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HIGHER ORDER PERTURBATION ESTIMATES IN QUASI-BANACH

SCHATTEN SPACES THROUGH WAVELETS

MARTIJN CASPERS AND EMIEL HUISMAN

Abstract. Let n ∈ N≥1. Let 1 ≤ p1, . . . , pn < ∞ and set the Hölder combination p :=

(p1; . . . ; pn) :=
(∑n

j=1 p
−1
j

)−1

. Assume further that 0 < p ≤ 1 and that for the Hölder com-

binations of p2 to pn and p1 to pn−1 we have,

1 ≤ (p2; . . . ; pn), (p1; . . . ; pn−1) < ∞.

Then there exists a constant C > 0 such that for every f ∈ Cn(R) ∩ Ḃ
n−1+ 1

p
p

1−p
,p

with ∥f (n)∥∞ < ∞
we have

∥Tf [n] : Sp1 × . . .× Spn → Sp∥ ≤ C(∥f (n)∥∞ + ∥f∥
Ḃ

n−1+ 1
p

p
1−p

,p

).

Here Sq is the Schatten von Neumann class, Ḃs
p,q the homogeneous Besov space, and Tf [n] is the

multilinear Schur multiplier of the n-th order divided difference function. In particular, our result
holds for p = 1 and any 1 ≤ p1, . . . , pn < ∞ with p = (p1; . . . ; pn).

1. Introduction

In the 1950’s and early 1960’s M.G. Krein [Kre53, Kre62] and I. Lifschitz [Lif52] laid the foun-
dation of perturbation theory based on the, at the time, relatively new theory of operator algebras
(see also Daleckii and S.G. Krein [DaKr51, DaKr56]). Their ideas were crucial in the analysis
of spectral properties of a Hamiltonian that is perturbed with a potential function. This led in
particular to the introduction of the spectral shift function. Perturbation theory is now inte-
gral to quantum mechanics and has a wide range of applications in mathematics, mathematical
physics and close connections to modern noncommutative geometry and spectral action (see e.g.
[WvS11, NSZ25]). Intimately related, is also the analysis of commutator estimates, differentiabil-
ity of continuous functional calculus and noncommutative Taylor expansions (a detailed account
is given below). For an overview of the field until the turn of the millennium and survey of spectral
shift we refer to [GMN99, BiPu98].

Of central importance in the theory is the concept of a divided difference function

(1)

{
f [1](s, t) :=

f(s)− f(t)

s− t

}
s,t∈R,s̸=t

and an associated linear map which is either a Schur multiplier or a closely related double operator
integral [SkTo19]. The boundedness of such Schur multipliers, acting on a noncommutative Lp-
space, implies directly three of the problems going back to Krein and Lifschitz: (1) commutator
estimates, (2) Lipschitz properties of functional calculus and (3) the existence of spectral shift.
Though this was known ever since the founding work of Lifschitz and Krein the theory has seen
a development of more than 70 years with a number of spectacular highlights going well into the

Date: October 30, 2025. MSC2010 keywords: 47B10, 47L20, 47H60. MC is supported by the NWO Vidi grant
VI.Vidi.192.018 ‘Non-commutative harmonic analysis and rigidity of operator algebras’.
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2 MARTIJN CASPERS AND EMIEL HUISMAN

last decade. Especially the close connection with harmonic analysis and transference techniques
has solved many of the most important problems in this direction (see e.g. [PoSu11], [PSS13],
[CPSZ19], [CGPT22] for some prominent examples).

Let us concretely state the problem that we shall be addressing and an overview of the results
so far. We consider the symbol (1) with f Lipschitz and Lipschitz constant ∥f ′∥∞ < ∞. Our
main question, in the linear case, is under which further regularity conditions of f we have that

(2) Tf [1] : Sp → Sp : {xs,t}s,t∈R 7→ {f [1](s, t)xs,t}s,t∈R,

is bounded on the Schatten von Neumann class Sp. Here we write {xs,t}s,t∈R for the kernel, if
existent, of an operator on L2(R), details can be found in Section 2. Now if p = 1,∞ then (2)
was conjectured to be bounded in [Kre64]. The conjecture was then disproved by Farforovskaya
(see [Far67, Far68, Far72]). In fact already for f the absolute value map the linear operator (2)
was shown to be unbounded by Kato [Kat73] and Davies [Dav88].

The first positive results are in fact also the most relevant ones to this paper. In [BiSo66]
Birman and Solomyak proved that for p = 1 we have that (2) is bounded for any f ∈ C1+ε, ε > 2
and so in particular if f is a C2 function that is Lipschitz boundedness holds. This result was then
improved by Peller [Pel85] who showed boundedness of (2) at p = 1 whenever f belong to the

Besov class Ḃ1
∞1. Peller’s result is our result in the linear case; but we emphasize that we do not

give a new proof but in fact we use Peller his result as a starting point for an inductive reduction
procedure to the higher order case. Peller’s result was also revisited recently in [McDSu22].
Slightly weaker sufficient conditions were also given in [ABF90].

Thereafter for 1 < p < ∞ a complete solution was found in [PoSu11] and boundedness of
(2) holds if and only if f is Lipschitz. That means that boundedness follows under minimal
regularity conditions on f . After [PoSu11] the endpoint estimates in weak L1- and BMO-spaces
as well as best constants were found in [CMPS14, CSZ18, CJSZ20, CPSZ19]. A remarkably short
proof of the main result of [PoSu11] was found recently in [CGPT22, GPPR24] where this follows
from a general Hörmander-Mikhlin-Schur multiplier theorem (see also [Par26]). The multilinear
analogue of this problem was solved in [PSS13]. Important applications to higher order Fréchet
differentiability of Schatten norms were consequently found in [PoSu14, PSTZ19]. The result from
[PSS13] was sharpened in the bilinear case in [CaRe25a]. For the absolute value estimate a weak
L1-end point estimate was then obtained in [CSZ21]. Finally we mention that in the multilinear
case at p = ∞ characterisations of Schur multipliers and operator integrals are available that go
back to Grothendieck, see e.g. [Jus09, Coi21].

For a long time it was not known whether in the regime 0 < p < 1 bounds of Schur multipliers
of divided differences can be found. In this range the Schatten spaces become quasi-Banach spaces
and fail to be locally convex. In [McDSu22] a fully satisfying answer was provided stating that
indeed (2) is bounded in the range 0 < p < 1 as long as f is a Lipschitz function belonging to

the homogeneous Besov space Ḃ
1
p

p♯,p
with p♯ = p

1−p . Their work was preceded by important work

on Lp-spaces with p < 1, in particular by Aleksandrov and Peller [AlPe02, AlPe20, Pel87], and
further [Rot68, Rot68, HSZ22, Ric18, Ric17].

Here we provide a first analysis in the multilinear situation. In Euclidean harmonic analysis
it is now a well established fact that many natural multilinear Fourier multipliers admit bounds
in Lp-spaces with p in the quasi-Banach regime. This holds true for Hörmander-Mikhlin type
multipliers [Gra02] or bilinear Hilbert transforms [Lac00]. In the noncommutative or completely
bounded setting such properties simply fail as was shown in [CKV22, Section 5] and thus one is
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required to put further regularity conditions on the function f just as in Peller’s original result
[Pel85].

The main theorem we prove is the following (see Theorem 4.6).

Theorem 1.1. Let n ∈ N≥1, let 1 ≤ p1, . . . , pn < ∞ and set p := (p1; . . . ; pn). Assume further
that,

(3) 0 < p ≤ 1, 1 ≤ (p2; . . . ; pn), (p1; . . . ; pn−1) <∞.

There exists a constant C > 0 such that for every f ∈ Cn(R) ∩ Ḃ
n−1+ 1

p
p

1−p
,p

such that ∥f (n)∥∞ < ∞
we have that,

∥f [n]∥mp1,...,pn
≤ C(∥f (n)∥∞ + ∥f∥

Ḃ
n−1+ 1

p
p

1−p ,p

).

This theorem is new already in case p = 1 and we are still in the Banach space setting. In this
case (3) is void and our theorem gives sufficient regularity conditions to yield a bound on the norms
of Schur multipliers of divided differences. In case p ∈ (0, 1) our result is to the knowledge of the
authors the first noncommutative multilinear result of a Schur multiplier whose recipient space
is a quasi-Banach Lp-space. However the question whether the restriction (3) can be removed at
the expense of having stronger Besov regularity assumptions on f remains an open problem, see
Section 5.

The techniques we use in this paper are largely inspired by the wavelet approach that is taken
in [McDSu22] (see also [McDSS21]). The main novelty is a reduction theorem (Theorem 3.13)
that shows that the symbols appearing in Theorem 1.1 for n exponents split into two parts: (1)
symbols that are n− 1-th order divided differences and (2) a genuinely n-linear multiplier that is
concentrated on a block diagonal. The first part can be estimated inductively and for the second
part we carry out a wavelet analysis. It turns out that both parts can be controlled by the same
homogeneous Besov norm, with the same exponents. This eventually results in Theorem 1.1.

Contents. In Section 2 we recall the preliminaries. Section 3 contains the core estimate behind
(3) and most of the new results of this paper. Then in Section 4 we prove Theorem 1.1 using a
multilinear analogue of the strategy in [McDSu22].

Acknowledgments. The authors wish to thank the anonymous referee for a detailed report that
led to an improvement of our manuscript.

2. Preliminaries

2.1. General notation. To ensure compatibility with the existing literature we assume all
Hilbert spaces are complex and separable.

We let χA be the indicator function on a set A. T denotes the torus which we identify with the
unit circle on C. We let Cn(R) or Cn(T) be the space of n times continuously differentiable real
valued functions. We let Cnc (R) be those functions that have moreover compact support. For a

function ψ ∈ L2(R) or ψ ∈ L2(T) we denote ψ̂ for its Fourier transform which lies in L2(R) and
ℓ2(Z), respectively.

The symbol ⪯ stands for an inequality that holds up to a constant where the constant may
differ line by line. The constants may depend on preset choices of objects or quantities that appear
in the statement of a theorem like ϕ, p,R, n but those dependencies do not affect the proof; in
Section 3 for instance it is only relevant that the inequalities that appear are independent of α
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and λ. We sometimes write expressions like ⪯ϕ,n to clarify explicitly that a constant depends on
ϕ and n. We use ≈ in case we have equality up to a constant.

2.2. Homogeneous Besov spaces. Denote by S(R) the algebra of all Schwartz class functions
on R with its usual Fréchet topology and dual S ′(R) which is the space of tempered distributions.
Let ϕ : R → R be smooth, supported in [−2,−1 + 1

7) ∪ (1− 1
7 , 2] and identically equal to 1 in the

set [−2 + 2
7 ,−1) ∪ (1, 2− 2

7 ]. Assume further that∑
j∈Z

ϕ(2−jξ) = 1, ξ ̸= 0.

Let ∆j , j ∈ Z be the operator on S ′(R) of Fourier multiplication by the function ξ 7→ ϕ(2−nξ); i.e.
∆jf with f ∈ S ′(R) is the tempered distribution whose (distributional) Fourier transform equals

ϕ(2−n · )f̂ where f̂ is the Fourier transform of f . The series {∆jf}j∈Z is called the Littlewood-
Payley decomposition of f . Now let s ∈ R and p, q ∈ (0,∞]. We consider the homogeneous Besov

space Ḃs
p,q = Ḃs

p,q(R) of distributions f ∈ S ′(R) for which

(4) ∥f∥Ḃs
p,q

:= ∥{2js∥∆jf∥p}j∈Z∥ℓq(Z) <∞.

A concrete characterisation of Besov spaces, for locally integrable functions, in terms of wavelets
shall be recalled in Section 4.

2.3. Divided differences.

Definition 2.1. For f ∈ Cn(R) we inductively define the divided difference functions for k =
1, . . . , n as

(5) f [k](t0, . . . , tk) =
f [k−1](t0, t2, . . . , tk)− f [k−1](t1, t2 . . . , tk)

t0 − t1
, t0, . . . , tk ∈ R, t0 ̸= t1.

For t := t0 = t1 we set f [k](t, t, t2, . . . , tn) =
d
dtf

[k−1](t, t2, . . . , tn). For f ∈ Cn(T) and ti ∈ T the

same definition defines f [k] on the torus; see the proof of Proposition 3.5 for explicit expressions.

Without further notification we shall further use that divided differences are permutation in-
variant ([SkTo19, DL93]), meaning that for any permutation σ of the integer numbers between 0
and n we get that

f [n](t0, . . . , tn) = f [n](tσ(0), . . . , tσ(n)).

In particular, for i ̸= j,

f [k](t0, . . . , tk) =
f [k−1](t0, . . . , t̂j , . . . , tk)− f [k−1](t1, . . . , t̂i, . . . , tk)

ti − tj
,

where the hat notation, i.e. t̂i and t̂i, indicate that the variables ti and tj are omitted.

2.4. Multilinear maps. Let X1, . . . , Xn, X be (quasi-)Banach spaces. The bound of a multilin-
ear map T : X1 × . . .×Xn → X is given by

∥T∥ = sup
xi∈Xi,∥xi∥Xi

=1
∥T (x1, . . . , xn)∥X .
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2.5. Schatten classes. In this paper we consider noncommutative Lp-spaces associated with the
bounded operators B(L2(R)) on the Hilbert space L2(R). For x ∈ B(L2(R)) and 0 < p < ∞ we
set

∥x∥p = Tr(|x|p)
1
p .

Then set

Sp = {x ∈ B(L2(R)) | ∥x∥p <∞}.
Then Sp consists of compact operators whose singular values form a sequence in ℓp. In case
1 ≤ p < ∞ these spaces are Banach spaces and in case 0 < p < 1 these spaces are quasi-Banach
spaces satisfying the qausi-Banach inequality

(6) ∥x+ y∥pp ≤ ∥x∥pp + ∥y∥pp, x, y ∈ Sp.

Note that at the threshold case p = 1 this is the usual triangle inequality. Similarly ∥
∑∞

j=1 xj∥
p
p ≤∑∞

j=1 ∥xj∥
p
p for infinite converging series of xj ∈ Sp, 0 < p < 1. For constants 0 < p1, . . . , pn <∞

we write (p1; . . . ; pn) = (
∑n

j=1 p
−1
j )−1 for their Hölder combination. For x1 ∈ Sp1 , . . . , xn ∈

Spn , pi ∈ (0,∞) we have x1 . . . xn ∈ Sp with p = (p1; . . . ; pn) and the Hölder estimate holds,

∥x1 . . . xn∥p ≤
n∏
j=1

∥xj∥pj .

The space S2 is a Hilbert space that can linearly be identified with L2(R2) by letting {xs,t}s,t∈R
in L2(R2) correspond to x ∈ S2 determined by

⟨xξ, η⟩ =
∫
R2

xs,tξ(s)η(t)dsdt, ξ, η ∈ L2(R).

We call {xs,t}s,t∈R the kernel of x.

2.6. Schur multipliers. We recall the following from [CLS21, CKV22], for which we recall that
Sp ⊆ Sq when 0 < p ≤ q < ∞ and this inclusion is dense; in fact the finite rank operators are
contained in every Sp-space p ∈ (0,∞) as a dense subset.

Definition 2.2. Let ψ ∈ L∞(Rn+1) whose variables we label with index 0 to n. Consider the
multilinear map

(7) Tψ : S2 × . . .× S2 → S2

that maps x1, . . . , xn ∈ S2 with kernels {x1,s0,s1}s0,s1∈R, . . . , {xn,sn−1,sn}sn−1,sn∈R to the operator
Tψ(x1, . . . , xn) ∈ S2 with kernel

{
∫
Rn−1

ψ(s0, . . . , sn)x1,s0,s1 . . . xn,sn−1,snds1 . . . dsn−1}s0,sn∈R.

The assignment (7) is bounded with norm ∥ψ∥∞ ([CLS21]). We shall denote

∥ψ∥mp1,...,pn
:= ∥Tψ : Sp1 × . . .× Spn → Sp∥,

which is finite if Tψ extends to a bounded multilinear map from (Sp1 ∩S2)× . . .× (Spn ∩S2) → Sp
to Sp1 × . . .×Spn → Sp; otherwise ∥ψ∥mp1,...,pn

= ∞. ψ is called the symbol of the Schur multiplier
Tψ.
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2.7. Comparison with multiple operator integrals. In the proof of Proposition 3.6 we need
to appeal to the transformation formula from [PSS15, Theorem 2.7]. As [PSS15] is stated in the
framework of multiple operator integals we show that our Schur multipliers appear as special cases
of these multiple operator integrals.

Let H be the unbounded self-adjoint operator (see [Nee22, Example 10.36] for self-adjointness)
acting on L2(R) with domain

D(H) = {ξ ∈ L2(R) |
∫
R
|tξ(t)|2dt <∞},

given by (Hξ)(t) = tξ(t). We have σ(H) = R and for a : R → C a bounded Borel function the
spectral calculus gives a(H)ξ = aξ where ξ ∈ L2(R). Let Ucn(R) (resp. Ucn(T) ) denote the set of
functions ϕ : Rn+1 → C (resp. ϕ : Tn+1 → C) that admit a representation

(8) ϕ(s0, . . . , sn) =

∫
Ω

n∏
j=0

aj(sj , ω)dµ(ω),

for some finite measure space (Ω, µ) and bounded continuous functions aj(·, ω) : R → C (resp.
aj(·, ω) : T → C). For ϕ ∈ Ucn(R) with representation (8) we set the multiple operator integral

(9) THϕ : Sp1 × . . .× Spn → Sp, p = (p1; . . . ; pn), 1 ≤ p, p1, . . . , pn ≤ ∞,

as follows

THϕ (x1, . . . , xn) =

∫
Ω
a0(H,ω)V1a1(H,ω) . . . Vnan(H,ω)dµ(ω), xi ∈ Spi , i = 1, . . . , n.

Because of our choice of H we have that aj(H,ω) is the multiplication operator with function
aj( · , ω).

Lemma 2.3. Let ϕ ∈ Ucn(R). Then for every x1, . . . , xn ∈ S2 we have

(10) Tϕ(x1, . . . , xn) = THϕ (x1, . . . , xn).

Proof. First note that as S2 ⊆ S2n the right hand side of (10) can be interpreted as (9) with
p1 = . . . = pn = 2n and p = 2. Moreover, as the inclusion S2 ⊆ S2n is contractive THϕ yields a
bounded map S2 × . . .× S2 → S2 and so does Tϕ by construction.

Now take xi ∈ S2 and choose a kernel xi = {xi,s,t}s,t∈R. Then, by the discussion preceding this
lemma, multiplying matrix kernels and using Fubini we find,

THϕ (x1, . . . , xn) =

∫
Ω
a0(H,ω)x1a1(H,ω) . . . xnan(H,ω)dµ(ω)

=

∫
Ω
{
∫
Rn−1

a0(s0, ω)x1,s0,s1a1(s1, ω) . . . xn,sn−1,snan(sn, ω)ds1 . . . dsn−1}s0,sndµ(ω)

={
∫
Rn−1

ϕ(s0, . . . , sn)x1,s0,s1 . . . xn,sn−1,snds1 . . . dsn−1}s0,sn

=Tϕ.

□
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2.8. The Potapov-Skripka-Sukochev theorem. The following theorem is the core of the main
result of [PSS13].

Theorem 2.4 (Remark 5.4 from [PSS13]). Let n ∈ N≥1 and let ψ ∈ Cn(R) with ∥ψ(n)∥∞ < ∞.
Let 1 < p, p1, . . . , pn <∞ be such that p = (p1; . . . ; pn). We have

(11) ∥ψ[n]∥mp1,...,pn
<∞.

Remark 2.5. Explicit upper and lower bounds for (11) have been obtained in [CaRe25a]. How-
ever, we shall not require these explicit bounds to derive our main theorem.

3. Wavelet estimates

In this section we collect all estimates of multilinear Schur multipliers of higher order divided
differences of an individual wavelet with sufficient regularity.

3.1. Diagonal multipliers. We start by collecting a number of elementary estimates. Let

ρ : R → [0, 1],

be a smooth function supported on [−2, 2] and which equals 1 in the interval [−1, 1]. Let

(12) ρR(ξ) = ρ(R−1ξ),

which is then smooth, supported on [−2R, 2R] and equals 1 on [−R,R]. The symbol considered
in the following lemma is considered to be 0 when s = t.

Lemma 3.1 ([McDSu22]). For 1 ≤ p <∞, R > 0 we have that ∥{1−ρR(s−t)
s−t }s,t∈R∥mp <∞.

Proof. Let G(t) = 1−ρR(t)
t , t ∈ R for which we interpret G(0) = 0. Note that G ∈ L2(R) and thus

has a Fourier transform Ĝ. By [McDSu22, Lemma 4.2.3] we have Ĝ ∈ L1(R). Then, a well-known
estimate that is recorded in [McDSu22, Proposition 4.2.2.(ii)] yields,

∥{1− ρR(s− t)

s− t
}s,t∈R∥mp ≤ ∥Ĝ∥1 <∞,

and this concludes the proof. □

Lemma 3.2. For 1 ≤ p <∞, R > 0 we have that ∥{ρR(s− t)}s,t∈R∥mp ≤ ∥ρ̂∥1 <∞.

Proof. ρR is Schwartz and so its Fourier transform is integrable. Therefore, [McDSu22, Proposi-
tion 4.2.2.(ii)] yields that ∥{ρR(s− t)}s,t∈R∥mp ≤ ∥ρ̂R∥1. Further,

ρ̂R(t) = (2π)−
1
2

∫
R
ρ(R−1s)eistds = R(2π)−

1
2

∫
R
ρ(s)eisRtds = Rρ̂(Rt).

Further, ∥Rρ̂(R·)∥1 = ∥ρ̂∥1. Thus combining all estimates yields ∥{ρR(s−t)}s,t∈R∥mp ≤ ∥ρ̂∥1 <∞.
□

3.2. Wavelet estimate: block diagonal part. The next aim is to give a bound for higher
order divided differences of functions that are typical in a wavelet decomposition. We start by
estimating such Schur multipliers around the diagonal.

In the proof of Proposition 3.6 below we wish to use the transformation formulae given in
[PSS15, Lemma 2.3, Theorem 2.7]. For this it is most efficient to appeal to the theory of multiple
operator integrals (see the monograph [SkTo19]). We shall only need such multiple operator
integrals in the very special situation that the symbol has a Fourier transform that is integrable
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and the spectral integral is taken with respect to a unitary. The multiple operator integral can
then be defined through (13) in Proposition 3.3 below in an elementary way.

Let A(Tn+1) be the set of functions ψ in C(Tn+1) such that for its Fourier transform we have

ψ̂ ∈ ℓ1(Zn+1). A(Tn+1) is also called the Fourier algebra.

Proposition 3.3. Let ψ ∈ A(Tn+1) and let U ∈ B(L2(R)) be unitary. For x1, . . . , xn ∈ S2 we
define the S2 convergent sum

(13) TUψ (x1, . . . , xn) :=
∑

k0,...,kn∈Z
ψ̂(k0, . . . , kn)U

k0x1U
k1x2U

k2 . . . Ukn−1xnU
kn .

Let 0 < p1, . . . , pn < ∞ and assume 0 < p := (p1; . . . ; pn) ≤ 1. If moreover xi ∈ Spi ∩ S2 and

ψ̂ ∈ ℓp(Zn+1) then TUψ (x1, . . . , xn) ∈ Sp and

∥TUψ : Sp1 × . . .× Spn → Sp∥ ≤ ∥ψ̂∥ℓp(Zn+1).

Proof. We first prove the S2 convergence of (13). For any subset A ⊆ Zn+1 we have,

∥
∑

k0,...,kn∈A
ψ̂(k0, . . . , kn)U

k0x1U
k1x2U

k2 . . . Ukn−1xnU
kn∥2

≤
∑

k0,...,kn∈A
|ψ̂(k0, . . . , kn)|∥Uk0x1Uk1x2Uk2 . . . Ukn−1xnU

kn∥2

≤∥ψ̂∥ℓ1(A) sup
k0,...,kn∈A

∥Uk0x1Uk1x2Uk2 . . . Ukn−1xnU
kn∥2

≤∥ψ̂∥ℓ1(A)∥x1∥2n∥x2∥2n . . . ∥xn∥2n
≤∥ψ̂∥ℓ1(A)∥x1∥2∥x2∥2 . . . ∥xn∥2.

This estimate assures that (13) converges in S2 in case ψ̂ ∈ ℓ1(Zn+1) as the infinite sum (13) is a
Cauchy sum.

Now suppose moreover that ψ̂ ∈ ℓp(Zn+1); as 0 < p ≤ 1 in particular ψ̂ ∈ ℓ1(Zn+1). Then for
A ⊆ Zn+1 and xi ∈ Spi ∩ S2, ∥xi∥pi ≤ 1 we have by the quasi-triangle inequality (6) and Hölder,

∥
∑

k0,...,kn∈A
ψ̂(k0, . . . , kn)U

k0x1U
k1x2U

k2 . . . Ukn−1xnU
kn∥pp

≤
∑

k0,...,kn∈A
|ψ̂(k0, . . . , kn)|p∥Uk0x1Uk1x2Uk2 . . . Ukn−1xnU

kn∥pp

≤
∑

k0,...,kn∈A
|ψ̂(k0, . . . , kn)|p

≤∥ψ̂∥pℓp(A).

(14)
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Again, it follows that the sum (13) is a Cauchy sum in Sp if ψ̂ ∈ ℓp(Zn+1) and that ∥Tψ(x1, . . . , xn)∥p ≤
∥ψ̂∥ℓp(Zn+1). Indeed for ε > 0 there exists M > 0 large such that for every N1 > N2 > M we have

∥
∑

k0,...,kn∈Z,
|k0|,...,|kn|≤N1

ψ̂(k0, . . . , kn)U
k0x1U

k1x2U
k2 . . . Ukn−1xnU

kn

−
∑

k0,...,kn∈Z,
|k0|,...,|kn|≤N2

ψ̂(k0, . . . , kn)U
k0x1U

k1x2U
k2 . . . Ukn−1xnU

kn∥p

≤∥ψ̂∥ℓp([−N1,N1]n+1\[−N2,N2]n+1) ≤ ∥ψ̂∥ℓp(Zn+1\[−M,M ]n+1) < ε.

□

Remark 3.4. Evidently the statement of Proposition 3.3 is also true in case 1 ≤ p < ∞, ψ̂ ∈
ℓ1(Zn+1) and consequently 1 ≤ p1, . . . , pn < ∞. The proof is easier as one uses the conventional
triangle inequality instead of the quasi-triangle inequality. In fact, many of the statements below
have a well known counterpart for 1 ≤ p <∞; these statements shall not be used however in this
paper, essentially as in the range 1 < p < ∞ we can appeal to Theorem 2.4 to estimate Schur
multipliers, and we decided not to present them here.

Proposition 3.5. Let 0 < p1, . . . , pn <∞ and assume 0 < p := (p1; . . . ; pn) ≤ 1. Let β ∈ N with

n+ 1 < βp. Let φ ∈ Cβ(T) and let U ∈ B(L2(R)) be unitary. Then, φ[n] ∈ Ucn(T) and,

∥TU
φ[n] : Sp1 × · · · × Spn → Sp∥ <∞.

Proof. Our aim is to show that φ[n] satisfies the criteria of Proposition 3.3. Consider the Fourier
expansion

φ(z) =
∑
k∈Z

φ̂(k) zk, z ∈ T.

Thus, as taking divided differences is a linear operation, we get that

φ[n] =
∑
k∈Z

φ̂(k) (zk)[n].

We examine the term (zk)[n] and make it concrete. For k ≥ n > 0, the first-order identity

zk − wk

z − w
=

k−1∑
l=0

zlwk−l−1, z, w ∈ T,

may be iterated n times to yield

(zk)[n](z0, . . . , zn) =
∑

(α0,...,αn)∈An,k

zα0
0 zα1

1 · · · zαn
n , z0, . . . , zn ∈ T,

where An,k is the finite index set of (n+ 1)-tuples (α0, . . . , αn) of nonnegative integers such that∑n
i=0 αi = k − n. We have [Sta12, Section 1.2],

(15) |An,k| =
(
k

n

)
for k ≥ n+ 1.

If k = n we have in particular that (zn)[n](z0, . . . , zn) = 1, i.e. a constant function 1. It thus

follows that (zk)[n] = 0 in case n > k ≥ 0.
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For the negative powers we have for k > 0, n > 0,

z−k − w−k

z − w
= z−k

wk − zk

z − w
w−k = −z−k(

k−1∑
l=0

zlwk−1−l)w−k = −
k−1∑
l=0

zl−kw−l−1, z, w ∈ T,

and applying this formula n times yields

(z−k)[n](z0, . . . , zn) = (−1)n
∑

(α0,...,αn)∈Bn,k

z−α0−1
0 z−α1−1

1 · · · z−αn−1
n , z0, . . . , zn ∈ T,

where Bn,k is the finite index set of (n+ 1)-tuples (α0, . . . , αn) of nonnegative integers such that∑n
i=0 αi = k − 1. We now have [Sta12, Section 1.2],

(16) |Bn,k| =
(
n+ k − 1

k − 1

)
.

Now note that (15) and (16) imply that there exists a constant Cn > 0 depending only on n
such that

max(|An,k|, |Bn,k|) ≤ Cn (1 + |k|)n, k ∈ Z.
It follows that the Fourier expansion of φ[n] is given by the following formula, where z0, . . . , zn ∈ T,

φ[n](z0, . . . , zn) =
∑
k∈Z≥n

φ̂(k)
∑

(α0,...,αn)∈An,k

zα0
0 zα1

1 · · · zαn
n

+
∑
k∈Z<0

φ̂(k)
∑

(α0,...,αn)∈Bn,|k|

z−α0−1
0 z−α1−1

1 · · · z−αn−1
n .

(17)

Therefore, by the quasi-triangle inequality,

(18) ∥φ̂[n]∥p
ℓp(Zn+1)

=
∑
k∈Z≥n

|φ̂(k)|p|An,k|+
∑
k∈Z<n

|φ̂(k)|p|Bn,|k|| ≤ Cn
∑
k∈Z

|φ̂(k)|p (1 + |k|)n.

Now if φ ∈ Cβ(T), then by [Gra08, Prop. 3.2.9 (b)]

|φ̂(k)| ⪯ (1 + |k|)−β.

And thus by (18) we have ∥φ̂[n]∥ℓp(Zn+1) < ∞ in case n − βp < −1, that is βp > n + 1. Thus

we conclude the proof by Proposition 3.3. The fact that φ[n] ∈ Ucn(T) now also follows by the

expansion (17) and the fact that (18) certainly implies that ∥φ̂[n]∥ℓ1(Zn+1) <∞ as p ≤ 1.
□

We now transfer our result to Schur multipliers with symbols depending on real variables.

Proposition 3.6. Let 0 < p1, . . . , pn <∞ and assume that 0 < p := (p1; . . . ; pn) ≤ 1. Let β ∈ N
with n+ 1 < βp. If ϕ ∈ Cβc (R), then

∥ϕ[n]∥mp1,...,pn
<∞.

Proof. Recall the Cayley transform G : T\{1} → R which is a smooth bijection given by

G(z) = i
z + 1

z − 1
, z ∈ T\{1}.

G has the property that limλ→±∞G−1(λ) = 1. Set φ(z) = ϕ ◦ G(z) in case z ∈ T\{1} and as ϕ
is compactly supported we may continuously extend φ to T by setting φ(1) = 0. As G is smooth
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we then have φ ∈ Cβ(T). Proposition 3.5 shows that φ[n] ∈ Ucn(T) and thus ϕ[n] ∈ Ucn(R), by the
proof of [PSS15, Theorem 2.4 (ii)].

Let λi ∈ R and set zi = G−1(λi) where i = 0, . . . , n. By [PSS15, Lemma 2.3 (ii)] we have

ϕ[n](λ0, . . . , λn) =
n∑
k=1

∑
0=i0<...<ik=n

(−1)k+1in−k+1

2n−k+1
φ[k](zi0 , . . . , zik)

×
k−1∏
j=1

(zij − 1)2
∏

l∈{0,...,n}\{i1,...,ik−1}

(zl − 1).

(19)

Let H be the unbounded self-adjoint operator introduced in Section 2.7. Let U = G−1(H) be
the multiplication operator on L2(R) with the function G−1. As G−1 takes values in T\{1} we
see that U is unitary. Proposition 3.3 then defines the multilinear map TU

φ[k] , 1 ≤ k ≤ n.

We now apply Lemma 2.3 and the transformation formulae [PSS15, Theorem 2.7, Lemma 2.2]
to the function (19). Hence we find for xi ∈ Spi ∩ S2, and hence certainly xi ∈ Sn as in the
assumptions of [PSS15, Theorem 2.7], that

Tϕ[n](x1, . . . , xn) =T
H
ϕ[n](x1, . . . , xn)

=

n∑
k=1

∑
0=i0<...<ik=n

(−1)k+1in−k+1

2n−k+1
TU
φ[k](Xi0+1 . . . Xi1 , . . . ,

Xik−2+1 . . . Xik−1
, Xik−1+1 . . . Xik),

where

Xl =

{
xl(H − 1), l ∈ {0, . . . , n}\{i1, . . . , ik−1},
xl(H − 1)2, otherwise.

Note that the Hölder combination of the exponents

(pi0+1; . . . ; pi1), (pi1+1; . . . ; pi2), . . . , (pik−1+1; . . . ; pik), 0 = i0 < . . . < ik = n,

is given by
k−1∑
l=1

il+1∑
s=il+1

1

ps
=

n∑
l=1

1

pl
=

1

p
.

By the quasi-triangle inequality and Proposition 3.5 we see that the condition φ ∈ Cβ(T) implies
that

∥Tϕ[n](x1, . . . , xn)∥p

⪯n,p sup
k=1,...,n

sup
{0=i0<...<ik=n}⊆{0,...,n}

∥TU
φ[k] : S(pi0+1;...;pi1 )

× . . .× S(pik−1+1;...;pik )
→ Sp∥

n∏
l=1

∥Xl∥pl

⪯ sup
k=1,...,n

sup
{0=i0<...<ik=n}⊆{0,...,n}

∥TU
φ[k] : S(pi0+1;...;pi1 )

× . . .× S(pik−1+1;...;pik )
→ Sp∥

n∏
l=1

∥xl∥pl ,

and the norms of TU
φ[k] is finite. As the xi we considered are dense in Spi the proof follows. □

The following lemma, as well as its proof, is standard but we have not found its precise statement
in the literature. We give the proof for completeness. Note that in the proof of the lemma we
must restrict ourselves to the range 1 ≤ p ≤ ∞.
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Lemma 3.7. Consider two families {Qk}k∈Z and {Pk}k∈Z of mutually orthogonal projections
acting on a Hilbert space H. Consider the map

E : B(H) → B(H) : x 7→
∑
k∈Z

QkxPk,

where the sum converges in the strong operator topology. Let p ∈ [1,∞). Then if x ∈ Sp we have
E(x) ∈ Sp and the assignment x 7→ E(x) extends to a contraction on Sp.

Proof. Let P =
∑

k∈Z Pk and Q =
∑

k∈ZQk. Consider p = 1. Let x ∈ S1 and write x = ab with

a, b ∈ S2 and ∥x∥1 = ∥a∥2∥b∥2; note that we may take a = u|x|
1
2 , b = |x|

1
2 where x = u|x| is the

polar decomposition. Then

E(x)⊗ e1,1 = (
∑
k∈Z

Qka⊗ e1,k)(
∑
k∈Z

bPk ⊗ ek,1),

where ei,j are the matrix units in B(ℓ2(Z)). Therefore

∥E(x)∥1 =∥E(x)⊗ e1,1∥1 ≤ ∥
∑
k∈Z

Qka⊗ e1,k∥2∥
∑
k∈Z

bPk ⊗ ek,1∥2

=(
∑
k∈Z

∥Qka∥22)
1
2 (
∑
k∈Z

∥bPk∥22)
1
2 = ∥Qa∥2∥bP∥2 ≤ ∥a∥2∥b∥2 = ∥x∥1.

This concludes the proof for p = 1.
For p = ∞ we note that E is the dual of the contractive map

E′ : S1 → S1 : x 7→
∑
k∈Z

PkxQk,

through the duality pairing ⟨x, y⟩S1,S∞ = Tr(xy). Therefore E is contractive and normal on B(H).
Finally for general 1 ≤ p ≤ ∞ the proof follows from complex interpolation.

□

Remark 3.8. In the following Proposition 3.9 for n = 1 the conditions force that p = p1 = 1.

Proposition 3.9. Let 1 ≤ p1, . . . , pn < ∞ and assume that 0 < p := (p1; . . . ; pn) ≤ 1. For
0 ≤ i ≤ n let {Qi,k}k∈Z be a family of mutually orthogonal projections. Let, for k ∈ Z,

Tk : Sp1 × . . .× Spn → Sp,

be a multilinear map such that

(20) Tk(x1, . . . , xn) = Tk(Q0,kx1Q1,k, Q1,kx2Q2,k, . . . , Qn−1,kxnQn,k).

Then, T :=
∑

k∈Z Tk satisfies

∥T : Sp1 × . . .× Spn → Sp∥ ≤∥{∥Tk : Sp1 × . . .× Spn → Sp∥}k∈Z∥ℓ∞ .
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Proof. Let xi ∈ Spi , 1 ≤ i ≤ n. Then, by the quasi-triangle inequality, the property (20), the
definition of the operator norm of Tk, and finally the Hölder inequality for exponents ∞, p1, . . . pn,

∥T (x1, . . . xn)∥p ≤

(∑
k∈Z

∥Tk(x1, . . . , xn)∥pp

) 1
p

=

(∑
k∈Z

∥Tk(Q0,kx1Q1,k, . . . , Qn−1,kxnQn,k)∥pp

) 1
p

≤

(∑
k∈Z

∥Tk∥p∥Q0,kx1Q1,k∥pp1 . . . ∥Qn−1,kxnQn,k)∥ppn

) 1
p

≤∥{∥Tk∥}k∈Z∥ℓ∞∥{∥Q0,kx1Q1,k∥p1}k∈Z∥ℓp1 . . . ∥{∥Qn−1,kxnQn,k)∥pn}k∈Z∥ℓpn .

(21)

Now as 1 ≤ pi <∞ we can apply Lemma 3.7 to get the following inequality,

(22) ∥{∥Qi−1,kxiQi,k∥pi}k∈Z∥ℓpi = ∥
∑
k∈Z

Qi−1,kxiQi,k∥ℓpi ≤ ∥xi∥pi .

The two estimates (21) and (22) conclude the proposition. □

Recall that the cut off function ρR was defined in (12). At this point we introduce for ϕ ∈ Cc(R)
and α = {αk}k∈Z ∈ ℓ∞(Z) the function

(23) ϕα,λ(t) =
∑
k∈Z

αkϕ(λt− k), ϕα = ϕα,1, t ∈ R.

We will later take ϕ to be a wavelet and αk to be the coefficients in a wavelet decomposition on
which we impose further decay assumptions. For now we have the following.

Theorem 3.10. Let 1 ≤ p1, . . . , pn < ∞ and assume that 0 < p := (p1; . . . ; pn) ≤ 1. Let β ∈ N
with n+ 1 < βp. Let ϕ ∈ Cβc (R). Then, there exists a constant C > 0 such that for every α ∈ ℓ∞

we have,

∥{ϕ[n]α (t0, . . . , tn)ρR(t0 − t1) . . . ρR(tn−1 − tn)}t0,...,tn∈R∥mp1,...,pn
< C∥α∥∞.

Proof. For r ∈ Z we introduce the block diagonal indicator concentrated along the r-th off-
diagonal,

br(s, t) =
∑
k∈Z

χ[k,k+1)(s)χ[k+r,k+r+1)(t), s, t ∈ R.

The function BR =
∑2R+1

r=−2R−1 br, R ∈ N is then again an indicator function whose support is
strictly larger than the support of (s, t) 7→ ρR(s− t). Now set for r1, . . . , rn ∈ Z, R1, . . . , Rn ∈ N
and t0, . . . , tn ∈ R,

br1,...,rn(t0, . . . , tn) =br1(t0, t1) . . . brn(tn−1, tn),

BR1,...,Rn(t0, . . . , tn) =BR1(t0, t1) . . . BRn(tn−1, tn).

Also set,

br1,...,rn,l(t0, . . . , tn) =χ[l,l+1)(t0)br1,...,rn(t0, . . . , tn)

=χ[l,l+1)(t0)χ[l+r1,l+r1+1)(t1) . . . χ[l+r1+...+rn,l+r1+...+rn+1)(tn).
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Note that br1,...,rn =
∑

l∈Z br1,...,rn,l. Then BR,...,R(t0, . . . , tn) is again an indicator function whose
support is strictly larger than the support of

dR(t0, . . . , tn) :=
n∏
i=1

ρR(ti−1 − ti).

Note that
T
ϕ
[n]
α br1,...,rndR

= T
ϕ
[n]
α br1,...,rn

◦ (Tρ̃R × . . .× Tρ̃R),

where ρ̃R(s, t) = ρR(s− t), s, t ∈ R. Hence, by Lemma 3.2,

∥ϕ[n]α dRbr1,...,rn∥mp1,...,pn
≤ ∥ϕ[n]α br1,...,rn∥mp1,...,pn

n∏
i=1

∥ρ̃R∥mpi
⪯ ∥ϕ[n]α br1,...,rn∥mp1,...,pn

.

By the quasi-triangle inequality, we thus get

∥ϕ[n]α dR∥pmp1,...,pn
= ∥ϕ[n]α dRBR,...,R∥pmp1,...,pn

≤
2R+1∑

r1,...,rn=−2R−1

∥ϕ[n]α dRbr1,...,rn∥pmp1,...,pn

⪯
2R+1∑

r1,...,rn=−2R−1

∥ϕ[n]α br1,...,rn∥pmp1,...,pn
.

This summation is finite and hence we have reduced the problem to showing that each of the
individual summands is bounded up to a constant by ∥α∥p∞.

For a function ψ ∈ L∞(Rn+1) and k ∈ R we set the translated function,

(τkψ)(t0, . . . , tn) = ψ(t0 − k, . . . , tn − k).

As the divided difference of a translated function equals the translation of the divided difference
(see (5)), we have that

(24) ϕ[n]α (t0, . . . , tn) =
∑
k∈Z

αkϕ
[n](t0 − k, . . . , tn − k) =

∑
k∈Z

αk(τkϕ
[n])(t0, . . . , tn).

Note that if for all 0 ≤ i ≤ n we have that ti− k is outside of the support of ϕ then the summand
αk(τkϕ

[n])(t0, . . . , tn) in (24) is 0; this can be verified inductively by the definition of n-th order
divided difference functions in terms of the n − 1-th order divided difference function (5). As ϕ
has compact support it follows that for any r1, . . . , rn ∈ Z there exists N ∈ N such that for all
k ∈ Z, |k| > N we have

(τkϕ
[n])br1,...,rn,0 = 0.

More precisely, if supp(ϕ) ⊆ [−K,K] then N = K + max(|r1|, . . . , |rn|) + 1 suffices. Hence also
for k ∈ Z, |k| > N and any l ∈ Z we have

(τk+lϕ
[n])br1,...,rn,l = τl((τkϕ

[n])br1,...,rn,0) = 0.

We emphasize that N is independent of l and depends on r1, . . . , rn and ϕ only. It follows that,

ϕ[n]α br1,...,rn,l =
∑
k∈Z

αk(τkϕ
[n])br1,...,rn,l =

N∑
k=−N

αk+l(τk+lϕ
[n])br1,...,rn,l.

And thus,

(25) ϕ[n]α br1,...,rn =
∑
l∈Z

ϕ[n]α br1,...,rn,l =
N∑

k=−N

∑
l∈Z

αk+l(τk+lϕ
[n])br1,...,rn,l.
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Let r0 = 0. Set Qi,l, i = 0, . . . , n, l ∈ Z, to be the projection given by the multiplication operator
with indicator function χ[l+k+ri,l+k+ri+1). Then, the symbol br1,...,rn,l ensures that for xi ∈ Spi we
have,

Tτk+lϕ[n]br1,...,rn,l
(x1, . . . , xn) =Tτk+lϕ[n]br1,...,rn,l

(Q0,lx1Q1,l, . . . , Qn−1,lxnQn,l)

=Tτk+lϕ[n](Q0,lx1Q1,l, . . . , Qn−1,lxnQn,l).

We conclude firstly that we may apply Proposition 3.9 (our index l plays the role of k) and
secondly we have,

∥Tτk+lϕ[n]br1,...,rn,l
(x1, . . . , xn)∥p =∥Tτk+lϕ[n](Q0,lx1Q1,l, . . . , Qn−1,lxnQn,l)∥p

≤∥τk+lϕ[n]∥mp1,...,pn
∥Q0,lx1Q1,l∥p1 . . . ∥Qn−1,lxnQn,l∥pn

≤∥τk+lϕ[n]∥mp1,...,pn
∥x1∥p1 . . . ∥xn∥pn .

(26)

Therefore, by using (25), the quasi-triangle inequality, and Proposition 3.9 for the first inequality,
and (26) for the second equality,

∥ϕ[n]α br1,...,rn∥mp1,...,pn
⪯ sup
l∈Z,|k|≤N

∥αk+l(τk+lϕ[n])br1,...,rn,l∥mp1,...,pn

≤∥α∥∞ sup
l∈Z,|k|≤N

∥(τk+lϕ[n])br1,...,rn,l∥mp1,...,pn

≤∥α∥∞∥τk+lϕ[n]∥mp1,...,pn

≤∥α∥∞∥ϕ[n]∥mp1,...,pn
.

Applying Proposition 3.6 concludes the proof. □

3.3. Induction. We are now in a position to prove the main estimate on Schur multipliers of
higher order divided differences of a wavelet. The proof proceeds by induction to the order. As
part of our proof we need the linear case that was covered in [McDSu22] and which we recall here.
Recall that for 0 < p ≤ 1 we set

p♯ =
p

1− p
,

where if p = 1 we set p♯ = ∞. Then 1
p♯

+ 1 = 1
p or in other words p = (p♯; 1). Recall that ϕα,λ

was defined in (23).

Theorem 3.11 (Theorem 4.3.2 of [McDSu22]). Let 0 < p ≤ 1. Let ϕ ∈ Cβc (R) with β > 2
p . There

exists a constant C > 0 such that for every α ∈ ℓp
♯
and λ > 0, we have,

∥ϕ[1]α,λ∥mp ≤ Cλ∥α∥p♯ .(27)

The following theorem is a direct consequence of a result first proved in [PoSu11]. After that,
alternative proofs and sharpenings of this statement appeared in [CMPS14, CPSZ19, CJSZ20,
CGPT22, GPPR24]. We note that at p = 1 we have p♯ = ∞ and so the estimates (27) and (28)
agree, though they are stated under different regularity conditions on ϕ.

Theorem 3.12 ([PoSu11]). Let 1 < p <∞. Let ϕ ∈ C1
c (R). There exists a constant C > 0 such

that for every α ∈ ℓ∞(Z) and λ > 0 we have,

∥ϕ[1]α,λ∥mp ≤ Cλ∥α∥∞.(28)
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Proof. Fix 1 < p < ∞. The main result of [PoSu11] yields that there exists a constant C > 0
such that for every ϕ, α, λ,

∥ϕ[1]α,λ∥mp ≤ C∥ϕ′α,λ∥∞.

By the chain rule for differentiation ∥ϕ′α,λ∥∞ = λ∥ϕ′α,1∥∞. Further, for s ∈ R,

|ϕ′α,1(s)| ≤
∑

k∈Z,s−k∈supp(ϕ)

|αk||ϕ′(s− k)| ⪯ϕ

∑
k∈Z,s−k∈supp(ϕ)

∥α∥∞∥ϕ′∥∞,

and as ϕ has compact support the sum is finite with a bound on the number of summands that is

uniform in s. All the previous estimates together yield ∥ϕ[1]α,λ∥mp ⪯ϕ λ∥α∥∞ and we are done. □

Theorem 3.13. Let n ≥ 2. Let 1 ≤ p1, . . . , pn <∞(Z) and assume that

0 < p := (p1; . . . ; pn) ≤ 1, 1 ≤ (p2; . . . ; pn) <∞, 1 ≤ (p1; . . . ; pn−1) <∞.

Let β ∈ N with n + 1 < βp. Let ϕ ∈ Cβc (R). There exists a constant C > 0 such that for every
α ∈ ℓ∞ we have,

∥ϕ[n]α ∥mp1,...,pn
≤C( max

k=1,...,n−1
(∥ϕ[n−1]

α ∥mp1,...,pk−1,(pk;pk+1),pk+2,...,pn
+ ∥ϕ[n−1]

α ∥mp1,...,pn−1

+ ∥ϕ[n−1]
α ∥mp2,...,pn

+ ∥α∥∞).

Proof. In the next decomposition the hat indicates that a variable is omitted. We have,

ϕ[n]α (t0, . . . , tn) =ϕ
[n]
α (t0, . . . , tn)(

n−1∑
k=0

ρR(t0 − t1) . . . ρR(tk−1 − tk) · (1− ρR)(tk − tk+1)

+ ρR(t0 − t1) . . . ρR(tn−1 − tn))

=
n−1∑
k=0

(
(ϕ[n−1]
α (t0, . . . , t̂k, . . . , tn)− ϕ[n−1]

α (t0, . . . , t̂k+1, . . . , tn))

× ρR(t0 − t1) . . . ρR(tk−1 − tk)
(1− ρR)(tk − tk+1)

tk+1 − tk

)
+ ϕ[n]α (t0, . . . , tn)ρR(t0 − t1) . . . ρR(tn−1 − tn),

By the quasi-triangle inequality it suffices to estimate the multipliers with symbols of each of the
n+ 1 summands in the latter expression. By Theorem 3.10,

(29) ∥{ϕ[n]α (t0, . . . , tn)ρR(t0 − t1) . . . ρR(tn−1 − tn)}t0,...,tn∈R∥mp1,...,pn
⪯ ∥α∥∞.

Further, we have for 0 < k ≤ n− 1, by Lemma 3.1 and Lemma 3.2,

∥{ϕ[n−1]
α (t0, . . . , t̂k, . . . , tn)ρR(t0 − t1) . . . ρR(tk−1 − tk)

(1− ρR)(tk − tk+1)

tk+1 − tk
}t0,...,tn∈R∥mp1,...,pn

≤∥{ϕ[n−1]
α (t0, . . . , t̂k, . . . , tn)}t0,...,t̂k,...,tn∈R∥mp1,...,(pk;pk+1),...,pn

∥{(1− ρR)(tk − tk+1)

tk+1 − tk
}tk,tk+1∈R∥mpk+1

× ∥{ρR(t0 − t1)}t0,t1∈R∥mp1
· . . . · ∥{ρR(tk−1 − tk)}tk−1,tk∈R∥mpk

⪯∥{ϕ[n−1]
α (t0, . . . , t̂k, . . . , tn)}t0,...,t̂k,...,tn∈R∥mp1,...,(pk−1;pk),...,pn

.

(30)
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For k = 0 a similar estimate yields the following where the final estimate is Theorem 2.4,

∥{ϕ[n−1]
α (t1, . . . , tn)

(1− ρR)(tk − tk+1)

tk+1 − tk
}t0,...,tn∈R∥mp1,...,pn

⪯∥{ϕ[n−1]
α (t1, . . . , tn)}t1,...,tn∈R∥mp2,...,pn

⪯ ∥α∥∞.
(31)

In the same way we have for 0 ≤ k < n− 1,

∥{ϕ[n−1]
α (t0, . . . , t̂k+1, . . . , tn)ρR(t0 − t1) . . . ρR(tk−1 − tk)

(1− ρR)(tk − tk+1)

tk+1 − tk
}t0,...,tn∈R∥mp1,...,pn

⪯∥{ϕ[n−1]
α (t0, . . . , t̂k+1, . . . , tn)}t0,...,t̂k+1,...,tn∈R∥mp1,...,(pk;pk+1),...,pn

,

(32)

and for k = n− 1 using a similar estimate and again Theorem 2.4,

∥{ϕ[n−1]
α (t0, . . . , tn−1)ρR(t0 − t1) . . . ρR(tk−1 − tk)

(1− ρR)(tk − tk+1)

tk+1 − tk
}t0,...,tn∈R∥mp1,...,pn

⪯∥{ϕ[n−1]
α (t0, . . . , tn−1)}t1,...,tn∈R∥mp1,...,pn−1

⪯ ∥α∥∞.
(33)

The estimates (29), (30), (31), (32) and (33) thus conclude the proof. □

We now come to our main estimate.

Theorem 3.14. Let 1 ≤ p1, . . . , pn <∞ be such that 1 ≤ (p2; . . . ; pn), (p1; . . . ; pn−1) <∞ and let

p := (p1; . . . ; pn). Let β ∈ N with n + 1 < βp and let ϕ ∈ Cβc (R). There exists a constant C > 0

such that for every α ∈ ℓp
♯
(Z) we have,

∥ϕ[n]α ∥mp1,...,pn
≤ C∥α∥

ℓp
♯ .

Proof. The condition 1 ≤ (p2; . . . ; pn), (p1; . . . ; pn−1) < ∞ implies that all of the Hölder combi-
nations (pk; . . . ; pl), k < l, (k, l) ̸= (1, n) lie in the interval [1,∞). This allows us to inductively
apply the estimate of Theorem 3.13 to yield

(34) ∥ϕ[n]α ∥mp1,...,pn
⪯n sup

1≤k<l≤n
∥ϕ[1]α ∥m(pk;...;pl)

+ ∥α∥∞.

In case (pk; . . . ; pl) > 1 we apply Theorem 2.4 and see,

(35) ∥ϕ[1]α ∥m(pk;...;pl)
⪯ ∥α∥∞.

In case (pk; . . . ; pl) ≤ 1 we apply Theorem 3.11 and see

(36) ∥ϕ[1]α ∥m(pk;...;pl)
⪯ ∥α∥p♯ .

As ∥α∥∞ ≤ ∥α∥p♯ the estimates (34), (35) and (36) conclude the proof. □

In order to apply Theorem 3.14 to wavelets we shall also need to consider dilations of the
symbol. This can be done through a standard argument that we present now. Recall again that
ϕα,λ was defined in (23).

Lemma 3.15. We have for ϕ ∈ Cnc (R) and α ∈ ℓ∞(Z), λ > 0,

∥ϕ[n]α,λ∥mp1,...,pn
= λn∥ϕ[n]α ∥mp1,...,pn

.



18 MARTIJN CASPERS AND EMIEL HUISMAN

Proof. For a function ψ ∈ C1
c (R) we set ψλ(t) = ψ(λt), t ∈ R. Then, for s, t ∈ R,

ψ
[1]
λ (s, t) =

ψ(λs)− ψ(λt)

s− t
= λ

ψ(λs)− ψ(λt)

λs− λt
= λψ[1](λs, λt).

By applying this formula inductively to the order n we find that

ϕ
[n]
α,λ(t0, . . . , tn) = λnϕ[n]α (λt0, . . . , λtn).

Now the map U : L2(R) → L2(R) given by (Uf)(t) = λ−
1
2 f(λt) is unitary with (U∗f)(t) =

λ
1
2 f(λ−1t). Further, for x1, . . . , xn ∈ S2 we have,

UT
ϕ
[n]
α,λ

(x1, . . . , xn)U
∗ = λnT

ϕ
[n]
α
(Ux1U

∗, . . . , UxnU
∗),

so that, by density of S2 in Spi ,

∥ϕ[n]α,λ∥mp1,...,pn
= λn∥ϕ[n]α ∥mp1,...,pn

.

□

Corollary 3.16. Using the notation of Theorem 3.14. There exists a constant C > 0 such that

for every α ∈ ℓp
♯
(Z) and λ > 0 we have,

∥ϕ[n]λ,α∥mp1,...,pn
≤ Cλn∥α∥

ℓp
♯ .

4. Wavelet decomposition and main result

In this section we derive the main result of this paper: an estimate for Schur multipliers of
divided diffence functions. This conclusion is derived from the core estimates in Section 3. The
methods in this section are then similar to [McDSu22, Section 4] but we present them in the
multilinear case.

Definition 4.1. We call a function ϕ ∈ L2(R) a wavelet if the family

ϕj,k(t) = 2
j
2ϕ(2jt− k), j, k ∈ Z, t ∈ R,

forms an orthonormal basis in L2(R).

Remark 4.2. In [Dau88] Daubechies proved that there exists a compactly supported wavelet in

Cβc (R) for every β ∈ N (see also [Mey90, Theorem 3.8.3]).

We shall make use the following characterization of homogeneous Besov spaces in terms of
wavelets.

Theorem 4.3 (Theorem 4.1.3 of [McDSu22]). Let p, q ∈ (0,∞] and let s ∈ R. Let f be a locally
integrable function and let ϕ be a compactly supported Cβ wavelet for β > |s|. Then f belongs to

the homogeneous Besov class Ḃs
p,q(R) if and only if

∥f∥Ḃs
p,q

≈p,q,s,ϕ

∑
j∈Z

2jsq∥fj∥qp

 1
q

<∞.

Now throughout this section we take over the notation from Theorem 3.14. We let

1 ≤ p1, . . . , pn <∞,

be such that
1 ≤ (p2; . . . ; pn), (p1; . . . ; pn−1) <∞,
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and let p := (p1; . . . ; pn). Let β ∈ N with n+1 < βp and let ϕ ∈ Cβc (R) be a compactly supported
Cβ-wavelet.

We further let f : R → R be a locally integrable function. As ϕ has compact support we may
set

(37) fj :=
∑
k∈Z

ϕj,k⟨f, ϕj,k⟩,

where the sum is finite on compact sets. If moreover, f ∈ L2(R) then as the wavelet yields an
orthonormal basis {ϕj,k}j,k, we see that the sum (37) converges in L2(R) to the function fj and
moreover f =

∑
j∈Z fj in L2(R). However, we shall need to apply a wavelet decomposition to

functions that are not necessarily in L2(R) but also need to cover more general functions with
bounded n-th order derivative, including polynomials of degree ≤ n. Such polynomials have the
property that the wavelet coefficients are all 0 (see [Mey90]) and thus (37) does not provide a good
approximation. In the linear case this subtle point was outlined carefully in [McDSu22, Section
4.1]. Here we treat the higher order case and it turns out that the degree of regularity that we
need precisely coincides with our estimates in Section 3. The proof of the following lemma is a
straightforward generalisation of [McDSu22, Lemma 4.1.4].

Lemma 4.4. Let f ∈ Cn(R) ∩ Ḃ
n−1+ 1

p

p♯,p
with 0 < p ≤ 1 and assume that ∥f (n)∥∞ < ∞. Then

there exists a polynomial P of degree at most n such that

f(t) = P (t) +
∑
j∈Z

(fj(t)−
n−1∑
k=0

tk

k!
f
(k)
j (0)), t ∈ R.

Further, ∥P (n)∥∞ ⪯ ∥f (n)∥∞ + ∥f∥
Ḃ

n−1+ 1
p

p♯,p

up to a constant that does not depend on f .

Proof. Since the wavelet ϕ is assumed to be Cβ with n + 1 < βp it follows that fj is β times
continuously differentiable and so certainly it is n times continuously differentiable. By [Mey90,
Chapter 2, Theorem 3] and then using [McDSu22, Eqn. (4.3)] for every j ∈ Z we have

∥f (n)j ∥∞ ⪯ 2jn∥fj∥∞ ⪯ 2jn2
j( 1

p
−1)∥fj∥p♯ .

Therefore, we have by Theorem 4.3 (s = n − 1 + 1
p and pβ > n + 1 imply β > |s|), and the fact

that 0 < p ≤ 1 implies that the norm of Ḃ
n−1+ 1

p

p♯,p
is smaller than the norm of Ḃ

n−1+ 1
p

p♯,1
(see (4)),

(38)
∑
j∈Z

∥f (n)j ∥∞ ⪯
∑
j∈Z

2
j(n−1+ 1

p
)∥fj∥p♯ ≈ ∥f∥

Ḃ
n−1+ 1

p

p♯,1

≤ ∥f∥
Ḃ

n−1+ 1
p

p♯,p

.

The convergence of the sum (38) then implies that f (n) −
∑

j∈Z f
(n)
j is a well-defined element of

L∞(R) and the series converges uniformly. Therefore, we may apply n times the integral taken
from 0 to t and set

g(t) := f(t)−
n−1∑
k=0

tk

k!
f (k)(0)−

∑
j∈Z

(fj(t)−
n−1∑
k=0

tk

k!
f
(k)
j (0)), t ∈ R,

where the series converges uniformly on compact subsets of R. Then,

∥g(n)∥∞ ≤ ∥f (n)∥∞ +
∑
j∈Z

∥f (n)j ∥∞ ⪯ ∥f (n)∥∞ + ∥f∥
Ḃ

n−1+ 1
p

p♯,p

.
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Now as
∑

j∈Z(fj(t)−
∑n−1

k=0
tk

k!f
(k)
j (0)) converges uniformly on compact sets and ϕ is a compactly

supported wavelet we have that

⟨g, ϕj,k⟩ = 0, j, k ∈ Z.
The vanishing of all wavelet coefficients implies that g is a polynomial P , see [Bou95, Section 6,

Theorem 4 (ii)]. But as g(n) is uniformly bounded this polynomial P must have a degree at most
n. We conclude that,

f(t) = P (t) +
∑
j∈Z

(fj(t)−
n−1∑
k=0

tk

k!
f
(k)
j (0)), t ∈ R.

By construction ∥P (n)∥∞ ⪯ ∥f (n)∥∞ + ∥f∥
Ḃ

n−1+ 1
p

p♯,p

.

□

We now apply the results from the previous section and arrive at our main result.

Proposition 4.5. There exists a constant C > 0 such that for every f ∈ Cn(R) with ∥f (n)∥∞ <∞
we have

∥f [n]j ∥mp1,...,pn
≤ C2

j(n+ 1
p
−1)∥fj∥p♯ .

Proof. We apply Corollary 3.16 to the decompositon (37) and then use [McDSu22, Lemma 4.1.2]
(see also [Mey90, Proposition 6.10.7]) to find the following inequalities that hold up to a constant
independent of j,

∥f [n]j ∥mp1,...,pn
⪯ 2(n+

1
2
)j

(∑
k∈Z

|⟨f, ϕj,k⟩|p
♯

) 1

p♯

≈ 2(n+
1
2
)j2

j( 1

p♯
− 1

2
)∥fj∥p♯ = 2

j(n+ 1
p
−1)∥fj∥p♯ .

□

We now come to the main theorem, for which we recall all conditions to state it in a self-
contained matter.

Theorem 4.6. Let n ∈ N≥1, let 1 ≤ p1, . . . , pn < ∞ and set p := (p1; . . . ; pn). Assume further
that,

(39) 1 ≤ (p2; . . . ; pn), (p1; . . . ; pn−1) <∞.

There exists a constant C > 0 such that for every f ∈ Cn(R) ∩ B
n−1+ 1

p

p♯,p
with ∥f (n)∥∞ < ∞ we

have,

∥f [n]∥mp1,...,pn
≤ C(∥f (n)∥∞ + ∥f∥

B
n−1+ 1

p

p♯,p

).

Proof. By Lemma 4.4 there exists a polynomial P of degree ≤ n such that

f(t) = P (t) +
∑
j∈Z

(fj(t)−
n−1∑
k=0

tk

k!
f
(k)
j (0)), t ∈ R,

and with ∥P (n)∥∞ ⪯ ∥f (n)∥∞ + ∥f∥
B

n−1+ 1
p

p♯,p

. Therefore,

f [n](t0, . . . , tn) = P (n)(0) +
∑
j∈Z

f
[n]
j (t0, . . . , tn), t ∈ R.
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Then applying the quasi-norm estimate (6) and [McDSu22, Theorem 4.1.3] (see [FJW91, Theorem
7.20]) and Proposition 4.5 gives

∥f [n]∥pmp1,...,pn
≤|P (n)(0)|p +

∑
j∈Z

∥f [n]j ∥pmp1,...,pn

⪯(∥f (n)∥∞ + ∥f∥
B

n−1+ 1
p

p♯,p

)p +
∑
j∈Z

2j((n−1)p+1)∥fj∥pp♯

≈(∥f (n)∥∞ + ∥f∥
B

n−1+ 1
p

p♯,p

)p + ∥f∥p
B

n−1+ 1
p

p♯,p

.

This concludes the proof. □

5. Discussion

We believe our main Theorem 4.6 gives a satisfying answer to the boundedness of multilinear
operators of divided differences in case p = 1. In the case p ∈ (0, 1) we have obtained the first
genuinely noncommutative multi-linear result where the recipient space is a quasi-Banach Lp-
space. What remains open is whether our assumptions on p1, . . . , pn can be relaxed upon at the
expense of putting stricter regularity conditions on α (see Section 3) and therefore more regularity
on our Besov space exponents. We believe such a statement should hold for general p1, . . . , pn
coming from the interval (0,∞). We therefore state Question 5.1.

We recall again that in case n = 1 a complete answer to this problem was found by Peller
[Pel85]; its proof is also revisited in [McDSu22].

Question 5.1. Let n ≥ 2. Suppose that 0 < p1, . . . , pn < ∞ and let p = (p1; . . . ; pn). Find

parameters a, b ∈ (0,∞), s ∈ [1,∞) such that for every f ∈ Ḃs
a,b we have

∥f [n]∥mp1,...,pn
⪯ ∥f (n)∥∞ + ∥f∥Ḃs

a,b
.

There are a number of difficulties emerge in attempts to address Question 5.1. The most
fundamental one seems to be that we are not able to find a multilinear analogue of the automatic
complete boundedness of Schur multipliers in the quasi-Banach range as in [McDSu22, Lemma
4.3.3 and Appendix A]. This type of discretization is essential as (nonzero) multiplication operators∑

k∈Z αkχ[k,k+1) ∈ B(L2(R)) do not belong to any Schatten Sp class whereas their discrete analogs∑
k∈Z αkδk ∈ B(ℓ2(Z)) are in Sp if and only if (αk)k∈Z is in ℓp.

References

[AlPe02] A. Aleksandrov, V. Peller, Hankel and Toeplitz-Schur multipliers, Math. Ann. 324 (2002), no. 2, 277–
327.

[AlPe20] A. Aleksandrov, V. Peller, Schur multipliers of Schatten–von Neumann classes Sp, J. Funct. Anal. 279
(2020), no. 8, 108683, 25 pp.

[ABF90] J. Arazy, T. Barton, Y. Friedman, Operator differentiable functions, Integral Equations Operator Theory
13 (1990), no. 4, 462–487.

[BiPu98] M. Birman, A.B. Pushnitski, Spectral shift function, amazing and multifaceted, Integral Equations Op-
erator Theory 30 (1998), no. 2, 191–199.

[BiSo66] M. S. Birman, M. Z. Solomyak, Double Stieltjes operator integrals (Russian), Probl. Math. Phys., Izdat.
Leningrad. Univ., Leningrad, (1966) 33-67. English translation in: Topics in Mathematical Physics, Vol.
1 (1967), Consultants Bureau Plenum Publishing Corporation, New York, 25–54.

[Bou95] G. Bourdaud, Ondelettes et espaces de Besov, Rev. Mat. Iberoamericana 11 (1995), no. 3, 477–512.
[CMPS14] M. Caspers, S. Montgomery-Smith, D. Potapov, F. Sukochev, The best constants for operator Lipschitz

functions on Schatten classes, J. Funct. Anal. 267 (2014), no. 10, 3557–3579.



22 MARTIJN CASPERS AND EMIEL HUISMAN

[CPSZ15] M. Caspers, D. Potapov, F. Sukochev, D. Zanin, Weak type estimates for the absolute value mapping,
J. Operator Theory 73 (2015), no. 2, 361–384.

[CPSZ19] M. Caspers, D. Potapov, F. Sukochev, D. Zanin, Weak type commutator and Lipschitz estimates: reso-
lution of the Nazarov-Peller conjecture, Am. J. Math. 141, No. 3, 593–610 (2019).

[CJSZ20] M. Caspers, M. Junge, F. Sukochev, D. Zanin, BMO-estimates for non-commutative vector valued
Lipschitz functions, J. Funct. Anal. 278 (2020), no. 3, 108317.

[CSZ21] M. Caspers, F. Sukochev, D. Zanin, Weak (1, 1) estimates for multiple operator integrals and generalized
absolute value functions, Israel J. Math. 244 (2021), no. 1, 245–271.

[CKV22] M. Caspers, A. Krishnaswamy-Usha, G. Vos, Multilinear transference of Fourier and Schur multipliers
acting on non-commutative Lp-spaces, Canad. J. Math. 75 (2023), no. 6, 1986–2006.

[CSZ18] M. Caspers, F. Sukochev, D. Zanin, Weak type operator Lipschitz and commutator estimates for com-
muting tuples, Ann. Inst. Fourier (Grenoble) 68 (2018), no. 4, 1643–1669.

[CaRe25a] M. Caspers, J. Reimann, On the best constants of Schur multipliers of second order divided difference
functions, Math. Ann. 392 (2025), no. 1, 1119–1166.

[CPS13] M. Caspers, D. Potapov, F. Sukochev, The Walsh basis in the Lp-spaces of hyperfinite IIIλ factors,
0 < λ ≤ 1, J. Math. Anal. Appl. 408 (2013), no. 1, 154–164.

[Coi21] C. Coine, Complete boundedness of multiple operator integrals, Canad. Math. Bull. 64 (2021), no. 2,
474–490.

[CLS21] C. Coine, C. Le Merdy, F. Sukochev, When do triple operator integrals take value in the trace class?,
Ann. Inst. Fourier 71, No. 4, 1393–1448 (2021).

[CLPST16] C. Coine, C. Le Merdy, D. Potapov, F. Sukochev, A. Tomskova, Resolution of Peller’s problem con-
cerning Koplienko-Neidhardt trace formulae, Proc. Lond. Math. Soc. (3) 113, No. 2, 113–139 (2016).
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