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Abstract—This paper introduces a novel detailed formulation
for analytically determining the maximum power point (MPP) of
a photovoltaic (PV) module. The approach involves an analytical
approximation of a 4-parameter PV model, taking into account
the series resistance, which serves as the initial value for the
fixed-point method to enhance accuracy. Additionally, the paper
includes a statistical analysis of convergence to highlight the
method’s limitations. The performance of the proposed method
is evaluated against actual measurements of over one hundred
thousand current-voltage (I-V) characteristic curves from eight
different PV modules, as reported by the National Renewable
Energy Laboratory (NREL), and is also compared with two
existing literature approximations. Furthermore, a sensitivity
analysis of the solution error under varying irradiance and
temperature conditions is conducted. The method demonstrates
high accuracy for engineering applications.

Index Terms—Analytical solution, fixed-point method, maxi-
mum power point (MPP), photovoltaic module.

I. INTRODUCTION

The growing number of green energy systems, particularly
solar power equipment, linked to the electrical grid has altered
the system’s dynamics. Therefore, precise models are essential
for accurately representing the performance of both existing
and emerging technologies. Photovoltaic (PV) modules are
extensively used among these systems because of their low
operational and maintenance costs [1]. However, there is
significant potential to enhance the efficiency of PV modules,
opening up exciting possibilities for the future. These modules’
output, current, and voltage are inherently nonlinear and
fluctuate with changes in solar irradiance and temperature [2].
To achieve optimal efficiency, PV modules must operate at the
voltage (Vinpp) and current (/npp) point where the maximum
power output is achieved, known as the maximum power
point (MPP). Directly obtaining this point from the module
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is challenging, mainly due to the nonlinearities present in
the model. As a result, the precise results derived from an
analytical formula to calculate the MPP in a simulation are
highly beneficial for power sizing and quick comparison of
different modules.

The problem was first tackled in [3], where an explicit
expression describing the relationship between voltage and
current for the 4-parameter single diode model (SDM) was
provided. From this expression, formulas to calculate Vi, and
Inpp were derived. Subsequently, in [4], expressions for MPP
voltage and current were obtained through analytical methods
based on the Mean Value Theorem applied to the implicit
current equation. In [5], a formula for calculating Vi, for
an ideal cell was presented, utilizing the Lambert-W function
and its characteristic parameters. In [6], an implicit formula
for computing Vip, was developed by aligning two Ipp,
expressions. The first expression was a quadratic equation with
respect to Viypp derived implicitly from the current equation.
At the same time, the second was an explicit current-voltage
equation using the Lambert-W function, as introduced in [7].
The arguments of the Lambert-W function in the PV module’s
current equation were found to take small values, prompting an
approximation for calculating Vin,p and Iy, by substituting the
Lambert-W function terms with their arguments in the explicit
current drift in [8]. This resulting equation was then analyt-
ically solved using the Lambert-W function. Additionally, a
formula for determining the series resistance was derived, and
a sensitivity analysis of Vi, concerning certain characteristic
parameters of the module was performed in [8].

This paper introduces an analytical approximation method
for calculating the maximum power point (MPP) in PV
modules, considering the impact of series resistance. This
approximation serves as the Fixed Point Method’s initial value,
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enhancing the results’ accuracy. The approach begins with
the current equation as a function of voltage and the four
parameters of the module and then derives a dimensionless
version of this equation. This dimensionless form depends
solely on two parameters, with its solution constrained be-
tween zero and one. A statistical analysis of the convergence
is conducted to support the proposed method’s evaluation.
The solutions are rigorously validated using an extensive
dataset of over one hundred thousand I-V curve measure-
ments provided by the National Renewable Energy Laboratory
(NREL), covering eight different PV module technologies.
The use of this extensive dataset reassures the robustness of
the method. A comprehensive sensitivity analysis of the error
was also performed under varying irradiance and temperature
conditions. The presented approximation is also compared
with two models from previous literature: the ideal and 5-
parameter SDM, across different irradiance and temperature
scenarios.

The rest of the paper is structured as follows: Section II de-
scribes the used PV model. Section III, develops the proposed
approximations for the calculation Iipp and Vipp. Section 1V,
validates the presented under extensive simulations. Finally,
the conclusion is shown in section V.

II. SINGLE DIODE PV MODULE MODEL

In a single diode model of PV module with series resistance
(Rs), its current is given by:

V + IR,
IZIL—IO (exp (M) - 1) 5 (1)
s Vil

where: BT
V;h = (2)
q

is called thermovoltage, T is the cell temperature in K,
N, is the number of cells connected in series, k is the
Boltzmann constant (1.381 x 10723 J/K), ¢ is the electron
charge (1.602 x 1071 C), A is the diode ideality factor, I
is the diode saturation current, I, is the photocurrent and V'
is the shunt voltage at the terminals. In virtue of Iy being
transcendentally small compared to the rest of the parameters,
(1) can be simplified to:

3)

1
I:IL—IoeXp(V+ RS),

AN Vi

solving for V:

AN Vi
v_m((ILI) )—IRS. @)
Iy

The output power of the module is given by:

. ANV
p:m((IL I) >—IZRS. 5)
Iy

Regarding the power-voltage P-V characteristics, the slope at
the MPP is zero. Hence, the next expression must be satisfied

at MPP: iV
(V + T dl) ’I:Impp ~0. ©)

Therefore the derivative of the voltage w.r.t. the current is

given by:
AV ANVa

dr -1
substituting (4) and (7) in (6), combining and simplifying alike
terms yields a transcendental equation for the I, as:

Tinpp) — In (1o)

- R, (7

In (IL —
2R, 1

. =0, (8

P (ANS‘/;h * IL - Impp) ’ ( )

the resulting expression may be represented with the next

variables:
= (e ©
¥y=1-1In (ﬁ)7 (10)
u=l-— I?—Lpp7 (11)

therefore, the problem becomes dimensionless and equation
(8) can be rewritten as:

v = %fln(u)Jra(lfu). (12)
In the MPP the next inequality is satisfied:
Trnpp 2> 0, (13)
substituting (11) in (13) and simplifying it is found that
u < 1. (14)

To guarantee that the solution of (12) resides in the real plane,
u must be bounded by 0 < u < 1. The value of I, that
solves (8) would be in the range of 0 < Iy, < I, where
I is the short circuit current. This value depends on the PV
module technology and weather conditions. The analysis in
this section shows that the value of w that solves (12) has a
well-defined boundary for constant values. In the parameter
case a > 0 since I, Iy, Rs, Vin, A > 0, and N; > 1 for any
standard PV module. Also, based on the fact that Iy < I,
using (10) satisfied that v > 1.

III. MAXIMUM POWER POINT APPROXIMATION

The equation (12) is transcendental and cannot be solved for
u. Nevertheless, analyzing the particular case where v — oo
in (12), for the equality to be conserved, the right-hand side
has to tend to infinity too and this occurs only when u — 0.
Therefore, the significative terms, the ones that contribute most
to the solution, are the first two on the right-hand side. In this
special case it is possible to neglect the au term causing a
transcendentally small error, hence (12) has an exact solution
given by:

1

Wo (exp (v —a))
where Wy (z) is the principal branch of Lambert-W function.
Thus, the MPP is calculated by substituting (15) into (11) for
Iipp and in turn into (4) for Vipp.

Ug ,7— oo and u — 0, (15)
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The MPP approximation can be improved by using fixed-
point method. To this end, (12) can be represented in terms
of the Lambert-W function as:

1
Wo (exp (a(u—1) + 7))

The form of (16) makes it straightforward to apply the fixed-
point method as follows:

1
- W (exp(a(un—1 —1) +7))

The argument of the Lambert-W function of (17) is denoted by
Y(u) = exp (a(u — 1) + ). It is well known that the function
Wo(x) increase monotonically when x > —exp (—1) [10].
Moreover t(u) is monotonically increasing w.r.t u, therefore
f(u) = W5 ((u)) decreases monotonically to zero when
¥(u) — oo and the greater value that can be taken is given
by f(0) = m, which coincides exactly with (15).
It can be concluded that f(i(u)) is bounded by [0, ug]. In
order to reach convergence in the iterative scheme (17), the
following condition must be satisfied [11]:

u= (16)

,forrn=1,2,... (17)

Un

If'(w)| <k <1,Vue[A B]. (18)
In this case: A =0, B=1 and |f'(u)] is:
o a
S = W e a1 1)
: . 19)

(Wo (exp (a(u — 1) + 7)) +1)

The expression (19) monotonically decrease; therefore, the
maximum value can be taken when u — 0, satisfying the
following inequality:

|f'(w)] < m
1

. <1
(Wo (exp (y —a)) + 1)
To guarantee the convergence of (17), the inequality (20) must
be satisfied. It is shown in experimental tests of Section IV
that this condition is indeed fulfilled for a large number of
cases.

(20)

IV. APPROACH VALIDATION

In order to validate the methodology, real measurements of
the MPP performed by NREL and reported in [12] are used to
be compared against those obtained by the proposed methods
and two well-established methods in the literature.

A. Comparison with experimental data

Analytical methods are simple to implement and have a low
computational burden, however, they have the disadvantage
of presenting irregularities when negative or complex values
are extracted from the model parameters [14]. In the present
work, the cases with irregularities are excluded to maintain
the statements (s > 0) made in section II.

* Experimental |-V Curve

5. = Analitical I-V Curve |
o MPP
Exp
A4" MPP, 1
< o MPP

Fig. 1. The I — V curve of the mSi0166 module for different irradiance

levels.
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Fig. 2. The I — V curve of the mSi0166 module for different temperature
levels.

A total of 161,448 I —V curve measurements were analyzed
from eight modules with different technologies. The physical
devices are located in Eugene City, Oregon, E.U., and the data
were collected over about one year during the daytime. The
comparison process was thorough, considering (17) as the sole
first term of the sequence and (15) as the initial condition. The
analytical method presented in [13] is employed to estimate
the SDM parameters, and the |u, — u,_ 1| < 1 x 10712
criteria is rigorously applied for the numerical solution. Fig.
1 and Fig. 2 present the experimental and analytical I-V
curves of the mSi0166 module for different irradiances and
temperature levels, respectively. The Figures also show the
approximation of the MPP calculated by the experimental
(M PPg,y;), the analytical proposed method (M PPy,,) and
the numerical (M P Pp..,) method. The overlapping of the
curves further validates the proposed approach.

From all measurements, Table I shows a statistical summary
of the calculated values for (20). To ensure the convergence
of the method, (20) must be less than 1. In the first four
columns, the restriction is not reached when the HIT05667 and
the aSiTriple28324 are evaluated. However, in the first case,
according to the empirical rule reported in [15], the probability
of a value greater than 1 is less than 0.00458%, and in the
second case it is less than 0.05633%. This indicates that there
is a small probability that the iteration scheme diverges. The
next four columns of Table I show the main statistical data for
the number of iterations used to calculate the MPP for each
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module. It shows that the maximum, mean, and dispersion of
a number of iterations (bold text) occurs in the cases where
(20) is greater than or near one, as in the case of modules
CdTe75638 and aSiTriple28324. The foregoing indicates that
the methodology presented is not suitable for these types of
technology. Nevertheless, this does not apply to the HIT05667
module since it does not satisfy the |f/(u)| < 1 constraint
but has the lowest mean and dispersion in the number of
iterations. This may be caused by a measurement error and
does not reflect the behaviour of the majority of the data since
the greatest accuracy of the present methodology is in this
technology. Fig. 3 shows a box plot illustrating the dispersion
of the logarithm of (20) for each of the technologies.

0 j L f ]
S I R T e
s P e T 7 T = B
AU [ S A T A S R R
=700 i 1 i i i i D
A5F 1 + 3 = -
g ) © > ®
9 O\° (3] & N o WY o
N Q o % Qv 5 O 00
B & W e @0 & @
N

Fig. 3. Box plot of a left-hand side of (20).

Table II shows the Mean Absolute Percentage Error
(MAPE) for different technologies. The second and third
columns show the MAPE between the analytical and numerical
solutions concerning the respective experimental measure-
ments. The fourth column shows the MAPE of the analytical
solution with respect to the numerical solution. It can be
observed that the best performance of the 4-parameter SDM
with respect to the experimental measurements is obtained
with the HIT05667 module, while the worst is obtained with
the ASiTandem72-46. On the other hand, the comparison of
the analytical solution accuracy with respect to the numerical
one highlights that in all cases, an error of less than 1.4x10~3
is obtained. These margins of error are sufficient for several
practical applications.

B. Comparison with previous methodologies.

In order to validate the methodology under different en-
vironmental conditions, we have calculated the absolute per-
centage of error (APE) between experimental MPP measure-
ments of aSiTandem72-46 and HIT05667 modules and two
methodologies from previous literature. These APE values are
shown in Table III, are crucial in determining the accuracy and
reliability of the methodologies under varying environmental
conditions. The first is the exact solution for the ideal case
of the SDM (labelled |Exap)|), initially presented in [5],
whose parameters were calculated using [16]. The second
one is an approximation for the 5-parameter SDM model
(labelled |Ex(sp)|) using the mean value theorem recently
published in [17], whose parameters were calculated with the

methodology of [18]. Finally, the presented in this work is
labelled as |Exwp)|. The first two columns show the different
irradiance and temperature conditions covering a wide range
of weather conditions. The last row shows the MAPE for each
methodology. In general, it is observed that the 5-parameter
model has the highest performance for both modules, which
is to be expected since it represents more physical aspects of
the module. On the other hand, the methodology presented in
this work is superior in accuracy to the ideal model for the
case of the HIT05667 module. Nevertheless, in the case of
the MAPE of the aSiTandem72-46 module, the ideal model is
more accurate, proving that the model presented is not suitable
for calculating the MPP for this type of technology. It is also
observed that for the case of the HIT05667 module considering
levels below 200W/m? irradiance, as the temperature rises, the
accuracy improves, and for levels above this irradiance value,
as the temperature increases, the accuracy decreases.

V. CONCLUSION

This paper introduces a new analytical approximation for
solving the MPP calculation problem by making the problem
dimensionless and assuming that the photocurrent () is
much greater than the diode saturation current (Iy). t is
also established that this approximation represents the upper
limit of the solution, providing a boundary for its search.
This approximation was then used as the initial value for
the iterative fixed-point method. A statistical analysis of the
convergence of this iteration method shows that in most cases,
the condition |f’(u)| < 1 is satisfied, ensuring convergence.
However, convergence issues can arise when this condition
is not met, sometimes requiring up to 30 iterations. The ap-
proximations obtained for the MPP calculation were compared
to over one hundred thousand real measurements from eight
different PV module technologies. The results indicated a
MAPE ranging from 4.1% and 0.37%, which is useful for
engineering applications. The comparison with the ideal and 5-
parameter model approximations highlighted some limitations
of the presented model. Future work aims to increase the
number of curves analyzed to encompass a broader range of
technologies and to investigate more complex models, such as
the 5-parameter or double diode models, which offer greater
accuracy. Additionally, the impact of inconsistencies (such
as Ry < 0) on the calculation of model parameters will be
explored.
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