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Abstract

This thesis considers solutions to the discrete Nagumo equation
Uy = d(Up—1 — 2Up + Unt1) + f(un),n € Z.

For sufficiently large d, the solutions are of the form w,(t) = U(n + ct) with ¢ > 0. This thesis
contains the proof of existence of traveling wave solutions of the discrete Nagumo equations
and originates from Bertram Zinner’s article ” Existence of Traveling Wavefront Solutions for
the Discrete Nagumo equation” [Zin90]. In the first chapter, all the prerequisite knowledge
needed to understand the proof, such as Brouwer’s fixed point theorem, is presented. The
proof starts by considering f(u,) as a linear function and thus simplifying the problem. The
simplified problem is converted into a fixed point problem by considering a Poincaré map
which can be solved using Brouwer’s fixed point theorem. Finally, the proof ends by
confirming that the solutions of the approximated, simplified problem have a limit point which
corresponds to the traveling wave solutions of the discrete Nagumo equation.
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Chapter 1

Introduction

In this thesis solutions to the discrete Nagumo equation
Up = d(Up—1 — 2Up + Unt1) + f(un) (1.1)

are considered. Zinner’s article [Zin90] discusses the proof of existence of solutions of the form
un(t) = U(n + ct) with ¢ > 0 of the discrete Nagumo equation. This proof will be discussed in
detail in this thesis.

The thesis starts with chapter [2| which describes how electric impulses being transmitted from
one membrane of a nerve cell to another can be modelled. The discrete Nagumo equation
(1.1) models myelinated axons between nervous cells where w,, represents the membrane
potential at cell n.

Chapter [3] gives the needed prior knowledge to understand Zinner’s article. In section [3.1.1
the Picard-Lindel6f theorem will be stated and proven. This theorem states the existence of a
unique local solution of an initial value problem. The section continues by describing how the
solution of the initial value problem is dependent on the initial value. Brouwer’s fixed point
theorem [3.2.5] will be discussed in section [3.2] This theorem states that every continuous
mapping in R™ from a closed ball to itself contains at least one fixed point. The “hairy ball”
theorem stated in section [3.2.1] proves that there is no continuous tangent vector field
on even-dimensional n-spheres and will be used to prove Brouwer’s fixed point theorem [3.2.5
The final section of chapter [3| contains the general homotopy theorem . This
theorem states that the fixed point index, which “counts” the number of fixed points of a map
hy from an open subset of a closed subspace to that space, is independent of A of the chosen
homotopy hj.

The article by Zinner [Zin90] will be discussed in chapter [4] In section the discrete
Nagumo equation (|1.1)) will be simplified by considering the linear function ho(z) = = — i
instead of f(u,) and by restricting u,, to take values between 0 and 1. In this section it will
also be proven in theorem that the number of solutions to the simplified equation is
finite. In section it will be concluded by the Picard-Lindelof theorem that the
simplified equation with initial values u,(0) = =, has a unique solution u(x;t) which
depends continuously on the initial value . Then the shifted Poincaré map

f =
(T2), = 0 orn=20
Up—1(x;7) forn=1,.,N

is defined and it follows by Brouwer’s fixed point theorem that the map Ty has a fixed
point which corresponds to the traveling wave solution w,(t). So far, the construction of Ty



depended on the linear function hg. In section [£.7] a homotopy hy will be defined which
deforms hg into a Lipschitz continuous function hi. The general homotopy invariance theorem
will be used to conclude that the number of fixed points of T}, is independent of A. In
the final section f will be approximated by h*. It will be proven that if the traveling wave
u¥ is a solution to

n

Up = d(up—1 — 2Up, + Up41) + hk(un)

then u¥ is a traveling wave solution of the discrete Nagumo equation (T.1]). This concludes the
proof of theorem



Chapter 2

Application

Neurons in animal nerve systems are connected by “wires”, called axons. Axons carry
electrical signals from one membrane of a neuron to another. Myelin is a material that
surrounds parts of nerve cell axons. It increases the rate at which the nervous cells send out
electrical impulses, also called action potentials [Bea0O7]. Myelin does not form a single long
cover for an axon but rather multiple, small covers. Therefore the action potential “jumps”
from one cover to another [MW 07]. When the signal reaches the final axon, this electrical
signal starts a chemical reaction. Myelin is crucial for the nerve system to work accurately.

When waves fail to transmit the action potential, it can lead to failure of the nerve system.
For example, when the cardiac action potential fails, it can lead to fatalities. Therefore,
studying models of action potentials of animal cells is highly relevant for neurophysiology.

The goal is to model the action potential between animal neuron cells [Kee87|. Suppose that

uy, represents the membrane potential at cell n, where n € N. In figure [2.1] a visualisation of
the structure of a simplified neuron is visible.

I~

x

\’/

Output points = synapses
Input points = synapses

Myelinated axon

Figure 2.1: Structure of simplified neuron

Kirkchhoff’s laws deal with potential difference in electrical circuits. Currents between cells



satisfy Kirchhoff’s laws and it is assumed that all n cells are coupled. Furthermore, it is
assumed that the potential is equal for every cell. This gives the following equation

Up = d(Unt1 — 2Up + Upt1) + f(un).

Here d is the coupling coefficient, d = %, where R is the intercellular resistance. Thus d
represents the “amount” of lost transmitted electrical signal.
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Chapter 3

Prerequisite knowledge

3.1 Ordinary differential equations

The simplified discrete Nagumo equation (4.3)) with initial condition v, (0) = z;, with

0<x, <1forn=0,...,N is an initial value problem. The Picard-Lindel6f theorem proves
the existence of a unique local solution of an initial value problem. This section starts with
the Contraction Principle which will be used to prove the Picard-Lindel6f theorem.
Furthermore, in this section the dependence of the initial value on the solution of the problem
will be described. Theorems stated in this section originate from “Ordinary differential
equations and Dynamical Systems” by Gerald Teschl|Tes12].

3.1.1 Picard-Lindelof

A fixed point of a mapping K : C' C X — C'is an element x € C such that K(x) = z. K is a
contraction if there exists a constant 6 € [0,1) such that | K (z) — K(y)|| < 8||z — y|| for

x,y € C. The following theorem is called the Contraction principle or Banach’s fixed point
theorem.

Theorem 3.1.1 (Contraction principle). Let C be a nonempty, closed subset of a Banach
space X and let K : C — C be a contraction. Then K has a unique fixed point T € C such
that [|[K™(z) — z|| < %HK(CL‘) —zl| forx e C.

Proof. Suppose zg € C and consider the sequence z,, = K"(xg). It follows that
[t = 2all < 02n — 2t < . < 0721 — aoll

Then for n > m by the triangle inequality

n

ln —2ml < D llzg — @]

j=m+1
n—m-—1 A
<™ Y 6 ler — o]
7=0
1— 6™
= s — ol
= 11—
1—0 1 0
pm
< gl — ol

11



Thus z, is a Cauchy sequence and converges to a limit Z. Since
[K(z) — || = lm [lzn41 — 2 =0,
n—oo

it follows that Z is a fixed point. Furthermore,

o o

167 (@) 3l < | K (@) - K@) = 1

1K (2) — x|
Now suppose that K has two fixed points, namely = and Z. Then
|z —z|| = | K(z) — K(2)|| < 0[|z — |

which implies that £ = Z. Therefore, it follows that K has a unique fixed point z € C' such
that || K (z) — K(y)|| < ||z — y|| for z,y € C. O

The contraction principle will be used to show existence and uniqueness of solutions of the
general initial value problem

&= f(t,z),z(to) = o. (3.1)

The following theorem states this result.

Theorem 3.1.2 (Picard-Lindelof). Suppose f € C(U,R"™), U is an open subset of R"*! and
(to,x0) € U. If f is locally Lipschitz continuous in the second argument, uniformly with
respect to the first, V = [to,to + T'] X Bs(xo) C U, and M denotes the mazimum of |f| on V,
then there exists a unique local solution T(t) € C([to,to + To]) and the solution remains in

Bs(zo) of the initial value pmblem where Ty = min{T, 2 }.

Proof. Integrating both sides of the general initial value problem ({3.1]) with respect to ¢ gives
the following result

x(t) = zo + t f(s,z(s))ds.

Since x(t) = z¢ is an approximating solution for small ¢, it can be substituted in the integral

equation
t

x1(t) = 20 + t f(s,20(s)).

Iterating this procedure, gives the following sequence of approximating solutions

t
T (t) = K™ (z0)(t), K(z)(t) =2x0+ | f(x,x(s))ds.
to
Now without loss of generality ¢g is set to 0 and ¢ > 0. Furthermore, X is defined as
X = C(]0,T],R™) for some suitable 7" > 0 Since (0,z¢) € U and U is open, V is defined as
V =10,0+T] x Bs(xog) C U where Bs(xg) = {z € R"||x — x0| < §}. The maximum M of |f]
exists by continuity of f and compactness of V. When {(¢,z(t))|t € [0,T]} C V, it follows that

mww—mzév&mmmswf

Hence, for t < Tj it follows that ToM < § and the graph of K (z) restricted to [0, Tp] is again
in V. If M = 0, then this implies that 2 = oo such that T = min{T, 0o} = T Since

[0,Tp] C [0,T7], the same constant M will also bound |f| on Vy = [0, To] x Bs(xg) C V.

12



Since f is Lipschitz continuous, it holds for every compact set Vo C U that

. (o) — f (1)

sup
(t2)£(Ly) Vo |z =yl

is finite. If both graphs of x(t) and y(t) lie in Vp, then

IK () - K@) < / (s, 2(5)) — £(s,y(s))lds

<L/ |z (s) s)|ds

< Lt sup [x(s) — y(s)]
0<s<t

< LTollx -y

for z,y € C. Now choosing Ty < L™, it follows that K is a contraction. Then by the
contraction principle it follows that there exists a unique solution to the initial value

problem ((3.1)). O
3.1.2 Dependence on initial condition

Lemma 3.1.3 (Gronwall’s inequality). Suppose 1/1( ) satzsﬁes 1/} )+ fo s)ds for
t €[0,7] with o € R and 5(t) > 0. Then v(t) +f f (T)dr dsforte[() 7).

Moreover, if in addition a(s) < a(t) for s <t, then P(t) < ( )efo B)s for t € [0, T).

Proof. Define ¢(t) = e ~Jo B(5)ds Then since it was assumed that P(t) )+ fo
it follows that

0 [ Blsyets)s) = s (v~ [ Bov(s)ds) < alia®L)

Integrating this inequality with respect to ¢ and dividing the resulting equation by ¢(t) gives

[ ststoris < [ ato)p Sk

Adding «a(t) to both sides gives

/ B(s)Y(s)ds + a(t) < /Ota(s)ﬁ(s)z((j))ds—i—a(t).
Since ¢(t) was defined as ¢(t) = e~ Jo B()ds i follows that
o(s) _ e Jo PO
o(t) = Jo By

— o Jo Br)dr+ [y B(r)d

— U< Brydr)
Since (t) )+ fo s)ds was assumed to be true, it follows that
! ¢(s) ' t
W(t) < / a(s)ﬁ(s)%ds +a(t) = / a(s)B(s)els PO gs 1 aft).
0 0

13



If in addition the function « is non-decreasing, the fundamental theorem of calculus implies
that

U(t) < alt) + (—a(t)ells SN =,

= a(t)ello B

This concludes the proof. ]

Corollary 3.1.4. IfY(t) < a+ fg(ﬁw(s) +7)ds fort € [0,T) for given constants « € R,5 >0
and v € R and o is non-decreasing, then 1(t) < ael® 4 %(e(ﬁt) —1) fort €[0,T].

Proof. Suppose B # 0. Then 9(t) + § < a+J + fot(ﬁw(s) + %)ds. By Gronwall’s inequality
it follows that

(t) + % < (a+ %)eféms)ds

=(a+ %)eﬁt.

Rewriting gives

Tyt T
w(t)ﬁ(oﬂrﬁ)e 3

= aelt + l(eﬂt —1).

B
If 8 =0, then it follows that ¥ (¢) < a 4+ v¢t. This concludes the proof. O

Suppose z(t) is a solution of the initial value problem

= f(t,x),z(ty) = xo

and y(t) is a solution of the initial value problem

Y= g(tvy)>y(t0) = Yo-

The following theorem states the dependence of the solution of the initial value problems on
the initial values.

Theorem 3.1.5. Suppose f,g € C(U,R™) and let f be locally Lipschitz continuous in the
second argument, uniformly with respect to the first. Then

[2(6)  y(#)] < o — goleH' ! + T (eHenl 1)

where . .
L= s HEDZIEY G i) - gl o)
(t,2) £ (L) EV |z —yl (t,2)€V

, with V-.C U some set containing the graphs of x(t) and y(t).

Proof. Without loss of generality tg is set to 0. The triangle inequality gives

F(s,2(5)) — gls,y())] < 1£(s,2(5)) = F(5,9(5))| + |£(5.5(5)) — g(s,y(s))
< Llx(s) - y(s)| + M.

14



If for t € [0, 7], ¥(t) < « + fo B(s) + 7y)ds then for given constants & € R, > 0 and v € R,
it follows. by corollary |3.1.4] that for t€[0,T), ¥(t) < aeBt + %(G’Bt —1). Combining these
results gives

|(t) = y()| < [zo — yol +/0 £ (s,2(s)) — g(s,y(s))|ds

t
< |20 — yo| + / Lia(s) — y(s)| + M
0
M
S ‘350 - y0|6L\t7t0\ + f(€L|1€7to| o 1)’

and the conclusion follows. O

3.2 Brouwer’s fixed point theorem

In section the simplified initial value problem will be converted into a fixed point
problem. To conclude that the shifted Poincaré map has a fixed point, Brouwer’s fixed
point theorem is used. This theorem states that every continuous mapping in R™ from a
closed ball to itself contains at least one fixed point. Brouwer’s fixed point theorem will be
proven using the "hairy ball” theorem, which states that there is no continuous tangent vector
fields on even-dimensional n-spheres. This section starts with the proof of the ”hairy ball”
theorem and continues with the proof of Brouwer’s fixed point theorem. Every lemma,
theorem and their proofs stated in this section originate from the article “Analytic proofs of
the ‘hairy ball theorem’ and the Brouwer fixed point theorem” by John Milnor [Mil78].

3.2.1 ”Hairy ball” theorem

The sphere S" ! is defined as the set of all vectors u = (u1, ..., u,) in the Euclidean space R"
such that the Euclidean length |lu| equals 1. A vector v(u) in R™ is tangent to S*~! at u if
the inner product u - v(u) is equal to zero.

Suppose A is a compact region in R”, x +— v(z) is a continuously differentiable vector field
which is defined throughout a neighborhood of A and v(z) are arbitrary vectors in R™.

Lemma 3.2.1. If the real number t is sufficiently small, then the mapping fi(x) : A — fi(A)
by fi(z) = x + tv(x) is one-to-one and the volume of region f;(A) can be expressed as a
polynomial function of t.

Proof. Suppose A is a cube with edges parallel to the coordinate axes and suppose x,y € A.
Since v(x) is continuously differentiable on A, the Mean Value theorem states that there exists
a point ¢ € (x,y) such that

d
U@+ t(y = 2))|e=p - 1

vi(z +0(y —2)) - (y — )
i(c) - (y — )

viz) —vily) = -
=(V
= Vv
Z avl — ;)

15



where ¢ =z + 6(y — x) and 6 € (0,1). This implies
- 8%
vi(z) —vi(y)| < ZSHD\TH%‘ - xjl.
;A9

Therefore,

[o(z |<Z|vz - |<Zsup| Hyg

Ty

Hence there exists a Lipschitz constant d such that

[o(z) —v(y)]| < dljz -yl

for all  and y in A, namely d = n2sup|37”;|.

An arbitrary compact set A in R™ can be covered by finitely many open cubes I; where
i € {1,n} such that the following holds

ov;

supl G e~y if .y € 1

[o(z) —v(y)] <

eHm—yH if x € I; and y € I; with i # j

where e € Z and e # 0. Now define

n sup\ d”’] ifr,yel
g:
e ifx € I;,y €ljand i # j.

Then for every x,y € A, it follows that there exists a Lipschitz constant ¢ so that
o) — o)l < gllz — g1l

Let t be arbitrary with [¢t| < g7L. If f;(x) = fi(y) then x + tv(z) = y + tv(y) and thus
x —y =t(v(y) —v(x)). Due to the Lipschitz condition it then follows that

[l = yll = l[t(o(y) = v(@)Il < [¢llglllz -yl

which implies that = y. Since x = y whenever fi(x) = fi(y), it can be concluded that the
function f; is one-to-one.

The matrix of first derivatives of f; can be written as I + t[2%

8xj], where I is equal to the

identity matrix. The determinant of this matrix is a polynomial function of t, of the form
1+tai(z) + ... + t"a,(x). By integrating over A, the volume of the image region is as follows

vol fi(A) = by + byt + ... + byt

where by, = f 4 @kdzy...dz,. Hence it follows that the volume of f; can be expressed as a
polynomial function of ¢ and the conclusion follows. O

Now suppose the sphere S"~! has a continuously differentiable field u + v(u) of unit tangent
vectors. Define w,, as the unit sphere in R".

Lemma 3.2.2. If the parameter t is sufficiently small, then the transformation u — u + tv(u)
maps wy onto the sphere of radius v/1 + t2

16



Proof. For any real number ¢ the vector u + tv(u) has length v/1 + ¢2. The matrix of first
derivatives of f; was defined in the proof of Lemma ?7. If ¢ is sufficiently small, the
determinant 1 + ta;(z) + ... + t"ay,(z) will be close to 1 and therefore the matrix is
non-singular throughout the compact region A. The Inverse Function theorem states that if a
function f is continuously differentiable on some open set containing a point a and

det Jf(a) # 0, then there is some open set V' containing a and an open W containing f(a)
such that f: V — W has a continuous inverse f~' : W — V which is differentiable for all

y € W. From this theorem it follows that f; maps open sets contained in the interior of A to
open sets. Thus the image f;(S"~!) is an open subset of the sphere of radius v/1 + 2. But the
image f;(S™!) is also compact and thus also closed. Since S"~! is connected, an open and
closed subset must be the entire sphere. And therefore the transformation u — v(u) maps w;,
onto the sphere of radius /1 + t2. O

Theorem 3.2.3. An even-dimensional sphere does not possess any continuously differentiable
field of unit tangent vectors.

Proof. Define region A as A = {z € R"|a < |z| < b} where a,b € N. The vector field v is
extended throughout this region by setting v(ru) = rv(u) for a <r <b. By Lemma and
Lemma for sufficiently small ¢ the mapping f;(z) = = + tv(x) is defined throughout the
region A, and maps the sphere of radius r onto the sphere of radius rv/1 + t2. Since

fi(ru) = ru + to(ru) = ru + tro(u) = r(u + tv(u)) = rfi(u),

fi maps A onto the region {x € R"|av1 + t? < ||z|| < b1 + ¢2}. It then follows that

Vol(fi(4)) = vol (wn) ("(VIT 2)" — a"(v/T+ 2)")
= (V1+)" vol(wy) (" —a™)

= (V1+2)" vol(A).

If n is odd, this volume is not a polynomial function of ¢. This is a contradiction to Lemma
and therefore it can be concluded that an even-dimensional sphere does not possess any
continuously differentiable field of unit tangent vectors. O

Theorem 3.2.4 ("Hairy ball” theorem). An even dimensional sphere does not admit any
continuous field of non-zero tangent vectors.

Proof. Suppose that the sphere S"~! possesses a continuous field of non-zero tangent vectors
v(u). Define m = min,cgn—1 ||[v(u)||. The Weierstrass Approximation theorem states that
there exists a polynomial mapping p from S"~! to R” satisfying

m

lp(u) = v(w)]| < 5

for all u. The differentiable vector field w(u) is defined by the formula w = p — (p - u)u for
every u. Since u is a unit vector, u - u = 1 and it thus follows that

w-u=(p—(p-u)u) u
=p-u—(p-u)(u-u)
—pu—p-u
= 0.

17



Therefore, w(u) is tangent to S"~! at u. Again since u is a unit vector, it follows that

[w—pll=lp— (- u)u-pl
= [|(p - w)ul|
=|p-ul

=|p-u—v(u)-u
=[(p—v(u) u
| -

)

H<*

< [lp = v(@)]| - [Jull
= p— v(u
where the Cauchy-Schwarz inequality was applied. By the triangle inequality

lw = v(@)|| < flw=pll + lp = v(u)]

L n m
T m
2 2
and by the reverse triangle inequality
[wl] = Jlv(w)]| = [lw = v(w)]|

>m = [lw—wv(u)].

Since it has been shown that ||w — v(u)|| < m this implies that w # 0. Therefore, the quotient
% is an infinitely differentiable field of unit tangent vectors on the sphere S?~1. If n — 1 is
even, this is impossible by Theorem Thus an even-dimensional sphere does not admit

y

any continuous field of non-zero tangent vectors. O

3.2.2 Brouwer’s fixed point theorem

Now that the "hairy ball” theorem has been proven, it can be used to prove Brouwer’s fixed
point theorem. The disk D" is defined as D" = {z € R"|||z|| < 1}.

Theorem 3.2.5. Fvery continuous mapping f from the disk D™ to itself possesses at least
one fixed point.

Proof. Define w(z) = x — y((ll__i';)) where y = f(x) # x. Whenever z - x = 1, it follows that

w(z) = x. When x and y are linearly independent, it follows that w(z) # 0. When z and y are
linearly dependent, then (z - x)y = (z - y)z implies that

_, ¥d-z2) z(l-z-y) yl-z-2) z-z@y-yt+yl-z)_ z-y
W) = ) T e ) oz [ ey "

Hence w is a non-zero vector field on D™ which points directly outward everywhere on the
boundary.

™ is identified as S™ with the hyperplane x,,+1 = 0 which passes through the equator. The
goal is to find a projection s(z) : D" — Us where Ug = {u € S™|up4+1 < 0} is the southern
hemisphere of the unit sphere S™ in R™+1,
The construction of s(z) will be demonstrated using a 2D-plot. Define s as the intersection
the projection makes with the sphere, define 8 as the angel the projection makes with the
sphere and define [ as the length of point s to the north pole. An illustration of this
construction is visible in figure

18



Figure 3.1

Then
tanf = x
11— (cosB)®
cos = 2 (cosB)? v
1 — (cospB)? = x%(cosp)?
1 2
1422 (cosf)
2
2 _ 7
(cosp)” =~
Lo
1422 4
Furthermore,

(sinB)? = 1 — (cosp)?
1

14 g2
x

1422

s(x) is equal for ; with j € {1,n}, namely

=sinf -1

\/14—7:6'2 V 1+a:2

\/1+a:2 \/1+x2
2x

14+ 22
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and for z; with j =n +1
s(x) =1—cosf -1

B 1 4
T 1422 1422
_ 2

T 1442
_ac2—1

1 4a?

Therefore the precise formula for s(x) is

s(z) =

(221, ..., 2@,z - x — 1)
(x-x+1)

Figure 3.2

Tpt1 =0

W(u)

The tangent vector W (z) is defined as W (z) = W. Therefore, W (z) € U, and
W(z) # 0. W(u) is then W (x) at the image point s(z) = u at t = 0. An illustration of vectors

s(z) and W (x) are visible in Figure

At every point of the equator of S™, so when u = s(u), it follows thatw(u) = u. By the
definition of w(x), the vector w(u) = u points directly outward on the boundary. Then the
corresponding tangent vector W(u) = d‘zgtx ) — (0,...,0,1) points away from Us. Now define

Un = {u € S™|uy41 > 0} as the northern hemisphere of the unit sphere S™ in R"*1. Repeating
these steps to the vector field —w(z) : D™ — U,, then gives a vector field with W (u) pointing
away from U,,. Combining w(x) and —w(x) gives a non-zero tangent vector field W which is

defined continuously everywhere on S™.

If n is even, then this is a contradiction to Theorem [3.2.4l Therefore, it can be concluded that
it cannot be possible that f(z) # x for all  in D™.

Now suppose n = 2k — 1, then for any map f from D?*~1 to itself with f(z) # x for
x € D?*~1 this map can be transformed to F(x1, ..., zo) = (f(21, ..., T2r_1),0). This is a map
from D?* to itself, and since n = 2k is even, this is again in contradiction to Theorem
Hence, the claim is true for all n € N and it can be concluded that every continuous mapping
f from the disk D" to itself possesses at least one fixed point.

O
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3.3 Index theory

When simplifying the discrete Nagumo equation hy will be substituted by a linear
function hg. In section a homotopy hy : [0,1] — R will be constructed that deforms ho(z)
into hi(z) continuously and it will be proven using the general homotopy invariance theorem
[3:3-4) that this construction is independent of A. The fixed point index “counts” the number of
fixed points of a map from an open subset of a closed subspace to that space. The general
homotopy invariance theorem [3.3.4] states that the fixed point index is well-defined and
independent of A.

The proof of the general homotopy theorem [3.3.4] uses the Leray-Schauder degree, which
“counts” the number of fixed points of a map from an open subset of a normed linear space to
that space. The Leray-Schauder degree is constructed by extending the Brouwer degree,
however this construction exceeds the content of this thesis. In this section the
Leray-Schauder degree will be defined and the general homotopy theorem [3.3.4] will be stated.
For this section, X is a metric space, I = [0,1], A C X x I, and for X € I, the “slice” at A is
defined as Ay = {z € X : (z,\) € A}.

3.3.1 Leray-Schauder degree

The following definition of the Leray-Schauder degree originates from the article
“Leray-Schauder degree: a half century of extensions and applications” by Jean Mawhin
[Maw99]. If U C X is an open bounded set, f : U — X is compact, and z & (I — f)(0U), the
Leray-Schauder degree is notated by deg;g[I — f,U,z| of I — f in U over z. This degree
“algebraically counts” the number of fixed points of f(-) — z in U.

Theorem 3.3.1. The Leray-Schauder degree satisfies the following properties.

1. (Additivity) If U = Uy U Uy, where Uy and Us are open and disjoint, and if
z¢ (I = f)(0U1) U (I = f)(9U2), then
degLS[I - f’ U7 Z] = degLS[I - f7 Ula Z] + degLS[I - f’ UQ’Z]‘

2. (Existence) If degrg[I — f,U,z| #0, then z € (I — f)(U).

3. (Homotopy invariance) Let 0 C X x I be a bounded open set, and let F : 5 — X be
compact. If & — F(z,\) # z for each (x,\) € 0o, then degrg[I — F (-, \), 0, 2] is
independent of \.

3.3.2 Fixed point index

The following presentation of the fixed point index is based on the article “fixed point
equations and nonlinear eigenvalue problems in ordered Banach spaces” by Herbert Amann
[AmaT76|. A nonempty subset A of a metric space X is called a retract of X if there exists a
continuous map r : X — A such that r|A = id4. Every retract is a closed subspace of X. The
following theorem describes the properties of the fixed point index.

Theorem 3.3.2. Let X be a retract of some Banach space E. For every open subset U of X
and every compact map f : U — X which has no fized points on OU, there exists an integer
i(f, U, X) satisfying the following conditions:

1. (Normalization) For every constant map f mapping U into U, i(f,U, X) = 1;
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2. (Additivity) For every pair of disjoint open subsets Uy, Us of U such that f has no fized
points on U\ (Uy U Us),

Z(f7U7X) :i(f,Ul,X)+i(f,U2,X),

where i(f, Uy, X) = i(f|Uk, Uy, X), k = 1,2;

3. (Homotopy invariance) For every compact interval A C R, and every compact map
h:AxU — X such that h(\,x) # x for (\,z) € A x U,

is well-defined and independent of A € A.

4. (Permanence) If Y is a retract of X and f(U) C Y, then i(f,U,X) =i(f,UNY,Y),
where i(f,UNY,Y)=i(flUNY, UNY,Y)

The family {i(f, U, X)|X retract of E, U open in X, f: U — X compact without fized points
on OU} is uniquely determined by properties (1.)-(4.), and i(f,U, X) is called the fized point
index of f over U with respect to X.

This theorem can be proven using the properties of the Leray-Schauder degree. However, this
exceeds the scope of this thesis.

Corollary 3.3.3. The fixed point index has the following further properties:

e (Excision) For every open subset V.C U such that f has no fived point in U\V,
i(f,U,X) =i(f, V. X);

e (Solution property) If i(f,U, X) # 0, then f has at least one fized point in U.

Now let A C R be an arbitrary interval and let A be a subset of A x X. The “slice” at A\ Ay is
open in X if A is open in A x X.

Theorem 3.3.4 (General homotopy theorem). Let A be a nonempty compact interval, let X
be a retract of some Banach space E, and let U be an open subset of A x X. Suppose

h:U — X is a compact map such that h(\,z) # x for every (\,z) € OU. Then

i(h(X, ), Ux, X), A € A is well-defined and independent of A € A.
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Chapter 4

Article ” Existence of Traveling
Wavefront Solutions for the Discrete
Nagumo Equation” by Bertram
Zinner

4.1 Introduction
The discrete Nagumo equation is defined for n € Z as
Up = d(Up—1 — 2Up, + Up+1) + f(up). (4.1)

Here d is a positive real number and f denotes a Lipschitz continuous function satisfying the
following properties

o f(0)=fla) = f(1),

o f(z)<0Ofor0<z<a,
o f(x) >0fora<az<l,
o Ji flx)dz >0,

where a € (0,1). A typical example of a function satisfying these properties is the cubic
polynomial f(z) = z(z — a)(1 — x) where 0 < a < 3.

Figure 4.1: Example of cubic polynomial

1072
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In Figure [4.1] an example of a cubic polynomial is visible where a = 0.3. A result known for
this discrete Nagumo equation is that traveling wave solutions of equation [1.1] exist. The
following theorem states this result.

Theorem 4.1.1. Suppose f is a Lipschitz continuous function satisfying f(0) = f(a) = f(1),
fz)<O0forO<z<a, f(x) >0 fora<z <1 and fol f(z)dz > 0. Then there exists some
d* > 0 such that for d > d* the discrete Nagumo equation admits a solution

un(t) = U(n + ct), where ¢ >0, U € CY(R, (0,1)), U(—o0) =0, U(cc) = 1, and U'(z) > 0 for
all x € R.

The previous chapter [3| contained all the prerequisite knowledge needed to understand the
proof of Theorem and thus the existence of traveling wavefront solutions for the Discrete
Nagumo equation by Bertram Zinner [Zin90]. In this chapter the content of this proof will be
discussed and expanded. The chapter starts with a general strategy of the proof.

4.2 General strategy

The proof of the discrete Nagumo equation given in this chapter can be broken into 5 steps.
Step 1: Providing a basis for the proof
The unique solution of the fixed point problem u(t) is defined as {u,(t)}Y_,. In section
[4.3] several lemmata will be stated and proven describing certain properties of initial values
that are invariant under the flow of u(t). The first section provides a basis on which the rest of
the proof will be built.
Step 2: Simplifying the problem
Instead of the discrete Nagumo equation, in this step the following simplified equation is
considered for n € Z

Op = d(Up—1 — 2Up, + Upt1) + h(uy) (4.2)

where u, = P(v,) and h(u,) = u, — ;. Here P(v,) is defined as
0 foruw, <0,

P(Un): vy for 0 <w, <1,
1 for 1< v,

The simplified problem is to find a monotone traveling wave solution of equation [4.2] on an
interval [0, 7] satisfying the following conditions

L. up(T) = un+1(0),

2. v,(0) < vp41(0),

3. d(up—1(0) — 2up(0) + up+1(0) + h(un(0)) > 0 if u,(0) > 0,
4. limy,—, v, (0) = 0 and lim,, o0, (0) = 1.

It turns out that the conditions imply the existence of a function U : R — R with U(—o0) = 0,
U(oco) =1 and 0 < U < 1 such that u,(t) =U(n+ct) and 7 =1 for all n € Z,t € [0,7]. In
section [4.4] it will also be shown that it suffices to consider only finitely many solutions of the
simplified equation |4.2
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Step 3: Converting the simplified problem into a fixed point problem
In section it will be concluded that by the Picard-Lindelof theorem the initial value
problem for u_; =0 and up41 =1
U = d(Up—1 — 2Up, + Upt1) + h(uy),
un = P(vy), (4.3)
v (0) = 2, with 0 < x,, <1 for n =0,..., N.

has a unique solution u(x;t) = {u,(z;t)}N_, which depends continuously on the initial value
x = {z,}Y . The set X is defined as

—h(0
X = {{xn}ﬁ;o € RN+ txg=0,21 = d()w%'n < Tp41,

d(zp—1 — 2zp + Tpy1) + h(zp) >0,

Ty > %,for n=1,.., N,where xn;1 = 1}

and the following shifted Poincaré map T : X — RN is considered

0 f =0
(Tz)n = orn (4.4)
Up—1(z;7) form=1,.,N

where 7 is defined by ug(z;7) = x1. The map Tj has a fixed point by Brouwer’s fixed point
theorem if the map satisfies the following four properties:

e CyN Oy is a closed, bounded, and convex subset of RN+
e To(CoNOpy) C CyN Oy,

e T} is continuous,

e CpN g is nonempty.

This will be proven in section [4.5] Finally, this fixed point = corresponds to the traveling wave
{un()} %

Step 4: Deforming hg into hy

The construction of Ty depended on the linear function hg so far. The function hy can be
deformed continuously into hi using a homotopy hy where hi € Bypp,. The set By, is defined
as

Bupp = {h :[0,1] = R : & is Lipschitz continuous, h(0) < 0, (1) > 0,
1
h has a unique zero in (0, 1), and/ h(s)ds > O}.
0

The fixed points of T}, are then continued into the fixed points of T},. The general homotopy
invariance theorem [3.3.4] will be used to conclude that the number of fixed points of T}, is
independent of A. It then again follows that the fixed point of T corresponds to a traveling
wave solution.

Step 5: Convergence of the approrimate solutions

In the final step f is approximated by h*. Suppose {uﬁ} is a traveling wave of

Op = d(Up—1 — 2Up + Upt+1) + hk(un),
Up = P(vy)
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for n € Z. Assuming that ||f — h¥|ls — 0 as k — oo, it will be proven in section that the
traveling wave solution u* to (4.5)) is a traveling wave solution to the discrete Nagumo
equation ([1.1)). This concludes the proof of Theorem m

4.3 Invariance results

The fixed point problem (4.3 has a unique solution u(t) = {u,(t)}_, by the Picard-Lindelof
theorem Here h is an arbitrary element of B,,,. In this section it will be shown that

certain properties of initial values z = {z,}_, € RV*! are invariant under the flow of u(t).

Lemma 4.3.1. Suppose xg =0, 1 = _}fi(o) and d > —h(0) and suppose x = {z,}N_, € RV+!
satisfies the following properties

1. 0<axp < ... <zy <1,

2. xp < Tpg1 whenever 0 < x, < 1,

3. d(xp—1 — 2xp + Tpt1) + h(xy) > 0 whenever 0 < x,, where xy11 =1 and x_1 = 0.
Then u(t) satisfies properties and@ for allt > 0.

Proof. Define t; as t; = sup{t > 0 : u(s) satisfies properties 1.,2. and 3. for all 0 < s < t}.
Because u(0) = x satisfies properties and (3], t; is well defined. To prove Lemma it
suffices to show that t; = co. Since z1 = — d(o) and d > —h(0) it follows that x; > 0. By
property [1] it then follows that x,, > 0 for n = 1,2, ..., N and thus by property [3] that

0 (0) = d(zp—1 — 220 + Tpt1) + h(z) > 0 for n =1,2,..., N. up(t) is differentiable at ¢t = 0 if
the limit lim;_q ]M\ exists. Since

’[)0(0) = d(x_l —2x9 + 1'1) + h(.%'()) =dx1 + h(O) =0,
by the Mean Value theorem and ug(0) = 0 it follows that for 6 € (0, 1)

t) — t
t—0 t t—0 t

Thus ug(t) is differentiable at ¢t = 0 and 1 (0) = 0. Since h is Lipschitz continuous, there exists
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a real constant L such that for all ug, |h(uo(t)) — h(uo(0))| < L|ug(t) — uo(0)|. Therefore,

i 100(0) = o) _ 1) = w0(0)
t—0 t t—0 t
= lim L (0)

=L-0
=0

and it follows that h(uo(t)) is differentiable at ¢ = 0 and this derivative is equal to 0. Since

F0(0) = d(i1(0) — 2i(0) + i1 (0)) + -h{uo(0)
—d(0— 20+ (0)) +
= d*(up(0) — 2u; (0) + uQ(O)) + h(u1(0))
> 0,

it can be concluded that vg(t) > 0 for all sufficiently small ¢ > 0. And since v,, and w,, are
continuous, it follows that ¢; > 0. Now suppose that ¢; < oo. Then either

1. up(t1) = ups1(ty) for some 0 < u,(ty) <1
2. Up(t1) = 0 for some uy,(t1) > 0.

Suppose [1|is true. Because uni+1 = 1, n is chosen such that wu, (1) = up+1(t1) < wupy2(ty). It
then follows that

;lt(vmrl vn)(t1) = d(un(t1) = 2uny1(t1) + unya(ty) — un—1(t1) + 2up(t1) — uny1(t1))

+ h(un+1(t1)) — h(un(t1))
= d(Bun(t1) = Bunt1(t1) + tns2(t1) — un—1(t1)) + h(uns1(t1)) — h(un(t1))
= d(un+2(t1) — un—1(t1))
>0

and therefore u,1(t1 — €) = vp41(t1 — €) < v, (t1 — €) = up(t1 — €) for sufficiently small e. This
is a contradiction, since u(t) satisfies u, < up4+1 whenever 0 < u, < 1. Thus there does not
exist an uy,(t) such that 0 < u,(t1) < 1 for which u,(t1) = up+1(t1).

Now suppose |2 is true. Consider u,(t) on the interval [0,t1]. If there exists a to € (0,t1) such
that u,(tp) = 1, then because v, (t) is non-decreasing on [0, ¢1], the following three cases may
occur for all ¢ € [tg, t1],

1. up(t) = vy (t) for all ¢ € [0, t1],

2. (1) vy (t) for all ¢ € [0, %]
Cup(t) =
1 for all t € (tg, t1]

3. up(t) =1 for all t € [0, 1]

Let a € (0,t1] be arbitrary.

t—0~ t t—0— t
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so for the first case where u,,(t) = v, (¢) for all ¢ € [0,¢1] it follows that

i | P20 = P@) | on(t) = vala)
t—0- t t—0- t

= Up(a).

For the second case it holds that

lim |

P(vn(t) — P(vn)(a) {: lim,_yo- | 2202208 — 4 (q) for all ¢ € [0, 4]
t—0— t

= limy_,o- 351 =0 for all ¢ € (to, 1],

For the final case where u,(t) = 1, for all ¢ € [0,¢1] it holds that

P(v,(t) — P(v, . 1-1
lim | (on(t) — P(v )(a)l = lim |[——[=0.
t—0— t t—0— t

Since the left derivative of u,(t) exists for every case, it exists for every ¢t € (0,¢1] and is
denoted by i, (t—). Since 2| was assumed to be true, it follows that 4, (t1) = 0 since u,(t) =1
for all ¢ € [to, t1]. Then

U (t1—) = d(tn—1(t1—) — 20n(t1—) + Unt1(t1—)) + h(in(t1—)) = d(tin-1(t1—) + tp+1(t1—)) = 0

where @,—1(t1—) > 0 and 41 (t1—) > 0.
If ¥, (t1—) > 0, this would imply that 0, (¢; — €) < 0 for some small positive €, which is
impossible. Therefore @, (t;1—) = 0 and thus

Unfl(tl—) =0 and ﬂn+1(t1—) =0.

The inequality v,,—1(t1) > 1 would give v, (t1) = h(1) > 0 which is not possible. Therefore it
holds that o,—1(t1) = Un—1(t1—) = 0. By repeating this argument for j € {0,n — 1} it follows
that

ij(ti—) = 0 for j = 0,1,...,n — 1. (4.6)

If vp41 > 1 then uy,41(t) = 0 for ¢ sufficiently close to ¢; and since 0 < up < ... <uy <1, it
follows that ty,41(t1) = ... = un(t1—) = 0. If v,41 < 1, then 0,41 < 1, then
Unt1(t1) = Unt1(t1—) = 0. So together with equation (4.6) it can be concluded that

Up(t1—) =0 for n =10,1,..., N.

Let ny be the maximal n € {0,1,..., N} for which u,(t) < 1 for all 0 < ¢ < ¢;. Then there
exists to € [0,t1) such that u, = d(up—1 — 2uy + Unt1) + h(uy,) for n =0,1,...,n1, where
Un,+1 = 1 for ¢ € [to, t1]. Since @, (t1—) =0 for n =0,1,..., N, one has u,(t;) = 0 for
n=0,1,...,n; and by the uniqueness of the initial value problem w,(t) = wu,(t1) for

t € [to,t1],m =0,1,...,n1. Therefore v,(t) =0 for all ¢ € (tp,¢1) and n € {0,1,...,n;} in
contradiction to the choice of t1. Therefore, it can be concluded that t; = oo and therefore the
unique solution u(t) of the initial value problem satisfies properties and [3|for all t > 0. O

For d > —h(0) and N € N, the sets C'(h,d, N) and O(h,d, N) are defined as

—1(0)
d

C(h,d,N) = {x eRN o =1,21 = <z <..<zy<1l,and z, > %,

forn:1,2,..,N}



O(h,d,N) = {x c RN+, d(xp—1 — 2xp + Tpy1) + h(x,) >0,

forn=1,2,..., N,where xn41 = 1}.

Note that every element in C'N O satisfies Lemma Furthermore, the function
t*: CNO — (0,00] is defined by t*(x) = sup{t : up(z;t) < %(0)} and the map
T:{xcCNO:t(z) < oo} = RNl is defined by

0 forn=20
(Tx), = .
Up—1(z;t*) forn=1,...,N.

Lemma 4.3.2. T{z € CNO : t*(z) < o0} C O

Proof. Suppose z € C N O. If z satisfies z,, < 2,41 whenever 0 < z,, < 1 then by Lemma [1.31]
it follows that Tx € O. If x does not necessarily satisfy z,, < z,4+1 whenever 0 < x,, < 1, it
will be proven that it still follows that Tx € O. Define ny as the largest n € {0,1,..., N} for
which z, < 1 and define for € > 0

¢ Jant+ne forn=0,..,m
Tn forn=n;+1,...,N.

For € small it follows that 2 € C'N O and x, < xf,; whenever 0 < zj, < 1. By Lemma
u(z€, t*(z)) satisfies d(up—1 — 2up + upt1) + h(uyn) > 0 whenever 0 < u,, where uyy; = 1 and
u_1 = 0. Now since z¢ — x as € — 0 and u is continuous, it follows that y = u(z;t*) satisfies
d(Yn—1 — 2Yn + Yn+1) + h(yn) > 0 whenever 0 < y,,. In the proof of Lemma the
contradiction that d(y,—1 — 2yn + Yn+1) + A(yn) = 0 was derived. This contradiction thus
implies that d(yn—1 — 2yn + Yn+1) + h(yn) > 0 whenever 0 < y,,. Therefore again by Lemma
Tz € O. Now suppose z € C N O. Then there exists a sequence {zF} in C'N O such that
¥ — x as k — oo. Since u(x¥,t*(z)) also satisfies d(un_1 — 2w + Uns1) + h(un) > 0 whenever
0 < uy, for each k, using the same argument as before, the same result applies for u(z, t*(x)).
Therefore Tx € O and thus for every x € {x € CNO : t*(z) < o0}, x € O and it can be
concluded that T{x € CNO : t*(z) < 0o} C O. O

Lemma 4.3.3. For every h € Bgy, there exists a positive 6 such that
T{zx € CNO :t*(z) <o} CC for N > .

Proof. Define y = T'z. Since t*(z) is defined as t*(x) = sup{t : up(z;t) < =h(©)

}, it follows that
yo=0and y; = %(0). By the same argument as in the proof of Lemmam the result that
y1 < ya... < yn < 1 follows. To prove that for N > i, T{x € CNO : t*(x) < 0o} C C' it
remains to prove that there exists a ¢ > 0 such that y, > & for n =1,..., N, whenever N > %.
Define § = min{dy, d2, 93, d4, 05, dg }, the values of §; for i = 1,...,6 will be constructed along the

way. Define a,b, m; and mo such that

e a € (0,1) is the unique zero of h,

e b(z) = maxg<s<z h(s) for z € [a, 1],

m1 = d +supg<s<1 |h(s)],

o my = ma(4d + sup, ., |MEHY)).
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Now suppose that N > % and suppose that y,, < a. Because y € O(h,d, N) it follows that

d(ynfl - 2yn + yn+1) + h(yn) >0
Ad(Yn—1 = 2Yn + Ynt+1) > —h(yn)

Yn1 — 2y + Yns1 > _hc(iy”)
Yn-1—=Yn > Yn — Yn—1 — h(Z”)-
Since y,, < a and thus h(y,) < 0,it follows that
Yn—1 = Yn > Yn — Yn—1- (4.7)

By induction it will be proven that for ¢ =1,....n+ 1, y;41 —y; > y1 — yo. When i =1,
Yo — y1 > y1 — yo follows from equation (4 Hence the equation fulfills the basis step. Now
assume that the following induction hypothesm is true: for ¢ = k,yx4+1 — yx > v1 — yo. Then
fori=k+1

Yk+1 — Yk+1 > Yk+1 — Yk > Y1 — Yo

again by equation (4.7). Hence by induction, y; 11 — y; > y1 — yo for i = 1,...,n + 1. Define

0 = L(O) Then y1 —yo = i(o) = d1, and it follows that y; — yo = Z; 1Yj — yj—1 and thus

Ui — y0>z( ())—151 andthusyl>15+y0>z<51 > i = Z fori=1,..,n+1. Ifyn_1 <a,
then the conclusion follows. Otherwise there is an index ng such that yp,—1 < a and y,, > a.
Hence to prove the lemma, it remains to check that y, > & for n =ng +1,..., N. Now define
do =max{r —a:a <z <1andb(x) < (g)él}. Either y, < a + d2 in which case

1 1 1
Yno+1 — Yno > (Yno — Yno—1) — (g)h(yno) > 01 — 551 = 551

Or Yn, > a + d2. Now define d3 = min{%él, d2}. Then it suffices to show that y, > & for
Yn > a + 03. This will be proven by contradiction. Let n; be the smallest index for which
Yny > @+ 03 and y,, < FF. Then

ni —2 ni
S ) S Tni—1 S Yny < ==
N
and T, 1 > a+ %3. Now define 64 = %3 and 05 = min{ h4(08l) ta+ %3 < s < 1}. Since

% <5 < h(IZé_l), it follows that

n ni—2 2 h(zp, —1
e e <y = = <MD
Suppose 0 < u,(0) < 1 and 0 < u,(t) < 1. The goal is to find an estimation for
[tin,(t) — 1, (0)]. Firstly,
[in(t) = Un(0)] = [d(un—1(t) = 2un(t) + un41(t)) + h(un(t))
— d(un-1(0) = 2un(0) + up41(0)) — ~(un(0))]
= |d(un—-1(t) = up—-1(0) — 2un(t) + 2un (0)
+ unt1(t) = unt1(0)) + hun(t)) — h(un(0))]
< Jdll(un—1() = un-1(0) = 2un(t) + 2un(0) + unt1(t) — unt1(0))|
+ [h(un(t)) — h(un(0))]
< d/o fitn—1(5) — 2iin(s) + dtn 1 (5)]ds + |h(r;:(é)) _Zi”(’é()?m

|un(t) — un(0)].
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Filling in the formula again then gives

[t (t) — 0 (0)] < d/o |d(tn—2(8) — 2up—1(8) + un(s) — 2up—1(s) + 4un(s) — 2upy1(s)
+ un(s) = 2unta(s ) +un+2( ) + h(un-1(5)) = 2h(un(s)) + h(unt1(s))|ds

Phralll = e L1 / |d(un—1(8) — 2un(s) + upt1(s)) + h(un(s))|ds

|un(t) — un(0

t
< d2/ [un—2(8) — 4up—1(8) + 6un(s) — dun+1(8) + unyolds

T+ / h(tn-1(5)) = 2(un(5)) + h(uns1(s))lds

" fi’;i)f_ui“’a@? / [un1(5) = 2uun(5) + un 1 (s) ds
0)

) MO %,

| (t) — un(0)]

Let’s first examine the first part of this equation. It can be rewritten as

t
d2/0 |un—2(s) — 4un—1(s) + 6un(s) — duny1(s) + upyo|ds =
t
d2/ | — (up—1 — up—2) + 3(up — up—1) — 3(Un+1 — Upn) + (Unt2 — Upnt+1)|ds.
0

Since it was assumed that 0 < u,(0) < 1 and 0 < u,(t) < 1 and the w,’s follow the ordering
property, it follows that 0 < u; —u;—; <1 for j =1,..., N. Suppose (u, — up—1) = 1. Then
Uy = 1, up—1 = 0 and by the ordering property it follows that u,4+1 = un42 = 1 and

Up—1 = Up—2 = 0. Then | - (Un—l - un—2) + 3(Un - Un—l) - 3(un+1 - Un) + (un+2 - un+1)| =3.
The same conclusion follows if (u,+1 — u,) = 1. Therefore, the maximum value of

| = (up—1 — up—2) + 3(tn — up—1) — 3(tUnt1 — upn) + (Upt+2 — Up+1)| is 3. Thus it follows that

t t
d2/ [tun—2(8) — dup—1(8) + 6up(s) — duni1(8) + Uppolds < d2/ 3ds
0 0
= d*3t.
For computation purposes, define the following

M = sup |h(s)l,

0<s<1
b — 118 = l0)
s#t ’8 - t’

Then it follows that

d [ 1hn1(5)) — 2h(un(s)) + Alunss(s))|ds < d / AMds
0 0
AL,
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By the same argument as before

[Aun(?) / [un—1(s) = 2un(s) + upt1(s)|ds < dL/O [un—1(8) — 2un(s) + un+1(s)|ds

|“n( — (0

t
<dL / (st — tn) — (ttn — n_1)|ds
0

t
:dL/ 1ds
0

= dLt.
Finally it follows that
h
| (|u"( 0)l / |h(un(s))|ds < LM/ 1lds
Up (t) — up (0
= LMt.

Recall that my = d + supg<,<1 |1(s)| and ma = m;(4d + sup,, |- Combining these results then
gives

[t () — 4, (0)] < d2/ [un—2(8) — dup—1(8) + 6un(s) — dupi1(8) + upyolds

+d / (ttn-1()) — 20 (1tn()) + h(ttn g1 (5))]ds

|h(un(t) — h(un(0))
* |un(t) — (0) d/ |un—1(s) — 2un(s) + unt1(s)|ds
(

‘h(‘l;n( —a |/ |h(un(s))|ds
gd%t+dmwf+st+LAH

= t(3d* 4+ d4M + dL + LM)

< t(4d2 + d4aM + dL —|—LM)
=t(d+ M)(4d + L)
h(s) — h(t
= t(d + sup ‘h(S)’)(lld + sup M)
0<s<1 s#t ‘S — t|
= t(m1(4d + sup M))
s#£t ’8 - t’
= tmg.

Thus an estimation for |4, (¢) — 4,(0)| has been found, namely
|t (t) — 1, (0)] < tma.

This implies that i, (t) > 1, (0) — tmo and thus i, (t) > 14,(0) for 0 <t < %”T(g). This gives

tn(£) — n(0) = /0 i (s)ds > t%un(())
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for0<t< @n(0) " Phen deriving

U
2myo

and using this for n =n; — 1, gives

1 . 1h($ _1) h(x _1)
Upy—1(t) — Ty 1 > tium_l(O) =t 7;1 =t ’Z

for 0 <t < M”Z"Tlgl). The definition t*(z) = sup{t : up(x;t) < %(0)} can be used to find that

_fil(O) = u(t") — uo(0) = /Ot o (s)ds < t*supgiio(s)

and since g(t) = d(uy(t) — 2ug(t)) + h(uo(t)), it follows that

—h(0
i) 20
“h(0) 1

d SupsuO(S)‘

t*

v

Since sup,(u1(s) — 2up(s)) = 1 it follows that

sup 4o (s) = sup d(u; — 2up)(s) + h(ug)(s)

S S

,>d+ sup |h(s)].

0<s<1

Thus it can be concluded that t* > %(?). Finally, define §g = min{%, %(E))}dég). Tt then
follows that
un1fl(t*) - xn171 Z 56

and thus n
1
Upy—1(t") > 66 + Tny—1 > N
This is a contradiction to y,, < . Hence, it can be concluded that there exists a § > 0,
namely § = min{d1, 62, 3, d4, 5, d6 }, such that y, > & whenever N > %. O

4.4 Simplified problem

In this section, the simplified equation (4.2) is discussed. Since u, = P(v,), the variable u,
takes values in [0, 1]. Suppose u, is a solution of this simplified equation on an interval [0, 7]
satisfying the following conditions

L. up(T) = up+1(0),
2. Un(o) < Un+1(0)7

3. d(unp—1(0) = 2up(0) + up4+1(0) + h(un(0)) > 0 if u,(0) > 0,
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4. limy, v, (0) = 0 and lim,, 0,0, (0) = 1.

By the Picard-Lindel6f theorem the solution to exists on ¢ € [0, 7] and is unique. By
Lemma the initial values = are invariant under the flow of u(¢). By theorem the
solution u(t) is independent of ¢. Then wu,(7) = uy+1(0) implies that up41(t) = up(t + 7).
Iterating n times then gives

Un(t) = up(t + nr)
t
— uolrn+ 1))
Furthermore, u,(—00) = lim,—,_v,(0) = 0 and u,(c0) = lim, v, (0) = 1. Now define
U(s) = up(7s). Then the conditions imply the existence of a function U : R — R with

U(—00) =0, U(co) =1 and 0 < U < 1 such that u,(t) = U(n+ct) and 7 = % for all
n € Z,t € [0, 7]. Therefore, the solution to (4.2) is a traveling wave solution.

Suppose a is the unique zero of h € Bgy, in (0,1).

Proof. Suppose there exists an integer n such that 7 <z, < 5. Tx € O by Lemma SO
we have

d(xnfl —2xp + $n+1) + h(fﬂn) >0
d(xp—1 — 2xp + Tpt1) > —h(xy,)

—h(x
Tp—1 — 2%pn + Tpy1 > il n)
—h(x
—h(x
Tn+l — Tp > El n) + ZTp — Tp—1

Tnt1 — T > e(h) + xp — Tp—1

Tpg1 — Tpn > e(h).

Suppose there does not exist an integer n such that § <z, < 5. Then this inequality also
holds for n + 1. Since 1 > @y, it follows that z,, 11 — z,, > 7. Either way, there exists an
integer n such that z, < § and z,_1 — x,, > m(h). Since u,(t) < M(h) for all t > 0, the
following result follows

() < 1 (0) = 0(0) = a(r) = n(0) = [0t < T

from which it follows that 7 > % O

Lemma will be used to prove the following lemma that shows that for a monotone
traveling wave only finitely many of the values x,, = u,,(0) are different from 0 and 1.

Lemma 4.4.2. Let g = gmin{a,1-a} and for x = {zo}{’ let #(x,e) be the number of /s in
x such that € < xp, <1 —e€. Then for all € € [0, €] there exists a bound S(e, h) independent of
N such that #(x,€) < S(e,h) for allz € {xr e Yy CNO : Tz = x}.
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Proof. Let h € By, and € € [0, €] be arbitrary and assume z is a fixed point of T'. Define
p(e,h) as p(e,h) = maXegsgg%(s) and suppose € < z; < z341 < ... < x; < g, It follows that
j+1—1i<p(eh) as

1 ZCCjJrl — Ty
J

Z(xn+1 - xn)

Thus the number of 2, s with € < x,, < § is bounded above by p(e, h). In the proof of Lemma
it is shown that there exists an integer ng such that z,, < § and xpy41 — 25, > m(h)
where m(h) is defined as in Lemma Since for all 0 <z, < a

Tyl — Ty > Ty — Tyl — gh(xn)

> Ty — Tp-1

it follows that for all § <z, < a, xpy1 — 2, > m(h). Therefore, the number of x,,’s with
§ <, <ais bounded above by 1+ gm(h). Now define

o bz, h) = mMaX,<s<a @7
e oi(h) =max{z —a:a <z <1,b(z,h)< w}’
e 09(h) = min{oy(h), @}

Since o1 > 0 and m(h) > 0, it follows that o2(h) > 0. Either z,, < a + o1(h) or
Tny > a+o1(h). If 2,y < a+ o1(h), then

1
Tng+1 — Tpy > (mno - xno—l) - Eh(‘rno)
1
> m(h) — im(h)
_ m(h)
2

In both cases, there is at most one x,, such that a < z, < a 4 o2(h). Suppose
a+oa(h) <zp <xpi1 <1—e€ Form=t"(z) and 0 < s < 7, Uy(s) is estimated as follows

Up = d(Up—1 — 2Up, + Upt1) + h(uy)
h(uy) — d(tun — up—1)
min  h(s) — d(zp+1 — Tp—1).
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Then

Tn41 — Tp—1 > Tn+l — Tn
= un(T) — un(0)

= /OT U (s)ds

> / min  A(s) — d(Tp+1 — Tp_1)ds

0 ZTn<S<Tnt1

= T(xn Join h(s) — d(Tpy1 — Tn-1))

= T<zn§gl§irmln+1 h(s)) — dr(xpt1 — Tp-1)).

It follows that
Tpgl — Tp—1 +d7(Tpt1 — 2p—1) > 7( min  h(s))
Tn<s<Tpt1

(I1+dr)(xps1 — xp—1) > 7( min  h(s))
Tp<8<Tp+1

;
— Tp—1 = i .
part =1 2 g G 0, M)

Since #H > &1 for 7 > 79, one concludes by Lemma that

To+
T0(h) .
— Ly 1>T3= —— h(s)).

Tnt —Tm1 27 = gt () min | h(s))
So since it was assumed that a +m <x; < ... <xj41 <1 —¢, then
2>37 _(Tn41 — Tn—1) > (j + 1 —1i)m3(h) and therefore that j —i < % + 1. Therefore, this
shows that the number of x,’s such that a + 7o < z,, < 1 — € is bounded above by % + 1.
The following conclusions have thus been drawn:

a

e The number of z,,’s with € < z,, < § is bounded above by p(e, h),

a(h)
2m(h)’

e The number of x,,’s with § <z, < a is bounded above by 1 +
e There is at most one z,, such that a < z,, < a + m(h),

e The number of x,’s such that a + 7 < z,, < 1 — € is bounded above by % + 1.

Summarizing these conclusions gives

a(h)
2m(h) 73(h)

fore<z, <1l—c¢ ]

#(x,e) < ple,h)+ (1+

+ 1+ (

+1) = S(e, h)

Therefore it suffices to consider only finitely many solutions of the simplified problem

4.5 Fixed point problem

For this section the following initial value problem is considered

Up = d(“n—l — 2u, + un—i—l) + h(un)a
up, = P(vy), (4.8)
v, (0) =z, with 0 < z,, <1 for n =0,..., N.
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Then for u_; = 0 and uyy1 = 1 the initial value problem has a unique solution by the Picard
Lindelof theorem By Theorem it follows that this solution depends continuously
on the initial value x = {mn}gzo. For computation purposes, the set X is defined as

0
X = {{.%'n}gfzo € RNHL . zg=0,21 = d()w%'n < Tp41,
d(Tn—1 = 22 + Tpt1) + hzn) > 0,

Ty > %,for n=1,.., N,where xn;1 = 1}.

Note that X = C'N O and thus every element of X satisfies Lemma [4.3.1) Then the following
shifted Poincaré map T : X — RV*! is considered

0 f =0
(Tz)n = o (4.9)
Un—1(x;7) forn=1,.,N

where 7 is defined by ug(z;7) = 1. Further details on Poincaré maps can be examined in the
book of Teschl [Tes12].

The following two lemmata will be used to show that for d sufficiently large t*(x) < oo for all
reCnNO.

Lemma 4.5.1. Let x € C(h,d,N)NO(h,d,N), u(t) = u(z,t), and D > 0. Suppose that for
alln € {1,2,...,N}, 0 < un(t) <1 implies u,(t) < D. Then for all k € N for which
d > k*(D +sup |h]), un(t) — un—1(t) < % forn=1,2,..,N.

Proof. To simplify the notation, let A, = u, () — up—1(t). For 0 < u,(t) < 1 one has
Up = d(Up—1 — 2Up, + Upt1) + h(uy,) and therefore

Apg1 = Bp = ung1(t) — un(t) = (un(t) — un-1(t))
= Un+1(t) — 2un(t) — un—1(t)

1 .
= E(un(t) - h(un(t))

Now using the assumption that ,(t) < D and d > k*(D + sup |h|), it follows that

Bt = Bl = 5 (int) = hlen (D)

if 0 < up < 1. Now suppose that u,(t) =0, then n =0, t =0, and u;(0) = %(0). Since
d(Dnt1 — Dn) + B(ug) > 0, it follows that [Ap1 — Ag| = =42 < L Tf u,(t) = 1, then
Ap+1 = 0. Again since d(Ap41 — Ap) + h(uy) > 0, it follows that —dA,, > —h(u,) and thus
A1 — Dy = % < 7=. In both cases, one has [A, 11 — Ay| < 5. Now contradiction will be
used to prove that u,(t) — u,—1(t) < % for n =1,2,..., N. Suppose by contradiction that there
exists an ng such that A, > % Then

m

2 m
Anoer = Ano - Z(Anoﬂ'*l - Anoﬂ') > % - ﬁ
=1
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and thus for m = 0,1, ..., k for Ay 4 > % Since An11 = 0, this implies that ng + &k < N.

Therefore
k k41

k
1
1> uno-i-k(t) - uno—l(t) = Z An0+m > % = k
m=0 0

m=
which leads to a contradiction. Thus for all k € N, for which d > k?(D + sup |h|) it follows
that w,(t) — up—1(t) < 2 forn=1,2,...,N. O

Lemma 4.5.2. There exists a number di which depends only on sup |h|, sup,_ % and

fol h(s)ds, such that for all x € C(h,d, N)NO(h,d,N), t € [0,t*), d > dy, the following holds

1 1
sup Uy, (t) > / h(s)ds.
n 2 Jo

The supremum here is taken over all n for which 0 < u, < 1.

Proof. Let n1 > 0 be such that u,, (t) < 1. For this proof assume that ¢ is fixed. The
definition of 4, = d(up—1 — 2up + up+1) + h(uy,) for n =0, ...,n; implies that

un(un—l-l - un) = (d(un—l — 2up + un—l—l) + h(un))(un+1 - un)

= d(Upt1Un—1 — UpUp—1 — 2UpUni1 + 2u,2Z + u?H_l — UnpUnt1) + h(ug)(Ups1 — up)

(d(up—1 — 2up + ups1) + h(up)) (U — up—1)

d(unflun - U?L_l - UEL + 2UpUpn—1 + Upp1Un — un+1un71) =+ h(un)(un - unfl)-

Adding the two results gives the following

Uy (Un4+1 — Un) + Un(Un — Un—1) = h(un)(Unt1 — Un + Up — Up—1)+
d(Up4+1Up—1 — 2UpUni1 + U%H — Up—1Up, + 2ui — UpUpt1
4 Uy Uy — 202+ UpUp1 — U2+ 2y Uy — Uy 1Upp1)
= h(up)(Ups1 — Un—1) + d(—2upups1 + U%H + 2Up—1Up — Ui—l)
= (tn+1 — un—1)(M(un) + d(un—1 — 2un + tn+1))
= (Unt1 — Un—1)Un

< ) — .
> (og}%}fu Up) (Un 41 — Un—1)

Adding this result over n from 0 to n; gives

ni

Z h(un) (tnt1 — un) + h(un) (Unt1 — un) + d(“?ﬂ-l - ui—l + 2Up_1Up — 2Uplng1) =

n=0

ni ni n1
Z h(un)(unt1 — up) + Z h(un)(up — up—1) + Z AU,y — Ui + 2Up_1Uy — 2Uplpi1) =
n=0 n=0 n=0

Z h(wn)(un+1 — un) + Z h(up)(un — tn-1) + d((tn,4+1 — un1)2 - u%) <
n=0 n=0

(021133;1 U ) (Uny+1 + Un, — Uo)
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and therefore

ni

> () (tngr — ) + > Bttn) (tn — 1) < ( MAX iy ) (g1 + g — o)

0<n<ni

n=0
— (d((uny+1 = un,)* = uj))
< dud +2 .-
Since ug < uy = %(0), it follows that
ni 2
h(0 .
nz_;)h(un) Up+1 — +Zh (up)(Up, — Up—1) < (d) —1—20;1711&;;1 Uy,
The conclusion will be proven by contradiction. Suppose i, < D = 3 fo s)ds for

n=20,1,...,n;. The variable n;(d) is defined as the largest n € {0, ..., N} such that u, < 1. By

Lemma [4.5.1| there exists a number dy such that d; > f(h& Then for d > dy, it follows that
0

ni(d)

1 1
\ Z h(un)(Uns1 — Un) — /0 h(s)ds| < ‘11/0 h(s)ds

and

nl(d) 1

1S ) unl)—/h( ds| < /h

n=0 0
Since d > d;

h(0)* _ h(0) 2 Jo (s 1/1

d "4 hOE 2 ), Me)ds

Then

ni (d) ni (d)

1 1 2
S h(tn) (s — )+ 3 Aun) (tn — 1) > 2/0 h(s)ds — 2« 411/0 h(s)ds — h(s)

But this leads to a contradiction by the assumption

n1 n1 h(0)2 ) 1 1 B 1
Zh(un)(unﬂ—un)—i—zh(un)(un—un,l)— p <2 max un<22/0 h(s)ds—/o h(s)ds

0<n<ng

and thus the conclusion follows. Note that d; only depends on sup |h|, S h(fzig(t) and

[ h(s)ds. O

Now define do = max{8,d;}, where d; is chosen according to Lemma J is defined as
min{dy, d2, d3, d4, J5, 96 } such that the conclusion of Lemma holds. Now assume that
d>dy and N > %. Recall that h was assumed to be a linear function, namely ho(z) = = — %.
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For shorter notation, Cy = C'(hg,d, N) and Dy = D(hg,d, N). By Lemma and the proof
of Lemma it follows that all u,’s are nondecreasing. Then for ¢ € (0,t*), by Lemma[4.5.2]

N N t IV t tq 1 1 /L
N > Zun(t)—z un(0) = / Zun(v—)dv > / sup y, (v—)dv > / 2dv/ ho(s)ds = t2/ ho(s)ds.
n=0 n=0 0 n=0 0 = 0 0 0

Therefore
2N
SO
fo ho(s)ds

Now define Ty = T'(ho). T was defined as T : {x € CN O : t*(x) < oo} — RN+ by

0 f =0
(T2)n = o (4.10)
Un—1(x;7) forn=1,.,N

*

t*(x)

where 7 is defined implicitly by ug(z;7) = x1. The map Tp is well-defined on Cy N Og as
t*(x) < M*. The map Tp has a fixed point by Brouwer’s fixed point theorem if the map
satisfies the following four properties

e CyN Oy is a closed, bounded, and convex subset of RN+
e To(Co N Og) C CoN Oy,
e T is continuous,
e Cy N Oy is nonempty.
Lemma 4.5.3. CyN Oy is a closed, bounded, and convex subset of RVT1.

Proof. By definition of the closure of a set, it follows that Cy N O is a closed set. Since for
every &, it holds that 0 < x,, <1 the set has a lower and upper bound. Hence Cy N Oy is
bounded. It remains to prove that the set is convex. Suppose {a}Y ; and {b}2_, are in RN*!
and that {a}2_, {b}N_, € Co N Op. Define @ as an arbitrary constant in [0, 1]. Since

ap = by =0, fag + (1 — 0)by = 0. Furthermore, a; = b; = %ﬁ)) and thus

—ho(0)

ar + (1= O)by = 6———> + (1 - 9)—ho(0) _ =00  —ho(0)  pho(0) _ —ho(0)

d d d d d

Since ap, < apy1 and by < by
90% + (1 — Q)bn S 0an+1 + (1 — Q)anrl.

Since 6 is a nonnegative constant, if d(an,—1 — 2ay, + an+1) + ho(ay) > 0, then also

Od(an—1 — 2an + any1) + Oho(ay,) > 0. In a similar way, since (1 — ) is a nonnegative constant,
this implies that (1 — 0)d(b,—1 — 2by, + bp+1) + (1 — 0)ho(by) > 0. So combining these results
gives

Hd(an,l — 2a, + an+1) + Hho(an) + (1 — Q)d(bnfl — 2b, + bn+1) + (1 — O)ho(bn) > 0.

Finally, a, > « and b, > & for n =1,..., N where ay;1 = by41 = 1 implies that
n_n

N N

forn =1,..., N where fani1 + (1 — 0)byy1 = 1. Therefore, it can be concluded that

Oay, + (1 — 0)b, € Cy N Oy. Hence by definition the set is convex. In conclusion, Cy N Oy is a
closed, bounded and convex subset of RN*+1, ]

ean+(1—9)bnze%+(1—9)
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Lemma 4.5.4. To(Co N Opy) C CpN Oy.

Proof. By Lemma it follows that To(Co N Op) C Op. By Lemma it follows that for
N > %, To(Co N Op) C Cp. Thus it can be concluded that To(Ch N Oy) C Co N Oyp. a

Lemma 4.5.5. Ty is continuous.

Proof. Define r : Co N Og x [0, M*] — R by r(x,t) = up(z;t), where M* = fl}?ijzfs)ds‘ Since
o 10
ug(z;t) = 1, this function is continuous. Furthermore, define s : Co N Oy X [0, M*] — R by
s(z,t) = %(0) which is also a continuous function. Now let
G(t*) ={(x,t) : x € CyN Op,t = t*(x)} be the graph of t*. Since ug(x;t) = 1, then
G(t*) ={(x,t) : r(x,t) = s(x,t)}. Since G(t*) is the pre-image of a closed set of a continuous

function, G(t*) is closed in Cyp N O x [0, M*]. As Cp N Op x [0, M*] is compact, it follows that
G(t*) is compact. Now suppose that t* is not continuous at a point x € Co N Og x [0, M*].
This implies that there exists ¢ > 0 and a sequence {zy, }nen in Co N Op such that z, — x as
n — oo and

|t*(zn) — t*(x)] > € (4.11)

for all n € N. Since t*(xy,) € [0, M*] for all n € N and is thus bounded, it follows by the
Bolzano-Weierstrass theorem that {z,},, has a subsequence {zy, }, such that t(z,, ) — ¢
where ¢ € R. By equation it follows that |t — t*(z)| > €. For any z € CoN Oy and ¢ € R,
(z,t) € G(t*) implies that ¢ = t*(x) by the definition of the graph. It then follows that

(x,t) & G(t*). Hence, if (zp,,t*(xn,)) € G(t*) then as n — oo, (x,t) & G(t*). Then G(t*) is
not closed and therefore not compact. Hence, a contradiction has been reached. Thus it can
be concluded that t* is continuous. Then Tj is continuous by its definition. This concludes the
proof. ]

Lemma 4.5.6. Cy N Og is nonempty.

Proof. To show that Cy N Og is nonempty, it suffices to show that there exists at least one x
such that z € Cp N Op. Recall that ho(z) = z — a. Let 29 = 0 and define inductively

Tpy1 = op + (n+1)§ for n =0,1,...,ng where ng is such that z,, < a and 2,41 > a. Then
forn=1,...,ng

d(xn—l — 2z, + mn—i—l) + hO(xn) = d((xn+1 - xn) - (xn - xn—l)) + hO(xn)
:d(n+1)% —n%)—l—xn—a
=n+1a—na+z,—a
=a+xT,—a
= mn
> 0.
Because of how x,+1 was defined inductively, it follows that z,11 — x, = ("tll)a and

Tp — Tp—1 = 3. Now x, can be rewritten to

Tp = (v1 —20) + (22 —71) + .. + (T — Tp1
a
:&(14-2—!—...—1—71)

an
=20t
d2(n+ )
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n(n+1)
2

that %% <a< %(MH)QM This then implies that 2d < (ng + 1)(no + 2). So since
ng + ng +2) — > 0, 1t follows that ng + 3ng + 2 — > () and moreover

1 2) —2d > 0, it follows that n + 3 2 —2d > 0 and
ng + 4ng + 4 — 2d > 0. Solving this inequality using the abc-formula gives

—4+4 /42— 4(4 = 2d)
2
—44 /16— 16 + 8d

2
—44+/8d
2
—4+2v2d
2
=V2d—2.

Since d > 8, it follows that ng > v/2d — 2 > 2. Hence

where the well-known result 2221 k= is used. Then since z,, < a < Zypy41, it follows

ng >

2a 2a
<a+ —<a+ — =2a.
no 2

Ul

Tng+1 = Tng + (nO + 1)

Since a < xpy41 < 2a, it follows that xp 41 < L. Now define 2,11 = z,, + (ng + 1)§ for
n=ng+ 1,...,n1 where n; is such that z,, < 5 and zp, 41 > % If ng = nq, then no new x,,’s
are constructed. Hence, suppose that n1 > ng + 1. Then for n =ng+1,...,n1

d(xp—1 — 22p + Tpy1) + ho(xy) =y —a > 0.

Next let z,41 = x5 + (n1 + 19 + 1 —n)§ for n =ny +1,...,n9 +n1. Then for
n=mn1+1,...,n9+ n, it follows that

d(xp—1 — 2xp + Tpi1) + ho(xy) = zp — 2a > 0.

Since .

0
a
Tno+ni+1 = Tny+1 + (Z n)g = Zny+1 1 Tng
n=1
and
a 1
Tni41 = Tpy + (nO + 1)& < 5 T Tno+1 — Tng < 1- Lng

it can be concluded that
Tno+ni+1 = Tnyj+1 T Ty < 1 —2pg + Ty, = 1.

Define 2,41 = ¥ + g for n = ng +n1 + 1,...,n2 where ny is such that 1 — § <@, < 1.
Then for n = ng +nq1 + 1, ..., no, it follows that

d(xp—1 — 2xp + Tpt1) + ho(zn) = 2 —a > 0.
Finally let x, =1 for all n = no + 2,..., N. Then for n = no + 1, ..., N, it follows that
d(xp—1 — 2Tp + Tpy1) + ho(xy) > zn — 2a > 0.

Therefore, there exists an x € Cy N Oy and thus it can be concluded that Cy N Oy is
nonempty. O
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Thus by lemmata [£.5.3], [£.5.4], [£.5.5] and [£.5.6] it follows that the Poincaré map satisfies the
following properties

e CyN Oy is a closed, bounded, and convex subset of RV+1,
e Tp(Co N Oy) C CyN Oy,

e T is continuous,

e CpN g is nonempty.

Then by Brouwer’s fixed point theorem it follows that the map Ty has a fixed point.
Since the initial values x are invariant under the flow of u(t) by Lemma and the solution
u(t) is independent of t by Lemma it follows that the fixed point x corresponds to the
traveling wave {u,(t)}°°, of the simplified equation where

0 forn < -1
un(t) = Qup(z;t) for0<n< N
1 form>N+1

and t € [0, 7], where 7 is defined implicitly by ug(z;7) = ;.

4.6 Solution for general h

So far, the construction of Ty : X — RV depends on hg. It was shown that, for certain
values of d, a traveling wave solution of the simplified discrete Nagumo equation with
ho(x) =2 — i was found. The goal is now to deform continuously hg into hi, where h1 € By,
such that the fixed points of T}, are continued into the fixed points of T},,. Let h1 € Bpp.
The unique zero of hg is defined as ag and similarly, a; as the unique zero of h;. Define the

following

(1- %)ho(:):) + %g(ag,x) for 0 < A < ap
h(X\, z) =< g\, x) for ag < A< ay
(£=2)9(a1,2) + $=2hy(x)  forag <A< 1

where g(\, z) : [ag, a1] x [0,1] — R is defined by

g\ x) = max{—920° & A},

Therefore

1 A (1_)\)2 1
g\, x 2/ -+ T — A
/0 *.2) 0 4 A

—(1-X)?2 1 Loy 9
=g T AT A
(1= (A1)

4 2
(A =1)?
!
>0
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for ag < XA < ay. Then since hy = h(A,-) € By it follows that hy = h(],-) is a homotopy that
deforms ho(x) continuously into hq(z) in the set Bgyp. Define the following

By Lemma there exists a constant ds > dy such that sup,, 4, (t) > 3 fo hx(s)ds for all
(A, x) € €N O. For the rest of this section let d > d3. The deﬁnitlon of ) depends continuously
on h. Therefore a § can be chosen such that the conclusion of Lemma 2 holds for all hj.
For the rest of this section let N be some integer greater than z. Let t* : C N O be defined by

t* (A, z) = sup{t : up(z, hy;t) < %(0)}

Then for ¢t € (0,t*), by Lemma it follows that

ziun(t)—ni:%un( _/ Zun dv>/ — dv>/ dv/ (s /h,\(s)ds.

n=0

Therefore 9N ON
t(z) < S — 1 =M
Jo Pa(s)ds — (ming<a<y [y ha(s)ds)

In section [4.5[it was proven that ¢*(x) is continuous. Let T'(A, z) be defined by

(TN, x))pn = {0 for n = 0

Up—1(z, hy;t* (N, z))  form=1,...,N.

Then by the definition of (T'(\, x)), and t*(\, x), it follows that T is continuous. Define
¢ :[0,1] x RN*L — [0, 1] x R¥* with (A, ) = (A, y), where y = {y,}2_, is given by

hx(0) _
Yy = 3 P @7 forn =1 (4.12)
ZTn forn #1

Then ¢ : [0,1] x RN+1 — [0,1] x R¥*! is a homeomorphism. Let U = ¢~ (€N D) and A = Cy.
Since Cp is closed and convex, there exists a function r : RN+ — A such that r(a) = a for all
a € A. Therefore, A is a retract of RNt The restriction of F': X — R¥*! to the slice X is

denoted by Fy : Xy — RN*1. Define

F:U— Aby F(\2) = ¢, (T). (4.13)

By lemmata [£.3.2) and [£.3.3|for (\,z) € €N O it follows that T'(A,z) € Cx N O,. Then by the
h

same arguments as in the proof of the second property of Lemma for (\,z) e €NO it
follows that T'(\,z) € C\ N Oy. Therefore, F(U) C A. Since O is an open set,
U = ([0,1] x A)N¢~1(D) is an open subset of [0,1] x A. Now the general homotopy invariance
theorem can be used to conclude that i(F), Uy, A) is well defined and independent of
A € [0,1]. Since

po(z) = ¢(0,z) = (0,y) = (0,2) (4.14)
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it follows that Fy = Tp and Uy = Cy N Oy. Since Cy is convex, it follows that Uy is also convex.
Therefore, the map Fy : U — Uy is constant and by the normalization property of Theorem

[3.391it follows that
i(Fy, U, A) = 1. (4.15)

Since i(F), Uy, A) is independent of A € [0, 1], it can be concluded that
i(F1,Up, A) = 1. (4.16)

Then by the solution property of the index of corollary there exists an x € Uy, such that
Fix = z. Therefore ¢;(x) is a fixed point of T7. This fixed point of 77 corresponds to a
traveling wave solution of (4.3)).

4.7 Convergence of approximate solutions

In the simplified problem, f was substituted by h(u,). Let {hy} be a sequence in By, that
converges to f in the norm defined by

h(s) = h(?)

s—1

[2]l = sup [A] + Supl

where s,t € [0,1]. By the previous chapters, there exists a number ds(hy) such that for every
hk S Bapp

Up = d(un—l — 2u, + un+1) + hk(un)a
up = P(vy)

for n € Z has a traveling wave solution for d > ds(hy). According to Lemma u ds depends
only on sup |hg|, sup,, \}”“(7| and f hi(s)ds. Therefore there exists a number d* < co
such that equation has a traveling wave solutlon for all d > d*. Hence for the rest of this
section, suppose d is any number greater than d*. T hen for every k € N there exists a
traveling wave solution v* to . Let 2% = {aF € £ be defined by 2F = v¥(0). Then
there exists an integer ny such that

7’17—00

k k
Tp, <5 <Tpoi1

N

Then zF 1s shifted to the sequence y* such that y <1 5 < yr. So let y* = {y*}°>° be defined
by yk = ak .. for n € Z. Recall from Lemma that for all € € [0, €g] there exists a bound
S(e, h) independent of N for the number of yn’s in y such that € < y, < 1 —e. This bound was
defined as

S(e,h) = p(e,h) + (1 + a(h) )+ 1+

) +1).

o3(h)
Since {hy} converges it follows that

lim sup S(e, h¥) = lim sup (p(e, h™) + (1 + )+ 14 (

+1

os(hF)

< 0.

Therefore, the number of fixed points of y,, is finite. Since the sequence {y*} is bounded, the
sequence has a convergent subsequence in £*°. Therefore,

lim y* =y for some y € £ with lim y, = 0 and hm UYn = 1.
k—o0 n——0o0
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Define 75, = t*(2*), where t* = t*(x) = sup{t : ug(z;t) < %(0)}. Since 7 is bounded, it follows
that

lim 7, = 7 for some 0 < 7 < o0.
k—o00

By Lemma it follows that 0 < 79(hg) < 7. Furthermore since
1= 3 (011 (0) — n(0)
=D (un(r) = un(0))

= z::/OT Un(s)ds
= /OT ;un(s)ds

o .
27, gtl;(sglp Un(t)),

then by Lemma it can be concluded that

1

info<i<r (sup,, tn(t))
1

supy, U ()
1

%fol hu(s)
2
fol hi(s)

< Q.

TR <

<

<

Now consider the following initial value problem

G = d(tUp—1 — 2up + tns1) + f(ug)

for n € Z. It will now be shown that he solution {u,} of this initial value problem is a
traveling wave with velocity ¢ = 1. {u,} satisfies 0 < u,(t) <1 for all n € Z and all t > 0,

-
since u,, = 0 is a lower solution and u, = 1 is an upper solution. Therefore {v,} where

vV, = Uy iS the unique solution of
Op = d(Up—1 — 2Up, + Unt1) + f(uy)
up = P(vy)
Un(()) = UYn

for n € Z. Since the solution of this initial value problem depends continuously on its initial
condition y and on the function f, it can be concluded that wu,(t) is nondecreasing and
Un(T) = Un+1(0). For all j € Z and all s € R, it holds that u;(s) > 0. Suppose that u,(t) =0
for some n € Z and some ¢ € R. Then 4i,(t) exists and

i (t) = d(tin—1(t) + tns1(t))-
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Since t,—1(t) > 0 and y11(¢) > 0, it follows that iy, (t) > 0. Now i, (t) > 0 would imply that
Un(t — €) < 0 for sufficiently small € > 0, which leads to a contradiction. Therefore, i, (t) = 0
and this implies that w,—1(t) = Un+1(t) = 0. Since this is true for every n € Z, it follows that
Un(t) = 0 for all n € Z. But this implies that the wave {u,} has zero speed in contradiction to
c= % > 0. Therefore, it can be concluded that 4, (t) > 0.

In this final step it has been shown that there exists some d* > 0 such that for d > d* the
discrete Nagumo equation admits a continuous solution wuy,(t) with 0 < u,(t) <1 for all

n € Z and all t > 0 and a,(¢) > 0. This therefore completes the proof of Theorem
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