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ABSTRACT

This paper provides a systematic study of the operational idea that a quantum “state” is only defined up to what can be distinguished by a
chosen family of observables. Concretely, any von Neumann algebra of observables .# induces an equivalence relation on pure and mixed
states by declaring two preparations indiscernible when they give identical statistics for every observable in .#. The corresponding quo-
tient, the Holevo space associated with .#, is the effective (relational) state space of the experiment, explicitly dependent on the observer’s
available measurements. We analyse the resulting geometry and topology of these quotients, and prove a context-complete classical repre-
sentation theorem: for every von Neumann algebra .# there is a canonical lift a — @ to bounded continuous functions on the Holevo space,
reproducing expectation values pointwise. In the commutative case this reduces to ordinary probability theory on the joint spectrum. The
framework is illustrated in explicit examples, including position measurements of a free particle and polarisation measurements in the qubit,
Einstein-Podolsky-Rosen (EPR), and Bell settings. In particular, in the EPR scenario Charlie’s joint observable defines a simplex of joint out-
come distributions, whereas the Alice/Bob marginal viewpoint collapses the effective description to a lower-dimensional space by “forgetting”
the correlation parameter. We show that by varying the polariser settings, the indiscernibility classes become conjugated (and generically
reshuffled), and different settings are typically incompatible at the level of observable algebras.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0302377

. INTRODUCTION

In this paper, we present a systematic study of the operational idea that a “state” is only defined up to what can be distinguished by the
measurements one allows. Concretely, any given set (or algebra) of observables .# induces an equivalence relation on quantum states: for an
observer with access to .#, two preparations are operationally the “same” if they give identical statistics for every measurement built from
. (Definition 3.1). The corresponding quotient of the (pure or mixed) state space is the Holevo space associated with .# (Sec. IV); it is the
effective state space of the experiment and depends on the observational standpoint encoded by ..

In our setup, an observer’s accessible information is encoded by the abelian von Neumann algebra .# generated by commuting observ-
ables representing what that observer can jointly measure. For every measurement context .# there is a canonical “classicalisation” which
assigns to each quantum observable a € .# a bounded continuous function @ on an explicit Hausdorff space of equivalence classes [h],
reproducing expectation values pointwise,

a([h]) = (ahlh)

(Theorem 6.1). This map becomes particularly insightful in multi-observer scenarios. Different observers typically have access to different
algebras of observables, and hence to different notions of “sameness.” In this sense, the Holevo space is a genuinely relational state space: it
does not encode an observer-independent description, but exactly the empirical content of the system relative to the specified measurement
context.

A concrete illustration is provided by the Einstein-Podolsky-Rosen (EPR) setting (Sec. VIII B 2). Defining the n-simplex
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the Holevo space for Charlie’s joint observable recording outcome pairs can be represented as the three-parameter Holevo space A®. In
contrast, the Holevo space for the combined marginal perspectives of Alice and Bob gives the two-parameter space A' x A' (Secs. VIII B 2 and
VIIT B 3). This is a natural result, given the fact that A' is the Holevo space for a polarisation measurement on a single photon (Sec. VIIT A).
Geometrically, passing from Charlie to the Alice/Bob marginals amounts to forgetting precisely the correlation parameter.

The Bell experiment highlights how changing the measurement context reshuffles the relational state space. For each fixed polariser
setting (y,,y;), Charlie’s Holevo space is again A’ and the equivalence relation is obtained by conjugation with the local rotation R” ® R”*
(Theorem 8.3). However, the underlying equivalence classes depend strongly on the setting: different settings are generically incompatible
at the level of observable algebras (Theorem 8.5). These results visualise the contextuality of the Bell scenario geometrically in terms of how
“effective state spaces” vary with the measurement perspective.

The map @ sends a state @ to the list of numbers tr(ag) with a € .#, and thus encodes the “access through commutative algebras” in the
sense of the Bohrification programme (Ref. 7, Introduction). This programme takes at its point of departure that, although a quantum algebra
of observables is typically noncommutative, any concrete observational access to it comes through a commutative subalgebra (a “classical
context”) corresponding to a given choice of compatible measurements. In this light, the incompatibility result of Theorem 8.5 provides a
concrete, experiment-level motivation for Bohrification: there simply is no single commutative algebra that contains all the relevant contexts
- “classical descriptions” are necessarily contextual.

The paper is organised as follows. After a brief discussion of observables and states in Sec. 11, in Sec. I1I we introduce the equivalence rela-
tion of indiscernibility and characterise its classes in terms of commutants and unitaries. In Sec. IV we define the Holevo space of equivalence
classes. The “classicalisation” construction is carried out in Sec. V1. Sections V, VII, and VIII illustrate the theory in key examples, including
finite commuting families and position observables for a free particle, the qubit, and the EPR and Bell experiments.

Notation and conventions. Throughout this paper, H is a nonempty (possibly finite-dimensional) separable complex Hilbert space with
inner product (+|-) linear in the first argument and sesquilinear in the second. We write #(H) for the space of bounded operators on H,
Proj(H) for the lattice of its orthogonal projections, and . (H) and & (H) for the convex set of mixed states and its subset of pure states,
respectively. We use the conventions N = {0,1,2,... } and Ry = [0, c0).

Il. OBSERVABLES AND STATES
In the mathematical formulation of quantum mechanics, states and observables are defined as follows.
Definition 2.1 (States and observables). Let H be a separable complex Hilbert space.

A state is a positive trace class operator on H with unit trace.

A pure state is an extreme point of the convex set of all states.

An observable is a projection-valued measure with values in Proj(H).
An algebra of observables is a von Neumann algebra .# ¢ Z(H).

Every family of observables defines an algebra of observables, namely the von Neumann algebra generated by the orthogonal projections
in the range of the projection-valued measures involved. In the converse direction, it is a standard result in the theory of von Neumann
algebras that every algebra of observables .# is generated by the orthogonal projections belonging to .. This justifies the slight abuse of
terminology in the third and fourth items in the above definition.

Let us comment on these definitions in more detail.

A. Observables

In the above definition of an observable, we allow projection-valued measures to live on an arbitrary measurable space ((,.7 ), which
we think of as the “outcome space.” The precise definition is as follows.

Definition 2.2 (Projection-valued measures). Let H be a Hilbert space. A projection-valued measure in H, defined on a measurable space
(Q, ), is a mapping

P: .7 — Proj(H)
that assigns to every F € .# an orthogonal projection Pr := P(F) on H such that:

(i) Pa=1I
(ii) forall h € H, the mapping F — (Pgh|h) defines a measure on (Q, 7).

Projection-valued measures enjoy the following properties (see Ref. 8, Sec. 9.2):
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L] ljﬂ =0.
[ ] PFsz = PFIPFZ = PFZPFI for all F],Fz €7,

In particular, if Fi, F, € % are disjoint, the ranges of P, and P, are orthogonal.

By the spectral theorem, real-valued observables (that is, projection-valued measures on the real line R) are in one-to-one correspon-
dence with (possibly unbounded) selfadjoint operators; this establishes the connection with the common textbook definition of (real-valued)
observables as selfadjoint operators. In the same way, projection-valued measures on the unit circle T and on the complex plane C are in
one-to-one correspondence with, respectively, unitary operators and (possibly unbounded) normal operators. In each of these cases, the
projection-valued measure corresponding to an operator A is supported on its spectrum ¢(A). Moreover, A is bounded if and only if 6(A) is
bounded.

Projection-valued measures permit us to interpret unitary operators as observables with values in the unit circle T, and (possibly
unbounded) normal operators as complex-valued observables. This point of view is developed systematically in Ref. 8, Chap. 15. In certain
settings, it is of interest to consider other outcome sets. For instance, in the context of EPR and Bell state experiments where two observers
Alice and Bob perform polarisation measurements on an entangled two-photon pair, the “correct” outcome space for the joint measurements
collected by Charlie is the set {+, -} x {+, -} (see Secs. VIII B and VIII C). Alice and Bob, who observe only their respective photon, use the
outcome space {+, - }.

Every family of observables defines an algebra of observables, namely the von Neumann algebra generated by the orthogonal projections
in the range of the projection-valued measures involved, and conversely every algebra of observables .# is generated by the orthogonal
projections belonging to .# .

B. States

Let us now comment on the definitions of states and pure states. First of all, our definition of “state” corresponds to the notion of “normal
state” in the literature on operator algebras. If ¢ € #(H) is a state, then

w(a) :=tr(ag) (2.1)

defines a normal positive functional w : #(H) — C satisfying w(I) = 1. Conversely, if w : #(H) — Cis a normal positive functional satisfying
w(I) = 1, there exists a unique ¢ € ./ (H) such that (2.1) holds.

The sets of states and pure states on the Hilbert space H are denoted by ¥ (H) and &2 (H), respectively. It is a standard result that a state
is pure if and only if it is a vector state, i.e., a rank one projection of the form

h&h: b~ (K|h)h,

where h € H is a unit vector. Note that 4 and its scalar multiple ch define the same pure state if |c| = 1. Thus we may identify pure states with
unit vectors in H, provided we identify h and ch when || = 1. In the physics literature, the notation

)
is used to denote the equivalence class of h; the rank one projection h ® h is usually denoted as
[h)(h.
In this context it is always implicit that the vector / has norm one.

lll. INDISCERNIBILITY
The informal approach to indiscernibility of the Introduction can be made precise as follows.
Definition 3.1 (Indiscernibility). Let 0, 0" € .#(H) be states.

o If P={P?:icI} is a family of projection-valued measures on measurable spaces (@D, 7)), the states ¢ and ¢’ are called
indiscernible for P, notation

U
o~prP0O,

if for all i € T and Fe .Z ) we have . 4
tr(P§’>p) - tr(pf;)g’). (3.1)

o If ./ is an algebra of observables, the states ¢ and ¢’ are called indiscernible for ., notation

o~ 40,
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if for all a € .# we have
tr(ao) = tr(ag’). (3.2)

If |h) is a pure state associated with the rank one projection h ® h € .#(H), thentr(ao (h® h)) = (ah|h). Accordingly, for pure states |h)
and |h'), (3.1) and (3.2) reduce to

(P i) = (PO W)
and
(ahlh) = (ak'|H"),
respectively.

A. First examples

We discuss various interesting examples in Sec. V. For now, we content ourselves with the two most trivial ones:
Example 3.2. Every two distinct states are indiscernible for .2 = CI.

The physics interpretation is that if we are only able to ask the question “Is there a state?,” we cannot tell distinct states apart.
The interpretation of the next example is that if, for every pure state |1}, we can answer the question “Are you the pure state |1)?,” we can
tell any pair of different pure states apart.

Example 3.3. If .# is a von Neumann algebra containing all rank—one orthogonal projections, then .# = ¥ (H). We claim that the states
¢ and ¢’ are indiscernible for ./ if and only if they are equal: ¢ = ¢’. The “if” part is trivial, and the “only if” part follows from the fact that the
space 7 (H) of all trace class operators is the dual of #(H) by trace duality.

Example 3.4 (Indiscernibility with respect to a spin observable). Let A be a selfadjoint operator on a Hilbert space H with spectrum
a(A) = {-1,1}.
Then the pure states |i) and |1} are indiscernible under the projection-valued measure (PVM) associated with A if and only if
(Ah|h) = (AK'|H").

The “only if” part is clear. To prove the “if” part, let P be the PVM associated with A. The assumptions imply that P is supported on {-1,1}.
Setting p(h) := (Puyh|h), we have (P(_j;h|h) = 1 — p(h) and therefore

(ARR) = (+1) p(h) + (=1) [1 = p(R)] = 2p(h) - 1.
Thus if (Ah|h) = (AK'|h'), then p(h) = p(h") and (Pjz13hlh) = (Pyh'|B).

Let .#' denote the commutant of .#, that is,
M ={be £(H): ab=baforall ae.«}.
We further write, for h € H,
Mh:={ah: aec.H}.

B. Indiscernibility for projection-valued measures

Let P be a PVM on (), %), and let .# denote the von Neumann algebra generated by the projections in the range of P. The following
fact will be used repeatedly without further comment.

Proposition 3.5. Let P: % — Proj(H) be a projection-valued measure on (Q, .7 ) and let .# be the von Neumann algebra generated by its
range. For states 0,0" € .7 (H) the following are equivalent:
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(i) o and o' are indiscernible for P;
(ii) o and o are indiscernible for .4 .

Proof. (ii) = (i): immediate since Pr € .# for every F € ..
(i) = (ii): Let o be the unital x-algebra generated by {Pr: F € # }. Since the projections Pr commute and P, - - - P, = Pﬂ,ll Fj» every
b € o is a finite linear combination of projections from the range of P. By linearity and assumption (i) we obtain

tr(ag) = tr(ag) foralla € 7. (3.3)

Now fix a € .#. By Kaplansky’s density theorem there exists a net (aq) € o/ with supq|aa| < |a|| and limgas = a strongly. We claim that
for every trace class operator S € 7(H),
tr(aaS) — tr(aS). (3.4)

Assuming this claim for the moment, we apply it with S = 9 and S = ¢'. From (3.3) we have tr(aq.0) = tr(aq0’) for all &, and passing to the
limit using (3.4) gives tr(ag) = tr(a@"). Since a € .# was arbitrary, (ii) follows.

Proof of the claim (3.4): Fix S € Z(H) and ¢ > 0. Choose a finite rank operator Sy such that |S — So|1 < ¢/(4|al), where || - ||1 is the trace
norm; such an operator exists by the density of finite rank operators. Then, using that [tr(TU)| < | T|||U| 1, we have

|tr((aa = a)(S=%0))[ < llaa - al [S = Sofl» < 2[al[[S - Sof < &/2.

Next, write Sp as a finite sum of rank-one operators, So = >j_; s ® vx. Then tr(T(ur ® vg)) = (Tuk|vg) and
n
tr((ae — a)So) = Y. ((aa — a)ux | vi).
k=1

Since aqa — a strongly, there exists g such that |tr((a« — a)So)| < €/2 for all & > ap. Combining the two estimates gives |tr((as — a)S)| < € for
a > ag, thus proving (3.4). O

When the von Neumann algebra .# is generated by the projections in a family of PVMs P = {P? :i eI} on measurable spaces
Q0,20 it s tempting to test indiscernibility for .# by just checking the equalities

(PPhiky = (PO K|, Fe.z®

for all individual PVMs P? in this family. However, this only controls the marginal measurement statistics of each PVM separately.
Indiscernibility for .# also requires the equality

(PLY - PRIy = (P - PV W),

for all iy,...,i, € I with Fe & @) for all k = 1,...,n. Physically, if all PVMs commute the above products correspond to joint events;
for noncommuting families, these products are merely elements of the generated algebra and should not be interpreted as joint outcome
probabilities.

As the following example shows, two pure states may be indiscernible for a family of (commuting) PVMs, but discernible for the (abelian)
von Neumann algebra .# generated by the projections in this family: the states may still be discerned by .# through a product of projections.

Example 3.6. Let H = C*> ® C?, and let P; be the PVM of the Pauli-z matrix

1 0
03 = .
*lo 41

Consider the commuting PVMs on {-1, 1}, the spectrum of o3, which is uniquely defined by specifying their values on singletons by

Pa{e) =P L Pa(fe}) =10P(fe}),  ee{-L1},

where P3({1}) =10){0] and P3({-1}) = |1)(1], and let .# be the von Neumann algebra generated by their ranges (the diagonal algebra with
respect to the standard basis {|00),]01),]10),|11)} of C* ® C?).
Define the two Bell states
|) :

[00) + [11)), |h") |01) +[10)).

1 1
:ﬁ( = ﬁ(
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Then for each € € {-1,1} we have
(Pa({e})hln) = (Pa({e})H'|n") =
(Ps({e})hlh) = (Ps({e})N'h") =

>

>

N[ = N~

so h and ' have identical statistics for each observable separately.
However, the product of commuting projections P4 ({1})Ps({1}) = P3({1}) ® P3({1}) = |00)(00| belongs to .#, and
1 AR
((joo){00l)hlk) = 5, ((j00){00[)A'|H") =o.

Hence |h) and |h') are discernible for ..

This example will be pivotal in the final section on the EPR and Bell experiments. In the EPR experiment, the polarisation measurements
by Alice and Bob on their respective photons can be modelled as the PVMs P4 and Pp. As long as Alice and Bob have access only to their
separate marginal statistics, they cannot distinguish pure states |i) and |h") on the basis of their measurement statistics if and only if |} and
|n') are indiscernible for the pair {Pa, Ps}, i.e.,

(Pa({eD)hln) = (Pa({eD)H'H'),  (Ps({e})hlh) = (Ps({e})'|n"),

foralle € {-1,1}. The von Neumann algebra generated by ranges of P4 and Pp contains the range of the product PVM P¢ = P4 x P which an
external observer Charlie can use to analyse the measurement statistics of the pairs of outcomes generated by Alice and Bob. The above example
shows that Charlie can distinguish certain pairs of pure states that are indiscernible for Alice and Bob on the basis of their measurement
statistics.

C. Indiscernibility for algebras of observables

The following result states that the equivalence classes of pure states under indiscernibility for an algebra of observables .# are precisely
the “orbits” under the set of partial isometries commuting with the elements of .. An elementary proof of this fact (which can alternatively
be deduced from the uniqueness of GNS representations) is included for the convenience of the reader.

Recall that an operator V € #(H) is a partial isometry if there is an orthogonal decomposition H = Hy @ H; such that the restricted
operator V|, is an isometry (i.e., | Vho| = |ho| for all hy € Hy) and V|g, = 0. In this situation, Hy is called the initial space of V and the
(closed) range of V|y, is called the final space of V.

Theorem 3.7 (Indiscernibility and partial isometries). Let ./ be a von Neumann algebra acting on H. For unit vectors h,h' € H the
following assertions are equivalent:

(1) (ah|h) = (ak'|H) foralla e #;
(2) there exists a partial isometry Ve .4' such that Vh = h'.
In this situation, the operator V can be chosen to satisfy
* *
V V = P%, VV = P%,

the orthogonal projections in H onto .4 h and .4 h', respectively.

Proof. (1) = (2): Assume that (ah|h) = (ah'|h"). for alla € .. For all a € .# we have a*a € .# and consequently
lah|* = (a"ahlh) = (a*ah'|W") = |ak’|?,

so that the linear mapping .#h — .#h’ given by ah + ah’ is well-defined and isometric, and by continuity it extends uniquely to a unitary
operator Uy from . h onto .4’ satisfying

Uo(ah) = ah’ foralla e .#.
In particular, Uph = h'. Moreover, for every a € .# and every x € .# h we have the intertwining relation
Upax = aUpx. (3.5)

Indeed, this is clear if x = bh € .#h, and this extends to general x € . h by approximation.
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Next, we check that .#h and .2k’ are invariant under .#. The invariance of . h is clear since .# h is .# -invariant. If ge€ h*andbe . #,
then foralla € .#,

(ahlbg) = (b"ahlg) = 0
since b*a € . and g1.#h, Hence, bg € .#h*. This shows that also .#zh* is invariant under .. It follows that P——c .#". The same argument
applies to .#h’, hence also P

Mh
A
T M.
Now, define an operator V € Z(H) by

V= thfz%;

Then V is a partial isometry with initial space .#h and final space .#h’, so

* *
14 V—P%, Vv _PW'

Moreover, Vi = Ugh = h'. The identity V*V = P then implies that also V1’ = h.

It remains to show that Ve .#’. Fixa € .# and x € H. Using that P%e ', we have P%ax = aP%x € .#h,so by (3.5),

Va = l]ol%z%za = lfoalfz%z = a[]ol%;%i =aV.

Thus Va=aV forallae #,ie., Ve .#'.

(2) = (1): Let Ve .#' be a partial isometry with Vi =K. Since V is a partial isometry, there exists an orthogonal decomposition
H = Hy @ H, such that Vg, is an isometry and V|y, = 0. Let P denote the orthogonal projection of H onto Hy. For x, y € H write x = xo + x1,
¥ =y, +y, withx;,y; € H;. Since Vx = Vxg and Vy = Vy,, and Vg, is an isometry, we obtain

(Vx|[Vy) = (Vxo|Viyo) = (x0ly0) = (Px[y).
and therefore V*V = P. In particular, I — V*V > 0. Moreover,
((I=V*V)hlh) = (hlh) = (V*Vh|R) = [h]* - | VR|*.

But |Vh| = |K|| =1 = ||, so ((I- V*V)h|h) = 0. By positivity, this implies (I - V*V)h = 0, i.e., V*Vh = h. Now for every a € .#, using
V*Ve .#' we obtain

V*V(ah) = a(V*Vh) = ah,

so V*V acts as the identity on .#h, and therefore on Mh.In particular, V*h' = V*Vh = h.
For any a € .#, using Ve .#' we then obtain

(ak'|W') = (ak'|Vh) = (V*al'|h) = (aV*}'|h) = (ah|h).
This proves indiscernibility. O

If h and K’ are cyclic for .# (which means that .#h and .#h’ are dense in H), then P% = PW = I, so the partial isometry V satisfies
V*V = VV* =T and V is unitary. The following uniqueness result implies that in this situation the unitary operator V is also unique:

Proposition 3.8 (Uniqueness on .4 h). Let .4 be a von Neumann algebra acting on H, and let h,i' € H be unit vectors. Then every partial
isometry Ue . satisfying Uh = b’ maps .#h onto .4 h'. Moreover, if U, Ve .#' are partial isometries satisfying

Uh=Hh =Vh,
then
Uz = Vi

Proof. Let Ue .#' be a partial isometry with Uh = h'. For every a € .# we have U(ah) = aUh = ah’, so U(.#h) = .#W .
Since U is a partial isometry, P:= U*U is an orthogonal projection (the initial projection of U), and hence I — P is an orthogonal
projection. Moreover,

[(1 - PYh|? = (1 - PYHIk) = [h]* = |URJ =1 -1 =0,

This implies (I — P)h = 0, i.e., Ph = h. Since Pe .#' and a € .#, we obtain
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P(ah) =a(Ph)=ah  (aec.¥),

50 P acts as the identity on .#h, and therefore on .#h. In particular, .#h ¢ R(P), and U restricts to an isometry on .#h. Hence U(.#h) is
closed. Together with U(.#h) = .#h' this yields

U(#h) = U(ah) = U(ah) = ah.

This proves that U maps .#h onto .4 h’.
Now, let U, Ve.#' be partial isometries with Uh = Vh =h'. Then for every ae.# we have U(ah) = aUh = ah’ = aVh = V(ah).

Therefore, U and V agree on the dense subspace .#h of .# h, and by continuity, they agree on ./ h. ]

The construction in the Proof of Theorem 3.7 always gives a partial isometry Ve .#" with V*V = r and VV* = P Such V can be
extended to a unitary Ue .#' with Uh = b’ provided there exists a partial isometry We .#’ with

* _ _ D * _ D
W Ww=1I P///h, WW" =1 P.///h"

Indeed, the initial projections V*V and W* W are orthogonal and sum to I, and similarly the final projections VV* and WW™ are orthogonal
and sum to I. Hence,

VW= (V'V)VW(W'W) =0, VW* = (VV) VW (WW™) =0,
and similarly W*V = 0 and WV* = 0. Therefore, with U := V + W we have
U'U=V'V+W'W=1, UU  =VV + WW"* =1,

so U is unitary. Since ./’ is a  -algebra, Ue .#’. Finally, Uh = Vh = I’ because h € .#h and W vanishes on . h.
For indiscernible i, i’ € H, a unitary Ue .#" satisfying Uh = h' need not always exist. This will be shown in Example 3.10, the construction
of which relies on the following lemma.

Lemma 3.9. Let # < £ (H) be a von Neumann algebra. For all h € H we have P A If ue A is unitary and h' := uh, then

HP%M :P%

Proof. As observed in the Proof of Theorem 3.7, the subspace .#h is .#-invariant, and so is its orthogonal complement. Therefore

I%};ZE Jﬂ?h
If ue .2 is unitary, then u(.#h) = .#(uh) because u(ah) = a(uh) for all a € .#. Taking closures, it follows that u(.#h) = .# (uh) =
W . Thus uP—_u* is the orthogonal projection onto u(.#h) = .#H'. ]

M

In combination with Theorem 3.7, this lemma shows that if P—7 and P—z7 are not unitarily conjugate by a unitary u € .# !, then there is

no unitary u € .#’ with uh = ’. In particular, since dimensions of kernels are preserved by unitaries, this situation arises when the kernels of
P—and P—; are of different dimensions. We will use this to show that Theorem 3.7 is wrong if partial isometries are replaced by unitaries.

Example 3.10. Let Hy = H, = £*(N) and let . := #(H;) ® I, acting on H := H; ® Hy. Then .7 = Iy, ® Z(Ha).
Let (en)nen be the standard basis of 72 (N) and define unit vectors h, i’ € H; ® H, by

1 , 1
h:=c en ® entls h :=c
,Z:Nn+1 " i ,Z:Nn+1

en ® en+t2,

where ¢ = 1/(X e ﬁ)l/z. For every A € #(H,) we have, by orthonormality,

(AeDhr) =Y —

2, (2 erken) = (4 ® DH'[1),

so hand i’ are indiscernible for ..
Let S be the unilateral shift on H,, i.e., Se;, = 441 for n € N. Set
P =SS  =T-¢y® ey, P2::SZ(SZ)*:I—eo®eo—e1®e1.

Then v := SP; is a partial isometry on H, with v*v = P; and vv™* = P,. Consequently V := I ® ve M isa partial isometry with VVv=I®P
and VV* = I ® P,, and one checks directly that
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(Iev)h="H.

However, there is no unitary Ue .# " with Uh = K. Indeed, any unitary in ' has the form U = I ® u with u unitary on H,. If Uh = W,
then by Lemma 3.9,

(I® M)P%(I® u) = P(%h,.

We claim that

P

—=18P, P =1@P,

Mn

To see the first identity, note that for each n € N and x € H; the rank-one operator Ay, := x® e, : ¥ ~ (¥|en)x on H; satisfies

Cc

(Axn®I)h = | X ® entl.

n+

Hence H; ® e, € . h forall n, so Hy ® R(P;) € .4h.
Conversely, note that h € H; ® R(P1) = R(I ® P1), hence

(I®(I-P)))h=0.
ForanyA e ¥(H;)wehave A®I e # and (AQI)(I® (I-P1))=(I® (I-P1))(A®]I). Therefore,
(Ie(I-P))(A®Dh=(AD)(I®(I-P1))h=0.

Thus (A®@ )he N(I® (I-P1)) =R(I® P) = Hy ® R(P;). Hence .#h € H; ® R(Py) and therefore also .#h € H, ® R(P;). This proves the
claim for P;. The argument for 4’ is identical, with P; replaced by P;.
Using the identifications P =1®P and P =1® P, just proved, the conjugation identity becomes

(Iouw)(I®P)(I®u)" =1®P,.

But
(Ieu)(I®P)=I® (uP1) and (I®u) =I®u",
hence
(Ieu)(I®P)(Ieu) ' =(Ie@uP)(I®u")=1® (uPiu").

Therefore I ® (uPlu*) =]®P,, and thus uPiu* = P,. But dimkerP; =1 and dimkerP, =2, and unitary conjugation preserves the
dimension of kernels. This contradiction shows that the role of partial isometries cannot be replaced by unitaries in Theorem 3.7.

We conclude with a result that will be needed in Sec. VIII.

Theorem 3.11 (Unitary invariance and equivalence classes). Let P:.% — Proj(H) be a projection-valued measure, and let U be a
unitary on H. Define the conjugated PVM PV : .# — Proj(H) by

PY(F):= U*P(F)U, Fe.7.
The mapping of equivalence classes
Gu([hlpe) = [Uh]p,
is well defined and bijective, and we have
|h)~pu|h") <= Uh~pUH'".
Furthermore, we have
A =U U,

where .4 and .4" are the von Neumann algebras generated by the ranges of P and PY, respectively.

Proof. To prove well-definedness, suppose that we have equality of equivalence classes [h]pv = [h']pu, ie.,
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(PY(F)h|h) = (PY(F)H'|W),  Fe.Z.
Fix F € .7 . Then
(P(F) Uh|Uh) = (U*P(F)U hlh) = (PY(F)h|h)
= (PY(F)W|W') = (U*P(F)UHK'|K') = (P(F) UK |UL").

Since this holds for all F € ., we conclude Uh ~p UK’, so [Uh]p = [UK']p and @y is well defined. Injectivity and surjectivity follow from the
fact that U is invertible.

The identity .#” = U*.# U is immediate from the definition, as the range of PV is {U*P(F)U : F € .#} and conjugation with unitaries
preserves strong closures. Hence, the von Neumann algebra it generates is the conjugate by U of the von Neumann algebra generated by P.O

IV. THE HOLEVO SPACE

The following definition goes back to Holevo.® We recall the equivalence relations ~p and ~ , of Definition 3.1.
Definition 4.1 (Holevo space).

e IfP={PY:icI} isafamily of observables, the quotient space of . (H) modulo ~p is called the Holevo space of H associated with P,
and is denoted by

S (H) p.

o If ./ is an algebra of observables, the quotient space of .#’( H) modulo ~ , is called the Holevo space of H associated with .#, and is
denoted by

S(H) g

Restricting the equivalence relations to the set of pure states &2 (H), we obtain the pure Holevo spaces of H associated with P and ..
These are denoted respectively by &2 (H) p and 22 (H)/ 4.

If .# is the von Neumann algebra generated by the range of a PVM P, Proposition 3.5 implies that
SH)fp=SH)| 4 and P (H)p=2(H)/ 4 (4.1)

The equivalence classes of a state ¢ € .(H) with respect to these equivalence relations will be denoted by [¢]p and [@] , respectively.
With slight abuse of notation, the equivalence classes of a pure state |} will be denoted by [h]p and [h] .

The physics intuition is to think of the elements of P and .# as the available “observables.” The elements of the spaces .7/ (H)/p and
(H)/ 4 are then the “states relative to P and .#,” respectively. Informally, they are the “distinguishable objects:” an observer who has access
only to the observables of P or .# is not able to distinguish between states that are indiscernible for P or ..

The following proposition identifies . (H)/ , with the set .(.#) of normal states on ., i.e., the set of all normal positive functionals
w: .# — C satistying w(I) = 1. Every such w € .7 (.#) admits a representation

w(a) = tr(ag), ae.d,

for some positive trace class operator ¢ on H with tr(9) = 1; see Ref. 3, Theorem 2.4.21 or Ref. 7, Corollary 4.3. In general, the representing
operator ¢ need not be unique.

Proposition 4.2 [Identification of ¥ (H)/ , with normal states on .#]. For 0 € ¥ (H) define wy : # — C by
wo(a) :=tr(ap), ae .
Then wy € (M ). Moreover, the mapping 0 — w, induces an affine (i.e., convexity preserving) bijection
O:S(H) gz (M).

Proof. 1f 0~ _40', then tr(ag) = tr(ag’) for all a € ., so wy = w,. Hence the induced mapping [0 ] 0]y — wo is well defined. Clearly,

2T :8€ €T 9¢0C aunf S0

this mapping preserves convex combinations. If wy = @, then tr(ag) = tr(ag’) for all a € .#, so ¢ ~_40', and therefore [0] 4 =[0'] 4 It

follows that the mapping [0] 4~ wp is injective. To prove surjectivity, let w € (. ) and choose ¢ € . (H) such that tr(a@) = w(a), for all

a € . Then [¢] , maps to w. ]
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A. The topology =

In this section, we consider a fixed algebra of observables .# and study the structure of the Holevo spaces .#(H)/ , and 2 (H)/ 4 in
more detail. In view of (4.1), this also covers the Holevo spaces associated with a single PVM.
For every a € .4 we consider the mapping f, : .#(H) — C defined by

fa(0) = tr(ag).

Definition 4.3 (The topologies T and 7/ ). The topology T on .#’(H) is defined as the coarsest topology making f, continuous for every
a € .. The induced quotient topology on . (H)/ ;. i.e., the finest topology for which the quotient mapping is continuous, is denoted by 7, 4.

The quotient mapping from . (H) to #(H)/ , is denoted by q. It is immediate from the definition of 7, that q is continuous and
that these equivalence classes are 7-closed. By a standard argument, the quotient topology of .(H)/ , is precisely the collection of sets
U ¢ #(H)/ 4 with the property that g~'(U) is r-open in .#(H). The same argument shows that the quotient topology of 2 (H)/ 4 is
precisely the collection of sets U € & (H)/ ,, with the property that ' (U) is open in & (H) with respect to the subspace topology inherited
from ./ (H), where r = q| 5y, : & (H) — 2 (H)/ ;s the quotient mapping.

The topology 7 has the following saturation property.

Lemma 4.4. For every T-open set O ¢ . (H) we have

q '(q(0)) =0.

Proof. For a € .# and an open set V c C, the lemma holds for the set B := f,"(V), for if o € Band ¢~ _40’, then fa(0") = fa(0) € V,
hence ¢’ € B. Thus ' (q(B)) = B.

The collection of all open sets O satisfying g~ (q(0)) = O is closed under taking finite intersections and arbitrary unions. Since 7 is
generated by the family { ;' (V) } under these operations, every -open set O satisfies g~ (q(0)) = O. ]

As an immediate consequence of this lemma, the quotient mapping
q:(H) > 7 (H)/ 4

is open. By standard arguments, the lemma also implies that the quotient topology 7, , of #(H)/ ;1 is Hausdorff.

B. The inclusion (H)/ ,< S(H)/ 4
The inclusion &2 (H) ¢ . (H) induces a natural inclusion mapping

Py H) g

which sends the ~ ,-class of a pure state to its equivalence class in . (H)/ . Explicitly, define j : 22 (H)/ ,, — #(H)/ 4 by
i(h.a) = q(h & h).

This mapping is well defined, for if [h] 4, = [h'] 4, in 2 (H)/ 4 then (ahlh) = (ak’|h’) foralla € .#, ie., tr(a(h & h)) = tr(a(h’ ® h")) for
alla € .#, and therefore q(h ® h) = q(h' ®h").
The mappmg] is also injective, for if q(h®h) = q(h'®h) then h®h~ yh' ®h' as elements of .#(H), hence tr(a(h®h)) =
tr(a(h’ ® k")) forall a € .#, or equivalently (ah|h) = (ah'|h") for all a € .#, and therefore [h] , = [K'] 4.
Letr:=q| gy : 2 (H) — 2 (H)/ 4 be the quotient map, and let 1 : & (H) ¢ .(H) denote the inclusion map. With this notation, we
have the commuting diagram
P(H) ——s P(H)| g

l l" (4.2)

S H) —= S (H) |«

Under the inclusion &2 (H)/ , < #(H)/ 4 the quotient topology on & (H)/ 4 coincides with the restriction of the quotient topology of
#(H)/ 4. Once again, the proof is a standard application of Lemma 4.4.

In what follows, there is no risk of confusion by denoting the quotient topology of % (H)/ /by 7, ;ragain, and & (H) / , will be assumed
to be endowed with this topology. As a consequence of the preceding results, 2 (H)/ , is a Hausdorff space.

In Sec. V A we will prove (see Theorem 5.6) that if .# is an abelian von Neumann algebra, then

2 (H)| 4= (H)/ 4

2T :8€ €T 9¢0C aunf S0

J. Math. Phys. 67, 052102 (2026); doi 10.1063/5.0302377 67, 052102-11
© Author(s) 2026


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

V. PROJECTION-VALUED MEASURES

The main result of this section is an intrinsic representation of the Holevo space of the von Neumann algebra generated by a projection-
valued measure. As an immediate application, we determine the Holevo space of a finite family of commuting normal operators.

A. Projection-valued measures

Throughout this paragraph, we let P : % — Proj(H) be a projection-valued measure on a given measurable space (Q, .%).

Proposition 5.1 [Representation of .4 as L™ (Q, p)]. Suppose there exists a o-finite measure y on (Q,.F) with the property that for all
F e # we have

u(F)=0 < Pr=0.

Then the von Neumann algebra .4 generated by the range of P is x —isometric to L (Q, u). More precisely, the mapping

0:L°(Qp) — A, G(f):fnfdP,

is a * —isometry.

Proof. Let L (Q, P) be the Banach space obtained by identifying bounded measurable functions on Q2 when they differ on a set N € &
such that Py = 0. By Ref. 8, Theorem 9.8, Proposition 9.11, the bounded functional calculus for P induces a surjective * -isometry

Op: L (O, P) — A, Gp(f):fﬂfdP,

noting that surjectivity follows from the fact that 8p(1F) = Pr for all F € #. Since P and y have the same null sets, the identity mapping
I:f~ fisa x-isometry from L™ (Q, p) onto L= (€, P). It follows that the mapping 0 = 0p o I has the stated properties. ]

The following proposition allows us to make a special choice of the measure y.
Proposition 5.2 (Cyclic vectors). There exists a unit vector hy € H such that the scalar measure defined by
Py (F) := (Prholhg), Fe .7,
has the same null sets as P.

Proof. A routine application of Zorn’s lemma gives us a (possibly uncountable) orthogonal decomposition H = @, ;H; into closed
nonzero subspaces reducing P [i.e., Pr(H;) € H; forall F € % and i € I] with the following property: For every i € I there is a norm-one vector
hi € H; which is cyclic for P restricted to H;, in the sense the linear span of { Prh; : F € .7 } is densely contained in H;. Since H is separable (recall
that this is a standing assumption throughout the paper), any such decomposition is countable. Thus we may fix an orthogonal decomposition
H = @®,5;H, such that for every n > 1 there is a norm-one vector h, € H, such that the linear span of {Pgh, : F € #} is densely contained
in H,,.

We claim that the scalar measure y, (F) := (Prhy|hy) has the property that for every F € .7,

pn(F)=0 <= Pgly, =0.
The implication (<) is immediate. For (=), suppose 4, (F) = 0. Since Pr is an orthogonal projection, Pr > 0 and hence
0 = (Pehalhn) = | Phal”,
s0 Prhy, = 0. For any G € . we then have
Pr(Pghu) = PrPGhy = Prngha = 0,

using the multiplicativity of the PVM on intersections. Thus Pr annihilates the linear span of {Pgh, : G € %}, which is dense in H, by
cyclicity of h,, for P on H,. By continuity, Pr
The unit vector

H, = 0.

ho=3 27"p,.

n>1
is such that for all F € .# we have

Py, (F) := (Prholho) = 3 27" (Pehalha),

n>1
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since the cyclic subspaces are mutually orthogonal. Clearly, we have (Prho|ho) = 0 if and only if (Prhu|h,) = 0 for all n > 1. Thus, the scalar
measure Py, satisfies

Py (F)=0 < VYnu,(F)=0 < VYn Pply, =0 < Pp=0.

We now fix a unit vector hy € H with the properties stated in the proposition.
Proposition 5.3. Under the above assumptions, the mapping
n n
U: Z leFj = Z CjPF)ho
j=1 =1
extends uniquely to an isometry from L*(Q, Py,)) into H.

Proof. Firstlet f be a simple function, say f = ¥7_, ¢j15,, where F; € 7 are pairwise disjoint and ¢; € C. Define

n

U(f) = Z CjPth(). (5.1)

j=1

Unpacking definitions and using the properties of projection-valued measures,
(UQ1F)|U(16)) = (Prho|Pcho) = (Pencholho)

= ‘[QlFmGdPho = (lFllG)LZ(Q,PhO)’

By sesquilinearity, this extends to simple functions f and g. Hence, U preserves the norm on the simple functions. Since the simple functions
are dense in L*((, Py, ), U extends uniquely by continuity to an isometry U from L*(€Q, Py, ) into H. ]

We write y <« P if the measure y is absolutely continuous with respect to P in the sense that we have y(F) = 0 for every set F € % with
Pr = 0. With this notation, the main theorem of this section reads as follows.

Theorem 5.4 (Identification of the Holevo Space). Let (Q), %) be a measurable space and P : F — Proj(H) a projection-valued mea-
sure. Let .# be the von Neumann algebra generated by its range. Let hy € H be any unit vector such that the probability measure Py, has the
same null sets as P. Then

2(H) g = H) g
and the identifications
(M. < PPr, < p
define affine isomorphisms
PH) g ={peM(Q): p < P}
2{pel'(QPy): p20,[p[=1},
where M (Q) is the convex set of probability measures on (Q, F).

By Proposition 5.2, vectors ho with the stated properties always exist. Note that the first displayed representation is intrinsic, in the sense
that it does not rely on an ad hoc choice of a vector hy.

Proof. Since Py, and P have the same null set and Py = 0 implies P,(N) = 0 for every unit vector & € H, the probability measures P}, are
absolutely continuous with respect to Py, . By the Radon-Nikodym theorem, the first representation therefore follows from the second, with
p the Radon-Nikodym derivative of u with respect to Py, ; in the identification [h] , < pPy, we take y = Pj. Accordingly, we concentrate

on the second representation and will prove that [h] , ~ p sets up an affine isomorphism from & (H)/ ,, onto the set {p € L'(Q, P, ) : p >

0, lpfr =1}
Step 1-By Proposition 3.5 we have equivalence of pure states |h) ~ ,|h’} if and only if we have equality of measures P, = P,. Therefore,

~ y-equivalent measures share a common Radon-Nikodym density p € L' (€, Py, ). This density is nonnegative and satisfies

fdehO:/IdPh:Ph(Q):l.
Q Q

2T :8€ €T 9¢0C aunf S0

J. Math. Phys. 67, 052102 (2026); doi: 10.1063/5.0302377 67, 052102-13
© Author(s) 2026


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Step 2-To see that every p in the positive part of the unit sphere of L' (Q, P}, ) is obtained in this way, let such a p be given. Then y := p''
has norm one in L* (€, P, ). Using the isometry U of Proposition 5.3, let i := Uy € H. Then

IB* = 1yl = 1z = el = 1,

and therefore it defines a pure state |k). To complete the proof we must show that P, has Radon-Nikodym derivative p = y* with respect to
Py, and for this it suffices to check that
dpy= [ fy*ap
fQ fdby= | fy"dPy,
forall f = 1p with F € #.

We claim that for every F € % and every f € L*(Q, Py, ) one has the intertwining identity

Pr U(f) = U(IF f) (5.2)
Indeed, if f = Z]'Ll ¢j1p, is simple, then by (5.1),

n n n
PpU(f) = Z ¢j Ppppjho = Z ¢ Ppmpjho = U(Z G lpnpj) = U(lpf).
j=1

j=1 j=1
Now let f € L*(Q, P;,) and choose simple functions f,, — f in L*(€, Py, ). Since PU(fu) = U(15fm) for each m > 1, we then have

1PEUCS) = U ) < 1PEUCS = fo) | + [UE(fm = )]
< f = fullz + 11 (fm = )2 = 0.

This proves that (5.2) holds.
Now,

[ 1 dp, = (Pehih) = (PrUY|UY)
Doy = eyiy) = [ 1y d,

where () is a consequence of (5.2) and ( * * ) uses that U is an isometry.

Step 3-Up to this point, we have shown that the identifications set up bijections. The proof that 92 (H)/ , is convex and that the
identifications are affine is now routine: if [§]_,and [£,]_, are given elements of & (H)/ ,let p, and p, be the corresponding densities. If 0 <
A < 1,then (1 - A)p, + Ap, is also such a density, and hence corresponds to an element [&,] , of 7 (H)/ ,» where ) € H has norm one. Then,
viewing &, ,, and &, as elements of .7 (H), passing to their equivalence classes results in the identity [&;] = (1 - 1)[&,] + A[£,] as elements
of #(H)/ 4 This shows that 22 (H)/ , is convex as a subset of . (H)/ ,. Repeating this argument with general convex combinations, it also
follows that the bijection is affine.

Step 4-It remains to prove the equality & (H)/ ,, = . (H)/ 4. Explicitly, the claim is that the natural inclusion & (H)/ , ¢ (H)/ 4
induced by passing to quotients in the inclusion & (H) ¢ .#(H) is in fact a bijection.

Let 0 € #(H) be arbitrary and define a probability measure

uo(F) := tr(Pro), FeZ.

If Pr = 0 then u_(F) = 0, hence y, < P. Since Py, has the same null sets as P, also y; << Pj,,. By the Radon-Nikodym theorem there exists a
density po € L' (Q, P,,) with p_ > 0, |p, |1 = 1 and
Ho = PoPh,:
Lety := p},/z € L*(Q, Py, ) and set h := Uy € H (so |h| = 1). By Step 2 we then have P}, = p, Py, = fo-
We claim that o~ ,(h & h). Since .4 is generated by the range of P, it suffices to check equality of expectations on the norm-dense
#-subalgebra {8(s) = [sdP: ssimple} ¢ .#.1fs = Y7, ¢j15;, then

tr(6(s)o) = Zn: ¢jtr(Pr0) = Zn: ¢j o (Fj) = fgsdy[,,
j=1 j=1

and similarly,
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O()HR) =3 ¢ (Pehlh) = 3 ¢ Py(Fy) = [ sapy= [ sdue

j=1 j=1
Hence tr(6(s)o) = (8(s)h|h) for all simple s. Now let f € L™ (Q, Py, ) and choose simple s, with || f — sm|lec — 0. Since 0 is a = -isometry,
16(f) = 0(sm)| < |f = sm| oo — 0, and therefore

tr(6(f)o) = lim tr(8(sm)o) = lim (8(sm)h|h) = (6(f)h|h).

Thus tr(ac) = (ah|h) forallae #,ie, 0~ h&h.

Consequently, every class in ./(H)/ , has a pure representative; equivalently (2 (H)) = #(H)/ 4. Since the canonical map
2 (H) [~y — Z(H)/~  induced by the inclusion 2 (H) - .#(H) is always injective, it is therefore bijective, and hence 22 (H)/ , =
(H)/ 4 as convex sets. o

In the case of a finite-dimensional Hilbert space, we have the following result.

Corollary 5.5. If H is d-dimensional and P : # — Proj(H) is a projection-valued measure, then F is generated by at most d atoms for the
measure Py, , the Holevo space takes the form of a simplex over these atoms, and its extreme points are the normalised indicator functions of these
atoms.

Proof. We use the notation of the preceding theorem. Let d = dim(H). Since the cardinality of any family of pairwise orthogonal pro-

jections in H is at most d, we infer that () is the union of at most d atoms for the measure Py, say Ay, ..., Ax € Z. Then every element of
{o¢€ LI(Q, Py,):020,] o|l1 =1} is a convex combination of the normalised indicator functions 1y /Py, (AJ), j=1,...,k, of these atoms,
which are its extreme points. a

The following result connects Theorem 5.4 to the discussion in the previous section.

Theorem 5.6. If .# is abelian, then the inclusion mapping & (H) < . (H) induces an affine isomorphism
2 (H) g2 (H) g

Proof. As is well known, (see, e.g., Ref. 11, Proposition 1.21), every abelian von Neumann algebra .# over a separable Hilbert space H is
generated by a single self-adjoint element a. Applying Theorem 5.4 to the projection-valued measure of such a generating selfadjoint element,
we obtain the stated result. O

Upon representing the abelian von Neumann algebra ./ as a space L™ (X, u), every normal state corresponds to a density p € L' (X, y),
and as such has an L* “square-root” vector representative y = p'’%, since w,(f) = [, fp du = (fy|y) for all f € L°(X, ). This is consistent
with the general standard-form representations for von Neumann algebras (see, e.g., Ref. 5), but here we gave an explicit construction aligned
with the operational Holevo-space viewpoint taken here.

As afinal result for this section, we turn to the situation where .# is the abelian von Neumann algebra generated by the PVMs of multiple,
possibly unbounded, normal operators a, . . ., a,, assuming these PVMs commute. If all operators 4y, . . ., a, are bounded, this is equivalent
to assuming that aj, . . ., a, commute and ./ is the abelian von Neumann algebra generated by ay, . . ., an.

Under the stated assumptions, the joint spectral theorem (see, e.g., Ref. 7, Theorem 4.1, Ref. 10, Theorem 5.21) guarantees the existence
of a unique projection-valued measure

P:%(o(ay,...,a,)) - Proj(H), (5.3)

where % stands for the Borel g-algebra and o(as, . . ., a,) is the joint spectrum, such that for every bounded Borel function f : X — C we have

f(ay,....an) = fdP.
a(ay,....a,)
In this situation, the von Neumann algebra generated by the projections in the range of P equals .#.
Leto(ay, ..., an) denote the support of P. Applying the result of the preceding paragraph, we arrive at the following theorem. When X is
a topological Hausdorff space, we denote by Cy,(X) the Banach space of all bounded continuous functions on X.

Corollary 5.7. Let ai,...,a, be normal operators on H whose PVMs commute, and let .# be the von Neumann algebra generated by
their spectral measures. Let hy € H be any unit vector such that the probability measure Py, has the same null sets as P. Then we have affine
isomorphisms

SH) g2z 2 H) 4= {f eLl(o(al,.,.,an),Pho): f20,]f|= 1}.

Proof. Apply Theorem 5.4 to the PVM given by Eq. (5.3). O
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VI. CLASSICALISATION

The results proved up to this point can be summarised in the following “classicalisation” theorem, although it would be more accurate
to say that the theorem provides a way to “lift quantum observables to classical observables.”

Theorem 6.1 (Classicalisation). Let .# be a von Neumann algebra over a Hilbert space H. There exist

o a Hausdorff topological space X
e a continuous injective mapping a — @ from .4 to Cy(X)

such that for all a € .# and |h) € 2 (H) we have
a([h].z) = (ahlh).

Proof. Take X := #(H)/ , endowed with the Hausdorff topology 7, ;; For a € .# define@ € Gy (X) by

a([h].z) = (ahlh).

This is well defined, for if |h )~ ,|h"), then (ah|h) = (ah’|h") for all a € .#. Clearly @is continuous with respect to T

To see that a ~  is injective, suppose that a, b € ./ satisfy @ = b. This means that (ah|k) = (bh|h) for all norm one vectors k € H, and
therefore a = b by a standard polarisation argument. O

This theorem can be viewed as a “sharp” version of the hidden variables theorem for unsharp observables of Ref. 8, Sec. 15.4. We may state
a corresponding version for mixed states, taking X = .(H)/ 45 in that case, we may view X as Hausdorff space endowed with the topology
T, 4
o Classically, the points of a state spaces correspond to the pure states, and by passing to equivalence classes modulo indiscernibility,
one factors out the points that cannot be distinguished by the observables at hand. In the quantum context, this suggests to promote the
equivalence classes of pure states modulo indiscernibility to be the “distinguishable points” of some newly formed space. The theorem shows
that the quantum observables can then be lifted to pointwise defined scalar-valued functions on this new space, thus creating a classical model
for them.

Let us take a closer look at the case where .# is the von Neumann algebra generated by a single bounded normal operator a acting on a
Hilbert space H. Under these assumptions, a classical theorem of von Neumann (see also Ref. 8, Sec. 9.5) asserts that .# equals the bounded
Borel calculus of a,

A ={f(a): f eBy(a(a))},

where o(a) is the spectrum of a. The von Neumann algebra .# includes (and is in fact generated by) the orthogonal projections in the
range of the projection-valued measure P associated with a through the spectral theorem. For any Borel subset B C o(a), the lifted observable
Pg € By(X) assigns to [1]_, the number (Pgh|h). In quantum mechanical language, this number is interpreted as “the probability of observing
an outcome contained in B upon measuring the state |h) using the observable a.” In this sense, the lifted classical observable contains all
measurement statistics of the quantum observable.

VII. THE FREE PARTICLE

As a first (and easy) application of the theory developed up to this point, we determine the Holevo space of the position observables for
the free particle in R? and show that it can be represented as the set of classical probability densities on R?. From the abstract results of the
preceding section, we know that it takes the form of an abstract simplex on their (joint) spectrum. Rather than applying the abstract theory, we
compute the Holevo space from first principles, thus illustrating the scope of the theory by means of a concrete and easily computed instance.
A.Thecased =1

Let us first take d = 1 and let H = L*(R) be the Hilbert space of a free particle moving along the real line R. The position observable for
this particle is given by the projection-valued measure P : 2 (R) — Proj(L*(R)), where 2 (R) is the Borel o-algebra of R, defined as

(Ph)(x) = 15(x)h(x)

for Be 2 (R) and h € L*(R).
Suppose now that the pure states |1) and |’) are indiscernible for P, that is,

[ 1) )P dx = (Paklh) = (Pak ) = [ 1)K ()P dx
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for all Borel sets B € R. This happens if and only if |(x)| = |1’ (x)] for almost all x € R. It follows that the Holevo space associated with P is
given by

y(LZ(R))/P:{peLI(R):pzo,fp(x)dle}, (7.1)
R
the bijective correspondence being given by

p <.

This result is a special case of Theorem 5.4, where one may take kg to be any normalised strictly positive function in L*(RR), e.g., the density
of the Gaussian distribution.

B. The general case

The same computation can be performed for one or more coordinate position observables for the free particle in RY; this particle is
modelled by the Hilbert space H = L*(R“). In what follows we take d = 3 for the sake of definiteness.
Let us first consider the position observable along one coordinate axis, say the x-coordinate. It is given by the projection-valued measure

p™ . 2 (R) - Proj(Lz(R3)) given by
(PS7h)(x,9,2) = 8(x)h(x,,2), Be #(R), he (RY).

We now find that the pure states |i) and |h’) are indiscernible for the von Neumann algebra . generated by P® if and only if for almost all

x € R we have
ff|h(x,y,z)|2dydz=ff\h’(x,y,z)fdydz.
R JR R JR

Accordingly, the Holevo space for the x-observable is the same as before, namely,

2 (LX) 0 = {peLl(R) p ZO,pr(x)dx: 1}.

This time, the correspondence is given by

por [ [InCral dydz
R JR

In the same way as before, this result also follows as a special case of Theorem 5.4.

The physics interpretation of this result is that if one is able to observe only the x-coordinate of a particle in R?, then the particle appears
to the observer as nonnegative probability densities p in one variable.

We could also perform a joint measurement of the coordinate positions, say the positions along the x- and y-coordinates. This joint

measurement is modelled by the product PVM P*?) : 22 (R?) — Proj(L*(RR®)) given by
PE(Bx C) = P (BPP(C)  (B,Ce B(R)).

By similar computations as before, the Holevo space for this PVM is given as
2 (LX(R)) o = {p ' (®): p20, [ [ pxy)drdy= 1}, (72)

the interpretation being that if one is able to observe only the x- and y-coordinates of a particle in R?, then the particle appears to the observer
as nonnegative probability densities p in two variables.

One should carefully distinguish between indiscernibility for P*” and for the pair {P®,PY}. The pure states |h) and |h’) are
indiscernible for { P%), P’} when they have the same x- and y-marginals, i.e.,

/f\h(x,y,z)\zdydz:[/|h'(x,y,z)\2dydz aa.xeR,
R JR R JR

and

/RfR|h(x,y,z)|2dxdz:fRfR|h'(x,y,z)|2dxdz aa.yeR

This condition forgets correlations between x and y. The corresponding Holevo space is naturally identified with
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P (LR))] o ooy = {(poops) : peopy € L'(B), poopy 20, el =yl = 1)

This identification is surjective: given (py,p,) € W(LZ(R3))/{P(X)‘PU)}, choose ¢, v,y € L*(R) with [¢]* = p_, [y|* = p,» and [x]2 =1, and
consider the function h(x, y,z) := ¢(x)y(y)x(2).
A pair of states |h) and |1} that is discerned by ~ ., but not by ~ (P p»y €an be constructed as follows. Choose disjoint Borel sets

A1,A2,B1,B; € Rwith 0 < |Ai],|Bj| < oo and fix y € LZ(R) with [x]2 = 1. Define the “Bell-type” states

1 (14, (x)15,(y) | 1a,(x)15,(y)
h(x,y,2) = —= ! ! + = 2
(7.2) ﬂ( A B A s

1 (14, (x)15,(y) | 1a,(x)15,(y)
W (xy,2) = —| -2 R :
(57.2) ( A B A

V2

)X(Z)’

)X(Z)-
Then hN{P(x) ,P(y)}h,, but
(P(x)(Al)P(y)(Bl)h‘h) _ %) (P(x)(Al)P(y)(BQh,‘h’) -0,

SO h"/’P(x.y) h’.
The Holevo spaces for the (joint or separate) x-, y-, and z-observables can be treated in the same way.

Remark 7.1. Using the canonical isometric identification
L*(R*) 2 I*(R) ® L*(R)

(with slight abuse of notation, the right-hand side denotes the Hilbert space completion of the algebraic tensor product), the sharp joint
position PVM P™ is analogous to Charlie’s joint polarisation measurement in the EPR experiment discussed in Sec. VIII B, while the pair
{PY, PV} of marginal PVMs is analogous to Alice’s and Bob’s separate measurements in this experiment.

This analogy is, however, purely mathematical. In an actual EPR/Bell experiment the tensor product decomposition H = C* ® C* is
fixed by physically distinguished subsystems, which selects the local observable algebras .#(C*) ® I and I ® .#(C?). For a single particle in
R, interpreting the two tensor factors in the tensor product L*(R*) = L*(R) ® L*(R) as “Alice” and “Bob” would also require additional
physical structure.

VIII. THE EPR AND BELL EXPERIMENTS

In this section we show how Holevo spaces provide an explicit way to track the relational state space in multi-observer scenarios, culmi-
nating in the Bell experiment. We proceed step by step: we first analyse the single-qubit case, then move to the two-qubit setting of the EPR
experiment, and finally incorporate variable polariser settings as in Bell tests. This leads to a concrete geometric description that makes two
limitations transparent: (a) from their local data, Alice and Bob cannot reconstruct Charlie’s joint description for a fixed choice of settings,
and (b) from Charlie’s perspective there is, in general, no single “global” Holevo model that simultaneously captures all polariser settings at
once.

A. The qubit
As a preparation for the next two paragraphs, in this paragraph we compute the Holevo space of the qubit (see also Ref. 8, Sec. 15.4).
1. Basic set-up

Mathematically, the qubit is modelled on the Hilbert space H = C*. Keeping in mind that norm-one vectors define the same pure state if
they differ by a multiplicative scalar of modulus one, in terms of the standard basis {|0),|1)} of C2, every pure state can be written as

cos (6/2)[0) + " sin (6/2)|1), 6 [0,7], " €T,

where T = S' is the unit circle in the complex plane. In this representation, the angle 8 € [0, 7] is unique; moreover, for 8 € (0,7) the angle
is unique up to a multiple of 27; for 6 € {0, 7} the angle # can be chosen arbitrarily. In this polar coordinate description, the pure state space
2 (C?) is represented as the unit sphere S* in R?, the so-called Bloch sphere.

Every selfadjoint operator on C? admits a unique decomposition in the basis I, 01, 02, 03, where I is the identity matrix and

0 1 0 —i 1 0
o] = , 02 = , 03 =
"o i o >lo 41
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are the Pauli matrices, which correspond to the spin observables associated with polarisation measurements along the three coordinate axes.
Each of the observables g1, 02, 03 has spectrum {-1,1}. In the physics literature, these observables are frequently referred to as the Pauli-x,
Pauli-y, and Pauli-z observables.

In the discussion below, we will specifically work with o3, which has the advantage that the computational basis is also an orthonormal
eigenbasis for the {+1, —1}-valued observable o3. To simply future notation, we write the outcome space {+1,-1} as {+, —}. In this notation,
the PVM Ps of 03 is uniquely given on the singletons of {+, -} by

Ps({+}) =[0){o,  Ps({-}) =[1)(1}

2. Bloch sphere description of the Holevo space

Using the Bloch sphere description for pure states, we will determine when two pure states
|h) = cos (6/2)[0) + € sin (6/2)]1) and |h') = cos (6"/2)|0) + ¢ sin (6'/2)1)

are indiscernible for the Pauli-z observable 03, or equivalently, for the PVM P; of g3. According to the observation in Example 3.4, this
happens if and only if

(a3h|h) = (osh'|H).
A direct computation gives
(o3h|h) = cos & and (o3h'|h") = cos 6.
Hence
|h) ~ p,|h') <= cos O =cos?.

Since 0,60 € [0, 7] and cos is injective on this interval, this is equivalent to 8 = 6.
This represents the Holevo space of Ps3 as

2(C*)/p, = [0,7). (8.1)

For each 6 € (0,7), the corresponding equivalence class is the circles parallel to the equator at angle 6; for 6 = 0 and 6 = 7 these circles
degenerate to a point (the north and south poles, respectively).

3. Intrinsic description of the Holevo space

An intrinsic “spectral” description of the Holevo space for P3 can be given in line with Corollary 5.5. According to this theorem, the
Holevo space is the space of probability distributions on the outcome space {+, —}; every such measure is (trivially) absolutely continuous
with respect to Ps. This leads to the description of the Holevo space as

2 (€ 24, &2
where
A= {p=(prp-) e [0.1]: pup- =1},

This can be shown from first principles as follows. Let |1} = ¢o|0) + ¢|1) with |co|* + |c1|* = 1 be a pure state. If both ¢y # 0 and ¢; # 0, the
indiscernibility class consists of all vectors obtained by varying the relative phase:

[A]p, = {co|0) + {c1|1): (e T}.

In the cases ¢p = 0 and ¢; = 0 the equivalence class collapses to a singleton: if ¢g = 0, then [h]p, = {|1)};if 1 = 0, then [h]p, = {|0)}.
Under the identification 22 (C*)/p, = A', the Holevo lifts of the two projections are the coordinate maps:

P+ (P) =p+s PN = p-,
forp=(p,,p_) Al

The Bloch sphere description (8.1) is recovered from the intrinsic description (8.2) by writing p € A" as

p=(psp-) = (cos’(8/2), sin’(6/2))

for a unique 6 € [0, 7]. Under this rewriting, the above Holevo lifts take the form of Bell’s hidden variables for the qubit ;* see also Ref. 6 and
(Ref. 8, Sec. 15.4).

2T :8€ €T 9¢0C aunf S0

J. Math. Phys. 67, 052102 (2026); doi: 10.1063/5.0302377 67, 052102-19
© Author(s) 2026


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

B. The EPR experiment

Next we turn to correlation measurements in a two-qubit system.

1. Basic set-up

The two-qubit system corresponds to the choice H = C* ® C2.
We consider the standard orthonormal computational basis of C* ® C? given by

1 1 1 0 0 1 0 0
|00) = ®| |, |01)= ®l.], [10)= &l ) |11)= ol )
0 0 0 1 1 0 1 1
In the EPR experiment,* Alice and Bob perform polarisation measurements on their respective subsystems. We model these by the PVMs
P54 and P35 on {+, -} associated with 03 ® I and I ® 03, respectively, uniquely determined by

Psa({e}) =Ps({e}) ® L Pip({e}) =1®Ps({e}),  ee{+ -}

An external observer Charlie can record the pair of outcomes. This is described by the product PVM P3¢ on {+,-} x {+, -}, uniquely
determined by

Pyc({(easep)}) = Ps({ea}) ® Ps({e5}), (earep) € {+, =} x {+ -}

Remark 8.1. One should not confuse the PVM P3,c on {+,—} x {+, -} with the PVM on {+, -} of 03 ® 03.

We are interested in indiscernibility of pure states |1z} and |h’) with respect to Psc, i.e.,
(Ps,c(F)h|h) = (Psc(F)H'|n") forall F ¢ {+,—} x {+,—}.

Equivalently, it suffices to check this for the four singletons F = {(ea,ep)}. If |h) ~ p,.|h"), then in particular |h) and |h’) have the same
marginals for P34 and P3;p. The converse does not hold: equality of the marginals does not determine the joint distribution.

2. The Holevo space for P 3.c

Let us start by determining a representation of the Holevo space for the observable Ps;c. As in the case of the single qubit, a “Bloch sphere
type” description can be given in terms of angles, but the details are cumbersome. In contrast, the intrinsic “spectral” description offered by
Theorem 5.4 is immediate, and can again be described explicitly without much effort.

Theorem 5.4 represents the Holevo space for Ps;c as the set of probability measures on the outcome space {+, -} x {+, —}; again every
such measure is (trivially) absolutely continuous with respect to Ps;c. This leads to the description of the Holevo space as the simplex

A= {pe[0,1]*: per+pe-tpr+p_ =1}
The bijective correspondence
2(C®C*)/p, =N (8.3)
can be made explicit as follows. For every pure state |) define

pn(eares) = (Pxc({(ea,e8) })hlh),  (earep) € {+,—} x {+,-}.

Then y, = (,(++), t,(+=), t,(=+), w,(—=)) € A’, and by the same argument as in the qubit case, the mapping [h]p,. + uj, sets up the
bijective correspondence (8.3).

In this representation, similar calculations as in the single-qubit case show that we can describe the equivalence classes generically as
T x T x T for states in the interior of A®, with degenerations to T x T or T or a singleton depending on whether one, two, or three numbers
p.. . vanish.

The Holevo lift of the projections P3,c({(ea,¢8)}) are the coordinate functions:

Prc({(enen))(P) = pever  (earen) € {+,=} x {+, -},

forp = (P++’p+—’p_+’P__) €A’
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3. The Holevo space for the pair {P3.,P3g}
Let P34 and Psp be the {+, —}-valued PVMs associated with 03 ® I and I ® g3, uniquely defined on the singletons by

Pua({e}) =Ps({ep) @, Pap({e}) =1@Ps({e}),  ec{+ -}

with P; the PVM of g3. We recall that pure states |1) and |1") are said to be indiscernible for the pair {Ps4, P3p}, notation |h)~p,, p. 1 |h'), if
their marginal outcome measures coincide, i.e., forall F ¢ {+,-},

(P3a(F)hlh) = (Pxa(F)K'|R') and  (Psp(F)h|h) = (Psp(F)K'|H').

The equivalence class of |i) under ~¢p, , p. .1 is denoted by [h](p, , p,,}. Importantly, we do not pass to the von Neumann algebra generated
by P34 and P33 (as shown in Example 3.6 this would alter the equivalence relation).
For |h) € 2 (C* ® C*) and ¢ € {+, -} define the marginal probabilities

tna(e) = (Pxa({eD)hlh),  pnp(e) = (Pxa({e})hlh).

Then y, , = (4 (+)> p (=) € A" and g = (W p(+)s p,p(=)) € A" depend only on the ~(p, , p, y—equivalence class of |h). Hence, the
mapping
[Pl tpopisy = (Hnas pinp) (8:4)

is well defined and injective from 2 (C* ® C*)/ (PyrPrs) 1O A' x A'. We claim that this mapping is also surjective. Fix an arbitrary point
(> ) € A" x Al and write p, = (p, (+), p, (<)) and pg = (ug(+), pp(=)). Set

94 5= a () 710) + pa () P11 [98) = aa(+) 710) + ()1,
and define |h) := |¢,) ® |¢;). Then ||k = 1 and
pia(e) = pa(e)s  pnp(e) = pp(e).
This proves surjectivity of the mapping (8.4). It follows that this mapping establishes a bijective correspondence
P(C*®C?)/(py,pyyy = A x A

4. Charlie vs Alice and Bob

Given the state

‘h) = Coo|00> + 601‘01) + 610|10> + Cu‘ll)
with |coo|* + |co1]* + |cro]* + |e11]* = 1, Alice and Bob can only access their respective marginals, and thus they have access to the point
((|COO|2 + ‘601\2, \Clo|2 + |C11|2)> (|Coo|2 + |610|2, |Co1|2 + \Cu|2)) (8.5)

in A' x A'. In this sense A x A' encodes what Alice and Bob can “infer locally:” Alice can infer the point (|coo|* + |cor|* [cio]* + |c1n|*) € A*
and Bob can infer the point (|coo|* + |c10|% |co1|* + |c11]*) € A'. Charlie, on the other hand, has access to the point

(|Coo|2, |601|2, |C10|2, |C11|2) (8.6)
of A*. The “forgetful mapping” from A’ to A' x A is the passage from (8.6) to (8.5),
(|Coo|2, |601\2, |610|2, |611|2) = ((|C00\2 + |601|2, |Clo|2 + |611|2). (|Coo\2 + |L’10|2, |C01|2 + |611|2))

which “forgets” the correlations.
For example, the equivalence class of the Bell state hge corresponds to the point (1,0,0,1) ¢ A? for Charlie, and to the point

((%, %), (%, %)) € A' x A, confirming that Charlie sees the correlations, while Alice and Bob each see a fair coin locally.

C. The Bell experiment

The Bell experiment modifies the EPR experiment by introducing randomised polariser settings on either side of the experiment before
performing the polarisation measurements. Alice and Bob set the angles of their polarisers independently.
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1. Basic set-up
Consider the rotation matrices
R = (C?S y —sin y), (R)) = ( cosy sin y).
siny cosy —siny cosy

Fixing angles ya, ys € R, we also consider the unitary operator
yrars .= R¥A ® RE,

The Bell analogue of Psc for the fixed setting (y,, y) is the PVM PL?” on {+, -} x {+, -}, uniquely determined by

PL ({(earen)}) = (R™)"Ps({ea})R™ ) ® ((R”)"Ps({es})R").

We have
PYYE(F) = (U™)* Pyc(F) U™, Fc{+,-}% (8.7)

An easy computation shows that for the Bell state |hpen) = f (]00) + [11)) we have

PYI({(+,+)}) hpenlhpen) = %COS (ya - y8)s
P ({(+, =)} hpenlhpen) = %Sln (ya—y8),
(P;/;AC’YB({(_>+)})hBell‘hBell) = %Sinz(yA - ¥B),

(P ({(= =)} gl en) = %cos (ya = y)

(8.8)

2. The Holevo space for P}.®

Let ."*7" be the von Neumann algebra generated by the range of P}{’”, and set . := A0, Since P = (P3,c)U"", Theorem 3.11
gives:

Proposition 8.2. The mapping
[h]PZf?f”’ — [U}/A,yﬂ h]P3;C
is a well-defined bijection

2(COC)[~pun 2 2(C @ C*)[~p,.

3. The Holevo space for {P},, P} }

We now show that the Alice/Bob Holevo space for ~ pia piy i independent of the polariser settings.
For a fixed choice of angles y,, y;, let the rotated local PVMs on {+, -} be given by

P ({e}) = (R*)"Ps({eHR™) ® I, Pi({e}) ==T® ((R”)"Ps({e})R"),

and define |h)~ PIAPIE ) |h") to mean equality of the two marginals for P, and P}’;. We claim that

2T :8€ €T 9¢0C aunf S0

P(C*@C*)/ g pny 2 A x A (8.9)
via the mapping
[h]{Pﬁf;,Pifi; = (/"Z?A’MZ:B)’
where
ta (&) = (P ({eDhlh), iy (e) = (Py({e})hlh).
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It is clear that this mapping is well defined and injective. To see that it is surjective, fix (va,vg) € A x Al, with va = (va(+),va(=)) and
vg = (vg(+),v8(—)). Define single-qubit unit vectors

[pa) = va(+)'[0,,) + va(=)"11,,),
lp5) = ve(+)'2[0y,) + v5(=) (1),
where for 17 € {0,1} |1y} := (R")*|57), and set
) := [¢a) ® |¢5)-

Then /AZ:‘A = v4 and ,quB = vp, proving surjectivity. This proves (8.9).
In the unrotated setting, under the identification

P(C*®C*)/(py,pyyy 2 A x A
given by
(Plpspiny = (s ns);
where y, , (&) = (P3.a(e)h|h) and p, p(€) = (P35(e)h|h), the equivalence class of the Bell state

1
|hpen) = ﬁﬂoo) +[11))
corresponds to the point ((3,1),(4,1)) € A" x A'. The next theorem is the stronger statement that the equivalence class of |ige1) always

maps to the same point ((3,1),(3,1)) € A" x A', independently of (y,, ;). Thus, the local Px4, P5p-statistics of |hpar) are independent of
(Y4>y5) (even though Charlie’s joint statistics do depend on the setting).

Theorem 8.3 (The rotated Bell state lies in the same equivalence class). Set U"7% := R"™ @ R"®. Then for all angles y,,y, one has
equality of equivalence classes

[(RYA ® RYR)hBell]{P3;A,P3;E} = [hBell]{PM,P;;B}.

Equivalently, |(R" ® R" )hg) and |hgen) have the same marginals for P34 and Psp.
Proof. Fore e {+,-} we have, with U = R ® R'* as before,

(P3a({e}) Uhpat|Uhgen) = (U™ (P34 ({€})) U hgenlhpen) = (P ({€}) hpen|hgen),
(Psp({e}) Uhpen|Uhgen) = (U" (P3;5({}))U hpenlhpen) = (Pyy({€}) hpenlhpen)-

Fory € {y,,y,} define for n € {0,1} [5,) := (R")* |5} = R7"|n), so that
P?},({Jf}) =10y, {0y, ® I, P)s)BB({*'}) = 1®0y,)(0y,]-
1

Using |hpai) = —=(|00) + [11)), we compute

(P34 ({+3) hpeulsen) = [((0,,] ® I)hpen |
= %H(Onlo)lo) + (0, D)

= (1001 + L0 1)) =

Also,
1
(P ({=})hgenlhpen) = 1= (P3 ({+}) hpen|hpen) = >
The same argument (now working in the second tensor factor) gives
1
(PYs({e}) henlhpen) = 5 e {+ -}
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Combining this with the initial conjugation identities, we conclude that for all ¢ € {+, -},

(Ps.a({€}) Uhgen|Uhgen) = (P3.4({€}) hgen|hpen)s
(P3({e}) Uhpen|Uhgen) = (P3;3({€}) hpen|hen).

Remark 8.4. The conclusion of Theorem 8.3 holds for each of the four Bell states
1 1
—(|00) £[11)), —=(|01) £ |10)).
Z5(00)£11)), = (o1) = 10})

Similarly one checks that every rotation R’ ® R"” leaves the P34~ and P3-marginals equal to (1, 1).

4. Reshuffling the Holevo space

Theorem 3.11 implies that for each fixed polariser setting (y,,), the conjugation U’*"* = R" @ R* identifies the “rotated” algebra
A" with the unrotated algebra .#. Importantly, this identification depends on the pair of angles (y,,y;). In fact, for each fixed setting

(473> the Holevo space 2 (C* ® C*)/~_;ss is canonically identified with A’ by mapping |h) € 2 (C* ® C?) to its four joint outcome
probabilities

(P57 (), P2 (h), 22 (), p22° (),

where I (h) := (P”" ({(ea8) } )h|h) for ea, &5 € {+,~}. But when we compare different settings inside a single chosen reference copy of

A®, we use the setting-dependent conjugation U"*?* = R” @ R'”; this comparison is therefore non-canonical, and the corresponding equiv-
alence relations on & (C* ® C?) differ with the choice of angles: passing from . to .#’*?"* changes the equivalence classes according to the
rule

(h].gpan = (U™ h]

Thus, varying (y,,y,) does not change the quotient space up to homeomorphism, but it “repartitions” the underlying pure state space into
different indiscernibility classes.
The final theorem translates this line of thought into a precise incompatibility result.

Theorem 8.5. Let (y,,y;) and (Y4, ys) be two pairs of rotation angles. If
n w
ya=Ya¢ 5L or ys—yp¢ 7,

then the von Neumann algebras .4"*"* and M5 are incompatible in the following sense:

(1) ¢ e and Mg 05
(2) there exist Oc .4 and O'e "5 that do not commute.

Moreover, if ya —yy € 5Z and ys — yg € 5Z, then 4" = M7,

Proof of Theorem 8.5. Using computational basis notation, write P, := P3({+}) =|0)(0| and Pfr") := (R")*P+R’. Note that Pi") is the
rank-one projection onto the line spanned by (R")*|0).
A direct calculation gives

() cos’ y sin y cos y
Py =1 .2 >
sin y cos y sin” y

and hence

[P0, pO) = %sin 2(y: - yl))(—ol (1)) = —%sin Q2 - Yz))(j)l 1).

Hence [Piy‘),PYZ)] = 0ifand only if y1 — y, € Z.
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Now recall that P} has atoms
PU({(eare)}) =PIV @ PYY,  eaepe{+,-},

where PO := T - PSY) for y € {y,,yp}. Hence the von Neumann algebra .#"*’* generated by the range of P;/;AC’V" is generated by these four
tensor-product projections. In particular,

POV 1= (PO @ PIM) + (PO © (1- POV ) e,

and similarly Piy") ®Te. Vs,
Assume first that ya -y ¢ 7Z. Set

0:=P @le.a™, 0 =P @le.s",
Then
[0,0']=[P"), P9 @10

by the claim, proving (2). To deduce (1), suppose for contradiction that .Z"2 c 42" Y5, Then O € .#"+"5, and of course O’ € .#"*"s. But .4+
is abelian, as it generated by the commuting range of a PVM, so [0, O'] = 0, contradiction. Hence .#"*"* ¢ .4 75 The reverse non-inclusion
follows by symmetry. The case y5 — y5 ¢ 27 is handled in the same way using I ® Pfry‘*).

Finally, if ya — ¥/, € %’Z and yp — y5 € gZ, then Pﬁyw) = ng) and Piyﬂ/z) =]- Piy), so the four atoms PS(Z") ® Pg") generate the same

von Neumann algebra as the four atoms Pg(Ay/‘) ® Ps(EyB) (up to relabelling &4, €g). Thus .#*7%= M, O

In particular, unless both angle differences lie in 27, there is no single abelian von Neumann algebra A ¢ .#(C* ® C?) such that

M85 5 MYV € A; hence no single commutative Holevo lift can cover both settings without adjoining the setting choice as an extra
classical variable.

IX. OUTLOOK

In the famous experiment performed by Alain Aspect and his collaborators,' the polariser angles y, and y; are not fixed constants, but
are randomly selected from the sets {a1,a,} and {b1, b} in each run. This can be modelled by considering y, and y, as independent random
variables y, : Qpol > {a1,a2} and y : Qo > {b1, b2} on a probability space for the polariser angles (Qpo1, Ppor ), with

1

1
Ppot(ya = a1) = Ppoi(ya = a2) = X Ppot(ys = b1) = Ppot(ys = b2) = 5

Conditioned on a fixed realisation (y,,y;) = (ai, bj), one obtains one of the four “sub-experiments” analysed above; for each such fixed setting
our results provide a classical (Holevo) description of the corresponding measurement statistics.

Theorem 8.5 shows, however, that different settings typically correspond to incompatible observable algebras. From Charlie’s perspective
- who keeps track of which setting was used in each run - this obstructs a description of the combined four-setting experiment within a single
Holevo space without adjoining the setting choice as an extra classical variable. While each fixed setting admits a Holevo space, there is in
general no canonical way to “glue” these descriptions into one “global Holevo space” that is valid uniformly across all settings.

From the local viewpoints the situation is complementary. Theorem 8.3 shows that the local marginal statistics accessible to Alice and
Bob do not reveal the chosen pair (y,, y). In particular, without additional information about the settings, the two local perspectives cannot
simply be merged into one global account of the experiment.

These two observations motivate the companion paper.” This paper treats the setting choices themselves as part of the probabilistic
description and constructs an explicit classical probability space for the full four-setting protocol (including both the random variables y,, y,
and the measurement outcomes) which reproduces the conditional distributions of the four sub-experiments. In this sense’ is a continuation
of the present paper: it extends the fixed-setting analysis to a single classical model for the randomised multiple-run Bell experiment.

At the same time,” differs in spirit from the present paper. Whereas the present paper is primarily a structural study of indiscernibility,
the focus of Ref. 9 is interpretational: the global construction is used as a tool to reassess which locality/causality assumptions are doing the
work in Bell-type arguments, and to discuss how such assumptions are (and are not) supported by the usual relativistic motivations.
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