an instance of the well-known
knapsack problem. Hence, this chapter has important applications across various
resource allocation problems in computing. To address this “discrete” challenge, we
introduce what is, to our knowledge, the first suite of discrete optimistic online learn-
ing algorithms, that achieve provable optimality with respect to the regret metric.
In the case of the NP-hard knapsack variant, we establish optimality with respect
to a relared regret metric. In this chapter, we build upon the enhanced OFTRL
variant introduced in the previous chapter and also develop a new optimistic adap-
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tation of Follow the Perturbed Leader (FTPL) (see, e.g., [81]). This new algorithm,
Optimistic FTPL (OFTPL), offers improved computational efficiency at the cost
of slightly weaker theoretical guarantees. As before, we evaluate our approach on
single and bipartite caching networks using standardized datasets and demonstrate
its superior performance compared to existing benchmarks.

1.5.3. OpTiMIisM UNDER A UNIVERSAL METRIC

In the previous two chapters, we analyze the performance of our algorithms using the
standard regret metric, which, as indicated earlier, evaluates an algorithm’s decision
sequence {x;}]_; against the best fized action in hindsight, denoted by x*. This
formulation captures how well an algorithm performs relative to a single, optimal
decision. While minimizing this regret is already challenging, real-world systems
often require adapting to environments where the optimal decision itself evolves
over time. This motivates a shift to the more general and even more challenging
dynamic regret framework.

Unlike the standard static regret, dynamic regret measures performance against a
time-varying sequence of comparators {z;}71_;, allowing for a non-stationary (chang-
ing) benchmark. This setting naturally subsumes static regret as a special case when
the comparator remains fixed. More generally, it includes the oracle benchmark,
where each x} is chosen to minimize the corresponding loss function f;(-) at each
time step. As a result, dynamic regret provides a more flexible and fine-grained
measure, capturing the inherent variability in real-world decision-making tasks.

This chapter presents the first analysis of the “OFTRL” algorithm, [26], under
dynamic comparators. Beyond its intellectual appeal, this analysis yields tighter
dynamic regret bounds that are fully modulated by prediction errors, providing a
deeper understanding of how optimism interacts with a changing environment. Our
results extend the optimistic learning framework beyond static settings, establishing
new theoretical guarantees through new customization and analysis of OFTRL based
on the concept of pruning. We validate the effectiveness of our proposed approach
through a series of numerical examples of non-stationary environments.

1.5.4. OPTIMISM IN PRESENCE OF MEMORY
Up until now, we assumed that the cost function at each time step t is oblivious
to past decisions, meaning that the learner’s incurred cost depends only on the
action taken at ¢ (fi(a;)). That is, the function remains unchanged regardless of
the learner’s previous decisions. In this chapter, we extend the framework to a non-
oblivious setting, where the cost function at each slot can depend on the past m
decisions. Specifically, after committing to an action x; , the learner experiences a
cost of the form fi(xi—p,,...,xi—1,2:). This formulation is relevant to many real-
world applications. For instance, in caching systems, we might not only care about
the performance of the current caching configuration, but also about how different
it is from previous ones due to a form of switching costs.

Our goal remains, as in the previous chapter, to compete against a benchmark se-
quence {u;}_,. However, the added complexity of memory, or “state”, dependence
necessitates a more structured analysis. To make the problem tractable, we focus
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on settings characterized by a key property: the dependence on the past m decisions
is a convex composition of a linear function. This choice is not arbitrary, as it cap-
tures several widely studied systems. Most notably, it includes the Linear Quadratic
Regulator (LQR) framework (e.g., [82, Ch. 5]), which has been instrumental in ap-
plications ranging from control systems to network optimization. Additionally, it
encompasses more recent models such as Positive Systems with Linear Costs [83],
which have proven useful in a broad range of networking problems [84].

Modeling these stateful systems within the online learning framework was first
introduced in the seminal work of [85]. In this chapter, we present the first optimistic
variant of learning algorithms tailored for this setting. Interestingly, we show that
when cost functions exhibit memory effects, optimism necessitates predictions that
extend beyond the immediate next cost, requiring forecasts over an extended horizon.
Our results establish a new connection between the memory and delay variants of
online learning. The latter, delayed online learning, has recently been linked to the
optimistic paradigm [86]. Hence, our work takes a first step toward unifying these
three fundamental online learning variants. We demonstrate the effectiveness of this
horizon-based optimism through a series of numerical experiments, highlighting its
advantages in state-dependent decision-making problems.

1.6. TECHNICAL PROGRESSION OF THE CHAPTERS
Different from the application-driven structure outlined in the previous four subsec-
tions, another key perspective for organizing the chapters is through their technical
setup and objectives. This perspective is visualized in Fig. 1.2.

At the core of this thesis is the optimistic learning problem, which is parame-
terized by a set of arbitrary convex time-indexed functions and their corresponding
predictions (recall Fig. 1.1). Chapter 2 focuses on minimizing static regret, the dif-
ference between our chosen actions, and the best fixed action in hindsight, denoted
by x*. Chapter 3 extends this framework to discrete domains (indicated by the
curly braces in the action definition), adopting the notion of a-static regret. Here,
the goal is to match a caching configuration & whose cost (i.e., miss ratio) is at most
a small multiple @ > 1 of the best possible cost. In some cases, this ratio can be
reduced to 1, meaning we recover exactly the performance of the best caching con-
figuration: & = «*. However, since discrete problems are often NP-hard, directly
competing with * is computationally infeasible even with full knowledge of future
costs, and we often have to settle with some higher approximation multiple o > 1.

In Chapter 4, we shift from static comparators to dynamic ones, competing thus
with a sequence {u;};_,. Here, we return to continuous action spaces (but not
necessarily limited to the caching-based box constraints), isolating the challenge of
tracking a moving benchmark. Chapter 5 then introduces a further complexity: cost
functions with memory. In this setting, the benchmark is no longer a sequence of
instantaneous optimal decisions but rather a policy that accounts for the history of
actions, leading to a comparison in terms of policy regret. While all chapters present
algorithms that provably achieve their respective benchmarks, it is important to note
that this simplified overview abstracts away many underlying assumptions. These
assumptions will be explicitly stated and formalized in the corresponding chapters.




12 1. INTRODUCTION

Optimistic Learning

Chapter 2
T eget > Actions: @, € [0.1]"
- Comparator: & = argmin f.7(x)
Chapter 3
T N
Under a-static | - Actions: x; € {0,1}
regret - Comparator:

Z|fr.r () Sama}nfLT(iB), a>1

Chapter 4

T N

Under dynamic_| Actions: z, € X CR
regret - Comparator:

{z7}{_, = argmin th ut)
(w1, ,uT)t 1
Chapter 5

- Actions: x, € X CRY

Under policy
regret Z1- Comparator :

{z{}i=1 = argmin th U, - - -5 Ut)

(w1,..ur)

J

Figure 1.2: Technical progression of the chapters. Each chapter adopts a distinct regret metric
suited to its actions set and choice of comparator(s).



Optimistic Learning for
Continuous Domains: Coded
Caching

In this chapter, we take the first step into designing sequential decision-making
algorithms that are both robust and prediction-adaptive in the context of the con-
tinuous caching algorithm. Specifically, we explore the use of an optimistic learning
algorithm that leverages recommendations as predictions for future user requests in
coded-caching networks. Since user adherence to recommendations is uncertain, the
quality of these predictions remains unknown. We demonstrate that the proposed
algorithm achieves a high hit ratio when predictions are accurate while maintaining
strong performance guarantees even in the worst-case scenario where all predictions
fail (i.e., users ignore the recommendations). This is important in modern caching
systems where often the users receive content viewing recommendations from a
recommendation system (RecSys). For instance, recommendations are a standard
feature in streaming platforms such as YouTube and Netflix [60]; but also in social
network platforms such as Facebook and Twitter, which moderate the users’ viewing
feeds [61].

Recommendations as predictions. Not surprisingly, the interplay between
recommendations and caching attracted recent attention, and prior works aimed to

The content of this chapter has been published in

o Naram Mhaisen, George losifidis, and Douglas Leith. “Online Caching with Optimistic
Learning”. In: Proceedings of the International Federation for Information Processing
(IFIP) Networking Conference. 2022.

o Naram Mhaisen, George losifidis, and Douglas Leith. “Online Caching with No Regret:
Optimistic Learning via Recommendations". In IEEE Transactions on Mobile Computing
23.5 (2024), pp. 5949-5965.
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increase the caching hits or reduce routing costs, by either recommending already-
cached files to users or through the joint optimization of caching and recommen-
dation decisions [67, 68, 69, 87, 88, 89]. These important works, however, consider
static caching models and require knowing in advance the users’ expected requests
and their propensity to follow the recommendations, or make certain assumptions
on the structure of the loss function, e.g., strongly-convex.

Changing vantage point, one can observe that since recommendations bias the
users towards viewing certain contents, they can effectively serve as predictions of
the forthcoming requests. This prediction information, if properly employed, can
hugely improve the efficacy of caching policies. Nevertheless, the caching policy
needs to adapt to the accuracy of recommendations (i.e., of the predictions) and
the users’ propensity to follow them — which is typically unknown and potentially
time-varying. Otherwise, the caching performance might as well deteriorate by
following these misleading hints about future requests. The goal of this chapter is
to tackle exactly this challenging new problem and answer the question: Can we
leverage untrusted predictions in caching systems? We answer this question in the
affirmative by proposing online learning-based caching policies that utilize predictions
(of unknown quality) to boost performance, if those predictions are accurate, while
still maintaining robust performance bounds otherwise.

Chapter Notation. We use calligraphic capital letters, e.g., X to denote sets.
Vectors are denoted with bold-face small letters', e.g., a, and we use the subscript
t to highlight a vector’s dependence on a specific time slot e.g., a;. Scalars are
denoted with regular letters and can as well depend on the time, e.g., h;. When
a component of the vector is indexed, the subscript is repurposed to denote that
component’s (multi-)index, while the ¢ moves to the superscript. i.e., for the d-
dimensional vector a; we write a; = (af,d},...,al;). We denote with {a;}7_; the
sequence of vectors or parameters from slot ¢ = 1 up to slot T'; whenever the horizon
is not relevant we use {a:};. We also use the shorthand sum notation for scalars
b = Z;TFZI b; and the element-wise sum of vectors ai.; = Z;TFZI a;. We denote with
[T] the integer set 1,2,--- ,T. We make use of the indicator function Ix(x), which
evaluates to Ix(x)=0 if € X and oo otherwise. The notation is re-stated in more
details in Table 2.1.

2.1. METHODOLOGY AND CONTRIBUTIONS

Our approach is based on the theory of Online Convex Optimization (OCO) that
was introduced in [90] and has since been applied in several decision problems [22].
The basic premise of OCO is that a learner (here the caching system) selects in
each slot ¢ a decision vector x; from a convex set X', without knowing the ¢-slot
convex performance function f;(x), that changes with time. The learner’s goal
is to minimize the growth rate of regret Ry = Zle fe(x*) = fi(xy), where * =
arg maXgex Zthl ft(x) is the benchmark solution designed with hindsight, i.e., with
access to the entire sequence of future functions {f;}7_,. The online caching problem
fits squarely in this setup, where f;(2) depends on the users’ requests and is unknown

1The only exception is the vector F:, which was done for better readability of section 2.5
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when the caching is decided. And previous works [55, 56, 57, 58] have proved that
OCO-based caching policies achieve Ry =O(y/T), thus ensuring asymptotically zero
average regret: limp_, o, Rp/T =0.

Different from these important studies, we extend the learning model to include
predictions that are available through the content recommendations. Improving the
regret of learning policies via predictions is a relatively new area in machine learning
research. For instance, [72] focuses on the competitive-ratio metric and developed
algorithms that use untrusted predictions while maintaining worst-case performance
bounds; while [70] applied similar ideas to the paging problem. However, it was
shown in [74] that such competitive-ratio algorithms cannot ensure sublinear regret,
which is the performance criterion we employ here, in line with all recent works [55,
56, 57, 58, 59].

For regret-minimization with predictions, [91] used predictions for the function
gradient V f,(x;) with guaranteed quality to reduce Ry from O(v/T) to O(logT);
and [92] enhanced this result by allowing some predictions to fail the quality condi-
tion. A different line of works uses reqularizing functions, which enable the learner
to adapt to the predictions’ quality [26, 93]. This idea is more promising for the
caching problem, where the recommendations might be inaccurate, or followed by
the users for only arbitrary time windows; thus, we used it as a starting point to
develop our caching learning frameworks.

In specific, our approach relies on the Follow-The-Regularized-Leader (FTRL)
algorithm [94], which we extend with predictions that offer optimism by reducing the
uncertainty about the next-slot functions. We study different versions of the caching
problem. First, we design a policy (OFTRL) for the bipartite caching model [30],
which generalizes the standard single cache case [54, 70]. In fact, the bipartite
model represents a wide range of caching systems including CDNs, Edge caching
and Femtocaching scenarios, D2D caching networks, and so on. Theorem 2.1 proves
that R is proportional to prediction errors (|c;— ¢/|?), diminishing to zero for
perfect predictions; while still meeting the best achievable bound O(\/T ) for the
regular OCO setup (i.e., without using predictions) [58] even if all predictions fail.
We continue with the elastic caching problem, where the system resizes the used
caches at each slot based, e.g., on volatile storage leasing costs [95, 96, 97]. The
aim is to maximize the caching utility subject to a time-average budget constraint
for the storage capacity costs. This places the problem in the realm of constrained-
OCO [98, 99, 100, 101]. Using a new saddle point analysis with predictions, we
prove Theorem 2.4, which reveals how the regret and the budget violation depend
on the cache sizes and prediction errors, and how one can prioritize one metric over
the other while achieving sublinear growth rates for both.

The above algorithms utilize the RecSys as the only source to predict the next
time-slot cost function gradient ¢;y;. In many cases, however, content providers
might have access to multiple such sources. For example, a statistical user pro-
filing model, a deep learning-based predictive model for content requests [102], or
even another RecSys, see [103] and follow-up works. Those sources can be used to
obtain multiple, and possibly contradicting, predictions. Our final contribution is,
therefore, a meta-learning caching framework that utilizes predictions from multi-
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Figure 2.1: System Model. A network of J caches serves file requests from a set of I users
locations. Unserved requests are routed to the Root Server. Caching decisions are aided via the
recommendations provided by the RecSys.

ple sources to achieve the same performance as a caching system that used the best
such source to start with. We show that the regret in the case of multiple sources
can be strictly negative depending on the request sequence and the existence of a
high-accuracy predictor. At the same time, the meta-learning caching framework
maintains sublinear regret when all predictors fail. Finally, we show that this frame-
work can also be applied in cases with a single RecSys, and discuss its pros and cons
compared to the proposed regularization-based optimistic caching solutions.

In summary, the contributions in this chapter can be grouped as follows:
e Introducing an online learning framework for bipartite and elastic caching net-
works that leverages predictions to achieve a regret that is upper-bounded by zero
for perfect recommendations and remains sub-linear O(v/T) for arbitrary bad rec-
ommendations. The results are based on a new analysis technique that improves the
bounds by a factor of v/2 compared to the state-of-art optimistic-regret bounds [26].

e Introducing a meta-learning framework that utilizes predictions from multiple
sources and learns which of them to use, if any at all. This framework achieves
regret similar to the best predictor-based system, and maintains sub-linear regret if
all predictors fail.

e Evaluating the policies using various request models and real datasets [104,
105] and compares them with (i) the best in hindsight benchmark; and () the
online gradient descent policy, which is known to achieve the best possible regret
bound (without using predictions) and outperforms other policies [55, 58].

The chapter presents conceptual innovations, i.e., using recommendations as an
untrusted prediction source for caching decisions, and leveraging different online
caching algorithms in an optimistic meta-learning algorithm; as well as technical
contributions such as the tightened bound of optimistic proximal FTRL (Theorem
2.1) and the new optimistic proximal FTRL algorithm with budget constraints (The-
orem 2.4). While we focus on data caching, the proposed algorithms can be directly
applied to caching of services and code libraries in edge computing systems.
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Table 2.1: Key notation for the chapter.

’ Parameters ‘ Physical Meaning
Caching Network

J(J) Set (number) of caches
Z(I) Set (number) of user locations

of Capacity of cache j. C; < C,\VjeTJ

lij Indicator for connectivity of location i to cache j

N Number of files

t Request issued by user i for file n at slot ¢
Wnij Utility for routing a unit of file n from cache j to 4
0] The utility function at slot ¢

ct Gradient of the utility function

Ct A prediction for ¢;

s§ Price for unit storage in cache j

P Number of predictors

Decision Variables

y;j Portion of file n stored at cache j at slot ¢
zf”-j Portion of file n routed from cache j to i at slot ¢

x A shorthand for the concatenated variables (y, z)

Learning Algorithms
re(+) A strongly convex regularizer function (for ¢t > 1)
() The regularized cost function (negative utility):
—fe() 1)
he Prediction error ||&; — ct|
o0 The change in the aggregated root of prediction
error \/hi:t — v/hie—1
F; Experts performance vector at slot t
Uy Weight vector used to combine experts’ proposals

2.2. SYSTEM MODEL AND PROBLEM STATEMENT

2.2.1. MODEL PRELIMINARIES

Network. The caching network includes a set of edge caches J = {1,2,...,J}
and a root cache indexed with 0, as shown in Fig. 2.1. The file requests emanate
from a set of user locations Z = {1,2,...,I}. The connectivity between Z and J
is modeled with parameters £= (&-j €{0,1}:i€Z,j¢ j), where £;; =1 if cache j
can be reached from location i. We consider the general case where the caches have
overlapping coverage; thus, each user can be (potentially) served by one or more
edge caches. The root cache is within the range of all users in Z. This is a general
non-capacitated bipartite model, see [43] for an overview of caching models; and
extends the celebrated femtocaching model [30] since the link qualities (which are
captured through the utility gains; see below) not only may vary with time, but can
do so in an arbitrary (i.e., non-stationary) fashion. This latter feature is particularly
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important for the realistic modeling of volatile wireless edge caching systems [106,
107].

Requests. The system operation is time slotted, t=1,2,...,T. Users submit
requests for obtaining files from a library A of N files with unit size; we note that
the analysis can be readily extended to files with different sizes. This will be made
clear in Sec. 2.2.2. Parameter ¢!, € {0,1} indicates the submission of a request for
file n € N by a user at location i €7 in the beginning of slot t. At each slot we assume
there is one request?; i.e., the caching decisions are updated after every request, as in
LFU and LRU policies, [108, 109]. Hence, the request process comprises successive
vectors q;=(¢!,;€{0,1} : neN,i€T) from the set:

Q= {q SO 30D i = 1}.

neN i€Z

We make no assumptions for the request pattern; it might follow a fixed or time-
varying distribution that is unknown to the system; and can be even selected strate-
gically by an adversary aiming to degrade the caching operation. If a policy’s per-
formance is satisfactory under this model, it is ensured to achieve (at least) the same
performance for other request models.

Recommendations. There is a recommender system (RecSys) that suggests
files to each user ¢ € Z, see [60] for the case of Netflix. User i requests one of the
recommended files with a certain probability that captures the user’s propensity to
follow the recommendations. Unlike prior works that consider these probabilities
fixed [67, 110], we model them as unknown and possibly time-varying. Namely, no
assumption on their quality is guaranteed to remain valid.

A key point in our approach is that the content recommendations, if properly
leveraged, can serve as predictions for the next-slot requests which are otherwise
unknown. We denote with q; the prediction for the request g; that the system will
receive at the beginning of slot ¢, and we assume that q; is available at the end
of slot t—1, i.e., when the RecSys provides its recommendations. Essentially, the
recommender system serves as an indirect mechanism for predicting the next request,
and this can happen in various ways. For example, the caching system can set
Ejﬁ?l =1 and Ejrfiﬂ =0,Y(n,i) # (1), where (72,7) is the request with the highest
predicted probability (top recommended file)?. In section 2.5, we study the case

where a set P = {1,..., P} of P different predictors (other than the recommendation

system) are available, each one offering a prediction q,gp ), p € P at every slot t.

Caching. EFach cache j € J stores up to C; << N files, while the root cache
stores the entire library, i.e., Co>N. We also define C'=max;c s C;. Following the
femtocaching model [30], we perform caching using the Mazimum Distance Separa-
ble (MDS) codes, where files are split into a fixed number of F' chunks, including
redundancy chunks. A user can decode the file if it receives any F-sized subset of its

2The proposed policies will still deliver the same regret guarantees when requests are batched
before an update. However, the Lipchitz constant will be scaled according to the batch size, and
this will affect accordingly the constant factor of the guarantees.

3Note that our caching policy is orthogonal to the mechanism that maps the recommendations to
predictions. Namely, our results will be stated in terms of the prediction error.
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chunks. For large values of F', the MDS model allows us to use continuous caching
variables.* Hence, we define the variable yflj € [0, 1] which denotes the portion of
F chunks of file n € A stored at cache j € J, and we introduce the t-slot caching
vector Yy = (y},; : n€N,j€J) that belongs to set:

y—{yG [0, 1)V’ ’ Zynj < Cj, jGj}-
neN

We note that our model can be readily extended to files of different size, by
replacing the capacity constraint in ) with

D vy <Cj, G €T
neN

For some general size vector v € Rf . Such a change will not affect the mathe-
matical characteristics of the optimization problem (both sets correspond to linear
constraints).

Routing. Since each user location ¢ € Z may be connected to multiple caches,
we need to introduce routing variables. Let z},; denote the portion of request gj,;
served by cache j. In the MDS caching model the requests can be simultaneously
served from multiple caches and, naturally, we restrict® the amount of chunks not
to exceed F'. Hence, the ¢-slot routing vector z; = (zzij €l0,1]:neN,ieZ,jeT)
is drawn from:

Z= {ze [0, N7 ‘ szj <1, nEN,iEI}.

JjET

Requests that are not (fully) served by the edge caches J are served by the root
server that provides the missing chunks. This decision needs not to be explicitly
modeled as it is directly determined by the routing vector z;.

2.2.2. PROBLEM STATEMENT

Cache Utility & Predictions. We use parameters wy;; € [0,w]| to model the
system utility when delivering a chunk of file n € N to location i € Z from cache
j€J, instead of using the root server. This general utility model offers the ability to
capture bandwidth savings or delay reductions, as well as other common objectives
of edge-caching, in both wired and wireless networks. It is noteworthy that under
this model, the caching benefits may vary for each cache and user location, and they
can also change over time. Additionally, the problem of maximizing cache hits can
be viewed as a specific instance within this context (when w,;; = 1), as discussed

4Large files are composed of thousands of chunks, leading to a small chunk size (compared to
the original file). This induces practically negligible errors in the utility function [43, Sec. 3.3].
In addition, even for exact discrete caching, relaxing the integrality constraints and solving the
continuous version is an essential first step which is then followed by a randomized rounding
technique (see, e.g., [64, Sec. 6]).

5This practical constraint is called the inelastic model and compounds the problem, cf. [58] for the
simpler elastic model.
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in [32]. To streamline presentation we introduce vector x; = (y, z:) € R™, with
m=NIJ+NJ, and define the system utility in slot ¢ as:

fe(xe) = Z Z Z wnijqfnzfng‘ )

neN i€ jeJ

and we denote its gradient ¢; = V fi(z¢). As it will become clear, our analysis
holds also for non-linear concave functions f;(z); this generalization is useful in
case, e.g., we wish to enforce fairness in the dispersion of caching gains across user
locations [96].

The main challenge in online caching is the following: at the end of each slot
t where we need to decide the cache configuration, the utility function f;4; is not
available. Indeed, this function depends on the next-slot request 11, which is
made known only after y;y; has been decided and fixed®, see [55, 58, 70]. Note
that this is also the operation timing of the LRU/LFU policies [108, 109]. However,
the recommendations provided to users can be used to form the vector of predicted
requests giy1, which in turn can be used to create a prediction for the gradient of
the next slot function ﬁ+1(~). This predicted gradient, denoted ¢;1, suffices for
designing the proposed optimistic algorithms.

Benchmark. In such learning problems, it is important to understand the
objective that our algorithm aims to achieve. If we had access to an oracle for all
requests over a horizon of T slots {q;}7_; (and the utility parameters) we could have
devised the utility-maximizing static caching and routing policy x* = (y*, z*), by
solving the following convex optimization problem:

T
P : max. th(a:)
t=1

s.t. zmjgynj&j, iEI,jEJ,nEN, (21)
z€eZ, ye),

where (2.1) ensure that the routing decisions for each requested file use only caches
that store enough chunks of that file. Let us define the convex set of constraints:

x={{yxz}n{}) (2:2)

that we will use henceforth to streamline presentation.

Clearly, this hypothetical solution * can be designed only with hindsight and
is the benchmark for evaluating our online learning policy m which outputs {x¢},.
Thus, in line with prior works, we use the metric of static regret:

T T
Rrp(m) = sup th (CL'*) - th (iL't) ) (2.3)

{fi}?:1 t=1

6In our case, since the routing is directly shaped by the caching, this restriction affects also z¢41.
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which quantifies the performance gap of 7w from x*, for any possible sequence of
requests or, equivalently, functions {f:};. Our goal is to find a policy that achieves
sublinear regret, Ry (m)=0O(T), thus ensuring the average performance gap Ry /T
will diminish as T" grows. This policy, similar to other online policies, decides x; 11 at
the end of each slot ¢ using the previous utility functions {f,}!_, and the next-slot
prediction ﬁ+1 devised from the RecSys.

Note that, in principle, the regret metric can be negative. This is especially true
for optimistic policies. To see why, recall that x* is the best fized caching config-
uration, whereas x; is allowed to change for each t. Hence, it might happen, e.g.,
that x; performs better than &* on some steps, fi(x:) > fi(x*), while performing
similar to «* in the remaining ones f;(x;) ~ fi(«*). Of course, the occurrence of
such an event depends on the request sequence and the policy that determines ;.

On the other hand, there are stricter benchmarks such as those that allow the
hindsight policy to pick a different decision in each slot, &} € argmaxgzecx fi(x).
These benchmarks give rise to the dynamic regret metric’, which compares the
learning algorithm with Zthl fi(x}). However, it is well established that achieving
sublinear dynamic regret requires additional assumptions on the variability of the
function f;(-) (see, e.g., the discussion in the introduction section of [111]). In ad-
dition, for the caching problem in particular, such a dynamic policy, (i.e., {z}}1;),
will alter the cache state at every time-step, inducing prohibitive switching cost.
This is in contrast to the presented policies that converge to the best fixed solution.
In the following sections, we show that optimism can greatly decrease the upper
bound on Ry, increasing the chances of negative regret.

2.3. OrTiMISTIC BIPARTITE CACHING

Unlike recent caching solutions that rely on Ounline Gradient Descent (OGD) [55]
or on the Follow-the-Perturbed-Leader (FTPL) policy [58], our approach draws
from the Follow-The-Regularized-Leader (FTRL) policy, cf. [112], appended with
prediction-adaptive regularizers. A key element in our proposal is the optimism
emanating from the availability of predictions, namely the content recommendations
that are offered to users by the RecSys in each slot.

Let us begin by defining the proximal regularizers®:
Ot 2
ro(x) = Ix(x), ri(x)= 5||az —xy|f, t>1 (2.4)
where || - || is the Euclidean norm, and recall that Ix(xz) =0 if z € X and oo

otherwise. We apply properly selected regularizing parameters, which change the
strong convexity of r; according to the predictions’ quality until ¢, and also ensure
r¢(x) > 0, Ve, namely:

o =0vhy, or=0 (\/ hit —+/ hl:t—l) , t>2 (2.5)

"We refer the reader to [22, Ch. 10] for variations on the regret metric
8 A proximal regularizer induces a proximal mapping for the objective function; see [113, Ch. 6.1]
for the formal definition.
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Algorithm 1: Optimistic Bipartite Caching (mope)
1 Input: {{;;}5); {Ci}si N @1 €X; 0 =v2/Dx.
2 Output: x; = (y;, 2¢), Vt.
3 for t=1,2,...do
Route request ¢; according to configuration x;
Observe system utility f;(x;)
Observe the new prediction ¢;y1
Update the regularizer ro.;(x) using (2.4)-(2.5)
Calculate the new policy @;y; using (2.6)
end

o I o o s

with ht = ||Ct - Et”z,

where 0 >0, ¢; =V fi(x:), and we used the shorthand sum notation hy.; = ZZZI h;
for the aggregate prediction errors during the first ¢ slots. The basic step of the
algorithm is:

Ze1 = arg min {roa@) = (1 + (Es), @)}, (2.6)

which calculates the decision vector using past utility observations c¢;.;, the aggre-
gate regularizer ro..(x) and the prediction ¢¢y1. The update employs the negative
gradients as it concerns a maximization problem. Henceforth, we refer to (2.6) as
the optimistic FTRL (OFTRL) update.

To provide some intuition on (9), ignore for a moment the regularization term.
Our decision vector for ¢ 4+ 1 is then simply the minimization of a linear cost (or,
equivalently, the maximization of linear utility) that consists of the total cost wit-
nessed until time ¢, plus the cost prediction for £ + 1. This is indeed a reasonable
objective, provided that the prediction is accurate. However, the solution to any lin-
ear program is on the extremes of the decision set. Hence, the adversary can exploit
this and make the learner jump between extreme points while placing maximum
costs at those (e.g., via wrong predictions). Here comes the role of the regulariza-
tion term, which stabilizes our decisions since the solution to the quadratic program
is no longer on the extreme points. In fact, we want such regularization to be
proportional to the witnessed accuracies of the predictions (hence the choices in
(8)). This way, if the predictions are accurate, the linear program provides good
decisions. Otherwise, the regularization induces a stable quadratic program whose
solution cannot be arbitrarily harmed.

Policy mope is outlined in Algorithm 1. In each iteration, OBC solves a convex
optimization problem, (2.6), involving a projection on the feasible set X' (via ro()).
For the latter, one can rely on fast-projection algorithms specialized for caching, e.g.,
see [55]; while it is possible to obtain a closed-form solution for the OFTRL update
for linear functions. We quantify next the performance of Algorithm 1.
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Theorem 2.1. Algorithm 1 ensures the regret bound:

T
Ry <2V1+JC | Y lles — &lf.
t=1
For the proof, we modify the “strong FTRL lemma” [112, Lemma 5] by adding
predictions for next-slot utility function. The following lemma bounds the regret in

terms of the difference between two values of a strongly convex function evaluated
at x; and at 441, for each t.

Lemma 2.2. (Optimistic Strong FTRL Lemma) Let vi(x) = —{(ci, @) + re(@e),

and vot(x) = —(€1.4, 1) + o1 (2t). Let a1 be selected according to (2.6). Then:
T
Rr < To:T(l’*) + Zvo:t(l‘t) - Uo:t(mt+1) - Tt(fct) + <ET+17mT+1 - m*> (2-7)
t=1
Proof of Lemma 2.2.
T

vi(xt) — (vo.r(x*) — (€ry1, 7))

o~
Il

[
M=

(vot(xt) — vou—1(xt)) — (vor(T™) — (141, 27))

~
Il
-

MH

T
)+ Z —vo:—1(21)) — (vo.r(®r41) — (Crt1, Xr41)) (by def. of @ryq)
t=1

t=1

o) T T-1

= Zvo;t(%& —vo(x1) + Z —00:t(®t41)) — vo.7 (®141) + (Cr1, TT41)
t=1 t=1

(b) & _

< Z (vo:t () — vo:t(Te41)) + (Erg1, B41)

t

Il
—

where equality (a) follows by reindexing the second sum (i.e., changing the sum index
from t to t 4+ 1), and inequality (b) by dropping the non-positive term —uvy(x;) =
—ro(x1) and appending the term —vg.p(x7r41) to the second sum. Thus, we have:

[M]=

th(wt) — vo.r (%) + (€141, T%) < (”Uo:t(fct) - Uo:t(wt+1)) +(€ry1, T 1)

o~
Il
_

Expanding the definition of v;(x;) and rearranging give the regret inequality:

M=

T
(co.r, Z c, ) < ror(T) + (vo:t (1) — vo:t (T141))
t=1

o
Il

—ri(xe) + (Cri1, (Tri1 — 7)),

Noticing that the LHS is essentially the regret defined in (2.3) for fi(x) = (¢, @)
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completes the proof 9. N

With the weak assumption that the caching system will be notified upon the
serving of the last request, we can set ¢ry; = 0 and hence cancel the last term
in the above inequality. Otherwise, it will be an additional constant factor in the
regret bound'®. Next, we will make use of the following results to bound each

v0:¢(2¢) — vo:t (Te41) term:

Lemma 2.3. [112, Lemma 7] let ¢1 : R™ — R be a convex function such that
x1 = argming ¢1. Let ¢ be a convex function such that ¢o(x) = ¢1(x) + (@) is
strongly convex w.r.t norm || - ||. Then, for any b € 0y(x1) and ', we have that
$2(21) — d2(a’) < 5B

Now we are ready to prove Theorem 1:

Proof of Theorem 1. We start by applying Lemma 2.3 to the result in (2.7). Namely,
we select:

o1(z)
P2(x)

This way, we have that x; = argmin ¢y (x;), ¢2(x) =vo.i(x), Y(x) = (—¢; + &, @),
and (—c; + ¢;) €0y (x).

Then, dropping the non-positive terms —r4(-) in (2.7), setting ¢ry; = 0, and
defining the norm || - [[(sy = /01| - || so that the regularizer ry.;(x) is 1-strongly-
convex w.r.t. |- ), we get:

vo.t(x) + (ep, x) — (€, 1), and
d1(x) — (er, xt) + (€1, x4)-

T
1 -~ *
Ry < rir(a®) + 5 ; lee = &Iy . Va* € X. (2.8)

Now, we have that r; < %ny, where Dy is the Euclidean diameter of the set X
ie, Ve, x; € X:

(a)
& — a¢||* = Z(yna — )’ + Z(znu —255)% < Z Ynj — Ynsl + Z |2nij — 2ps
n,j

n,j n,%,J n,%,J

(b)
<2(JC+1)£ D%

where (a) holds as ynj, zni; €[0,1],¥n,,7; (b) holds by the triangle inequality and
definitions of Y, C' £ max; Cj, and the fact that the routing variables differ at
one coordinate only. To see why, recall that we serve one request per time slot
and we set the routing variable z; after observing that request q;. Hence, we can
modify the routing variables and set z*,, = zt.. = 0 Vn # n',i # i',j # j', where

nij nij

9This inequality holds for all ¢, including sup,(c, ).

101t is possible to slightly change the semantics of the algorithm to avoid this rare case by making
the adversary first commit and hide the cost function, and then the learner pick the action, see
(28, Thm 7.29].
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Gni = 1 A lyji=1. Due to the structure of f;(-), the utility of these modified Zhi
and z};; will not change (compared to their utility before modification). In words,
knowing the requested file n’, and the location from which it is requested ', there
will be no utility from routing a non-requested file n # n’, or routing from a non-
connected cache j # /. Thus, we can zero these variables and get a smaller value
for Dy, without affecting the utility values.

Using this diameter bound, and the fact that the dual norm of ||| ) is ||| ). =
lz||/\/o1:¢, inequality (2.8) can be written as:

T

D% + I~ e

2 o1t
=1 Lt

1T

Ry < N (2.9)

Note that the sum oy.; telescopes and evaluates to gv/hi.;. Using this observation
and substituting it in (2.9), and combining it with [114, Lem. 3.5] to bound the

second term as follows ZtT he/v/h1.e <2v/h1.1, we eventually get:

1 (a)
Ry < %\/ hi.rD% + ~V hir < V2Dx\/hyir,

where (a) is obtained by setting 0 = v/2/Dy. Finally, substituting the actual
diameter value, namely Dx=4/2(JC + 1), completes the proof. O

Discussion. Theorem (2.1) shows that the regret does not depend on the library
size N and is also modulated by the quality of the predictions; accurate predictions
tighten the bound, and in the case of perfect predictions, i.e., when users follow the
recommendations, we get negative regret Rp <0,VT, which is much stronger than
the sub-linear growth rates in other works [55, 115]. In fact, even when predictions
fail for a constant number of time slots L € [T], the regret will be constant of the
same order Ry < O(L), which is still a significant improvement over any time-
dependent bound.

On the other hand, for worst-case prediction, we can still use the bound ||¢; —
¢t||? < 2w?, and get:

Ry < 2V2wVJC +1VT = O(VT)

i.e., the regret is at most a constant factor worse than the regret of those policies that
do not incorporate predictions!!. Thus, OBC offers an efficient and safe approach
for incorporating predictions in cases where we are uncertain about their accuracy,
e.g., either due to the quality of the RecSys or the behavior of users.

Another key point is that the utility parameters might vary with time as well.
Indeed, replacing w; = (wfwj <w,neN i€, j€T) in fi(x;) does not affect the anal-
ysis nor the bound. This is important when the caching system employs a wireless
network where the link capacities vary, or when the caching utility changes; and we
note that this utility can be even file-specific. Parameters w; can be also unknown

1 The factor is v/2 compared to the “any-time” version of the bound that does not use predictions,
and 2 compared to those that assume a known T'.
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Algorithm 2: Optimistic Elastic Caching (moec)

Input: {gij}(i,j)a {Cj}j, N, A =0, 1 €Xe.

Output: z; = (y, 2¢), V.

for t=1,2,...do

Route request ¢; according to configuration x;

Observe system utility f:(x:) and cost g¢(x+)

Update the budget parameter \;yq using (2.11)

Update the regularizers ro.(z) using (2.4)-(2.5), and a; =at ™"
Observe prediction ¢;y1 and price S¢y1

Calculate the new policy x4 using (2.12)

© 00 N O oA W N =

end

when x; is decided, exactly as it is with g, and they can be predicted using e.g.,
channel measurements. Essentially the proposed model drops several restricted as-
sumptions of prior works regarding not only the knowledge of request rates/densities
but also about the system state, link quality, and user utilities. Finally, we observe
that in case the algorithm is used to optimize the operation of an edge computing
system, these parameters can capture the potentially time-varying utility of each
computation, for each service (n) and each user-cache pair.

On a technical note, Lemma 2.2 presents a novel theoretical result and enables
the improvement of the best known proximal OFTRL bound of [26] by a constant
factor of v/2. This also opens the door for leveraging the modular analysis tools
developed in [112] in the optimistic OCO framework for different special cases of
the utility functions. This technical result is of independent interest.

Lastly, in the case of more than one request per time slot (e.g., B requests), the
Euclidean norm would instead be D% = 2(JC + B). Therefore, the same results
hold in terms of the regret being always sub-linear and commensurate with the
prediction accuracy. However, the worst case bounds will of course be scaled by a
factor of v/B since now we would use ||¢; — &]|? < 2B w?.

2.4. OrPTIMISTIC CACHING IN ELASTIC NETWORKS

We extend our analysis to elastic caching networks where the caches can be resized
dynamically. Such architectures are important for two reasons. Firstly, there is
a growing number of small-size content providers that implement their services by
leasing storage on demand from infrastructure providers [116]; and secondly, CDNs
often resize their caches responding to the time-varying user needs and operating
expenditures [117].

We introduce the t-slot price vector s; = (s§ <s,j€J), where s§ is the leasing
price per unit of storage at cache j in slot ¢, and s its maximum value. In the general
case, these prices may change arbitrarily over time, e.g., because the provider has
a dynamic pricing scheme or the electricity cost changes [95, 96]; hence the caching
system has access only to s; at each slot t. We denote with By the budget the
system intends to spend during a period of T slots for leasing cache capacity. The
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objective is to maximize the caching gains while satisfying:

T T
th(-’ﬂt) = Z Z Z s5yn; — Br <0.
t=1

t=1j€J neN
In particular, the new benchmark problem in this case is:

T

Ixnea%cz fi(x), s.t. th(a:) <0,

t=1

which differs from P; due to the leasing constraint.
Indeed, in this case the regret is defined as:

T

RY ()= sup th ) =3 fula) |

{ft}f 1 = t=1

where
x*eX, & {x € X |(2.1),9:(x) <0,Vt},

i.e., x* is a feasible point of P; with the newly introduced additional restriction to
satisfy the budget constraint g;(x) <0 in every slot. In the definition of X', C' now
denotes the maximum leasable space. Learning problems with time-varying con-
straints are hard, see impossibility result in [118], and hence require such additional
restrictions on the selected benchmarks. We refer the reader to [98] for a related
discussion, and to [99, 100] for different benchmarks. Finally, apart from Rgf ), we
need also to ensure a sublinear growth rate for the budget violation:

T

Vi) = [gel)), -

t=1

To tackle this new problem we follow a saddle point analysis, which is new in the
context of OFTRL.

Namely, we first define a Lagrangian-type function by relaxing the budget con-
straint and introducing the dual variable A > 0:

2

Lol )= 2wl fula)+ Agu(a) A— (2.10)

The last term is a non-proximal regularizer for the dual variable; and we use a; =

at~?, where parameter 3 € [0,1) can be used to prioritize either Rgf ) or VT(E). The
main ingredients of policy 7,e. are the saddle-point iterations:

JFAz:gz x; } (2.11)

Ap41 = arg max {

A>0 At41
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t+1
X1 =arg m%ﬁ{r}n {ro 4( Z)\ si—c1—{ ct+1) )} (2.12)

and its implementation is outlined in Algorithm 2. Note that we use the same
regularizer as in Sec. 2.3 for the primal variables x;, while A; modulates the caching
decisions by serving as a shadow price for the average budget expenditure.

The performance of Algorithm OEC is characterized in the next theorem.

Theorem 2.4. Algorithm 2 ensures the bounds:

Ry < V2Dx Z lev— &+ St

T (e)rpg
(© 2v2DyTH 3 ~ o 2RyT
VT S 7{1 2 ||Ct_ct|| +A4T_7a 5
_ (sJ0)?
where we have used the grouped constants M = 5= G-

Proof. Observe that the update in (2.12) is similar to (2.6) but applied to the
Lagrangian in (2.10) instead of just the utility, and the known prices when x;;1
is decided represent perfect prediction for g;(x). Using Theorem 2.1 with ¢;— \;s;
instead of ¢;, and ¢; —\;s; instead of ¢;, we can write:

T

Z(ft(iﬂ*) — fe(®e) + Nege(ze) — )\tgt(w*)) <V2Dx+\/hi.1,

t=1

and rearrange to obtain:

T T
R < V2Dxv/hir + D Aegr(@) = > Aege(@e). (2.13)
=1 =1

For the dual update (2.11), we can use the non-proximal-FTRL bound [112, Theo-
rem 1] to write:

T T 2 1Z
= " Ngi(x)+A )< —+=) ag’(x). 2.14
tzzl 19t () t:Zlgt( t)_aT 2; t9; (Tt) ( )

Since g:(x*) <0, Vt and combining (2.13), (2.14) we get:

T T
. A2 1
R%)SﬁDX\/hLT— /\th(wt)—i—a—*—i Zatgf(wt) (215)
t=1 t=1

Setting A=0, using the identity:
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and the bound g;(x;) <sJC, we arrive at the Rg,f) bound.
For the violations, we use the following property in (2.15):

wn [Z 2 T 22

T

— g T =su E T)A— —|,
9 L_l 91 ( t)]+ /\ZPO L_l gt(xt) 2GT]

Rearranging, we get:

e JC 2 e
9T ()2 < \aDa i + W s Rl
2 2-2p
Finally, taking the square root yields the VT(e) bound. O

Discussion. The worst-case bounds in Theorem 2.4 arise when the predictions
are failing. In that case, we have ||c; — ¢&|? < 2w? and use the bound —Rg,f) =0O(T)
for the last term of Vr}e), to obtain Rgf) = O(T"), with K = max{1/2,1 — 8} while
VT(e) = O(T?), with ¢ = # Hence, for 8 = 1/2 we achieve the desired sublinear
rates Rgf‘ ) = oWT), VT(G) = O(T?/*). However, when the RecSys manages to pre-
dict accurately the user preferences, the performance of m,.. improves substantially
as the first terms in each bound are eliminated. Thus, for bounded T', we practically
halve the regret and violation bounds.

It is also interesting to observe the tension between Vq(f) and Rgf), which is
evident from the VT(C) bound and the condition —Rgf ) = O(T). The latter refers
to the upper bound of the negative regret, thus when it is consistently satisfied
(i.e., for all T'), we obtain an even better result: m,e. outperforms the benchmark.
Another likely case is when —Rgf ) = O(VT), i.e., the policy does not outperform
the benchmark at a rate larger than /7. Then, Theorem 2.4 yields R(Te ) = o(T")
with £ = max{1/2,1 — 8} while V) = O(T%) with ¢ = max{1/2,1/4 + 8/2}.
Hence, for 8 = 1/2 the rates are reduced to Rgf) = O(T), VT(E) = OWT).

Finally, it is worth observing that m,.. can be readily extended to handle ad-
ditional budget constraints such as time-average routing costs or average delays.
And one can also generalize the approach to consider a budget-replenishment pro-
cess where in each slot ¢ the budget increases by an amount of b; units. This is
made possible due to the generality of the conditions (model perturbations can be
non-stationary and correlated) under which the regret and violation bounds hold.

2.5. CACHING WITH MULTIPLE PREDICTORS

In this section, we consider the case where we have additional predictors, apart
from the RecSys, predicting the next-slot utility. Thus, we have a set of predictions
{&{tp )pe P} at each slot t. To handle this setup and benefit from this abundance
of predictions, we take a different approach and instead of using prediction-adaptive
regularizers, as in the previous sections, we model the predictions as experts using
the classical paradigm of learning through experts cf. [22]. Based on this approach,
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we design a novel tailored optimistic meta-learning policy to accrue the best possible
caching gains.

In particular, we associate an expert to each predictor, and we will abuse notation
denoting them both with p € P. We refer to these predictors-linked experts as the
optimistic experts. Every optimistic expert p proposes its caching action {ygp )}t at
each slot t, by solving the following problem!?

y,ﬁp) = arg max E{tp) (2.16)
yey

Note that (2.16) is indeed a certainty-equivalent!? linear program. We denote with
Ré? ) the regret of each expert w.r.t the optimal-in-hindsight caching configuration
for the entire time period of T slots, i.e.:

y* = argmaxc|.; y.
yey

Besides the optimistic experts, we consider an expert that does not use predic-
tions. This special expert proposes an FTRL-based caching policy, and we refer
to it as the pessimistic expert and associate it with the special index p = 0. The
pessimistic expert proposes caching actions {yt(o)}t according to eq. (2.6), but set-
ting ¢; = 0 for the regularization parameter o; in (2.5). Its regret is denoted with

Rg? ). Our full experts set is the union of the group of optimistic experts with the
pessimistic expert Pt = {0 U P}.

We aim to learn a caching policy whose regret is upper-bounded by the re-
gret of the best expert and does not exceed the O(v/T) regret of the pessimistic
expert. Such a methodology of modeling policies as experts has been studied in
the past [119]. However, this is the first work that implements optimistic learning
through an experts model. In addition, here we also make the next step and propose
to include a prediction for the performance of each predictor.

In particular, the caching decision is the convex combination of experts’ proposals

according to the weights u; = (u,(gp ), p € PT) selected from the simplex:

Z uip) = 1},

A'p+ = {u S [O, 1]P+1
peP+

namely:
y= > u? y? (2.17)
peEP+

Thus, y;4+1 remains a feasible caching vector, despite being produced by mixing
all the experts’ proposals. The mixing weights, {u;}:, are updated through a new

1276 streamline the presentation, our analysis focuses on one cache, hence using only y; decisions.
However, this method can be readily extended to caching networks as discussed later.

13 A certainty-equivalent program is one that considers a predicted utility vector as true and opti-
mizes the decisions accordingly.
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Figure 2.2: A decision step for the meta-learning policy mzc. The policy is a combination of experts’
proposals (predictors) according to their priority weights that were learned based on observations
that are collected until slot .

Algorithm 3: Experts Caching (m,.)

1 Input: C; y, €Y; 0 = V2/Dy.

2 Output: y;, Vi.

3 for t=1,2,...do

4 Observe utility predictions {Eﬁp I pe P}

Calculate optimistic proposals {yt(p )}pe'p with (2.16)

6 Update ro.;—1(x) using (2.4)-(2.5) with ¢;=0

7 Calculate pessimistic proposal yt(o) with (2.6)

8 Serve request q; with meta-policy y; from (2.17)

9 Observe the utilities of experts’ proposals F; = (ft(y,gp)),p € 79+>
10 Set experts performance prediction ﬁt+1 = F;
11 Calculate the new weights w41 using (2.18)

end

OFTRL step, which is similar to the updates of 7. but we use the superscript (u)
for the involved parameters to make clear the distinction. In particular, the update
is:

Upy1 = argmin {rgf?(u) (Fii+ E+1)Tu}, (2.18)

uGAPJr

where F; = ( ft(yt(p )), pE P*) is the t-slot performance vector for the experts. The
regularizers and the respective parameters, in this case, are decided by the following
formulas:

()

g
ol =, £ > 1,

(u)
( ] >

g () = In,, (u), v (u) =
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o) o) [y (MOEm /i )

with A" = |F — F|2.

For the predictions of the ezperts’ performance Fy, at each time step, we will use
experts’ performance of the previous time step™

Ft _ ( 7(p) . pE ’P+> 2 (ft—l(ygp)l) pe 7)+) )

This type of meta-optimism comes for free since, in practice, we expect the predic-
tors to have consistent accuracy across contiguous slots; either accurately due to
a recently trained model, or poorly due to e.g., distributional shift (see [120] and
references therein) hence we can use the previous function. As for the pessimistic
expert, its caching decisions do not vary much in consecutive slots (due to using
strongly convex regularizers in updating the decisions).

The execution of the policy is summarized in Algorithm 3; and we also include
the step-by-step visualization in Fig. 2.2. We see the sequence of steps where:
(1) The Predictors output {E{tp ' pe P}; (2) The optimistic experts optimize for
the predictions, whereas the pessimistic expert performs an FTRL step; (3) The
experts’ proposals are combined via the meta-learner weights; (4) The performance
of experts’ proposals is calculated through the revealed request; (5) The meta-learner
optimistically sets the next-slot experts’ performance to be the same as the current
one; (6) & (7) The meta-learner performs an OFTRL step to calculate and set the
weights for the next-slot. And the process repeats for the next slot.

The following theorem bounds the regret of the proposed meta-learning policy,
which is defined as:

(m) ZC - yt

Recall that vector ¢; indicates which file is requested and the utility associated with
the request, and vectors y* and y; are the optimal caching decisions/ the caching
at time slot ¢, respectively.

Theorem 2.5. Algorithm 3 ensures the regret bound:

T
R(IC <2 Z”Ft F, ]2+ mln {R;?)} < 2w (P—&-l)T—i—prél?i)ri {Rg?)}.

t=1

14We note that the motivation for a large corpus of optimistic learning works stems from the
fact that in many cases the cost functions are changing slowly [26, 93]. While the motivation
in this work has been different until this section (availability of RecSys), the optimism in the
meta-learner has the same scope as those initial works.
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Proof. We first relate the regret of the combined caching decisions to that of the
experts. Then, we can re-use the result of Theorem 2.1:

T

T
IS C il SR CIVC) ) o v s
t=1 peP+ t=1

CtT'y* o FtT’U,* + FtT’U,* . FtTut

Il
M=

t=1

_ p ; (p)

=R m {R } 2.19
T T At (2.19)

where Rg) is the regret for the weights u: R(Tu) = Zthl F,"u* — F,"u,. Note that
(2.19) holds because u*= argmax, Fi{u= e* k = argmax, ft(yt(p)) and e* is
standard basis vector. Thus, we have:

T
Fl, u* = > Pt
14 W= max { 2 fe(y™)

We use the result of Theorem 1 to bound R% ):

T
S OIF - F|I?2 < 2w\/(P + 1T,

t=1

RY <V2Da .,

where the last inequality follows from the simplex diameter (Da,, < v/2) and the
fact that:

1F, = F? < 7 1@ = fioa )P < [P |w?

peP+

i.e., we predicted a miss or a hit, whichever happened at t — 1, but the opposite
happens at ¢. Substituting in (2.19) gives the bound. O

Discussion. A key observation in Theorem 2.5 is that its bound contains the
regret of the best optimistic expert. This yields very improved bounds for Rgf °)
whenever there is an optimistic expert that achieves negative regret. For example,
if an expert can achieve!®> R =0(—T), e.g., because it has a very accurate RecSys
(its recommendations are most-often followed), then the overall regret is R(Tz 9 =
O(VT)—O(~T), which becomes strictly negative for large T. Moreover, the O(v/T)
term shrinks with more consistent performance of the experts, a condition that is
rather expected in practical systems, thus getting us even faster to the regret of
the best expert. Nonetheless, since the pessimistic expert exists in the group of
experts, the min term is upper bounded by O(v/T) and Rgf ©) will maintain OWT)
regardless of the performance of the optimistic experts.

15By this © notation we mean that Ry = —cT for some absolute constant ¢ > 0.
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Since Algorithm 3 can work with a single optimistic expert, which is the setup
handled by myp, it is interesting to compare their bounds. In fact, neither of those
algorithms is better in all possible scenarios (regarding request patterns; evolution
of utility parameters, etc. see also Sec. 2.6) than the other; and their relative
performance ranking (in terms of utility) depends on the specific problem instance.
For example, under worst-case predictions, we have that:'6

R%c) < 2w\/(P 4+ 1)T + 2wVCT
<2(V2 +VO)wVT (P=1), (2.22)

which can be actually better than policy 7,.’s worst-case prediction bound!” for
practical values of the constants C'.

On the other hand, in cases where inaccurate predictions occur for a certain
fraction of the steps [aT],0 < a < 1 the min term in the Rg,ir ) bound might
evaluate to the pessimistic expert’s regret since the optimistic experts can suffer
linear regrets'® R(Tp ) < O(aT). For mpe, the regret will be of the form

Ry <2VC Z l[ee — el

te[[aT]]

< 2vV2Cw+/[aT]. (2.23)

For example, for @ < 1/2, The upper bound in (2.23) is tighter than that in (2.22)
for all C,w. Hence, m,p.’s regret can be smaller if in the described case. Overall, the
choice between 7. and m. in the case of a single predictor depends on the request
sequence and the number of steps where predictions fail. Section 2.6 demonstrates
these cases using various scenarios.

Regarding the extension to caching networks (more than one cache), note that
sets Y and Z are convex by definition. Also, the set defined by the connectivity
constraints (2.1) is convex (linear constraint in the variable z). Recalling that the
Cartesian product and the intersection of convex sets is convex, we conclude that
the constraint set X defined in (2.2), from which the joint caching-routing variable z
is selected, remains convex. Finally, as demonstrated earlier, the meta-learner takes
the convex combination of the experts’ proposals, and since each expert proposes a

caching-routing configuration zt(p Jex , the meta caching-routing policy:

p p
R+l = Z u§+)1 Zt(+)17 utr1 € Ap+

peP+

remains a valid one (i.e., z; € X,Vt). Therefore, indeed, the ideas proposed in this
section can be readily applied to bipartite caching networks.

16The pessimistic expert’s regret is bounded by 2w+/CT for the single cache setup (i.e., the diameter
Dy = V20).

17"Note that mop.’s worst-case bound is 2w+/2CT for the single cache setup discussed here.

18This happens, e.g., when the pessimistic expert achieves a hit on the steps [aT].
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Table 2.2: Online caching policies with adversarial guarantees: a summary of the contributions
and comparison with the literature.

Alg Model and Guarantees (Rr,Vr <) Adap.
: Conditions Best case Worst case Learn.
e Bipartite network
1 (Tobe) || ® Coded files 0 o (VT) v
e Predictions
e Bipartite
e Coded files 3 3
2 (7rec) e Predictions o (%\/T) 0 (STZ) o (K\/T) 0 (HTZ) v

e Budget constr.

e Bipartite network
3 (mzc) || @ Coded files Ap2min,cps {R§?>} ixw (P+1)T + v
e P > 1 predictors P

e Single cache

[57] e Coded & uncoded O (\/T) -
files
e Bipartite network

[55] e Coded files o (\/T) B

e Bipartite network
(58] e Coded (single o (\/T) -
cache) & uncoded
e General graph
network

[56] e Coded & uncoded © (\/T) B
files

e Bipartite network
[59] e Coded & uncoded (@) (\/T) -
files

Technical comparison with the literature. Now that we have presented
all of our algorithms, let us summarize in Table 2.2 their main features and revisit
how they compare with the state-of-the-art results. For Alg. 1 - 2, the best case
refers to the scenario where the request predictions are perfect ¢; = ¢;,Vt; and
the worst case to the scenario where predictions are furthest from the truth ¢; =
argmax. ||¢ — ¢;||, vt. The dependence of the constant factors of the regret bound,
denoted with & to facilitate presentation, was made explicit for Alg. 2 where we saw
that these constants shrink with the predictions’ accuracy; and the same holds for
Alg. 1. For Alg. 3, the best case refers to the scenario where the experts’ predictions
are perfect Fy = F},Vt; while the worst case arises when F; = argmaxp ||F —
F||,vt. Algorithms that do not leverage predictions in regret analysis (all prior work
in caching!¥) have the best and worst case columns merged. We also distinguish
between adaptive and static learning rates. While some prior works do employ

19We note the exception of [70] which considers ML advice in the paging problem (single cache,
uncoded), but its bounds are defined w.r.t. the cache size and quantified in terms of competitive
ratio — a different metric than regret, see discussion in [74].
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time-adaptive learning (dynamic steps), as e.g., in [55], none of them adapts the
rates (or, equivalently the regularization) to the observed gradients {c;}: and/or
prediction errors, as we propose here, but instead use the Lipschitz constant w,
where ||¢¢|| < w,Vt. This leads to looser bounds in most practical cases [112] and,
of course, does not allow to benefit from the availability of predictions.

2.6. PERFORMANCE EVALUATION

We evaluate 7ope, Toee and m,. under different request patterns and predictions
modes; and we benchmark them against z* and the OGD policy [55] that outper-
forms other state-of-the-art policies [108, 109]. Note that the OGD policy has been
shown to match the theoretical lower bound on the regret [55, Thm. 1]. In other
words, it achieves (up to constant factors) as small regret as theoretically possible
under adversarial settings and without predictions. Hence, it serves as the main
competitor in our experiments. We observe that when reasonable predictions are
available, the proposed policies have an advantage, and under noisy predictions, they
still reduce the regret at the same rate with OGD, as proven in the Theorems. First,
we compare Tope and 7. against OGD [55] in the single cache case. We then study
Tope for the bipartite model and 7, with the presence of budget constraints. We
consider three requests scenarios, stationary Zipf requests (with parameter ¢ = 1.1)
and two actual request traces: YouTube (YT) [104] and MovieLens (ML) [105]. For
predictions, we assume that at each time step, the user follows the recommenda-
tion with probability p (unknown to the caching system), and we experiment with
different p values. The full codebase for the proposed policies and experiments is
available via GitHub [121].

Average utility

0 2 4 6 8 10 [ 2 4 6 8 10
Time slot x10% Time slot x10? Time slot x10°
(2) (b) (©)

Figure 2.3: Utility in the single cache model with one RecSys of different recommendation quality
levels (i.e., p) in (a) Zipf requests with ¢ = 1.1, (b) YouTube request traces, (c) MovieLens request
traces.

Single Cache Scenarios. We set w=1 to study the cache hit rate scenario, use
a library size of N = 10* files, and cache capacity of C' = 100 files. Figures 2.3.a-c.
depict the attained average utility, %25:1 fi(x;), for each policy and the Best in
Hindsight (BHS) cache configuration until that slot, i.e., we find the best in hind-
sight?? for each t. Note that BHS always achieves utility 1 initially (first requests
to fill the cache). Thus, we cut the y-axis for better presentation in Figures 2.3.b,c.

20Unlike [55] that finds x* for t = T, we find a x} for each t. Thus, the gap among any policy and
BHS is the evolving average regret Ry /t.



2.6. PERFORMANCE EVALUATION 37

| \ 1
0 —< 0GD, C=125 1.0 " —¥- OBC,p=0,C=125 1.0 1 —4— OBC.p=07,C=125
09 |1 =& OGD, 0=250 09 || ¥- OBC, p=0,C=250 09 | —4— 0BC,p=0.7,C=250
3 — 0GD, C=500 \ —0, C=t \ 4 = -
0.8 0.8 \ OBC, p =0, C=500 0.8 A OBC, p=0.7, C=500

\ - T/ \ - [T}
07 \ 15VT/T 07 15VTIT

Time slot x10° Time slot x10% Time slot x10*

(a) (b) (©

Figure 2.4: Regret over time in the single cache model with different values of the cache capacity
for (a) mogd, (b) Tope With p =0, (c) Tope With p = 0.7.
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Figure 2.5: Utility in the single cache model with two RecSys of recommendation qualities p = 2%
and p = 20%, each modeled as an expert within XC, in (a) Zipf requests with ¢ = 1.1, (b) YouTube
request traces, (c¢) MovieLens request traces. (d) A comparison between m,p. and myc using one
RecSys of an alternating recommendation quality.

It can be seen that the accurate predictions (i.e., when users follow the recommen-
dations 70% of the time) push the performance of our online caching towards BHS.
For example, in Fig. 2.3.b, the utility gap is at most 21% after ¢ = 6k. At the same
time, even when users do not follow the recommendation at all, we still maintain
a diminishing regret; the gap in Fig. 2.3.c goes from 81.1% at ¢t =1k, to 26.3% at
t=10k. In Fig. 2.4, we study the effect of increasing the cache size. Expectedly, the
regret increases since the diameter of the decision set also increases. However, with
higher prediction quality, this effect is minimized since the regret is proportional to
a shrinking error term. We also plot 15V7/T which is proportional to the average
theoretical regret bound (Recall that Ry oc v/CT), and remark that the average
regret of the proposed algorithms decays at a similar rate.

For multiple predictors, we use ;.. In Figures 2.5.a-c, we evaluate m,. with 3
experts: an FTRL expert, and two other optimistic experts. The first optimistic
expert is endowed with a predictor (e.g., a recommendation system) that gets fol-
lowed with probability p = 2%. For the other it is p = 20%. As shown in the
plots, 7. achieves negative regret on the traces (it outperforms the BHS policy)
and converges to the performance of the best expert (0.20 utility). This is because
in more spread distributions and real request traces, predicting the next request
provides a great advantage for policies that modify the cache online over the fixed
BHS. In the stationary Zipf request pattern, the optimal cache is for the files with
top probabilities, which are easily captured by BHS. Thus, BHS policy performs the
best. In Fig. 2.5.d we show the advantages of m,,. compared to m,. with two experts:
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an FTRL expert and a recommendation-based expert. p alternates between 100%
and 0% (i.e., requesting the file recommended at a time step ¢, and any other file
at t + 1, and so on). Here, 7, outperforms 7. since the alternating prediction
accuracy induces frequent switching between the two experts in 7..: the perfor-
mance of the optimistic expert alternate between 0 and 1, while that of pessimistic
expert is in the range (0.55,0.65). Hence, 7, is inclined to place some weight on
the prediction expert at one step, only to retract and suffer a greater loss at the
following one had it stayed with the full weight on the FTRL expert. Due to the
additional regret caused by such frequent switching, m.’s regret is 54.8% of m,.’s.
Tobe also achieves 38.2% of Togd’s Tegret. It is noteworthy that the optimal dynamic
policy would achieve a utility of 1 across all time steps. This is because, unlike the
BHS policy, it is allowed to change at every time step and can thus simply cache
every file before it gets requested (recall that the optimal dynamic caching policy is
defined as @} = argmaxgcx fi(x)). However, as mentioned earlier when introduc-
ing the benchmark, it is unclear whether such a policy is desirable since it comes
with a high switching cost. Furthermore, under the assumptions in this paper, no
algorithm can find such a policy beforehand.

Ri (ForocD) 30 "
R
25 L (For OBC, p = 0) 2 Rt Forose,p = 0)
t

20

40

30

Average utility
Average utility

15 = 15
20 10 10
—4- 0BC.p=07 5
—¥- OBC,p=0 5
10
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Time slot x10% Time slot x103 Time slot x10°

(a) (b) ©

Figure 2.6: Attained utility in the bipartite model under different recommendation quality levels
in (a) Zipf requests with ¢ = 1.1, (b) YouTube request traces, (¢) MovieLens request trace.

Bipartite Networks. We consider next a bipartite graph with 3 caches and 4
user locations, where the first two locations are connected with caches 1 and 2, and
the rest are connected to caches 2 and 3. The utility vector is w,, = (1,2, 100), Vi, j,
thus an efficient policy places popular files on cache 3. This is the setup used in [55]
that we adopt here to make a fair comparison. For the zipf scenario, we consider
a library of N = 1000 files and C' = 100. For the traces scenario, files with at
least 10 requests are considered, forming a library of N = 456 files for the YouTube
dataset, and we set C' = 50, and N = 1152 for the ML dataset, and we increase
C = 100. The location of each request is selected uniformly at random. Similar to
the single-cache case, we plot the average utility of the online policies and the best
static configuration until each t. Recall that the area between a policy and BHS is
the average regret of that policy. To avoid clutter, we shade this area for OGD in
the first sub-figure, as an example, and for OBC in the next two.

In Fig. 2.6.a, the effect of good predictions is evident as OBC maintains utility
within 5.5% of BHS’s utility after ¢ = 2.5k. Even when the recommendations are
not followed, OBC preserves the sublinear regret, achieving a gap of 30.4% and
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Figure 2.7: Utility and budget utilization with (a): Zipf requests with ¢ = 1.1 and (b): YouTube
traces (c): MovieLens traces.

8.5% for t = 1k and t = 10k, respectively. Akin patterns appear in the traces
scenarios. Namely the similarity between OBC with good predictions and BHS,
and the improvement in OBC utility despite the recommendations quality. We also
note lower utility across all policies due to the more spread requests. Note that
under this bipartite model, the optimal dynamic policy, x}, would achieve a utility
of exp fi(x}) = 4/4 + 200/4 = 51. This is because the requests appear uniformly
randomly at one of the four users’ locations, and the first two locations can always
be served by cache 2 (utility 2), whereas the other two locations can be served by
cache 3 (utility 100).

Next, we consider the case of budget constraint and evaluate me. for Zipf re-
quests in Fig. 2.7.a, and the traces in Fig. 2.7.b, c. The prices at each t are generated
uniformly at random in the normalized range [0, 1], and the available budget is gen-
erated randomly b; =N (0.5,0.05) x 10 i.e., enough for approximately 10 files. Such
tight budgets magnify the role of dual variables and allow testing the constraint
satisfaction. The benchmark x* is computed once for the full time horizon, and its
utility is plotted for each ¢. In both scenarios, we note the constraint violation for
all policies is similar, fluctuating during the first few slots and then stabilizing at
zero. Hence, we plot it for one case.

Concluding, we find that m,.. can even outperform the benchmark. This is
because the actual request patterns in the traces are not actually adversarial. Also,
unlike the benchmark policy, m,e. is allowed to violate the budget at some time
slots, provided that the constraints are eventually satisfied, which occurs either due
to strict satisfaction or due to having an ample subsidy at some slots. For example,
in the first scenario (Fig. 2.7.a), the good predictions enable OEC to outperform
x* by 42.2% after observing all requests (T = 5K). OGD, and OEC with noisy
predictions attain utility units improvement of 16.1%, 39.3%, respectively, over the
BHS. We note in Fig.2.7.b, ¢ the delay in learning due to initially over-satisfied
budget constrain. This is a transient effect as the dual variables approach their
optimal value. Eventually, the bounds on regret are satisfied. We stress that the
algorithms scale for very large libraries A; the only bottleneck in the simulations is
finding z*, which involves the horizon T'; this is not required in real systems.

Computational Complexity. Note that the OFTRL update (e.g., (2.6)) is
either a linear program in case r(-) = 0,Vt, or a quadratic program otherwise. In
the former case, the solution is finding the top C' most requested files. This can
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Figure 2.8: Average time consumed per decision step in the bipartite network configuration and
the ML Dataset (N = 1152, C = 100, |Z| = 4, |J| = 3) with (a) pre-reserved storage (mopc), and
(b) elastic storage (moec)-
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Figure 2.9: Average time consumed per decision step in the single cache configuration and station-
ary requests with different library sizes N. The sample size is T' = 10k

be done through a simple ordering operation whose worst-case complexity is linear
in the dimension of the decision variable (e.g., O(Nlog(N) for each cache). If,
however, we have regularization terms, then the resulting quadratic program can be
solved in closed form in R. Then, for the projection to the feasible set X', we can use
specialized projection algorithms for the capped simplex (the capacity constraints
for each cache) whose worst-case complexity is still polynomial in the dimension
(i.e., O(N?%))[122].

The above discussion refers to worst-case scenarios. In practice, we leverage the
fact that we repeatedly solve similar optimization problems at each time step (the
update step differs by adding one linear term and one quadratic term). Thus, the
solution in a step can be used as an initial point for the following one. We note
that the experimental running times are significantly less than the worst-case ones,
as can be seen in Fig. 2.8 and Fig. 2.9. These simulations were performed using
CVXPY 1.2 package with Python 3.10 running on an Apple M1 Pro Chip and 16GB
of RAM. The difference between OGD and the optimistic one is due to the difference
in the update problem structure (lazy vs. greedy projection). The chosen library
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sizes were selected considering that the simulations are done on a conventional PC,
yet they do provide insight into the scalability, which is mostly positive as discussed
earlier. Larger library sizes might necessitate custom hardware setup, or heuristic
techniques such as dividing the library into sub-sets and running one of the proposed
algorithms on each subset.

Batched Requests. As mentioned in the discussion of the system model, as
well as that of Theorem 1, our assumption on the request model (one request per
time slot) is for technical ease of analysis. The main feature of the proposed policies,

which is having Ry o« O( Ethl |le: — €:]|), remains valid when the request model is
batched (i.e., processing B requests per time slot). However, the upper bound (not
necessarily the regret) will be scaled accordingly since the diameter of the decision set
will now increase. Namely, following the same steps in the proof of Theorem. 1 (after
(2.8)), instead of Dy = 2(JC'+1), we would have Dy = 2(JC'+ B). Fig. 2.10 shows
experimentally how the batch size affects the regret. We also plot the line 18vZ/r
(recall that Ry o GVT, and in turn G B). In this experiment, we introduce a
new parameter, p, which denotes the percentage of requests correctly predicted out
of the total B. We note in these experiments that with better predictions, the effect

is amortized since the term \/Zthl lle: — €| remains small.
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Figure 2.10: Average regret over time for the single cache, generalized batched requests model for
(a) mogd, (b) mope With p = 0.25, and (c) oy With p = 0.75.

2.7. CONCLUSION

The problem of online caching is timely with applications that extend beyond con-
tent delivery to edge computing and in fact to any dynamic placement problem
with Knapsack-type constraints. This chapter proposes a new suite of caching poli-
cies that leverage predictions obtained from content recommendations, and possi-
bly other forecasters, to minimize the caching regret w.r.t an ideal (yet unknown)
benchmark cache configuration. As recommender systems permeate online content
viewing platforms, such policies can play an essential role in optimizing caching
efficacy. We identified and built upon this new connection between caching and
recommender systems. The proposed algorithmic framework is scalable and robust
to the quality of recommendations and the possible variations of network state and
the request sequences, which can even be decided by an adversary. The achieved
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bounds improve upon the previously known caching regret performance, see [55,
56, 57, 58] and references therein. Finally, we believe this work opens new research
directions both in terms of caching, e.g., pursuing the design of optimistic policies
for uncoded caching; and in terms of resource scheduling in pertinent network and
mobile computing problems using untrusted sources of optimism, i.e., predictors of
unknown or varying accuracy.

One key limitation of the methods discussed in this chapter is the assumption
that files can be divided into arbitrarily small chunks, i.e., that caching decisions
are continuous. While this abstraction is appropriate for modeling coded caching
systems, it does not hold in scenarios where files must be stored in their entirety,
which is both common and practically important. The next chapter addresses this
limitation by extending the optimistic learning framework to whole-file caching and,
more broadly, to knapsack-style problems, where decisions are inherently discrete
and combinatorial.



Optimistic Learning for
Discrete Domains: Whole-file

Caching

In the previous chapter, we addressed the caching problem under the assumption
that files could be divided into arbitrarily small chunks. This corresponds to the
coded caching setting, which, from a theoretical perspective, allows the caching
decision space to be continuous, enabling efficient and optimal solutions. In this
chapter, we relax this assumption and focus on the discrete caching setting, where
each file must be stored in its entirety or not at all. As noted in the introduction,
this shift has significant implications both practically and theoretically. Practically,
the problem generalizes to selecting the best k out of m possible objects—a setting
that arises ubiquitously in communication networks and computing systems. The-
oretically the resulting problem is no longer convex, necessitating a fundamentally
different set of algorithmic and analytical tools. The goal of this chapter is to design
robust discrete caching policies that are able to learn effective caching decisions with
the aid of a prediction oracle of unknown quality (Fig. 3.1 left) even when the file
requests are made in an adversarial fashion.

To that end, we formulate again the caching problem as an online convex opti-
mization (OCO) problem [22]. At each slot t = 1,2,...,T, a learner (the caching

The content of this chapter has been published in:

o Naram Mhaisen, Abhishek Sinha, George Paschos, and George losifidis. “Optimistic No-
regret Algorithms for Discrete Caching”. In Proceedings of the ACM on Measurement and
Analysis of Computing Systems 6.3 (2022), pp. 1-28.

o Naram Mhaisen, Abhishek Sinha, George Paschos, and George losifidis. “Optimistic No-
regret Algorithms for Discrete Caching”. In Abstract Proceedings of ACM SIGMETRICS
2023.
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Figure 3.1: Optimistic online caching with predictions: system schematic (left) & algorithm tem-
plate (right).

policy) selects a caching vector z; € X from the set of admissible cache states
X C {0,1}" for a cache of size C, where N is the library size. Then, a 1-hot vector
6; € {0,1}Y with value 1 for the requested file is revealed, and the learner receives a
reward of fi(x;) = (0, x¢) for cache hits. The reward is revealed only after commit-
ting x¢, which naturally matches the dynamic caching operation where the cached
files are decided before the next request arrives. Here, the learner makes no statis-
tical assumptions and 6; can follow any distribution, even one that is handpicked
by an adversary. In the optimistic framework, the learner does not only consider
its hit or miss performance so far when deciding z;, but also the predictor’s perfor-
mance and output (Fig. 3.1 right). As customary in the online learning literature,
we characterize the policy’s performance by using the static regret metric. Recall:

T
({x}T é sup {th th(xt)}a

{ft}t 1

where z* = argmax,cy Zthl fi(z) is the (typically unknown) best-in-hindsight
cache decision that can be selected only with access to future requests.! The re-
gret measures the accumulated reward gap between the online decisions {z;}; and
benchmark z*. An algorithm is said to achieve sublinear regret when its average
performance gap Ry /T vanishes as T — oo. In this context, recent works have
proposed caching policies that offer O(v/T) regret bound [58, 62, 63, 64, 65, 75,
123], which, in fact, is the optimal (as small as possible) achievable regret rate, see
[28, Thm. 5.1], [58, Thm. 1].

Most of these regret-optimal algorithms are designed for continuous caching,
where it is assumed that each file is encoded and divided into a large number of small
chunks such that storing them can be approximated by continuous variables [124].
In this case, the set of eligible caching states X is convex and hence one can readily
apply standard OCO algorithms such as the Online Gradient Ascent (OGA). Albeit
a handy assumption, there are settings where continuous caching cannot be used
for practical reasons. Namely, keeping chunk meta-data consumes non-negligible
storage; the coding operation is often computationally demanding; and the number
of chunks might not be big enough to render continuous caching a good approx-
imation. Therefore, we consider here the more realistic, and more challenging to
solve, discrete caching problem. Indeed, in discrete caching the set X is naturally

11t is interesting to note that z* caches the most frequent requests, which coincides with the limit
behavior of LFU.
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non-convex (containing binary file-caching decisions) and thus standard OCO poli-
cies cannot be employed. While first steps in the study of discrete caching, with
equal-sized files, were recently made by [58, 64, 65]. In this chapter, we extend their
scope and design algorithms with substantially improved performance guarantees.

Chapter notation. We denote sets with calligraphic capital letters, e.g., N' =
{1,2,...,N}; vectors with small letters, e.g., * = (z;,7 € N) where z; is the ith
component; and denote z! the ith component of the time-indexed vector z;. The
shorthand notation x1.; is used for Zzzl x;. Also, {z;}F_, denotes the sequence of
vectors {1, Za, ...,k }, and we use the succinct version {x;}r for {z1,22,...,27}.
When clear from context, we often drop the notation of actions and denote the
regret Ry ({z};) simply with Rp.

3.1. METHODOLOGY AND CONTRIBUTIONS

We study key variants of the discrete caching problem, namely the single cache
with equal or unequal-sized files and the bipartite caching, and propose a suite of
optimistic learning algorithms with different pros and cons.? Our first result demon-
strates the best achievable regret in the setup we consider, which turns out to be
Ry = Q([3, 116: — 0:]]]'/?), indicating a significant potential of obtaining a regret
that scales with the predictor’s error rather than the time horizon T' (Sec. 3.3).
We then proceed to propose variants of the seminal Follow-The-Regularized-Leader
(FTRL) and Follow-the-Perturbed-Leader (FTPL) algorithms, which can be both
viewed as smoothing techniques for stabilizing learning decisions (Sec. 3.2.1), whose
regret match this lower bound up to constants. In detail, we expand the optimistic
FTRL algorithm [26, 75, 123] that was designed for convex problems, to handle,
through sampling, discrete (non-convex) decisions (Sec. 3.4). We prove this ap-
proach attains expected regret (’)(\/T) for worst-case predictions and zero-regret for
perfect predictions with an improved prefactor that does not depend on library size
N. However, the OFTRL implementation can be hindered by an involved projection
step that might be computationally expensive. Thus, we develop a new optimistic
FTPL algorithm that applies prediction-adaptive perturbations to achieve a similar
regret bound with linear (O(N)) computation overhead (Sec. 3.5). The flip side is
that its regret bound contains an O(poly-log(N)) term.

We first derive results for equal-sized files, in line with all prior learning-based
works for discrete caching [58, 65, 70, 71] and continuous caching [62, 64, 75].
Subsequently, we drop this assumption and study the single cache problem with dif-
ferent file sizes (Sec. 3.6). These first-of-their-kind regret-based algorithms require
a point-wise approximation scheme for solving efficiently the NP-Hard Knapsack
instance at each slot, while keeping the accumulated regret bound sublinear. To
that end, we use the help of a rounding subroutine, DepRound [127], to a known
almost-discrete optimal solution Dantz [128]. We show that the proposed policies

2Qptimistic learning was originally proposed for problems with slowly-varying (hence, predictable)
cost functions [125]; in caching, we note the additional motivation coming from the abundance of
forecasting models, e.g., by a Neural Network.

3In some cases the projection can be optimized, but in general it is O(N?2) even for the non-weighted
capped simplex [126].
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achieve (1/2)-approximate regret of O(v/T) and zero-regret for adversarial and per-
fect predictions, respectively. We also extend the OFTRL analysis to the widely used
bipartite network caching model [30, 32] (Sec. 3.7), where we optimize jointly the
discrete caching and routing decisions to obtain prediction-modulated performance.

In (Sec. 3.8), we change tack and incorporate the optimism through the cele-
brated Experts model. The caching system in this case is a meta-learner which
receives caching advice from an optimistic expert that suggests to cache solely w.r.t.
predicted requests, and from a pessimistic expert that ignores predictions. We pro-
pose a tailored OGD-based scheme that allows the meta-learner to adapt to pre-
dictions’ accuracy (performance of the optimistic expert) in a way that achieves
negative regret when that expert is reliable, and, again, maintains an O(\/T ) regret
for unreliable predictions.

In summary, we provide a comprehensive toolbox of algorithms having different
computation overheads and performance, hence enabling practitioners to select the
best approach to their problem. Moreover, we include technical results that are
of independent interest, such as the non-convex OFTPL algorithm with improved
regret bounds; the approximate non-convex OFTRL algorithm for the Knapsack
problem; and an analysis of OFTRL/OFTPL with a probabilistic prediction model.

3.2. CHAPTER BACKGROUND

In this section, we introduce some technical background and related works on opti-
mistic online learning for discrete domains.

3.2.1. ADAPTIVE SMOOTHING

Our optimistic learning approach is based on adaptive smoothing. Abernethy et.
al. [129] introduced a unified view of FTRL and FTPL as techniques to add smooth-
ing, through regularization or perturbation, to a non-smooth potential function. This
perspective is useful to our work since we leverage both ideas. Namely, let us define:
®() £ max,ecx(x,0), and consider the potential function ®(6;), where ©; = 6., is
the vector of aggregated gradients (file requests). An intuitive strategy is to choose
the action that maximizes the rewards seen so far:

xy = argmax(©;_1,z) = VP(O;_1),
zeX

which is known as Follow The Leader (FTL) and is optimal when the utility func-
tions are samples from a stationary statistical distribution. In contrast, FTL has
linear regret in the adversarial setting [130, 131], since successive gradients of non-
smooth functions can be arbitrarily far from each other, thus leading to unstable
actions. [129] proposed to stabilize the learner actions by smoothing the potential
function, and selecting actions based on the smoothed potential Vfi>(9). In FTRL,
the smoothing is achieved by adding a strongly convex function to the potential,
ie.,tr, = arg MAX, e conv() (T, Ot) — 11:4(7)

4While the maximization requires that x; to be in the convex hull of X, feasibility can be recovered
via appropriate rounding.
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where r(x) is a o-strongly convex regularizer. This framework generalizes the
Online Gradient Ascent (OGA) and the Exponentiated Weights (EG) algorithms,
which were employed for the caching problem in [62] and [64] respectively®. As for
FTPL, the smoothing is done by adding perturbation to the accumulated cost pa-
rameter of the potential. The actions are decided by® z; = arg max,cx (z, O; + 17:7),

where v ~ N(0,1) and 7, is a scaling factor that controls the smoothing. FTPL
was shown to provide optimal regret guarantees for the discrete caching problem
in [58]. Computationally efficiency is also a notable feature for FTPL updates as it
requires an ordering operation instead of projection.

We propose to modulate the regularization o; and perturbation 7, parameters
with the predictions quality. Intuitively, accurate predictions should lead to less reg-
ularization/perturbation (less smoothing), enabling the learner to align its decisions
more with the predictions. On the other hand, inaccurate predictions induce more
smoothing, which alleviates their effects on the decisions. We show that careful tun-
ing of these smoothing parameters leads to regret bounds that interpolate between
Ry <0, and Ry < (’)(\/T ). Nonetheless, these two algorithms have considerable
differences in terms of computational complexity and constants in the bounds, which
are discussed in detail.

3.2.2. DISCRETE OPTIMISTIC LEARNING

OFTRL versions have been proposed in [26] and recently used in [132] for prob-
lems with budget constraints, while [75, 123] tailored these ideas to continuous
caching. The problem of discrete caching is fundamentally different. Through care-
ful analysis, we manage to reuse these results after relaxing the cache integrality
constraints and then employing a randomized rounding technique that recovers the
same prediction-modulated regret in expectation. The regret bounds have the de-
sirable property of being dimension-free. Nonetheless, we proceed to remark that
OFTRL can have a computational bottleneck due to involving a projection step,
which can be avoided in FTPL.

Optimistic versions of FTPL were recently investigated in [133] and [134]. In [133]
the regret bound grows polynomially w.r.t. the decision set dimension. In the
caching problem, this would imply a highly problematic polynomial growth of the
regret w.r.t. the typically huge library size N. The dependence of the regret on
the dimension was improved in [134], but it still remains linear. On the contrary,
our proposed OFTPL exploits the structure of the decision set and utilizes adap-
tive perturbation to obtain a regret bound that depends on dimension only by
O(log(N)/4), is order-optimal (based on the achievable lower bound), returns zero-
regret for perfect predictions, does not require knowing the time-horizon 7', nor the
prediction errors. None of these desirable features is available in these prior works.
We kindly refer the reader to table 3.1 for an overview of the presented algorithms

5We note that these papers present their algorithms as instances of a similar framework to FTRL
called Online Mirror Descent (OMD). Nonetheless, there exist equivalence results between these
two frameworks (see [112, Sec. 6.1 ]) for specific choices of the mirror-map (in OMD), or equiva-
lently the regularizer (in FTRL).

6In this case the gradient of the smoothed potential is in fact the expectation V®(O; + nty) =
Ey [w¢]
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in the context of the most related literature.

3.3. ACHIEVABLE REGRET
FOR CACHING WITH A PREDICTOR

We first introduce a lower bound for the regret of any online caching policy ,
working with a cache of capacity C, and has access to an untrusted and potentially
adversarial prediction oracle. In general, the predictions refer to the next function
ft() However, since most OCO algorithms learn based on the observed gradients, it
suffices to have predictions 6, = V f; (z¢). And for caching, this coincides with a pre-
diction for the next request”. Now, unlike all prior works in optimistic learning [26,
92, 125], we adopt here the more general probabilistic prediction model where 0, is
not necessarily a one-hot vector (as the actual 6;), but a probability distribution
over the library. Thus, each ; is drawn from the N-dimensional probability simplex
Ay . This more general approach is rather intuitive as the forecasting models (e.g.,
a Neural Network) typically yield probabilistic inferences. It also enhances the per-
formance of our optimistic algorithms and allows efficient training of the forecaster
using a convex loss function (please see Appendix 3.9 for examples and justification).
It does require, however, a more elaborate technical analysis, especially for the case
of OFTPL. In this setup, we have the following lower bound:

Theorem 3.1. For any online caching policy 7, there exist a sequence of requests
{0:}r and predictions {0;} for which the regret Ry satisfies

BlRe > /S éwt ~alg-e ().

Proof. To prove the lower bound, we show the existence of a request and predic-
tion sequence under which the regret is guaranteed to be larger than the stated
bound regardless of the online policy 7. For that, we use the standard probabilistic
method [135] with an appropriately constructed random file request and prediction
sequence as detailed below.

Denote by & and & the random variables representing the requested file (6;) and
its prediction (;) at time ¢, respectively. Denote by { X[ };>1 the random variables
representing the action of any policy m. We use a setup where N > 2C' and consider
an ensemble of caching problems (i.e., request and prediction sequences) where at
each slot ¢, the requested file & is chosen independently and uniformly at random
from the library A/. The predictions & are also chosen independently and uniformly
at random from the probability simplex Ay. Specifically, we let

(&} b DIRICHLET (A1, ..., A, ... An) with A, =1,Vn e N.

"In fact this model can be readily generalized to other linear utilities beyond cache-hits, so as to
incorporate e.g., file-specific caching gains, time-varying network conditions, and so on; see similar
models in [62, 123].
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Hence, the expected reward obtained by any caching policy m on any slot ¢,
conditional on the information available to the policy can be bounded as

[<§t7Xﬂ>‘{§T T= lﬁ{f‘r j—;ll] [<£t7XW>|{€T T= 1’{57}5— ll’XW]

(b) ]- - -1 ” () 1

< =

SeB[(LXDHEY &2, XT | < 5,

where (a) follows from the tower property of expectations, (b) from the fact that
({57}7 1»{57 r— 1, ”) and hence

E(@HEN 1, (6 2 XT) = B6) = 55 1na

. Finally (c¢) since (1, XJ') < C, which holds because of the cache capacity constraint.
Taking expectation of the above bound, we have E[(&, XT)] < % Hence, using the
linearity of expectations, the expected value of the cumulative hits up to slot T
under any policy 7 is upper bounded as E[Z$:1<§t, Xf}] < %

Now we compute a lower bound to the expected number of cumulative hits
achieved by the best-in-hindsight fixed cache configuration X7%. Similar to [58], we
identify the problem with the classic setup of balls (requests) into bins (files). In
this framework, it follows that the offline benchmark achieves cumulative hits which
are equal to the total number of balls into the most-loaded C bins when T balls are
thrown uniformly at random into N = 2C' bins. Hence, from [58, Lemma 1]:

T
T cT 1

(3= /T o (L),

P 2 2T T

Hence, the expected regret achieved by any policy in the optimistic set up is lower
bounded as

) ) CT 1
IE[R]:]E( £, X5 §,X7'> —(9().
T tz; t T tz:; t 27_(_ \/T

Finally, we evaluate the expected value of the quantity My £ Zthl € — &3 as
follows.

T
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2
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where (a) follows from the i.i.d. assumption of the random vectors at each ¢, (b)
from the i.i.d assumption of each component of vectors & and &;, (¢) from & L &,
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and (d) from standard results on Dirichlet distribution. Combining the above bound
with (3.2), we have by Jensen’s inequality
CMr _e (1>
27 VT

Elre] 2 St —o () 2B
. RT\/ch 66l | 5 o (L),

2 VT
27 VT

From the above inequality, the result now follows from the standard probabilistic
arguments. O

We will see that the proposed optimistic algorithms in Sections 3.4 and 3.5 attain
this bound within an absolute and a poly-logarithmic factor, respectively.

3.4. CACHING THROUGH OPTIMISTIC REGULARIZATION

(OFTRL-CACHE)

The first algorithm we propose is based on OFTRL. Prediction adaptive regular-
ization was explored before in [125] and later improved via proximal regularizers
in [26], all for convex sets. The gist of our approach is that we use OFTRL to
obtain #; € conv(X),Vt, and then apply Madow’s sampling scheme [136] to recover
integral caching vectors x; € X,Vt, which satisfy the hard capacity non-convex
constraint. In other words, we define:

,X::{xe{OJ}N

N
Zl‘i SC}7
i=1

where A is the set of unit-sized files (library) and C' is the cache capacity (in file
units); and z; = 1 decides to cache file i+ € N. Interestingly, despite having to
operate on this non-convex set, this approach yields in expectation the same regret
bounds as OFTRL for continuous caching [123].

Let us define the prediction error at slot ¢ as d, £ |6, — 6,|3, and introduce the
proximal o;-strongly convex regularizer w.r.t. the Euclidean ¢ norm:

g,
ri(z) = §t||$ — a3 (3.3)

Following [75], we define parameters {o;}; using the accumulated prediction errors,
namely:

o1 = 0+/01, at:U(\/ﬁlzt—\/(Slzt,l) Vt > 2, with 0'21/\/5.

The basic OFTRL update stems from using these regularizers in the FTRL
update formula. Namely, at each slot ¢ we update the cache to maximize the aggre-
gated utility. This maximization is regularized through a term (the above-defined
regularizers) that depends on the predictor’s accuracy.
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Algorithm 4: Optimistic Follow The Regularized Leader (OFTRL-Cache)

1 Input: o = 1/\@, 01 =161 — §1||§, o1 =001, 1 = argminge x(x, 01)

2 Output: {z; € X} // Feastble discrete caching vector at each slot

3 for t=2,3...do

4 0 < prediction // Obtain request prediction for slot t

5 £ = arg maxX,econvy(x) {—7"1;1_1(:0) +(z,0¢—1 + ét)} // Update the continuous
cache vector

6 zt — MadowSample(iy) // Obtain the discrete cache vector using Algorithm 13

7 O, =0¢_1+6; // Receive t-slot request and update total gradient

8 oL =0 (\/51:t — 3 /51:t—1) // Update the regularization parameter

end

The detailed steps are summarized in Algorithm 4. In the first iteration we draw
randomly a feasible caching vector z; and observe the prediction error §; = || —
61]]3. In each iteration we need to solve a strongly convex program (line 5) which
returns the continuous caching vector Z;, that is transformed to a feasible discrete
x¢ (line 6) using Madow’s Sampling (see Appendix 3A.1). The algorithm notes
the new gradient vector, by simply observing the next request®, and updates the
accumulated gradient ©, (line 7). The regret guarantee of Algorithm 4 is described
next.

Theorem 3.2. Algorithm 4 ensures, for any time horizon T and N > 2C, the
expected regret bound:

E[Rr] < 2VC

T ~
> 16— 6413
t=1

Proof. We define first the regret w.r.t. the continuous actions {Z;}r as RT £

(O, z*) — ZZ;M&,@), where 2* is the optimal-in-hindsight caching vector?. We
also define the scaled Euclidean 3 norm ||-||¢) = /01 || ||2 so that ry.; is 1-strongly
convex w.r.t ||-||+), and note that its dual norm is ||- || 1) . = \/% |- |l2- Our starting
point is [75, Lem. 1], which we restate below:

Lemma 3.3. Let 71 be a 1-strongly convex w.r.t. anorm|-||. Then, the OFTRL
iterates produced by line 5 in Algorithm 4 guarantee the bound Rp < rip(z*) +

i ¢
3 21 100 = 0:l13, -

Now, we first get a deterministic regret bound on #;. Assuming that'® C' ¢
(0, N/2], we can bound the ¢5 diameter of the caching set as ||[z* — 2|2 < V2C,

8For modeling convenience, we define the time slots to be the (non-uniform) time intervals that
receive only one request. Our analysis can be readily extended to a bounded number of requests
per slot.

9This benchmark remains unchanged if we switch from the continuous to the discrete space.

0N is typically orders of magnitude higher than C. In the cases where this does not hold the

current analysis is still valid but can be improved by using the tighter diameter /2(N — C).
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Va*, x; € conv(X). Thus, we can upper-bound the regularizers in (3.3), replace in
the above Lemma and telescope to get:

T
N 1 1)
Rr<oir C+2) —.
2= o1y

(3.4)

Observing that the sum 1., telescopes to o1/81.¢, we can substitute it in (3.4) and use
the standard identity [28, Lem. 4.13] to bound the second term via Y1, 8;//31.; <
2v/01.7. Therefore, we obtain: Rr < o317 C + 1611, and by setting the
parameter o to its optimal value o =1/ VC, we can eventually write:

Ry <2VC

T ~
> 16— 6113 (3.5)
t=1

The last step requires Madow’s sampling (line 6). By construction, the routine
selects C files and hence returns a feasible integral caching vector x; (or, sampled
vector). In addition, each item is included in the sampled vector with a probability
based on the continuous #;. Namely, it holds Pr(zf = 1) = m; — m;_1 = 2!, where
the auxiliary parameter 7; aggregates the (interpreted as) probabilities for caching
the first i files, i.e., m; = >, _, £%. Since each z! is binary, it holds E[z;] = Pr(z} =
1) = &;. The result follows by using (3.5) and observing:

T
Z<9t, CUt)

E[Rr ({z}r)] = (Or,2") —E = Ry.

O

Discussion. The bound in Theorem 3.2 ensures the desirable prediction-based
modulation of the algorithm’s performance, as the achieved regret shrinks with
the prediction quality. If all predictions are accurate, we get Rr < 0; when all
predictions fail, we get Ry < 2v/2CT. That is, in the worst scenario (e.g., when the
predictions are created by an adversary) the regret bound is worse by a constant
factor of v/2 compared to the FTRL algorithm that does not use predictions [112,
Sec. 3.4]), and ~ 5 compared to the lower bound derived in Sec. 3.3. Moreover,
due to selecting an ¢5 regularizer, the bounds are dimension-free and do not depend
on the library size N. This is particularly important since in caching problems
oftentimes the library size is an even bigger concern than the time horizon. Finally,
note that the algorithm does not need to know the horizon T beforehand. The
drawback of this optimistic caching approach is the computational complexity of
the iteration (line 5) which involves a projection operation. While ¢5 projections
have received attention [22, Sec. 7], they can hamper the scalability of the algorithm
under certain conditions''. In the following section we show how perturbation-based
smoothing can avoid the projection step.

11 For instance, this can be a bottleneck if the library size is extremely large, while the slot duration
is very short and the available computation power is limited.



3.5. OFTPL-CACHE 53

Algorithm 5: Optimistic Follow The Perturbed Leader (OFTPL-Cache)

1 Input: 71 =0, y1 = argminyex (y, 01)

2 Output: {y; € X}r // Feastible discrete caching vector at each slot
tid
3y~ N(0,1nx1) // Sample a perturbation vector
4 for t=2,3,...do
0t < prediction // Obtain request prediction for slot t
1 _ ~
6 n = 17% (m) 4 22:11 16 — 6.2  // Update the perturbation parameter
7 Yt = argmax, ¢y (¥, Ot—1 + 0 + ney) // Update the discrete cache vector
8 Ot =0¢_1+ 0 // Receive the request for slot t and update total gradient
end

3.5. CACHING THROUGH OPTIMISTIC PERTURBATIONS
(OFTPL-CACHE)

We propose next a new OFTPL algorithm that significantly improves previous
OFTPL proposals [133, 134], both in terms of their bounds and implementation,
and as such is of independent interest with potential applications that extend be-
yond caching to other k—set structured problems such as those discussed in [34].
The improvement is possible by setting the perturbation parameters 7; in a manner
that is adaptive to prediction error witnessed until ¢t — 1.

We remind the reader that the FTPL actions are derived by solving in each slot
t a linear program (LP) with a parameterized perturbed cumulative utility vector,
O¢_1 + m17y, where 1, € R, is the perturbation parameter. In order to obtain the
optimistic FTPL variant we introduce two twists: (%) the prediction for the next-slot
utility 6, is added to the cumulative utility; and (7i) the perturbation parameter 7,
is scaled according to the accumulated prediction error. Interestingly, due to the
structure of the decision set X', the LP solution reduces to identifying the C files with
the highest coefficients. This step can be efficiently implemented in deterministic
linear (O(N)) time using, e.g., the Median-of-Medians algorithm [137]. The steps
of the proposed scheme are presented in Algorithm 5, where we denote the t-slot
OFTPL decisions with y; € X. The following theorem characterizes the performance
of this new OFTPL algorithm.

Theorem 3.4. Algorithm 5 ensures, for any time horizon T and N > 2C with
C > 11, the expected regret bound:

1/4
EﬁRﬂg&%VC(me>

D ll6: —6i]13.
t=1

Proof. We consider the following baseline potential function ®(0) £ max,ex(y, 6),
which is a sub-linear function'?. The associated Gaussian smoothed potential func-

12A function f is sub-linear if it is sub-additive (i.e., f(a) 4+ f(b) > f(a + b), which implies
f(a) — f(b) < f(a—1b)), and positive homogeneous (i.e., f(Aa) = Af(a), A > 0).
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tion for each t, is defined as:

+(6) A~ N(0,1) glea;?@ 1Y) 7[ (0 +ney))

Clearly, ®(0) is convex in 6. Recall that the cumulative file request vector is defined
as Oy = O;_1+06;. A Taylor expansion of ®;(-) around the point ©;_; +6;, evaluated
at Oy, with a second order remainder is:

_ _ _ 1 _ . _
D4(0r) = P(O4—1 +6;) + (VOL(Or—1 + 6;), 0, — 0;) + §<0t — 04, VQ‘I’t(Ht) (6 — 6:)),
(3.6)

where ét is a point on the line segment connecting ©; and ©;_1 + ét. From the
convexity of ®;(-):

D(O; 1 +60,) < DO, 1)+ (VD(Or_1 +6,),0,). (3.7)

From (3.6) and (3.7), we can eventually write:
D4(04) < B(Op—1) + (VO(O41 + 04),60;) + %(@ — 0, V2®,(0,)(0; — 6,))(3.8)
Now, note that it holds V®,(0,_1 + 0;) =
VE 26,1 +6) @ E [V0,(r-1 + 1)

=E |argmax(y, 01 + 0; + )| = E [we],
v yeX v

where (a) stems from [138, Prop. 2.2]. Thus, (3.8) can be written as:
1 ~ A -
D4(01) < 4(O1-1) + Ig [0, ye)] + §<0t — 0, V204 (6,)(6; — 01)).

Subtracting ®;_1(0©;_1) from both sides and telescoping over T" and setting 79 = 0,
we get:

Or(O7) <
T 1 ) X )
5 ((01-0) ~ s(O) + B0 )]+ 50— 0, V20 0~ ).

t=1

Then, by Jensen’s inequality: maxycx E, [(y,O7 + nry)] = maxyex (y,Or) =
®(Or) < &7(O7), and writing the last term as the norm of the vector (6; — ét)
induced by the symmetric positive semidefinite matrix V2<I>t(ét) £ H;, we get the
following upper bound of the regret:

Ry <
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T T
1 _
(O7) = > E[(Bry)] <Y <‘I’t(9t 1) = Pe-1(04-1) + §||9t - 9t|Ht> (3.9)
t=1" t=1
We now bound the first term in the RHS of inequality (3.9):
T T
D 04(0;1) = By 1(Or-1) = Zlg [@(O¢—1 +n7) —  (O—1 + ne—17)]
t=1 t=1
(@) & ()
< Zlf;l (@ ((ne — m—1)7)] < Z(T}t - Utfl)I::[‘I’(’Y)] SﬁTI’P;Z m3X<y77>
t=1 t=1

() / (d)
< nry/2C1In <]CV> < nrC+/2In(Ne/C), (3.10)

where inequalities (a) and (b) follow from the sub-linearity of the potential function;
(¢) from Massart’s lemma which gives an upper bound the expected sum of the top
C elements in a Gaussian random vector (e.g., [34, Lem. 9]); and finally (d) is due
to (¢) < (F)°.

We now upper bound the second term in the RHS of (3.9). From [34, Eqn. (4)],
the (i, §)'" entry of the Hessian matrix is given by H,; = %E[g](ét +m7)i7;], where
g(-) = argmaxy,cx (y,-). Hence, we have the following bound on the absolute value
of each entry:

1 A
|H ;| = — ‘]E {y(ﬂ + nw)m}
e |~

1 1 /2
R[] < =4/2, 3.11
g (] < /- (31)

1 1 .
<—FE [Iy(9+7m)il m@
Y

where the first inequality follows from Jensen’s inequality, the second holds since
7; = {0,1}; and the last one is a property of Gaussian r.v.s. Thus each of the
quadratic forms on the RHS of Eqn. (3.9) can be bounded as follows:

16: — Ol 11, = (B¢ — Oy, Hi (0, — 6,)) = Z(Qm — 0p)HY; (01 — 015)

,J

<Z|9tz_9tz|| ||(9t] 6757 =~ \/72|9tz etz

\fnat . (3.12)

where (a) follows from the triangle inequality and (b) from the bound (3.11).
Another way to bound ||0; — 6;|| z,, which will be useful later'3, starts from (3.6)

13This second bound on the norm enables us to set 7; parameters based solely on the prediction
error witnessed so far 23—;11 6> — 6. Consequently, the regret will depend solely on a scaled
prediction error (without additive constants).
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to get:
1 _ _ _ _
5”91& —O0illm, = P(Of) — PL(Or—1 +6;) — (VO (Or—1 +6,),0, — 6)

~ L (a) ~
= I:: [@(O; + 7)) — R(Or—1 4 0 +mey)] + (VP (Or—1 + 61),0; — 0;) < (6, — )

+(VP,(O4—1 + ét)7ét —0;) = Iyneaj’(@’et - §t> +(VP,(O—1 + ét)79~t —6)

(b) ~
< 2[|0; — 0|1, (3.13)

where (a) follows from the sub-additivity of ®(-), and in (b) we use that y; € {0,1}, V4

and bounded both terms using triangle inequality. Hence, combining the bounds
(3.12) and (3.13), we get:

L (|6 — 6,3 7
— = 2||6; — 0 .
m H t tH1>

1 ~ .
510: = Bill, < mm( -

Now we choose the learning rate n; = \/ Ztr_:ll 16, — 6,]|2,t > 1 for some constant
0<pB< \/% that will be specified later. Hence, we have:

1 ; : 0; — 03 0. — .12
§||9t—9t||Ht < min I tt—1 ellt 2 |16 t||1~
VIRB Y N6, 6,12 V2rs /116, - 6.1
@ 3 116 — 643
= - (3.14)
VB[S Y6, 6,12

where in (a), we used the fact that min(ay/asg,b;/bs) < % for any two positive

fractions and \/z +y < /= + /y, for any non-negative = and y’s.
Now that we have a bound for the smoothing-overhead in (3.10), and the per-step
regret bounds (3.14), we can substitute them in (3.9) to get:

T

3 161 — G113
(= RY) SN AT

The second term above can be upper-bounded as:

116 — 0413 XT:/ e 0011 g
=N A=) v AL

T

_/Zmlef—érn? &,
0 Vi

I’[;j[RT] < nrC+/2log(Ne/C) + (3.15)

T

T_éTH%
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Substituting the above bound into (3.15) and using the definition of nr we get the
regret upper bound:

E, [RT] <

T
112 n(Ne 6
Sl Bl (CVIRIVTON + 5o ) a0

C\7mln(Ne/C)
we that 0 < 5 < 1/4/27). Substituting this valud for 5 back in (3.16) we arrive at
the result. O

Optimizing over the constant 3, we get that g = \/E(%)I/“, C > 11 (Recall

Discussion. Similarly to Theorem 3.2, the regret bound here is modulated with
the quality of predictions: it collapses to zero when predictions are perfect, and

maintains Ry < 3.68 In (%) 1/4 V2CT for arbitrary bad predictions. Interestingly,
this worst-case scenario is only inferior by a factor of ~ 2.5 compared to the recent
FTPL algorithm in [58] that does not use (and cannot benefit from) predictions.
Hence, incorporating predictions (even, of unknown quality) comes without cost
in the proposed OFTPL algorithm. Furthermore, for the more common case of
predictions within a certain range of error, the regret bounds diminish in proportion
to their quality.

Comparing with Theorem 3.2, OFTPL achieves regret bounds worse by a factor

of ~1.9In (%) 1/4, which depends on N, albeit in a small order. The regret bounds
are also different in nature, for OFTRL it is ¢35 squared whereas for OFTPL, it is
the much larger ¢; squared of the prediction error. On the other hand, Algorithm 5
does not involve the expensive projection operation that appears in Algorithm 4, but
rather a simple quantile-finding operation (top C files) with a worst-case complexity
of O(N). This facilitates greatly the implementation of OFTPL in systems with low
computing capacity or in applications that require decisions in near real-time. A
notable point about Theorem 3.4 is that in the special case where the predictor 6,
suggests a single file (i.e., deterministic), the regret scales with the square root of
the number of mistakes as opposed to the conventional number of time slots (i.e.,
horizon T') in previous no regret discrete caching works'*[58, 64, 65]. It is also
interesting to note that the bounds of Theorem 3.4, and 3.2, provide insights on the
appropriate loss function to be optimized by the prediction oracle (squared norms).
This is helpful while training and tuning machine learning models on request traces
detests. Lastly, we note that we can sample a fresh perturbation vector at each
time step in order to handle adaptive adversaries (i.e., adversaries that do not fix
the cost sequence in advance but react to the choices of the algorithm). The same
analysis applies since perturbations are equal in distribution. We refer the reader to
e.g., [139, Sec. 8] for techniques for reducing guarantees from oblivious to adaptive
adversaries via fresh-sampling.

14The same property of depending on prediction mistakes rather than 7" holds for Theorem 3.2
but the regret scales as the square root of double the number of mistakes, due to the use of ¢2
norm.
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3.6. CACHING FILES WITH ARBITRARY SIZES

While the caching problem with equal-sized files has been studied using regret anal-
ysis and competitive analysis, to the best of the authors’ knowledge, there are no
results for the more challenging case of files with different sizes. This section fills
this gap by extending the above tools accordingly. In particular, we consider the
setting where each file i € A has a size of s; units, s; < C. Hence, the set of feasible
caching vectors needs to be redefined as:

N
X, = {m € {O,l}N Zsixi < C} ,

i=1
where the caching decisions are calibrated with the respective file sizes in the ca-
pacity constraint. And similarly, the benchmark (designed-in-hindsight) policy is
redefined as z* = y* £ arg max, ¢y (z,07). We present two solution approaches
for this problem, using both OFTRL and OFTPL. These results are of independent
interest with applications beyond caching.

3.6.1. APPROXIMATE OFTPL

Similarly to Algorithm 5, the OFTPL algorithm in this case determines the next
cache configuration y; by solving the following integer programming problem at each
round t:

P : Hgé (©1-1 4 by +mv, y),

which is a Knapsack instance with profit vector p = ©,_1 + 0, + 1¢7Y; size vector

s = (s;,Vi € N); and capacity C. Since the Knapsack problem is NP-Hard [140],
we cannot solve P; efficiently (fast and accurately) at each slot, and hence it is
not practical (or, even possible) to use the approach of Sec. 3.5. Instead, we resort
here to an approximation scheme for solving P; and, importantly, do so in a way
that these approximately-solved instances do not accumulate an unbounded regret
w.r.t. y*. This requires a tailored approximation analysis and to define a new regret
metric.

In detail, we leverage Dantzig’s approach for tackling packing problems [128], to
obtain an almost-integral solution from the respective integrality-relaxed problem;
and then recover, via a point-wise randomized rounding, a fully-integral solution
which, as we prove, keeps the long-term 1/2-approximate regret bounded. First,
recall that the a-approximate regret is defined as [141]:

T
R(O‘ é ®T7 Z Hta'rt
t=1

for a positive constant . This generalized regret metric allows to use a parameter-
ized benchmark, in line with prior works, e.g., see [65] and references therein. Now,
it is important to see that while the Knapsack problem admits an FPTAS [142], due
to the online nature of our caching problem, not all a-approximation schemes for
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the offline OFTPL problem provide an a-approximate regret guarantee. In light of
this, we employ the stronger notion of point-wise a-approximation scheme, which
yields an a-regret guarantee for the online learning problem [141]. We restate the
definition:

Definition 1 (a-point-wise approximation). A randomized a-point-wise approzi-
mation algorithm A for a fractional solution § = (9;,1 € N) of a mazimizing LP
with non-negative coefficients, is one that returns an integral solution y = (y;,i € N)
such that E [y;] > ag;, Vi € N and some « > 0; where the expectation is taken over
possible random choices made by algorithm A.

In our case, we set & = 1/2 and propose an (1/2)-point-wise approximation algorithm
for P;.

Our starting point is Dantzig’s approach which operates on the integrality-
relaxed version of P;. In particular, the integrality-relaxed LP for the Knapsack
problem with profit vector p, weight vector s, and capacity C, through the following
steps:

Dantz(C,p, s):

1. Index files in decreasing profit-to-size ratios, i.e., (p1/s1) > (p2/s2) > ... >
(PN/SN)~

2. Set k =min {j | Zgzl s; > C} and C= C’fo;ll S;.

3. Assign the continuous variables ¢; € [0,1],% € N as follows:

1, if ielk—1]
=9, it i=k
0, otherwise.

To streamline presentation, we denote with Dantz(C,p,s) the operation of steps
(1)-(3) above on the Knapsack instance (C,p,s), which return the solution § and
the value of parameter k. An interesting property of returned solution g, which we
exploit in our randomized approximation scheme, is that at most one component of
the vector § is non-integral.

The detailed steps of the proposed OF TPL scheme are presented in Algorithm 6.
At each slot we obtain a new (probabilistic) prediction for the next requested file 0,
(line 5) and update the perturbation parameter 7; (line 6). Then we calculate the
new profits p; = ©;_1 +0; + 7y, 1 € N, and solve the relaxed Knaspack by invoking
Dantz(C, p, s) to obtain the almost-integral §; and parameter k (line 7). This vector
has k—1 components equal to 1, one additional non-negative component, and N —k
components equal to 0. This solution is then rounded through the randomization
scheme:

Rand (g, k):

1. Set S = 1,2,...,k—1 £ [k — 1] with probability 1/2; Set S = {k} with
probability 1/2.
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Algorithm 6: OFTPL-UneqCache
1 Input: n; =0, y1 = argmingex, (y,01), s = (s;,1 € N)

2 Output: {y; € Xs}r // Feasible discrete caching vector at each slot
i

3y~ N(0,1nx1) // Sample a perturbation vector

4 for t=2,3,... do

5 0 < prediction // Obtain request prediction for slot t

1/4 t—1 ~ .
6 n = IT% (m) 2721 16 — 6-|12 // Update the perturbation parameter

7 P Ou_1 + 0 + ey // Update the profit vector

8 (9¢, k) + Dantz(C, p, s) // Compute the “almost integral” cache vector

9 y¢ < Rand(9¢, k) // Perform Randomized Rounding

10 Ot =04_1+ 6 // Receive t-slot request and update total grad
end

2. Set y! = 0,Vi € N; and update to y! = 1 for each i € S.

The Rand operation is invoked and creates integral caching vector y; which satisfies
the capacity constraint (line 9). Finally, we observe the new gradient, update the
aggregate gradient vector and repeat the process (line 10). The following theorem
characterizes the guarantees of Algorithm 6.

Theorem 3.5. Algorithm 6 ensures, for any time horizon T, the expected regret
bound:

T
E [R(T1/2)] < 1.84\@( ; 16 — 02

Discussion. The bounds of Theorem 6 possess the desirable property of being
modulated with the prediction errors, and in fact are improved by a factor of half
compared to the equal-sizes bound. However, we remind the reader that the regret
metric in this section is defined w.r.t. a weaker benchmark, i.e., a benchmark that
achieves 1/2 the utility of the best-in-hindsight utility (©7,y*). Relying upon such
approximations is an inevitable concession for NP-hard problems — especially when
having to solve them repeatedly. Interestingly, the computational complexity of
Algorithm 6 is comparable to that of Algorithm 5, which is quite surprising since we
are able to handle integral caching decisions with arbitrary-sized files. To the best
of the authors’ knowledge, this work is the first to propose an OCO-based solution
for this variant of the online caching problem. We proceed next to remove the effect
of the library size on the regret bound.

Proof of Theorem 3.5. Since yy; € {0,1} V¢, 4, and the sampling in line 8 is uniform,
we get E [y] = 3. Hence

E [yei] > ¢

N | =
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where we have used that §; € [0,1]Y. Now, from the definition of 1/2-Regret we
have:

R(TI/Q) = %Z@ny*) -E [Z(%y&] (%) % <Z<9tay*> - Z<0t’gt>>

t=1 t=1 t=1

1/4
'y 84vC (m ?)

T ~
Z 10 — 043
=1

where inequality (a) follows from the 1/2-approximation property of the randomized
rounding algorithm (3.18); and (b) follows from the result of Theorem!® 3.4.
O

3.6.2. APPROXIMATE OFTRL

We introduce next an OFTRL algorithm that can handle arbitrary file sizes. To that
end, we use the OFTRL update on the integrality-relaxed version of the problem,
then modify the obtained vector so as to be almost integral, and finally employ the
same randomized rounding technique as above to correct for feasibility. The new
intermediate step (that yields the almost-integral vector) is necessary since, unlike in
Sec. 3.6.1, we cannot apply the (1/2)-sampling technique directly on {Z;}; because
these vectors do not have this required almost-integral form. Thus, we leverage
the DepRound subroutine from [127], which is known to achieve the useful property
re-stated below.

Lemma 3.6. For a € [0,1], the DepRound scheme in Algorithm 14 returns a
vector b such that

o All elements of b are integral except one: b; € {0,1} Vi € N'/j, b; € [0, 1].
o b; is an unbiased estimator of a;: E [b;] = a;, Vi € N.

o b respects the linear constraints satisfied by a: Pr[Y ", \-si ai = Yz 5i bi] =
1.

With this almost-integral solution at hand, we re-use the sampling technique
Rand, to achieve an (1/2)-Regret guarantee w.r.t. the same benchmark as in Sec. 3.6.1.
The steps are presented in Algorithm 7. The diligent reader will observe that es-
sentially we merge steps from Algorithm 4 and Algorithms 6. The detailed steps of
the DepRound subroutine are presented in the Appendix. The next theorem charac-
terizes the algorithm’s performance.

Theorem 3.7. Algorithm 7 ensures, for any time horizon T, the expected regret
bound:

5 [107] < Vo

T ~
> 116: — 0113
t=1

15Theorem 3.4 operates on integral decisions y;. Nonetheless, even if we allow y*,y: € conv(X),
they are still integral due to the linear program in line 6 of Algorithm 5 ({0, 1} decision variables
with non-negative coefficients).
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Algorithm 7: OFTRL-UneqCache

1 Input: 0 = 1/V/C, 61 = ||01 — 01|13, 01 = 0\/51, ©1 = arg minge v, (z,01)

2 Output: {y; € X5} // Feasible discrete caching vector at each slot
3 for t=2,3,... do

4 0; < prediction // Obtain gradient prediction for slot t
5 B¢ = arg maXy cconv(,) { —T1t-1 (@) + (@, Or—1 + ) }

6 Zt <— DepRound(Z¢) // Compute the “almost integral” cache vector
7 ¢ <— Rand(ZT¢, k) // Perform Randomized Rounding
8 O =041+ 06, // Receive t-slot request and update total grad
9 ot =0 (\/61:,5 — 4 /51;,5_1) // Update the regularization parameter

end

Discussion. Compared to the approach we used to extend OFTPL to unequal-
sized files, an additional rounding technique (DepRound) was necessary to extend
OFTRL. The complexity of this sub-routine is linear in the library size. Thus,
despite preserving the order-level complexity of Algorithm 7, handling such files
increases the overhead to get the almost-integral caching vectors {Z;};. The impor-
tant point is that we recover the dimension-free bounds for the regret, which are

better by a constant factor of 1.84 (ln %)1/4 compared to OFTPL-UneqCache, at the
expense of performing a (potentially challenging) projection step. Hence, one can
select the most suitable method depending on the requirements of the application
(size of library, slot length, etc.) and the computing resources when executing the
algorithm. Lastly, in Algorithm 7, and all introduced algorithms for the single cache
case, the request vector € can be extended to include (time-varying and unknown)

weights that depend on users or network properties.

Proof of Theorem 3.7. First, we show that the 1/2-point-wise approximation holds
for {z;}+. Then, we re-use the result of Theorem 3.2. In detail, by Lemma 3.6, the
DepRound subroutine returns Z; such that E [Z;] = #;. Then, by the same argument
about uniform sampling in the proof of Theorem 3.5, we have that E [z;] > %:Et,
where z; € X;. We recover our 1/2-approximation guarantee for OFTRL iterates

{xt}t:
2. (3.19)

By the definition of 1/2-regret guarantee, we have

(1/2) 1 d Ak - @1 px 7
Ry™ = §Z<9t71’ )=E > (f,20)| < i(zwt’x ) =D (6 20))

t=1 t=1

T
b ~
Qe S 16 - 6.3
t=1

where inequality (a) follows from the 1/2-approximation property of the randomized
rounding algorithm (3.19); and (b) follows from the result of Theorem 3.2. Although
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that theorem states the bound for the regret of the integral decisions {x;};, we have
seen in its proof that the bound is essentially the same for the continuous actions. [

3.7. BIPARTITE CACHING THROUGH OPTIMISM
(OFTRL-B1PCACHE)

Finally, we extend our study to caching networks where a set of edge caches J =
{1,2,...,J} serves aset of users Z = {1,2, ..., I} requesting files from the library N.
The connectivity between Z and 7 is modeled with parameters d = (d;; € {0,1} :
1el,jeJ ), where d;; = 1 if cache j can be reached from user location i. FEach
user can be (potentially) served by any connected cache. This is a widely-studied
non-capacitated bipartite model [30, 43].

We introduce the new caching variables k and routing variables u. Namely,
k},; € {0,1} decides whether file n € A is stored at cache j € J at the beginning of
slot ¢, and the t-slot caching vector k; = (k},; : n € N, j € J) belongs to

neN

where C; is the capacity of cache j € J. We use the routing variable uﬁlij e {0,1}
to decide the delivery of file n to user ¢ from cache j, and define the t-slot routing

vector uy = (ut,. €10,1] :n e N,i € Z,j € J) that is selected from the set:

nij
U= ue{0,1}N71] Zumj <1l,neN,iel
Jj€T
Note also that unserved requests, i.e., when the summation is strictly smaller than
1, are satisfied by the root cache. This option, however, yields zero benefit for the
users (no cache-hit gains); see also [30]. The request vector 6; is redefined to reflect
a request’s source and destination: §; = (6, € {0,1} : n € N,i € 7), and is drawn

from the set: Q@ = {6 € {0, 1}V | 3 v Yz Oni =1}
We can now introduce the ¢-slot utility function:

fe(xe) = Z Z Z ankinj :

neN i€ jeJ

where we abuse notation and redefine z; 2 (k¢, u;). Therefore, the utility-maximizing
caching-routing policy at each slot ¢ is found by solving the following problem:

T
Py: max » fi(z) st wel, k€K; Uiy <knjdij, i €L,j€ T, neN,
x
t=1

and we define the feasible caching/routing set as X, £ {{KC x U} N {unij < knjdij}}-
Py is known to be NP-Hard via a reduction to the set cover problem [30, Sec. 3],
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Algorithm 8: OFTRL-BipCache

1 Input: 0 =1/v/14 JC, §1 = ||61 — 6~1H§, 01 = 0+/01, x1 = arg minge x, (, 01)

2 Output: {z; = (kt,ut) € Xp}r // Feasible discrete caching/routing vector at each slot
3 for t=2,3,... do

4 0 < prediction // Obtain request prediction for slot ¢
5 & = arg maxXgeconv(Xy) {—7‘1@,1(&8) +(z, 041 + ét)} // Update the continuous

policy vector .
6 (k;) — MadowSample(k:), Vj € T // Obtain the discrete cache vector for each
cache independently

7 O =0:_1+ 6 // Receive t-slot request and update total grad

8 Set uf”.j/ < 1 for a randomly selected j/ € J™ //Update the discrete routing vector

9 ot =0 (\/ 01:¢ — A /61;,5,1) // Update the regularization parameter
end

[65, Sec. 4.1]. Hence, we will be using below also its integrality-relaxed version P
with continuous variables £; £ (l%t, Q).

Our strategy for tackling IP; is to use OFTRL on the convex hull of X}, (essentially
learning w.r.t. P%) to optimize #;, and then obtain discrete caching vectors with
Madow’s sampling applied to each cache separately. As last step we select a proper
routing solution for the received request 6;. Namely, upon receiving a request for file
n from user 4, the corresponding routing variable is set to 1 if any cache connected
to i stores file n. Thus, we define the auxiliary set J" = {j € J| yn; dij = 1},
and assign uﬁlij, =1 for the (n,4) pair and some j’ € J™. It is important to stress
that in such uncapacitated models, the routing plan is directly determined once a
caching vector is fixed'®. The detailed steps of the proposed OFTRL schemed are
presented in Algorithm 8, where we reuse the regularization scheme from Sec. 3.4
with the difference that it operates now on the newly defined variables and request
vectors. The performance of the algorithm is characterized with the next theorem.

Theorem 3.8. Algorithm 8 ensures, for any horizon T, the expected (1—1/e)— Regret
bound:

E[RYY) <13vT+TC

T ~
D 16— 6:3
t=1

Discussion. Similar to the single cache, Theorem 3.8 improves the regret by
removing the effect of library size IV, as opposed to the recently-proposed bipartite
OFTPL algorithm for equal-sized files in [65]'7. This improvement comes at the
expense of a projection operation in the OFTRL step. Additionally, Algorithm 8

16Tn other words, the routing variables are auxiliary in the Femtocaching model, and indeed in [30]
these variables where omitted, while they appear with different name in subsequent works, e.g.,
as virtual caching variables in [65].

17We note that the bound in [65] contains additionally the number of users since they consider a
different request model of one request per user per time slot. Our work can be readily extended
in that direction, as explained above.
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manages to reduce further the constant terms when it has access to high quality
predictions for the next-slot requests.

Proof. We start from the result of [75, Thm. 1] (or its earlier version from [123]),
which provides guarantees for the regret of the continuous variables . For the
moment, assume that we have the following point-wise approximation for the de-
cision variables E[k] = k, E[a] > (1 — /e)u, and that the capacity constraints are
respected. Then, due to the linearity of the objective function f;(-), we get that our
a-regret (with @ =1 —1/e) is:

T T 1 T T
Z O, 2%) — Z<9t7xt g Z O, " Z Qt,xt
t=1

t=1 1 t=1

R

rb\»—l

~
Il

W %)\/1 YJC

T ~
> 16— 6:113-
t=1

where inequality (a) follows from the (1 — 1/e)-approximation property of the ran-
domized rounding algorithm; and (b) follows from the result of Theorem [75, Thm.
1].

Now, to show that E[l%] = k, we follow the same argument in the proof of Theo-
rem 3.2. Namely, due to Madow’s sampling, each file is included with probability /2:,
and at most C) files are included at each cache. Hence, E [ky;] = I%nj, Vn, 7. Regard-
ing the point-wise approximation for u, we define the set J* of caches connected to
user i:

ji:{je.j’dijzl}.

Then, we have

(@)

b
E [unij] = Prlun; = 1] ©

() 7
= Pr[Vjegikn; =1 =1- H (1*knj)
JjET?

(a) _ i (e) (N
S 1o Lieait S ety 3 (1_ 1) Qs
e

Where in the above chain of inequalities, (a) follows from wy,;; being binary variable;
(b) by the construction of the algorithm (step 8); and (c¢) from the independent
rounding for each cache. Also, inequality (d) follows from from e* > 1 + z,Vz € R;
(e) from the relaxed version of the caching/routing constraint of Py, and finally (f)
from the concavity of 1 — e~ and the domain of 4,,; being restricted to [0, 1].

O

3.8. EXPERT-BASED OPTIMISTIC CACHING

Changing tack in this section, we explore a different approach for optimism that
is based on the classical experts framework. Specifically, we consider a model with
two experts: a pessimistic (or robust) learner and an optimistic learner. The pes-
simist expert proposes caching decisions based on the OGA policy [62] that does not
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use predictions, and provides adversarial regret guarantees. The optimistic expert
proposes a caching policy that is optimized solely w.r.t. the predicted request, i.e.,
as if the predictions are fully reliable. Finally, a meta-learner receives the propos-
als from the two experts and gradually discerns which of them should be trusted.
The expert-based approach to optimistic learning has been previously proposed for
continuous caching in [75, 123]. We expand it here to handle discrete decisions and
demonstrate it using the single cache scenario.

Formally, the pessimistic expert (p) proposes caching {ét(p )}t according to adap-

tive OGA:

. 1
ng) = Pconv(/’\f') {Zt(p)1 + \/iet} )

where Peony(x) is the Euclidean projection onto the convex hull of X. We de-
note the regret of this expert by R(p) (Or, 2%) — EtT:1<9t,2§p)), where z* =
arg Max, ccony(x)(O7, 2). On the other hand, the optimistic expert (o) solves the
following LP 2(°) = arg max,cx (0;, 2),

and we denote its regret with Rg?) = (Op,2*) — Zt 16, 2 (°)>.

Unlike the previous sections where predictions were used to modify the perturba-
tion and regularization parameters, here they are treated independently through the
optimistic expert. The challenge is then to learn which of the two experts’ propos-
als to follow. To that end, a meta-learner combines the proposals through a set of
learned weights. Namely, the meta-learner’s decision variable is w £ (w(”), w(o)) €
Az, where Ay = {w € [0,1]?|||w||; = 1}, and is used to create a convex combination
of the provided caching proposals, i.e., 2; = w§p)2§p) + wt(o) zt(o).

Clearly, by its definition, it holds that 2; € conv(X). The weights are updated
with adaptive OGA:

R 1
wy = Pconv(Ag) {wtl + ﬁlt} )

where [; £ <<0t, A(p)> 0y, zt(o)>) is the experts’ utility vector at slot £. We then have
the following result for the regret of the actual mixed action [123, Thm. 3]:

T
RT{z}T = (Or, 2" Z 01, 2¢) (T “) 4 min {Rg?),Rgf')}
t=1

< 2v2T + min { RY, R }

Finally, similar to what we have shown in the OFTRL section, it is possible to use
Madow’s sampling to recover integral cache states z; € X with the associated bound

E[Rr{z}] < R%) + min {R;@, Ry } . (3.24)

The steps of this scheme are summarized in Algorithm 9.
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Algorithm 9: Experts-Cache

1 Input: z; € X
2 Output: {z: € X} // Feasible caching vector at each slot
3 for t=2,3,...do

4 ét(p) = Peonv(X) {Z£€)1 + %%} // Pessimistic expert makes proposal

5 2(0) = arg maxze;((ét, z) /] Optimistic expert makes proposal based on the oracle’s
prediction

6 2= wiméim + w(® 2 // Meta-learner combines proposals

zt  MadowSample(%¢) // Obtain the discrete cache vector using Algorithm 13

8 O; =06:_1+6; // Receive the request for slot t and update total grad

9 W = PCDDV(A2> {wt_l + %lt} // Meta-learner observes losses Iy € updates weights

end

Discussion. The performance advantage of the bound in (3.24) is that it can be
strictly negative, depending on the optimistic expert’s regret. For example, in case
of perfect predictions and non-fixed cost functions, the min term evaluates to —eT’
for some € > 0, making the meta-regret negative for large enough 7'. In all cases, the
meta-regret is upper bounded by (’)(\/T) due to the existence of the robust expert’s
regret in the min term, hence we maintain the order-optimal regret for worst-case
scenarios with this approach as well. From a computational load perspective, the
most challenging step is the projection involved in the calculation of the OGD-based
policy (pessimistic expert). However, one can leverage the tailored fast projection
proposed in [62] for that operation. It is also important to stress that this framework
allows to combine more than one expert, in order to either to e.g., include more than
one predictor, see discussion also in [75].

We note that since experts-based optimism is a meta-algorithm whose regret is
characterized by that of the experts (i.e., learning algorithms), it can be applied
to the other setups of unequal sizes and bipartite caching. The (possibly «) meta
regret will then be related to that of the (possibly «) regret of the optimistic and
pessimistic experts. Finally, it is worth noting that the idea of using the experts
model for combining multiple caching policies has been previously proposed in [143],
and evaluated in several cases, e.g., see [144] and reference therein, which however
do not consider predictors nor provide any theoretical analysis (or, bounds) for the
performance of this approach.

3.9. COMPARATIVE SUMMARY & EXPERIMENTS

Table 3.1 shows the performance and complexity trade-offs for the presented algo-
rithms, and compares them to recent studies of discrete no-regret caching in the
literature. The best case refers to the situation where the request predictions are
perfect 8, = 6,,Vt. The worst case refers to the situation where predictions are
furthest from the truth 6, = argmaxy || — 6;||,V#. The previous studies have the
best and worst case columns merged as they do not utilize predictions. Further-
more, the works of [58] and [64] assume and utilize knowledge of the time horizon
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T ( [66] uses the standard doubling trick) and use the Lipschitz constant for the
gradient (i.e., request) vector. Thus, they are not classified as performing Adaptive
Learning (Adap. Learn.) as defined by [112], which argues about the advantages
of adaptive algorithms of the sort presented here. While the authors in [58] discuss
the bipartite model, their simpler linear elastic model of utility is different than the
one considered here (see [58, Sec. 3.2]). Hence, we compare to their single cache
result. Finally, for algorithm 5, we make explicit the dependence on weights regret
Rgu), although it is still R(Tw) < O(VT) to clarify the cause of inferior performance
of the experts-based optimism in the worst case compared to adaptive smoothing,
which even appears in the simulations.

Table 3.1: Online discrete caching policies with adversarial no regret guarantees: a summary of
the contributions and comparison with literature. For the constant «, recall that a = 1 indicates
the regular regret. Otherwise, we have a-approximate regret (see equation (3.17)).

(@) c " Approx.
Al Model Guarantees (R, <) omput.| ~st. | Adap.
€|l and Conditions Complex. a Learn.
Best ‘Worst case
case

1 e Single cache 0 O(T) O(N?) 1 v
e Predictions

2 o Single cache 0 O(poly-log(N)VT) | O(N) 1 v
e Predictions
e Single cache 2

3 e Predictions 0 O(\/T) O(N%) /2 v
e Unequal sizes
e Single cache

4 o Prodictions 0 O(poly-log(N)VT) | O(N) 1/2 v
e Unequal sizes
e Bipartite

5 Network 0 O(WT) O(N?) 1—1/e v
e Predictions

6 B Singlfa Qache b<0 R;fl)) + O(/T) O(N) 1 v
e Predictions

(58] || e Single cache O(poly-log(N)V/T) O(N) 1 -

[64] || e Single cache (@] (\/T) O(N) 1 -

[65] || ® Bipartite O(poly-log(N)VT) O(N) 1—1/e v
network

[66] || ® General O(poly-log(N)VT) O(N) 1— 1/ -
network

Experiments. We compare the performance of our algorithms with carefully-
selected competitors: the FTRL policy, which generalizes the OGD from [62], and
the FTPL method from [58]. The full codebase for the proposed policies and ex-
periments is available via GitHub [145]. We note that these competitors already
showed superior performance to the classical methods of LRU and LFU in their ex-
periments. The request traces are created using the MovieLens dataset [105], which
contains time-stamped movie ratings. We assume a request is initiated to a CDN
in the same chronological order as their ratings’ timestamps. We consider movies
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Figure 3.2: Comparison of Ry /T for equal-sized files in a single cache and different policies: (a)
OFTRL-Cache vs. FTRL/OGD; (b) OFTPL-Cache vs. FTPL [58]; (c) OFTRL-Cache vs. OFTPL-Cache
for good predictions and in (d) for worst-case predictions. In (c), (d) we plot the 0.95-confidence
interval (8 runs).

with at least 8 ratings, leading to a library of N = 10379, and we set capacity
C = 150. Each prediction is assumed correct with probability p. Specifically, we
generate a one-hot 6, that has 1 at the file to be requested with probability p, or at
any other random file with probability 1 — p. We also experiment with probabilistic
predictions where the vector components represent the probabilities of files being
requested (details in Appendix 3.9). For the experiments with unequal-sized files,
we generate the sizes uniformly s; ~ UJ[1,10] and set C' = 500. For the bipartite
network, we use the 100k variation of the MovieLens dataset and consider files with
at least 10 ratings, leading to N = 1152. The network consists of 3 caches (C' = 150)
and 4 user locations, the first two connected to caches 1 & 2, and the rest to caches
2 & 3.

Fig. 3.2 shows the average regret (hit-rate gap to the optimal) growth with time
for FTPL [58], FTRL [62], and their proposed optimistic counterparts. We exper-
iment with p = 0, and p = 0.75. If, e.g., the request predictions were based on
recommendations, these reflect the cases where the users do not follow the recom-
mendations (p = 0), or actually request the recommended movie/file with probabil-
ity 75%, (p = 0.75). In addition, we experiment with a sinusoidal p, which varies
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Figure 3.3: Comparing R¥/2)/T for unequal-sized files, single cache. (a) OFTRL-UneqCache
vs. FTRL/OGD; (b) OFTPL-UneqCache vs. FTPL [58]; (c)-(d) OFTRL-UneqCache vs.
OFTPL-UneqCache for good (bad) predictions.

between p = 0.5 and p = 0.9, with a period of 102 slots. We observe that optimism
accelerates and improves learning the best files to cache, reaching an average im-
provement of 104% (for OFTRL) and 37.1% (for OFTPL) when p = 0.75, compared
to their “vanilla” counterparts (no predictions). Moreover, the performance degra-
dation due to inaccurate predictions is almost negligible: < 8.3% for OFTRL and
< 6.6% for OFTPL. We also plot the 0.95-confidence interval of Ry in Figures 3.2¢
and 3.2d, where we note the more condensed distribution for OFTRL: 44.3% and
26.1% tighter at ¢ = 10k when p = 0.75,p = 0, respectively. This is because the
distribution ({Z;}r iterates in OFTRL) becomes more concentrated with time; an
argument that is not directly applicable to OFTPL, where the randomness is due
to solving a perturbed linear program. In Fig. 3.3 we evaluate the algorithms for the
unequal sizes case and plot the 1/2-regret. We observe the same pattern of negligible
performance degradation when p = 0, while p = 0.75 enables an improvement of
35% (for OFTRL) and 18.8% (for OFTPL). We kindly refer the reader to the ap-
pendix for additional experiments for the experts-caching algorithm, the bipartite
caching problem, and with probabilistic predictions of varying qualities.
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PROBABILISTIC PREDICTIONS

Let us first demonstrate, with a simple example, that using probabilistic predictions
is beneficial for the performance of optimistic algorithms. The regret bound of the
proposed algorithms depend on the terms ||6; — 6|, Vt. Now, consider a prediction
0, that places e probability mass on the correct file, and the remaining uniformly
over the rest of the files in the library. Then, we get:

2
|16: — O¢]|2 ~ 1 —€, since 8\/_6)1) ~ 0,
compared to a mis-prediction (or, mistaken) one-hot 8, which will have ||6; — 6, ||» =
V2. Using the ¢; norm, a one-hot mistake costs 2 compared to 2 — 2¢ for the
probabilistic one. We stress again that all the results presented in this work hold
both for probabilistic and for deterministic predictions. The former can be taken
directly from the output of a forecasting model, while one can create the latter by
simply using the highest-probability request.

We continue by presenting experimental results for a probabilistic prediction
model with varying accuracy. In detail, in Fig. 3.4 we measure the regret of the
proposed OFTRL and OFTPL policies after 5k time steps (i.e., file request) using
the well-known YouTube request trace [104] with N = 10* and C' = 150. Rsy is
measured using prediction vectors with varying density that is placed on the file to
be requested. Namely, if at step ¢, the requested file is n, we feed the optimistic
algorithms with a prediction vector:

6 with: 6. =¢ and 0!, =(1—-¢)/(N—1), ¥n' #n.

n’ —

That is, the prediction vector has ¢ probability placed on the file to be requested,
and the remaining (1 — ¢) uniformly distributed across the remaining files. We
note that when the prediction vector is almost uniform (i.e., 6 contains no useful
information), the optimistic versions nearly match the non optimistic ones.

We can see that at ( = 0.1, both OFTRL and OFTPL already start outperform-
ing their non-optimistic counterparts, by 9.8% and 1.4%, respectively. Also, they
outperform the best-in-hindsight benchmark z* when the accuracy becomes reason-
ably high (¢ > 0.8). Lastly, we see that OFTRL has a performance advantage of up
t0 59.6% compared to OFTPL, when fed the same predictions, at the expense of its
additional computation complexity.

ALGORITHMS 8 AND 9

Fig. 3.5 plots the regret for the expert-based Algorithm 9. Note that the Ry can
reach negative values, i.e., outperform better the benchmark, when p = 0.5. This
is aligned with the bound in (3.24) and hints to the fact that stronger benchmarks
can be used for this algorithm. However, it performs worse than the regularization-
based optimism in the case where p = 0, achieving regret Ry = 0.113 at time
T = 10k compared to Ry = 0.075 (OFTRL). Lastly, the bipartite utility is shown in
Fig. 3.6, the hit-ratio of OFTRL is approximately 0.49 when p = 0.5. Expectantly,
the performance drops when p = 0, but steadily increases from 0.30 at T' = 500, to
0.44 at T = 10k.
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Figure 3.4: Regret with varying probability mass placed on the correct file in the prediction vector.
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optimism.

3.10. CONCLUSION

In this chapter, we presented several provably optimal algorithms that exploit pre-
dictions of unknown quality to improve the regret bounds for important variants of
the discrete caching problem, while maintaining worst-case guarantees. The tackled
problems are general (e.g., the Knapsack problem) and extend beyond caching; and
hence the corresponding proposed optimistic algorithms can be applied to other
similar problems. Our approach was based on the unified view of FTRL and FTPL
algorithms as smoothing operations, where we proposed to make such smoothing
adaptive to the predictions’ accuracy. This allowed us to obtain a regret that inter-
polates between 0 and O(VT).

This work also paves the road for several promising extensions. Given that
eviction-only policies such as LFU or LRU have provably linear worst-case re-
gret [58], we studied policies that can dynamically prefetch files. Thus, balancing
the cache hits with prefetching costs remains to be tackled. Moreover, we note
that static regret algorithms, like ours, can be used as a subroutine in algorithms
with stronger benchmarks, such as the ®-regret [146] and the minimum regret over
all finite-state-predictors [147], and extending the study towards such more-refined
benchmarks is certainly interesting. In fact, the following chapter will outline a
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general method that can be used to extend all OFTRL variants, including the ones
discussed in this chapter, into the more refined dynamic regret metric, where the
optimal cache configuration can itself change over time. Finally, considering un-
equal routing utility (e.g., link-capacitated model [148]) and unequal-sized files for
the bipartite network model remains an open question [149].







Optimism Under a Universal
Metric

In the previous two chapters, we evaluated the performance of our learning algo-
rithms using the static regret metric, which measures performance relative to the
best-fixed decision in hindsight. While static regret provides strong guarantees in
stationary environments, it fails to capture how well an algorithm adapts when the
optimal decision evolves over time, such as in response to shifting user preferences.
In many real-world decision-making problems, a fixed benchmark is overly restric-
tive, motivating the need for a more general performance measure. To address
this, we shift our focus in this chapter to dynamic regret, which benchmarks an
algorithm against a sequence of optimal decisions that vary over time. However,
achieving tight dynamic regret bounds introduces new challenges. Prior work has
suggested that the FTRL algorithmic family, which has been our main tool so far,
struggles in dynamic environments due to its tendency to consider all past costs in
producing the actions, making it difficult to adapt to changing conditions.

In this chapter, we revisit FTRL, and its optimistic variant, showing that by se-
lectively refining past information to prevent excessive reliance on redundant data,
an idea we call pruning, we can indeed achieve dynamic regret bounds. More
broadly, our analysis sheds light on the important role of optimism in highly dynamic
settings, demonstrating how it can enhance adaptability without compromising ro-
bustness. Formally, we redefine the regret R in this chapter to be with respect

The content of this chapter has been published in
« Naram Mhaisen and George Iosifidis. “On the Dynamic Regret of Following the Regularized

Leader: Optimism with History Pruning”. In Proceedings of the International Conference
on Machine Learning (ICML). 2025.
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to a possible changing comparator :

R =Y filw:) — filw),

where {u;}X ; € X is any set of comparators with desirable costs that we wish to
benchmark against. The dynamic regret is thus simply the performance gap between
the learner and the comparator sequence. A key complexity measure associated with
this sequence is its path length Pr, given by

T—1
Pr=) " flusy — wl. (4.1)
t=1

The path length quantifies the variation in the comparator sequence, with larger
values indicating a more dynamic environment and a more challenging learning
setting.

4.1. BACKGROUND AND MOTIVATION

In this section, we briefly recap the concepts of data dependence and optimism in on-
line learning, introduce useful technical definitions, and then transition to discussing
their special importance for the dynamic regret metric. As indicated throughout
this thesis, algorithms with a sub-linear regret guarantee have been behind recent
state-of-art advances not only in classical computer science problems such as caching
[150], portfolio management [151], and generalized assignment [152], but also in ma-
chine learning problems such as the design of (enhanced) ADAM optimizer [153],
sub-modular optimization [154], and supervised learning with shifting labels [155]
among others. However, even in the static settings where the comparator is fixed:
u; = w,Vt, the strategy of minimizing witnessed costs at each ¢ admits linear re-
gret, indicating a failure in learning [156, Sec 2.2]. Hence, careful regularization
is needed to avoid overfitting past data, which is the fundamental idea behind the
two main algorithmic families for OCO: Follow the Regularized Leader (FTRL) and
Online Mirror Descent (OMD). It is known that both frameworks achieve an order
optimal static regret bound of O(v/T) [28, Sec. 5]. Further, it has been shown
that when the regularization is made data-dependent, the regret bounds will indeed
be sub-linear and, more importantly, data-dependent. This is a desirable, albeit
challenging, objective.

Data-dependent bounds are preferable because they are parametrized by the
actual problem instance, {f;(-)}1_;, rather than crude universal bounds on this
instance. I.e., on the Lipschitz constant L and the horizon T. While this compli-
cates the analysis, it leads to more custom algorithms in which the “easiness" of
an instance is reflected in the bound. For example, AdaGrad-style bounds [157],
and follow-ups, achieve static regret of the form O(v/Gr) where Gy =1, [lg:]|2,
g: € Ofi(x) is the sub-gradients norm trajectory. This form of bounds is desirable
since they scale with the lengths ||g:|| and hold for any value T' rather than being
dependent on the worst case L value and on a single pre-provided T'. Yet, they



4.1. BACKGROUND AND MOTIVATION 7

maintain the order-optimal bound (O(v/T)) in all cases. Similarly, [158] achieves
O(/Vr) for smooth functions where Vo =31 max, ||V fi(x) — Vf;_1(2)||? is the
gradient variation trajectory, which, again, is never more (’)(\/T ) but tighter for
slowly-varying functions.

A more general problem-dependent quantity is the accumulated prediction er-
ror [26, 125]; suppose the learner receives a prediction f;(-) for the cost function f;(-)
prior to deciding x;, with no guarantees on its accuracy, the quantity of interest is:

T
ET = Zefa €t = ||gt - gtHa (42)
t=1

where §; € df,(x;). Clearly, we can choose f,(-) to be 0 or f,_i(-), recovering
the dependence on G and V!, respectively. Algorithms whose regret depends
on Er are called optimistic and are crucial for achieving best-of-both-worlds-style
guarantees: constant regret in predictable environments and sub-linear in all cases,
delivering adaptability without sacrificing robustness. Interestingly, the application
of optimistic algorithms extends beyond enabling the use of untrusted predictions
in the OCO problem; they have been shown to be key in the more general delayed
OCO problem [86], as well as the related OCO with memory problem [159]. Given
their significance, we focus on developing “optimistic" algorithms in this work. That
is, algorithms that receive and use predictions of future costs and have regret bounds
parametrized by Ep.

While (optimistic) data dependence is well understood for both OMD and FTRL
frameworks under the static regret metric, the story is different when it comes
to dynamic regret. For OMD, the current prevalent form of optimistic problem-
dependent dynamic regret bounds first appeared in [160], who used a variant of the
Optimistic OMD (OOMD) (two-step variant). This formulation requires that g; is
defined before calculating @;, which is only possible for linear functions (recall g; €
Oft(xy)). This “cyclic dependency" issue was only addressed recently in [161], who
obtained bounds that depend on a quantity similar to Er, Dy = Z?:l IV fi(yi—1)—
V fi(yt—1)||, where y, are points generated by an online algorithm.

As for FTRL, the first dynamic regret guarantee has been established by [153],
showing Ry = O(PY?T?/3) for bounded domains. While this guarantee is not
data-dependent and suboptimal in T, it suffices for the authors’ goal of explaining
the behavior of the Adam optimizer. For bounded domains, to our knowledge, no
prior work has established dynamic regret guarantees for FTRL, problem-dependent
or not, with O(Pj’g VT) dependence, for any 3 € [0,1]. This gap raises an intrigu-
ing question regarding the performance of FTRL under the dynamic regret metric,
particularly given that FTRL can be equivalent to OMD under specific regulariza-
tion and linearization choices [112, Sec. 6], suggesting its potential applicability
in dynamic environments. However, the extent to which FTRL admits meaningful
dynamic regret guarantees remains an open problem.

!More precisely, for differentiable functions, we recover V;, = Ethl IV fe(z) — V fe—1(ze—1)]|% <
Vi
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Conceptually, the versatility of FTRL arises from its richer state representation,
where the “state" refers to the vector used to determine the next iterate, @¢41.
In OMD, the state of the algorithm is merely the current feasible point, ;. In
contrast, the state in FTRL is some mapping of all previous cost functions. In
the most common case, this mapping is simply the cumulative gradient, g;.; =
Zizl g-. This same versatility, which stems from retaining all past costs, introduces
a key drawback: retaining all past costs can hinder adaptation when the costs are
nonstationary.

Specifically, it has been demonstrated that FTRL iterates that use such mapping
fail to achieve sublinear dynamic regret even for constant path lengths [162, Thm.
2]. In essence, the aggregation of past costs obscures the switching patterns in the
data (i.e., in {f-(-)}._,), which are crucial for the iterates to adapt appropriately,
particularly when competing with moving comparators. Since most FTRL variants
in the literature aggregate past gradients, FTRL is often considered unsuitable for
dynamic environments [163]. However, these findings do not dismiss the poten-
tial of all FTRL variants. On the contrary, they give insight into how to design
variants that adapt to changing comparators, a key motivation behind the pruning
mechanism we analyze here.

This chapter seeks to address the ambiguity regarding FTRL’s performance un-
der dynamic regret. Clarifying this issue is not only intellectually compelling but also
important for establishing more refined problem-dependent bounds, as we demon-
strate in the sequel. It will also help explain the notable performance gap between
lazy (i.e., typically FTRL) and greedy (i.e., typically OMD) methods in dynamic
settings. Furthermore, we introduce a new set of FTRL-native analysis tools, ex-
panding its applicability in dynamic environments and paving the way for dynamic
regret guarantees in other OCO settings (e.g., delayed feedback or memory con-
straints), where FTRL is often the framework of choice.

Chapter Notation. We use calligraphic capital letters, e.g., X to denote sets.
Vectors are denoted with bold-face small letters, e.g., a, and we use the subscript
t to highlight a vector’s dependence on a specific time slot e.g., a;. Scalars are
denoted with regular letters and can as well depend on the time, e.g., h;. We
denote with {a;}]_; the sequence of vectors or parameters from slot t = 1 up to
slot T. Sometimes we use the shorthand {a;}r for the same. Whenever the horizon
is not relevant we use {a:};. We also use the shorthand sum notation for scalars
by = Z?:l b; and the element-wise sum of vectors a;.; = ZiT:1 a;. We denote with
[T] the integer set 1,2,--- ,T. We make use of the indicator function Ix(x), which
evaluates to Iy (x)=0 if € X and oo otherwise.

4.2. METHODOLOGY AND CONTRIBUTIONS

As noted earlier, certain forms of FTRL are equivalent to OMD, suggesting that
dynamic regret guarantees should hold in these cases. The equivalence arises when
the update minimizes the regularized linearized history, which is the starting point
of this paper. Specifically, let r;(-) be a data-dependent strongly convex regularizer
that evolves with ¢, potentially depending on past costs and actions. Then, the
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standard linearized FTRL update is

1 = argmin{(gy.;, ) + 71.4(). (4.3)
reX
If X = R, and r(x) is proximal?, this update is equivalent to the OMD update
which uses r1.¢(+) as the mirror map. This is proven in [112, Thm. 11], even for the
more general case of composite costs.

Here, we consider the optimistic version of this update. That is, we append the
prediction fy41(z) to the sum in (4.3). This will later allow us to have problem-
dependent bounds that are modulated by Ep. Secondly, we focus on compact sets
X C R™. A primary design choice in our method is to incorporate the set constraint
as an additional indicator function to each prediction. This is equivalent to modeling
each cost function as a composite function: fi(x) + Ix(2). The indicator part is
then always assumed to be “predicted" perfectly. Nonetheless, the linearization of
the past composite costs is now different. Namely, our proposed update becomes:

Ty = argmin(pr., ) + ri(x) +  fip(x) + Ix(z), (4.4)
x
with the state vector p;i.; calculated as the aggregation of

Pt =g+ gtla
g: €0fi(x1), gi € 0lx(z) = Nx(my),

where Ny (x) is the normal cone at x, and is defined as
Nx(z) = {g|(g,y —x) <0,vy € X}.

The simple yet key observation is that with the extra flexibility provided by g/,
the state of the algorithm need not be the simple aggregation g;.;. Rather, some of
the summands can be attenuated or pruned by carefully selecting g/ from the cone
Nx(x¢), This is possible since Ny (x;) contains all (scaled) negative subgradients
of the expression in (4.4) when x; lies on the boundary of X x; € bd(X) (from
the optimality conditions for constrained problems, see e.g., [113, Thm. 3.67]). In
words, when an iterate leaves the feasible set and is thus projected back, we can
choose to prune the state that led to this situation and replace it with an alternative
state p1.;, that induces the same iterate but is smaller in norm. This construction is
crucial, as we later show that the norm of the state is the key bottleneck for FTRL
when competing with time-varying comparators. Fig. 4.1 illustrates how different
state constructions behave upon a switch in cost direction; note that the FTRL
update, with a fixed r(-) can be expressed as the projection of Vr*(—gi.;), where
r*(+) is the conjugate of r(-) (see def. in Appendix 4A.1.4).

Our main contribution is formalizing this intuition to provide a dynamic regret
analysis of Optimistic FTRL, leading to a new variant, Optimistic Follow the Pruned
Leader (OptFPRL). This variant achieves zero dynamic regret when predictions are

2A proximal regularizer r¢(x) is minimized at x;.
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Figure 4.1: Effect of dual state size on iterates agility. We consider two slots ¢ < t/, where gradients
switch direction: gr =(—1,0) for 7 < ¢, and g- =(1,0) for 7 >¢. Top: Standard FTRL accumulates
a large state g1:¢, and the update via Vr*(g1.+) becomes insensitive to the change in direction; both
g1:¢+ and g1, map to the same iterate. Bottom: A well-maintained state p1.¢ remains bounded,
and hence its mapping stays close to X, enabling x;/ to start aligning quickly with the new better
iterate direction (—1,0).

perfect. This is because the quality of predictions controls all regret terms, including
Pr. To our knowledge, this is the first variant to explicitly have such full dependence
on prediction accuracy without oracle tuning. In the general case, OptFPRL also
maintains the minimax optimal rate of O(1/(1 + Pr)T) when Pr is known. We
also present a version that does not require prior knowledge of Pr, but assumes
observability, while still maintaining dependence on prediction errors.

Next, since OptFPRL follows an FTRL-style analysis, it is well-suited to incre-
mental regularization in the manner of AdaFTRL [164]. In this scheme, we set the
regularization recursively, incrementing it by, roughly, the regret by time ¢ had we
followed @, V7 < t (local regret). This is different from the more common approach,
which sets this regularization as an upper-bound on this local regret. While the two
are nearly equivalent in the worst case, the former allows for more refined bounds by
applying only the minimal necessary regularization at each slot. Unlike prior opti-
mistic dynamic regret algorithms, this style of regularization offers a more granular
bound.

In summary, we investigate FTRL’s dynamic regret over compact sets, and iden-
tify the unbounded growth of the state as the main bottleneck. By leveraging a
simple and general mechanism, pruning past gradients, we gain a new degree of
freedom that enables improved optimistic bounds.

4.3. RELATED WORK

Optimism and (dynamic) regret. The pursuit of data dependence has been a
central theme in online learning research since the introduction of AdaGrad [157,
165]. This has eventually led to the development of Optimistic FTRL (e.g., [26]). For
a comprehensive survey of data-dependent online learning, we refer readers to [166].
However, these studies focus on static regret. Although the dynamic regret metric
has been part of the OCO framework since its introduction, the first data-dependent
dynamic regret bound only appeared in [160]. The authors established a general
bound, from which the result O(y/(P; + 1)(Er + 1) can be derived, where Pj is
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specific to the sequence of minimizers comparators {u; = argmin,, fi(2)}, but in
fact the bounds hold for any sequence whose path is observable online. This is done
via a specialized doubling trick for non-monotone quantities. By removing the as-
sumption of observable path lengths (i.e., considering all sequences simultaneously),
dynamic regret bounds typically lose the sublinear dependence on Pr. For instance,
in [160], the bound becomes O((Pr + 1)v/Er + 1).

To address this, [167] proposed a meta-learning framework that achieves
O(\/T(1+ Pr)) for any sequence, which is shown to be minimax optimal. This
framework was made data-dependent in [168], who obtained
O(v/(Vr + Pr + 1)(1 + Pr) bound, among others. In this framework, multiple sub-
learners are employed, each implementing Online Gradient Descent (OGD) with
a different (doubling) learning rate, tuned for various ranges of Pp. These sub-
learners are then “tracked" by a variant of the Hedge meta-algorithm. This two-layer
approach was later unified within the framework of Optimistic OMD and made more
efficient in terms of the number of gradient queries [169]. Overall, knowing Pr in
advance, or assuming it is observable online, allows us to tune the regularization (or
learning rate for OMD) with this knowledge, getting the better dependence /Pr.
Without such assumptions, we can use the meta-learning framework, which learns
online the best such regularization/learning rate under smoothness assumptions.

Setting aside the order of dependence on Pr for a moment, we examine the
quantity Epr. The aforementioned studies suffer the shortcoming hinted at in the
introduction: to make Ep small, we require knowledge of V fi(x;:) at the start of
time slot ¢, which is generally not feasible® even if access to V f;(+) was provided (i.e.,
perfect prediction). This is because x; remains unknown at the start of ¢ — it is
the very point being determined. While the bounds are still optimistic, they are not
informative for the predictor design. In the literature, this “cyclic" issue was only
identified in [161, Sec. 1.B]. Thus, the authors introduce another related quantity
Dr, defined earlier, and obtain O((1 + Pr)(1+ +/Dr)).* In the FTRL variants we
propose, we do not have the cyclic issue because we do not require linearizing the
predictions f;(-).

The aforementioned studies are based on OMD, particularly on the “two-steps'
variant of [158], where the learner selects two points in each iteration, an inter-
mediate one and the actual action. This distinction from our work is not merely
technical. For instance, in the related “OCO with delay" setting, prior work has
established guarantees for Optimistic FTRL and the one-step version of Optimistic
OMD proposed in [166, Sec. 7.2]. However, similar guarantees are not yet known for
the two-step variant of OMD [86], and it remains unclear whether the same analysis
can be extended to them.

Additionally, focusing again on optimism, a common limitation in the aforemen-
tioned studies is that the P quantity® in the bounds is unaffected by the predictions.
That is, the Pr term may appear independently of any controllable quantity such

3Unless all functions are originally linear. Note that linearization does not solve this issue, as it is
performed after the learner has committed to its action.

4The authors also derive bounds based on “temporal variation" and path length with approximate
dynamical models, but we do not consider these quantities here.

50r +/Pr, assuming a known budget or an observable sequence with a doubling trick.
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as Er, leading to bounds of O(Pr) even under perfect predictions (or zero gradient
variation). While this may partly reflect limitations in the existing analyses rather
than the algorithms themselves, the current bounds do not fully capture the inter-
action between prediction quality and path length. In contrast, the FTRL variant
we present shows that Pr, or more precisely, each ||ws11 — ]|, is multiplied by the
prediction error (e.g., €, or \/E;). Thus, the effect of Pr can be attenuated when
predictions are accurate.

OMD, FTRL, and (linearized) history. The interplay between OMD and
FTRL has received increasing attention in recent years. [170] studied a modified
version of OMD under the static regret metric and showed its equivalence to Dual
Averaging, a time-adaptive instance of FTRL, up to some terms in the normal
cone. In this paper, we show that it is precisely these normal cone terms that
become critical to achieving dynamic regret guarantees. For dynamic regret, [162]
provides a comprehensive study via “centered" OMD, which incorporates FTRL-like
centering properties. Their focus is primarily on unbounded domains, where such
centering is essential. While their work integrates FTRL features into OMD, we take
the opposite approach: extending native FTRL results to dynamic settings. This
approach reveals failure modes of FTRL in non-stationary environments and offers
principled solutions. Specifically, we investigate how modulating FTRL’s state, in
bounded domains, leads to regret bounds that are fully modulated by prediction
accuracy.

In fact, our update is mostly related to the following form

41 = argmin(gq., + gib;t—la x) +r(z) + Ix(x),
9! €0Ix(2411),

which appears in [112] under the name “FTRL Greedy", and was studied under the
static regret metric. Beyond explicitly modeling the sub-gradient selection from the
cone, which allows controlling when and what to prune, we extend this formulation
by incorporating: (i) function predictions, (i¢) prediction-adaptive regularization,
and (4i%) recursive regularization inspired by AdaFTRL. These modifications require
different analysis tools, especially under the dynamic regret metric.

FTRL variants that reduce dependence on history have recently been proposed
by [153, 171] using geometric discounting of all past costs, which is specifically
designed for the metric of “discounted" regret and its applications. Interestingly,
however, [153] also observes that such manipulation of FTRL’s state can endow
it with certain (not necessarily optimal) dynamic regret guarantees. Though their
method differs, the core insight aligns with ours: limiting FTRL’s memory is essen-
tial for adapting to non-stationarity.

We also note the existence of other approaches for modeling “optimism" in OCO,
other than seeking Er dependence, such as the Stochastically Extended Adversary
(SEA) model [130] that was studied in [163] for OMD with dynamic comparators.
In addition, there exists the “correlated hints" interpretation of optimism [172],
where the prediction quality is measured by their correlation with the actual cost.
This later line of work assumes strongly convex domains and obtains a O((1 +
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Pr)log®(T)v/B) bound, where B is the number of slots without correlation. Lastly,
an interesting reduction from dynamic to static settings is explored in [173], which
revealed a fundamental tradeoff between gradient variability and the comparator
sequence’s complexity measures (e.g., the path length considered here).

4.4. OpTFPRL

In this section, we present the proposed algorithm and characterize its dynamic
regret. The routine of OptFPRL is described in Alg. 10. It takes as input the
compact set X', along with a strategy for determining the regularization parameters
o; based on information available up to time t.

The initial action is based on the first prediction. Then, upon executing each
x; (line 3), the true cost fi(x) is revealed and the subgradient g; is computable
(line 5). In lines 6 and 7, we evaluate the prediction error e;, which is used to
update the regularization parameter o; in the regularizer r.(-) according to some
pre-determined strategy.

We use scaled Euclidean regularizers of the form

re(a) = %qu“‘,w > 1.

The regularizers are set such that ry.; is 1-strongly convex w.r.t. the scaled Euclidean

norm || - |l¢ = /01| - || whose dual norm is || - ||¢,« = /v - ||, hence we refer to
o also as the “strong" convexity parameters.
Next, we select gf according to the following: for t = 1, set gf = —g; if €; = 0,

and gf = 0 otherwise. For all t > 2:

9 = (4.5)

I —(Prit—1 + Gt torpmy) ifxcg X
0 otherwise,

where x}¢ is the unconstrained iterate obtained by solving (4.4) in R™ (i.e., without
the indicator function).

To see why we can always set g as such, note that when xi¢ ¢ X, then x; €
bd(X) (the projection of a point outside a compact convex set lies on the boundary).
Hence, Ny (x;) contains vectors other than 0. In particular, it contains —(p1.4—1 +
gt + o1.4—1x¢) and in fact all positive multiples of this vector. This follows directly
from the optimality condition for the constrained iterate in (4.4), (see, e.g., [113,
Thm. 3.67]), and the definition of the normal cone. For the second case, 0 is always
a valid subgradient of the indicator function since, in this case, }'° =z, € X.

Intuitively, this choice of linearization ensures an alternative state p1.; (instead of
g1.t). The former shall stop growing in norm compared to the latter beyond a certain
t, since the action will hit the boundary of X', starting the pruning thereafter. This
will be formalized in the analysis, where we show that ||p1.| cannot grow faster
than the regularization, which is added by us optimistically (i.e., < +/E;). This
is not true in general for an arbitrary choice of linearization, particularly for the
default choice of using only g;.

We note that g{ need not be non-zero at every time slot ¢t where z}¢ ¢ X.
Instead, pruning of the accumulated state can be delayed for a fixed number of
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Algorithm 10: Optimistic Follow the Pruned Leader(OptFPRL)
Input: Compact set X, strategy for selecting oy, V.
Output: {x;}- ;.

set ¢y = argmin, fi(x) + Ly (x)

fort=1,2,...,7T do

Use action x;

*(fe() is revealed)*

Incur cost fi(x;) and compute g; € 9f(x;)
Compute §; € Of;(x;) and the error e, = ||g; — Gq||
Calculate the parameter o; using e;.

Set g/ according to (4.5).

Compute the (pruned) vector p; = g; + gy.
Receive prediction fy ().

Compute z}¢; by solving (4.4) in R™.

Set x4 = II(x} ).

end

=

© w0 N o oA ®N
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steps k, resulting in a hybrid state of the form pi._1 + gix:. This is discussed
further in Appendix 4A.1.4.

In line (10), a prediction for the next cost is received, and the next unconstrained
iterate is updated. Lastly, a feasible point is then recovered via a Euclidean® pro-
jection into X.

Next, we characterize the dynamic regret of OptFPRL under different regulariza-
tion strategies.

4.4.1. DYNAMIC REGRET OF OPTFPRL
In this section, we explore different strategies for setting the regularization param-
eters o4, and analyze the resulting dynamic regret bounds. We begin by outlining
the general setting shared across all regularization strategies.

Settings 1. Let X C R be a compact, convex set such that ||z|| < R for all
x e X. Let {fi(-), fi(-)}X_, be any sequence of L-Lipschitz convex functions. Define
the path length Pr as in (4.1), the cumulative prediction error Er as in (4.2), and
the hybrid term Hp = Zle €l — ug|.

Pr-AGNOSTIC REGULARIZATION
The first regularization strategy we consider is the standard optimistic one, which
sets o; such that o1.4 o< VvV ET:

1
0O=-—7, 01 =0€,
AR (4.6)
Ot =0 (\/Et - \/Et—l) ,Vt > 2.
6Technically, the projection is w.r.t. ||-||¢. Since || ||¢ is a scaled Euclidean, the result is the same.

This is not true when || - ||¢ is induced by a general positive semidefinite matrix.
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Theorem 4.1. Under Settings 1, Alg. 10 run with the regularization strategy in
(4.6) produces points {xs}1_; such that, for any T, the dynamic regret Ry satisfies:

Ry < (5.8R + (1/2)Pr) /By + Hr (4.7)

:0((1+PT)¢F).

Remarks. We observe from (4.7) that all terms in the regret bound are modu-
lated by the prediction errors. When the predictions are perfect, the bound reduces
to zero (regardless of Pr), and it gracefully degrades as prediction errors grow.
Note that by Cauchy-Schwarz and the boundness of A, the hybrid term can be
bounded as Hy < v2R\/ErPr. Therefore, the overall bound is never worse than
O((1+ Pr)y/Er), matching known OMD results when Pr is not accounted for, and
tighter when predictions are accurate. In the static comparator case (Pr = 0), the
bound recovers the standard O(v/Er) result.

REGULARIZATION WITH PRIOR Pr KNOWLEDGE

In many cases, Pr can be provided to the algorithm a priori as a measure of the
comparator’s complexity (e.g., [154, 174]). That is, we wish to compete against any
sequence whose path length is at most the provided value of Pr. With this given
target, we can adjust the regularization to account for the expected nonstationarity
and obtain better bounds, as outlined next:

1
Pr=2R+ Pr, o1 =o€y,

0= —F—,
2\/2RP}, (4.8)
Ot =0 (\/Ei’t* \/Etfl) ,Vt Z 2.

Theorem 4.2. Under Settings 1, Alg. 10 run with the reqularization strategy in
(4.8) produces points {x}_, such that, for any T, the dynamic regret Ry satisfies:

Ry < (4 2R2+PT +§+ \/ fE2PT> Er + Hp
=0 ((1+vPr)VEr).

Remarks. This regularization strategy preserves the full modulation by predic-
tion errors while also matching the minimax-optimal bound Ry = Q(\/(1 + Pr)T)
[167, Thm. 2] even when all predictions fail. This type of bound is new for FTRL-
style algorithms. Furthermore, in its full dependency on Ep (i.e., without Pr or
constant terms that are independent of Fr), it represents a refinement even com-
pared to OMD. More broadly, access to a prior bound on Pr enables tailoring the
regularization to the expected nonstationarity, allowing us to safeguard the minimax
rate while still adapting to prediction accuracy.
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REGULARIZATION WITH UNKNOWN Ppr

If Pr is unknown but observable, it can be estimated online alongside E;. However,
since /E¢/P; is no longer necessarily monotonic, we should safeguard against neg-
ative regularization coefficients. First, define the augmented seen path length at ¢
as:

t—1
P/ =2R+P, =2R+ Y |tr11 —u,l.

T=1

We adopt a regularization strategy that attempts to track \/Er/Pr by its online
estimate /F;/P;, while using a max(+,-) operator to ensure non-negative regular-

ization.
1 0'61

" onr TP
(4.9)
= >
o= Jmax< ”P’ ”Pt,1> Vit > 2.

Theorem 4.3. Under Settings 1, Alg. 10 run with the reqularization strategy in
(4.9) produces points {xz;}1_, such that, for any T the dynamic regret Ry satisfies:

Ry < 5.5VR\/Er Py + Hr + /B2 Ar

( (1++/Pr) \/ET+AT , where

T—1
ZE E (\/ >|Ut+1 e,
t=1reft t7
E
t={2<r< Er /= >0p.
[t] {2 T t‘ P P 0}

Remarks. Note that this bound resembles that of Theorem 4.2, except for
the additional term A7, which arises due to the potential non-monotonicity of the
estimated quantity /F+/p,. If this sequence were monotonic and non-decreasing,
Ar would vanish since [t]* would be empty. This case allows us to recover the
bound of Theorem 4.2 without requiring prior knowledge of Pr. In contrast, in
the worst-case scenario, where the sequence alternates direction at every round, we
obtain A7 = O(VEr(Pr + 1)) (see Appendix 4A.3.3), leading to the looser bound
in Theorem 4.1. A comparable correction term to Ar also appears in the opti-
mistic OMD framework [161, Remark 2.19], and likewise depends on monotonicity,
reaching +/E7Pr in the worst case. The above-mentioned bound is, however, more
interpretable. A standard workaround to this monotonicity issue is a doubling-trick
variant [160], which, however, introduces slight problem-independence through a
multiplicative O(RlogT)Pr factor that persists even under perfect predictions.
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RECURSIVE REGULARIZATION
In this subsection, we employ the regularization strategy of AdaFTRL [164], which
sets the strong convexity parameters recursively, ensuring the minimal required
regularization. Namely, we do not set o, such that 1., oc v/Ey, as in the strategies
discussed earlier, and prior works on optimistic dynamic regret. Instead, we set o;
8¢ = ho.t—1(xt) + (Pt, ©¢) — ming (hot—1(x) + (pr, ), where hy(-) is the regularized
loss: h¢(-) = (p¢,-) + (). This choice of o is such that 01,4 o ¢ < /F;. In other
words, we increase the strong convexity exactly in proportion to the (regularized)
cumulative loss observed at ¢ (denoted as d;), rather than an upper bound on that
loss.

Since the added strong convexity essentially determines the regret bound, this
leads to tighter bounds overall that are no worse than the ones derived earlier.
Namely, we use the following regularization strategy:

- 1
77 3R’
0t = ho—1(xe) + (Pr, 1) — ;Iél/ré (ho:t—1(x) + (P, ), VE>2. (4.10)

o =0d;, 01 = (g1, 1) — ggg@lv@

Theorem 4.4. Under Settings 1, Alg. 10 run with the reqularization strategy in
(4.10) produces points {x;}1_, such that, for any T, the dynamic regret R satisfies:

T—1
1
Rr <1.1 6.7+ ; Eélztuut—&-l —wul| + Hrp

< (3.7TR+ Pr)\/Er + Hy = O ((1 +PT)\/1?) .

Remarks. Since the d; terms are often smaller than their upper bound, this
minimal regularization approach is particularly advantageous in dynamic environ-
ments, where regularization terms sum is nested within the primary sum over [T7].
While this tuning strategy has been employed previously in static settings for opti-
mistic learning [86], it has not yet been leveraged for optimism in dynamic settings”.
Nonetheless, the recursive nature of this regularization adds a technical challenge
since the accumulated strong convexity does not have a closed-form expression in
terms of v/E;. Fortunately, this recursion is still shown to be bounded by O(v/E;)
via tools developed in the AdaFTRL framework.

4.5. ToorLs FOR FTRL’S DYNAMIC REGRET ANALYSIS

In this section, we present the primary analytical tools used to derive the regret
bounds of the previous section. These results extend traditional FTRL analyses to
incorporate both optimism and dynamic comparators. First, we bound the regret

"We note, however, the related temporal-variation-based dynamic regret bound in Implicit
OMD [175], where the structure of “function changes", rather than “prediction errors", is ex-
ploited.
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via linearization:

T T
RT*Z‘% 33t *]t ut §Zpt,wt—ut

t=1 t=1

where ji(x) = fi(x) + Ix(x). The inequality follows directly from the convexity
of j:(+),® noting that p; € 9j;(x;) by definition of p; (recall p; = g; + gf, with

g € 0fi(my), gf € Olx(xy)).
Our analysis begins with a generalization of the main FTRL lemma [112, Lem.

5).

Lemma 4.5. (Strong Dynamic Optimistic FTRL). Let { f,(-), fo(-), ws }—; be an ar-
bitrary set of functions, predicted functions, and comparators within X, respectively.
Let r¢(+) be non-negative reqularization functions such that

@141 = argmin ho(x) + fri1(x)
is well-defined, where ho(x) = Ix(x), and Vt > 1:

hi(x) = (pi, ) +ri(x), D € Ofe(T4).

Then, the algorithm that selects the actions x11,Vt achieves the following dynamic
regret bound:

)
T T-1
Rr <Y hou(®e) — how(Tipr) = 1e(@e) + D how(wern) — hoa(we) + ri(us).
=1 t=1

(1)

The regret is thus decomposed into three main parts. Part (I) measures the
penalty incurred due to not knowing g; when deciding @;. The second part (IT) mea-
sures the penalty incurred due to the non-stationarity of the environment (change
of comparators). The last part, r;(u;), is a user-controlled quantity that reflects the
amount of regularization introduced and will be traded off against the other terms
in the bound that benefit from more regularization.

Next, we describe the upper bounds:

(1 -
(I) < min <2||9t - gt”%—l,*a 2R€t>
(IT) < (|p14l| + Rove) |1 — wel]

(I) is a result of a generalization of a common tool in OCO which bounds the
difference in the value of a strongly convex function (hg.;(-)) when evaluated at a
“partial"® minimizer (x;) versus the global minimizer (say, y, and hence x;; also),
which we state below.

8see, e.g., [156, Sec. 2.4], for more details on linearization.

9Recall that x; does not minimize hg.¢, but a related function.
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Lemma 4.6. Let each function ho.(-) be 1-strongly convexr w.r.t. a norm || - ||;
defined as in Lemma 4.5. Let xy = argming hot—1(x) + f:(x). Then, we have the
inequality

1 -
ho:t(4) — ho:t(Tig1) — 1e(2e) < §||gt - gt”?—l,* .

The second term of the min is in fact a crude bound on the per-slot loss of x;
compared to the omniscient x;11. We detail both bounds in Appendix 4A.2.

(IT) follows directly from the first-order inequality for convex functions applied
to ho.(+). Note that it is exactly the ||p1.¢|| term that explains the potential failure
of FTRL in dynamic environments, even with a constant path length. Specifically,
a trivial bound on this norm is linear in ¢ and hence is super-linear in 7' even with
one switch in the comparators. This is precisely the “vulnerability" that is exploited
in the impossibility result in [162, Thm. 2]. Next, we show how pruning can tie this
lp1:¢] term to the regularization parameters oy.; (which we control), thus ensuring
its sub-linearity.

Lemma 4.7. (Optimistically Bounded State) Let {p;}]_, be a sequence of vectors
such that each p; = g; + gf, where g € Ofi(x:), and gt' € dlx(x;) is chosen
according to the construction in (4.5). That is, py corresponds to the linearization
of the composite function fi(-) + Ix(-) around x;. Then, for any t, the following
holds:

P14l < Rov:e—1 + €.
Proof. First, we begin by showing that
For any t, /° € X = ||pis| < 011 R+ €. (4.11)

Since ¢ € X, we know that x; = II(x}°) = a2} (The projection of a point within
the set is itself), and hence x; is a minimizer of the unconstrained update rule too:

T, = arg $in<p1;t,1,w> +7r1e-1(x) + ft(w) (4.12)
TEcR"”

From the first-order optimality condition for unconstrained problems (e.g., [113,
Thm. 3.63]), we know that 0 is an element of the subdifferential of (4.12) at .
Thus, 3g; € 0fi(x:) such that

0=p14-1+01:0—1%¢ + Gy
= Pli-1 = —01:4—1%¢ — Gi, (4.13)

and we have that the norm of the state pi.; satisfies

lp1:tl = [[P1:e—1 + P

(@) (b) -
= |p1i—1 + ¢l = || — o10—120 — Gi + g¢|
< || = ore—1xe|| + |19t — G¢ll
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(c)
=o1g—1le|| + & < o141 R+ €,

where (a) holds because g/ = 0 (from (4.5) & z}¢ € X ), (b) from (4.13), and (c)
from the set size.
Next, we show that when x}® ¢ X, the state is forced via pruning to be bounded:

For any t, ' ¢ X = |p1¢| < o1.0-1R + €. (4.14)

When x}¢ ¢ X, the pruning condition is activated, which ensures that

D
Pt = Pi—1 + G —Prie—1 — Gt — O14—1T4
1
=9t — gt — 01:4—1%¢. 9t
Thus, [|p1l| = [lg: — G — or:e—124||
< lgt — gell + or:e—1l|ze|l
<é&+or1R.
The lemma statement follows by (4.11) and (4.14). O

4.5.1. REGRET BOUND DERIVATION

We show the proof of Theorem 4.1 since it illustrates how the presented tools come
together to obtain the results. It also provides a sufficient basis for sketching the
proofs of the remaining theorems.

Proof of Theorem 4.1. We begin from the main lemma, Lemma 4.5, with the bounds
on (I) and (IT) terms:

T
(1 -
R <37 (omin (Gl = gl 1. 2Re ) + o)

t=1

~

_|_

(]

(Rovt + [[pr:ell) [ 1 — wel]) (4.15)
1

t=
(a) d 1 R2
< in( =|lg: — Gell7_1.. 2R ~ o1
= ;mm (QHQt Gillt—1,s €t>+ 5 LT
T-1
+ > (2Rowe +e) [lusr — wl)

Il
—

I
[~ -
B

2 2
. €; R
in| —2t— 2Re, | + —o/Er
— <20\/Et1 ) 2

+ 3 ((2Ro VB + 1) uess — wl)) (4.16)

t

N =
L

Il
-
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() R T-1 1
< 4\/§R ET"‘g\/ ET +Z§\/ EtHut+1—ut||+HT
t=1

(©) VE
< 5.8R\/Er + 2T

Pr+ Hr

where (a) follows from the boundedness of X, the state bound in Lemma 4.7, and
the fact that o1.4—1 < o1.4; (b) follows from applying Lemma 4A.9 (bounding the
sum of non-increasing terms) and substituting the expression for o; (¢) uses that
V/E, is non-decreasing. O

Overall, after using the results developed in Sec. 4, obtaining the exact results of
the theorems mainly hinges on available tools from the OCO literature on bounding
the sum of non-increasing functions.

Proof sketch of other Theorems. The proofs of the other theorems follow
similar main steps, and are detailed in the Appendix. When the o parameter is
normalized by v/Pr, it can be seen from (4.16) that the Pr term will also be divided
by the same, recovering the result of Theorem 4.2.

For Theorem 4.3, we write the sum oy.; in (4.15) as the non-monotone /E:/p; —
\/Ei-1/p/_| provided that we add the corrective term Ap defined earlier. The former
tracks the desired quantity /£r/p;, which is what is required (and was used in
Theorem 4.2) to recover the /Er Pr dependence. The corrective sum A is handled
independently.

Lastly, for Theorem 4.4, we start again from Lemma, 4.5, but instead of using
the upper bound of the term (I), we use the §; terms. This results in a recursion
whose solution is fortunately available among AdaFTRL lemmas.

4.6. CONCLUSION

This paper introduced an optimistic FTRL variant with new data-dependent dy-
namic regret guarantees, extending classical FTRL results and advancing our un-
derstanding of this foundational framework in non-stationary environments. These
bounds are explicitly tied to the accuracy of predictions, offering refined performance
guarantees in dynamic settings. The gist of our proposal lies in a simple pruning
rule that modulates the memory (or state) of FTRL based on the quality of the
obtained decisions, preventing the accumulation of redundant (negative) gradients
that align with iterates on the boundary of the decision set. This technique can
be extended to more flexible pruning strategies that control pruning magnitude or
introduce additional pruning conditions, enabling a spectrum of algorithms ranging
from fully “lazy” to fully “agile” iterates. As in the previous chapters, the environ-
ment in this chapter is modeled such that the feedback at each time slot depends
solely on the current action, without regard to past actions. The following chapters
relax this assumption, considering more general environments where the cost at each
slot depends on the history of actions. Accordingly, a different performance metric
will be employed to capture this added complexity.






Optimism In Presence of
Memory

In this chapter, we shift our focus to optimistic online learning with memory. Specif-
ically, we modify the feedback model in the online learning framework so that the
cost at each time step depends not only on the current decision, but also on past
decisions. Our primary focus is on the recently introduced Non-Stochastic Control
(NSC) paradigm, a specific instance of online learning with memory. A drawback
(and improvement opportunity) in NSC is the lack of algorithms that possess (7)
adaptivity to environmental adversity (i.e., data-dependence) and (i¢) adaptivity to
predictions (i.e., optimism). The former refers to the inability of existing algorithms
to adjust their strategies based on observed cost sequences (e.g., their variability),
leading to bounds that rely on loose worst-case assumptions rather than the actual
structure of encountered costs. The latter reflects the fact that NSC has yet to
explore the integration of untrusted predictions to accelerate learning. Importantly,
establishing data dependence (i.e., addressing the first limitation) is often a prereq-
uisite for designing optimistic algorithms (i.e., addressing the second limitation).
To address these gaps, this chapter is structured into two main parts. First, we
develop NSC algorithms that are adaptive to environmental adversity, ensuring that
their operation is data-dependent and scales with the actual cost sequences rather
than worst-case estimates. In the second part, we introduce the first optimistic
algorithm for the NSC problem, leveraging untrusted predictions to enhance perfor-
mance while maintaining robustness in adversarial settings. By bridging these two

The content of this chapter has been published in

o Naram Mhaisen and George losifidis. “Adaptive Online Non-stochastic Control”. In Pro-
ceedings of Learning for Dynamics and Control (L4DC). 2024.

o Naram Mhaisen and George Iosifidis. “Optimistic Online Non-stochastic Control via FTRL”.
In Proceedings of IEEE Conference on Decision and Control (CDC). 2024.
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missing components, this chapter advances the theoretical understanding of online
learning with memory and extends NSC beyond its initial formulation.

5.1. INTRODUCTION & NSC BACKGROUND

This chapter tackles the Online Non-stochastic Control problem: find a policy that
endures minimum cost while controlling a dynamical system whose state changes
via an unknown combination of learner’s actions and external parameters. Optimal
Non-stochastic control has significant applications ranging from the control of medi-
cal equipment [176] to energy management in data centers [177]. This work advances
the results on this fundamental problem by proposing optimal control algorithms
based on adaptive online learning.

Formally, we consider a typical NSC problem with a time-slotted dynamical
system [178]. Namely, at each time step, the controller observes the system state
x; € R% and decides an action u; € R% which induces cost c;(x;,u;). Then, the
system transitions to state x;11. Note that the new state and cost function, at each
step, are revealed to the controller after it commits its action. Similar to [178], we
study Linear Time Invariant (LTT) systems where the transition is parametrized by
matrices A, B and a disturbance vector wy:

Tyl = ACEt + B’U/t + wy. (51)

We allow w; to be arbitrarily set by an adversary that aims to manipulate the state
transition, and we only restrict it to be universally upper-bounded, i.e., |w| < w.
Similarly, the adversary is allowed to select at each step any Lipschitz continuous
convex cost function ¢; : R% x R — R.

The controller’s task is to deduce a (possibly non-stationary) policy that maps
states to actions, m : ® — wu, from a policy set denoted II, leading to a trajec-
tory of low costs {c(z¢,us)}7_;. The employed performance metric in this setting
is the policy regret [85], which measures the accumulated extra cost endured by
the learner’s policy compared to a stationary cost-minimizing policy designed with
access to all future cost functions and disturbances:

T T
Ry = Z cr (T, ue) — fflelﬁlz Ct (wt(ﬂ)» ut(W)) (5-2)

t=1

where @;(m), u:(mw) are the counterfactual state-action sequences that would have
been generated under the benchmark policy, whereas (x,u;) are the actual state-
action pair that resulted from following possibly different series of policies. A sublin-
ear regret R = o(T) guarantees that the cost endured by the learner will converge
to that of the optimal policy, i.e., Rr/T — 0, and the recent Gradient Perturbation
Controller (GPC), proposed in [178], attains indeed Ry = O(V/T). GPC’s perfor-
mance is established via a reduction to the Online Convex Optimization (OCO) with
Memory framework [179], which in turn established sublinear regret via a reduction
to the standard OCO framework [180].

Chapter notation. We denote scalars by small letters, vectors by bold small
letters, and matrices by capital letters. Time indexing is done via a subscript. We
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denote by {a;}~_; the set {ai,...,ar}. M = [M|MVI] denotes the augmentation
of the matrices Ml and MV, ||| denotes the £, norm for vectors and the Frobenius
norm for matrices. || - ||« is the dual norm.(-,-) is the dot product for vectors and
the Frobenius product for matrices. ||-||op is the matrix spectral norm (the induced
¢5 norm). We use hgp, to indicate ZZ:a hs when s is irrelevant, and f(-) when the
function’s argument are irrelevant.

5.2. PRELIMINARIES
We introduce here the technical setup of NSC tailored to the assumptions and goals
of this chapter.

Policy class. We consider the class IT of Disturbance Action Controllers (DAC)
that was introduced in [178]. A policy 7 € II, with memory length p, is parametrized
by p matrices M = [MWU[MP| . |MU]| . |MP], and a fixed stabilizing controller
K. We also define the set M = {M : ||M|| < kp}, which uses the standard bounded
variable assumption. The action at a step ¢ according to a policy 7 € II, is then
calculated via:

P
u; = Kwt—i-Zthwt,j. (5.3)
j=1

Strong stability. This assumption is standard in OCO-based control as it
enables non-asymptotic analysis [181, Def. 3.1]. It ensures the existence of a stabi-
lizing controller K, such that ||(A + BK)!||op < k(1 —6)*,0 € (0,1], s > 0. Here,
we assume that ||Allop < 1 — d, which allows us to satisfy the stability assumption
with K being the zero matrix. This simplification facilitates the analysis, but the
obtained results are still extensible for nonzero K since K is an external parameter
to NSC algorithms, see, e.g., the discussion in [182, Remark 4.1]. We also assume
||B|| < kg, while the boundedness of || A|| follows from its spectral norm bound.

Cost functions. We consider the family of general convex functions for the
losses, and we denote with G;(M) the gradient matrix® of the cost ¢;(z,u) w.r.t.
M. If the argument M is not relevant (e.g., ¢; is linear) or is fixed to My, then we
denote the gradient simply with G;. We also use the standard [-Lipschitz assumption
o, ) — ol y')] < U@, w) — (2!, w)], Ve € [T

DAC rationale. The DAC class strikes a balance between efficiency and per-
formance. Specifically, both the states and actions are convex in the optimization
variables M. This can be directly seen from (5.3) for the actions, whereas the state
can be shown to be linear by unrolling the dynamics equation in (5.1) (e.g., see [178,
Lem. 4.3]) which we adapt below to our notation:

Lemma 5.1. Assuming that 1 = 0, and parameters My, w; are 0 for t < 0, the
state of the system reached at t + 1 upon the execution of actions {w;}t_,, derived
from a DAC policy my, is:
t p
LTiy1 = Z Ai (B

i=0 j

(Mtb_]l wy_i—j) + wt—i)- (5.4)
1

ISince our decision variable is in M, the gradient “vector” can be organized into a matrix.
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Clearly, c;(x¢, ut) is convex in M since x; and u; are linear in variables M. This
facilitates the minimization of the cost function. Note that the boundness on the
norm of & and u,? along with the Lipschitzness of ¢(-,-) implies the existence of g
s.t. ||Ge|| < g, Vt.

Besides allowing convex costs, DAC policies are expressive as they approximate
the class of linear policies up to an arbitrarily small constant error ¢ . This follows
from the next lemma from [82, Lem. 6.9].

Lemma 5.2. Let ||[Allop = 1 — 6, ||w| < w. Then, for any linear policy 7" with
|K|| < &%, and an arbitrarily small constant ¢, there is a DAC policy with p =
|Y/slog (< w/sc)| that achieves a cost at most O(() far from the cost of the linear
policy:

et (2o (), we (7)) — e (e (7)), we (7)) | = O(C).

Approximating the large class of linear controllers through DAC is important
because this class is guaranteed to include, for instance, the universally optimal
controller in Linear Quadratic Regulator (LQR) settings, as well as linear positive
systems with linear objective functions [183].

Policy regret. We proceed to provide more details on the regret of a policy,
mentioned earlier in (5.2). We start with the benchmark DAC policy =, € II, that
is fully characterized by matrix M, which can be calculated by solving:

T
P : minimi ) «))s
1 +minimize ;ct (@4 (m0), we (7))
subject to x4 1 = Axy + Buy + wy, vt e [T, (5.5)
P
w = Ka,+ Y MUw,_;, vtell]. (5.6)

j=1

Constraints (5.5) enforce the LTI dynamics of the state transition, and (5.6)
ensure the actions are taken from a DAC policy. Clearly, this hypothetical policy
can only be calculated with access to future disturbances and costs, whereas the
learner, at each step ¢, has access only to information until ¢ — 1.

There are some important notation remarks in order here. Recall that w, is
the policy at step t, where the learner decides w; using M;. The state reached
at t depends on the sequence of policies w1, ms,...,m_1, also referred to as non-
stationary policy, and we denote it with @, (71, ;—1). In contrast, the counterfactual
state reached at step t by following a stationary policy 7 at all steps up to ¢ is denoted
x¢(7).3 Similarly, the action at t would in general differ for a stationary policy m
versus a non-stationary policy, i.e., u,(m;) # ui (w1, ). However, when K is the
zero matrix, these vectors are equivalent. To reduce clutter when possible, we omit

2The bound on the state is due to the strong stability assumption and will be explicit in the
analysis.

3We call (7)) counterfactual since it is not necessarily equal to the true state of the system
Tt (7T1,...,t—1)-
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the argument 7y, ;—q from a¢(m,.. —1). However, when we use the hypothetical
state resulting from a fixed policy 7, we make this explicit by writing x:(7). The
same applies to u;. Now, we define the policy regret as the cumulative difference
between the cost induced by m,, and the cost of the non-stationary policy as:

Re(m, .r.m) = (Ct (@o(m1,m1)s we (1)) — (e (), ut(m)))-

t=1

Because of Lemma 5.2, 71 7 has also a regret guarantee against the best policy in
the linear class. That is, there is a constant @ > 0, that depends only on [, k. and
0, such that RT(TI'17___7T,7T]I*‘) = Rp(m1,.. 7,7) + alT. Hence, the sublinear regret
rate can be preserved against any linear policy by tuning ¢, which can be achieved
by increasing the DAC memory parameter p (see Lemma 5.2). Next, we design
algorithms that minimize Ry (71,1, 7).

5.3. NSC ORIGINS

The NSC thread was initiated in [178] which designed the first policy with sub-linear
regret for dynamical systems, aspiring to generalize the classical control problem to
general convex cost functions and arbitrary disturbances. In essence, the system
state is modeled as a limited memory and the problem is cast into the standard
OCO framework, which allows recovering the OCO bounds scaled by the memory
length. Follow-up works refined these results for strongly convex functions [184, 185,
186]; and systems where the actions are subject to fixed or adversarially-changing
constraints [187, 188]. NSC was also extended to systems where matrices (A, B) are
unknown [85], systems with bandit feedback [189], and time-varying systems [190].
As expected, the regret bounds deteriorate in these cases, e.g., becoming O(T%?)
for unknown systems and O(Ts/ *) for systems with bandit feedback. Efficiency is
also investigated in [191] with projection-free methods. All these works provide
bounds that scale with the number of time steps T', as opposed to the adaptive and
optimistic bounds presented here, which are proportional to the witnessed costs and
perturbations, and prediction errors.

The NSC framework was also investigated using other metrics such as dynamic
policy regret [192], adaptive policy regret [182], and competitive ratio [193, 194].
For dynamic and adaptive regret, methods with static regret guarantees, as dis-
cussed here, are used as building blocks for “meta” algorithms with static/adaptive
guarantees [190, 195]. For competitive ratio, the problem model often has differ-
ent semantics from the model considered here. For example, the adversary needs
to reveal information about the cost function before the learner commits to a de-
cision [193], or the cost is assumed to be a fixed quadratic function [194]. More
generally, it was demonstrated in [196] that a regret guarantee against the optimal
DAC policy automatically implies a competitive ratio with an additive sub-linear
term. Hence, the presented algorithm is still highly relevant even for other metrics.

A related and recently refreshed line of work that also considers adversarial costs
and transitions in stateful systems is Adversarial MDPs [197]. Unlike NSC, this line
considers finite states and actions, whose sizes appear in the bounds. Thus, their
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algorithms are irreducible to our settings.

5.4. PART I: ADAPTIVE ONLINE NSC

Adaptivity has been an important concept in OCO, and we refer the readers to the
survey in [112], or the remarks in [28, Sec. 3.5] for details. In adaptive learning
the regret bounds scale proportionally to the witnessed costs. Hence, for easy envi-
ronments with small costs, the bounds are considerably tighter than the standard
worst-case ones which assume maximum cost at each round. On the other hand, if
the environment follows actually a worst-case scenario, i.e., the adversary induces
costs with large gradients that fluctuate aggressively, the adaptive bounds remain
sublinear but have worse constant factors. Indeed, there is a price to be paid for
adaptivity. For policy regret, the only form of adaptive bounds appears in [182,
Thm. 2], which, however, contain additive constants* (i.e., do not directly collapse
to 0 even when all costs are 0). Additionally, the authors do not consider the DAC
policy class but the actions are rather a result of a “betting” technique that is suited
to the “tracking” sub-task in control. In fact, any DAC policy can be combined with
their meta-algorithm to obtain guarantees on the “tracking”, and hence our works
are complementary (See discussion in [182, Sec 4.2]).

5.4.1. METHODOLOGY AND CONTRIBUTIONS

The analysis approach of NSC algorithms relies on approximating the cost of the
non-stationary policy Zthl ¢t (x¢, uy) by the counterfactual stationary one

23;1 ¢t (x¢(m3), ug (7)) with a sub-linear approximation term of order O(v/T'). This
is possible due to the structure of LTI systems, where the effect of far-in-the-past
actions decays exponentially, deeming the cost similar to that of “OCO with bounded
memory” framework [198]. Then, Online Gradient Descend (OGD) is used to obtain
an O(\/T ) bound for the stationary policy regret, leading to a total policy regret of
the same order. In our case, however, we adopt the more general FTRL framework,
cf. [112], which makes it no longer apparent that such a reduction is possible.

In detail, FTRL operates on the principle that at each ¢, the learner optimizes
its decision® M; | by minimizing the aggregate cost until ¢, plus a strongly convex
regularization term that penalizes the deviation from M;. It is known that when
these regularization terms are adaptive (i.e., the strong convexity is incremented at
each t proportionally to the witnessed cost of M; ), we get bounds proportional to
the observed costs. Now, the issue is that unlike GPC where, at each t, the distance
between two previous decision variables M, and M1, s € [1,¢t — 1] is (i) fixed and
(ii) of order O(T~'/?), FTRL’s adaptive regularizers make the distance between
M, and M4 (i) dependant on the costs witnessed until s (i.e, not fixed), and (i)
independent of the horizon T (or the time ). As these two properties were essential
for proving GPC policy bounds, we are faced with a new challenge that is specific
to FTRL and NSC integration. However, we show that the ¢; (zs, u;) cost can still
approximate, up to a diminishing error, the counterfactual cost of ¢; (s (), us(mt)).

4These works also target the “adaptive regret” metric.
5As will be detailed later, the action u; is expressed as a linear combination of the parameters M.
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This approximation effectively enables regularization based on the witnessed cost
at ¢t and eventually leads to the sought-after adaptive regret bound of the form
O((Xi—190"7).

At a more conceptual level, it is interesting to observe that GPC and similar
controllers already incorporated some notion of “adaptivity” in the sense that the
performance guarantee is with respect to a benchmark that depends on the observed
costs. This is clearly a more refined and less conservative approach than the classical
H, control framework that benchmarks itself against the worst-case scenario [199].
In this work, we make the next step, and not only use a cost-dependent benchmark
like GPC, but also the performance of the controller w.r.t. that benchmark is itself
shaped by the observed costs and perturbations. This is in contrast to GPC where
the difference from the benchmark (i.e., the regret bound) does not depend on the
encountered costs and perturbations. This additional layer of adaptability expe-
dites the learning rates whenever the problem allows it (i.e., smaller or less volatile
gradients are encountered). While the proposed adaptive controller is designed to
benefit from easy environments, it does suffer performance degradation when the
environment is indeed adversarial, but only in terms of constant factors. Hence, it
provides a fail-safe tool for NSC.

5.4.2. ADAFTRL-C
We propose an algorithm (AdaFTRL-C) for optimizing the policy parameters M,
t € [T]. The algorithm uses the FTRL update formula:

My = ag;erf\l/iln {Z cs(xs(m), us(m)) + rs(M)} . (5.7)

For the incremental regularizers 7:(-), we define® g; = max(||G¢||,||G¢||?) and use:

%
ri(M) = ?tHM — M;||?, where o1 = 0\/g1, 0 = a(,/glzt — «/91:t—1)~ (5.8)

Note that the sum of the counterfactual cost sequence in (5.7) is indeed a function
of M since both & and u are written in terms of M as shown earlier. Defining the

norm || - ||t = /01| - || we get that the regularizer r.(-) is 1- strongly convex w.r.t.
norm || - [|;, whose dual is || - || = \/%H -

Due to the cost linearization principle (see e.g., [180, Sec. 2.4]), (5.7) can be
solved by two efficient steps: closed form solution of an unconstrained quadratic
program, followed by a Euclidean projection, essentially matching the computational
complexity of GPC.

Algorithm 11 summarizes the proposed routine; AdaFTRL-C first executes an
action (line 3). Then, the cost function is revealed and G, is recorded (line 4). The
system then transitions to state x41, effectively revealing the disturbance vector
w; (lines 5, 6). The strong convexity parameter is calculated (line 7) and the next

6Unlike the discussion in the introduction, here we have g; as the max of the norm and its square.
The necessity of this originates from lower bounds on OCO with switching costs [200] and will
become clear in the analysis.
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action is committed through updating the policy parameters (line 8). The policy
regret of this AdaFTRL-C routine is characterized by the following theorem:

Algorithm 11: Adaptive FTRL Controller (AdaFTRL-C)

Input: An intrinsically stable LTI system (A, B), z = pwkp, 0 = , / gi;féz,
M
M; € M.
Output: {u;}i_;
1 fort=1,2,...,T do
P

Use action u; = - thwt_j

Observe cost c:(xt, u) and record the gradient G¢ (M)
Observe new state x;q1
Record the disturbance wy = @41 — Axy — Buy
Update regularization parameters o; via (5.8)
Calculate M;y1 via (5.7)

end

N 00Uk WwN

Theorem 5.3. Let (A, B) be an intrinsically stable system (i.e., ||Allop < 1—196)
with |B|| < kp and ||w| < w. Let the cost ¢i(-,-) be l-Lipschitz, and assume that
the DAC parametrization M = [MU ... M| is bounded: |M| < rpr. Define
2z = pwkp and g, = max(||G¢|, ||G¢l|?). Algorithm AdaFTRL-C produces policies
m,.... 7 such that for all T', the following bound holds:

T
2
Ro(mi,. r,my) < 5 2K3, (62 + 21z) ;gt

Discussion. AdaFTRL-C achieves a policy regret that scales according to the wit-
nessed costs’ gradients. This can be much tighter than the bounds of non-adaptive
controllers, like GPC, in easy environments. The improvement depends on how
smaller the ||G¢|| values are than g (an upper bound on ||G¢||). In the worst case
(|G|l = g¢,Vt), our bound is worse by a constant factor compared to GPC7, but
maintains its sub-linearity. This is expected since AdaFTRL-C is conservative in reg-
ularization. Hence, when the losses are large, its performance is slightly degraded.

Proof layout. First, we bound the difference between the learner’s accumu-
lated cost, which is induced by 7y ...+, and the counterfactual accumulated cost had
the learner followed 7 in all steps 1,...,t (i.e., stationary policy ;). Second, since
the cost ¢; is convex in the parametrization M; of such stationary policy, we leverage
the FTRL theory to bound the regret against the parameters M,.

Lemma 5.4. Let ¢; (z¢, us) be the cost induced by following w1, 4, and
c (wt(wt)7ut(7rt)) the cost induced by following the policy w;, Y7 < t, where each m;

7Using OGD update rule instead would result in better worst-case bound by a factor of 1/2g.
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is derived using (5.7). Let z = pwkp Then:

-1 -1
vy = o (g, uy) — ¢ (mt(m),ut(m))’ <lz 2(1 —0)" Z - 9; = 7.
i=0 T=t—i-1 LT

Proof. Since ¢, is [-Lipschitz, it suffices to bound the distance between its arguments;
and because it holds® u (7, ;) = u(7), we only need to bound ||z, — @ (m)]|.
From Lemma 5.1:

.....

t—1 P
:ZA1<B ZMt i1 Wt—i—j— 1+ We—i— 1)
=0 j=1

t—1
= Z AY(BMy—ij—y w1y +we—i—1), (5.9)
i=0
where we defined w;_;, = (w;—;—1,...,W;—;—p) SO as to express the vector
le th w;_; equivalently as M; w;_1 p. Similarly, we can write:
t—1
(l?t(’]'rt) = Z Al (BMt Wi—i—1p + wt,i,l). (510)
i=0

Note that we have M, in (5.10) instead of M;_;_; in (5.9). This is because for the
counterfactual state x;, M;_;_1 = My, Vi < t. Now, subtracting the above two state
expressions, we have: ||, — x¢(m)]|

tl btl

®)
< DNABM—iy = M) lopllwiimapll < D IHANIBllopll(Mi—im1 = M)llop wi—i—1,]l

1=0 =0

t—1 t—1

(c) (d)
< ) | BIINI(My—i—1 — My)||[lwi—i—1,,|] < pwip Y (1= 08)' | My_i—y — My
z:O i=0
() t—1 t—1 —
=2) (1- )HMtll—Mt|<z21— Z
=0 i=0 T=t—i—
9 =L Gt g
<zy (1-0)) > —I—,
i=0 ret—i—1 OVILT

where (a) follows by the triangular inequality and ||Az| < ||A|opllz|, (b) by the
sub-multiplicative property of matrix norms, (¢) by the bound on the spectral norm

of Aand || - [lop < || - II, (d) by 1Bl < K, wepll < 25— we—sll = pw, (e) by
grouping z = pwkp, (f) by the auxiliary Lemma 5.5, and finally (g) by the definition
of g;. Using [-Lipschitzness completes the proof. O

8Recall the stability with K = 0 assumption. Otherwise, action deviation is reducible to state
deviation from (5.3).
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Now that we have characterized the stationary vs. non-stationary cost deviation,
we proceed into (i) bound the cost of the stationary policy (i7) bound this deviation
term.

Proof. of Theorem 5.3. By the definition of v; (in Lemma 5.4), we can directly
bound the policy regret:

T
> (Ct @y, ) —co (X4 (), we (74 ) > (Ct @y () ut(m))—Ct(wt(m),Ut(w*)))

t=1 t=1

+ T
For the first sum, note that ¢; (x¢(7t), us(m)) is a function of only the iterates M;
and recall that M; are computed according to (5.7)). Hence, we recognize this sum

as simply the standard FTRL regret, which can be bounded using the known bound
[112, Thm. 2]. Thus,

T 1 T
Re(m,z.m) < 3 r(M) + 5 || Ver(@o(m) u(m) |, +vur.
t=1 t=1

We proceed to bounding each of the three summations above.

T T T ()
(@)Y r(M) =) %HM* — M|* <263, oy < 20k, /GiT,
t=1 t=1 t=1
T T T
1 1 1 ® 1
(Zl) . 5 Z cht (fl:t(’/Tt) ut 7Tt ||t 5 Z 5 Z S ; g1:T7

where inequality (a) is due to the telescoping sum of oy, and (b) is due to the common
tool [201, Lemma 3.5], or its extended version [28, Lem. 4.13]). The vq.7 term is
especially challenging since the standard tools from OCO do not suffice. Namely,
observe that we cannot use Auer’s lemma again for 1.7, since we are adding, at
each t, t many terms, each divided by a different quantity. Hence, we prove a more
general result in auxiliary Lemma 5.6, which, we believe, is of independent interest
as it can be used to provide similar bounds in learning algorithms for systems with
memory. With this new technical result at hand, we get:

() T t—1 t—1 g (d) 2lz
< vn.r=1 (1-46 u

where (¢) is from the definition of 7; and (d) is due to using Lemma 5.6 with

flx) =Yz, a; = g¢, and ap = 0. Tuning o we get 0 = ‘52;;",??[; Substituting in

(1), (i1),and (iii) we get the bound. O
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AUXILIARY LEMMAS

Lemma 5.5. The distance between parameters My_;_1 and My, with i < t — 1,
where each My is updated using (5.7), with regularizers (5.8), can be bounded as
1My — Myl < S0, L=

T=t—i—1 oq.,

Proof. First, note that |[M;_;_1 — My|| < S2°2% . |IMy — My41]. To bound each
|M; — M;11||, we leverage [112, Lem. 7] which states that given a convex function
¢1(-) with a minimizer ¢, = argmin, ¢;(q) and a function ¢2(-) = é1(-) + ¥(:)
that is a strongly convex w.r.t a norm || - [| and has minimizer g = argmin, ¢2(q),
then we can bound the two minimizers as ||¢g1 — g2|| < ||b||« for some (sub)gradient

b € 0Y(q1). Now, we invoke this result by setting:

¢ =M., gg=M 1, ¢(M)= z_: (cs (acs(ﬂ'),us(ﬂ')) —l—rs(M)) + 7. (M), and
$o(M) = ; (e (@o(m), ws(m)) + (M) + 12 (M) + € (@ (), ur (7))

Y(M)

The function ¢o (M) is strongly-convex w.r.t. the norm ||-|; = \/o1.7||-||, a property
inherited due to containing the sum of all regularizers up to step 7, i.e., >.._, 5(M).
And the dual norm of the gradient of the above-defined (M) function, at each step
s, is upper-bounded by ||G;||~ .

Finally, it suffices to observe that: (i) based on the definition of the update
rule for variables M, and (i7) the fact that r¢(M),V¢ is a proximal regularizer
thus r¢(M;) = 0,Vt, we indeed have that M, = argminy;c ¢1(M) and M4, =
argmin, e ¢1(M) + (M). Now, applying [112, Lem. 7] we obtain || M, —
Mriallr < [1Grllre = [1M7 = My || < 181 O

= o1.r

Lemma 5.6. Let a, > 0 V7, 6 € (0,1] and f : [0,00] — [0,00) be a non-increasing
function. Then:

T t—1 ‘ t 1 arr
S= ZZ(l —0)" Z a- f(ap.r) < 57/ f(z)dx
1=1 =0 Sral ao

Proof. Instead of summing over all ¢ < ¢ for each ¢t € [1,T], the sum S can be
equivalently re-written by summing over all ¢ > ¢ for each ¢ € [0,T:

T T t
S=>1-0" > > ar flagr) (5.11)
=0

t=itlr=t—i
Now we bound S’ = ZthiH Zj—:t—i a; f(ap.r). Let sy = ag.

t

" 7 [ St—r (c) 7 St—r
> a flan) @Y o) O3 [ pente 30 [ pwyds,
=t—1 7=0 7=0" St—7-1 T=0" St—7-1
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i T St—r i ST—r
Hence, &' < Z Z / f(x)dz @ Z/ f(x)dz
7=0"Si—7

T=0t=i+1 7 st—r-1
© Z/ F)da = (’H—l)/ F@)da.
T7=0" 50 S0

Where (a) follows by changing the sum index, (b) is from [""¢ dz = (m — n)c
,Vn,m,c € R, (¢) from f(-) being non-increasing, (d) from the additive property
of integrals, and (e) from expanding the integration limits and positivity of f(-).
Substituting the bound for S’ back in (5.11) we get:

T
il ST 1 ST
S<Y (1-0)(i+ 1)/ fla)dz < (72/ flz)dz.
i=0 50 50
Where we used that Y ;2 i(1 —9)* <1-9/52 and Y oo (1 — )" < 1/s. O

5.4.3. NUMERICAL EXAMPLES

60 =< ePC —< GPC
5000 —k— AdaFTRL-C 5000 —k— AdaFTRL-C
50 [
E S 4000 ’;1 4000
84 B 3000
2 30 —<= GPC S 3000 >
° —s— AdaFTRL-C > @ 2000
) 3 )
50 2000 g
3 2 £ 1000
10 < 1000 <
o
0 0
0 5 10 15 20 25 30 o 5 10 15 20 25 30 o 5 10 15 20 25 30
Horizon T 100 Horizon T 100 Horizon T x10°
(a) (b) (O]
Figure 5.1: Average regret when (a): 6; = (1,1),w; = —(0.1,0.1)V¢t; (b): 6; = (10,10),w; =

—(1, 1)Vt (¢): 6 = (10,10) or —(10,10) (Alternating every 1000 steps), w; = — (1, 1)V¢.

We conclude with numerical examples of the implications of adaptivity in NSC.
We consider an LTI system with x,u € R?, p = 10, and hence M € R?%20, The
dynamics are A = 0.9 x Iy, B = I, with perturbation of maximum magnitude of
w = /2. We consider a linear cost ¢; = (0, z;), with 8; € [~10,10]? and hence [ =
v/200. Note that for Ggi’j), the coefficient of Mt(i’j) when ci(z¢ (), ug(m)) is written
explicitly in terms of M, we have that Ggi’j) < 9,@ xw{/0.1 = 100 and hence g = 633.
0, and w; are set according to different scenarios in Fig. 5.1. In scenario (a), the
encountered environment (6; and w;) are smaller than the worst-case costs (by a
factor of 10). AdaFTRL-C takes advantage of this and accelerates the optimization,
leading to an improved average regret by roughly the same order. In fact, (a)
represents a whole class of easy environments where the witnessed costs are smaller
than their maximum values, and in all these cases, AdaFTRL-C outperforms GPC.
In the worst-case scenario (b), the degradation of AdaFTRL-C reaches a maximum
of only 3.9 times that of GPC. Lastly, (c) serves to demonstrate that even in highly
volatile environments and worst-case costs/perturbation, AdaFTRL-C closely matches
the performance of GPC. Concluding, we see that adaptivity offers a lot of potential
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gains for an entire family of easy environments, with tolerable degradation in the
(single) worst-case scenario. The implementation of AdaFTRL-C and the code to
reproduce the experiments are available in the repository [202].

5.5. PART II: OrTiMISTIC ONLINE NSC

In contrast to the typical NSC framework, here we consider the existence of a pre-
diction oracle. This oracle provides the learner, before committing to the action u;,
with a forecast for the as-yet-unobserved cost functions {c,(-,-)}!t¢ for a specific
horizon of d slots. We denote the oracle’s outcome as ¢, (+,-). Notably, the predic-
tions themselves can be influenced by the adversary, meaning that no assumptions
on the oracle’s accuracy are made; the forecasted parameters may either deviate
arbitrarily from the truth or be actually accurate in the best case.

While optimism has been studied for stochastic predictions [203, 204], and ad-
versarial predictions [26, 150], these findings have not been applied to dynamical
systems. In dynamical systems, the study of predictions is limited to either perfect
predictions [205, 206], or fized quadratic (thus, strongly convex) cost functions [207,
208, 209]. Our paper contributes to filling this gap. Predictions may also be viewed
via the lens of “context” [210] in the problem of stochastic MDPs with finite states
and actions. Lastly, the previous works of [208, 209] consider that the full predic-
tions are provided a priori, meaning that the learner cannot benefit from updated
predictions. Like MPC, we drop this assumption and allow the learner to use the
most recent predictions.

This part is also related to the robust MPC literature [211, 212], where (possi-
bly inaccurate) predictions are used. However, the main difference is that while our
algorithm is robust to bad predictions, it is not designed based on them. Specifi-
cally, our benchmark policy changes when worst case costs and predictions are not
witnessed (as dictated by the regret metric). A newer line of research studies the
MPC-style algorithms under the regret metric [213, 214]. Perfect predictions are
assumed in [213], whose bound was later generalized in [214] with parameterized
predictions error. While these works consider the refined dynamic regret metric,
their regret scales linearly with the prediction error.

Predictions in NSC. The prediction model we use has several advantages
over those that appear in the preceding section. (i) We allow the prediction oracle
to update its forecast at every decision slot t (similar to MPC). This flexibility
is important, as in practice predictions can improve with time. (i7) the analysis
reveals that the parameter d needs to scale logarithmically with 7. This implies that
predictions are not required for the entire future. (ii¢) the presented algorithm and
its guarantees place no assumptions on the predictions’ quality. To our knowledge,
this represents the most general prediction-based setting for online control.

5.5.1. MOTIVATION

The motivation for this addition on the NSC framework stems from the abundance
of machine learning forecasting models, which provide high potential improvement
if they are adequately accurate. The effect of such predictions on the classical re-
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gret metric (not policy regret) has been studied in the literature of optimistic online
learning, where the objective is to provide guarantees that scale with the accuracy
of predictions while always staying sub-linear. Namely: Rp = O(1) when all pre-
dictions are accurate and O(v/T) in all cases. That is, we are assured of reaching
the performance of the benchmark policy, yet at a significantly improved rate when
predictions happen to be precise. Hence, optimistic online learning represents a de-
sirable combination of the best of both worlds: optimal worst-case guarantees with
achievable best case guarantees. In fact, optimistic learning algorithms have been
attracting considerable attention as the driving force behind recent state-of-the-art
results in online constrained optimization [132], online discrete optimization [150],
online sub-modular optimization [215], and online fairness [152] to name a few.

Unfortunately, such optimistic algorithms are yet to find their way to online NSC.
This might be surprising given that previous NSC results were obtained through a
streamlined reduction to the standard Online Convex Optimization (OCO) frame-
work [216]. Hence, one might anticipate that optimistic NSC algorithms can be
derived using a similar approach. Interestingly, this is not the case. Combining
optimistic learning and NSC poses unique challenges for both frameworks. First,
existing optimistic learning algorithms do not consider cost functions with memory
and hence cannot handle states. Particularly, these algorithms update their regular-
izers at each time slot based on the accuracy of the prediction used by the preceding
action [25, 26]. However, in stateful systems, an action made at ¢ will have an effect
that spans across all slots until £ + d, and thus uses predictions for all these slots.
Since the accuracy of such multi-step predictions is not available until ¢ +d + 1, we
cannot update the regularizer in the standard way. Second, the guarantee of NSC
is established via a reduction to the OCO with Memory (OCO-M) framework [179],
which in turn is reduced to the standard OCO [180] via the concept of slowly moving
decision variables [178, Thm. 4.6] [179, Thm. 3.1]. This later reduction cannot be
utilized in optimistic learning where accurate predictions lead to little or no regular-
ization, driving consecutive decisions of the optimistic algorithm to vary arbitrarily
(up to the set diameter) [26, Sec 2.2], [27, Sec 7.4].

This part tackles exactly these challenges and aims to answer the question: is
it possible to design an online learning algorithm whose policy regret is commen-
surate with the accuracy of an erogenous prediction oracle, while always staying
sub-linear? We answer this positively and builds upon recent advances in online
learning, introducing, to our knowledge, the first optimistic controller for NSC.

5.5.2. CONTRIBUTIONS

We achieve such optimistic guarantees by departing from the standard analysis
approach of reducing the learner’s non-stationary policy to a stationary one [178,
191, 192], and instead directly analyzing the non-stationary policy. Specifically,
to address the first challenge, we demonstrate that the additive separability of the
linearized costs allows expressing the costs as a sum of memoryless but delayed
functions of each of the decision variables. Next, to tackle the second challenge,
we analyze the performance of each decision variable separately via an alternative
reduction to the framework of “optimism with delay” [86]. Nonetheless, we cus-
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tomize this later framework with a specific “hint” design that exploits the structure
of NSC where the cost is indeed delayed but still gradually being revealed at each
step, leading to tighter bounds. We make these intuition-focused points concrete in
the upcoming analysis.

The main contribution is an optimistic controller with policy regret scaling from
O(1) to O(VT), based on prediction accuracy. The methodology hinges on a new
perspective on stateful systems (with a prediction oracle) as systems with delayed
feedback, for which we build upon recent results on delay and optimism.

5.5.3. ONLINE CONTROL WITH OPTIMISTIC FTRL
TECHNICAL ASSUMPTIONS

Assumption 1. The system (A, B) is intrinsically stable: ||Allop <1—46 for some
§ € (0,1].

The above assumption allows us to satisfy the strong stability assumption with K
being the zero matrix. Otherwise, we can revert to the strong stability assumption
itself. This simplification facilitates the analysis without much loss in generality, as
discussed in, for example, [182, Remark 4.1]. Additionally, we assume ||B| < kp.
The boundedness of || A follows from its spectral norm bound.

Recall (from the previous part) that when using DAC policies, the state at ¢t + 1
can be described as a linear transformation of the parameters chosen by the learner
in the previous ¢ slots My, Ms,..., M; as in (5.4), which we restate here with a
slightly different notation to facilitate the presentation in this part.

t p
T =y A (B (Mt[],]z wi—i—j) + wt—i>
i=0 j=1
t
= Z A" (BMy—; Wy—i—1 + wy—;), (5.12)
i=0
where we defined Wy_;—1 = (Wi—i—1,..., Wi—i—p)

so as to express the vector Z§:1 th'wt_j compactly as Myw;_1. The above ex-

pression for the state can be obtained by simply unrolling the dynamic in (5.1) and
assuming, w.l.o.g that the initial state x; (before executing M, ..., M;) is 0. This
is proven, e.g., in [82, Lem. 7.3] and [182, Lem. 4.3].

Cost functions. While our guarantees still hold for general convex cost func-
tions, we focus here on the linear case:

Assumption 2. The cost is linear in the state and action ci(x:,ur) = (Q, Te) +
(Br,ut). o] < o and |[B] < B.

The linearity assumption provides a useful structure in the analysis (separability)
and enables us to quantify the prediction error in terms of the parameters a; and
B:. It does not, however, compromise the presented regret guarantees. In fact,
the linear costs are the most challenging? in the online learning settings; the regret

9As indicated in Sec. II, in the case of strongly convex costs, a tighter regret bound of O(log(T))
(compared to O(v/T)) is possible [186].
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caused by a sequence of general convex function can be indeed upper bounded by
the regret caused by linearization of those functions. Thus, online learning works
often focused on the linear case (see discussion on linearization in [180, Sec. 2.4]).
Future costs can thus be predicted through the oracle’s output {a.,, 8-} t+d

OpTFTRL-C
We introduce first few definitions to facilitate the presentation of the algorithm.
Define the forward cost function:

=3 s

where each ft(i)i(M ) function shall describe the contribution of M to the cost expe-
rienced at slot ¢t + 4, and is defined as

@y - ) (@ (M) if i > 1,
t (M)_{WM/%(M» if i =0, (5.13)

with ap : RwX(dep) 3 R and b, : R%*(4P) iy R being the following linear
transformations, which are used to simplify the presentation of the action and state
expression in (5.3) and (5.12), respectively:

Y (M) = A (BMW;—i 1 + wi—), (5.14)
(M) = Mw;—_;. (5.15)

The role of the functions in (5.13) will become clear later in the analysis. Roughly,

the cost ¢; will be expressed as a sum of them. Denoting by G,gi) = VMft(i)(M), we
have:

5.16
/Btwt 1 if7=0. ( )

o _ {BT(Ail)TatthiQ ifi>1,
V=
Note that Ggi) is a d,, X dyp matrix with the (m,n)-th element being the partial

derivative of ft(i) w.r.t. the (m,n)-th element of M. From the above, we can get
the bounds

G < {onere =T =g i 2 L (5.17)
£ Bpw = ¢ ifi=0,
using that for any matrices A,B, and vector w ||AB| = ||A||||B]| and [[Aw]| <

| Allopllw]|. We also define the prediction ng), which we can construct by plugging
the oracle’s output in (5.16), and hence we have the partial prediction error:

AP =6 -Gl (5.18)
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Figure 5.2: The methodology of designing OptFTRL-C. Up: The NSC to OCO-M reduction, with
parameter d = 2 (detailed under subsection “NSC with linearized costs is separable OCO-M” in
Sec. 8). Down: an equivalent delayed OCO formulation, obtained via rearrangement, which we
append with an oracle (detailed in subsection “separable OCO-M is OCO-D” under Sec. 8).

We highlight that the prediction error magnitude decreases exponentially with i:
Agi) o (1—6)* < e~%. This follows from (5.17) and the fact that predicting égi),i >1
amounts to predicting o, and attenuating it by a multiplication with A*~'. We refer
to ¢ therefore as the attenuation level.

Similarly, we define G as the matrix of partial derivatives of F(-), and Gy as its
prediction. Lastly, we define the hybrid hint matrix H;, which aims to approximate
the sum Gi_g4.4

-1 ,d—i—1 d
. - ,._,(-/) ~
HE Y (8 s+ 3 Wyl 4G 19
i j'=d—i

=0

observed at t future predictions

and we denote by A; the prediction error A; = ||G¢—q4.t — Hy||. Due to the definition
of Fy(+), certain elements of the summands (in G¢_4.¢) are partially observed at ¢
and are hence directly used in constructing H;. The remaining elements in the sum
are obtained from the prediction oracle.

With these definitions at hand, we can now introduce the main algorithmic step.
We propose an algorithm (OptFTRL-C) for optimizing the policy parameters M;,
t € [T]. The algorithm uses the update formula:

Mt+1 = ajr\/%rnMin{<G1:t_d+Ht+1,M> +’I"t+1(M)}, (520)
€
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where 7.(+) are strongly convex regularizers defined as:

A

1
T (M) = 2+ ([ M2,
4 NG
A = — AN gy + — 5.21
t+1 iy ngPflfq j—d+1:5 + rar ( )

In essence, the regularizer is a Ay41-strongly convex function, where Ay is propor-
tional to the observed prediction error up to t. At each t, we set the strong convexity
to be the maximum sum of d consecutive witnessed errors, added to the root of the
accumulated squared witnessed errors. This later term is aligned with memoryless
OFTRL, whereas the former is necessary to adjust for the memory/delay effect.

Algorithm 12: OptFTRL-C

Input: System (A, B), parameter d, DAC parameters sz, p.
Output: Actions u: at each slot t =1,...,7T.

1 for each time slott =1,...,T do

2 Use action u; = ?:1 th Wi

3 Observe c¢¢(x¢, ut) and record the gradient Gy_q

4 Observe new state @41 and record wy;

5 Calculate A;_4 and update parameter A+41 via (5.21)
6 Receive future predictions {c, (-, -)}:t%,

7 Construct Hy4+1 as in (5.19)

8 Calculate M1 via (5.20)

end

The steps of the OptFTRL-C routine are outlined in Algorithm 12. OptFTRL-C
first executes an action u; (line 2). Then, the cost function is revealed, completing
the necessary information to compute G;_4 (line 3, recall that all the costs from
t—d,...,tare required to know Gy_4). The system then transitions to state @41,
effectively revealing the disturbance vector w; (line 4). At this point, we can calcu-
late A;_q4 (since we know the ground truth G;_;) and update the strong convexity
parameter accordingly (line 5). Then, the oracle forecasts the next d costs functions
(line 6), enabling us to construct the hybrid hint matrix (line 7). Finally, the next
action ¢4 is committed through updating the policy parameters (line 8). The
regret of this routine is characterized in the following theorem:

Theorem 5.7. Let (A, B) be an LTI system, and {ci(-,-)}_;, {w}L_, be any se-

quence of stage costs and disturbances, respectively. Let Ail) be the prediction error
at t with attenuation level i, as defined in (5.18). Then, with memory parameter
d defined as in Lemma 5.8, and under Assumptions 1 and 2, algorithm OptFTRL-C
produces actions {u;}1_; such that for all T, the following holds:

T d d N2
Ry =0 Z <ZZA§1:J+L)>

t=1 \i=0 j=i
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Discussion. OptFTRL-C achieves the sought-after accuracy-modulated bound
that holds for systems with memory. It generalizes previous optimistic online learn-
ing bounds by incorporating memory (hence states), and generalizes previous online
non-stochastic control bounds by handling predictions of unknown quality. Namely,
OptFTRL-C’s bound has the following characteristics.

Prediction-commensurate: in the best case predictions (Aﬁ“ =0, Vt), the bound
collapses to O(1), which is constant. On ther other hand, in the worst case, we get

d d d d
D WNEEEE 9 SR w LR
i= 0] i 1=0 j=1 1=0 k=1

d
2ZZg(k>—2Zk+1 =290 423 (k4 1)g*
k=0 i=0 k=1
§2ﬂpw+72a,f£pw =m

where the first equality follows from the triangular inequality and (5.17), and in the
last inequality we used Y7~ (1 —6)" < 1-9/5> and Y .=, (1 — §)* < 1/s. Hence, the
regret becomes O(m+/T), which is order-optimal in T [28, Sec 5.1], achieving the
optimistic premise.

Memory-commensurate: Apart from prediction adaptivity, OptFTRL-C’s perfor-
mance is interpretable with respect to the spectrum of stateless to stateful systems.
Consider the stateless case (x; = 0,Vt). Hence, c¢i(x, ur) = (Be, ur). In this case,
OptFTRL-C requires predictions only for the next step (as per (5.19)), The resulting
bound becomes O((Zthl A2 = O((3, 1B — BI|)7?), recovering the optimistic
bound for stateless online learning [26].

On the other hand, consider a system with a general memory d. Then, OptFTRL C
uses predictions not only for the next step, but for the next d+ 1 steps { B, at}T .
as dictated by (5.19). However, the dependence on future predictions’ accuracy

decays exponentially (recall that Agi) x (1 —4)%). For example, when d = 1 the

resulting bound is O((ZtT:l Aff” + Agl) + ASF)I)W). Le., we pay for the error in
d + 1 predictions'®, but with an exponentially decaying rate.

We now present the tools to prove Theorem 5.7. Our proof is structured into two
primary parts. First, we demonstrate that the regret in linearized NSC is a specific
instance within the OCO-M framework, achieved through a particular selection of
separable functions (sub-section 8, visualized in Fig. 5.2 (up)). Second, we establish
that the regret of OCO-M with these separable functions is in turn a particular case
within the Delayed OCO (OCO-D) framework with a specific structure of delay
(sub-section 8, visualized in Fig. 5.2 (down)). While the first part is fairly standard
in NSC, we do not reduce its resulting OCO-M instance to standard OCO, but to
OCO-D instead. The connection to delayed online learning was indeed identified
n [186], but incorporating predictions (of unknown quality) was not considered.

10The fact that earlier errors get repeated is due to the compounding effect.
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NSC WITH LINEARIZED COSTS 1S SEPARABLE OCO-M.
In this subsection, we show how the cost at each time slot ¢ can be approximated
by the sum of a finite number of functions of only the past d decisions. Formally:

Lemma 5.8. Given d > 3log(£T), z = w(kpryp+1). Then, under Assumptions
1&2, for any € > 0:

> o

t=1

< «e.

d
ci(@e, ue) th(Z)(Mtfi)
i=0

Proof. Define the counterfactual state &; as the state reached starting from 0 and
then executing d DAC actions based on policies My_q, My 441, ..., M;_1. In other
words, this is the state reached at ¢ by following the learner’s policies but assuming
that @;_4—1 was 0. From (5.12):

Z BMt 1—1 wt 71— 2+wt 71— 1) (522)
=0

For now, assume that ||2; — x| < %. Then, by Assump. 2:

T

D le(@e ue) = col@e,ue)| < Jlewl| @ — ]| = ae.
t=1

However, ci(&:,u:) can be written in terms of ft(l)() using again Assump. 2 but
with the definitions in (5.14) and (5.15) :

-1
Co(@e,ue) = (@r, D Yi(Mi—i1)) + (B, pe(My))

=0
d—1
<at»¢t(Mt i—1)) + (Bt ¥ (My))
=0
d d
= o, i (M) + (Br e (M) = > f7 (Myi) + (Br, e (M)
i=1 =1
d

It remains to show that ||z; — %[ < &. From (5.12) and (5.22):

t—1
[ — x| < || ZAi (BM—i—1Wi—i—2 + wy—i—1) ||
i=d

t—1
< D (1A' BM ||op|[We—i—al| + |47 op w0r—i-1]1)
i=d
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t—1 t—1

(a) (b) ‘
< Z ||A1||OPHBMHHwt i—2| + ||Al||0p||'wt i—1l < Z(l —6)'w(kprup+1)
i=d i=d
(c) o0 .
; z/ e % di = Ee_‘m,
i=d 0

where (a) follow from the sub-multipilicitive property of || - ||op, and || Bllop < ||B]l,
(b) by Assump. 1, and the bounds on matrix norms, and (¢) from 1 —z < e~ and
the definition of z. Substituting d, makes the last term . O

Thus, the closeness of ; and &, is due to the (strong) stability. Lastly, we note
the possibility to set d adaptively without knowledge of T using d = + 5 log(%; ) B

SEPARABLE OCO-M 18 OCO-D

Now that we have approximated the cost at ¢ by a separable function with mem-
ory, we show in this subsection that the separated functions can be rearranged to
represent an equivalent OCO with delayed feedback formulation.

Lemma 5.9. Let fi(My,...,My) be a separable function:

filMo, ..., Mg) = 0o foi(Ma_s), fri(M) : RU@wxdep) R, Let A be an online
learning algorithm whose decisions M4, depend on the history set

H; = Ul O{f”( )} _,. Define J(M) = Eg:o fiyii(M), and the history set w.r.t.
Ji(+) as H. Then,

H{ = ()}, and (5.23)

th(Mt—dw-wMt) = ZJt(Mt)~ (5.24)
t=1 t=1

(5.24) means that the accumulated cost, with memory, is equivalent to that of the
memoryless functions Ji(-). However, from (5.23) A has delayed feedback w.r.t.
Ji(+); when deciding M1, feedback up to only t — d is available.

Proof. the first part is immediate from the definition of J-(+); any J,(-) with 7 > t—d
would require a function that is not in the original history set H; (not known at t).
The second part is mainly index manipulation:

d T—i tT:1 idZO
:szt'ﬂlMt Zth—i—zth ZJt Mt
i=0 t=1 t=1 i=0

Where the first equality holds by separability, the second by shifting the sum index
and using the convention f;4(+) = 0 w.l.o.g,'? and the third by f;~7(-) = 0. O

1 This would result in a sum of the form Z 1/t < log(T).
12The adversarial rounds can always be preﬁxed with zero cost rounds. Alternatively, redefine
regret to start from ¢ = d as in see [179, Sec 2.2].
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Now we are ready to prove Theorem 5.7:

Proof. Denote with 7* the cost-minimizing policy, and let M* be its parametriza-
tion. Then, from (5.2):

t=1
@ & = 0 ST
<D O KY M) =Y T (M) + 2ae
t=1 =0 =0

where (a) follows by Lemma 5.8, which gives both an upper bound on the learner
cost and lower bound on the benchmark’s cost, (b) by writing the sum of ft(z)()
as a single function with memory, and (¢) by Lemma 5.9, with f, ;(M) = fti) (M),
and hence, J;(M) = F;(M). To bound the delayed feedback regret RL, we use [86,
Thm. 11], which we restate below using the notation of this paper:'?

Theorem 5.10 ([86, Thm. 11]). Let A\, be non-decreasing on t defined as in (5.21).

Let r(+) be A\ strongly convex regularizer. Then, { My}, computed via (5.20) ensures
that:

RE <8 Ai_gi_1+2V5 A2, 5.25
T_HMirelé[%T)%td.t1+\fﬁ:MZt (5.25)

To write A; explicitly, note that G;_g4.+ can be written as:

Gia:t = Z Z Gt d+itj

1=0 5=0
hence we get that
(5.19 )
Ay = HGt—d:t - Ht” Z Z ||Gt d+i+j t d+z+jH + ZAt+J
i=0 j=d—i j=0

13Mapping their notation to ours, we get gi—p.t = G¢—_g:t, bt = Hy, gi—p.t — he = Ay, ai p =

_ 2 _ .2
2601 D¢, by p = 1/2A7, and o = kY,
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Figure 5.3: The average regret against the optimal policy under various scenarios (cost and dis-
turbances trajectories).

d d
=2 > Al = ZZA&?d V= ZZAELW

=0 j=d—1i =0 j=0 =0 j=1

Substituting back in (5.25) gives the result. O

5.5.4. NUMERICAL EXAMPLE

Recall that OptFTRL-C was designed to take advantage of a prediction oracle that
forecasts future cost functions with unknown accuracy. Theorem 5.7 then demon-
strated that the average policy regret Rr/r of OptFTRL-C always converges to 0,
but does so faster for accurate predictions. We therefore plot the policy regret of
OptFTRL-C when provided with either accurate or inaccurate predictions. The im-
plementation code of the policies OptFTRL-C, GPC, and the benchmark n*, as well
as the code to reproduce the experiments, is available at the repository [217].

We consider a system with =, u € R%, p = d = 10,!'* and hence M € R?*?0, The
dynamics are A = 0.9 x I, B = I, with perturbation w; € [—1,1]? of maximum
magnitude of w = /2. We consider a linear cost ¢; = (ay, z;), with a; € [—1,1]?
and hence a = /2. With these choices, we have the upper bound on the gradient
|G| < axspw/o.n < 300.

In the accurate prediction case, we set ¢ (-,-) = c¢(-,+) with probability p =
0.9. Otherwise, we set &(+,-) to be uniformally random (e € [—1,1]?). Hence, p
represents the probability of correctly predicting ¢;(,-), and we sample it at every
slot. For inaccurate prediction, we set p = 0.1. We compare with GPC, which
was shown to outperform the classical Hs and Ho, controllers in a wide range of
situations.

In scenario (a), The cost trajectory is set as a; = (1,1),w; = (1,1),V¢. This
represents a simple case where the cost function does not fluctuate. It can be
seen from Fig. 5.3a that OptFTRL-C provides the expected acceleration when the
prediction is accurate, achieving an average of 60.2% smaller R7/7 value compared

14The DAC parameter p and the cost’s memory d are denoted h and H in [178], where they are
also set equal. While both are commonly referred to as “memory”, we refer to d also as the delay
due to the duality we presented.
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apC O;;)tiT(l?i.)—C o}:)tiTgi-c Optimal
Sce(r;?rio 314,694 | 355,061 | 274,965 | 376,198
Sce(rllsrio 34,994 69, 468 16,934 96, 869
Sce(r(lj&)xrio 642 7,276 2,928 8,191

Table 5.1: Accumulated reward (negative cost) — Z?:l ct(xt, ut) of the different policies.

to GPC. At the same time, the average regret still attenuates at the same O(1/vT)
rate even in the case of inaccurate predictions, but with an average performance
degradation of 47.3%.

In scenario (b), we deploy an alternating cost function. Namely, o, alternates
between (1,1) and (—0.5,—0.5) every 50 steps. The disturbances are still w; =
(1,1),Vt. This alternating cost represents an adversarial fluctuation in the cost
trajectory, and it is where the non-stochastic framework demonstrates its efficacy.
Namely, this fluctuation is enough to violate the guarantees of Ho controllers, but at
the same time, it is small in magnitude, rendering H ., controller overly pessimistic.
It is worth noting that the fluctuation observed in Fig. b is attributed to the update
rule of GPC. This update directly modifies the decision variables M;; based on
the observed cost. In contrast, FTRL aggregates both past and future costs to
determine M;,;. With accurate predictions, this method does not induce much
fluctuation as it foresees the upcoming small disturbance. Overall, OptFTRL-C with
good prediction achieves an improvement of 32% in Rr/T value over GPC, while
having a 13.4% degradation when fed with the inaccurate oracle.

In scenario (¢) we also deploy an alternating cost function but with different
lower magnitudes. Namely, o alternates between (0.1,0.1) and (—0.5, —0.5) every
50 steps, and wy; = (0.1,0.1). The goal of this scenario is to show that OptFTRL-C
can have an advantage over GPC even regardless of the prediction quality through
adapatablity to “easy” environments (i.e., environments with small gradients). In
general, GPC performance takes a hit since its learning rate is tuned with the upper
bound for the gradient (i.e., « = w = v/2,T = 10%). The alternating frequency, on
the other hand, contributes to distinguishing more the effect of good predictions.
In this scenario OptFTRL-C achieves an improvement of 16.8% and 69.8% over GPC
for p = 0.1 and p = 0.9, respectively. In summary, OptFTRL-C leverages predictions
without sacrificing its resilience to their inaccuracy, or to the costs’ adversity.

5.6. CONCLUSION

This chapter examined the Non-Stochastic Control (NSC) problem, a variant of
the online convex optimization problem with memory, with the objective of obtain-
ing improved policy regret guarantees. In Part I, we developed algorithms whose
policy regret adapts to the complexity of the controlled environment. Leveraging
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the Follow-the-Regularized-Leader (FTRL) framework with adaptive regularizers
proportional to observed costs, we addressed the unique challenges posed by state-
dependent dynamics. Our analysis introduced new techniques for integrating NSC
with FTRL, resulting in novel Disturbance-Action Controllers (DAC) that achieve
sublinear, data-adaptive policy regret bounds. Part II focused on designing DAC
controllers capable of leveraging predictions of unknown quality. The overarching
goal was to develop controllers that achieve meaningful policy regret guarantees,
with performance enhanced by accurate predictions while remaining robust when
predictions fail. By analyzing online learning with memory through the lens of De-
layed Online Convex Optimization, we presented the first optimistic DAC controller.
While the efficacy of the proposed algorithms has been demonstrated both theoret-
ically and through numerical examples, deploying these techniques in real-world
caching systems or other communication network applications remains an avenue
for future work.







Conclusion

6.1. A LOOK BACK

Returning to the central research question, this thesis set out to investigate method-
ologies for safely incorporating untrusted predictions into sequential decision-making
problems within the context of communication networks, particularly focusing on
caching scenarios. Traditional online learning methods excel at providing guarantees
under worst-case adversarial conditions, making them suitable for volatile environ-
ments typical of modern networks. However, their inherent conservatism prevents
them from fully exploiting potentially informative, though imperfect, predictions
about the future. On the other hand, modern offline-trained machine learning mod-
els demonstrate excellent performance under stable, data-rich scenarios, but their
effectiveness significantly degrades in dynamic or unpredictable conditions.

To bridge this gap and address the research question, we identified optimistic
learning as a principled framework capable of balancing prediction-adaptivity (i.e.,
leveraging accurate predictions) with robustness to maintain strong performance
guarantees even when predictions fail. In other words, optimistic learning provides
a best-of-both-worlds approach: it safely exploits predictions without sacrificing the
core robustness of traditional online methods. Optimistic algorithms accomplish
this by explicitly incorporating prediction quality into their decision-making logic
in a carefully designed manner.

Throughout the thesis, we developed multiple optimistic learning algorithms tai-
lored to diverse network optimization challenges, ranging from continuous resource
allocation problems (such as coded caching) to inherently discrete and combinato-
rial scenarios (like whole-file caching and knapsack-type decisions). Furthermore,
we extended the optimistic learning paradigm to handle more stringent metrics
and environments, including dynamic regret metric, where optimal decisions evolve
over time, and stateful environments where costs are memory-dependent. In each
case, we rigorously established formal performance guarantees, ensuring that our
proposed methods not only match but often surpass existing approaches. Comple-

119
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menting our theoretical results, we conducted extensive numerical experiments that
illustrated the practical relevance and adaptability of these algorithms.

This thesis thus represents the first systematic and comprehensive effort to inte-
grate and extend optimistic learning within the broader context of network optimiza-
tion. Our contributions include applying and refining existing optimistic algorithms
specifically to address unique challenges arising in communication networks, as well
as designing novel optimistic learning techniques whose scope and impact extend
well beyond networking applications. Collectively, these advancements expand the
utility of optimistic learning, providing a robust foundation for future research and
enabling wider implementation across diverse domains within this evolving field.

Next, we summarize the key per-chapter contributions of this work.

6.2. SUMMARY OF CONTRIBUTIONS

In this section, we recapitulate the major contributions of this thesis.

Chapter 2. Optimism for caching: improved guarantees and meta-
learning extensions. We applied optimistic learning to bipartite caching networks,
demonstrating its effectiveness in improving caching performance under uncertainty.
Building upon the seminal Optimistic Follow The Regularized Leader (OFTRL)
algorithm, we refined its theoretical guarantees and developed a caching system
that adapts to predictions while maintaining robust performance guarantees. Addi-
tionally, we introduced an optimistic meta-learning framework that simultaneously
identifies the most reliable predictor (when multiple prediction sources are available)
and optimizes the caching strategy accordingly. Numerical evaluations confirmed
that our proposed methods outperform existing caching benchmarks, underscoring
the practicality of optimism in caching applications. Yet, the presented algorithms
assume continuous decisions and are thus only applicable for coded-caching.

Chapter 3. Optimism for discrete caching and combinatorial alloca-
tion. We extended optimistic learning to discrete caching problems, where storage
decisions are inherently combinatorial. Whole-file caching was formulated as a k-set
selection problem and, when considering files of varying sizes, as an instance of the
knapsack problem. To address this setting, we developed the first discrete optimistic
online learning algorithms with provable regret guarantees. In addition to adapting
OFTRL for discrete settings, we introduced Optimistic Follow The Perturbed Leader
(OFTPL)—an extension of FTPL that improves computational efficiency compared
to OFTRL while incurring a slight trade-off in theoretical guarantees. Our results
and comprehensive experiments demonstrated that optimism is also a powerful tool
in discrete resource allocation, further extending its applicability beyond continuous
settings.

Chapter 4. Optimism under a more stringent metric. Moving beyond
static regret, the main metric of the previous two chapters, we examined the more
challenging dynamic regret metric, where the benchmark evolves over time. Unlike
previous chapters, which assume a fixed optimal decision, this setting required track-
ing a moving comparator. We provided the first analysis of OFTRL under dynamic
comparators, revealing that optimism plays an even greater role in adapting to shift-
ing benchmarks. A key contribution of this work was our pruning-based refinement
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of OFTRL, which yields tighter dynamic regret bounds that scale with prediction
accuracy. Through theoretical analysis and numerical validation, we demonstrated
that optimistic learning effectively balances prediction adaptivity and robustness in
settings where the optimal solution is non-stationary.

Chapter 5. Optimism & functions with memory. Finally, we extended
the optimistic learning framework to stateful systems, where past decisions influ-
ence future costs. This generalization allows cost functions to depend on a history of
prior actions, introducing additional complexity in the learning process. We focused
on the Non-Stochastic Control (NSC) paradigm and identified two key limitations
in existing approaches: the lack of data-dependent adaptivity and the lack of pre-
diction adaptivity. To address these limitations, we introduced the first optimistic
learning algorithms designed explicitly for functions with memory, demonstrating
that horizon-based predictions, which extend beyond single-step forecasts, are es-
sential for optimizing performance in this setting. Furthermore, we established a
fundamental connection between memory, delay, and optimism, offering new insights
into the interplay between these three key variants of online learning.

In summary, this thesis provides a systematic and rigorous exploration of opti-
mistic learning in networked systems. By integrating predictions into online learning
algorithms while maintaining worst-case guarantees, our work advances state-of-the-
art in caching, network optimization, and sequential decision-making. Ultimately,
this research contributes toward more intelligent and adaptive network management
solutions, bridging the gap between theoretical learning frameworks and practical
deployment in dynamic environments.

6.3. FUTURE DIRECTIONS

6.3.1. INTEGRATING DISTANCE-BASED & DIRECTIONAL OPTIMISM
As highlighted in the introduction of several chapters, an alternative approach in
optimistic learning is to assess the effectiveness of predictions using their directional
alignment with the actual costs rather than their norm-based distance. This error
measurement method leads to regret bounds of a different nature ranging from
log T to VT, [172, 218], which suggests that predictions correlated with actual costs
can be leveraged for expediting learning, even if they are not point-wise accurate
(the norm-based error is large). This, in turn, allows us to incorporate a broader
set of prediction mechanisms and therefore extend the set of network management
problems that can benefit from this toolbox.

In this context, an important research direction is to investigate how correlation-
based optimism can be seamlessly integrated with the norm-based approach pre-
sented in this thesis. The primary challenge in doing so lies in the structural as-
sumptions imposed by correlation-based methods; most notably, the technical re-
quirement for strong convexity in the decision set. Future work could explore ways
to relax these convexity requirements to eventually develop hybrid approaches that
switch dynamically between norm-based and directional-based optimism depending
on the problem characteristics. The ideal outcome here would be to obtain bounds
that depend on the minimum error among these two approaches.




122 6. CONCLUSION

Besides integration, a pertinent future direction is the theoretical refinement
and empirical evaluation of correlation-based optimism in real-world network appli-
cations. So far, research in this area has been limited, with only few exceptions.
The work in [219] explored directional optimism for communication, applying it to
opportunistic channel selection and mobile crowd sensing. Similarly, [220] investi-
gated the same applications but in a decentralized setting, where predictions take
the form of messages from potentially malicious neighbors, making them inherently
unreliable. Such works show the potential of this idea and can be further explored.

6.3.2. UNIFYING ADVERSARIAL & STOCHASTIC ENVIRONMENTS
Another future direction for optimistic learning in the context of communication
networks is to leverage the stochastically extended adversarial (SEA) model [130],
which interpolates between stochastic and adversarial environments. This model
essentially assumes the environment is not entirely adversarial but instead exhibits
some stochastic structure, albeit with occasional distributional shifts. This condition
allows for designing algorithms that leverage stochastic regularity while remaining
robust to adversarial variations. It also subsumes the fully adversarial environments
(addressed in this tutorial) and the fully stochastic settings (stochastic optimiza-
tion), and the in-between spectrum. Recent works such as [130, 163, 221], have
explored regret bounds that depend on both the stochastic variance and the ad-
versarial variation of the gradients. These results indicate that in a predominantly
stochastic environment with occasional adversarial perturbations, it is possible to
improve the regret bounds compared to those achieved in fully adversarial settings.
This is very useful for those communication networks that operate under benign
conditions most of the time (stochastic setting), with occasional disruptions due to,
e.g., an attack, that make the conditions adversarial for only a specific time win-
dow. To the best of our knowledge, the SEA model has not yet been applied to
communication problems, leaving it a promising future step.

Moreover, in this context, it is intriguing to investigate how predictions should
be designed or, put differently, what type of predictions are beneficial. Unlike typ-
ical optimism, where predictions focus on the next gradient (or function), in SEA,
the learner could use forecasts about the underlying distributional structure, its
parameters, the timing of distribution shifts, or the presence of stochastic elements.

6.3.3. REDUCTIONS AMONG METRICS

Other important learning metrics, such as the competitive ratio and adaptive regret
offer valuable perspectives worth exploring in future research. Some studies have
explored the connection between the competitive ratio and various regret-based
metrics. For instance, [74] examined the relationship between competitive ratio and
static regret, while [222] investigated online learning approaches that simultaneously
address competitive ratio and dynamic regret with switching costs, illustrating the
potential for algorithms to balance (or hedge on) multiple learning criteria. Fur-
thermore, the relationship between competitive ratio and policy regret was studied
in [196]; and several works examined the interplay among different regret notions
per se. For example, [223] proposed algorithms that simultaneously achieve guar-
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antees in both adaptive and dynamic regret; and [173] provided insights into the
relationship between static and dynamic regret through a generalized “path-length”
complexity measure. Future research could delve into the relationships among these
learning metrics and potentially devise further reductions among them, particularly
through the lens of optimistic learning (i.e., considering untrusted predictions). Un-
derstanding these intricate relationships can ultimately guide the design of universal,
optimistic algorithms that guarantee effective learning with respect to multiple cri-
teria simultaneously, which is essential since different learning metrics are suitable
for different network problems.

6.3.4. SYSTEMS WITH STATES AND MEMORY

In Chapter 5, we explored optimistic learning for stateful problems where the deci-
sions influence an evolving system state and, through that, also the cost function,
and we focused on linear time-invariant dynamical systems. However, this impor-
tant first step captures only a subset of broader stateful decision-making problems.
Therefore, it remains an open question whether it is possible, and how, to extend
optimistic learning to a wider class of stateful problems, e.g., when the system dy-
namics vary with time or based on a non-linear rule, or when the system behavior
is governed by an underlying Markov Decision Process (MDPs). Indeed, MDPs and
the associated Reinforcement Learning (RL) algorithms have an extremely wide ap-
plication range in communication systems, and in that regard, any such extension of
optimistic learning will be impactful. For an introduction to MDPs in the context
of wireless communication networks, see the survey in [224], and for an overview
of modern reinforcement learning techniques in networks, see [225]. Interestingly,
no-regret algorithms such as FTRL [197] and OFTPL [226] have already been inves-
tigated in the context of MDPs, highlighting the promising potential for extending
their optimistic variants to this important class of problems.

6.3.5. CONSTANT-AWARE BOUNDS

It is crucial to develop the theoretical foundations of optimistic learning further to
ensure that regret bounds do not degrade unfavorably when predictions are highly
inaccurate. While this robustness is already ensured in some settings, in others, the
introduction of optimism can come at the cost of worse constants in the bounds.
Now, in theoretical OCO studies and even in ML applications, the focus has been
predominantly on the convergence rate of the regret bounds, i.e., on the dependency
of the regret on the time horizon T'. Nevertheless, in communication problems, we
are often interested in the dependency of the regret on other system parameters. A
notable example is caching, where a regret bound that increases with the number
of files is highly undesirable. A step in this direction is the work in [227], which
replaces the typical quadratic dependence on the prediction error with a Huber-style
loss. The distinction becomes relevant when prediction errors are large: both ap-
proaches yield sublinear regret in 7', but the Huber loss leads to significantly milder
degradation, with constants scaling only with the square root of those in the stan-
dard case. Further exploration of such techniques may help ensure that optimistic
learning remains competitive even in poorly predicted network environments.
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Appendix of Chapter 3

3A.1. MADOW’S SAMPLING ALGORITHM

Algorithm 13 describes how we obtain an integral caching vector from the continuous
one. We start by sampling a uniform scalar and then loop for C' iterations, including
in our gradually-built set exactly one item per iteration. Hence we ensure the
resulting set satisfies the capacity constraint. During an iteration, we include an item
if its probability (continuous variable) falls in a carefully designed range: [m;_1, 7;].
Hence, each item is included with probability m;_1 — m; = £;. We refer the reader
to [136] for futher details.

Algorithm 13: Madow’s Sampling (MadowSample)

Input: 2 € [0, 1]V, zien < C.
Output: Random set S, s.t|S|=C and Pr(i € S) = x;
Sample a uniformly random scalar U € [0, 1]
Define the cumulative probabilities 7o =0, m =m_1+2;, V1<i<N
for 1 =0,1,...,C do
‘ S<—SU{j:7rj,1§U+i<7Tj}
end
7 return S

[=2 IS B VU I
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3A.2. DEPENDENT ROUNDING ALGORITHM (DEPROUND)

The dependent rounding algorithm operates sequentially. At each iteration, it picks
two continuous variables and transfers at least one of them into an integer (through
the if statements in lines 4 to 8), while adjusting the other one (lines 9 to 12). Hence,
we ensure that when the algorithm terminates, only one item is still fractional. The
properties of the resulting vector listed in Lemma 3.6 are proved in [127, Lem. 2.1].

Algorithm 14: Dependent Rounding (DepRound)

1 Input: a € [0,1]V,s € RY.
2 Output: b satisfying points in lemma-3.6.
3 while a contains two or more fractional elements do
4 Denote the two left most fracitonal elements a; and a;.
5 if 0 <s; a; +sj a; < min{a;,a;} then
Set b; = 0 with probability s;ja;/s;a;+sja;. With the remaining probability set
bj =0
end
6 if a; <s; a; +s; aj < a; then
| Set a; =1 with probability a;. With the remaining probability set a; = 0
end
7 if a; <s; a; +s; a; <a; then
| Set a; =1 with probability a;. With the remaining probability set a; = 0
end
8 if max{a;,a;} <s; a; +s; aj < a; +a; then
Set b; = 1 with probability s;(1—a;)/(s;(1—a;))+(s;(1—a;)). With the remaining
set bj =1
end
9 if b; = 0 set bj = si/s; a; + a;
10 if bj =1 set bj = a; —si/s; (1 —a;)
11 if bj =0 set b; = a; + 5i/s; a;
12 if bj =1set by =a; —sj/s; (1—ay)
end

return b
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Appendix of Chapter 4

4A.1. OpTFPRL

Below, we restate the main ingredients of OptFPRL using a more detailed presenta-
tion.

4A.1.1. UppATE RULE
Recall the notation ay.; = Zizl a,. The update rule of OptFPRL is:

@i =argmin{( p1; @) + r1.+(x) + fim(z) +  Ix(x) }.
x ~—~ —— —— N——
State vector Incremental regularizers Prediction Set constraint
(4A.1)

where each p; is the sum of the linearization of the cost function f;(x:), and some
choice from the cone Ny (z¢).

Pt =Gt +gtla gi € 0f(xy), QtI € 0lx(xt) = Nx(z¢). (4A.2)

4A.1.2. RECULARIZER
We use the scaled Euclidean regularizer,
Ot

i,

rt(as) =

where o, is the strong convexity parameter that will be set in every version of the
algorithm. Note that the sum ry.4(-) is oy.¢-strongly convex with respect to || - ||, or
equivalently 1-strongly convex with respect to || - ||: = /o1« - |-

4A.1.3. PRUNING

Here, we present a mechanism for selecting the vectors g/ from the cone Ny (z;).
Define the unconstrained iterate aj'°, which is obtained by solving the update rule

127
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without the indicator function
x}{) = argmin(pi., ) + r14(x) + fH_l(m).
T

Pruning will depend on whether this iterate belongs to the set A or not.

The unconstrained iterate x}° always exists and is unique due to the strong
convexity of r1..(-). However, its membership in X depends on the exact degree
of strong convexity. When o1, = 0, we consider ¢ ¢ X, as the minimizer of an
unconstrained linear function does not exist.

We select g/ as follows: for t = 1, set gf = —g; if ¢, = 01 = 0, and gf = 0
otherwise. For all ¢ > 2:

9 = {(pu_l P o) T (4A.3)
0 otherwise.

Recall that this is a valid choice because when x}¢ ¢ X, then x; € bd(X’). Hence,
Nx(z;) contains elements other than 0, and in particular —(p1.4—1 + g + 14— 1%¢)-
This is a direct result of the optimality condition for the constrained iterate (4A.1),
see, e.g., [113, Thm. 3.67]. For the second case, 0 is always a valid subgradient of
the indicator function since in this case z}° =z, € X.

4A.1.4. DUAL-PERSPECTIVE
To provide a dual view of the proposed FTRL variant, we look at the update step
through the lens of dual maps.
First, recall the definition of the convex conjugate r*(-) of a closed convex func-
tion 7(+):
r(y) = Sgp@c, y) —r(z).

The update of FTRL can be expressed using the above definition applied to a
potentially time-varying r(-). Namely, the standard FTRL update can be expressed
as:

mffl = arg mwin<gl:t, x) + ro4(x) = Vg (—g1:),

where %, (+) is the conjugate of the cumulative regularizer r1.4(+), restricted to X via
r9 = Ix. From this viewpoint, FTRL maintains the state as cumulative gradients
in dual space.

The update of OptFPRL can be interpreted as:

Tyqp1 = arg ngn<p1;t, x) +roe(x) = Vi (=pie) = V1o (Vri—i—1 (k) — Gr—kit)s

where t—k denotes the most recent step at which we chose to prune. The last equality
holds by the definition of gf (assuming no predictions). Intuitively, we retain explicit
gradient history only since the last pruning step ¢ — k, while summarizing earlier
history implicitly via the dual mapping of ®;_j. The crux of the paper is showing
that the way history is split (explicitly tracked after pruning, and implicitly captured
before) is what controls dynamic regret.
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4A.1.5. REGRET CHARACTERIZATION
Define the dynamic regret metric against any set of comparators {u;}; as:

T T
Ry = th(ﬂ”t — fr(uy) Z]t x:) — Je(ug) Z D, Ty —uy), (4A.4)
t=1 t=1

where ji:(x) = fi(x) + Ix(x). The inequality holds by the linearization principle of
convex functions [156, Sec. 2.4], noticing that we indeed have p; € 9j:(x:) due the
definition of p; in (4A.2), and the fact that the subdifferential of the sum contains
the sum of the subdifferentials (e.g., [28, Thm. 22]).

4A.2. MISSING PROOFS FOR SECTION 4.5

4A.2.1. THE STRONG DyNaMIC OpTIMISTIC FTRL LEMMA
Lemma 4A.1. (Strong Dynamic Optimistic FTRL). Let {fi(-), f:(-), u;}_, be an

arbitrary set of functions, predicted functions, and comparators within X, respec-
tively. Let r4(-) be non-negative reqularization functions such that
@1 = argmin hoy(x) + fiy1(x)
€T

is well-defined, where ho(x) = Ix(x), and Vt > 1:

hi(xz) = (ps, ) +re(x), pr € 0Je(T4).

Then, the algorithm that selects the actions xyy1,Vt achieves the following dynamic
regret bound:

T @ T-1
7 < Z = host(Tep1) = re(@) + Y how(wep1) — how(ur) + re(ue).
=1 =1 (11)
Proof.

th(ﬂ’?t Z fT+1(uT)

T
(ho:t(xt) — ho:—1(xt)) (Z ho:t(ue) — ho:t—1(ue)) +fT+1(UT)>

1 =

th () <Zh0t w) + fri(ur) ZhOt 1 Ut)

t=1

MH

&~
Il

M’ﬂ

5
Il
-

Il
M’ﬂ
s

— Z hot(Te1) — (ho:T(UT) + fri1(ur)+

-
Il
—
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T-1
Z ho.t (ut) Z ho:t(ut+1))

=0

Mq

Z hot(Zer1) — (hor(@Ts1) + fror(Trn)

=1

+ Z ho.t(ut) — Z hO:t(ut+1))
T—1 )

Z ho:t(2i41) (Z ho.¢ (wy) Z hO:t(ut+1))> — fre1(Trsq)-
=1

o~
Il
_

[
M“]

o~
Il
-

The inequality holds because of the update rule for each x;y; for any t. I.e.,

hor(xri1) + fro1(@ri1) < hor(ur) + frii(ur).

Also, ho(ut1) =0,Vt < T — 1.
Writing h; of the LHS explicitly we get

Z (Pt ®0) + re(m0) — (e, we) — 7e(wr)) — frya(ur)
t=1

!

-1

(host(e) = howt(@e11)) + O (hoie(wes1) — how(wr)) = fro(Trg1).

<

T
t=

Since fri1(+) does not affect the algorithm, we can set it to 0. Rearranging:

T
Z<Pt,wt> — (P, ur)
t=1
T T—1
< (hou(®e) = hose(@ip1) = re(@e) +re(we)) + Y (hose(wrgr) — how (ur)) -
t=1 t=1
Noting that by (4A.4), the LHS upper-bounds the regret, we get the result. O

4A.2.2. BOUNDING THE FIRST PART (I):
We bound (I) : ho.t(x:) — hot(@er1) — re(xe) in two ways, which results in the
min(-, ) term. We present in this subsection Lemmas 4A.2 and 4.6, corresponding
to each argument of the min(:,-).

First, we begin with Lemma 4A.1, which provides an additional characterization
of the iterate x; as the minimizer not only of the original update rule, but also of a
related linearized expression.

Lemma 4A.1. For any x; € X, ®; = argming ho.;— 1(x )+ft( ) = x =
arg ming ho.i—1 () +(ge, ) + (g, ) where §; € Of(x;) and g} is selected accordmg
o (4A.3).
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Proof. We are given that ; = argming ho4—1(x) + ft(m) Thus, from the opti-
mality condition for constrained problems (e.g., [113, Thm. 3.67]), the negative
(sub)gradient must belong to the normal cone at x;:

— Vhl:t_l(.’llt) — gt S NX (.’Bt) (By deﬁnition Of gt) (4A5)

Next, we examine the optimality condition for ho.;—1(x)+ (g, ) + (g{, ) and show
that x; satisfies it. For y to be minimizer of ho.;—1(x) + (¢, ) + (g{, ), it must
satisfy:

— Vhie-1(y) — G — g{ € Nx(y).
Substituting «; in the above we get
— Vhig—1(x) — G — g7 € Nx(zt). (4A.6)

Now, note that according to the linearization choices in (4A.3), we have that either
(1): gtI =0, or (ii): gtI = —(pr4—1+ Gt + o1.0—1T4).

In case (i), (4A.6) reduces to the given (4A.5), meaning that x; satisfies (4A.6).

In case (it), Note that —(p1.4—1 + Gt + 01.4—1%¢) = —Vh14—1(x:) — G, and hence
(4A.6) reduces to 0 € Ny (x;), which is always true. Thus, x; satisfies (4A.6) in
this case too.

It follows that x; satisfies the optimality condition for ho.¢—1(x)+(g:, )+ (g}, =)
and hence is a minimizer! thereof. O

Lemma 4A.2. Let each function ho.t(-) be 1-strongly convex with respect to a norm
|- |l; defined as in Lemma 4.5. Let 2y, = argming, ho.—1(x) + fi(x). Then, we have
the inequality

hO:t(a:t) - ho:t(ﬂ?t+1) - Tt(iEt) < 2Re;.

Proof.

ho:t(x¢) — ho:t (1) — re(4)
= hO:tfl((L't) + <pt7wt> - hO:tfl(fL't+1) - <pt7wt+1> - Tt(fﬂtﬂ)

(a)
< how—1(2t) + (Pt ) — hoie—1(Te1) — (Pt Teg1)

(b)
< how—1(xe) + (Pr, ) — hoe—1(Ye) — (Pr, Ye), (4A.7)

where (a) follows by dropping the negative —ry(a;y1) term and (b) by defining
Yy = arg ming ho.¢—1(x) + (pt, ). Then,

ho:t—1(2t) + (Pe, x¢) — ho:e—1(ys) — (Pr, Ye)
= hou—1(xs) + (G + g7 T0) + (Pr, 1) — hou—1(ye) — (Pe,ye) — (e + i, @)

ISince ho.1(-) is strongly convex, the minimizer of the two expressions in the lemma statement
always exist and unique. In the case o1.; = 0, we abuse notation by writing “ = argmin”
instead of “ € argmin ”. This is not problematic because we do not require the equivalence of the
minimizers.
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(c)
< hou—1(ye) + (Ge + 91 ye) + (Pes ) — hou—1(ye) — (Pe,ye) — (G + 97, %)

= (g: +gtluyt_$t>+ (Pt e — Yu) = (Dt — Y1) — <§t+gt1733t —yy)
=P — Gt — gi, @ —yi) = (9 — i, — Y1) < 2R||g; — §¢|| = 2Rey,

where we added & subtracted (g; + gf, ;) in the first equality, and (c) holds because
x; is the minimizer of ho._1(x) + (§: + g/, =) (shown by Lemma 4A.1). Overall,
we obtain

ho;t(wt) — ho:t(flit+1) — rt(wt) S 2R6t. (4A8)
[

To produce the other argument in the min(-,-), we use the following lemma.

Lemma 4A.3. Let each function ho.;(-) be 1-strongly convex with respect to a norm
|- |t defined as in Lemma 4.5. Let @y = argming, ho.t—1(x) + fi(x). Then, we have
the inequality

1 ~
hot(:) — hot(®e41) — re(2e) < §||9t - 9t||f_1,* .

Proof.
) (wt)
+ (P, ) — ho—1(Te41) — (P, Teg1) — Tee1 (Te1)
< how—1(xs) + (Pt ®e) — ho—1(Te41) — (Pr, Tey1)
+ (Pt xe) — hot—1(Ye) — (P, Ys), Yy = argmin ho—1(x) + (py, x)

Where again the inequality follows by dropping the non-positive r¢11(-). Next, we
invoke Lemma 4A.7 with

¢1(x) = ho:e—1(x) + (e ) + (g7, ),
$2(x) = hoa—1(x) + (P, T) = hou—1() + (ge, @) + (9], T) = d1(x) + (gs — Ge, ) .
Y(x)

Under these definitions, we indeed have that
x; = argmin hg._1 () + f; ()

Lem. 4A.1 . - .
T argmin hoy (@) + (G, @) + (o) x) = argmin gy (x) = yi.

and thus selecting y’ of Lemma 4A.7 as y;, the result of the same (Lemma 4A.7)
gives:

1 -
ho:t—1() + (P, i) — ho—1(Ye) — (P, ys) < §||Qt —Gell{ 1., (4A.9)

noticing that v (x:) = g: — gs- O
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From (4A.9) and (4A.8), we have that

(1 -
(0 < min (Gl - gl .20 ) (44.10)

4A.2.3. BOUNDING THE SECOND PART (II):
The second part does not have the structure exploited in the first one (u; and w11
are arbitrary). Hence, we must resort to the strong convexity property to obtain

01:
ho:t(weg1) — hoe(we) < (@, W1 — we) — Tt||ut+1 —uy?

O1:t
< l@ellllwesr — well — THUtH —uy?,
where

q: € Oho:(Wy1).

Nonetheless, we will still exploit problem properties to bound ||g/|:

t
8h(]:t(m) = D1t + Z 0L +NX(:B))

=1
which gives
t
gt = Pput + Z OrUtt1,

=1
where we chose the 0 vector from Ny (usy1). Hence, the length of g, satisfies:
t
lgell < prll + >~ orllwera ]| = [prall + orllwall < lprell + Roee

T=1

Overall
hot(wir1) = ho:e(ue) < ([[pre|l + Rove) [wer — wel| — %”uﬂrl — u|(3A.11)
From (4A.11) it follows that
(II) < ([[prell + Rove) luesr — wef| — %”qu — || (4A.12)

< (Iprell + Rovee) lwesr — we] (4A.13)
Note that the negative term in (4A.12) admits a tight lower bound of 0 and will
therefore be omitted. Next, we derive a bound on the state vector’s length ||p1.¢||.

Lemma 4A.3. (Optimistically Bounded State) Let {p,}1_, be a sequence of vectors
such that each py = g + gi, where g; € Ofi(xt), and gt! € Olx(xy) is chosen
according to the construction in (4.5). That is, p; corresponds to the linearization
of the composite function fi(-) + Ix(-) around x;. Then, for any t, the following
holds:

[P1:t]] < Ror:i—1 + €.
Proof. The proof of this lemma was stated in the paper. O
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4A.3. MISSING PROOFS FOR SECTION 4.4
Recall the problem parameters described by the following settings:
Settings 1: Let X C R? be a compact, convex set such that ||| < R for all

x € X. Let {f:(-), fi()}X, be any sequence of L-Lipschitz convex functions, and
define the following quantities.

T
The cumulative-squared prediction error: Ep = Z e, e =g — gll-
t=1
T—1
The path length: Pr= Z [|wwer1 — we|
t=1

T—1
The prediction-weighted path length: Hyp = Z erf|urr — wy|
t=1

4A.3.1. Proor or THEOREM 4.1
Consider the following regularization strategy

1
0= 15 and 01y =06y, 0y =0 (\/ Ey —/ Etfl) ,Vt > 2. (4A.14)

Theorem 4.1. Under Settings 1, Alg. 10 run with the regularization strategy in

(4A.14) produces points {x}1_, such that, for any T, the dynamic regret Ry satis-
fies:

Ry < (5.8R + (1/2)Pr) /By + Hy = O ((1 + PT)\/J?T) .

Proof. We begin by substituting the bounds of (I) and (II), from (4A.10) and
(4A.13), respectively, back in the result of Lemma 4.5:

Rr

[M]=

T-1
(1 ~
< 3 (i (Gl = 02 12 ) ) ) 4 3 (R + ) s — )

t t=1

1

3
|

T 1
(1 ~
<Y (uin (Glor -~ 3l 10286 ) 4l )+ 3 (@Rovs + ) e — i)

t=1

®) o (1 ~ 9 R2 T-1

< ;mm <2||gt - gt||t1,*72R6t) + 5 ouT + ; ((2Ro1.¢ + 1) || wsr1 — ue)
d €2 R? T-1

_ : t

= ;mm (200:t_1,2R6t> + 5 OLT + Z (2R + ) [|wssr — wel|)

t=1
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t=1

T 2 R T—1
= Zmin <20t,2Ret> + R Er + Z ((2Ra\/ft+ 6t> |l — ut||)

© R -1,
< 4V2R ET-i-g Er + Zi\/Et|‘ut+l_ut||+HT
t=1

(@) 1 =
< 58R\Epr + 5\/ Er_1 Z w1 — wll + Hr
t=1

1
= 58R\/Er + 5\/ETPT + Hy

where (a) follows by Lemma 4.7 which bounds ||p;.¢||, and by the fact that oq.,—; <
o1, (b) by bounding each |u|| in 7(us) by R, (¢) by Lemma 4A.9, which is a
common tool to bound the sum of a decreasing function (on F;_1), with the choice
of ¢ = 77, and (d) by the fact that /E; are non-decreasing. O

Remark 4A.3. On the growth rate of the hybrid term Hr.
Note that by Cauchy-Schwarz, we have that

T-1 T-1 T-1
Hr =Y erue —uell < 4| D ef [ D luwesr —ue?
t=1 t=1 t=1

T-1 T-1
S V2R Z 6t2 Z ||’U,t+1 — ’U,tH = \/QR\/ETfl\/PT.
t=1 t=1

Hence, Hr is also O (\/PTET).

4A.3.2. PROOF OF THEOREM 4.2

Consider the following regularization strategy:
1

oy
01 =0€1, 04 =0 (\/E— \/Et,1> Vit > 2.

where Py is the augmented path length: P = 2R + Pr.

(4A.15)

Theorem 4.2. Under Settings 1, Alg. 10 run with the reqularization strategy in
(4A.15) produces points {x.}]_, such that, for any T, the dynamic regret Ry satis-
fies:

Ry < (4 2R+ Py +§+\/R2PT>\/ET+HT - O((1+«/PT)\/ET).

Proof. Similarly to Theorem 1, we begin by substituting the bounds of (I) and (II),
from (4A.10) and (4A.13), respectively, back in the result of Lemma 4.5:

Rt
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T T—1
. (1 ~
< 37 (i (Gl = 02 1 2Rec) ) )+ 3 (R + ) s — )

t=1 t=1

(a) & 1 T-1
< ; (min <2||gt - gt|?—1,*;2REt> + rt(ut)> + tz:; ((2Ro1.4 + &) ||ty 1 — wel])

R2 T-1
(”gtgt”t 1*,2R€t) +5our + Z (2Ro1:¢ + €) [Jwr1 — wel])

—~
<o
=

Mﬂ

o~
Il
N

2 T-1

2
€; R
i 2R — 2R —
min (20(” - €f> +5our + ;1 o1t +€) [|[wepr — wel])

min (206tE,2Ret> + ?ax/ET + Z (<2RO'\/Et + et> lwssr — utH)
t—1 t=1

M=

~
Il

1

B

t

(¢)
< 4R PLEr + \/W\/ T + Z <<\/W\/>+€t> |ut+1—ut||>

D R PrEs s BB 4 \/ETE\/EMJFH
= T T 8 T 2 t \/E

1

P
Y WE P’ET+ Br + /3 i i L =+ Hr
<4VR P}ET—i—g Er + \/5\/ETPT—|—HT
- R R
< |4y/RPp+ 5 + 5\/PT VEr + Hr

— o (s VADVE).

where (a) follows by Lemma 4.7 which bounds ||p1.¢||, and by o1.4-1 < o1, (b)

by bounding each ||u| in ri(u),t < T by R, (¢) by lemma 4A.9, with the choice

of 0 = L__ " (note that this choice still satisfies the Lemma’s condition since
N

P > 2R),(d) also used that used 2R < P7., (e) used that E is non-decreasing, and

finally the O(-) expression follows from Remark 4A.3. O

Remark 4A.4. On guaranteeing / PrEr, Vu;.
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To obtain a minimax bound that holds uniformly over all comparator sequences
(i.e., without assuming prior knowledge of their path length, and without assuming
that they are observable online), one can instantiate ©(logT') sub-learners, each
with a halving o starting from 1/v/T. Then, using the meta-learner of [168], the
minimax bound can be recovered. The gist of this approach is that eventually 3 an
expert i such that VPr,o® > 1//Pr > 1/200.

4A.3.3. PROOF OF THEOREM 4.3
Define the augmented seen path length at ¢ as:

t—1
Pt/ =2R+ P, = 2R+Z lwri1 —ur.

T=1

and consider the following regularization strategy

1 o€ E; Ei 1
0= —F——, 01=—F—, or=omax|0,4/—— Vit > 2. 4A.16
2v2R’ A ( V2 Pt,1> (A0

Theorem 4.3. Under Settings 1, Alg. 10 run with the reqularization strategy in
(4A.16) produces points {x;}I_, such that, for any T, the dynamic regret Ry satis-

fes:
Ry < 5.5VRy/Er P+ Hy + /B2 Ap = O ((1 +/Pr)VET + AT) where

T
- ET—l ET
Ar=%_ > ( S \/P,> s — el
t=1 ret]+ t—1 T
. E‘r—l E‘r
with [t]+:{2§7§t’ P;l—,/ﬂzo}.

Before proceeding to prove the theorem, we will make use of the following two
lemmas, which we present independently to streamline the presentation.

Lemma 4A.5. The squared norm |g; — G¢||?_; = 0o4—1llgt — §¢l|> = 00.t_1€7 can
be written as:

lge — g:ll5.. =0,

_ 1 |P,
lge — Gill7-1 . < U\/; e, Wt>1

Proof. Recall first that the dual norm of || -

lle—1 « is \/%H -||l. The first part is

immediate from |[@(|o. = y/2%||lz| = 0, since Ey = 0 and P = 2R. For the second
0

part:

lge—aell® €

Hgt _gtugfl,* - o - ey t—1 E Er_ 1
L=l N + 27:2 0 mmax (O’ Y sz Y. P471>
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; & _ &
>~ 5. Yo B
S (B
where the inequality follows by dropping the max in the denominator. O

Lemma 4A.6. The strong convexity parameter o1.4 in (4A.16) can be writlen as

the cumulative term % plus a corrective term:
t

o1t = 0 U 1/ ,_1 “P’
Te[t]+ Pr 4

g 7' 1
01:t = \/ﬁ—l—aZmax( ”P' ”P’ )
€1 Er 1 B L,
=0 | —= +o =\l 5
(\/P{ I1> Tez[t% V Pron VP
where the last equality holds from the definition of [t]*. That is, for the slot 7 when

the max evaluates to 0, we write it as (, / % — 4/ IE;TT:) + ( — 4 /%). Now,

by telescoping

\/>+UZF \/7

Proof of Theorem 4.3. We begin by substituting the bounds of (I) and (II), in
(4A.10) and (4A.13), respectively, back in the result of Lemma 4.5:

Proof.

O

R

=

-1

T
. (1 -
< 3 (i (Gl - 02 120 ) ) ) + X (o + vl s = wl)

t=1 t=1

!

-1

(1 ~
(1nin (3l = 02 2.2 ) i) ) + 3 (2o 4 ) s = wl)

t=1

—~
S
i

M=

t=1



4A.3. MISSING PROOFS FOR SECTION 4.4 139

R2 T-1
< me (”gt gt”t 1 *,2R€t> + 70’1 T+ Z 2R0'1 t||ut+1 ut” +HT

t=1

() & VP € L
S min 77, 2R6t + 2R01:t||ut+1 - utH + HT
(G )

I (P s
< min | Y—=——=,2Re; | + 2Ro —||wgr1 — wel| + Hr
2 (201/7Et 1 2\

T
E. 4 E.
+2Ro> Y < 5 ,>||ut+1—ut||

t=1 relt)+ t—1

3

:T

(e)

T 2
< P/, min + 2R0 wir1 — wel| + Hr + 2RoArp
I e T REL I

< Z P! mln( a\/T V2R€t> +2Ro\/ FE Z ”utt}FUt“ + Hyp +2RoAp

U1 — W R
< R\ [PpEr + Ve \/J?T e 11 — + Hr + 1/ 5 Ar

t=1 \/2R+Z e — g

<4\F1/P’ET + [EZ \/Z|ut+1—Ut| +HT+\/§AT

re1 U1 — ur |

— /R
§4VR PZ/ﬂET + V2R ETP%—FHT—F EAT
/R
= (4+V2)VR\/PyEr + Hr + 5 Ar

where (a) follows by Lemma 4.7 which bounds ||p1.¢||, and the fact that o1.4—1 < o1.¢,
(b) by bounding each ||u|| in 7(u:),t < T by R, (¢) by using Lemma 4A.5 for the
first sum, and by selecting® w1 such that ||ury; — wr| > £, which allows us to
append the £ 5 al:T term to the second sum as the summand Wlth index T, (d) by
using Lemma 4A.6 to re-write 014, (€) since P/ is non-decreasing, (f) from P} > 2R,
(9) by 0 = 1/2v2R and Lemma 4A.9, (h) by the fact that 2R > ||usy1 — uel], VE, and
finally () by Lemma 4A.8 with a; = ||uer1 — wl. O

2Note that w1 does not affect the algorithm and hence we can set it without loss of generality
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BOUNDING THE A7 TERM

In this subsection, we show that the term A7 cannot be worse than the result of
Theorem 1 in all cases.

E‘r 1 E‘r
- Z [mH — | Z < P, P’)
1 TE]T T o

(@) & E. E.
23 1wl 3 (=5
t—1 T—1 T

T
1
= [wes1 — well E; ( )
2 2V )
®) & T\ |
< Z lwir1r — we||V/Ey Z P’ ﬁ
t—1 relt T—1 T

SZ_|ut+1—ut||¢EZ< P 1)

T
(d) 1 1
= e — wi|VE (\’P{_”P)
t=1 L

T
(e) 1
=3 HUtH*utHvEt P
1

(f)
< Z i1 — |

\/ﬁ\/EPT = \/E(PT+1))3

where (a) is from E; > E,_; for all 7 by definition; (b) holds similarly because E, is
non-decreasing on 7 (or t); (c) holds because P._; < P! for all 7 (for any slot ) and
hence we can add additional positive terms and create the entire sum from 7 = 2
to 7 = ¢, instead of only the partial sum of terms in [t]T; (d) holds by writing the
telescoping sum; (e) holds by dropping the last term which is negative; and finally
in (f) we used the fact that Er > E, Vt.
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4A.3.4. PROOF OF THEOREM 4.4
Consider the following regularization strategy
— 1 .
7= g
01 = (g1, 1) — :Igleizré<gl’m>; 0 = hot—1(x¢) + (pr, 1) — gg}g (ho:t—1(x) + (pe, ), Vt > 2;
(4A.17)

Clarification on the term “recursive”: In previous regularization strategies, the
strong convexity at time ¢, o1.+, can be expressed in closed form as 1. = o/ E;. This

0'62
follows from defining each o; to be exactly o(vVE; — v/ Fi—1) < ﬁ However,

when oy is defined more generally as a scalar 0d;, where J; can take any value in

gt = 0'5t

2
[0,0(2 \/27)], we lose this compact form. Instead, oi.; is now recursively defined
t—1

as 01.4_1 + 00;. As discussed, this ensures minimal regularization, impacting both
the algorithm’s behavior and the analysis.

Theorem 4.4. Under Settings 1, Alg. 10 run with the reqularization strategy in
(4A.17) produces points {x}_, such that, for any T, the dynamic regret Ry satis-
fes:

T—1

1
Rr < 1.1 61.0 + Z Eélzt‘lut-&-l —wl| + Hrp
=1

< (3.TR+ Pr)\/Er + Hr = O ((1 +PT)ﬁ) .

Proof. We begin from the result of Lemma 4.5 but without substituting the upper
bound on part (I), in order to characterize it more tightly via the J; terms. For the
term (II), we use the upper bound from (4A.13):

T T-1
Rr < Z (howt(xe) — howt(eg1) +re(ue) — re(e)) + Z ((Rovt + |pr:ell) w1 — ue|)
t=1 t=1

—
S]
=

M=

(hot(@) — re(e) — ho—1(ir1) — re(@ig1) — (Dr, Trgr) + me(wy))
1

i
~
|

+ (2Ro1e + €) (w1 — wel])
1

~
I

—~
o
=

[M]=

(ho:t—1(x¢) + (Pt, 1) — ho—1(iq1) — (P, Teg1) + 7e(wy))

~
Il
-

"ﬂ

i

+ (2Ro1t + €r) [|[ w1 — wel])
t=1

!

1
(8¢ + re(ue)) + ((2Ro14 + &) (w1 — we|)
t=1

—
o
~

[M]=

<

~
Il
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(@) R0 T-1
< 51T+751T+ > 2Rov|lupr — wel| + Hr
t=1
< 1.1 6. + Z 51t||ut+1—ut||+HT (4A.18)

where (a) follows by Lemma 4.7 which bounds ||p;1.||, and by the fact that o1.,—1 <
o1.¢, (b) by dropping the non-negative —ry(xs11), (¢) by the definition of d;, (d) by
bounding each ||u|| in 7,(u;),t < T by R, (e) since o = 1/8r>.

BOUNDING THE RECURSION
Note for each §; we have that

6,5 S 2R6t .

The above follows from Lemma 4A.2. Specifically, note that d; is equal to the
expression in (4A.7). In addition, we know from Lemma 4.6 that

2
€t

o <

201.4-1"

by noticing that J; is the LHS in the inequality (4A.9). Substituting the strong
convexity term oy.; for the choices made in this section in (4A.17), we get

R22
O1—1

o <

Overall,

2
6; < min <2Ret, i >
01:¢—1

We can now invoke the auxiliary Lemma 4A.10 on the last term with a; = 2Re;,
Ay = 1.4 to get that for any ¢,

610 < 2V3R\E;.

Going back to (4A.18), we get
17V3 * V3
Ry < —R\/ET + Z VEi|wit1 — wi| + Hr

S%[R Er + f\/ETPT +Hr=0 ((1 +PT)\/ET) .
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4A.4. AUXILIARY LEMMAS

Lemmas/theorems here are (specialized) results from the literature with potentially
modified notation.

Lemma 4A.7. [112, Lemma 7] Given a convex function ¢1(-) with a minimizer
y1 = argmin, ¢1(y) and a function ¢2(-) = ¢1(-) + ¥(-) that is 1-strongly convex
w.r.t some norm || - ||. Then,

ba(yr) — da(y') < L 1|1,

for any y', and any (sub)gradient b € Y (y1).

Lemma 4A.8. [114, Lemma 3.5] For any a; > 0,Vt € [T]

T
&
ZMSQ ;at’

t=1

; ; 0 -
with the convention that Vo 0.

Lemma 4A.9. [28, Section 7.6] Let o be a positive real number that satisfy o < ﬁ,
b> 0. Then, for any a; > 0,Vt € [T):

. a?
E min | —————, bay

t—1
t=1 204/> . ar

Proof. The proof of this lemma closely follows the argument presented in the cited
section. However, due to the inclusion of the term b in the second part of the min,
we adapt the proof accordingly to account for this difference.

T 2 T ol
min | ————x_ba; | = min | ————, b2a?
t—1 o do2 3 g27
t=1 2 t=1 g =10
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where (a) follows by min(a,b) < ﬁ, and (b) used the assumption on o to append
a? to the sum. The result then follows by lemma 4A.8. O
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Lemma 4A.10. [164, Lemma 7] Let a; > 0, Vt € [T], and A; be a sequence of
positive numbers satisfying the recurrence

ai
At = At,1 + min (at, At_1> .

with Ag = 0. Then, for any T, we have that

4A.5. COMPARISON WITH THE LITERATURE

We summarize the key differences between our work and the relevant existing results
on optimistic dynamic regret. The selected references represent the best known
regret bounds (there are many other works that focus on different aspects, such as
efficiency, unbounded domain, etc, but have the same structure as these bounds). It
is important to note that some of these works derive bounds in terms of quantities
other than the gradient prediction error, such as the extended “temporal variation"
in [161] or the “comparator loss" in [169]. For the sake of consistency, we restrict the
comparison to bounds involving Er, choosing Er in cases where a min(Er, -) term is
present in the literature. Extending FTRL-based algorithms to handle comparator
loss and temporal variations, dynamic regret bounds remain open. Lastly, in the
comparison below, “best-case” refers to the scenario where Er = 0, corresponding
to perfect predictions.
Bounds without tuning for Pr:

o [160] Obtains a bound of O((Pr + 1)\/Er + 1), which is O(Pr) in the best

case.

« [161] Obtains a bound of O((Pr+1)y/Dr + 1), where Dy = || 1, V fu(ye—1)—
V fi(yi—1)||. which is O(Pr) in the best case.

« [169] Obtains a bound O(y/(Vy + Pr + 1)(1 + Pr)), which is O(Pr) in the
best case. Note that all Pr appear under the root. Hence, this bound still
matches the optimal min-max bound of /T'(1 + Pr) in the worst case.

o This work achieves a dynamic regret bound of Ry = O((1 + Pr)v/Er, which
is 0 in the best case.

Bounds with online Pr estimation:

« [160] Obtains a bound of O(log(T)+/(Pr + 1)(Er + 1)), which is O(log(T)v/Pr)
in the best case.

« [161] Obtains a bound of O(\/(Pr + 1)(Dr + 01)), where Or is the sum of
corrective terms 6, which are added to the learning rate to ensure monotonic-
ity, and it holds that in the perfect gradient prediction case 6 = O(1 + Pr)
and the regret bound is also O(Pr).
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o [169] Maintains the same bounds since, as detailed in the main paper, this
meta learning framework provides bounds that hold simultaneously for all
Pr. The bound is O(\/(Vr + Pr + 1)(1 + Pr)), which is O(Pr) in the best

case.

« This work achieves a dynamic regret bound of O((1++/Pr)v/Er+ Ar), which
is 0 in the best case.

4A.6. NUMERICAL EXAMPLES

In this section, we present numerical examples comparing the performance of three
standard implementations of OCO algorithms across multiple non-stationary envi-
ronments (sequences of cost functions). The algorithms considered are:

o« FTRL with adaptive Euclidean regularization, which corresponds to a lazy
projected Online Gradient Descent (OGD) but with Adagrad style tuning [112,
Sec. 3.5]

o« OMD with data-adaptive learning rates, which corresponds to a greedy pro-
jection OGD [28, Sec. 4.2].

o Our proposed algorithm, OptFPRL, with the vanilla tuning strategy (i.e., in
Sec. 3.1).

The implementation code for the algorithms, along with the code to reproduce all
experiments, is available at the following repository: [228]. Since the FTRL and
OMD variants used in our experiments neither assume prior knowledge of Pr nor
attempt to estimate it online, we compare them to OptFPRL using the tuning strategy
described in Sec. 3.1 to ensure a fair evaluation. In scenarios where no predictions
are used, the predicted functions fed to the algorithms are set to zero. This allows us
to understand their performance initially, independent of prediction quality. Even
without predictions, the proposed algorithm outperforms the two benchmarks in
many scenarios, demonstrating its performance in dynamic environments.
Numerical setup. X = {x € R'Y|||z| < 2} fi(z) = (ci,x), T = 5000, with

e Scenario 1: C1,...,C1000 = 71, C1000s - - + 5 C5000 — 1.

e Scenario 2: ¢i,...,€1000 = —1, €2000--.,C2500 = —1, €3500,-.., C3750 =
—1, ¢; = 1 otherwise.

e Scenario 3: ¢1,...,¢1000 = —1, €2000,--.,C2500 = =5, €3500,.-., C3750 =

—10, ¢; = 1 otherwise.

e Scenario 4: ¢; alternates between 1 and -1 every 50 steps.

e Scenario 5: ¢; alternates between 1 and -0.1 every 50 steps.

e Scenario 6: ¢; alternates between 1 and -1 every 50 steps; Predictions & =
Cc; — ﬁ,Vt S [T]

The observed behavior across different scenarios in the above figure aligns with
theoretical expectations. In Scenario 1, where the cost function shifts at ¢ = 1000,
standard FTRL struggles to adapt due to its reliance on accumulating all past costs.
This inertia makes it slow to respond and leads to continued suboptimal actions

until ¢ = 2000, resulting in high regret. In contrast, OMD reacts immediately to the
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12 —h= FTRL {~ OptFPRL =< OmMD 12 —h= FTRL {~ OptFPRL =< OmMD 12 —k= FTRL {~ OptFPRL =< OmD

ke FTRLx#x; Qe OPFPRLx #x, 3¢ OMD,x #x/ ke FTRLx#x; 4 OPFPRLx #x/ > OMD,x #x/ ke FTRLx#x; 4 OPFPRLx #x, 3¢ OMD,x #x/
: : i *
10 10 10 x K
H H i x
g H b g & g PN
SR SRR 3 = R 3 El
® T * ® T _*"\.-" \ B T _*'"\,:*
2 4 2 2
o * o * o *
S ] S ] S ;
I : I : I
g ; g ; g« ;
< * < * < *
2 2 - 2 -
i i N i el = T
o % o 5 o =
o 1 2 3 4 5 o 1 2 3 4 5 o 1 2 3 4 5
Horizon T Horizon T Horizon T
(a) Scenario 1 (b) Scenario 2 (¢) Scenario 3
12— FTRL 4~ optFPRL =< omp 25 e FRL 4 oprPRL Sc omp 16—k FTRL 4~ OptFPRL =< omp
o FTRLx #xf @ OPFPRLx#x! -3¢ OMD,x #x! ke FTRLx£xf -4 OPFPRLxAxf -3 OMD,x ¥/ sok FTRLx#xf -4 OPFPRLx £/ -3¢ OMD,x #x/
H b 14 1
10
5:4 12
£
z FERCI
@ 6 O‘"“Q"'.O - RN . U N N NS ¢
. joss ) ! ’\'\\ RS N % N
g Pt R AN
g S e ;
< £
W
A by ENNNN SN S S s s s
2 NI B EE SE S au g
PN S 2 \d
. P00
00 0
0 1 2 3 4 5 o 1 2 3 4 5 0.0 0.2 04 0.6 08 10
Horizon T Horizon T' Horizon T'
(d) Scenario 4 (e) Scenario 5 (f) Scenario 6

Figure 4A.1: Average dynamic regret over time across various non-stationary scenarios. Dashed
lines indicate time slots where the computed iterate differs from the comparator zj.

shift, adjusting its actions accordingly. Similarly, OptFPRL adapts directly, resulting
in lower regret.

In Scenario 3, where cost directions change multiple times with increasing magni-
tudes, the limitations of FTRL become evident. The average regret fails to diminish,
demonstrating its inability to handle such non-stationarity. While both OMD and
OptFPRL respond to these variations, OptFPRL achieves lower regret. The advantages
of OptFPRL are even more pronounced in Scenario 4, which involves high-frequency
cost changes. That said, the observed difference between the implemented versions
of OMD and OptFPRL is primarily due to the parameter tuning of each algorithm.
The tested configurations use the theoretically optimal learning rate 7; for OMD and
regularization parameter o, for OptFPRL, but different choices may lead to consider-
ably different behavior. In contrast, the poor performance of vanilla FTRL cannot
be mitigated by tuning theoretically motivated parameters—its failure is more fun-
damental, as discussed in the main text.

We also highlight a scenario in which OptFPRL performs the worst (Scenario
5): high-frequency cost switches with alternating magnitudes (large and small).
This setting is deliberately designed to exploit our method’s extra agility, forcing
“undue" frequent adjustments. As expected, OptFPRL exhibits higher regret in this
case, consistent with the theoretical results. Nonetheless, this tradeoff is inherent to
the design and provides insights into potential extensions that balance agility and
stability.

Lastly, we highlight in Scenario 6 the role of very high-quality predictions in
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the performance of the optimistic versions of the three algorithms ([160] for OMD
and [166, Sec. 7.1] for FTRL). We plot the average regret under predictions con-
structed as the original functions plus adversarial noise. Specifically, the adversarial
noise is set as the negative of the original cost functions, with magnitude decaying
quickly as 1/(0.1t), becoming negligible by ¢ ~ 100. As noted in the paper, stan-
dard FTRL can be easily “trapped’, accumulating redundant gradients and failing
to track the comparators. Optimistic OGD and our OptFPRL react immediately
when losses change direction.
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Appendix of Chapter 5

5A.1. Proor or LEvMMmA 5.1
Define

P
<BZ MZEJ 2 Wy—zj) + 'wy_m>,9:,y eN.

j=1

so as to write the state as

t p
$t+1:ZAi<BZ Mt[jlwt Zj + w;_ Z) ZO[Z
j=1

Proof. We prove the expression by induction. For ¢t = 1, (5.4) reduces to &2 = w;
which follows directly from the dynamic equation in (5.1) after substituting the
assumptions on the initial state and actions. Then, assuming that (5.4) is true for
any t, we have that

p
(7]
Tiyo = Axiq1 + Bug + wip = Az + B ZMtH Wey1—j5 | + Wi
=1
t

p p
= AZ Al B Z Mt[J_]iwt—i—j +w;_; | +B Z Mt[i]lwt-‘rl—j + w1

i=0 j=1 j=1
t+1 D
i —1
:AE A E J z+1wt i—j+1 + Wi—iy1 | + B E Mt+1wf+1 —j | Wi

j=1 Jj=1

149
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t+1 p p
= Z A Z s H_lwt—i—j-&-l +wi_it1 | +B Z Mt[i]lwt+1—j + Wi
— = =
a;(t+1) ag(t+1)
t+1
=> ai(t+1)
i=0

5A.2. PROOF OF LEMMA 5.2

To prove Lemma 5.2, we need to make use of two known results in non-stochastic
control. The first one, stated in Lemma 5A.1 characterizes the state under any linear
policy. The second, stated in Lemma 5A.2, relates the state deviation between DAC
and linear policies to the deviation of their actions.

Lemma 5A.1. Assuming that 1 = 0, and parameters w; are 0 fort <0, the state
of the system at t + 1 upon the ezecution of actions {us}._, which are derived from
the a linear policy parametrized by K: us = Kxs can be written as:

t

T =Y (A+BK)'w,_; Z@ (5A.1)

i=0
where for any z,y € N,  B.(y) = (A+ BK) Wy_g

Proof. We prove the expression by induction. For ¢t =1, (5A.1) reduces to s = w;
which follows directly from the dynamic equation in (5.1) after substituting the
assumptions on the initial state and actions. Then, assuming that (5A.1) is true for
some t, we have that

Tiyo = Az + Bugpr + wi

t t
z:O

i=0
t t+1
A + BK Z A + BK 'wt i+ Wiy1 = Z (A + BK)’wt_i_H + Wi41
— ~——
=0 = Bi(t+1) Bo(t+1)
t+1
=> Bi(t+1)
i=0
O

Next, we need a lemma that characterizes the state deviation between any two
policies
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Lemma 5A.2. let x:(m) be the state of the system reached by following policy
w1 from the beginning of time. Analogously, let xi(ms) be the state resulting from
following ma. Let the system (A, B) be intrinsically stable (i.e., ||Allop < (1 —96),
|B]| < 1), and assume that the starting state and action are zero 1 = 0,u; = 0.
Then, the following holds:

t

e1(m1) = o1 (m2) | <D Aol Bl max [Jwe—j(m1) — wi—j(m2)]|
i=0 =

< < max ||u—;(m1) — we—j(m2)]|.

1
0 Jig<t

In words, the deviation is fully controlled by the system stability and the maximum
deviations of actions.

Proof. We proceed by induction on ¢ to write the state o1 in terms of the previous
disturbance and actions. The claim is that

t
Tyl = Z A'(Buy—; + wy—;)
i=0

For the base case of t = 1, the above gives @5 = w1, which follows by the assumption
on the initial action. Now, assuming that the statement is true for ¢, we have that
for t + 1:

t
Ly = Awt+1 + ButJrl + W1 = A <Z Ai(B'Uthi + wtz)> + But+1 + Wi41

i=0
1 1
Z A"(Bug—it1 + Wi—it1) + Bugp1 + w1 = Z A" (Bug—it1 + Wi—it1)
i=1 i=0

Subtracting the state expression reached under {us(m)}._;, and {ug(ma)}._;, the

result follows by the bound on the sum of geometric series. O

Now, we show that the actions, and consequently the states, produced by any
DAC policy can approximate those of a linear policy with arbitrarily small error (.

Proof of Lemma 5.2. let u;(m) be the action produced by a stationary DAC policy
7, and u(7") be the action produced by a linear policy 7. Then, by Lemma 5A.1
we have

t—1 p—1 t—1
STK(A+BEKYw,_j_1 =Y K(A+BK)Yw,_j_1+Y K(A+BK)w,_;_,
Jj=0 Jj=0 Jj=p



152 5A. APPENDIX OF CHAPTER H

p—1 t—1
=> MUtw, ;1 +> K(A+BE) w1,
j=0 Jj=p

ue(m)

Where we denoted the j-th polynomial in K with MU+ in the first sum. Now,
note that the first sum is the DAC action. Hence,

t t
. (a) .
e () — wp (7| < 1Y K(A+ BE)Yw, 5| < Y (1-6) s w
Jj=p Jj=p+1

(8) 0 ) )
< H]Lw/ e_‘Sde = ﬁﬂ“ge_ép < ¢
Jj=p 6

() is because K is assumed a stabilizing linear controller |A + BK|op < 1 — 6,
(B) is from 14z < €®, and lastly (v) by the choice of p = 1/slog (+"w/s¢). This
small discrepancy in the actions translates to the same one in the states (up to the
stability constant) by Lemma 5A.2:

1
|2es1(m) — $t+1(7T]L)|| < 54
Using the fact that ¢ (-, ) is Lipschitz ¢, (z, (), ui () — ¢ (@4 (75), i (1)) = O(C)
O

5A.3. THE NON-ADAPTIVE CASE (OGD WITH FIXED LEARN-
ING RATE)
When using OGD with fixed learning rate update as in [178], we have that

Mt+1 = Mt + T]Gt (5A2)

The proof of Lemma 5.4 follows the same steps until

t—1 t—1 t—1
v <123 (1= 6) [ My — Myl <1231 =0) S [ Mysr - M|
1=0 1=0 T=t—i—1

which we now bound from (5A.2) as

t—1 t—1 t—1
2y (1=8)" D> [[Mroa = M| <len) (1-6)"(i +1)]G-||
i=0 r=t—i—1 i=0

l
<lzngz (1-9¢ z—l—l < 2’529



5A.4. ON THE CHOICE OF THE DECISION SET M 153

Hence we get that vy.p < Z”gT. To prove an analogous to Theorem 5.3, we have
T
Z(Ct iEuUt —Ct (wt(ﬂ*)7ut(7T*)))
t=1

ET: (Ct il:t ’/Tt ’ut(’ITt)) — Ct(azt(w*),ut(w*)» “+vi.T

t=1

Regret of OGD-based stationary policy

@ (26p)% | 1 o 263, M lzng
< 2 4 A2 < M T2y 2 5A.3
<, taf THur < =4 og T oy (5A.3)

where inequality (a) follows from the bound on OGD’s regret [28, Thm. 2.13] (Recall
that this sum is the regret of in the standard memoryless case), with n, = n,Vt.
_ 2kM6

optimizing n in (5A.3), we get n = N f’ substituting back we get the
non-adaptive OGD bound:

T
Z (ct Ty, UL) — (wt(ﬁ*),ut(w*))> < %TM g(g02 + 202)VT

5A.4. ON THE CHOICE OF THE DECISION SET M

We note the different choice of the decision set M for DAC parametrization in [178]
and some of the follow up papers, where M is defined as:

M= {ar = [mB) )] | | < (1 - 6)7, 5 < )

L.e., the norm of the submatrices decays with parameter j. Such definition is nec-
essary when analyzing the regret against the optimal linear controller, where we
have seen from Lemma 5.2 that p o logT is necessary, hence || M| increases with
time. Nonetheless, the exponential decay of the norm w.r.t j still ensures bounded
diameter in terms of xys. This can be seen from e.g., [192, Lem. 20, claim (iii)]. In
our case, we analyze the regret against the optimal DAC policy directly, and hence
we use the definition:

M = M:[M[”\...| ] . M[p] ZHM H<HM :

which appears also in the monograph [82, Sec. 6.2.4]. Here, p is pre-determined and
fixed property of the class. Thus, we can use the diameter bound || M; — M| < 2k
as the set M is fixed. We leave to future work extending the analysis provided here
to analyze the regret directly against the linear class, which is feasible given the
tools developed in the paper.
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5A.5. ON THE STRONGLY STABLE CONTROLLER K

In this subsection, we discuss the implication of dropping the assumption ||Al/op <
(1—9), which allowed us to have K = 0 as a stabilizing controller. We used the fact
that K = 0 is a stabilizing controller at the following points

o In the cost deviation lemma (Lemma. 5.4): We used that w(my,.. ;) = w(m) if
K = 0. In general u(my .. ;) and u(m;) would differ only by || K |||zt — z¢(m)|],
this is exactly the state deviation term that we bound in the above-mentioned
lemma, and since ¢;(u,x) is Lipschitz in both arguments, the cost deviation
can still be bounded but with different constant terms.

¢ In Lemma 5.1, where we write out the state x; in terms of M and w. Having
a non-zero K would result in the term ||A + BK||* instead of ||A[|*. In this
case, we can rely on the strong stability assumption, utilized in all OCO-based
control works, to bound ||A+BK||*. The strong stability assumption quantifies
the classical stability assumption in control and it states that there exists a
strongly stable controller K that is available as an input to our controllers. A
strongly stable controller is defined next

Strong stability [181, Def. 3.1]. A linear controller K is (k,~y)-strongly stable if
there exist matrices L, H satisfying A— BK = HLH !, such that the following two
conditions are satisfied:

o The spectral norm of L satisfies || L|lop <1 — 7.

o The controller and transforming matrices are bounded, i.e.,||K||op < &
and || Hop||H ™ lop < .

Essentially, the existence of K that satisfies the strong stability assumption ensures
that we can use the bound

I(A + BE) llop < [H [lop|lH~lop I L5, < w(1 = 3)".

Le., the norm ||A + BK||op decays exponentially and can still be bounded in

terms of geometrically decaying terms (1 — §)*.
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