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Abstract

Images of compressible flows can be post-processed with digital imaging techniques to obtain accurate quantitative infor-
mation about variables characterizing the flow. For example, the local flow Mach number can be obtained from the angle
of Mach lines visualized with the schlieren method. These techniques were recently applied to supersonic flows of dense
organic vapors, with the objective of obtaining accurate data to validate theory and CFD codes. Non-ideal compressible
fluid dynamics (NICFD) is concerned with these flows, for which therefore the thermodynamic properties of the fluid can be
modeled only with equations that are more complex than the ideal gas relations. NICFD flows are relevant, e.g., for applica-
tions in the power and chemical industry. However, currently employed image post-processing techniques used to obtain
the local Mach number or shock wave angle from schlieren images, like the Hough transform, suffer from few drawbacks,
namely a long computational time to obtain the relevant quantities and improvable accuracy. The investigation reported
here concerns the application of known digital image processing methods to schlieren images, in this case Gabor filters and
Radon transforms, to obtain the local Mach number and the shockwave angle of flows in NICFD conditions. The selected test
case is the supersonic expansion of the dense vapor of hexamethyldisiloxane flowing through the nozzle test section of the
ORCHID facility in operation at the Propulsion and Power laboratory of Delft University of Technology. The investigated
digital image processing techniques provide values of the local Mach number with comparable uncertainty (within 5%) as
the Hough transform approach. Moreover, Mach line orientations are computed for the whole field of view, together with
Mach line wavelength. It was also proven that these methods are suitable for discerning Mach line orientation even in the
case of very complex flow fields, with coexisting Mach waves and shock waves.

1 Introduction

If flows are highly compressible, e.g., if the flow is highly
supersonic, flow features directly related to compressibility
effects become more evident. Examples include acoustic
waves, Mach lines, oblique shockwaves and expansion fans.
These flow features are typically visualized by means of the
well-known schlieren technique, which provides an image
of the flow field whereby light intensity directly relates to
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the density gradient. Quantitative information retrievable
from schlieren images is often limited to the identification
of the local angle of such flow features, which can be subse-
quently used to infer other quantities of interest such as the
Mach number (e.g., Head et al. 2023). In flows for which
the total enthalpy is constant such as in ideal gas dynamics,
it is often possible to obtain the velocity field with Particle
Image Velocimetry (PIV), whereby the Mach number and
flow direction can be directly estimated via the velocity vec-
tor (e.g., D’ Aguanno et al. 2022). However, in conditions
for which the total enthalpy is variable across the domain,
such as for expanding vapors of dense organic fluids (Guar-
done et al. 2024), measurement methods of two-dimensional
velocity fields are not readily available (Michelis et al. 2024).
Hence, the possibility of precisely identifying the angle of
flow features from schlieren images becomes particularly
relevant in order to estimate the Mach number distribution.

@ Springer


https://orcid.org/0000-0003-4836-6346
https://orcid.org/0000-0001-8540-6437
https://orcid.org/0000-0001-6446-8823
http://crossmark.crossref.org/dialog/?doi=10.1007/s00348-024-03925-7&domain=pdf

185 Page2of9

Experiments in Fluids (2024) 65:185

Several techniques to measure the orientation of super-
sonic flow features have been developed over the last
decades (Randen and Husgy 1999). Initially, researchers
employed a simple protractor to estimate angles of flow
features from flow field photographs. With the emergence
of high-performance computing and digital imaging tech-
niques, a variety of specific algorithms often relying on edge
detection methods were developed and successfully used.
These include, for example, the use of the Hough transform
to detect lines and curves in grayscale images (Duda and
Hart 1972; Lo and Tsai 1995) by linearly parametrizing the
images to obtain families of concurrent lines. The group
of pixels that belong to each visualized line (Mach line or
shock) can be subsequently used to calculate the correspond-
ing angle (e.g., Spinelli et al. 2018; Head et al. 2023). How-
ever, these techniques suffer from several limitations such
as the sensitivity of edge detection to local light intensity
and to insufficient signal-to-noise ratio, as well as to exces-
sive line thickness. Most importantly, the robustness of these
methods drastically decreases if variable angles and curved
lines are considered.

Gabor filtering is a powerful mathematical and com-
putational technique used in signal processing and image
analysis. It is based on the Gabor wavelet, a complex-valued
function which modulates sinusoidal waves with a Gauss-
ian envelope. This unique combination allows to use Gabor
filters to represent and analyze both the frequency and the
spatial localization of features within signals or images.
Originally inspired by the ability of the human visual system
to perceive textures at various scales and orientations (Field
et al. 1993), Gabor filters are widely employed in diverse
fields such as computer vision, neuroimaging, and pattern
recognition (e.g., Arrospide and Salgado 2013). These filters
are characterized by their ability to efficiently capture essen-
tial information from input data, making them indispensable
in applications like edge detection, texture segmentation,
and feature extraction (e.g., Jain and Farrokhnia 1991).
Gabor filtering is, therefore, also applicable to the identifi-
cation of supersonic flow features in schlieren images.

Another image analysis technique often adopted for the
treatment of medical images (e.g., Tam et al. 1998) and rely-
ing on the discrete Radon transform (Beylkin 1987) feature
characteristics that make it suitable for post-processing
schlieren images of supersonic flows. The discrete Radon
transform involves the integration of a function, typically
representing image light intensity, along various straight-line
trajectories at diverse angles. These integrals, denoted as
projections, encapsulate pertinent information regarding the
internal structure of the subject under examination. Through
analysis of these projections, a comprehensive two-dimen-
sional representation is constructed, elucidating the geomet-
ric attributes of the object and their orientation. In the field
of compressible fluid mechanics and acoustic imaging, the
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Radon transform analysis method has proven invaluable for
quantitatively determining the local shock propagation angle
of supersonic jet outlets (Murray and Lyons 2016; Canchero
et al. 2016). Although the Radon transform methodology is
a simple and robust method to obtain the local orientation
of features, it can be extended to provide spatial wavelength,
if the features are periodic in space. The operation must be
performed within interrogation windows, potentially lower-
ing the achievable spatial resolution, unless overlapping of
interrogation windows is applied.

This article reports an investigation about the suitabil-
ity of methods based on the Gabor filter and on the Radon
transform to quantitatively determine the orientation and
wavelength of flow features due to compressibility, such as
Mach lines and shock waves. For the purpose of this inves-
tigation, a dataset of schlieren images of supersonic flows
of a dense organic vapor expanded in a de Laval nozzle was
analyzed. The aim is to quantify the Mach number via the
Mach wave orientation at the center of the nozzle. Two-
dimensional fields of both orientation and wavelength of the
evident flow features were obtained, pivoting on the inher-
ent capabilities of the proposed techniques to detect spatial
orientation and frequency in a single operation. In addition,
a means of statistically estimating the associated uncertain-
ties is proposed, considering the second statistical moment
of the Gabor filtering convolution coefficient and the Radon
transform amplitude.

2 Experimental dataset

The dataset used to illustrate the application of the image
processing methods pertains to the schlieren image of a
supersonic dense organic vapor flowing through the noz-
zle test section of the ORCHID facility in operation at the
Propulsion and Power laboratory of Delft University of
Technology (Head 2021). The thermodynamic state of the
working fluid, hexamethyldisiloxane (MM), at the inlet of
the test section is that defined by a temperature of 253 °C and
absolute pressure of 18.4 bar. A metallic wedge whose func-
tion is to generate oblique shockwaves is located at the out-
let of the nozzle test section. A raw schlieren realization is
shown in Fig. 1a, where weak Mach waves can be observed
throughout the field of view. The Mach lines (weak acoustic
waves) are not intentionally produced by any periodic sur-
face roughness. Instead, they align with the characteristic
lines of the nozzle and arise from natural inflow disturbances
in the system, which are amplified at the nozzle throat. When
working with dense organic vapors, even minor perturba-
tions create sufficiently large density gradients, rendering
Mach lines visible in images captured by sensitive schlieren
setups. Further details of this experiment are discussed by
Beltrame et al. (2021).
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Fig.1 a Raw schlieren image and b processed image of the super-
sonic flow of the dense vapor of MM through the ORCHID noz-
zle test section, which includes a metallic wedge at the nozzle out-
let (Beltrame et al. 2021). Mach lines can be observed throughout
the flow field and correspond to the characteristic lines computed to
design the nozzle. Oblique shocks are generated at the leading edge
of the wedge, which features a tip angle of 5°

For the purposes of this study, the raw schlieren image
(Fig. 1a) is processed such as to eliminate brightness variations
which, in this example, are the result of high density gradients
along the streamwise direction. The procedure involves three
consecutive operations on the raw image intensity matrix, /,.
First, the minimum intensity over a sliding window, w(x, y),
of 3x3 pixels is subtracted, that is,

1(x, y) = Iy(x, y) — min Iy(x, y), )

thus increasing the image contrast. This operation is fol-
lowed by normalization with a local average sliding window,
namely,

I ’
hey) = =2 @)
Il ()C, y)x,yew

thus, achieving uniform intensity. Finally, the intensity
matrix is scaled by the global maximum value, which in
mathematical terms gives

_ IZ(-X’ }’)
I(x, y) = ma—x Iz(x, y) 3)
X,yEW

The components of the processed image matrix I(x, y) range
therefore from O to 1 (Fig. 1b).
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Fig.2 Examples of the Gabor filters used to process the exemplary
schlieren image of Fig. 1, obtained by varying the angle (degrees) and
the wavelength (pixels per cycle). The Gaussian ellipse aspect ratio is
1:2 and the spatial frequency bandwidth is 1

3 Gabor filter methodology

A spatial, two-dimensional Gabor wavelet is constructed
by modulating a sinusoid carrier with a Gaussian elliptical
envelope. This family of two-dimensional Gabor functions
is employed
xl2 + J/2y’2
202

g(x,y) = cos <27Tx7, + qb) exp 4)

In Eq. (4), x' and y' are the transformed coordinates of the
Gabor wavelet in the image coordinate frame (x, y), charac-
terized by an orientation 0, i.e.,

x =xcos@ —ysinb,

y' =xsinf + ycos 6.

Parameter y is the spatial aspect ratio of the elliptical Gauss-
ian envelope, controlling the ellipticity or anisotropy of the
Gaussian envelope, hence, affecting the elongation of the
filter. For the purpose of this work, y is fixed to a value of
0.5, thus generating an elongated filter that matches closer
with the Mach lines. The A and ¢ parameters correspond
to the wavelength and phase offset of the Gabor wavelet,
respectively. However, for the purpose of this work, a sym-
metric wavelet is set, hence ¢p = 0. Finally, o is the standard
deviation of the Gaussian envelope, estimated with

A [In2(2°+1
=) ©
where b is the linear filter’s half-response spatial frequency
bandwidth of g(x, y) in octaves. Results in this report pertain
to an arbitrarily chosen octave, i.e., the one that is obtained
forb=1.

With these assumptions, a family of Gabor wave-
lets is constructed by varying only the orientation and

@ Springer
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wavelength parameters (0, 1), two examples of which are
shown in Fig. 2. The response, C(x, y), of an image, I(x, y),
to each wavelet is determined by a two-dimensional con-
volution procedure given by

CM(x,y) = Z 2 1(x,y) - 8o, (x — T,y — Ty), )

Ty

where 7, and 7, correspond to translation along x and y,
respectively.

Identification of the most prominent orientation and wave-
length at each pixel location of the image is performed by
considering the local response map of the image to each Gabor
function, i.e., the convolution coefficient defined by Eq. 6. An
example of such a map is shown in Fig. 3. In this case, 6 and
A are varied by steps of 1° and 0.25 px, respectively; thus, the
response map is made with discrete values of C. The matrix
indices (i, j) where C is maximized are first determined. The
exact location of the peak is estimated by interpolation of a
two-dimensional Gaussian fit, similarly to what is done to
estimate the sub-pixel displacement in the cross-correlation
methods utilized for particle image velocimetry (Willert and
Gharib 1991). More specifically, the interpolated orientation
and wavelength are shifted by Af and A with respect to the
maximum of the discrete response map, formulated as

InCp_y; —InCyy;

AB = .
2(InC;_y;—2InC;;+1InCyy, ) @

13
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Fig.3 Contours of the discrete response C of a single image pixel to
a family of Gabor wavelets with different orientation and wavelength.
The white cross indicates the location where C is maximized. The
red mark identifies the location of the peak, interpolated by fitting a
two-dimensional Gaussian function. Error bars visualize the stand-
ard deviations of 6 and A, determined via the joint second statistical
moment (i.e., the variance)
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To determine the uncertainty of A and 6, the second sta-
tistical moment (i.e., the variance or ¢2) of C of each of
the parameters is considered. Uncertainty of the estimated
orientation and wavelength (g, and €, respectively) is thus
defined by the square root of the joint variance, formulated
as

105

£y = ZH: ; (9 - 5)20(9, 06180 )

105

€, = ;; (1—1)20(9, 06180 . (10)

In Egs. (9) and (10), the mean values 0 and 1 correspond to
the peak value obtained by interpolation via Gaussian fitting.

In the exemplary convolution map shown in Fig. 3, the
maximum of C and the peak resulting from Gaussian fitting
do not match, owing to the non-perfect Gaussian distribution
of the orientation and wavelength data. A better estimate of
the peak can be obtained by employing the two-dimensional
Gaussian regression method (Nobach and Honkanen 2005).
In the case of this dataset, the difference between the two
estimates is small (< 2%) and falls within the evaluated
uncertainty, bounded by the error bars corresponding to the
standard deviation of A and 8 (Fig. 3).

4 Radon transform methodology

In the context of this work, the objective of the Radon trans-
formation is to project the integral of image intensity on a
line normal to a projection angle 6. This operation may be
repeated for a range of projection angles to obtain a sino-
gram, i.e., a map of intensity projections for all projection
angles. The projection angle at which the sinogram is maxi-
mized, therefore, corresponds to the orientation angle of the
most dominant flow feature.

The pre-processed image, /, is subdivided in interrogation
windows, as shown in Fig. 4a. The diameter of the win-
dow should be selected such that it encompasses features of
interest, in this case a few Mach lines. To improve spatial
resolution, overlap can be applied between interrogation
windows in both the x and the y direction. In order to ensure
an equal radial integration length for all projection angles, a
two-dimensional top-hat filter is applied to each interroga-
tion window, resulting in the circular window highlighted
in the figure.
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Fig.4 a Subdivision of the processed schlieren image into interro-
gation windows. A two-dimensional top-hat filter is applied to each
interrogation window. In this example, interrogation window sizes
feature a diameter of 4.3 mm and 0 % overlap. b Normalized Radon
transform amplitude (R) of the auto correlation of the interrogation
window marked in a. The horizontal and vertical error bar related to
the location of maximum intensity visualize the uncertainty of  and
A, respectively. ¢ Top chart: R along the red dashed line in b. bottom
chart: R along the black dashed line in b

To determine the Mach line orientation, first a polar coor-
dinate system is defined with the origin at the center of each
interrogation window, see Fig. 4a. The sinogram of each
interrogation window is subsequently calculated by applying
the integral Radon transform to the autocorrelation of the
interrogation window intensity I* for a range of projection
angles 6, that is

R@6,r) = /I*(rcosé) —r'sin@,rsinf + r' cos O)dr’, (11)

—00

where 1’ and r are the radial coordinate along a line parallel
and normal to the projection angle, respectively. Note that
autocorrelation is preferred in order to disregard random
noise in the window while maintaining strong features. The
resulting sinogram is shown in Fig. 4b which, for this inter-
rogation window, features a maximum at 8 = 30.8°. The
chart at the top of Fig. 4c shows that R is characterized by a
Gaussian distribution along the range of orientations; hence,
it is possible to interpolate the peak orientation angle fol-
lowing the same method described in Sect. 3 (Eq. 7), albeit
limited to one dimension. As a result, due to the repetitive

pattern of the Mach lines, the amplitude of the sinogram
exhibits wave-like trend along the radial direction, cf. the
bottom chart of Fig. 4c. This enables the estimation of the
distance between Mach lines using standard signal process-
ing techniques such as the spatial Fourier transform or wave-
let analysis. Given the relatively short signal length, in this
study we chose to employ 1D wavelet analysis, specifically
the Morlet wavelet (Daubechies 1992). A response map of
normalized wavelet coefficients, C,, is obtained with r as the
abscissa and A as the ordinate. The response map is similar
to that displayed in Fig. 3. The exact wavelength is subse-
quently determined through a 1D Gaussian fit limited to the
vicinity of the maximum value of C,,, according to Eq. 8.

Similar to the Gabor filtering methodology, uncertain-
ties on the orientation and wavelength of Mach lines are
estimated via the second statistical moment of R and C,
respectively, formulated as

0.5
=Y (9—5)212(9)59 , (12)
6
and
) 0.5
€, = 2(1—1) C,(sA| . (13)

A

All the results pertaining to the application of the Radon
methodology presented in Sect. 5 are obtained with an inter-
rogation window with a diameter of 3.5 mm (56 px) and 85%
overlap, achieving comparable spatial resolution as with the
Gabor filter approach.

5 Results

Figure 5a, b visualizes the orientation of the Mach lines
displayed in the schlieren photograph of Fig. 1, computed
via the Gabor filtering and Radon transform methodolo-
gies, respectively. The figures also show that the orienta-
tions obtained with the two post-processing procedures are
in excellent agreement. Consistently with the pattern that
can be observed in the processed raw image (Fig. 1b), the
Mach line angle gradually decreases along the streamwise
direction, starting at approximately 55° near the throat down
to 31° toward the nozzle exit. This variation of the Mach
angle complies with the features of the paradigmatic super-
sonic flow expanding through a nozzle, which can be par-
titioned into three distinct zones: the kernel, the reflex, and
the uniform regions, as outlined by Anand et al. (2019). In
the kernel region, the flow accelerates and reaches the design
Mach number, while in the reflex region the expanding flow

@ Springer
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Fig.5 Orientation of the Mach lines displayed in the schlieren image
of Fig. la calculated with the Gabor (a) and Radon (b) methodology.
Mach line wavelength calculated with the Gabor (¢) and Radon (d)
methodology. Dashed lines correspond to values of —0.7, 0 and 0.7 of
the nozzle geometry y coordinate

is appropriately deviated so as to achieve a uniform velocity
profile at the nozzle exit.

In addition to the Mach line orientation, in case such
need arises, the proposed methodologies are capable of esti-
mating the distance between features in schlieren images
such as the Mach lines in figure 1a. More specifically, the
identified wavelengths (px) estimated with the proposed

@ Springer

methodologies are multiplied with the image calibration
(mm/px), to obtain the distance of the Mach lines within
the field of view. The estimated fields for this example are
shown in Fig. 5c (Gabor) and d (Radon), whereby distances
between Mach lines range from 0.3 mm near the throat to
0.5 mm in the uniform flow region. Also in this case, the
agreement between the results obtained by applying the
two methodologies is remarkable. In addition, with refer-
ence to Fig. 1b, it can be observed that both techniques can
be used to detect the local variations of the Mach lines that
develop along the characteristic lines of the nozzle design
in the conditions at hand. As expected, therefore, the Mach
line density does not affect the estimated value of the Mach
line orientation.

Using the Mach line orientation as a reference, it is pos-
sible to estimate the Mach number of the flow along the noz-
zle. More specifically, the Mach number can be calculated as
M=_1 (14)

sin 6
assuming flow symmetry with respect to the nozzle cen-
terline y = 0. Figure 6 allows to perform a comparative
analysis by juxtaposing the orientation of Mach lines and
the corresponding Mach numbers. These estimations are
obtained utilizing the Gabor and Radon methodologies, the
Hough transform line detection technique, and the results
of an Euler flow simulation reported by Head et al. (2023).
The uncertainties on the average of all the values are also
provided, propagated through to the calculation of the Mach
number. All the calculated values are in very good agree-
ment. In comparison with values calculated with the Hough
transform technique, values computed with the Gabor and
Radon methodologies are characterized by better spatial
resolution. This advantage stems from these methods being
independent from edge-based computations (i.e., on the
number of Mach lines), contrary to the Hough transform
approach. In addition, the robustness of the proposed meth-
odologies, owing to feature detection over an area, results in
lower uncertainties in the vicinity of the throat (3%) where
Mach lines are more regular. However, for the remainder of
the field of view the uncertainty associated with values cal-
culated with all the mentioned methods is comparable (5%).

Figure 5 allows to perform a more detailed comparison
of the two methodologies regarding the identification of the
distance between Mach lines. The figure shows the estimated
distances for selected values of the y coordinate with respect
to the nozzle geometry (y,), which are reported as dashed
lines in Fig. 5. More specifically, Fig. 7 displays wavelengths
for values of y, equal to —0.7, 0, and 0.7 of y, along with the
associated uncertainties. Overall, there is once again very
good agreement between the values predicted with the two
methods. However, results obtained with Gabor filtering are
affected by lower uncertainties (12.5%) compared to those
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Fig. 6 With reference to the schlieren image of Fig. la: a Mach line
orientation and b Mach number at the centerline. Comparison of
results obtained with Gabor filtering, Radon transform, Hough trans-
form (Head et al. 2023), and an Euler numerical simulation of the
flow. The shaded bands provide the visualization of the uncertainty
of the values calculated with the Gabor and Radon methodologies.
The values calculated with the Hough transform are reported with the
respective error bars

calculated with the Radon transform m(25.3%). This differ-
ence can be explained by considering that uncertainties of
the values computed with the Gabor filtering method are
estimated jointly for orientation and wavelength, whereas
the Radon transform method relies solely on the wavelength
parameter and only for a short signal due the interrogation
window. An important remark is that although these uncer-
tainties are rather large, they correspond to 0.8 px and 1.4
px for the Gabor filtering and Radon transform methodolo-
gies, respectively. Therefore, these uncertainties are approxi-
mately of the same magnitude of the resolution limit of the
camera and thus are deemed admissible.

Finally, the performance of the two methodologies
for the estimation of the local Mach number is further
evaluated by considering the flow region surrounding the
wedge. Figure 8a shows a closeup of the schlieren image
of this region. Hereby, due to the particularities or organic
vapor flows, images capture clearly both Mach lines ema-
nating from the nozzle as well as oblique shock waves
stemming from the leading edge of the wedge. It can be

g 0.6 | © Radon .
g

Fig.7 Wavelength of Mach lines estimated with the Gabor filter and
Radon transform methodologies for at (a) —0.7, (b) 0, and (c¢) 0.7 of
the nozzle y coordinate (corresponding to the dashed lines displayed
in Fig. 5)

55 60
x/mm

65 55 60 65
x/mm

Fig.8 Features in the flow region close to the wedge protruding in
the uniform region of the nozzle (see Fig. 1) (a) schlieren image and
b and ¢ Mach line orientation field as estimated via the Gabor and
Radon methodologies, respectively
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observed that the positioning of the wedge is not aligned
to the axis of the nozzle and that it is tilted slightly down-
ward. This misalignment causes a non-symmetrical pres-
sure gradient and, thus, a notable difference between the
angle of the shock wave atop the wedge if compared to
the angle of the Mach lines distributed over the rest of the
uniform region. Figure 8b, ¢ demonstrates that both post-
processing methods are able to capture this compressible
flow features, underscoring the suitability of such tech-
niques for discerning Mach line orientation even in the
case of very complex flow fields.

6 Concluding remarks

In this study, we explore characterization of features in
compressible flows, specifically Mach lines and shock
waves, by employing Gabor filtering and Radon transform
techniques. To illustrate the potential of this approach,
the methodology is applied to an experimental test case
involving a dense organic vapor flow within a supersonic
nozzle. At the nozzle outlet, a wedge is positioned, gener-
ating oblique shocks. The computed Mach line orientation
and Mach number are compared with estimations obtained
in past studies using the Hough transform methodology
and numerical Euler simulations. Remarkably, for the same
flow conditions, the results demonstrate excellent agree-
ment. A comparative analysis highlights several advan-
tages of the proposed methodologies. First, in contrast to
the Hough transform technique, Mach line orientations
are estimated in the entirety of the field of view, accompa-
nied by estimations of Mach line wavelength. Second, both
approaches offer superior spatial resolution, with uncer-
tainties which are on par with the Hough transform tech-
nique. Lastly, considering the coexistence of Mach waves
and shock waves in the vicinity of the wedge, the results
emphasize the robustness of the proposed techniques in
accurately identifying superimposed flow features.
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