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Tube-wave generation due to permeable layers in a 
VSP experiment: a new model elucidating the effect 

of dip angles

Shohei Minato and Ranajit Ghose

Abstract

The hydraulic properties of subsurface fractures are critically important in the exploration of 
geothermal and hydrocarbon reservoirs. The analysis of tube waves (low-frequency Stoneley waves 
propagating along a fluid-filled borehole) is a promising approach to estimate the hydraulic properties 
of fractures intersecting a borehole.  We present a new model for tube-wave generation in a borehole 
(VSP) by a permeable structure characterized by certain values of porosity and permeability. 
Contrary to the conventional theory, the new model accounts for the layer stiffness in the deformation 
process and it is valid for the large tube-wave amplitude.  For the first time, it was possible to show a 
clear connection between the permeable-layer model and the parallel-wall open fracture model 
developed earlier.  The generated tube-wave amplitudes well correspond to those of the multiple open 
fractures. Furthermore, the effect of large dip angles is extensively discussed. The approximate 
solution (the Mathieu functions) and the numerical modeling results (FEM) reveal that the effect of 
the dip angle is significant for a thick structure and large dip angles. The developed theory is 
important to evaluate field data which contain the effects of tube waves due to dipping, permeable 
layers, e.g., cataclasite layers and fault gouges.
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Introduction

Subsurface fractures play an important role in determining fluid flow and deformation process in rocks.
Therefore, characterizing their hydraulic properties is significant in oil/gas exploration and in seismol-
ogy. In VSP experiments using a fluid-filled borehole, it is well known that low-frequency Stoneley
waves (tube waves) are generated at fractures intersecting the borehole (e.g., Beydoun et al., 1985). This
is caused by fluid exchange between the borehole and the fracture due to the deformation of the fracture
by an incident P wave, which gives a direct measure of the hydraulic properties of the fracture. The tube
waves have extensively been studied in the past in order to characterize fractures intersecting a borehole
(e.g., Beydoun et al., 1985; Hornby et al., 1989).

Conventionally, the models of tube-wave generation have considered the fluid flow due to the deforma-
tion of (1) a parallel-wall open fracture (Beydoun et al., 1985; Hardin et al., 1987; Ionov, 2007; Bakku
et al., 2013) or (2) a permeable layer (Li et al., 1994). The former is found to be useful to estimate the
permeability corresponding to µm-to-mm scale fractures (e.g., Hardin et al., 1987; Hornby et al., 1989),
whereas the latter is useful for larger-scale (cm-to-m) geological faults (e.g., Li et al., 1994; Kiguchi
et al., 2001).

There are wide varieties of theories for the parallel-wall open fracture model. Beydoun et al. (1985)
first considered the tube-wave generation using the Darcy’s law (low-frequency approximation). They
assume that the deformation of the fracture aperture is equivalent to the displacement amplitude of the
incident P wave and it is uniform everywhere along the fracture. Furthermore, they assume that the
fluid pressure perturbation at the fracture-borehole intersection is negligibly small (Beydoun’s boundary
condition), which is valid for small-amplitude tube waves. Hardin et al. (1987) extended Beydoun’s
approach by considering that the incident stress is uniform everywhere along the fracture so that they
can correctly include the stiffness of the fracture in the deformation process. Ionov (2007) removed the
small-amplitude assumption of the Beydoun’s approach by considering a realistic boundary condition
that the fluid pressure at the fracture-borehole intersection is equivalent to the tube-wave generation
amplitude (Ionov’s boundary condition). Bakku et al. (2013) further extended the Ionov’s approach by
considering the dynamic flow condition so that the theory is available for a wide range of frequencies.

Contrary to the parallel-wall open fracture model, there is only one theory available for the permeable-
layer model (Li et al., 1994). This model considers that the deformation of the layer is uniform ev-
erywhere and uses the Beydoun’s boundary condition. This implies that the theory does not correctly
account for the stiffness of the layer on the deformation process, and the theory is not valid when the
amplitude of tube wave is large. Furthermore, natural fractures are often not horizontal. All the theories
so far consider the cylindrical coordinate system, i.e., horizontal structures. A few studies consider a
modification of the horizontal structure model due to the small dip angles (Beydoun et al., 1985; Li et al.,
1994). The tube-wave reflection and transmission problem in acoustic logging (e.g., Hornby et al., 1989;
Tang and Cheng, 1993) propose approximate solutions for dipping structures. However, they are not ap-
propriate when (1) the dip angle is high and/or (2) the thickness of the dipping structure is larger than
the diameter of the borehole. This is extremely problematic for field tube-wave data from cataclasite
layers and/or fault gouges at a fault-damaged zone (e.g., Kiguchi et al., 2001).

In this study, we develop a new theory for tube-wave generation due to a permeable layer. This is
a major extension of the conventional permeable-layer model: the new model correctly accounts for
the stiffness of the layer in the deformation process and it is also valid for large-amplitude tube waves.
Furthermore, we use numerical modeling (finite element method) in order to correctly consider the effect
of the dip angles. As a comparison, we also derive the approximate solution of the dipping structure
using the Mathieu functions. The developed theory will be essential for tube-wave generation analysis
for permeable layers with large dip angles, such as, cataclasites and fault gouges at fault-damaged zones.
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Theory of tube-wave generation

We consider that a permeable layer is deformed due to the incident stress field which causes fluid flow
and generates tube waves (Figure 1a). Similar to the open fracture model (Hardin et al., 1987; Bakku
et al., 2013), we assume that the dynamic layer thickness L(t) is determined from the layer compliance
ZL (m/Pa) and the effective stress in the layer as L(t) = L0 + ZL (p(t)−σn(t)), where L0 is the static
thickness, p the fluid pressure perturbation, and σn the incident stress field acting normal to the layer.
Here we assume that the stress field is uniform everywhere along the layer (Hardin et al., 1987), which
is the main difference from the foregoing study (Li et al., 1994). It enables us to obtain the explicit
connections between the permeable layer model and the open fracture model, which is discussed in a
later section. Considering the quasi-static approximation (Nagy, 1992), the layer compliance can be
represented as ZL ≈ L0/ρV 2

P .

Similar to the foregoing studies (e.g., Li et al., 1994; Bakku et al., 2013), the equation of continuity
for the fluid flow due to the deformation of the layer is considered. This results in a partial differential
equation for the fluid pressure perturbation in the layer as,

∇2 p̂+ξ 2 p̂ = A, where ξ 2 =−iω
µϕ
κ0

{
K−1

f +
ZL

L0

}
and A = iωσ0

ZLµϕ
L0κ0

, (1)

where p̂ is the fluid pressure in the frequency domain, σ0 is the amplitude of incident stress field, µ the
fluid viscosity, K f the fluid bulk modulus, ϕ the porosity of the layer, and κ0 the static permeability.
Here we linearized the equation by neglecting the higher-order terms (Bakku et al., 2013). Equation (2)
is valid for dipping structures as well as for horizontal structures. For a cylindrical coordinate (i.e., a
horizontal structure), we replace ∇2 as ∂/∂ r2 + r−1∂/∂ r, where r is the radial direction.

The tube-wave generation amplitude (pt) is determined from the fluid flow rate incoming to the borehole
Qg (m3/s) as (Ionov, 2007),

pt =
ρ f cT

2πR
Qg, where Qg =−L0κ0

µ

∫
S

∇ p̂dS, (2)

where ρ f is the fluid density, cT the tube-wave velocity, R the borehole radius, and S indicates surface
area of the fracture-borehole intersection. Note that the fluid flow rate (Qg) is determined from the
fluid velocity at the fracture-borehole intersection and we use the Darcy’s law. The pressure distribution
(p) is obtained from the partial differential equation (Equation 2) considering the boundary conditions
at the fracture-borehole intersection. The two different boundary conditions have been proposed: (1)
Beydoun’s boundary condition ( p̂ = 0) and (2) Ionov’s boundary condition ( p̂ = pt). The former is the
approximation of the latter and it is valid when the pressure at the intersection is negligibly small. For
a cylindrical coordinate (a horizontal structure), the boundary condition is evaluated at r = R, and we
obtain the analytical solution of p̂(r) using the modified Bessel function K0:

p̂(r) = BK0(ξ r)−ξ−2A, where B =

{
ξ−2AK−1

0 (ξ R) Beydoun’s B.C.
(pt +ξ−2A)K−1

0 (ξ R) Ionov’s B.C.
. (3)

After obtaining the tube-wave amplitude, we evaluate the tube to P-wave amplitude ratio (γg = pt/pi),
where pi is the incident amplitude observed in the borehole (e.g., Bakku et al., 2013).

Efficacy of the new model

Here we check the efficacy of the developed permeable-layer model by making an explicit connection
with the parallel-wall open fracture model developed by Bakku et al. (2013). To this end, we assume
that the permeable layer is represented by multiple fractures with same apertures LOF

0 (Figure 1b). The
effective tube-wave generation amplitude due to the multiple fractures can be calculated using the rep-
resentation theorem (Minato et al., 2016). When we specify the layer thickness (L0), porosity (ϕ ) and
permeability (κ0), then we obtain the corresponding number of the open fractures (N) and fracture aper-
ture (LOF

0 ), which gives the equivalent permeability (Tang and Cheng, 1993).
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We consider horizontal structures with normally incident P wave, and calculate the tube to P-wave am-
plitude ratio (γg). Figure 1c indicates the comparison between the new permeable-layer model (L0 =0.2
m, ϕ =30 %, κ0 =10 Darcy, VP =3500 m/s, VS =2000 m/s, ρ =2500 kg/m3) and the effective tube-wave
generation amplitude due to multiple open fractures (N = 3020, LOF

0 =19.9 µm). One can see that the
permeable layer model is very well represented by multiple open fractures, especially at low frequen-
cies. The discrepancy at high frequencies is due to the effect of the dynamic fluid flow condition in the
open-fracture model (Bakku et al., 2013), which is not considered in our theory (i.e., Darcy’s law or
low-frequency approximation).
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Figure 1 (a) Configuration of tube-wave generation due to a permeable layer. (b) Permeable layer
represented by multiple open fractures. (c) Tube to P-wave amplitude ratio for the new permeable layer
model and the multiple fractures.

Effect of dip angles

When the dipping structure is intersecting the borehole, the boundary of the fracture-borehole intersec-
tion becomes dipping elliptic cylinder (Figure 2a). The semi-major and semi-minor axes of the ellipse
depend on the dip angle θ (Tang and Cheng, 1993). The approximate analytical solution is available
when this boundary is replaced by the vertical elliptic cylinder (red lines in Figure 2a), which reduces
Equation (2) into an elliptical coordinate system. The solution contains the Mathieu functions (e.g.,
Hornby et al., 1989) instead of the Bessel function. As an alternative, we can evaluate the boundary
condition at the dipping elliptic cylinder by numerically solving Equation (2). For this purpose, we use
finite element method (FEM).

Figure 2b is the pressure distribution obtained using FEM when the dip angle is 40◦ (other parameters are
equivalent to those in the previous section). For brevity, we use the Beydoun’s boundary condition (see
the previous section). After obtaining the pressure field, we calculate the tube to P-wave amplitude ratio
(γg) with normally incident P wave for L0 = 0.2 m and L0 = 0.02 m (Figure 2c and 2d), respectively. Here
we consider various dip angles. The continuous lines in Figure 2c and 2d indicate the analytical solutions
using the Mathieu functions with the assumption of the vertical elliptical cylinder boundary (red lines in
Figure 2a). One can see that this approximate solution is valid for small dip angles with small thickness
(Figure 2d). For a thick structure, the deviation between the FEM results and the approximate solution
is quite large (Figure 2c), suggesting that the effect of the dip angle is significant and the numerical
modeling approach is required in order to correctly evaluate the tube-wave generation amplitude.

Conclusions

We derive a new theory for tube-wave generation due to a permeable layer. The new model is very well
represented/explained by the multiple open fracture model which was developed earlier. Showing the
connection between the open fracture model and the permeable layer model was not possible so far.
We also show a numerical modeling approach to correctly account for the effect of the dip angles. A
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Figure 2 (a) Configuration of the dipping structure and the elliptical cylinder boundary at the fracture-
borehole intersection. The red vertical elliptical cylinder is assumed for the approximate solutions. (b)
Pressure distribution using FEM with exact elliptical cylinder boundary. (c) Tube to P-wave amplitude
ratio from the FEM and the approximate solutions assuming the vertical elliptical cylinder boundary.
(d) Same as (c) but for a thin structure (L0 =0.02 m).

comparison between the approximate analytical solution using the Mathieu functions and the results of
FEM reveals that the effect of the dip angle is significant for a thick structure and large dip angles. The
developed method can be advantageously be used to field data where the effect of cataclasites or fault
gouges with large dip angles is dominant, e.g., the estimation of permeability structure in fault-damaged
zones.
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