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Entanglement buffering with multiple

quantum memories
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Alvaro G. Ifesta"?**, Bethany Davies">**<, Sounak Kar'?* & Stephanie Wehner'?*

Entanglement buffers are systems that maintain high-quality entanglement, ensuring it is readily
available for consumption when needed. We study the performance of a two-node buffer, where each
node has one long-lived quantum memory for entanglement storage and multiple short-lived
memories for generation. Freshly generated entanglement may be used to purify stored entanglement,
which degrades over time. Stored entanglement may be removed due to consumption or failed
purification. We derive analytical expressions for the entanglement availability and the average fidelity
upon consumption. Our solutions are computationally efficient and provide fundamental bounds to
the performance of purification-based entanglement buffers. We also show that purification must be

performed as frequently as possible to maximise the average fidelity of entanglement upon
consumption, even if this often leads to the loss of high-quality entanglement due to purification
failures. Moreover, we obtain heuristics for the design of good purification policies in practical

systems.

Entanglement is a fundamental resource for many quantum network
applications, including some quantum key distribution protocols'”, dis-
tributed quantum sensing’, and coordination tasks where communication
is either prohibited or insufficiently fast”’. Pre-distributing entanglement
between remote parties would eliminate the need to generate and distribute
entangled states on demand, saving time and resources’ 2. However,
entanglement degrades over time due to decoherence, preventing long-term
storage.

Entanglement buffers are systems that store entanglement until it is
needed for an application. Passive buffers, which store entanglement in
quantum memories, are constrained by the coherence time of these
memories". To overcome this limitation, purification-based entangle-
ment buffers have been proposed'*"”. These systems store entangled
states and employ purification protocols to ensure the states remain high
quality, mitigating the effects of decoherence. Purification protocols take
m low-quality entangled states as input and produce n higher-quality
states as output, typically with m > n'*". These protocols often involve
some probability of failure, in which case all the input states are lost and
no entanglement is produced. Here, we focus on purification-based
buffers.

As proposed in ref. 14, the performance of an entanglement buffer can
be measured with two quantities: the availability (probability that entan-
glement is available for consumption when requested, see Definition 2) and
the average consumed fidelity (average quality of entanglement at the time

of consumption, see Definition 3). As well as having practical utility,
entanglement buffers are a useful theoretical tool in order to understand the
impact of several important interacting processes that occur in a quantum
network: ongoing generation, purification, and consumption of entangle-
ment. Of major interest is the impact of the entanglement purification
protocol on the performance of the system. Since the success probability of
entanglement purification typically depends on the fidelity of the input
states, any rate and fidelity metrics are inherently coupled in systems making
use of purification. This coupling adds complexity to analytical calculations.
Consequently, most analytical studies on the performance of quantum
networking systems exclude purification, and its impact on performance is
typically explored with numerical methods™*'. Nevertheless, as is a main
result in this work, for entanglement buffering systems closed-form solu-
tions are obtainable for a fully general purification protocol. One may then
efficiently compute the performance of a particular purification policy, as
well as make formal statements about how often purification should be
applied to the buffered entanglement.

Here, we study the 1GnB system: a purification-based entanglement
buffer with one good (long-lived) memory and 7 bad (short-lived) mem-
ories. The good memory can store entanglement, which can be consumed at
any time by an application. In contrast, bad memories can generate
entanglement concurrently but cannot store it; they act as communication
qubits. For instance, carbon-13 nuclear spins in diamond can serve as good
memories with coherence times up to 1 min™, while electron spins in
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Fig. 1 | Illustration of the 1GnB buffering system. Entanglement generation is
attempted in every bad memory (B;,..., B,) simultaneously in each time slot. Each
memory succeeds with probability pg.,. The good memory, G, stores entanglement,
which decoheres at rate I. When G is full, and new entanglement is generated in any
of the B memories, a purification subroutine is applied with probability q. Entan-
glement is consumed from G with probability p.,, in each time slot.

nitrogen-vacancy centres may function as communication qubits, with
coherence times generally below 1 s™.

Each time entanglement is generated in some of the bad memories, the
system may choose to immediately use it to purify the entanglement stored
in the good memory. If purification is not attempted, the newly generated
entanglement is discarded. We illustrate the 1G»B system in Fig. 1. Note that
the physical platform must enable easy access to stored entanglement for
consumption and purification. However, network activities, such as repe-
ated entanglement generation attempts and purification, may introduce
additional noise, reducing memory lifetimes. For example, in ref. 24, even
when the carbon-13 nuclear spin used as a storage qubit is protected from
network noise by applying stronger magnetic fields, it exhibits a shortened
lifetime of approximately 11.6 ms.

The 1GnB buffering system is a generalisation of the 1G1B system
that was originally proposed in ref. 14. 1G1B is a system with only one
good quantum memory and one bad memory. Here, we generalise the
work in ref. 14 in three main ways. Firstly, we now consider several ()
bad memories. Including several bad memories in our model now
means that there is the possibility of multiplexing. Multiplexing refers
to the use of multiple communication qubits to attempt entanglement
generation in parallel. This can be achieved, for example, through
frequency”***° or time””** multiplexing, and it effectively boosts the
probability of obtaining at least one entangled link per generation
attempt. This is a standard strategy to improve the entanglement
generation rate in practical platforms™”™'. Moreover, multiplexing
opens up the use of stronger purification protocols, which require the
simultaneous presence of multiple links, thereby providing an
improvement to system fidelity metrics as well as the rate. Note again
that the physical implementation of the buffer must allow for such
multiplexing and for purification of the generated entanglement. The
second generalisation from previous work is that we now model the
system in discrete time rather than continuous time, which is more
accurate to real-world systems, as entanglement generation typically
happens in discrete attempts (see e.g. refs. 32-35). Finally, we now
derive our solutions for a fully arbitrary purification protocol. In

particular, the solutions for performance metrics presented in ref. 14
only apply for purification protocols with a constant probability of
success (i.e., the success probability must be independent of the fidelity
of the buffered quantum state). However, in this work, we remove this
assumption and derive closed-form solutions for the availability and
the average consumed fidelity of buffers that use arbitrary purification
protocols. This is in contrast to ref. 15, where, although performance
metrics are derived analytically and the probability of success is not
necessarily constant, their computation requires solving a linear system
of equations, which has a dimension that scales with system parameters
such as the memory lifetime.

In this work, we firstly provide analytical expressions for the avail-
ability, A, and the average consumed fidelity, F, of the 1GuB system (see
model description in “The 1GnB system”). Then, we use these expressions to
find fundamental limits to the performance of entanglement buffers. Lastly,
we investigate how the 1GnB system should be operated: because there is a
large amount of freedom in the choice of purification protocols, it is not clear
what purification strategies should be employed to maximise A and F. For
example, would it be beneficial to use a purification subroutine that provides
a larger fidelity boost (which could increase F) if this comes at the cost of a
higher probability of failure (which means losing high-quality entanglement
more frequently, decreasing A and maybe also F)? Our main findings are the
following:

* MONOTONIC PERFORMANCE — We show that, to maximise the average
consumed fidelity, purification must be performed as much as possible,
i, every time entanglement is generated in any of the bad memories.
This holds even if the purification protocol has a large probability of
failure. Nevertheless, there is a tradeoff between both performance
metrics, since the availability decreases when purification is performed
more frequently.

* FUNDAMENTAL BOUNDS — We provide upper and lower bounds for the
availability and the average consumed fidelity of a 1GnB system, which
constitute fundamental limits to the impact that a purification policy
can have on the performance.

*  SIMPLE CAN BE BETTER THAN OPTIMAL — Simple purification protocols can
greatly outperform advanced purification protocols that maximise the
fidelity of the output entangled state. For example, we find that a
buffering system using the 2-to-1 purification protocol from ref. 17
(known as DEJMPS) can outperform a system using the n-to-1 optimal
bilocal Clifford protocol from ref. 36, in terms of both availability and
average consumed fidelity.

Results
The 1GnB system
In this subsection, we describe the entanglement buffering setup (see Fig. 1).
The goal of the system is to buffer bipartite entanglement shared between
two nodes. These nodes could be, for example, two end users in a quantum
network or two processors in a quantum computing cluster. We refer to
bipartite entanglement as an entangled link between the two nodes. In the
1GnB system:

» Each node has one long-lived memory (good, G) and n short-lived

memories (bad, B).

» The G memories are used to store the entangled link. We assume the
link stored in memory is a Werner state (any bipartite state can be
transformed into a Werner state with the same fidelity by applying
extra noise, a process known as twirling”*). Such a state can be
parametrised with its fidelity to the target maximally entangled state, F.

* The entangled link stored in G is subject to depolarising noise with
memory lifetime 1/T, which causes an exponential decay in fidelity with
rate I'. That is, if the link in memory has an initial fidelity F, after time ¢,
this reduces to

F|—><F—1)e_”+l. ey
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Table 1 | Parameters of the 1G1B system

Hardware

n Number of short-lived memories

Pgen Probability of a successful entanglement generation attempt

(e Bipartite entangled state is produced after a successful entanglement
generation

r Rate of decoherence

Application

Pocon Probability of consumption request

Purification policy

q Probability of attempting purification immediately after a successful
entanglement generation attempt (otherwise, the new links are discarded)

Jk(F) Jump function. Given a buffered link with fidelity F, Ji(F) is the fidelity
immediately following a successful purification using k newly generated
links. Rational function with coefficients a, b, ck, dx — see Eq. (3).

Pi(F) Probability of successful purification using k newly generated links. Linear

function with coefficients cy, di — see Eq. (4).

See main text for further details

* Before each entanglement generation attempt, the system checks if a
new consumption request has arrived. The arrival of a new consump-
tion request in each time step occurs with probability p.,. If there is a
link stored in memory G when a consumption request arrives, the link
is immediately consumed and therefore removed from the memory.
This takes up the entire time step. If there is no link available, the
request is discarded, and the system proceeds with the entanglement
generation attempt.

* The B memories are used to generate new entangled links. In the
literature, these are usually called communication or broker qubits”.
This communication qubit can be, for example, the electron spin in a
nitrogen-vacancy centre*****'. Every time step that is not taken up by
consumption, entanglement generation is attempted in all n bad
memories simultaneously, e.g., using frequency or spatial multiplexing,
and each of them independently generates an entangled link with
probability pyen. This means that, after each multiplexed attempt, the
number of successfully generated links follows a binomial distribution
with parameters (71, pgen). Each of these new links is of the form ppc.»
which is an arbitrary state that depends on the entanglement
generation protocol employed (see e.g. refs. 32,33,42,43). We assume
that every entanglement generation attempt is heralded: if it fails, a
failure flag is raised. Heralded entanglement generation has been
proposed theoretically” and also demonstrated experimentally™.

* When k > 1 entangled links are generated in the B memories and the G
memory is empty, one of the links is transferred to the G memory with
fidelity F,,, = (g, | Prew |CD00 ). Here, it is assumed that the swap
operation that transfers the link to the G memory is perfect. We note
that it is also possible to consider a noisy swap operation that resultsin a
lower transferred fidelity F, ,, < F,,.,, but for simplicity in this work, we
consider a perfect initial swap operation. If the G memory is occupied,
the new links may be used to purify the link in memory. The system
decides to attempt purification with probability g. If the system does
not decide to purify, the new links are discarded. If the system decides
to attempt purification and this succeeds, then the resultant link in the
G memory is twirled, converting it into the form of a Werner state with
the same fidelity.

Table 1 summarises all variables of the system. Next, we discuss how to
model the purification strategy.

The main degree of freedom in the 1GnB system is the choice of
purification protocol. This is given by the purification policy.

Definition 1. The purification policy m is a function that indicates the
purification protocol that must be used when k links are generated in the B
memories,

n:kefl,... ,n>nk) € Py, ?2)

where P, is the set of all m-to-1 purification protocols.

Protocol 7i(k) of purification policy 7 is the (k + 1)-to-1 purification
protocol that is used when k new links are generated in the B memories
(examples of basic protocols can be found in refs. 16,17,44; see ref. 45 for a
survey). The purification protocol updates the fidelity of the buffered link
from F to Ji(F), where

1 ak(Pnew) (F B i) + bk(Pnew)
F)=- .
]k( ) 4 - Ck(pnew)(F - %) + dk(Pnew)

We call Ji the jump function of protocol ni(k). The protocol succeeds with
probability

3)

pk(F) = Ck(pnew) (F - i) + dk(Pnew)7 (4)

otherwise all of the links (including the buffered one) are discarded, and the
G memory becomes empty. In Appendix B of ref. 14, the forms (3) and (4)
for the output fidelity and success probability are justified, given that the
buffered link is a Werner state with fidelity F and any other input state is
given by the same arbitrary density matrix ppy. As shown in ref. 14, a noisy
purification protocol (e.g., with noisy gates) is also described by (3) and (4).
We therefore see that the action of any purification protocol on the fidelity of
the buffered link is determined by the four parameters ax(ppew)s Pk(Pnew)>
Cr(Prew)> i(Pnew)- In Supplementary Note C, we discuss the values that these
coefficients can take. As an example, we also provide the explicit form of
these coefficients for the well-known 2-to-1 DEJMPS protocol'’”. Through-
out this work, we consider heralded purification protocols, where
measurement outcomes determine success or failure. This is the standard
setting in entanglement purification (see e.g,, refs. 16,17,44). Lastly, note that
purification policy 7 employs protocol (k) when k new links are generated.
However, this does not mean that all the new links are used in the protocol.
For example, a policy may simply replace the link in memory with a newly
generated link and ignore the rest of the new links.

Given the system description, we now view 1G#B as a discrete-time
stochastic process. In particular, at time ¢ the state of the system is the fidelity
F(1) of the buffered link, as this is the only quantity that can change over
time. If there is no link in the buffered memory at time ¢, we let F(f) = 0. This
is for notational convenience, as recalling the decoherence (1), one can never
reach zero fidelity if there is a link present.

We now outline the characteristic behaviours of F(f) when moving
from time ¢ to time ¢ + 1.

Let us consider first F(f) = 0. If entanglement generation is unsuc-
cessful, in the next time step, the fidelity will remain at that value: F(t + 1) =
0. If entanglement generation is successful, in the next time step the fidelity
will be Freyy, where Fpo, = (g |Prers | Poo) is the fidelity of freshly gener-
ated links. We will assume that F,,, > 1/4.

If F(f) > 0, then in the next time step this could evolve in one of the
following ways: (i) if no purification is attempted then the fidelity simply
decoheres by one unit of time according to Eq. (1); (ii) if k new links are
generated and purification is successfully performed, the fidelity decoheres
by one time step and is then mapped according to the corresponding jump
function (3); (iii) if a consumption request has arrived or if purification fails,
the link is removed and the system becomes empty.

In Fig. 2, we illustrate an example of how the fidelity may evolve.

In the following subsection, we define the two performance metrics: the
availability and the average consumed fidelity. We then present simple
closed-form solutions for these two performance metrics in the 1GnB
system.
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Fig. 2 | Example dynamics of the 1GnB system. Here, the fidelity F(¢) of thelink in the
G memory is plotted against time. The vertical lines represent the discretisation of time.
The jumps in fidelity occur when the link is purified successfully. In between purifica-
tions, the link is subject to decoherence and the fidelity decreases. The link in the G
memory is removed due to either failed purification or consumption. When there is no
link in memory, F(t) = 0. The jth consumption request arrives at time T4 . The green
tick (red crosses) represent when a consumption request is (is not) served.

Buffering performance

The first step towards the design of useful entanglement buffers is to
determine a suitable way to measure performance. Here, we define two
performance metrics for entanglement buffers — these quantities were
proposed in ref. 14, where they were used to study the 1G1B system. Then,
we provide exact, closed-form expressions for these two performance
metrics in the 1GnB system.

Our first metric is the availability. A user is able to consume entan-
glement only when there is a link available in memory G at the time of
requesting the entanglement. Therefore, an important performance mea-
sure is the probability that entanglement is available when a consumption
request arrives.

Definition 2. (Availability) The availability A is the probability that there is
an entangled link present in memory G when a consumption request
arrives. This is defined as

A= lim _Z 1llnke)(lsts(Tcon)7 (5)

m—0o0 M

where T?gn is the arrival time of the j-th consumption request, and
Lok exists (£) 1s an indicator function that takes the values one if there is a link
stored in memory G at time ¢, and zero otherwise.

The availability may be seen as a rate metric: it determines the rate at
which entanglement can be consumed. The second performance metric is
the average consumed fidelity, which captures the average quality of con-

sumed entanglement.

Definition 3. (Average consumed fidelity) The average consumed fidelity is
the average fidelity of the entangled link upon consumption, conditional on
a link being present. More specifically,

F— lim Z;nzl j[llinkexists(’1—‘<(:]gn) F~ (Tcon)
T

; (6)

1 link exists ( Tcon)
where

F(t):{e‘r.(F(t—l)—i)+i,ifF(t—l)>0, &
0, if F(t — 1) = 0.

is the fidelity of the link stored in memory G at the end of the previous
timestep at time ¢ — 1 (and therefore consumed at time ¢), and T¥_ is the
arrival time of the j-th consumption request.

The indicator function in the numerator of Eq. (6) is included for
clarity, but is not necessary: if there is no link in memory at time ¢, then
F(f) = 0 by definition.

We note that the Definitions 2 and 3 are presented differently to how
they were in ref. 14. This is because the new definitions have a clearer
operational meaning, as they are from the viewpoint of the consumer.
However, in Supplementary Note A we show that these metrics are
equivalent for the 1GnB system.

As our first main result, we derive analytical solutions for the avail-
ability and the average consumed fidelity in the 1GnB system.

Theorem 1. (Formula for the availability) The availability of the 1GnB
system is given by

E[T
% . ©
[Tgen] + E[ occ]
where Ty, is the time to generate new entangled links, and T, is the time
from when the G memory becomes occupied until it is emptied due to
consumption or to failed purification. The expected values are given by

1
E[Tg =—— 9
=l ST (1 pg)” )
and
1—A+ C(F — )
E[T o] = = ; (10)
[ =40 - D)~ K|
with
~ n
P o= pcon+q(1_ (l_pgen) >(1_pcon)7
A = q(lfpam);n 7
erf(lqurq(lfpgm) )(lfpcon)
B = A0 —peon)b. 7
Panta(1- (1-Pgn) ) 1=Pn)
C = q(l—Pmn)?n 7
e"—(l—q+q(1—Pge,.) )(1—1%0“)
D = 40 —pen)d. 7
Pent (1= (1-Pgn) ) 1=Peo)
and

aN
I
M=
<

»
Il
-

S

Il
M=
=~

o
Il

Proof. See Supplementary Note B.

From Theorem 1, we see that the availability depends on all the
parameters of the system (listed in Table 1), including the noise level I'. The
latter may come as a surprise, since one would expect noise to have an
impact on the average consumed fidelity, but maybe not on the availability,
which is only affected by processes that fill or deplete the G memory. These
processes are entanglement generation, failed purification, and
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consumption. In our model, the probability of failed purification depends
on Eq. (4) on the fidelity of the buffered link, which is in turn affected by the
level of noise. As a consequence, noise has an indirect effect on the
availability.

Theorem 2. (Formula for the average consumed fidelity) The average
consumed fidelity of the 1GuB system is given by

WF o + X a

F=— -
yFnEW+Z

S. (11)

with

B = P 40— o) (P 17— ),

X o= i[ef—1+q(1—pmn)(—5+45—%?+3>]7
Y= 4= pep)e,

Z o= ef—1+pwn+q(1—pwn)(P§en—E—i?)»

where pgen =1-(1- pgen)", and 4, E, c, and d are given in Theorem 1.

Proof. See Supplementary Note B.

We note that both A and F have been defined as random variables in
Definitions 2 and 3. However, as shown in Theorems 1 and 2, these
quantities are almost surely deterministic functions of the system para-
meters. For clarity and convenience, we will adopt a slight abuse of notation
and treat A and F as deterministic functions. This convention will be
maintained throughout the remainder of the text.

Monotonic performance

Each time a B memory successfully generates entanglement, there is the
opportunity to purify the buffered link. This is controlled by the para-
meter g, which is the probability that, after some fresh links are suc-
cessfully generated, they are used to attempt purification (otherwise
they are discarded). If purification is never attempted (q = 0), the fidelity
of the buffered link will never be increased, although the buffered link
will never be lost to failed purification. If purification is always
attempted (g = 1), the availability and average consumed fidelity might
be affected as follows:

* Purifying more often means risking the loss of buffered entanglement
more frequently, since purification can fail. This suggests availability
may be decreasing in q. However, many purification protocols have a
probability of success that is increasing in the fidelity of the buffered
link, F. This means that, when purification is applied more frequently
to maintain a high-fidelity link, subsequent purification attempts are
more likely to succeed. Consequently, it is not clear that the availability
is decreasing in q.

 The fidelity of the buffered link increases after applying several
purification rounds. However, if purification is applied too gree-
dily, we may lose a high-quality link, and we would have to restart
the system with a lower-quality link. If a consumption request then
arrives, it would only be able to consume low-quality entangle-
ment. Hence, it is not clear that the average consumed fidelity is
increasing in q.In the following, we address the previous discussion
and show that, if purification is always attempted (g = 1), the
availability is actually minimised, while the average consumed
fidelity is maximised. More generally, we show that A and F are
both monotonic in ¢, given some reasonable conditions on the
jump functions J. The following results (Propositions 1 and 2)
may be used to answer an important question about the 1GnB
system: how frequently should we purify the buffered state in order
to maximise A (or F)? That is, what value of q optimises our
performance metrics?

Proposition 1. The availability is a non-increasing function of g, i.e.

o,
aq

(12)
Proof. See Supplementary Note E.

As previously explained, the monotonicity of the availability in g is not
a trivial result, and it has fundamental implications. It allows us to derive
upper and lower bounds that apply to 1G#B systems using any purification

policy.

Corollary 1. The availability is bounded as

P;en : (y +pCOn)
E+E Prn + & (Phn)

Pyen
< — ; (13)
Pgen + pcon
with Pgen = 1_(1_pgen)n7 Yy = el — 1, &= ypcon—i_pgon?
& = 142y + (2 — )Py, — 204, and & := 2(1 — p_.)*. Moreover,
the upper bound is tight, and for any purification policy is achieved
when g = 0.

Proof. See Supplementary Note E.

We refer to p?, as the effective generation probability, since it is the
probability that at least one new link is generated in a single (multiplexed)
attempt.

The upper bound from Eq. (13) only depends on the effective
generation probability and the probability of consumption. This bound
isachievable with any purification policy: to maximise the availability, it
suffices to never purify (g = 0). A special case is deterministic policies
(those with py(F) =1,V k), which achieve this bound for any q. This upper
bound coincides with the tight upper bound found in previous work fora
1G1B system'. Note that the 1G1B analysis from ref. 14 was done in
continuous time, where rates were used instead of probabilities. In this
framework, the maximum availability was A/(A + p), where A was the
(non-multiplexed) entanglement generation rate, and y was the
consumption rate.

Unlike the upper bound, we note that the lower bound from Eq.
(13) has not yet shown to be tight. We believe that the availability at g
=1 of a policy that always fails purification (¢ = dy. = 0, V k) constitutes
a tight lower bound for any other purification policy. We leave this
proof as future work.

Figure 3 shows the upper and lower bounds for the availability from
Eq. (13) versus p?, for two different noise levels. As discussed, only the
lower bound is atfected by noise. In particular, we have observed that the
gap between the bounds is reduced when the noise level increases.
Another remarkable feature is that, when Pgen approaches zero, both
upper and lower bounds are equal to pg., /p.,, to first order in pgen.
Hence, in the limit of small effective generation probabilities, the
availability also satisfies

*
p gen

A .
Peon

(14)

Proposition 2. The average consumed fidelity is a non-decreasing function
of g, ie,

(15)
if]k(Fnew) 2 Fnewa Vk € N.

Proof. See Supplementary Note F.
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Fig. 3 | The upper bound on the availability is tight, and it converges to the lower
bound in the limit of small generation probabilities. Upper and lower bounds on
the availability from Eq. (13), versus the effective generation probability

Pien = 1 — (1 — pye,)". The availability can only take values within the shaded
region. In this example, we use I' = 1 and p,, = 0.7.
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Fig. 4 | The upper bound on the average consumed fidelity marks unachievable
values for any purification policy. Upper and lower bounds on the average con-
sumed fidelity F from Eq. (16), versus the effective generation probability

Plen = 1= (1 = pge,)". F can only take values within the shaded region. In this
example, we use p.on = 0.7.

As previously explained, the monotonicity of F in q is not a trivial
result. In fact, this behaviour is only certain for purification policies com-
posed of protocols that can increase the fidelity of a newly generated link.
That is, when k new links are generated, the protocol applied satisfies
Ji(Fpew) = Frew- This is a reasonable condition: otherwise, we would be
applying purification protocols that decrease the fidelity of new links.

Proposition 2 also allows us to derive useful upper and lower bounds
for F that apply to 1GnB systems using any purification policy.

Corollary 2. The average consumed fidelity is bounded as

y + 4Fnewpcon <F< y + 4Fn€WPC0n + 3(1 - pcon)pgen

)
4)} + 4pC01'1 4)/ + 4pCOl’l

with y: = ¢ — 1. Moreover, the lower bound is tight, and for any purification
policy is achieved when g = 0.

Proof. See Supplementary Note F.

We see that the tight lower bound from Eq. (16) does not depend on the
number of memories 7, the probability of successful entanglement gen-
eration pgey,, or the purification policy. This is because this bound corre-
sponds to g = 0. In such a case, no purification is applied, and the consumed
fidelity only depends on the initial fidelity (F,y) and the amount of deco-
herence experienced until consumption (given by I and pon)-

The bounds on F can be used to determine if the parameters of the
system need improvement to meet specific quality-of-service requirements.
For example, let us consider Fig. 4, which shows the bounds for p., = 0.7
and two different values of I'. If noise is strong (I = 1 in this example), we
observe that values of pg., below 0.5 yield F <1/2, which means that, on
average, the consumed link will not be entangled". Hence, if the con-
sumption request rate is pcon = 0.7, we need to increase pg., beyond 0.5 (by
increasing the number of B memories, #, or the probability of successful
entanglement generation, p,.,) or to decrease the noise experienced in
memory G in order to provide a useful average state. When the noise level is
I'=0.1, Fig. 4 shows that F > 0.85. Moreover, for Phen > 03, the upper bound
is above Fyc,,, which means that a smart choice of purification policy may
allow us to buffer entanglement with F > F . Ultimately, this means that,
in this regime, an entanglement buffer with faulty memories may be able to
keep entanglement at higher fidelities than a perfect memory.

Choosing a purification policy
In previous studies of entanglement buffering, the choice of purification
policy was restricted by the properties of the system. For example, in ref. 14,

the 1G1B system was studied, where only 2-to-1 purification protocols can
be implemented, and the jump function was assumed to be linear in the
fidelity of the buffered link. Other works include simplifying assumptions
(e.g. in ref. 15, a buffer is studied that employs the purification protocol
proposed in ref. 46). The 1GnB buffering system offers more freedom in the
choice of purification protocols. In a 1GnB buffer, each entanglement
generation attempt is multiplexed and can generate up to # new links at a
time. When k < n, new links are produced; any (k + 1)-to-1 purification
protocol can, in principle, be implemented. This provides an extra knob that
can be used to tune the performance of the system to the desired values.
Next, we investigate the impact that specific purification policies have on the
system, and we provide guidelines on how to choose a suitable purification
policy. Note that an exhaustive optimisation problem would be extremely
computationally expensive to solve due to the large space of purification
policies — optimising over ay, by, ¢k, dy is not easy, since it is not certain that
every combination of those parameters corresponds to an implementable
purification circuit.

There are two trivial deterministic policies (py = 1, V k) that we will use
as a baseline:

o Intheidentity policy, the system does not perform any operation on the
buffered link, which yields an output fidelity Ji(F) = F, V k > 0. This is
equivalent to setting g = 0. As discussed in “Monotonic performance”,
the identity policy therefore maximises the availability and minimises
the average consumed fidelity.

¢ In the replacement policy, the system replaces the buffered entangled
link by a new link, yielding an output fidelity J(F) = Fyew» V k > 0. This
corresponds to ay = 0, by, = Fe,y — 1/4, ¢, = 0, and dj. = 1. Since this
policy is deterministic, from the discussion in the section titled
Monotonic performance, we find that the replacement policy also
provides maximum availability for any value of 9. Since F is maximized
for g = 1 (Proposition 2), we will only consider a replacement policy
that always chooses to replace the link in memory when a new link is
generated. That is, the replacement policy implicitly assumes g = 1.

Another simple strategy is the DEJMPS policy. This policy consists in
applying the well-known 2-to-1 DEJMPS purification protocol'” using the
buffered link and a newly generated link as inputs. If more than one link is
successfully generated, we use only one of them and discard the rest. We
provide the purification coefficients ay, by, ¢, and dj for this policy in
Supplementary Note C.1. One of the main drawbacks of the DEJMPS policy
is that it does not take full advantage of the multiplexed entanglement
generation, as it only uses one of the newly generated links and discards the
rest. A technique that could improve the performance of the policy is
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Fig. 6 | Concatenating simple purification policies decreases A but may increase
F. Performance of 1GnB systems with different purification policies, in terms of
availability A and average consumed fidelity F. The shaded area corresponds to
unattainable values of A and F (see Egs. (13) and (16)). Lines and markers show the
combinations of A and F achievable by different purification policies: identity
(square marker), replacement (star marker), DEJMPS (dashed line), and con-
catenated DEJMPS (solid lines). Concatenation can boost F (e.g., the maximum F of
twice-concatenated DEJMPS is larger than DEJMPS), but excessive concatenation
may eventually lead to a drop in F. Parameter values used in this example: 1= 10, pgen
= 0.5, Pnew is @ Werner state with Fpe,y = 0.9, peon = 0.1, and I' = 0.02.

concatenation, which consists in applying DEJMPS to all links (the buffered
one and the newly generated ones) consecutively until only one link
remains, which will be stored in memory G. Note that the concatenation of
DEJMPS subroutines can be applied using different orders of the links (see
Fig. 5). The order determines the output fidelity and probability of success”,
which affects the performance of the buffering system. In what follows, we
consider the concatenated DEJMPS policy, where DEJMPS is applied
sequentially to all the newly generated links and the buffered link is used in
the last application of DEJMPS, as in Fig. 5a. In our analysis, we found that
different orderings provided qualitatively similar behaviour of our two
performance metrics (see Supplementary Note G.1 for further details).
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Fig. 7 | Excessive concatenation worsens the performance. The maximum average
consumed fidelity F is achieved by a purification policy that concatenates DEJMPS a
limited number of times. Zero concatenations corresponds to an identity policy (no
purification is performed). One concatenation corresponds to the DEJMPS policy.
Excessive concatenation may decrease F. Parameter values used in this example: n =
10, Pgen = 0.5, prey is @ Werner state with Fyey = 0.9, peon = 0.1, and I' = 0.02.

Figure 6 shows the performance of several policies: identity, replace-
ment, DEJMPS, and concatenated DEJMPS x N. The latter is a policy that
applies DEJMPS sequentially up to N times and discards any extra links: if
k < Nlinks are generated, then k concatenations are performed, and if k > N
links are generated, N concatenations are performed. We note that con-
catenated DEJMPS x 1 is just the same as the DEJMPS policy. DEJMPS and
concatenated DEJMPS are plotted for g € [0, 1]. The maximum average
consumed fidelity is indicated with a dot, and it is achieved when g = 1. The
first observation from this figure is that a higher level of concatenation
decreases the availability. This is because it requires multiple DEJMPS
subroutines to succeed, which decreases the overall probability of successful
purification. However, a higher level of concatenation can significantly
increase the average consumed fidelity F. For example, the maximum F that
DEJMPS can achieve is 0.915, while concatenated DEJMPS x 2 leads to
F = 0.937 (for q = 1). Nevertheless, for the parameter values explored, we
also find that increasing the number of concatenations beyond two often
reduces both A and F. This behaviour is shown more explicitly in Fig. 7,
where we plot the maximum F versus the maximum number of con-
catenations N. In this example, the number of B memories is n = 10, and
therefore it is only possible to perform up to 10 concatenated applications of
DEJMPS. We observe that F is maximized for two concatenations. The same
was observed for different parameter values - in some edge cases, F increases
with more concatenations, although the increase is marginal (see Supple-
mentary Note G.2 for further details). In conclusion, this result shows that
even if many new links are successfully generated in parallel, it can some-
times be beneficial to use only one or two of them for purification while
discarding the rest. A follow-up question arises: what if we employ more
sophisticated (k-+1)-to-1 protocols instead of simply concatenating 2-to-1
protocols? Can we then improve the performance of the buffer? This is the
question that we explore next.

Much recent work has focused on the search for optimal purification
protocols’****’, where optimal protocols are typically defined as those which
maximise the output fidelity, or in some cases the success probability. Here,
we evaluate the performance of a 1GuB system with some of these protocols,
and we find a surprising result: simple protocols like DEJMPS can vastly
outperform these more complex protocols in terms of buffering perfor-
mance. In particular, we consider the bilocal Clifford protocols that max-
imise the output fidelity, given in ref. 36. We refer to this policy as the
optimal bilocal Clifford (optimal-bC) policy. In Supplementary Note C.2, we
discuss the details of this policy and provide its purification coefficients ay,
bk, Cio> and dk.
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Figure 8 shows the performance of the optimal-bC policy in com-
parison to DEJMPS and twice-concatenated DEJMPS. The optimal-bC
policy provides a significantly lower availability, A, without providing any
advantage in average consumed fidelity, F. In other words, for any desired A,
using DEJMPS or twice-concatenated DEJMPS always provides a larger F
than the optimal-bC policy. If we want to increase A as much as possible, the
replacement policy is better than any other, as discussed earlier. We say that
the performance of DEJMPS, twice-concatenated DEJMPS, and replace-
ment forms the Pareto frontier”, which informally is the set of best
achievable values for A and F for this collection of protocols. We tested
different parameter combinations and found that the Pareto frontier was
often made of DEJMPS, concatenated DEJMPS, and replacement. The
reason for these simple policies to outperform the optimal-bC policy is that
the optimal bilocal Clifford protocols maximise the output fidelity at the
expense of a reduced probability of success. At some point, the sacrifice in
the probability of success can outweigh the benefit of a larger output fidelity,
thereby reducing the overall performance of the buffer in terms of both A
and F.

Our comparison between simple and optimal purification protocols is
by no means an exhaustive study. However, it shows that purification
protocols that maximise only the output fidelity (or probability of success)
must not be blindly used in more complex systems involving many
impacting factors, such as decoherence and consumption, such as entan-
glement buffers. In fact, we find that discarding some of the newly generated
links and applying a 2-to-1 protocol can provide larger A and F than using
all of the links in a more sophisticated purification subroutine. Note that this
does not mean that multiplexed entanglement generation is not useful: even
if we only employ 2-to-1 protocols, multiplexing boosts the effective
entanglement generation rate, which allows for a more frequent purification
of the buffered link.

Additionally, we also tested other complex policies that use (sub-
optimal) k-to-1 protocols, such as the 513 EC policy, which uses a 5-to-1
protocol based on a [[5, 1, 3]] quantum error correcting code. In

Supplementary Note D, we explain this policy in detail and show that it can
outperform DEJMPS and twice-concatenated DEJMPS in some parameter
regions.

As discussed above, concatenating protocols multiple times does not
necessarily improve the performance of the buffer (neither in terms of A nor
F). The reason is that, when concatenating, a single failure in one of the
purification subroutines (in our examples, DEJMPS) leads to failure of the
whole concatenated protocol. This can be easily solved: instead of con-
sidering the concatenated protocol as a black box that only succeeds when all
subroutines succeed, what if we condition the execution of each subroutine on
the success/failure of previous subroutines?

Consider for example, the concatenated protocol from Fig. 5a. If any of
the DEJMPS subroutines fail, the whole protocol fails, and the buffered link
has to be discarded. However, we can fix this by raising a failure flag
whenever any of the first two subroutines fails. If this flag is raised, the third
subroutine is not executed, and we leave the buffered link untouched. The
flagged version of a concatenated protocol has a larger probability of success,
but can also have a lower output fidelity. This means that it is not clear a
priori what is the impact of flags is on the buffer performance. We now
analyse a simple case in which we conclude that flags can be either beneficial
or detrimental depending on the values of system parameters such as the
level of noise I', and not only on the purification policy itself.

Let us consider a policy that operates as follows. For simplicity, we
assume that newly generated states p,,.,, are Werner states with fidelity Fey-
When k new links are generated and there is already a link stored in
memory G:

1. If k = 1, we apply the replacement protocol, which has coefficients a; =
0,b; = Fyey — 1/4,¢;, =0,and d; = 1.

2. If k> 2, we apply the DEJMPS protocol to two of the fresh links and
discard the rest. Then, we replace the link in memory with the output
from the DEJMPS subroutine, without checking whether it was suc-
cessful or not. This means that the output fidelity of the protocol is the
same as the output fidelity from the DEJMPS subroutine. Since
replacement is deterministic, the success probability of this protocol
is also the same as the success probability of the DEJMPS
subroutine. The purification coefficients for k > 2 are therefore given by
ar = 0, by=a(pe,)(Fooy — 1/4) + b(ppe,)» & = 0, and
die = c(Prew) (Frew — 1/4) + d(p,e,,)» Where a, b, ¢, and d are the
coefficients of the DEJMPS protocol (given in Supplementary
Note C.1).

Now, let us consider a flagged variant of the previous policy, with coefficients
aj, b, ¢, and dj. It works as follows:

1. When k = 1, we apply the replacement protocol.

2. When k > 2 links are generated, the DEJMPS protocol is applied to two
of the fresh links, and the rest are discarded. Then, the link in memory
is replaced with the output from the DEJMPS subroutine, but only if
the subroutine succeeds (otherwise, the buffered link is left untouched).
This protocol is now fully deterministic, since the buffered link is never
removed from memory. Consequently, ¢, = 0, and d; = 1. The out-
put fidelity of this protocol can be computed as the weighted average of
the original fidelity of the link in memory and the output fidelity of the
DEJMPS subroutine - the first term must be weighted by the prob-
ability of failure of the subroutine, and the second term by the prob-
ability of success. Then, the remaining purification coefficients
can be computed as @} = 1 — c(pe,) (Fpew — 1/4) — d(pe,,) and
by, = a(pen)Frew — 1/4) + b(p,.,,)» where a, b, ¢, and d are the
coefficients of the DEJMPS protocol (given in Supplementary
Note C.1).

By introducing the flags, we have created a protocol with probability of
success pj = 12 p,, where p; is the probability of success of the original
protocol. However, it can be shown that the output fidelity of the flagged
protocol is Ji(F) <J(F), where Ji is the jump function of the original
protocol. This holds when DEJMPS can improve the fidelity of the newly
generated links, i.e., when J(Fyey) = Fyew» Where J is the jump function of
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policy, the buffered link is lost when a DEJMPS subroutine fails. The second policy
incorporates a flag that prevents this from happening -- it succeeds deterministically
at the expense of a lower output fidelity. The flagged policy yields larger A, but may
decrease F in some parameter regimes (e.g., when I'is large). Parameter values used
in this example: #1 = 2, pyen = 1, Prew is @ Werner state™ with Fye,, = 0.7, and peo, = 0.1.

DEJMPS. The opposite regime is not interesting, since DEJMPS is
decreasing the fidelity of the link, and we would be better off not purifying.

As shown in the previous example, internal flags increase the prob-
ability of success of purification protocols, which should boost the avail-
ability of the buffer. However, flags may have the side effect of reducing the
output fidelity, and therefore, it is not clear what their impact is on the
average consumed fidelity. In Fig. 9, we show the performance of a 1GnB
system using the policy described above, versus the level of noise in memory
G. We show A (orange lines) and F (black lines) for the original policy (solid
lines) and the flagged policy (dashed lines). As expected, the availability is
larger for the flagged policy. The behaviour of F is more interesting. When
the level of noise is low, the flagged policy provides better performance, since
it prevents high-quality entanglement from being lost to a failed purifica-
tion. However, when noise is strong, flagging becomes detrimental in terms
of F: the buffer is likely to store low-quality entanglement due to the strong
noise, and flags prevent the buffered link from being discarded earlier due to
failed purification and being replaced by a fresh link. Note that other stra-
tegies, such as using the output state regardless of the success or failure flag™’
and using hyperentangled states”, can also be employed for designing
deterministic purification protocols.

In conclusion, internal flags are a solid tool to improve the availability
of entanglement buffers based on concatenated purification protocols.
However, they can decrease the average consumed fidelity in some para-
meter regimes. Hence, flagged purification policies should not be assumed
to be better than their non-flagged counterparts, and their performance
should be carefully evaluated before being adopted.

Discussion

In this paper, we have studied the behaviour of entanglement buffers with
one long-lived memory and # short-lived memories (1GnB system). In
particular, we have provided analytical expressions for the two main per-
formance measures: the availability and the average consumed fidelity.
These expressions provide valuable insights, such as the fundamental limits
to the performance of 1GnB systems discussed earlier.

Since our analytical solutions are not computationally expensive to
evaluate, we expect our buffering setup to be easy to incorporate in the study
of more complex network architectures, such as quantum repeater chains or
even large-scale quantum networks. Additionally, larger buffering systems
with multiple long-lived memories, e.g., an mGnB setup, can be imple-
mented with multiple 1GnB systems in parallel.

Due to the vast freedom in the choice of purification policy, there are
multiple ways in which our analysis of purification strategies for entangle-
ment buffers can be extended. Notably, determining the optimal ordering in
which simple protocols should be applied to newly generated links (e.g.,
concatenated, nested”’, or banded") is left as future work. Additionally,
finding policies that optimize availability or average consumed fidelity
remains an important open question.

Methods

Analytical framework

We study a two-node entanglement buffer, denoted as 1GnB, in which
each node possesses one long-lived (“good”) quantum memory and »
short-lived (“bad”) memories. The system operates in discrete time
steps. In each time slot, entanglement generation is attempted simul-
taneously in all 7 bad memories, each succeeding with probability pgey.
The good memory stores a bipartite Werner state with fidelity F that
decoheres exponentially at rate I. When new links are generated, they
may be used to purify the stored state with probability g; otherwise, they
are discarded. Purification protocols can be modelled analytically only
with four coefficients, as in Egs. (3) and (4)- further details on how to
find these coefficients are given in Supplementary Note C. Lastly, a
consumption request arrives with probability p ., per time step and, if
entanglement is available, the stored link is consumed and removed
from memory.

Performance metrics

We employ tools from renewal theory to study the evolution of F over time
and to characterize the performance of the buffer in terms of the availability
A and the average consumed fidelity F (see Definitions 2 and 3; alternative
but equivalent definitions are discussed in Supplementary Note A). Closed-
form expressions for A and F are given in Theorems 1 and 2, which are
derived in Supplementary Note B.

Data availability

No data is needed to reproduce our results, since all results in this manu-
script are analytical. The code used to perform the analysis and generate all
the plots shown in this paper can be found in the following GitHub repo-
sitory: https://github.com/AlvaroGI/buffering-1GnB. This repository also
includes a discrete-event simulator of a 1GnB system that we used to validate
our analytical results.

Code availability

The code used to perform the analysis and generate all the plots shown in
this paper can be found in the following GitHub repository: https://github.
com/AlvaroGI/buffering-1GnB. This repository also includes a discrete-
event simulator of a 1GnB system that we used to validate our analytical
results.
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